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ABSTRACT

We study the expressivity of shallow polynomial neural networks (PNNs) with
monomial activation functions over finite fields. For a given architecture, we de-
fine a neuromanifold as the image of the map from all possible network weights
into the product of polynomial rings. We quantify the expressivity by the cardinal-
ity of the neuromanifold, and derive a natural lower and upper bound. This leads
to counting rational points over finite fields, a problem closely linked to the Weil
conjectures. Finally, we present an architecture that exhibits a striking difference
in the neuromanifolds when considered over a characteristic zero versus a finite-
characteristic field, illustrating the critical role of field characteristic on the notion
of expressivity.

1 INTRODUCTION

Neural networks have excelled in wide-ranging fields from computer vision to natural language
processing in recent years. The capacity of a neural network architecture to represent a class of
functions is referred to as its expressivity (Glihring et al., [2023). Neural networks dynamics and
training are typically studied using statistical and probabilistic methods.

However, algebro-geometric approaches to neural networks have gained increasing attention in re-
cent years and have been applied to diverse architectures. The direction of neuroalgebraic geometry
(Marchetti et al., 2025)) investigates networks through the lens of algebraic geometry, focusing on
the properties of the functional space of their outputs, known as the neuromanifold (Kileel et al.,
2019).

In this work, we study neuromanifolds over finite fields. This is motivated by the practical ad-
vantages of weight quantization, which reduces both energy consumption and storage require-
ments (Yuan & Agaian, 2023). Moreover, counting rational points over finite fields connects to
the deep theory of the Weil conjectures. This allows one to compute the Betti numbers of the Zariski
closure of the corresponding neuromanifolds over complex numbers (Baez, [2025).

In particular, we consider shallow neural networks over finite fields with monomial activation func-
tions o(x) = ", where the network output is a k-tuple of homogeneous polynomials of degree 7.
We analyze the neural network architecture via the associated parameter map, defined as the map
from the space of all network parameters to the k-fold Cartesian product of a polynomial ring over
a finite field.

Since the space of polynomials of bounded degree over a finite field is itself finite, we can quantify
the expressivity of a network by computing the cardinality of its neuromanifold. If the neuroman-
ifold coincides with the entire space, we say it is filling (Kubjas et al., [2024). The behavior of
neuromanifolds over finite fields can differ drastically from their real or complex counterparts, even
for small architectures. For instance, for the architecture d = (2,2, 2) with r = 2, the neuromani-
fold over finite fields has cardinality approximately half that of the ambient space, whereas over the
complex numbers the Zariski closure of the neuromanifold fills the entire ambient space.

1.1 RELATED WORK

The geometric structure of neural network function spaces was first investigated in |[Amari| (1994),
where the term neuromanifold was introduced to denote the function space associated with a given
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architecture. A comprehensive survey of neural network expressivity is provided in |Giihring et al.
(2023).

The expressivity of polynomial neural networks (PNNs) was first analyzed in Kileel et al.| (2019)
through the notions of filling and thick architectures. The geometry of neuromanifolds and neurova-
rieties was subsequently developed in|Kubjas et al.|(2024), while the expressive power of PNNs was
further investigated in [Finkel et al.[(2025). Questions of identifiability were addressed in [Usevich
et al.[(2025)), and a detailed study of singularities was presented in|Shahverdi et al.[(2025)). In prac-
tice, PNNs have been shown to achieve performance comparable to networks with non-polynomial
activation functions (Yavartanoo et al., 2021; |Chrysos et al.|[2022).

To improve computational efficiency and reduce storage and energy consumption, neural networks
with low-precision weights have attracted significant attention (Courbariaux et al.l [2014). Related
directions include networks with rational coefficients (Averkov et al., [2025) and integer coeffi-
cients (Wu et al., 2018). The expressive capabilities of neural networks with limited-range integer
weights were analyzed in |Draghici| (2002). Neural networks that operate exclusively with integers
have been studied in Wang et al.| (2022).

Significant attention has been devoted to binary and ternary neural networks, where weights are
restricted to 0,1 (1-bit) and —1, 0, 1, respectively. The training of binarized neural networks with
1-bit weights and activations was first introduced in [Hubara et al.| (2016). Subsequently, ternary
weight networks, offering improved efficiency over their binary counterparts, were proposed in |[Liu
et al.[(2023)).

An extensive survey of neural network quantization was provided in |Gholami et al,| (2022). A
detailed review of binary neural networks, covering both activations and weights and emphasizing
hardware training advantages, was presented in|Yuan & Agaian| (2023)).

Recent developments in large language model (LLM) architectures have shown that weight quanti-
zation can be applied with minimal loss in performance, while yielding substantial gains in energy
efficiency and storage requirements (Ma et al.|[2024). A comprehensive study of quantization tech-
niques for LLMs was presented inJin et al.|(2024).

1.2 MAJOR CONTRIBUTIONS
Our main contributions are summarized as follows:
1. We formulate the expressivity of polynomial neural networks over finite fields in terms of

the cardinality of its neuromanifold Pq ..

2. We compare shallow networks over finite fields with their complex counterparts, highlight-
ing the key differences between them.

3. We compute the cardinalities of neuromanifolds for various architectures and establish a
general upper and lower bound.

A summary of the computed architectures is presented in Table 1 in Section

1.3 PAPER OUTLINE

In Section [2, we introduce the notion of a shallow neural network over finite fields, its ambient
space, and establish a general upper bound on the cardinality of neuromanifolds. We then present
results for several shallow neural network architectures, including:

» Section[3} architectures d = (n,m, k) with square activation o(z) = 22 over a finite field
F of characteristic # 2, and a lower bound on architectures d = (n,n, k) with arbitrary
monomial activation o(x) = z”,

* Sectionfd} architectures d = (n, 1, k) and d = (n, 2, k) with arbitrary monomial activation
o(x) = " over a finite field F of arbitrary characteristic,

* Section 5} architectures d = (n,m, k) with activation degree r divisible by the character-
istic p of the field F.
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Finally, Section [6|concludes with remarks and a summary of the results.

Table 1: Main Results

d r p |Pa.r| Reference
(n,m,1) 2 | p#2 min (Z N(n,s), q(nﬁ‘_l)) 3.3.1
s=0
n __ k _
(n,1,k) any any w +1 )
(¢—1)
| (g = 1) [Pen2.r| [P
(n.2,k) | #p' | any o 4.5.1
#(Pog ) e+
| (9= 1) [Pen2.r| [P
(n,2,k) p' | any 2 (1Pl 4.5.1
(B0 Ny (2, k) + 1
i G S CUR
(n,m, k) ip | any P 5.1
(n,m, k) P’ any min (372, Ni(n, k) + 1, ¢*") 5.2
Upperbound:
(’I’L, m, k) any any |P(n,m,k)7r| < p'yn,p(r)-k 2.2

It is going to be useful to mention the formulas that we will use across the paper below:

* A g-binomial coefficient is equal to

m _(1—g)(A g ) (1 —g* ")

b 1= —=¢*---(1-¢" M

e In (Conrad,|1995)), if r = Zf;o ryp? is the base—p expansion of the activation degree, then
(-1
M) =] ( . ) )
t=0

* According to Morrison| (2006, Section 1.7), the number of £ X n matrices of rank m over
a finite field F with ¢ elements is

k n n n m—
Motk = | F] @ = 0@ =) = G)
q
* According to MacWilliams| (1969, Section 2) the number of symmetric n X n matrices of
rank m is

L%J qu m—1
N = : : et ). 4
(n,m) 1= g(q ) 4)
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2 PRELIMINARY

2.1 NEURAL NETWORK DEFINITION

Let F be a field, and fix a triple of natural numbers d = (n, m, k). Let o : F — F be the monomial
activation function with the activation degree r € N, that is, o(z) = z". A shallow neural network
fw : F" — F* with architecture w = (d, o) is the composition

1% w.
Fr =5 Fm 2 22 R
where Wy € F™*™ Wy € Fk>™ are matrices, and oy : F™ — F™ is the coordinate-wise applica-
tion of the activation function . Equivalently,
T
fw(X) =Wa(or(Whx)), x=[z1 ... zp] .

For the remainder of this paper, we denote the entries of W and W5 by a;; and b;;, respectively. We
denote the ith component of f, by f; w and observe that it is a homogeneous polynomial of degree
r over n variables of the form

m

fiw(x) = Zbis(asﬂm + 4 aspxn)" (5)

s=1

2.2 ABOUT THE AMBIENT SPACE

Let F(F",F*) be the space of all functions from F" to F*. The expressive power of a neural
network refers to the extent to which the neural network can approximate functions within the space
F(F", IE"“) (Giihring et al.,[2023). If F = IF; is a finite field, then the evaluation map

eval : Fylzq,...,z,] — }—(FZ’FI;)
f(@) — [a = f(a)]

is not injective. For example, if F,, is a prime field, i.e., ¢ = p is a prime number, then a zero
polynomial o(z) = 0 and the polynomial f(z) = 2 — z both map to the zero function in F(F}, F)
as 2P = x mod p.

(6)

A space in which a neural network fy, resides is known as an ambient space. In this work, as
a first step, we propose to study the expressivity by considering neural networks with polynomial
activation functions as elements of a polynomial ring. In other words, we take the ambient space to
be a Cartesian product of polynomial rings. This suggests the following definition.

Definition 2.1. Polynomials ¢1,...,gx € F[z1,...,z,] can be expressed by a neural network f,

with architecture (d, o) if there exist weights w € F™("+1) such that f; ,,(x) and g;(x) are the same
element in the polynomial ring Fx1, ..., x,] for all 4.

Let S”(F™) be the space of homogeneous polynomials of degree r over n variables. Since f; w
is a homogeneous polynomial according to Equation [5] then we can shrink our ambient space for
this network architecture to the product of S”(F™). We can identify the space S”(F™) with the

n+r—1

vector space F(""7") where we take the coefficients of a homogeneous polynomial in the standard
monomial basis.
We define the parameter map
g, R (ST(F))
W= fw = (fiw, s fow)
Definition 2.2. The neuromanifold, denoted by Pgq ., is the image of the parameter map ¥q ,.

Example 2.1. Letd = (2,2,1),r = 2, and char(FF) # 2. Then the output of the neural network is
equal to

(7

a21 a2

fur(x) = Wa(o1 (W1)) = b 62]01([a” m} EQD

4
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After a quick computation, we obtain
fW(X) = (bla% + b2a§1)$% + (2b1a11a12 + 2b2a21a22)x1x2 + (b1a§2 + bgagg)l‘%
Therefore, the parameter map Ugq , : F¢ — S7(F?) = F3 is given by
(a11,a12,a21,a22,b1,b2) — (510%1 + boasy, 2bjaiiars + 2baaziass, biaiy + 52032)

A central problem in this context is to understand the expressive capacity of neural network archi-
tectures within the ambient space (S”(F"))* (Kileel et al., 2019).

Definition 2.3. We measure the expressive capacity of the network by computing the ratio

[Parl/] (S7(E™)" .

2.3 UPPER BOUNDS OF NEUROMANIFOLDS

Using the multinomial congruence theorem (Conrad, |1995), we can find a natural upper bound for
neuromanifolds over prime fields F,,. For example, if d = (2,1,1),7 = 2, and p = 2, then

2 2 2 2 2 2 2
fw(x) = b11(a1121 + a1222)” = biraf 27 + 2b11a11a122122 + br1a1225 = bi1aj 2] + bi1ai27s.

In other words, the coefficient in front of x;x5 is always zero as we take the coefficients in Fs. The
coefficients in front of 27 can be either 0 or 1. This gives us that [P 1 1) 2| < 22.

Proposition 2.2. If d = (n,m, k) and o(x) = 2" withr = Y ;" r;p" over a prime field F,, and
Yn,p(T) is as in Equation the cardinality of the neuromanifold satisfies the following upper bound:

)"
"P(n,m,k),r| < (p’Yn,p " ) .
Proof. See Appendix O

3 SHALLOW NETWORKS WITH r = 2 AND char(FF) # 2

The ith output f; w of the neural network corresponds to a symmetric tensor of order r, which
we will denote by A;. Then, the output of the neural network fy, can be identified with a k-tuple
(Aq, ..., Ay)T of symmetric tensors, each satisfying the symmetric CP-decomposition

Ai =0 LY + o 4 by LT ()

m

where each L; € F" is jth row of W; (seeLandsberg & Teitler (2010).

However, over finite fields, not every symmetric tensor has a well-defined CP-rank (see Friedland &
Stawiska) (2013 Proposition 7.1)). Therefore, there exist shallow architectures whose ambient space
contains elements that cannot be expressed via the decomposition[§] But, in the case when » = 2 and
char(F) # 2, as we will see in the next section, every symmetric matrix has a well-defined CP-rank.
This allows us to compute the cardinality of the neuromanifold for architectures d = (n,m, 1), and
r=2.

3.1 SINGLE OUTPUT ARCHITECTURES d = (n,m, 1) WITH r = 2, char(F) # 2

For this architecture, the output of the neural network f, according to Equation [§]is represented by
a single n X n symmetric matrix of the form

A=bL{ L+ 4 by L} L, = W D(Ws )Wy, 9)

where Wy ; is the ith row of Wy and D(v) is the diagonal matrix formed by placing the entries of
a vector v on the diagonal. The theorem below (a reformulation of |Axler| (2015, Theorem 9.13))
shows that every symmetric matrix over any field of charecteristic # 2 has a well-defined CP-rank.

Theorem 3.1 (Corollary of |[Axler| (2015, Theorem 9.13)). For every symmetric matrix C' over a

finite field of characteristic # 2, there exists a diagonal matrix D and an invertible matrix Q) such
that C = QDQT.
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This is a direct consequence of the classical linear algebra result that every symmetric bilinear form
over a field of characteristic ## 2 can be diagonalized.

According to Kubjas et al.| (2024) (see Lemma 3.3),

P(n,m,1),r—2 over R is equivalent to the set of symmetric n X n matrices of rank < m (10)

Theorem [3.1]tells us that the above description can be extended to any field of characteristic p # 2.
Therefore, computing the cardinality of the neuromanifold Py ,. is equivalent to counting the number
of n X m symmetric matrices of rank < m over IF,,.

If m > n, then clearly Pgq ;- is the entire space of symmetric matrices S"(IF}):

Lemma 3.2. Ifd = (n,m,1), r =2, p # 2, then

Pir=S"(Fy) <= m=>n

For the cases where m < n, we refer to a paper by MacWilliams| (1969) which counts the number
of n x n matrices of rank m over F,.

Theorem 3.3 (cf. [MacWilliams| (1969), Theorem 2). Let N(n,m) denote the number of n X n
symmetric matrices of rank m over a field ¥ of characteristic not equal to 2. Then, N(n,m) is
given by Equation

As an immediate corollary,

Corollary 3.3.1. Form <n,

|P(n,m,1),2| = Z N(na])

=0
The next section considers architectures with output width k = 2.

3.2 SHALLOW ARCHITECTURES d = (n,n,2),r = 2, char(F) # 2

In this section, we show that understanding the problem of simultaneous diagonalization of sym-
metric matrices over finite fields helps in understanding neuromanifold corresponding to the shal-
low network with multiple outputs. In particular, we restrict ourselves to studying the architectures
d = (n,n,2) and show how the embeddings of the neuromanifolds over complex and finite fields
into the ambient space are drastically different.

According to EquationE], a point (A, Ay) belongs to the neuromanifold P(,, ,, 2y 2 if and only if
Ai=by LI Ly + -+ by L) Ly = WED(Wa, )W, (11)

for i = 1,2. We are going to follow the definition of simultaneous diagonalization of symmetric

matrices given in Bustamante et al.| (2020).

Definition 3.1. A set of k symmetric matrices Ay, ..., Ay are simultaneously diagonalizable via

congruence (SDC) if there exists an invertible matrix @ € G L,,(FF) such that

A; =QD;QT, D, isdiagonal foralli = 1,..., k.

It follows from the above definition that A;, A, are simultaneously diagonalizable, then they lie in
Pn,n,2),2- The opposite direction unfortunately does not hold as the matrix (2 may not be invertible.
In other words, we can find a pair of symmetric matrices (A;, As) that satisfy decomposition equa-
tion [T} but are not simultaneously diagonalizable.

Example 3.4. If d = (3, 3, 2), then the network output for the forms L, (X) = 1, L2(X) = z2, and
L3(x) = 1 + 5 equals to

fiw(zi, 22, 23) = bnxf + b12x§ +bi3(x1 + 172)2
f2,w($17 T2, 333) = bgle + bggl‘% + b23(1‘1 + Z‘Q)Q

Taking bll = b12 = —1,b13 = 1and b21 = b23 = O,bgg = 1, we obtain flﬁw(X) = Ql‘ll‘g and
f2,w(X) = x3, which are not simultaneously diagonazible according to Lemma
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By applying an algorithm for determining SDC given by [Bustamante et al.|(2020), we can partially
extend the results on filling architectures for shallow networks over C. This yields the following.
Theorem 3.5. Ifd = (n,n,2),r = 2, and F = C, then the Zariski closure of Pq,, over C is the
entire ambient space S*(C™) x S?(C"), but Pq,, # S*(C") x S?(C™).

Proof. See Appendix [A.2] O

One might hope P, ,, 2),,- over [, behaves similarly to its analogue over C. Previously when & = 1,
the neuromanifold P(;, 5, 1), fills the ambient space over both C and F,. However, their patterns
diverge for k£ > 1.

For example, if £ = 2, the neuromanifold over C contains an open Zariski set whose closure fills
the entire ambient space. Contrastingly, the neuromanifold over a finite field I, only fills in approx-
imately half of the ambient space.

Example 3.6. [P 2 ,—2(F3)] = 393, the ambient space has cardinality |S*(F,)|> = 729,
and their expressive power defined in Definition 2.3]is ~ 0.539. If we increase ¢ to 11, then
|P2,2,2),r=2(F11)| = 2415673, | S2(IF%, )| = 4826809, and their ratio is ~ 0.500.

Conjecture 3.1. The expressive capacity of P(3 22y ,—2 over a prime field IF;, approaches % as
D — 00.

We propose the following two open questions that can advance our understanding of neuromanifolds
over finite fields with architectures where k£ > 1. The first concern is finding architectures whose
expressive capacity converges to a non-zero fraction.

Problem 3.7. Find all architectures d = (n,m, k) over a prime field F,, whose expressive capacity
convergs to a non-zero fraction 0 < a/b < 1 as prime p — oo.

The second question is a generalization of the problem of simultaneous diagonalization via con-
gruence. The congruence action Q - C = QCQ? on matrices generalizes to symmetric tensors
of arbitrary order 7 (see |Grosdos et al.| (2025, Remark 3.5)). For a change-of-basis ) on x and a

homogeneous form C,
(Q-C)(x) :=Co (Qx)™".

The tensor associated with C' is SDC if there exists a () for which ) - C'is a diagonal tensor.
Lemma 3.8. The set of SDC k-tuples of n®" tensors is a subset of P,y

This follows from choosing W; to be invertible, and motivates our second question.

Problem 3.9. Given a tuple of symmetric tensors (A1, Ag, ..., Ag) over C or over F,, determine
when they are simultaneously diagonalizable via congruence.

Problemis solved geometrically in the case d = (3,3,2) and r = 2 by Kusejko| (2016). In the
cased = (n,m, k) and r = 2, Problemwas solved by Bustamante et al.{(2020) over C.

4 SHALLOW ARCHITECTURES d = (n, 1, k), (n,2, k)

In this section, we study neuromanifolds through the perspective of projective space. One of the
main motivations for viewing neuromanifolds from this perspective is a connection to counting
rational points of algebraic varities over a finite field. In particular, the point count allows one to
compute local zeta function from the Weil conjectures (Baez, 2025). This gives information about
the motivic structure of the Zariski closure of the complex analogue of the neuromanifold through
its cohomology.

4.1 PROJECTIVE SPACE

Let I, be a finite field. An affine space IF;LH is the (n + 1)-fold Cartesian product of F,. Observe
the cardinality [F)!| = ¢"*'. A projective space P™(F,) is the set

P"(Fy) := (Fg™ = {(0,...,0)})/ ~
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where (zg,...,Zn) ~ (Yo, ..., Yn) if and only if there exists a non-zero scalar A such that x; = Ay;
for all i. A point in the projective space P"(F,) will be indicated by [z : - - - : z,,] where
[0 s @1t wn] = {(Azo, Aw1, -+, Azg) 1 X € (Fg — {0})}.
Let Pg . be the image of Pg . in the projective space under the map
proFY = PV NF,),  (21,...,an) = (210 2]

where N = dim((S"(F"))*). The following lemma relates the cardinality of Pg_, with the non-
projective Py ..

Lemma 4.1.
Pa,r| = (¢ = 1)|Pa,| + 1.

Proof. See[A3] O

Geometrically, one can think of projective space as the set of all lines through the origin in FZH.
In relation to Equation [8] the decomposition of the A;’s depends on the scalars b;; and the lines
generated by L. Recall that each L; (x) is defined as the jth row of a vector W1x, i.e.,

Lj(x) =aj1x1 + - + ajnTy.

Considering L; as lines will simplify point-counting in proofs of results in the next section by
eliminating some overcounting.

4.2 THECASEm =1,2

Let P* := P*(F,). For m = 1, we have the following count.
Lemma 4.2. Ford = (n, 1, k), any r and any prime p, then

(¢" —D(¢" -1
(-1

Proof. See Appendix [A.4] O

‘Pd7r| = |P(n,1,1),7‘||]P)k_1| =

For larger values of m, Pg, can be partitioned by the dimension of the span of the k-tuple

(A1,...,A;) as a vector space over F,. We are thus able to describe Pq , in terms of spaces
associated with CP-rank smaller than m, by studying how the rank-1 components combine linearly.
For m = 2, this yields[T2]and [I3] below, depending on whether r > 1 or r = 1.

Proposition 4.3. Ford = (n,2,k),p{r,r > 1,

- Py N2(2,k
P = Pz [+ (o) B2 10 a
2 q—1
where N, (n, k) represents the number of k& x n matrices of rank m over F, (see Equation .
Proof. See Appendix [A.3] O
Proposition 4.4. Ford = (n,2,k), r = 1,
_ 2 P 1\ Na(2, k)
= Pk 1 (n,1,1),r ) 13
Par] = Pl [P+ pgy () P22 13
Proof. See Appendix [A.6] O

Problem 4.5. We imagine counting formulas of a similar vein exist for m = 3,4, 5..., but the
combinatorial complexity grows quickly, and thus, a full characterization remains open.

The next section will address the case p | 7. In particular, Proposition [5.1|will state

Pa.ip| = [Pail, (14)
which allows us to reduce architectures with p | r to the situation p 4  considered in the previous
two propositions. As a first application of this identity, we obtain the following corollary.
Corollary 4.5.1. Ford = (n,2,k), if r # p', m‘ satisfies Equalion Ifr = p', then ‘m|
satisfies Equation




Under review as a conference paper at ICLR 2026

5 SHALLOW ARCHITECTURES WITH char(F) | r

In this section, we consider architectures where the activation degree r of the activation function o
is divisible by the prime characteristic of a finite field F'. First, let us express the cardinality of the
neuromanifold with » = ip for some 7 € N as the cardinality of the neuromanifold with » = 7. In
other words, we have the following result.

Proposition 5.1. If d = (n,m, k), char(F) = p, o(x) = 2" where r = ip for i € N, then
[Pd,ip| = [Pa,il-

Proof. See Appendix O

Corollary 5.1.1. Ifd = (n,m, k), char(F) = p, o(x) = " where r = sp® for {,s € N and
gcd(p, s) = 1, then
‘Pd,r| = |Pd,8|-

Proof. See Appendix [A.8] O

The case s = 1, i.e., 7 = p’ for some positive integer £, can be computed explicitly as shown below.

Proposition 5.2. If d = (n,m, k), char(F) = p, and o(z) = 2" with » = p’ for some positive
integer /, then | Pq | is precisely the number of k x n matrices over F of rank at most m.

Proof. See Appendix [A.9] O

As a consequence, we can arrive at an explicit expression for the expressivity.

Corollary 5.2.1. If char(F) = p, and |F| = ¢, then |Pa,| = min(¢"*",> 7", Ni(n, k) + 1),
where N;(n, k) is defined in Equation 3]

Proof. See Appendix O

6 CONCLUSIONS

6.1 SUMMARY

In this work, we developed an algebraic framework for analyzing shallow polynomial neural net-
works over finite fields. By formulating expressivity in terms of the cardinality of neuromanifolds,
we established general upper bounds, lower bounds, and explicit formulas for a range of architec-
tures. We also highlighted differences between neuromanifolds defined over finite fields and their
counterparts over C, particularly in cases where finite field structures constrain the filling property.

6.2 FUTURE WORK

A natural extension of our work is to analyze deeper architectures (with multiple hidden layers) to
investigate how composition of several layers affects the size and geometry of the neuromanifolds.
Another is to study more general polynomial activations.

The projective cardinalities introduced and computed in Section [4] can also be combined with the
Weil conjectures to compute the cohomology of complex neuromanifolds, thereby providing new
insights into their topological structure.

In addition, we have identified several open problems throughout our main sections that merit further
examination, such as the question of simultaneous diagonalization of tensors.

6.3 CONCLUSION

Our results provide evidence that recent algebraic approaches can play a meaningful role in the study
of neural networks, complementing the more familiar statistical and probabilistic perspectives.
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A APPENDIX

A.1 PROOF OF PROPOSITION[2.2]

Proof. Writer =Y ;" r, p* with digits 0 < r, < p—1. For each exponent tuple & = (a1, . .., )
with . a; = rletay, € {0,...,p — 1} be its ¢-th base-p digit so that a; = Y, c; 4p".

By Theorem the multinomial coefficient (al T ) is non-zero mod p exactly when every one-

Tt

digit factor o {) is non-zero. Since each r; < p, none of the factorials occurring in that

one-digit factor is divisible by p, so the only condition is the sum constraint vy 4 + - - - + v, ¢ = 74.
For fixed ¢, the number of (a4, .. ., oy, ¢) satisfying that constraint equals the stars-and-bars count

(”+”_1). Digit positions are independent, hence the total number of exponent tuples that give

Tt

non-vanishing coefficients is the product of those counts:
Sr
n+ry—1
) =1 (777,
t=0
as claimed.

Naturally, this means that P, 1, 1),r < Yn,p(r). It is not difficult to extend to k& > 1. Consider
the k—tuple of outputs (uy, us,. .., uy): each u; has at most pYm»(") choices. Since the outputs are
independent, we get P, k),r < prr(1)h O

Theorem A.1 (Multinomial Congruence, (Conrad,|1995)). Let p be a prime. Fix integers d > 0 and
t > 1. Suppose sg, S1,...,5: > 0. Write

sozco+clp+~-~+cdpd, 0<c<p-1(i<d),

Sj:COj+Cljp+"'+Cdjpd, OSCZ']' ép—l(l<d, ].S]St),
with cq,cq; > 0. Then

S0 Co C1 Cd
S1y-+-, St Co1, - -+, Cot Cily .-+, C1t Cd1, - .-, Cat

A.2 SDC ALGORITHM AND PROOF OF THEOREM [3.3]

We will use the following corollary of Bustamante et al.| (2020, Theorem 7).

Lemma A.2. Let Ay, As be n X n symmetric matrices, where Ay is full-rank. Then, Ay, A are
simultaneously diagonalizable via congruence if and only if there exists a diagonal matrix D and
an invertible n X n matrix Q) such that

AT' Ay = QDQ.

Proof of Theorem[3.3] We first give an example of a pair of matrices which are not simultaneously
diagonalizable via congruence (SDC) over C. Take

0 1 0 0
A1::<1 O)’ AQ::(O 1).

.. . . . a b . .
If we assume, for the sake of contradiction, there is some invertible ) = <c d> which simultane-

ously diagonalizes A, and A,, then

2
e = (2 3) (0 1) 6 o) =(a &)

implies b or d = 0. Meanwhile,
v (a b\ (0 1\ fa c\ (b a 2ab  bc+ad
eALQ" = <c d> (1 o) (b d) = (d c> <bc+ad 2de )
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implies bc + ad = 0. Without loss of generality, if b = 0, then a or d = 0. Either way, @) would
have a row or column of zeros, and therefore () would be non-invertible, a contradiction.

Alternatively, we may remark A;l Ay = (8 _01), is a Jordan block with eigenvalues 0, which is

not diagonalizable, and thus A;, A, are not SDC by the above lemma.
Therefore, the neuromanifold P, 5, 2),2 over C is not filling.

However, we still wish to show the Zariski closure of P, ,, 2) , over C is the entire ambient space
S5(C™) x S3(C™), for which we apply Lemmal[A.2}

If A; is full rank and AflAz has no repeat eigenvalues, then its Jordan normal form is diagonal.
That is, there will exist a change of basis matrix ¢ such that AflAQ = QDQ !, and A;, Ay will
be SDC by our lemma.

B = AIIAQ has no repeat eigenvalues if and only if the discriminant A of its characteristic poly-
nomial f(x) = charpoly(B) = det(B — Iz) is non-zero. The discriminant of a polynomial can be
expressed as the resultant of the polynomial f(x) and its derivative f'(x). Notably, f(z) and f’(x)
are polynomials whose coefficients are polynomials in the entries of A, Ao, and the resultant is a
polynomial in said coefficients. Hence, the resultant is a polynomial in the entries of A;, As, and
thus
Vi:  A(charpoly(B)) =0
is an algebraic variety in the entries of A;, As.

Meanwhile, the set {det A; = det Ay = 0} is also an algebraic variety. Specifically, {det A; =
det Ay = 0} is the variety
Vo i=Nicqr2y Vijk
1<j,k<n

where
V;’j’k = {det(AiL"k = 0}

is the variety given by the determinant of the j, k-th minor of A;. We then have (S5(C"))?\ (V1 UV5)
as a subset of all 2-tuples Ay, A which are SDC. Thus,

So(C")\ (Vi UV2) € Prnn,2)2:

Vi UV, is a proper Zariski-closed subset of (S5(C™))* = C(+1n  Hence, its complement
(52(C™))* \ (V1 U V) is a non-empty Zariski-open set. Non-empty Zariski-open sets are dense
in C* for any natural number k. Therefore, the Zariski closure of (S5(C™))*\ (V4 U V5) (and hence
of the superset P) is the entire ambient space (S2(C™))?, as desired. O

A.3 PROOF OF LEMMA [4.1]

Proof. The k-tuple consisting of all 0-matrices lies in Pq,. For all remaining Kk-tuples
(A1,...,A;) € Pq,r, scaling by any A € F, \ {0} gives another point A(A1,...,Ar) € Pa,r,
distinct if A # 1. Therefore,

_— Parl —1
‘Pd,r| = | dﬁi_‘ 1 .
Rearranging gives the desired result. O
A.4 PROOF OF LEMMA [4.2]
Proof. The elements of Pq , are k-tuples of symmetric tensors [A4; : ... : Ag] up to scaling, where
Ay = b; L%,

If we fix L up to scaling, then each A; lies on the line in S,.(F}) generated by L®". We claim

different choices of [L] (choices of L up to scaling) partition Pq ,-. In other words, we claim given
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distinct [L1], [Lo] € P(F7) = P"~! over Iy, the resulting L and L5" define different lines in
S, (Fy) (alternatively stated, LY and L are not scalar multiples of each other).

We can assume by change of basis that L; = e; is a standard basis vector. Then, L?” 1S an
order-r symmetric tensor with a 1 at the entry indexed by (1,...,1), and zero everywhere else. If

Lo = ALq where \ # 0, then the first entry of Lo, denoted (L2 );, must be non-zero. Meanwhile,
the j-th entry of Ly, denoted (L2);, must be zero, since there exists an entry corresponding to

(L2)7 "(Ls2); = 0. Therefore, Ly is a multiple of e; = L. Therefore, if [LY"] = [L§"] in
B(S, (F)). then [Ly] = [La).

So, choice of [L] partition Pq ... We furthermore observe, given a choice of [L] € P(F}) = P"~1,
[by : ... : by] € P*~1 determines [A; : ... : Ay] uniquely. Thus,

Pa, 2P x PFL

By removing the origin and dividing by ¢ — 1 to account for scalars,
[Fgl—1 ¢ -1

[P =
qg—1 qg—1

for all 7 € N. Therefore,

@”—U@k—U.

Par| = [P |PFH =
(q—1)2

A.5 PROOF OF PROPOSITION [4.3]

Proof. The elements of Pq - are projective equivalence classes of ordered k-tuples of n®” symmet-
ric tensors [Aj : ... : Ag] of the form

Ai = bilL?T + bingr
where [L?T] , [L%@r] € P(n,1,1),r are equivalence classes of rank-1 n®" symmetric tensors.
We consider LY, LY" as elements of a vector space over F,. Then, since we have two basis
elements LY and LY", [A; : ... : Ag] spans 1 or 2 dimensions.

If the tensors in [A; : ... : Ag] span 1 dimension, then, in fact, all A; are of the form A; = b; A for
some A € Py, 2,1),-- The choice of [A] and parameterization [B] = [by, by, ..., bx] € P*—1 uniquely
determines [A; : ... : Ag]. Hence,

{1-dimensional [A; : ... : Ap]} = Pr o1y, x PP}
and we obtain the term

[Pz, B

In the case of a 2-dimensional span by [A; : ... : Ag], we begin by arguing the choice of basis pair
[LY"], [LS"] partitions the set of 2-dimensional [A; : ... : Ag] disjointly.

For the sake of contradiction, suppose some 2-dimensional [A; : ... : A;] may be constructed by
two different basis pairs [LT"], [LS"] and [L$"], [LY"]. Since [A; : ... : Ag] is 2-dimensional,
the A; form an alternative basis for the space spanned by LY" and L5 (or LY", LY") and we can
therefore recover the original basis L{", LY and LY", LY" as a linear combination of the A;’s.
Consequently, LS, L$" are both in the span of LY, LS, and the two pairs form the same plane

in Sﬁ]FZ;). Note, for the pairs to be distinct, at least one of these linear combinations of LY, L™ is
non-trivial. More precisely, there exists ¢1, co # 0 such that

L;@T = ClL(lg)T + CQL?T

where j = 3 or 4.
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Since [LY"] # [L3"], therefore LY, L are linearly independent, and consequently so are L,
and L. If we apply a change of basis such that L; = (1,0,0,...,0) and Ly = (0,1,0,...,0) are
standard basis vectors, then clL?r + 02L§T is an n®" tensor with one c¢; and one ¢y along the
diagonal and O’s everywhere else. Since r» > 1, therefore this tensor is of symmetric CP-rank rank
2. In other words, there does not exist an L3 such that L?" = L?’" + CQLSZ)T. where c¢1,co # 0.
Therefore, we have a contradiction, and in fact, our choice of distinct [L?q , [L?’"] will partition

the set of 2-dimensional [A; : ... : Ag]’s disjointly.
Fixing a choice of distinct [L}" ]| and [LS"] € P, 1,1),,» [A1 .. : Ag] is 2-dimensional if and only
if the coefficients as vectors Zl; span two dimensions. That is, each possible [A; : ... : Ag] is

uniquely parameterized by a choice of basis [L{"] , [LS"] € P, 1,1, and some rank-2 matrix

T
- |(h w )] erae

There are (|P("’é'1)=" ) ways to choose [L$"] , [LS"]. Fixing [LY"], [L"], the number of choices
k k
of matrix projective point [(B)] is & z(_Qik) — *;)_(‘11 ~9) . Hence, we obtain our second term, the
count of 2-dimensional [A; : ... : Ag],
[Pl [\ Na(2, k)
2 q—1
Therefore,
_ P N\ Na(2,k)
= - - ]P)k 1 | (n,1,1),r . ) '
Par] = P [P Tyl 2220
1-dimensional span - v
2-dimensional span

as desired. O
A.6 PROOF OF PROPOSITION [4.4]
Proof. Compared to the previous proposition, the term corresponding to k-tuples [Ag : ... : Ag]
with a 1-dimensional span remains unchanged.
However, the contribution from k-tuples [A; : ...: Ag] with 2-dimensional span is divided by

1 . . . . .
%. This factor arises because, when » = 1, linear combinations of L?T, L?T are no longer

rank 2, but rank 1. More specifically, we have

ClL?T + CQL?T = ClLl + CQLQ = L3 = L?T
so any linear combination is itself another vector L3 € Fj'.
Consequently, the choice of basis pair [Li],[Ls] corresponding to the plane spanned by
[Ay :...: Ag] is no longer unique, unlike in the case » > 1 considered in Proposition For
instance, one could take L3 = L; + Lo and L, as the spanning pair instead. In fact, any two linearly

independent elements of the plane will suffice as a basis, since with = 1, each tensor in the plane
is a vector.

The number of unordered pairs of linearly independent elements in a 2-dimensional subspace over

Fyis
(¢® —1)(¢* — q)
5 .
After projectivising (i.e., accounting for scaling by a non-zero scalar), we have
(@-D?-aq 1  qla+])
2 (q—1)2 2
Hence, each 2-dimensional [Aj:...: Aj] can be attained by @ distinct basis pairs
[LY"], [LY"]. Therefore, we divide by this factor to adjust for overcounting. O
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A.7 PROOF OF PROPOSITION[5.1]

Proof. As we defined above, let a;; be the (i, j)th entry of W5 and b;; be the (7, j)th entry of Wo.

Direct computation shows that kth entry of o4 W7 (x) is equal to

ip
(o1 Wi (x))r = <Z amly)

Since p is prime, then we have the following identity

(a+b)P =aP + b’ forall a,b € F.

Computing the kth term, for example, gives that

n p n p P
g agix; | = | ap1r1 + E ki T (ak1z1)? g AT
i=1

=2

If we now recursively simplify the last term, we will eventually get that:

n p n
E — E p .p
QL; Tq = ., T;
=1 =1

n ip n @
§ — E P ,.pP
Qi Tj = akixi
i=1 i=1

The same computation done with = ¢ will give us the same expression but with ay;x; replacing the
aj .t Itis 1mmed1ate that the number of polynomials in Pq,;, is at most the number of polynomials
in Pd ; since a}; € F for all any ag; € F. Thus, to show that [Pq ;,| = |Pa|, it suffices to prove
that every element of F is a pth power, to allow the coefficient before the % term to be any element
from F. Fortunately, it is a standard result in algebra that all finite fields are perfect (?, Theorem 3),
meaning that for all b € T, there exists a € F such that b = a?, if char(F) = p. Now consider
arbitrary by; € F; we can choose ay; € I such that by; = aii. Let y; denote xf . Then we have that

Thus,

(1 W1(x))r = (Z bkﬂh)

Now we observe that this is exactly the same as (o1 Wy (x));; when computed with » = ¢ instead.
Since all polynomials are in the form of W5 (o1 (W1(x))), and Wo does not depend on 7, we can

conclude that | Py ;p| = O

A.8 PROOF OF COROLLARY[R.1.T]

Proof. We prove it by induction on ¢; suppose ¢ = 1, then by Proposition[5.1}

Par| = [Paps| = [Pa,s|
Suppose
Papi-1s| = Pas|
then by Proposition[5.1}
Parl = [Papis| = [Papi-1sl = [Pas|

O
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A.9 PROOF OF PROPOSITION[3.2]

Before we begin the proof, we first prove a short lemma that will be used:

Lemma A.3. A matrix C € F**" is representable as a product of two matrices matrices B x A,
where B € FF*™ A € F™*" if and only if C has rank < m.

Proof. Consider 7 th column of C for some fixed 7. Then C; = B x A;, where A; is the ith column
of A.

For the forward direction, from the assumptions, the :th column of C'is a linear combination of the
columns of B, with the coefficients determined by the ith column of A (for all 1 < ¢ < n). Thus, the
column span of C' can be spanned by a collection of m vectors (since B has m columns), meaning
that C' has column rank < m.

Now suppose C' € F5*" has rank < m; then there exists a collection of m vectors in F* such that
all columns of C' are linear combinations of vectors from the collection; then choose the columns of
B to be the vectors in the collection, and the entries of the ¢th column of A to be the coefficients in
linear combination for the ith column of C', which will giveus C'= B x A O

Now we start the actual proof of Corollary

Proof. By Corollary [5.1.1} we have that for all i € N, [Pq i
the cardinality of Pgq,1, where the network output is given by

fw(x) = Wao1Wix = WoWWix.

= |Pa,1]. Now we need to compute

By direct computations, we see that in order to learn f(x) = Cx, we must have the following
decomposition:

C:W2><Wl.

where C € F*>*™ W, € FEX™ and W; € F™*™. Thus, according to Lemma the neuromani-
fold exactly corresponds to the set of matrices with rank at most m. O

A.10 PROOF OF COROLLARY[5.2.1

Proof. By Proposition we have that |Pq | is the number of all k£ x n matrices with rank < m.

If m > min(n, k), then since all matrices of size k£ x n has rank at most min(k,n), and m >
min(n, k), all k& x n matrices satisfy the condition of having rank at most m. Thus, by Proposition

‘Pd,r| — qun.

By Equation 3] we have that N;(n, k) is the number of k x n matrices with rank exactly . Thus, if
m < min(n, k), |Pa,| = > i, Ni(n, k) + 1, where the 1 corresponds to the zero matrix, which
has rank 0. And this expression is indeed smaller than p**™ since the latter expression also includes
matrices with rank > m but < min(k, n)

O
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