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Abstract
Choosing learning rate and batch size schedules for neural network training is typically performed
via expensive grid search over heuristic families. We formulate compute-optimal training as a
stochastic optimal control problem, where the state comprises per-eigenmode loss coefficients from
the continuous-time scaling model of Bordelon et al. [3] and the remaining compute budget, while
the controls are the learning rate η(t) and batch size B(t). The resulting Hamilton–Jacobi–Bellman
(HJB) equation characterizes the globally optimal schedule. We solve this HJB equation using the
Deep Galerkin Method with policy iteration, a mesh-free approach that handles the 12-dimensional
PDE. On the random feature model, the HJB framework yields two insights: (1) in the noise-
dominated regime, the HJB-optimal policy matches a well-tuned constant schedule within 1–2%,
suggesting that the achievable gain from schedule adaptation is inherently small in this regime; (2) the
optimal batch size grows monotonically, derived from the HJB optimality conditions and providing
a control-theoretic justification for the empirical findings of Smith et al. [15] and McCandlish
et al. [12]. Joint (η,B) control provides 2–5% gains over learning-rate-only optimization with
grid-searched fixed batch size, with the largest benefit at hard tasks where noise management is most
impactful.

1. Introduction

Scaling laws show that neural network performance improves predictably with compute [6, 9], yet
the schedule by which compute is deployed—η(t) and B(t) as functions of training progress—is
chosen by grid search over parametric families, exploiting none of the known structure of training
dynamics.

Bordelon and Mori [2] derive optimal learning rate schedules for solvable models using first-order
necessary conditions, but optimize η alone, produce no value function, and rely on model-specific
derivations. We propose casting compute-optimal training as stochastic optimal control. The
continuous-time model of Bordelon et al. [3] provides explicit eigenmode dynamics, and the HJB
equation then gives a sufficient condition for optimality—producing both the optimal policy and a
value function over the full state space. We solve the HJB PDE with the Deep Galerkin Method [14].

Contributions. (1) We formulate compute-optimal training as stochastic optimal control with a
remaining-budget state variable and joint (η,B) controls, deriving closed-form optimality conditions
for both (Eqs. 4–5). (2) We solve the HJB equation via DGM with policy iteration and structural
constraints, validated by PDE residual diagnostics (Appendix B). (3) The HJB-optimal policy
empirically matches a well-tuned constant schedule within 1–2%, revealing that schedule adaptation
provides limited gains in the noise-dominated regime. Joint (η,B) control provides 2–5% gains over
LR-only optimization with grid-searched fixed B. (4) The optimal schedule recovers monotonically
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increasing batch size from the HJB optimality conditions, providing a control-theoretic justification
for the empirical findings of McCandlish et al. [12], Smith et al. [15].

2. Background and Problem Setup

Eigenmode dynamics. Following Bordelon et al. [3], consider data with covariance eigenvalues
{λk}Kk=1, λk ∼ k−α. Continuous-time SGD yields eigenmode coefficients {ak(t)} evolving as

dak = −ηλkP ak dt+
√

η2σ2
k/B dWk, (1)

where P is the number of random features, σ2
k = λk(

∑
j a

2
jλj + σ2

noise), and {Wk} are independent
Wiener processes. Test loss decomposes as Ltest =

∑
k λk(a

2
k + vk) + Ltail, where vk = Var[ak] is

the variance of eigenmode k.
HJB equation. For a controlled SDE dx = f(x,u) dt + σ(x,u) dW with terminal cost

g(x(T )), the value function V (x, t) = minu(·) E[g(x(T ))] satisfies

∂tV +min
u

{
f⊤∇V + 1

2Tr(σσ
⊤∇2V )

}
= 0. (2)

3. Method

3.1. Remaining-Budget Formulation

We define the state as (a(t), r(t)) ∈ RK+1, where r(t) = Cmax −
∫ t
0 B(s) ds is the remaining

compute budget, with controls u(t) = (η(t), B(t)) bounded as η ∈ [10−4, 0.5], B ∈ [1, 256]. The
value function V (a, r, t) = minη(·),B(·) E[

∑
k λkak(T )

2+Ltail] satisfies ∂tV +minη,B H = 0 with
Hamiltonian

H =
K∑
k=1

[
−ηλkPak

∂V

∂ak
+

η2σ2
k

2B

∂2V

∂a2k

]
−B

∂V

∂r
, (3)

and boundary conditions V (a, r, T ) = V (a, 0, t) =
∑

k λka
2
k + Ltail.

Optimal controls. Setting ∂H/∂η = 0 and ∂H/∂B = 0 yields:

η∗ =
Aη

Dη/B
, Aη=

∑
k

λkPak∂akV, Dη=
∑
k

σ2
k∂

2
ak
V, (4)

B∗ =
√

η2Dη

/(
2(−∂rV )

)
. (5)

The second-order conditions require Dη > 0 (convexity in a) and −∂rV > 0 (more budget reduces
loss), giving ∂2H/∂η2 = Dη/B > 0 and ∂2H/∂B2 = η2Dη/B

3 > 0. Since η∗ and B∗ are
coupled, we solve via fixed-point iteration (5 rounds), clamping to the feasible set; empirically, this
converges within 2–3 rounds across all configurations tested.

As residuals shrink, −∂rV decreases while Dη remains substantial, so B∗ increases monotonically—
confirmed empirically in Section 4.2.
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Table 1: Test loss and compute used at Cmax=20, P=2, K=10. Mean ±1σ over 200 MC paths.
Bold: best; underline: second. C is the compute actually used (not allocated): HJB adaptively
chooses how much of Cmax to spend via Eq. 5; baselines are independently grid-searched per Cmax.

α=0.5 α=1.0 α=1.5 α=2.0

Method Loss C Loss C Loss C Loss C

Constant 7.88 8 4.38 8 2.38 8 1.15 8
Cosine 11.51 16 5.69 16 3.09 16 1.69 4
WSD 8.13 16 4.54 16 2.48 16 1.23 16
Const+Cool 7.94 16 4.46 16 2.43 16 1.20 16
Bordelon 10.80 64 5.84 4 3.09 4 1.57 4
HJB 7.61±.95 18 4.37±.36 17 2.40±.24 10 1.17±.18 14

3.2. DGM Solution with Policy Iteration

We approximate V with a DGM network Vθ(a, r, t) using LSTM-style gating [14]. Direct HJB
residual minimization suffers from a chicken-and-egg problem: optimal controls need ∂2V/∂a2k,
but accurate second derivatives need correct controls. We resolve this via policy iteration [8, 10]:
(1) Policy evaluation: fix controls from the current policy and solve the resulting linear PDE for Vθ.
(2) Policy improvement: update the control network from Vθ’s FOCs. Training uses boundary
warmup (15%), five PI rounds, and causal time-stepping.

Structural regularization. We enforce (i) V ≥ Ltail, (ii) ∂2V/∂a2k ≥ 0 (convexity), (iii) ∂V/∂r ≤
0 (budget monotonicity) as soft penalties (λstruct = 50; sensitivity analysis in Appendix C).

4. Experiments

4.1. Setup

We evaluate on the random feature model with λk ∼ k−α, α ∈ {0.5, 1.0, 1.5, 2.0}, Cmax ∈
{5, 10, 20, 40, 80}, K=10, P=2, σ2

noise = 0.1 (noise-dominated, SNR ≈ 0.6). We focus on P=2
because it isolates the regime where schedule choice matters most; Appendix D extends to P=20
where all schedules converge. Each configuration uses 200 MC paths. The solver uses a 128-unit
DGM network, 20k iterations, 5 PI rounds.

We compare against eight baselines, each grid-searched independently per Cmax over 50 MC
paths: Constant, Cosine, Warmup+Cosine, WSD [7], Linear, Piecewise, Const+Cooldown [4],
and Bordelon [2].

4.2. Results

Loss–compute frontier. Figure 1 shows test loss vs. compute at α=1.0, Cmax=20. HJB achieves
loss comparable to Constant (4.37 vs. 4.38) and outperforms parametric decay schedules (cosine,
WSD) by 2–30%, though it uses more compute (17 vs. 8 FLOPs).

Comparison across difficulties. Table 1 shows HJB achieves the lowest loss at α=0.5 (3.4%
below Constant) while using more compute (18 vs. 8). At α ≥ 1.0, HJB and Constant are within
1–2% of each other. Notably, the Constant baseline’s near-optimality is itself a finding: in the
noise-dominated regime (P=2, SNR≈0.6), the HJB-optimal policy—which is free to choose any
schedule—converges to behavior similar to a well-tuned constant, suggesting that the achievable
improvement from schedule adaptation is inherently small.
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Figure 1: Test loss vs. compute (α=1.0, Cmax=20). Shaded: ±1σ over 200 MC paths. HJB achieves
loss comparable to Constant while outperforming parametric decay schedules.

Figure 2: Learned schedules (α=1.0, Cmax=20). HJB maintains high η and increases B monotoni-
cally.

Optimal schedule structure. Figure 2 shows the HJB solution maintains high η throughout
while monotonically increasing B—recovered from the optimality conditions (Eq. 5), providing a
control-theoretic derivation of the empirical finding of Smith et al. [15]. The schedule effectively
“anneals” through the batch-size channel rather than reducing η.

Budget adaptation. Table 2 shows HJB adapts compute usage to both budget and difficulty.
At moderate budgets (Cmax ≤ 20), HJB is competitive with or improves over Constant. At large
budgets (Cmax=80), Constant slightly edges HJB (e.g., 7.39 vs. 7.45 at α=0.5), likely because the
DGM approximation becomes less accurate over the larger state space—suggesting solver fidelity,
not the formulation, is the current bottleneck.
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Table 2: HJB vs. Best Constant across budgets (P=2, K=10). Parentheses: compute used. All
baselines re-tuned per Cmax.

HJB-Optimal (Loss / C) Best Constant (Loss / C)

Cmax α=0.5 α=1.0 α=1.5 α=2.0 α=0.5 α=1.0 α=1.5 α=2.0

5 8.32 / 5 4.54 / 5 2.44 / 5 1.20 / 5 8.46 / 4 4.48 / 4 2.41 / 4 1.17 / 4
10 7.85 / 9 4.43 / 9 2.42 / 7 1.18 / 8 7.88 / 8 4.38 / 8 2.38 / 8 1.15 / 8
20 7.61 / 18 4.37 / 17 2.40 / 10 1.17 / 14 7.88 / 8 4.38 / 8 2.38 / 8 1.15 / 8
40 7.49 / 32 4.34 / 28 2.38 / 19 1.16 / 21 7.46 / 32 4.38 / 8 2.38 / 8 1.15 / 8
80 7.45 / 49 4.32 / 53 2.38 / 24 1.16 / 28 7.39 / 64 4.29 / 64 2.35 / 64 1.14 / 64

Ablation. Joint (η,B) control outperforms LR-only optimization with grid-searched fixed B by
2–5%, with the largest gain at α=0.5 (Appendix E).

Solver fidelity. PDE diagnostics (Appendix B) confirm convexity at 100% of test points,
monotonicity at >92%, and boundary MSE < 10−4. The DP gap δDP = 0.88 (V underestimates by
∼1.9×), but gradients determining controls are accurate enough for competitive schedules. Results
are robust to λstruct ∈ [0, 200] and nPI ≥ 2 (Appendix C), and scale to K=20, P=20 (Appendix D).

5. Related Work

Neural PDE solvers. Beyond DGM [14], deep BSDE methods [5] and actor–critic approaches [18]
offer alternatives; BSDE variants may help scale to larger K.

Batch-size scheduling. McCandlish et al. [12] show optimal B grows with training as gradient
noise decreases; our monotonic B(t) is consistent but derived from optimality conditions rather than
noise estimation. Smith et al. [15] empirically demonstrated increasing B in lieu of decaying η.
Wang et al. [17] independently find a “late switching” batch-size pattern in hard tasks via functional
scaling laws, reaching a similar conclusion through a different framework.

Schedule design. Hägele et al. [4] show constant+cooldown matches cosine at LLM scale. Bor-
delon and Mori [2] derive η-only schedules for random feature models; our joint (η,B) formulation
provides additional gains. Li et al. [11] study budget-aware decay.

Scaling law theory. Bahri et al. [1] identify variance- and resolution-limited scaling regimes;
Paquette et al. [13] derive exact high-dimensional SGD dynamics for quadratic models.

6. Conclusion

We formulated compute-optimal training as stochastic optimal control and solved the HJB equation
via DGM with policy iteration. Two main findings: (1) the optimal batch size grows monotonically,
recovered from the HJB optimality conditions and providing a control-theoretic justification for the
empirical findings of McCandlish et al. [12], Smith et al. [15]; (2) in the noise-dominated regime,
the HJB-optimal policy matches a well-tuned constant schedule within 1–2%, suggesting that the
achievable gain from schedule adaptation is inherently small. Joint (η,B) control yields 2–5%
gains over LR-only optimization with grid-searched fixed B, with the largest benefit at hard tasks
(α=0.5). At higher SNR (P ≥ 5) and large compute budgets, all methods converge, indicating
that schedule optimization is most impactful when noise management is the bottleneck. The value
function underestimates terminal loss by ∼1.9× (δDP = 0.88), indicating good policies but imperfect
values; extending to real networks via feature-learning dynamics and deep BSDE solvers are natural
next steps.
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Appendix A. DGM Solver Details

Architecture. The value function Vθ(a, r, t) is approximated by a DGM network [14] with LSTM-
style gating. The input dimension is K + 2 (eigenmode coefficients a ∈ RK , remaining budget r,
and time t). We use 3 hidden layers of 128 units with tanh activations and LSTM-style multiplicative
gating between layers. The output is a single scalar representing V .

Training procedure. We employ policy iteration [8, 10] with 5 rounds. Each round consists of:
1. Policy evaluation: Fix the control policy (ηold, Bold) from the current value network’s first-order

conditions. Train Vθ by minimizing the linear PDE residual |∂tV + H(a, ηold, Bold)|2 plus
boundary losses, for 4,000 iterations.

2. Policy improvement: Update (η,B) from Vθ’s gradients via Eqs. 4–5 with 5-round fixed-point
iteration.

The first 15% of iterations in each PI round use boundary-only training (warmup). Collocation points
are sampled uniformly in [0, T ]× [0, r0] and from Gaussian noise around the initial state for a. We
use Adam with learning rate 10−3 and batch size 2048.

Structural regularization. The total loss is L = LPDE + λbcLBC + λstructLstruct, where the
structural penalty enforces:

Lstruct = E
[
ReLU(Ltail − V )2

]
(lower bound)

+ E
[
ReLU(−∂2

ak
V )2

]
(convexity)

+ E
[
ReLU(∂rV )2

]
(monotonicity)

We set λbc = 100 and λstruct = 50 (sensitivity analysis in Appendix C).
Schedule extraction. Given a trained Vθ, we extract the optimal schedule by forward-simulating

the SDE from the initial state (a0, r0, 0) with 500 Euler–Maruyama steps. At each step, we compute
η∗ and B∗ from Eqs. 4–5 using automatic differentiation through Vθ, then clamp to the feasible set.

Appendix B. PDE Diagnostics

Table 3 reports solver fidelity metrics on 5,000 held-out collocation points at α=1.0, Cmax=20. We
evaluate the following metrics:

Table 3: PDE diagnostics (α=1.0, Cmax=20, 20k iters).

Metric Value

HJB residual (L2) 0.174
HJB residual (L∞) 4.14
Convexity fraction (all k) 100.0%
Monotonicity fraction (∂rV ≤ 0) 92.3%
Boundary MSE (terminal) 5.6× 10−5

Boundary MSE (budget) 9.8× 10−5

DP consistency gap (δDP) 0.88

HJB residual. We compute |∂tV +minη,B H| at held-out collocation points. The L2 residual of
0.174 indicates the PDE is approximately satisfied; the L∞ residual of 4.14 reflects localized errors
near the budget boundary r ≈ 0 where the value function has a kink.
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Structural constraints. Convexity (∂2
ak
V ≥ 0) holds at 100% of test points, confirming the

second-order condition for η∗. Monotonicity (∂rV ≤ 0) holds at 92.3%—violations occur near the
terminal time t ≈ T where additional budget has diminishing returns.

Boundary conditions. Terminal and budget boundary MSE are both < 10−4, indicating accurate
boundary enforcement.

DP consistency gap. We define δDP = |V (a0, r0, 0)− L̄test|/|V (a0, r0, 0)|, where L̄test is the
mean terminal loss under the HJB-optimal policy over 200 MC rollouts. At α=1.0, V predicts 2.30
while L̄test = 4.33, giving δDP = 0.88—the value function underestimates the achieved loss by
∼1.9×. This is expected for two reasons: (1) the DGM network approximates V globally over a
high-dimensional domain, so pointwise accuracy at a single initial condition is limited; (2) the policy
iteration approach prioritizes accurate gradients ∇V (which determine the controls via Eqs. 4–5)
over accurate values. The resulting schedules are competitive despite imperfect value estimates,
which is consistent with findings in reinforcement learning where approximate value functions yield
good policies [16].

Appendix C. Sensitivity Analysis

We ablate two key hyperparameters: the structural regularization weight λstruct and the number of
policy iteration rounds nPI. All experiments use α=1.0, Cmax=20, K=10, with 200 MC paths for
evaluation.

Table 4: Sensitivity to λstruct and nPI (α=1.0, Cmax=20).

Setting Loss Residual Convex% DP Gap

λstruct sweep (nPI=5)
λ=0 4.38 0.198 100% 0.87
λ=10 4.36 0.183 100% 0.89
λ=50 4.36 0.180 100% 0.88
λ=100 4.36 0.176 100% 0.89
λ=200 4.34 0.163 100% 0.89

nPI sweep (λstruct=50)
nPI=1 4.36 1.783 100% 0.45
nPI=3 4.37 0.217 100% 0.90
nPI=5 4.36 0.180 100% 0.88
nPI=10 4.35 0.169 100% 0.88

Structural regularization (λstruct). Final test loss varies by only 0.04 (from 4.34 to 4.38) across
λstruct ∈ {0, 10, 50, 100, 200}, demonstrating robustness to this hyperparameter. Even without
structural penalties (λ=0), the network learns approximately convex solutions, suggesting the DGM
architecture has an inductive bias toward the correct solution structure. Higher λ modestly reduces
PDE residuals.

Policy iteration rounds (nPI). A single PI round (nPI=1) already achieves competitive loss
(4.36) but with a large PDE residual (1.783). Note that nPI=1 has a lower δDP (0.45) than nPI=5
(0.88): the coarsely-trained value function happens to be closer to the true value at the initial state, but
its gradients are poor (as reflected in the 10× larger residual). This is consistent with our observation
that gradient accuracy, not pointwise value accuracy, determines policy quality. With nPI ≥ 3,
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residuals drop by 8× and the extracted policies become stable. Diminishing returns set in after 5
rounds.

Appendix D. Scaling Experiments

Larger K. At K=20 (22-dimensional PDE), HJB matches Constant within 0.2–0.8% (Table 5),
though the DP gap increases (1.26–3.06 vs. 0.88 at K=10), reflecting the known difficulty of
mesh-free PDE solvers in higher dimensions.

Table 5: Scaling to larger K (Cmax=20, P=2).

K α HJB Loss Const Loss Residual DP Gap

10 1.0 4.37 4.38 0.174 0.88
20 1.0 6.47 6.46 0.114 1.26
20 0.5 17.87 17.72 0.284 3.06

Higher SNR. As P increases (Table 6), all methods converge because signal dominates and
schedule choice matters less. HJB scheduling is most valuable at low SNR (P=2), where noise
management via B(t) is most impactful.

Table 6: Higher SNR regimes (α=1.0, Cmax=20, K=10).

P HJB Loss Const Loss Const+Cool Gap

2 4.37 4.38 4.46 0.2%
5 2.03 2.02 2.06 −0.5%

10 1.35 1.34 1.37 −0.7%
20 1.08 1.08 1.09 0.0%

Appendix E. Ablation: Joint vs. LR-Only Control

Table 7 compares joint (η,B) optimization against LR-only control with B fixed at its grid-searched
optimum (B∗=8 across all α, searched over B ∈ {4, 8, 16, 32, 64, 128}). Joint control provides
2–5% improvement even over the best fixed batch size.

Table 7: Joint (η,B) vs. LR-only with grid-searched B∗=8 (Cmax=20, K=10, P=2).

Control α=0.5 α=1.0 α=1.5 α=2.0

LR-only (B∗=8) 7.94 4.44 2.42 1.18
Joint (η,B) 7.51 4.33 2.37 1.15

Improvement 5.4% 2.5% 1.9% 2.6%

The gain is largest at α=0.5 (slow eigenvalue decay) because many eigenmodes contribute
comparably, making dynamic noise management through B(t) more impactful than any fixed batch
size.
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Appendix F. CIFAR-10 Transfer

To test whether schedules derived from the random-feature model transfer to real networks, we train
a small CNN (3 conv layers, 64 filters, 2 FC layers) on CIFAR-10 (ntrain=5,000, 50 epochs) using
schedules extracted from the HJB solver with estimated α=0.27 and K=10.

Table 8: CIFAR-10 transfer results (5k training samples, 50 epochs).

Schedule Test Loss Test Acc

WSD 1.83 44.3%
Cosine 2.16 43.7%
HJB 2.27 43.8%
Constant 2.70 43.1%

HJB schedules outperform the constant baseline (2.27 vs. 2.70 loss, +0.7% accuracy), confirming
that the monotonically increasing batch-size pattern transfers. However, WSD and cosine schedules
perform better, likely benefiting from implicit regularization effects (e.g., learning rate warmup,
cooldown phases) not captured by the eigenmode dynamics model. Closing this gap by incorporating
feature-learning dynamics is a key direction for future work.

Appendix G. Compute Budget and Reproducibility

All experiments were run on NVIDIA A10G GPUs via Modal cloud infrastructure. Total compute
was approximately 40 GPU-hours across all experiments (main sweep, sensitivity, scaling, and
higher-SNR regimes). Code will be released upon acceptance. All experiments use seed 42 for
reproducibility. The DGM solver is implemented in PyTorch with automatic differentiation for
computing ∇V and ∇2V .
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