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Abstract

Constrained reinforcement learning is to maximize the reward subject to constraints on
utilities/costs. However, in practice it is often the case that the training environment is not
the same as the test one, due to, e.g., modeling error, adversarial attack, non-stationarity,
resulting in severe performance degradation and more importantly constraint violation in
the test environment. To address this challenge, we formulate the framework of robust
constrained reinforcement learning under model uncertainty, where the MDP is not fixed
but lies in some uncertainty set. The goal is two fold: 1) to guarantee that constraints
on utilities/costs are satisfied for all MDPs in the uncertainty set, and 2) to maximize the
worst-case reward performance over the uncertainty set. We design a robust primal-dual
approach, and further develop theoretical guarantee on its convergence, complexity and
robust feasibility. We then investigate a concrete example of §-contamination uncertainty
set, design an online and model-free algorithm and theoretically characterize its sample
complexity.

1 Introduction

In many practical reinforcement learning (RL) applications, it is critical for an agent to meet certain constraints
on utilities/costs while maximizing the reward. This problem is usually modeled as the constrained Markov
decision processes (CMDPs) |Altman| (1999). Consider a CMDP with state space 8, action space A, transition
kernel P = {p? € ASEI: s € 8,a € A}, reward and utility functions: r,¢; : 8 x A — [0,1], 1 < i < m, and
discount factor . The goal of CMDP is to find a stationary policy 7 : § — A4 that maximizes the expected
reward subject to constraints on the utility:
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where p is the initial state distribution, b; ’s are some thresholds and E, p denotes the expectation when the
agent follows policy m and the environment transits following P.

In practice, it is often the case that the environment on which the learned policy will deploy (the test
environment) possibly deviates from the training one, due to, e.g., modeling error of the simulator, adversarial
attack, and non-stationarity. This could lead to a significant performance degradation in reward, and more
importantly, constraints may not be satisfied anymore, which is severe in safety-critical applications. For
example, a drone may run out of battery and crash due to mismatch between training and test environments.
This hence motivates the study of robust constrained RL in this paper. In this paper, we take a pessimistic
approach in face of uncertainty. Specifically, consider a set of transition kernels P, which is usually constructed
in a way to include the test environment with high probability [Iyengar| (2005); [Nilim & El Ghaoui| (2004);
Bagnell et al.| (2001). The learned policy should satisfy the constraints under all these environments in P, i.e.,
VP € P,

Erp | Y 7'ci(Se, A)|So ~ p| > b, (2)
t=0

1 Ay denotes the probability simplex supported on the set X.
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which is equivalent to minpep Erp [>,20 7 ¢(St, Ai)|So ~ p] > b;. At the same time, we aim to optimize the
worst-case reward performance over P:
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s.t. minE, p thci(St,AtﬂSo ~p|l >b,1<i<m. (3)
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On one hand, a feasible solution to eq. always satisfies eq. , and on the other hand, the solution to
eq. (3)) provides a performance guarantee for any P € P. We note that our approach and analysis can also be
applied to the optimistic approach in face of uncertainty.

In this paper, we design and analyze a robust primal-dual algorithm for the problem of robust constrained
RL. In particular, the technical challenges and our major contributions are as follows.

e We take the Lagrange multiplier method to solve the constrained policy optimization problem. A first
question is that whether the primal problem is equivalent to the dual problem, i.e., whether the duality
gap is zero. For non-robust constrained RL, the Lagrange function has a zero duality gap [Paternain et al.
(2019); |Altman| (1999). However, we show that this is not necessarily true in the robust constrained setting.
Note that the set of visitation distribution being convex is one key property to show zero duality gap of
constrained MDP |Altman| (1999); Paternain et al.| (2019)). In this paper, we constructed a novel counter
example showing that the set of robust visitation distributions for our robust problem is non-convex.

e In the dual problem of non-robust CMDPs, the sum of two value functions is actually a value function of
the combined reward. However, this does not hold in the robust setting, since the worst-case transition
kernels for the two robust value functions are not necessarily the same. Therefore, the geometry of our
Lagrangian function is much more complicated. In this paper, we formulate the dual problem of the robust
constrained RL problem as a minimax linear-nonconcave optimization problem, and show that the optimal
dual variable is bounded. We then construct a robust primal-dual algorithm by alternatively updating the
primal and dual variables. We theoretically prove the convergence to stationary points, and characterize
its complexity.

o In general, convergence to stationary points of the Lagrangian function does not necessarily imply that the
solution is feasible |Lin et al.| (2020)); Xu et al.| (2023). We design a novel proof to show that the gradient
belongs to the normal cone of the feasible set, based on which we further prove the robust feasibility of
the obtained policy.

e We apply and extend our results on an important uncertainty set referred to as d-contamination model
Huber| (1965). Under this model, the robust value functions are not differentiable and we hence propose a
smoothed approximation of the robust value function towards a better geometry. We further investigate
the practical online and model-free setting and design an actor-critic type algorithm. We also establish its
convergence, sample complexity, and robust feasibility.

We then discuss works related to robust constrained RL.

Robust constrained RL. In Russel et al.| (2020), the robust constrained RL problem was studied, and a
heuristic approach was developed. The basic idea is to estimate the robust value functions, and then to use
the vanilla policy gradient method [Sutton et al.| (1999) with the vanilla value function replaced by the robust
value function. However, this approach did not take into consideration the fact that the worst-case transition
kernel is also a function of the policy (see Section 3.1 in [Russel et al.|(2020)), and therefore the "gradient"
therein is not actually the gradient of the robust value function. Thus, its performance and convergence cannot
be theoretically guaranteed. The other work Mankowitz et al.| (2020)) studied the same robust constrained RL
problem under the continuous control setting, and proposed a similar heuristic algorithm. They first proposed
a robust Bellman operator and used it to estimate the robust value function, which is further combined
with some non-robust continuous control algorithm to update the policy. Both approaches in [Russel et al.
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(2020) and Mankowitz et al. (2020) inherit the heuristic structure of "robust policy evaluation" 4+ "non-robust
vanilla policy improvement", which may not necessarily guarantee an improved policy in general. In this
paper, we employ a "robust policy evaluation" + "robust policy improvement" approach, which guarantees
an improvement in the policy, and more importantly, we provide theoretical convergence guarantee, robust
feasibility guarantee, and complexity analysis for our algorithms.

Constrained RL. The most commonly used method for constrained RL is the primal-dual method
(1999); [Paternain et al. (2019} 2022)); |Auer et al.| (2008), which augments the objective with a sum of constraints
weighted by their corresponding Lagrange multipliers, and then alternatively updates the primal and dual
variables. Under the non-robust constrained MDP problems, it was shown that the strong duality holds, and
hence the primal-dual method has zero duality gap [Paternain et al| (2019); |Altman| (1999)). The convergence
rate of the primal-dual method was moreover investigated in Ding et al| (2020; |2021)); [Li et al.| (2021b));
let al| (2021)); |Ying et al.| (2021)).

Another class of method is the primal method, which does not introduce any dual variables or Lagrange
multipliers; Instead, it checks if the constraints are satisfied after each update, and enforces the constraints if
not [Achiam et al| (2017); Liu et al. (2020); Chow et al.| (2018)); Dalal et al|(2018); Xu et al.| (2021); |Yang

et al.| (2020).

The above studies, when directly applied to robust constrained RL, cannot guarantee the constraints when
there is model deviation. Moreover, the objective and constraints in this paper take min over the uncertainty
set (see eq. @), and therefore have much more complicated geometry than the non-robust case.

Non-Constrained Robust RL under model uncertainty. The non-constrained robust RL was first
introduced and studied in [Tyengar| (2005)); [Nilim & El Ghaoui| (2004)), where the uncertainty set is assumed to
be known, and the problem can be solved using robust dynamic programming. It was further extended to the
model-free setting, where the learner assumes no knowledge of the environment, and can only get samples
from its centroid transition kernel Roy et al| (2017); |Wang & Zoul (2021; 2022)); [Zhou et al|(2021); |Yang et al.|
(2021); [Panaganti & Kalathil (2021); Ho et al.| (2018; 2021).

These works, however, mainly focus on robust RL without constraints, whereas in this paper we investigate
robust RL with constraints, which is more challenging. There is a related line of works on (robust) imitation
learning [Ho & Ermon| (2016); [Fu et al| (2017)); [Torabi et al| (2018)); Viano et al.| (2022)), which can be
formulated as a constrained problem. But their problem settings and approaches are fundamentally different
from ours.

2 Preliminaries

Constrained MDP. Consider the CMDP problem in eq. . Define the visitation distribution induced by
policy m and transition kernel P: d7 p(s,a) = (1 —7) Yo V' P(S: = s, Ay = a|So ~ p,m, P). It can be shown
that the set of the visitation distributions of all policies {dg,P € Agxqa : m € IT} is convex
2022); Altman| (1999). Based on this convexity, the strong duality of CMDP can be established |Altman
1999); [Paternain et al.| (2019) under a standard assumption referred as Slater’s condition: Bertsekas (2014);
|Ding et al.| (]2021[): there exists a constant ¢ > 0 and a policy m € IT s.t. Vi, V7 p —b; > (.

Robust MDP. In this paper, we focus on the (s, a)-rectangular uncertainty set Nilim & El Ghaoui| (2004);
(2005)), i.e., P =&, , P?, where P? C Ag. At each time step, the environment transits following a
transition kernel belonging to the uncertainty set P; € P. The robust value function of a policy 7 is then

defined as the worst-case expected accumulative discounted reward following policy 7 over all MDPs in the
uncertainty set Nilim & El Ghaoui (2004)); [Iyengar| (2005):

o0
Vip(s) 2 min E v (S, A)|So = s, |, (4)
n¥ K:(Po,Pl,...)€®t20 P " ;

where E, denotes the expectation when the state transits according to k. It was shown that the robust
value function is the fixed point of the robust Bellman operator Nilim & El Ghaoui (2004)); Iyengar| (2005);

(2014): TV (s) £ >, cam(als) (r(s,a) +yope(V)) , where opa (V) = minyepe p' V is the support

function of V on P%.
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Note that the minimizer of eq. . k*, is stationary in time [[yengar| (2005), which we denote by x* =
{P™,P7, ...}, and refer to P™ as the worst-case transition kernel. Then the robust value function V™, is actually
the Value function under policy 7 and transition kernel P™. The goal of robust RL is to find the optlmal robust
policy 7* that maximizes the worst-case accumulative discounted reward: 7* = argmax, V T(s),Vs € 8.

3 Robust Constrained RL

Recall the robust constrained RL formulated in eq. :

max V™ (p), s.t. V%(p) > b;,1 <i<m, (5)

0co ‘
where for simplicity we omit the subscript P in V5 and denote by V[ (p) and V;™(p) the robust value
function for ¢; and r under my. The goal of eq. . is to find a policy that maximizes the robust reward value
function among those feasible solutions. Here, any feasible solution to eq. . can guarantee that under any
MDP in the uncertainty set, its accumulative discounted utility is always no less than b;, which guarantees
robustness to constraint violation under model uncertainty. Furthermore, the optimal solution to eq.
achieves the best "worst-case reward performance" among all feasible solutions. If we use the optimal solution
to eq. , then under any MDP in the uncertainty set, we have a guaranteed reward no less than the value of

eq. ‘

In this paper, we focus on the parameterized policy class, i.e., mg € ITg, where © C R% is a parameter set and
Ilg is a class of parameterized policies, e.g., direct parameterized policy, softmax or neural network policy.
For technical convenience, we adopt a standard assumption on the policy class.

Assumption 1. The policy class Ilg is k-Lipschitz and l-smooth, i.e., for any s € § and a € A and for any
0 € O, there exist universal constants k,l, such that ||Vg(als)|| < k, and |V3me(als)|| < 1.

This assumption can be satisfied by many policy classes, e.g., direct parameterization |Agarwal et al. (2021)),
soft-max [Mei et al.| (2020)); [Li et al.| (2021a)); [Wang & Zou| (2020), or neural network with Lipschitz and
smooth activation functions Du et al.| (2019); [Neyshabur| (2017)); Miyato et al.| (2018)).

The problem eq. is equivalent to the following max-min problem:

m

™o . e _h.
max min V™ (p )+;&(Vci (p) = bi). (6)

Unlike non-robust CMDP, strong duality for robust constrained RL may not hold. For robust RL, the robust
value function can be viewed as the value function for policy 7 under its worst-case transition kernel P™,
and therefore can be written as the inner product between the reward (utility) function and the visitation
distribution induced by 7 and P™ (referred to as robust visitation distribution of 7). The following lemma
shows that the set of robust visitation distributions may not be convex, and therefore, the approach used in
Altman/ (1999)); Paternain et al.| (2019) to show strong duality cannot be applied here.

Lemma 1. There exists a robust MDP, such that the set of robust visitation distributions is non-convez.

In the following, we focus on the dual problem of eq. @ For simplicity, we investigate the case with one
constraint, and extension to the case with multiple constraints is straightforward:

™o ™o _
minmax V™ (p) + AV (p) = b). (7)

We make an assumption of Slater’s condition, assuming there exists at least one strictly feasible policy
Bertsekas| (2014])); [Ding et al| (2021), under which, we further show that the optimal dual variable of eq. is
bounded.

Assumption 2. There exists ( > 0 and a policy m € Ilg, s.t. VI'(p) —b > (.
Lemma 2. Denote the optimal solution of eq. by (A\*,mp+). Then, \* € [0, ﬁ]

4
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Lemma [2 suggests that the dual problem eq. @ is equivalent to a bounded min-max problem:

min _max V™ (p) + AV (p) — b). (8)

re [0,z ] 0€€
In general, the robust value functions V™ and V" are not differentiable. Although we can use sub-differential-
based approaches [Wang & Zou| (2022), it may bring huge difficulties in analysis. To solve this issue, we make

the following assumption.

Assumption 3. There exists some approzimation function ‘Z“ and V™, and define the corresponding Lagrange
function VE(O, ) = Ve (p) + AV (p) — b) such that AssumptionE holds for V', and the gradients of the
Lagrangian function are Lipschitz:

IVAVEO, Mo, = VaVE(0, Mo, || < Laa[|01 — 2], (9)
IVAVE(0, \)[x, = VaVE(0, sl < Lial Ay — A, (10)
VoV, o, — VoV (0, N)lo, | < Laa[[01 — 62], (11)
IVoVE(0, M) 5, = VoV (0, \)|x, || < Lozl = Aa. (12)

We will justify this assumption under a widely-used contamination uncertainty model in the next section.
Possible approaches for obtaining such approximation include using its Moreau envelope or a regularized
version of the robust value function, e.g., entropy regularization. If V approximates the robust value function
V, the solution to V7 is also close to the one to VZ. We hence aim to solve the smoothed problem instead.
We will also characterize this approximation error in the next section for the contamination model.

The problem in eq. is a bounded linear-nonconcave optimization problem. We then propose our robust
primal-dual algorithm for robust constrained RL in Algorithm [I] The basic idea of Algorithm [I]is to perform

Algorithm 1 Robust Primal-Dual algorithm (RPD)
Input: T, a4, B¢, by
Initialization: A, 6y
fort=0,1,...,7—1do
At1 ¢ H[O,A*] ()\t - é (~cm)t (p) — b) - %M)

011 < [lo <9t + L (VoVi™ (p) + A1 Vo V™ (P)))
end for
Output: O

gradient descent-ascent w.r.t. A and 6 alternatively. When the policy 7 violates the constraint, the dual
variable A increases such that AV dominates V. Then the gradient ascent will update 6 until the policy
satisfies the constraint. Therefore, this approach is expected to find a feasible policy (as will be shown in
Lemma |5)). Here, [[,(z) denotes the projection of = to the set X, and {b;} is a non-negative monotone
decreasing sequence, which will be specified later. Algorithm [T] reduces to the vanilla gradient descent-ascent
algorithm in if by = 0. However, b; is critical to the convergence of Algorithm
. The outer problem of eq. is actually linear, and after introducing by, the update of A\; can be
viewed as a gradient descent of a strongly-convex function A(V, —b) + %)\2, which converges more stable and
faster.

Denote that Lagrangian function by VE(0,\) £ V. (p) + A\(V,™(p) — b), and further denote the gradient

mapping of Algorithm [I] by

B (M= Tigany (M = & (927201, 0)
oy <9t -Ile (9t + D% (VGVL(Qu >\t))

The gradient mapping is a standard measure of convergence for projected optimization approaches
(2017). Intuitively, it reduces to the gradient (V,\V¥, VoVT), when A* = oo and © = R?, and it measures

Gy & (13)
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the updates of 8 and A at time step ¢. If |G| — 0, the updates of both variables are small, and hence the
algorithm converges to a stationary solution.

As will be shown in Section [4 Assumption [3] can be satisfied with a smoothed approximation of the robust
value function.

In the following theorem, we show that our robust primal-dual algorithm converges to a stationary point
of the min-max problem eq. , with a complexity of O(e~*). The accurate statement can be found in

Appendix [E]

Theorem 1. Under Assumption[3, if we set step sizes ay, By, and by as in Section[H and T = 0((A*)*e™4),
then ming<;<7 [|Gy]| < 2e.

We note that this convergence rate matches the rate of general convex-nonconcave optimization problems in
(2023), which is State-of-the-Art according to our best knowledge.

The next proposition characterizes the feasibility of the obtained policy.

Proposition 1. Denote by W £ argmini<;<7 ||G¢||. If Aw — 5%‘/ (V)\VL(GWJ\W)) € [0,4%), then mw
satisfies the constraint with a 2e-violation.

In general, convergence to stationary points of the Lagrangian function does not necessarily imply that the
solution is feasible. Proposition [I] shows that Algorithm [I] always return a policy that is robust feasible, i.e.,
satisfying the constraints in eq. . Intuitively, if we set A* larger so that the optimal solution A* € [0, A*),
then Algorithm [1}is expected to converge to an interior point of [0, A*] and therefore, myy is feasible. On the
other hand, A* can’t be set too large. Note that the complexity in Theorem [1| depends on A* (see eq. (54) in
the appendix), and a larger A* means a higher complexity.

4 §-Contamination Uncertainty Set

In this section, we investigate a concrete example of robust constrained RL with d-contamination uncertainty
set. The method we developed here can be similarly extended to other types of uncertainty sets like
KL-divergence or total variation. The §-contamination uncertainty set models the scenario where the
state transition of the MDP could be arbitrarily perturbed with a small probability . This model is
widely used to model distributional uncertainty in the literature of robust learning and optimization, e.g.,
[Huber| (1965); Du et al.| (2018); Huber & Ronchetti (2009)); [Nishimura & Ozaki| (2004; 2006); Prasad et al.|
(2020a4b); (Wang & Zou| (2021} 2022)). Specifically, let P = {p2|s € 8,a € A} be the centroid transition
kernel, then the d-contamination uncertainty set centered at P is defined as P £ ® Pe, where

P& {(1—8)p?+dqglqg € As},s € 8,a € A.

seS,acA

Under the d-contamination setting, the robust Bellman operator can be explicitly computed: T,V (s) =
Yacamals) (r(s,a) + v (§ming V(s') + (1 = 6) >, s P2V (s'))) . In this case, the robust value function
is non-differentiable due to the min term, and hence Assumption [3| does not hold. One possible approach
is to use sub-gradient, which, however, is less stable, and its convergence is difficult to characterize. In the
following, we design a differentiable and smooth approximation of the robust value function. Specifically,
consider a smoothed robust Bellman operator T7 using the LSE function:

TFV(5) = Eann(s) |7(s, A) +v(1 = 8) Y p V(') + ¥LSE(0, V) |, (14)
s’'e8

d oV (i
where LSE(0,V) = M for V € R% and some o < 0. The approximation error |[LSE(c, V) —
min V| = O(c~!) = 0 as 0 — —oo, and hence the fixed point of T7, denoted by V., is an approximation
of the robust value function V7 (Theorem 4 in Wang & Zou| (2022)). We refer to V7 as the smoothed
robust value function and define the smoothed robust action-value function as Q7 (s,a) = r(s,a) + y(1 —
6) > gesPe o Vo (s') + vOLSE(o, V7). It can be shown that for any m, as o — —oo, ||[V," — | = 0 and
Vr Ve =o.

O"I‘I
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The gradient of V7 can be computed explicitly [Wang & Zou (2022): VV™(s) = B(s,0) +

02 ecs " OB ) where B(s,0) & —2— >, < dT% ()Y 4 Vmo(als) QT (s',a), and d7%(-) is the
(177)2 éech:s (s) 7’ ’ 1—vy4~6 £us’'€8 “s,P acA 0 o ;) s,P
sES
visitation distribution of my under P starting from s. Denote the smoothed Lagrangian function by
VEW®,X) £ VIo(p) + MVFe(p) — b). The following lemma shows that VV,® is Lipschitz.

Lemma 3. VV.F is Lipschitz in 0 and \. And hence Assumption@ holds for V.X.

A natural idea is to use the smoothed robust value functions to replace the ones in eq. :

min max V;,(p) + A(Vo(p) — ). (15)

As will be shown below in Lemma [0} this approximation can be arbitrarily close to the original problem in
eq. @ as 0 — —oo. We first show that under Assumption [2] the following Slater’s condition holds for the
smoothed problem in eq. .

Lemma 4. Let 0 = O(e™ ') be sufficiently large such that ||V], — V|| < ¢ for any =, then the Slater’s
condition also holds for V., i.e., there exists (' > 0 and a policy ' € Ilg s.t. Vg’r;(p) —-b>.

The following lemma shows that the optimal dual variable for eq. is also bounded.

Lemma 5. Denote the optimal solution of eq. by (\*,mg+). Then A\* € [0, %], where Cy is the upper
bound of smoothed robust value functions V..

Denote by A* = max {%, ﬁ}, then problems eq. and eq. are equivalent to the following
bounded ones: minyepo, 4+] MaxXrerrs V7 (p) + MV (p) —b), and

T

i max V7 () + MVi(p) — b) (16)

The following lemma shows that the two problems are within a gap of O(e).
Lemma 6. Choose a large enough o = O(e™ ") such that |V = VI, || <€ and |V] = V] || < €. Then

i VT MVT™ (p) —b) — mi v AMV™(p) = b)| < (14 A%)e.
\hin | max o (p) + AV () = b) \hin | max T(p) AV (p) =) < (L+A%)e

In the following, we hence focus on the smoothed dual problem in eq. , which is an accurate approximation
of the original problem eq. (8)). Denote the gradient mapping of the smoothed Lagrangian function V. by

2 b (At —p.ar (At — 4 (VA (0, M)

G
t o (9t —Ile (9t + a% (VoVE(6:, \r)

(17)

~—~—

Applying our RPD algorithm in eq. , we have the following convergence guarantee.

Corollary 1. If we set step sizes ay, [, and by as in Section @ and set T = O((A*)312), then
minlStST ||Gt|| S 2e.

This corollary implies that our robust primal-dual algorithm converges to a stationary point of the min-max
problem eq. under the -contamination model, with a complexity of O(¢~12).

5 Robust Primal-Dual Method for Model-Free Setting

In the previous sections, we assumed full knowledge of the environment, the smoothed robust value functions,
and their gradients. However, such information may not be readily available in real-world applications. To
address this challenge, we consider a more practical model-free setting, where we have no prior knowledge
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of the environment or robust value functions and can only obtain samples from the nominal transition
kernel. This setting presents new challenges in terms of designing effective algorithms for constrained robust
reinforcement learning. By extending our approach to the model-free setting, we aim to provide a more
practical and applicable solution to robust constrained RL problems.

Different from the non-robust value function which can be estimated using Monte Carlo, robust value functions
are the value function corresponding to the worst-case transition kernel from which no samples are directly
taken.

To solve this issue, we adopt the smoothed robust TD algorithm (Algorithm [2|) from [Wang & Zou| (2022) to
estimate the smoothed robust value functions.

Algorithm 2 Smoothed Robust TD [Wang & Zoul (2022)
Input: Tiwner, 7, 0, C
Initialization: Qq, sg
fort=0,1,...,Tipner — 1 do
Choose a; ~ 7(+|s¢) and observe ¢, s;41
Vi(s) <= > qcam(als)Qi(s,a) forall s €8
QH;(st,at) — Qi(se,ar) + oy (ct + (1 —=90) - Vi(st41) + 79 - LSE(o, V;) — Qt(st,at))
end for

OUtPUt: QTinncrgc £ QTinncr

It was shown that the smoothed robust TD algorithm converges to the smoothed robust value function with
a sample complexity of O(e~2) Wang & Zoul (2022) under the tabular case. We then construct our online and
model-free RPD algorithm as in Algorithm [3] We note that Algorithm [3|is for the tabular setting with finite
8 and A. Tt can be easily extended to the case with large/continuous 8 and A using function approximation.

Algorithm 3 Online Robust Primal-Dual algorithm
Input: T, 0, €est, Bt, a4, be,r,c
Initialization: A, 6g
fort=0,1,....,7—1do
Set Tinner = O (E»} ) and run Algorithm [2| for r and ¢, output Qr,,...r, @Tinnee.c

Vo (8) 4= 32 70, (a]8) QT ey, (5, 0), Ve (5) = 30, 0, (al8) Q13,005 @)
ot () = 2, p(8)Vaa (), Vet (p) <= 20, p(s) Vet (s)
Atg1 H[(),A*] ()\t - é (V;fzt (p) — b) - %)‘t)
O < Tlo (0 + & (Yol () + Msa Vo Vs (9) ))
end for
Output: O

Algorithm [3] can be viewed as a biased stochastic gradient descent-ascent algorithm. It is a sample-based
algorithm without assuming any knowledge of robust value functions and can be performed in an online
fashion. We further extend the convergence results in Theorem [I| to the model-free setting, and characterize
the following finite-time error bound of Algorithm Similarly, Algorithm [3| can be shown to achieve a
2e-feasible policy almost surely.

Under the online model-free setting, the estimation of the robust value functions is biased. Therefore, the
analysis is more challenging than the existing literature, where it is usually assumed that the gradients are
exact. We develop a new method to bound the bias accumulated in every iteration of the algorithm and
establish the final convergence results. The formal statement and discussion on the sample complexity can be
found in Theorem
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2

Theorem 2. Set step sizes oy, B¢, and by as in Section @, and let €csp = O(ozpors), T = O(e=12), then
IIlil’llStST ||Gt|| < (1 + \/5)6

6 Numerical Results

In this section, we numerically demonstrate the robustness of our algorithm in terms of both maximizing
robust reward value function and satisfying constraints under model uncertainty. We compare our RPD
algorithm with the heuristic algorithms in [Russel et al. (2021)); Mankowitz et al.| (2020) and the vanilla
non-robust primal-dual method. Based on the idea of "robust policy evaluation" 4+ "non-robust policy
improvement" in [Russel et al.| (2021)); Mankowitz et al.| (2020), we combine the robust TD algorithm [2{ with
non-robust vanilla policy gradient method [Sutton et al.| (1999), which we refer to as the heuristic primal-dual
algorithm. Several environments, including Garnet |Archibald et al.| (1995), 8 x 8 Frozen-Lake and Taxi
environments from OpenAl Brockman et al.| (2016), are investigated.

We first run the algorithm and store the obtained policies m; at each time step. At each time step, we run
robust TD with a sample size 200 for 30 times to estimate the objective V;.(p) and the constraint V,(p). We
then plot them v.s. the number of iterations ¢. The upper and lower envelopes of the curves correspond to
the 95 and 5 percentiles of the 30 curves, respectively. We deploy our experiments on the j-contamination
model, and repeat for two different values of § = 0.2,0.3.

Garnet problem. A Garnet problem can be specified by G(S,, A,,), where the state space 8 has S,, states
(s1,-..,8s, ) and action space has A,, actions (aq,...,a4, ). The agent can take any actions in any state, and
receives a randomly generated reward/utility signal generated from the uniform distribution on [0,1]. The
transition kernels are also randomly generated. The comparison results are shown in Fig[l]

8 x 8 Frozen-Lake problem. We then compare the three algorithms under the 8 x 8 Frozen-lake problem
setting in Fig[l The Frozen-Lake problem involves a frozen lake of size 8 x 8 which contains several "holes".
The agent aims to cross the lake from the start point to the end point without falling into any holes. The
agent receives 7 = —10 and ¢ = 30 when falling in a hole, receives » = 20 and ¢ = 5 when arriving at the
endpoint; At other times, the agent receives » = 2 and a randomly generated utility ¢ according to the
uniform distribution on [0,10].

Taxi problem. We then compare the three algorithms under the Taxi problem environment. The taxi
problem simulates a taxi driver in a 5 x 5 map. There are four designated locations in the grid world and a
passenger occurs at a random location of the designated four locations at the start of each episode. The goal
of the driver is to first pick up the passengers and then drop them off at another specific location. The driver
receives r = 20 for each successful drop-off and always receives r = —1 at other times. We randomly generate
the utility according to the uniform distribution on [0,50] for each state-action pair. The results are shown in
Fig[3]

From the experiment results above, it can be seen that: (1) Both our RPD algorithm and the heuristic
primal-dual approach find feasible policies satisfying the constraint under the worst-case scenario, i.e., V. > b.
However, the non-robust primal-dual method fails to find a feasible solution that satisfy the constraint under
the worst-case scenario. (2) Compared to the heuristic PD method, our RPD method can obtain more reward
and can find a more robust policy while satisfying the robust constraint. Note that the non-robust PD method
obtain more reward, but this is because the policy it finds violates the robust constraint. Our experiments
demonstrate that among the three algorithms, our RPD algorithm is the best one which optimizes the
worst-case reward performance while satisfying the robust constraints on the utility.
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Figure 1: Comparison on Garnet problem §(20, 10).

Figure 2: Comparison on 4 x 4 Frozen-Lake problem.

2 o
= ~
S 2
=~ =
1 —— robust primal-dual -
~— heuristic primal-dual _s0| — robust primal-dual
© —— non-robust primal-dual —— heuristic primal-dual
—— threshold=14 ~1901 — non-robust primal-dual
) @ wo w0 ¢ ® w1 m 1w
number of iterations number of iterations
(a) Ve when 6 = 0.2. (b) Vi when § = 0.2.
5 s0
2
»
o
s s
= Y
< < =
o, N
— robust primal-dual e
—— heuristic primal-dual -100{ —— robust primal-dual

—— non-robust primal-dual
—— threshold=25

—— heuristic primal-dual
—— non-robust primal-dual

EREIEEE S
number of iterations

(a) Ve when 6 = 0.2.

7 Conclusion

In this paper, we formulate the problem of robust constrained reinforcement learning under model uncertainty,
where the goal is to guarantee that constraints are satisfied for all MDPs in the uncertainty set, and to
maximize the worst-case reward performance over the uncertainty set. We propose a robust primal-dual
algorithm, and theoretically characterize its convergence, complexity and robust feasibility. Our algorithm
guarantees convergence to a feasible solution, and outperforms the other two heuristic algorithms. We
further investigate a concrete example with J-contamination uncertainty set, and construct online and
model-free robust primal-dual algorithm. Our methodology can also be readily extended to problems with
other uncertainty sets like KL-divergence, total variation and Wasserstein distance. The major challenge lies
in deriving the robust policy gradient, and further designing model-free algorithm to estimate the robust

value function.
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Appendix

A Additional Experiments

4 x 4 Frozen Lake problem. The 4 x 4 frozen lake is similar to the 8 x 8 one but with a smaller map.
Similarly, we randomly generate the utility signal for each state-action pair. The results are shown in Fig[2}
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N-Chain problem. We then compare three algorithms under the N-Chain problem environment. The
N-chain problem involves a chain contains N nodes. The agent can either move to its left or right node.
When it goes to left, it receives a reward-utility signal (1,0); When it goes right, it receives a reward-utility
signal (0,2), and if the agent arrives the N-th node, it receives a bonus reward of 40. There is also a small
probability that the agent slips to the different direction of its action. In this experiment, we set N = 40.
The results are shown in Fig[f]
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Denote by P™ = {(p™)? € As : s € §,a € A} the worst-case transition kernel corresponding to the policy
7. We consider the d-contamination uncertainty set defined in Section @]l We then show that under 4-
contamination model, the set of visitation distributions is non-convex. The robust visitation distribution set

can be written as follows:

d e Agyp:Im eIl s.t. Y(s,a),

d(s,a) = 7(als) Z d(s,b),
b

s’,a’l

14

(18)

¥ PTG (s )+ (1= )p(s) =Y d(s,a).
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Under the -contamination model, P™ can be explicated as (p™)¢ ., = (1 —6)pg o + 0l y—argmin v~} Hence

the set in eq. can be rewritten as

d(s,a) = m(als) (stb)

de ASXA : E|7T7 s.t. V(S,CL), ’Y(l - Zps’,sd S , a ) + Véﬂ{s:argmin \%a"

= Zd(s,a).

Now cousider any two pairs (m1,d1), (72, d2) of policy and their worst-case visitation distribution, to show

that the set is convex, we need to find a pair (7/,d’) such that YA € [0, 1] and Vs, a,

My (s,a) + (1 — N)da(s,a) = d'(s,a),

d'(s,a) = 7'(als) (Z d’(s,b)) ,
b

Zd/(s, a/) — 'y(l — (5) Z pg;,sd’(3/7 a/) + ’761{S=argmin\/"’} + (1 — ’y)p(s).

eq. (22)) firstly implies that Vs,
)‘]l{s:argmin vV} + (1 - A)]l{s:aufgmin Vr2} = ]l{s:argmin Vw’}a
where from eq. and eq. 7 7’ should be

(als) = d'(s,a) _ M1 (s,a) + (1 —N)da(s,a) .
2 d(5:0) 3 p(Adi(s,b) + (1= A)da(s, b))

(20)

(21)

(22)

(23)

(24)

We then construct the following counterexample, which shows that there exists a robust MDP, two policy-
distribution pairs (1, dy), (72,d2), and A € (0,1), such that Al s—argminv=i} + (1 = AL s—argmin vy 7#

1 {s=argminv='}> and therefore the set of robust visitation distribution is non-convex.

Consider the following Robust MDP. It has three states 1,2,3 and two actions a,b. When the agent is at
state 1, if it takes action a, the system will transit to state 2 and receive reward r = 0; if it takes action b,
the system will transit to state 3 and receive reward r = 2. When the agent is at state 2/3, it can only take
action a/b, the system can only transits back to state 1 and the agent will receive reward r» = 1. The initial

distribution is 14—;.

action=a r =0

r=1

action=a

action=b r =2

action=b r =1

Clearly all policy can be written as 7 = (p, 1 — p), where p is the probability of taking action a at state 1.

We consider two policies, m; = (1,0) and 7 = (0, 1).

15
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It can be verified that arg min V™ = 1, and its robust visitation distribution, denoted by dy, is

-y

dl(l?a’) = 1_72, (25)
di(1,0) =0, (26)

71 —1)
dl (27 a) 1 — 72 ) (27)
dy (27 b) = Oa (28)
dy(3,a) =0, (29)
d1(3,0) =0 (30)

Similarly, arg min V™2 = 2, and and its robust visitation distribution, denoted by ds, is
da(1,a) =0, (31)
-7

1,b) = 2
d2(1,b) ——t (32)
da(2,a) =0, (33)
d2(2v b) =0, (34)
d2(37 CL) =0, (35)

71 =)
d2(3,8) = 3 (36)

Hence according to eq. , 7’ should be as follows:

7'(a|l) = X\, 7' (b]1) =1 — X\, 7'(a]2) = 1,7/ (b|3) = 1. (37)

We then show that there exists A € [0, 1], such that Al s—1} + (1 = A\)L{s=2} # ]L{argmin v

Clearly eq. holds only if V™ (1) = V™ (2) = min, V™ (s). However, according to the Bellman equations
for 7/, we have that

V(1) = M1 = )V™ (2) +40min V™) + (1 = A)(2+ (1 = §)V™ (3) +ydmin V™), (38)
VT (2)=14~(1 -8V (1) +~0min V", (39)
VT (3)=1+7(1—=8)V™ (1) +v5min V™. (40)

If we set A\ = %,

V(1) = % FAdmin V™ 4 y(1— 6V (2), (41)
VT (2) =14+46min V™ +~(1—8)V™ (1). (42)

Clearly, V""/(l) =+ VTI'/ (2), and hence /\]l{argmin vy + (1 - A)]l{arg min V2} =+ ]l{argmin V“’}'

C Proof of Lemmas [2] and

Proof of Lemma [2]
Proof. We first set C = V,7¢* (p) + A\*(Ve* (p) — b), clearly max,c;z V,"(p) + A*(V(p) — b) = C, and hence

C = max V7 (p) + A" (V7 (p) = b) = VT (p) + X" (VI (p) = b) = V" (p) +A°C. (43)
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Thus we have that

7S
< VT 0) (44)
¢
Note that
C _ . V'n' A Vﬂ' b (z) V'” < 1 45
= i ma V() + AV (p) ~b) < max V(o) < 5=, (45)

where (a) is because miny>o max-c V" (p) + A(V7 (p) — b) is less than the optimal value of inner problem

when A =0, i.e., max,c;; V,™(p), and 1i’v is the upper bound of robust value functions. Hence we have that

YEaae 1o
which completes the proof. O
Proof of Lemma [5]
Proof. Set C = Vg, (p) + X*(Vge.(p) —b), then
C = max V7, (p) + X" (V(p) = b) = Vs () + N (VZe () = B) 2 VE, (o) + A°C (47)
Thus we have that
C > V(o) + X, (48)
hence
< 8o Z;,i () (19)
Note that
¢ =minmax V7, (p) + A(Vo(p) — b)< max VT, (p) < Co, (50)

where C, is the upper bound of smoothed robust value functions Wang & Zou (2022): C, = ﬁ (1+27R@).
Hence we have that

« o Co
which completes the proof. O

D Proof of Lemma

Proof. For any A, denote the optimal value of the inner problems max,em, V7, (p) + A(V].(p) — b) and

o,r

max,er, Vi (p) + AV (p) — b) by VP(A\) and VP ()). It is then easy to verify that
VPN = VPN <1+ Ne < (1+ A% (52)

Denote the optimal solutions of minyeo, 1+] VP () and minyeo, 4+] VP (X) by AP and AP. We thus conclude
that |V.2(AD) — VP(AP)| < (14 A*)e, and this thus completes the proof. O
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E Proof of Theorem [1]

We restate Theorem [I] with all the specific step sizes as follows.

167L2 ) o
Set by = 20&%, e = EL3, + 5(b,T,+12)12 —2u, By = %,ozt = v + ug, where € < ﬁ, v is any positive number

and 7 > max {2, 19% (Lo +2v —€(La1)") }, then

202%16£LZ,
. 2 <
i [Ge]]” < 2, (53)
when
T(A%)4 9¢(T — 2)(L21)? Dy D3 \° ~
T:max{ 5454 5 2+ 62 :O(e 4), (54)

The definitions of the constants can be found in Section [l

Theorem [I] can be proved similarly as Theorem [2] and hence the proof is omitted here.

F Proof of Corollary [1]

Corollary [1] follows directly from Theorem [I] and Lemma [3] More specifically, note that

Ly =CY =0(1), (55)
Loy =(1+A%)L, = O(A%0), (56)
Lo =0, (57)
Lyy = C) = 0(1). (58)

Hence the corollary can be proved by plugging these constants in Theorem Note that L, = O(A*0),
Dy = O(L3,), D3 = O((A*)?), therefore it implies the sample complexity to achieve an e-stationary solution
is O((A*)8e12).

G Proof of Proposition [I]

Proof. The M-entry of Gy is smaller than 2, i.e.,
1 -
G = Aw — A — — (VaVE(Ow, A < 2e. 59
[(Gw)al ‘5W< w H[O,A*]( w ﬂw( AVZ (0w W))))‘ € (59)

Denote A\t £ H[O’A*] (AW—ﬂLW(VAVL(GW,)\W))). From Lemma 3 in |Ghadimi & Lan| (2016,

—VaVE(Ow, AT) can be rewritten as the sum of two parts: —VaVE(Oy, AT) € Njg 4+ (AT) + 4B, where
Ni(z) £ {geR%: (g,y —x) <0:Vy € K} is the normal cone, and B is the unit ball.

This hence implies that for any A € [0, A*], (A — AF) (VY —b) > —4(X — AF)e. By setting A = A*, we have
VCW + 4¢ > b, which means myy is feasible with a 4e-violation. O

H Proof of Lemma[3
Proof. Recall that V(0,X) = V7%(p) + A(VI%(p) — b), hence we have that
VaVi(0,0) = V7e(p) — b, (60)

VoVE(0,)) = VoVIop) + AV VI (p). (61)

18
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Note that in |Wang & Zou| (2022)), it has been shown that

Vot — Va2 || < CY 161 — 62, (62)
IVoVart = VoVas?|| < Lo |61 — 62, (63)

where the definition of constants CY¥ and L, can be found in Section [J| Hence

IVAVE(0, Mo, — VAVE (O, Mo, || = [[Veret () — Ve (p)|| < CY 161 — 62, (64)
VAV, M), — VAV (0, M), || = 0. (65)

Similarly, we have that

VoV (8, M0, — VoV (0. Mlo [l < (1+X)Lol61 — O] < (1+A%) Lo |61 — 2], (66)
1YoV (0, My = VoV (0, M s | < 10 = Ao) | max [V Ve (p)l] < C5' A = Aal. (67)
This completes the proof. O

| Proof of Theorem

We then prove Theorem [2| Our proof extends the one in [Xu et al|(2023) to the biased setting.

To simplify notations, we denote the updates in Algorithm 3| by f(@t) e v (p) — b, and §(0s, \iy1) =
VoVart (p) + Aex1VaVae (p), and denote the update functions in Algorithm by f(0;) 2 VS e (p) — b, and
90, Mi11) 2 VoVart (p) + A1 VaVae (p). Here f and § can be viewed as biased estimations of f and g.

In the following, we will first show several technical lemmas that will be useful in the proof of Theorem
Lemma 7. Recall that the step size oy = v + pg. If ug > (1 + A*)L,, ¥Vt > 0, then

VEOi1, M) = VEOr, A1) > (Ori1 — 01, —G(08, Mes1) + (04, Ae1))
+ (5 +0) 1001 - 02 (68)

Proof. Note that from the update of #; and proposition of projection, it implies that

1
<9t + 0757(915, A1) = Orp1, 00 — 9t+1> <0. (69)
t
Hence
(9(0, A1) — (01 — 04),0; — 0p 1) < 0. (70)
From Lemma [3] we have that
1+ A%L,
VEGrr Aeer) — VIO M) = Brr 00900 3 - A ey ppe
Summing up the two inequalities implies
Vi (Bri1, Aer) = V2 (0, M)
A 14+ AL,
> (01 — 0, —9(0s; A1) + 9(0s, A1) + (011 — 0)) — %Hewl — 047
. L,(1+ A*
> (1 = 000000 2) + 60 Aew) + (0 = 2L o g2
A Ht 2
> (11— 00, =900 M) + 9000 M) + (5 + ) 16041 — 601, (72)
and hence completes the proof. O
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Lemma 8. Recall that the step size 5y = %, and set & < % , then

VE (O, Mes1) = VIO, M)

. R CV 2
> (f(0r=1) — f(Or—1)) (M1 — Ae) + (Beq1 — O, —9(0r, Aep1) + 9(0¢, A1) — 5(TU)H‘% — 01|
7 b 1 1
+ (Et + V) 0411 — Oc]|* + tTl()\% — Al - g()\t+1 — )% - i()\t = A—1)? (73)
Proof. For any t > 1, define V;(0,\) £ V.X(0,\) + E”T‘l)\Q. Thus we have
IVaVi(0r, A1) = VaVi(0r, Ae)| = be—1|Aes1 — Al < bol g1 — Adl, (74)

where that last inequality is due to b;_1 < by. Note that f@(@, A) is by_1-strongly convex in A, hence we have

(VaVi(0, Aex1) — VaVi(0, A0)) (A1 — Ae)
> b1 (Apg1 — )\t)2

bt71+b0 9

> by (220) (Agy — A
> b (250 ) O = )

bi—1bo 9 b2, )
= (A1 — A — (A1 — A

bt_1+b0( t+1 t) + bt_1+b0( t+1 t)

bi—1bo 9 - 5 ,
> (e = M) o (VaVa (0, Avr) — Va6, M), 75
> bt71+bo( t41 — At) bt71+b0( AVi (01, A1) AV2 (6, ) (75)

where the last inequality is from eq. .
Recall the update of A\; in Algorithm [3| which can be rewritten as

der =0y (3= 590 + 5700 = f00)). (76)
This further implies that YA € [0, A*]:
(Begr = M) 4+ VaViga (61, M) — £(01) + F(00))(A = A1) > 0. (77)
Hence setting A = \; implies that
(BN = M) + VaVisa (61, ) = F(80) + F(0) (A = Miga) > 0. (78)
Similarly, we have that
(BeAe = Aem1) + VaVa(Br1, A1) = f(B1-1) + f(61-1)) er — M) > 0. (79)

Note that V; is convex, we hence have that

‘z(at7 >\t+1) - ‘Z‘,(eta )‘t)
> (VaVi(0, M) i1 — Ao
= (VaVi(0, Ae) — VaVi(Or—1, M—1) Mo — M) + (VaVi(Or—1, A1) i1 — Mo)

(a) - -
> (VaVi(0s, M) = VaVi(Or—1)(Ae—1)s Adeg1 — Ar)

+ (f(Or—1) = F(Or—1) = BNt — A1) (N1 — Ae), (80)
where (a) is from eq. . The first term in the RHS of eq. can be further bounded as follows.

(VaVi(0r, M) = VaVi(0r—1, A1) Aegr — M)
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= (VaVi(0r, \e) = VaVi(0r—1, M) Aegr — M)
+ (VaVi(Or—1, ) = VaVi(Or—1, A1) (Aes1 — Ae)
= (VaVi(0s, M) = VaVi(0r—1, M) (A1 — Ae)
+ (VaVi(0r—1, M) — VaVi(0r—1, Ae—1)) (M — Ai—1)
+ M1 (VaVi(Or—1, M) — VaVi(0r—1, M—1)),

where miy1 2 (g1 — M) — (Ar — A—1). Plug it in eq. and we have that

‘Zﬁ(etv At-‘,—l) - ‘Zﬁ(eh )\t)

> (f(Or—1) = f(Or—1) = Be(Ae — Ae—1))(Aer1 — At)
+ (VaVi(0r, M) = VaVi(0r—1, M) (Arg1 — M)
(a)
+ (v)\f/t(gtfla At) — v)\fft(gtfla Ai—1))(Ae — A1)
(b)
+ (VAVt(@t—l, At) — V,\Vt(ot—l, At—1))Miy1 -
(c)

We then provide bounds for each term in eq. as follows.

Term (a) can be bounded as follows:

(VaVi(0r, M) — VaVi(0r—1, M) Nes1 — Me)
= (VAVE (O, M) — VAVEOr—1, M) (N1 — o)

— (N1 — \)2
> Tt 2T L yig, 0 TAVEG 1 M)

= 26 2
—(\ Y 2 CV 2
> ( t+;§ t) . 5( 20 ) ||0t _ 91:71”27

which is from Cauchy—Schwarz inequality and CY-smoothness of V.1 (6, \).
Term (b) can be bounded as follows:
(VaVe(Or—1, M) = VaVe(Or—1, Ae-1)) (A = A1)

> (VaVi(Br—1. M) — VaVi(Oi—1, M—1))?,
7bt_1—|—b0( A t(t 1 t) A t(t 1 t 1))

which is from eq. .
Term (¢) can be bounded as follows by Cauchy—Schwarz inequality:

mt+1(v)\‘7t(€t717 >\t) - V)\‘Zt(etfh >\t71))

1

> — (v)\f/t(ot—h)\t) - v)\f/t(ot—h)\t—l))Q — ?fmi'l

Moreover, it can be shown that

%()\Hl — ) (A — Mm1) = %()\Hl - >\t)2 +

Plug eq. to eq. in @ and we have that
‘z(eta At-‘rl) - ‘z(oty At)

1
2%

L o
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> (F(Bi-1) — FBi-1) M1 — M) = BeOe — M—1) e — Ae)
+ (VaVi(0r, M) — VaVi(0r—1, 2)) N1 — M) + (VaVi(@r—1, M) — VaVi(Or—1, M—1)) (A — A1)
+ M1 (VaVi(O—1, M) — VaVi(Be—1, Me—1))

zuwho—ﬂwAMMH—Mw~H&H—&F—1(&—M49+§mil

2¢ 2
Aig1 — Ae)? CV ~ =
- Qe 200 R g2 4 (TP ) — Vi1, A1)
3 5 o 2 1 5
- §(V/\V;f(9t71, )\t) - v/\‘/;f(etfla )\tfl)) 2§mt+1
; 1 o E(CY)? 2
> (f(Or—1) = f(Or—1)) (A1 — M) — g()\t+1 - ) - ?(At Ato1)” — 5 10: — 0r 1" (87)
From the definition of V;, we have that
Vi(0r, A1) = Vi(0s, M)
b by
=V (0r, Ayr) + >\t+1 Vi (0, M) — tTl)\f (88)

Then we have that

VE(O, My1) — VEO, M)

by .
> t2 Lz - A1)+ (F(Oi1) — F(Or—1)) N1 — o)
1 1 cY
T S C VS V) LS PR (59)
1 2¢
Combining with Lemma [7} if V¢, uz > (1 4+ A*)L,, we then have that
VgL (0t+1a >\t+1) - VgL(Gt; )\t)
; . §(CV) 2
> (f(0i—1) = f(Oi—1))(Aer — Ae) + Qg1 — O, —G(Or, A1) + 9(0r, Aeyr)) — 10: — 01|
b 1 1
+ (% + V) 641 — 02 + =2 ()\2 A1) — g()\t-&-l —M)? - Q*E(At - )\t—l) : (90)
O
Lemma 9. Define
8 8 bt bt
Fra®2——— (= 2<1))\2 +VE@Bii1, A1) + =N2
t+1 €2bt+1( t = Ait1) ¢ by ) i (Ors1, Aig1) 5 At
16(CY)*  &(CY)? o, (8 1 2
- — g 0 -0 91
+ ( €2, 5 16141 — 64| + £ % (A1 — Ae)%, (91)
and if btlﬂ — i < %, then
Ft+1 - Ft
He 16(CY)?  &(CY)? by — b1
> S+ <2 +v— &2, I 1041 — 041> + T)‘§+1
9 8 ( b bi—1
— (A M)+ = — 222 ) N2 92
+ 105( t+1 t) -i-5 (th b, ) t+1> (92)

where Sy £ 18 (F(0i-1) = F(0i-1) = F(61) + () (= + Aeyr) + (F(Br-1) = F(Br-1)) g1 — Ae) + (Bepr —
O, —9(01; Avv1) + g(0, A1)
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Proof. From eq. and eq. , we have that

Bimisr (M — A1) > (VaVie1 (0, M) — VaVi (@1, Me—1)) (=Xt + Aegr1)
+ (F(Br-1) = F(Bem1) — F(00) + F(0))(—Ae + A1) (93)
The first term can be rewritten as
(VaVig1 (04, Ae) = VaVi(Or—1, Ae—1)) (Aeg1 — Ae)
= (VaVig1 (06, M) = VaVi(Or—1, X)) Mg — M) + (VaVi(Oi—1, M) = VaVi(Orm1, Ae—1)) (A1 — Ae)
= (VaVie1 (05, M) — VaVi(0r—1, 0)) e — M) + (VaVi(0r—1, M) — VaVi (01, de—1))(Ae — A1)
+ M1 (VaVi(Or—1, M) — VaVi(Or—1, M\i—1)). (94)
The first term in eq. can be bounded as
(VaVes1(06 Ae) = VaVe(Or-1, M) (A1 — Ar)

= (VAVE(0r, M) — VAVE(Br—1, M) (A1 — Ae) + (bede — be—1he) (Aes1 — Ae)
(@ 1

h
> —%(V,\VJL(&, M) = VaVE (-1, M) — 5()\t+1 - X)?
b, — by by — br—
B R v
® (CY)? h
> ! 2Uh) 16 — 60— [|* — 5 o1 — A)?
by — by_ by — b
R Y (95)

where (a) is from the Cauchy—Schwarz inequality and (b) is from the CY -smoothness of VX, for any h > 0.

Similar to eq. , the second term in eq. can be bounded as

(VaVi(Or—1, M) — VaVi (@1, Me—1)) (N — Ae—1)
be—1bo

10 = M)+
> PP (= de)

— (VaVi(0r—1, Me) — VaVi(0r—1, 1)) (96)
bi—1 + bo

The third term in eq. can be bounded as
mt+1(v)\‘7t(9t717 At) — v)\‘;vt(etfh Ai-1))

N - 1
> —g(V,\Vt(@t—h M) — VaVi(0r—1, \e—1))% — imfﬂ- (97)

Hence combine eq. to eq. and plug in eq. , we have that
(VAVis1 (0, M) = VaVi(Or—1, Ae—1)) (A1 — Ae)

cV)? h
> % 0, — 01— S - 02
by — b by — b
+LL;i%ﬁH_£%Ai3LQWH_MF
bt—1bo 9 1 - N )
+———Ne = N1) + ——————(VaVi(0r 1, Ap) — VoV (01, N —
btfl‘f'bo( ¢ ¢ 1) bt,1+b0( A t( =1 t) A t( t—1 t 1))
- . 1
ST M)~ VoVl M) 2 (98)

Hence eq. can be further bounded as

(Bemis1)(Ae — Aeg1)
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> (f(Bi-1) — f(Bi-1) — F(02) + F(0))(=Ae + Aeg1)

CV h
Y
by — b by — b
+ 7( 5 : 1)()‘t2+1 - A7) - (b = br-1) Qt 1)(>\t+1 - )?
+ M(/\t —Mo1)? 4+ (VaVi(Or—1, M) — VaVi(0r—1, Ae—1))?
bt—l + bo bt—l + bO
- ~ 1
- g(v/\Vt(@t—h M) = VaVi(Or—1, Ae—1))* — ?gmirl. (99)
It can be directly verified that
1 1 m?
M1 (A — A1) = 5()% —A—1)? — 5(/\15 —Aeg1)® — % (100)
Recall that 8; = %, hence
L = ) = (= )2 i
2£ t t—1 2§ t t+1 25
> (f(Or—1) = F(Br—1) — F(Oe) + F(0)) (= A¢ + Aeg1)
CV h
g, 2 v -
by — by by — by
+ %()‘%—H - ) - %(Aﬁ-l = A\)?
+ ﬂ(/\t —Aim1)? + 7(V)\Vt(0t—1> M) = VaVi(fr—1, Ae—1))?
bi—1 + bo bi—1 +bo

- g(vm(et_l,At) = VaVi(Or-1, 1)) — (101)

2€ t-‘rl

From ¢§ < % < bO“l’%t—l’ we have b _15D0 (VAVt(Qt L) — VA‘N/t(atfl; )\tfl))2 - %(foft(&fl,)\t) -
V,\Vt(Ot,l, Ai—1))? > 0. Also, it can be shown that blt’illfgo > btz,—blobf’ = bfz—l
1 1 m?
E(At — A1) - %(At —Aeg1)? - 22“
> (f(Bi-1) = f(Br1) = [(62) + F(0) (= + A1)
CV h
g, o2 v -
by — by by — b
+ 7( : 2t 1)(>\%+1 =) - (b = br-1) 2t 1)(/\tJrl - A)?
b 1
+ tTl(/\t Aio1)? — imfﬂ. (102)
Re-arrange the terms, it follows that
by — by_
- 2*5()\15 Aev1)? — tTtl)\fﬂ
2 B ; B (CV) o h 2
> (f(Or—1) = f(Or—1) — f(Or) + [(00)) (= A + A1) — 0: — 0r—1| 2(>\t+1 At)
by — by by — by by 1
- 2 t 1))‘% U B t 1)()‘t+1 — )+ tz (e = A1) — %(/\t —Aio1)?
(bt —bi—1) o ; ;
> —E(At Aio1)” — f/\t + (f(0r-1) = f(Or—1) — f(0r) + F(0)) (= At + Aey1)
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(CV) bi—1

h
16; — 9t—1H2 - 5(/\t+1 - )\t) + 7()% >\t—1)2, (103)

where the last inequality is from the fact that b; is decreasing.

Now multiply EQTt on both sides, we further have that

1 1 by

by— A "
> g O = g (1 22 (1 00m) = F0-0) = (60 + FOD) A+ A
cY h
- (h{;‘b) 16¢ — 0c—1|1* — g()\tﬂ Ae)? + 5(& —Ae—1)? (104)

If we set h = b—t , €q. can be rewritten as

1 1 bi—1
_ N o— Maq)2— = A2
€2bt( t t+1) é. < bt > t+1

>~ - At—lf—l(l—bgj)m2(fwt_l)—fwt_l)—f<ot>+f<ot>><—xt+xt+1>

3 Eby
2(CY 1 1
(£b2) |0 — 0:— 1H2 5(/\,g_H )\t)z + E(At — /\t_1)2. (105)
Further we have that

1 1 1 1 b 1 /b1 by
— (= A 2+< ))\ A 2—(1—t>)\2 +<t —>)\2
gzbt-{-l( t t+1) §2bt+1 §2bt ( t t+1) g bt+1 t+1 § bt bt+1 t+1

> = fgb (At — Mo1)? — ! < bt ) A+ i(f(et—l) — F(Br1) = F(00) + F(00)) (=N + A1)

5 bt ’fbt
\4
- (Z)Q) ||0t et—le - %(/\t-&-l - )\t)2 + %O\t — >\t—1)2~ (106)

Re-arranging the terms in eq. (106]) implies that

1 5 1 by 2 1 o 1 bi—1 2
R L N L U W -
Nz (At — Aig1) ¢ ( th) Ab+1 ( €%, (At — Ae—1) € by A

1 1 1 /b1 by >
> = | N = Ap1)? — = — )\
= <€26t+1 ebt) e =Aea)" = ( b by )

2(CY
- (§b2) ||6t atlez - E()\HJ )\t)2 + %(At — )\t71)2
§b (f(9t 1) = F(0rm1) = £(0:) + F(00) (=M + Aeqr)
2(Cy)? b b
+ %(f(etfl) - f(etfl) - f(et) + f(et))(—)\t + )\t+1)7 (107)

where the last inequality is from ﬁ — bi < g Recall in Lemmal we showed that

VE (O, Mes1) = VIO, M)

R CV 2
> (f(Or—1) = f(Or—1)) A1 — Ae) + (Ora1 — 05, =90, Mer1) + (01, A1) — < 20 ) 16 — B 1|
b 1 !
+ (% + V) [0e1 — 04> + =+ ()\2 A1) — g()‘t-&-l —\)? - 275()% - A1) (108)
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Combine both inequality together, and we further have that

8 9 8 by 9 8 5 8 bi_1 9
__° - _2(1_ (e on - 22 (1=
I (At = Aet1) i ( bt+1> At ( §2bt(/\t Ai-1) ¢ b, Ai

+ VUL(9t+17 /\t+1) - VO'L (etv )‘t)

28 . 16(CY)? , 8 s (b b
> —5?(—)% + Ae1)” — W”at —bia]” + E(At = A1)+ ; (bt+1 T, ) Ait1
+ g U(O2) = F(O2) = 700 + FON A+ Newn)
—f — — 0, —& e, 2
+ (f(Or—1) = f(Or—1)) (A1 — At) + (Orr1 — 06, —9(0, A1) + (01, Aev1)) 5 10 — ;1]

btl

1
+ (% + V) 10141 — 0t‘|2 (/\2 )‘t-‘rl) (Neg1 — )\t)Q _ i(/\t . >\t—1)2

1
£
14 14
_ St + (_ 16(0(7) f(C ) > ||9t tgt_1||2 T (_?)? _ i) (_/\t +)\t+1)2 + th—l(/\2 )‘t—i—l)

€b? 2

8 1 b by W
" (f - 2€> (Ae = M—1) + £ (bt-&t-l bt ) A1+ (?t + V) 101 — O], (109)

where Sy £ 28 (f(6;1) = f(61-1) = F(61) + F(0) (= + Msr) + (FOr—1) — F(Or-1))Negr — M) + (Brgr —
9 (0t7 >‘t+1) + g(@t, >\t+1)>~ Now

8 8 by 8 8 by
LSS VR VI . DL G Y (A5 WD W B 1) 2
525t+1( ¢ =~ dee1) f( bt+1) o ( f%t( ¢~ A1) f( by !

b by
+ VEBri1, M) = VEOL ) + >\3+1 t2 Y

16(Cy)*  €(C5)? ) 16(CY)?  g(CY)? ,
+ < 5bt+1 - 9 ) Hgt—‘rl - et” - ( Eb% 9 ) Hot 9,5_1”

8 1 8 1
+ (f 25) (M1 — Me)? — (5 - 25) (At — Ae—1)?

e 16(Cy)*  €(cy)? 2,
> + | =4+v—- —
= St ( 2 14 é_bt-‘rl 2 ||9t+1 915”

8 1 28 1 8 by bi_1
+l=—-=—-=—-= As1— A 2+( - ) A2
(5 2 B¢ 5>< A Ui K

— by
2

2
>‘t+1

et 16(Cy)*  €(G))? b1
=5t (2 v §bt+1 2 1801 =00l + ?Agﬂ
9 by b
— (g1 = M) o [ - A2 110
+ 105( 41— )"+ ¢ (th by ) 1 (110)
which then completes the proof. O

We now restate Theorem [2] with all the specific step sizes. The definitions of these constants can also be
found in Section [Jl

Theorem 3. (Restatement of Theorem@) Set by = 20&%, pe = E(CY)?2 + % 2u, By = %,at = v+ g,
where £ > %, v is any positive number and T is any number greater than 2. Moreover, set

192 2 o 62
Cest = 0. 5L_rz 32t0- 25A*+2A*+ —(1+4%)CY 32006(r-2)(CY)?ulg — O(F=o7s), then

min_[|G¢|? < (14 V2)e, (111)

1<t<T

2
whenT:maX{7(§44) (24 P2 }20(6—12>_

26



Under review as submission to TMLR

Proof. Denote by p; £ 8“;3& and M; £ (7137;;2 + 64258%2)(2553252. Then it can be verified that
t4+1 o

V2 V2
pgbe &G )7 M = p;. Then eq. 1} can be rewritten as
2 2 €07,

; — b1

b
Fiy1 — F > Sy + 041 — etHQ + 9 )\§+1
9 8 by bi_1
Nwr A2 S _ A2, 112
b el =2+ 2 (e - B2, (112

From the definition, we have that

B (A = TMoae) (M = 2 (VaVE@ )

Gy = . . , (113)
o (9t -1le <9t t o (Vevg (0, At))
and denote by
G| P (M = Mpp.ary (A = & (TaVil01,0) "
t = -
o (9t —Ilo (9t + a% (Ve‘/;:(aty )\t))
It can be verified that
IGell = 1Gell < be—1|Nel- (115)
From Theorem 4.2 in | Xu et al.| (2023), it can be shown that
- 1
IGuI? < 2+ 016101 = 0P + (ACY + ) i = NP, (116)
and
2 2
M, > Lzl‘t) (117)
by
Hence
- 1
IGuI? < us2lBess = 0+ (2(CH? + 5 ) O = A2 (113)
A 1
Set uy = max{Mlp 10+20€2£(C¥>2 }, then from eq. 1) we have that
ty 9
~ by — by 8/ b by
u||Gyl|* < Frq — Fy — Sy — titl)\fﬂ -7z ( L= 1) >\5+1~ (119)
2 &\ b1 by
Summing the inequality above from t =1 to 7', then
T T
~ 8 bo bT bO - bT
ue||Ge||* < Fro1 — Fy — S+()\2—)\2 )+< /1*2)
S wlGil < Fro = o= 380+ ¢ (58— 5o (A%
T
8by, . bo—b .
SFT+1—F1—ZSt+E£(/1 )2+(02 (4 )2>, (120)
t=1
which is from b; is decreasing and A\; < A*. Note that
max max Ft = Imax — L()\t — )\t+1)2 — § 1-— L )\2 + VL(0t+1 )\t+1) + ﬁ)\2
t>1 0O, \€[0,4%] fzbt_H 5 bt+1 t+1 7 ’ 2 41
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geyH? 8 1
j 15
€

* bl *\ 2 *\ 2
AP (L4 A)(200) + G (A + (4
2 F (121)
. . .- b (t+1)°25 20-25 . .
which is from the definition of b;, and S(bt+1 1) <8(*os 1) <8(%5 1) < 1.6. Then plugging in
the definition of b; implies that
T } T 8 b
ZutHGtHQ <F*—F — ZSt + (A% + (0(/1*)2) . (122)
I3 2
t=1 t=1
If moreover set u £ max {Ml, %}, then u; > %m’ and hence
Yot = IIG I”_ a 8 b
t=1 p; U F* [ — Zst + 7(/1*)2 + (20(/1*)2) ) (123)
Zt 1 p, Zt 1 pt t=1 g
Plug in the definition of p; then we have that
Y 2GR 32006(r — 2)(CY)2d T 8 bo
— < 2 F*—Fy — S+A*2+<A*2> . 124
T =L g+ () (124)

We moreover have that

16
b

+ (01 — 04, =306, A1) + g(0, )\t+1)>‘

|St| = ’ (f(Or—1) — f(@t,l) — f(0y) + f(et))(—)\t + A1) + (f(Or—1) — f(etfl))()\H»l - \t)

1
<3200 PN (0241 + 24) + 24702, +— (1 + ANCY 2, (125)

where 2, £ max < [|g(0s, Mes1) — 90, M) ||, | £(6:) — f 0:)| ¢. Note that it has been shown in [Wang & Zou
+ +

(2022) that 2, < Lo max {”er - QJ,T”» 1Qo.c — QU,C
setting €qst.

} = Lgeéest, and hence (2; can be controlled by

Note that o = v + pu; is increasing, hence a% < a% Hence if we set et =
1 1 192%¢2 _
t0° Lo 321025 A% +24 + L (14+A*)CY 32006(7—2)(CY)?ula — O(to 70) then
1 192¢2
S| < — , 126
150 = 555 3200¢(1 — 2)(CY)2uLg (126)
and hence
19%¢>
‘ . (127)
3200¢ (T — 2)(CY)2uLg
Thus plug in eq. (124)) and we have that
T 1/ (12
151G 3200¢(1 — 2)(CY)?
Zt—l pt” t” < E(T )( o‘) U’K+€2’ (128)

St T 19(VT -2)

28



Under review as submission to TMLR

where K = F* — Fy + 3(4%)2 + (4 (4%)2). When T = (2 + 2008 2(C 02 o have that

Yo 11 tII2
Zt 1131

(129)

Similarly to Theorem 4.2 in [Xu et al.| (2023), if ¢ > %, then b; 1 < 4 and b;_1A; < e. Hence combine
with eq. (115) we finally have that

i <
min Gl < (1+v2)e, (130)
2
when T' = max{@ ) (2 + W) } =0(e). O

J Constants

In this section, we summarize the definitions of all the constants we used in this paper.

F= 42—

B A* 2
ff():f-i-Ko( f)
2 2 N2
D1: 167 +K (£L21 /1’)

(122 " 7 (r - 220§,

272
Dg—maX{Dl,KQ—’_;Lﬂ,}
A*
Dg—ffo-f—( )
£
klA]
Ly = —"
M CIE.
1 log|8\

Ca:m( +290——),

1
CY = ——|AlkCy,
Y

g 1_
1 2|A*(1 - 9)
k =1 i AlC, L+ [AlECY 7k200,
B 1—’Y+ (| | + [A] o)+(1 v+ ~6)2
19

P 2061055
P N (0

L2 e - 2%(CY )

20 V2
u:max{M1,10+20£ cy) }
9Ep2

* E *\2 * bl g *\2
Fr = 20 4 (1 A7) (20,) + G (A7) 4+ (40"

b
K=F"—F + 5(A*) (21(/1*)2>,
167(C5)* 5

_ V2
Ht = E(CO' ) + g(bt+1)2 )
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ik (131)
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