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Abstract

We incorporate prior graph topology information into a Neural Controlled Differ-
ential Equation (NCDE) to predict the future states of a dynamical system defined
on a graph. The informed NCDE infers the future dynamics at the vertices of
simulated advection data on graph edges with a known causal graph, observed only
at vertices during training. We investigate different positions in the model archi-
tecture to inform the NCDE with graph information and identify an outer position
between hidden state and control as theoretically and empirically favorable. Our
such informed NCDE requires fewer parameters to reach a lower Mean Absolute
Error (MAE) compared to previous methods that do not incorporate additional
graph topology information.

1 Introduction

Effect follows cause. When a problem is represented on a graph, its structure contains information on
how causes at one spatial position are linked to effects at another. To learn about physical dynamics
from spatial time series data, one can often leverage this structural information. Scholkopf [[1]]
describes differential equations as the gold standard for understanding cause-effect structures and
highlight the lack of a time component in statistical machine learning methods. Neural Differential
Equations (NDEs) [2]] are able to learn a hidden state that evolves continuously in time, and could
remedy this lack. With Neural Controlled Differential Equations (NCDE) [3]], one can update the
hidden state continuously with data incoming at different points in time. If one also wants to account
for spatial dependencies, Graph Neural Controlled Differential Equations (GNCDEs) [4] can be
used, where a node embedding is learned to capture these spatial dependencies. We incorporate
prior known graph topology information into a GNCDE to infer the future dynamics at the vertices.
We therefore generate data coming from a graph advection simulation from which we know the
underlying graph topology plus the temporal cause and effect relation. We will outline the close
connection between the graph information in the data generated and the artificial Neural Network
(NN) architecture. Then we train our Informed GNCDEs and let them learn the dynamics to predict
their future behavior. We start by describing advection on graphs and the theory before we explain
the data generation and our Informed GNCDE. We believe this approach can lead to improvements in
domains where graph information is available or where time series data is scarce or partially missing.
NCDE:s are an effective method in this context due to their ability to handle irregular time series data
[5]. With graph information one has the potential to predict with fewer observations, as the graph
structure itself does not have to be learned on top of the temporal dynamics. Promising domains for
introducing known graph structure are traffic forecasting, river water level forecasting, climate and
weather prediction, or disease spread (see [A.4).
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Figure 1: Advection of an initial Gaussian pulse on a graph with 5 edges over time

2 Related Work

Choi et al. [4] consider time series on a graph by using a graph embedding to capture the spatial
dependencies, without directly incorporating prior graph knowledge for traffic forecasting. Spatial-
Temporal Graph Neural Networks (GNNs) [6, 7] inform NNs with graph information, where Message
Passing NNs [[8] are combined with Recurrent Neural Networks (RNNs) like Long Short Term
Memorys (LSTMs) [9] or Gated Recurrent Units (GRUs) [[10]]. Poli et al. [11]] introduce spatial
inductive bias as a node embedding into the vector field while generalizing the notion of Neural
Ordinary Differential Equations (NODEs) to graphs. Other attempts of incorporating prior knowledge
into NN architecture include Physics Informed Neural Networks (PINNS) [12]] which enforce a
prior defined Partial Differential Equation (PDE) but do not act on graphs as they avail oneself
of a discretized continuous description of the spatial domain. Kosma et al. [13]] use NODEs for
epidemic spreading on graphs and Verma et al. [[14] use NODE:s for climate and weather forecasting
in discretized continuous space.

3 Learning Advection with Graph Neural Controlled Differential Equations

Advection on Graph Edges. In contrast to Chapman and Mesbahi [15], where the quantities on the
vertices are updated discretely in time, we advect quantities that move continuously in time along the
edges of a graph and fork or merge at vertices. For the advection simulation, we consider a directed
graph G with a set of vertices V and edges £. Every edge e € £ has a time-static continuous domain
Q. ={r €R|0 <z < d(e)}and a function space V, = {y.(z,)|Q(e) x T — R?} attached to
it, where d(e) is the length of edge e and t € T = [0,T] is a point in time. We first focus on the
description of the advection on the interior of the edges without considering transitions between
edges: Given an initial state of the dynamic system it evolves according to an advection differential
equation

dy
with v = (v, ..., U‘g|)T being the vector of scalar velocity fields v, : 2. — R, with e €

{1,...,|€|}, that advect the quantity y = (Ye,, - - -, Ye s, )T through space over time. The divergence
is intended row-wise and © signifies element-wise muitiplication. We restrict the entries of y to
positive values, so that the flow direction is always the direction of the directed edge. We assume
that the velocity field is constant. In the case of a one-dimensional quantity and velocity field along
the edges, this leads to aay; = —v, %?';"‘, which has the analytical solution y(z,t) = y%(x — vt),
with initial condition y? := y.(z,0), for all z € Q(e), forall e € € and vt < z < §(e). With this
description of the dynamic, y. for e € £ is not required to be differentiable. Now we describe the
dynamic on the transition between adjacent edges. For z < v.t one would look back "beyond the
edge". We therefore resort to a matrix formulation to represent the edge transitions of y:

X,t) = A X,O ‘ , X < Vet, @
y( ) ( Sy( )) x=(8(e)—vct 1ig)

where ¢ < min.cg §(e) /v, has to hold for every edge to not look further back than the previous edge
and where A¢ is a directed "edge transition matrix", signifying to which edge a quantity transitions
when the quantity reaches the end of an edge. A ¢ acts as a function operator on the vector of functions
yo= (9, ..., yIOSI)T’ and x = (@1, ..., z|¢|)T is a collection vector of spatial coordinates on the



different edges and 1 = (1, ..., 1)T € RI®l. The entries a;; of A¢ are defined as

)

0. — JPii € (0,1], ife, follows on e;
N 0, else

with p;; being the proportion of the quantity on e; transported to e; and ) ;- p;; = 1 to enforce
conservation. The matrix A ¢ can be obtained from the the vertex adjacency matrix A, (details in
[A.3). For the numerical simulation the graph edges are spatially discretized into 100 segments sy,
from which 50 are uniformly randomly selected without replacement to be initialized with discrete
uniformly sampled values ¢, s, ~ U{0,10},k € {1,100}. We then iteratively advect with a
recurrence equation derived from Equation () to derive

y(x,t+ At) = (Ae(y(x,t)))

x=(d(e)—vAt 1|¢g|)

and use At = 5 minutes to evolve for 48 steps into the future. To obtain data measurements at
the nodes, the quantity that passed through the vertex in a given time span is aggregated. We take
measurements for At and acquire time series on the graph nodes that are used for the NN training.
As input data for the GNCDEs, we are facing a time-series of graphs {G;, = (V, &, Yy,)}¥, with
Y, being the aggregated quantities at the vertices.

Incorporating topology knowledge into GNCDEs. Let us review the notion of NCDEs [3]: A
NCDE is described by

(1) =20)+ | o0 (o),

where T, t € R, 2(t) € R%, fg : R% — R?% x R is a vector field modeled by an NN with train-
able parameters @ € R9 and x(t) € R is the control path. This means that the hidden state z(t)) is
continuously updated over time ¢ from O up to time 7" by the vector field fg and the control x. This for-
mulation allows inputting data at arbitrary times ¢ via x(¢). The path of state z(¢) encodes the informa-
tion gathered from time 0 to 7" and is used to make the final predictions {Ytl Mo withT < t; <T+r7
at time 7" for the next M time steps up to time 1" + 7. One can solve and backpropagate through the
NCDE given a loss function £({Y+,(x)}M,, {Y:,},). Jhin et al. [16] and Kidger [3 p. 66] showed
that NCDE:s can be coupled to use the encoded hidden path of a first NCDE as a control path input to a
second NCDE. Firstly, analogously to Choi et al. [4]], we update a dj,-dimensional hidden state H (t) €
RIVIXdn continuously in time for every node separately to capture the temporal dependencies via

T
H(T) = H(0) + /0 fo(H(®)) d);(t)dt. 3)

Secondly, we utilize H as control to drive another NCDE
to continuously update the hidden state Z(T') € RIVI*d=,
with d, being the dimension of the hidden state Z that
contains now also spatial information via

2(1) = 20+ [ o (20) 5 @

where the vector field g learns the spatial dependencies,
making it a GNCDE. We differentiate between the internal Figure 2: Difference in information
and external mappings that the vector field g., describes: ~ transport between hidden state H; at
node n; and hidden state Z; at node n;.
94(Z(t)) : R — R% x R, (5) Connection with A$**" leads to a di-
. mdn d. rect connection (red) versus connecting
g,(Z(1)) o RY = RE, © Hodes via Aipmer (black)

using e to emphasize the tensor product. Whereas Equa-

tion (5) describes the inner workings of the update of the

hidden state Z on itself, the tensor multiplication in Equation (6) describes the direct connection
between control (and thereby the data) to the hidden state. Of course both happen simultaneously.
The function in Equation (5] describes how a hidden state entry at a node has to encode "where
to look" based on the entries of other hidden states and itself, to then "find" the information in the
control. In contrast the function in Equation (6) describes the situation in which one "knows where to



Ayouter, V| =4 Ayouter, |V]| = 10
Identity Informed Identity Informed
Ayinner MAE MAE # params MAE MAE # params
Identity 3.60 2.75 293,184 2.61 1.11 293,244
Informed 3.10 3.52 293,184 - - 293,244
AGC 2.73 2.67 416,744 1.42 0.66 416,864

Table 1: MAE on unseen data and number of trainable parameters for different pairs for outer and
inner graph mechanism for a 3-layer architecture for the 4-node graph and 10-node graph

look" (at least spatially) to read out the right hidden state update information from the control which
is given. In Figure [2] differences in the connections are schematically depicted. In our Informed
GNCDE architectures, we use exactly this second notion and introduce a vertex transition matrix
At into the equation to obtain for dimensional details)

Z(T) = Z(O) —|—/0 G~ (Z(ﬂ)A%uter%;t)dt %

with A" corresponding to the edge transition matrix Ag. Alternatively, one can also introduce
topology information into the GNCDE inside gy by writing g, = g3 o A" g, 0 g1 (Z(t)), where
g1, 1 € {1,2,3} are the inner NN layers. Choi et al. [4] use a node embedding called Adaptive
Graph Convolution (AGC) similar to the embedding used in Kipf and Welling [17]] inside g to learn
dependencies across graph nodes. The AGC is placed inside g» and A%}m” can be considered the
identity matrix. One can set Ag“te”' to the identity matrix, as well, to obtain their GNCDE, or one can
set it to an undirected, directed or directed with prior known proportional weights vertex adjacency
matrix. A%}m” can be chosen analogously.

4 Experiments

We sample 1000 and 10000 time-series for a 4-node graph and a 10-node graph (their adjacencies
can be found in[A.2), respectively. Ay, represents a graph whose underlying topology is depicted in
Figure[I} Ay, represents a simple graph with subsequent edges, that exhibits strong sparsity. The
task is to predict the quantities for the next 24 time points given the current and the previous 24
time points. We trained the Informed GNCDE with different variations for the inner and outer graph
mechanism and calculate the mean absolute error (MAE) on the test dataset. For the 4-node graph,
the informedness on top of the AGC leads to a slight improvement in MAE compared to only using
AGC of 2.67 vs. 2.73 (Table E]) Notably, using the outer mechanism alone leads to a MAE of 2.75,
with only requiring 293, 184 vs. 416, 744 parameters. For the 10-node graph with longer training
time, we obtain lower MAE for just using the outer informedness versus only AGC and significant
lower MAE for using informedness on top of AGC with MAE of 0.66 vs. 1.42 (Table/[I).

5 Discussion

Position plays a crucial role for the informedness in a NCDE. The position of our informed NCDE
approach can be seen analogous to a shortcut connection in a Residual Neural Network (ResNet) [18],
only between spatial nodes and not in the virtual time dimension. We suspect a greater impact on
prediction performance with larger graphs with sparse connectivity structure. We also observe faster
convergence during training for architectures with outer informedness. Informing at the inner and the
outer position simultaneously with the same matrix seems to deteriorate performance. Introducing a
fully-connected trainable outer matrix in an attempt to learn the adjacency matrix led to exploding
gradients. In summary we demonstrated that prior graph information can benefit model performance
of a NCDE on a physical time series forecasting task. The position in the architecture where one
inserts the information is crucial. One has to investigate further if graph information is detrimental
to learning non-causal temporal patterns across distant vertices. We dedicate our future research
to exploring larger graphs, integrating graph edge features, and addressing non-constant advection,
with the goal of applying our topology informed GNCDE to real-world data that includes exogenous
influx at the vertices and probabilistic behavior.
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A Appendix

A.1 Dimensions

The dimensions of the domains and codomains of the vector field functions fg and g can be described
even more precisely with

fe() . R\V\xd;,, N R\V\xdh > RIVIde

gy () s RIVIXde  RIVIXd: RIVIxdn
and H(t) € RVIxdn Z(t) € RVIXd= X (t) € RIVI*% with d}, d. and d,, being the dimensionality
of the corresponding (hidden) states or control per vertex, leading to a description of the tensor
product in Equation (3) with einstein notation while omitting the 8 and - for more clarity

dH dX dX
<dt)mh N <fdt>mh N fmh”x (dt>nx

az\ _(dH\ _ - (dH ©
dt kz 7 dt kz — Ghemh dt mh’

where n, m, and k are indices for the vertices, h and z are the indices for the dimension of hidden
states H and Z, respectively and z is the index for the dimension of the control path X.

and for Equation ()

If one now wants to incorporate graph information at the outer position in Equation (7), one would
insert A¢ into Equation (8] and obtain

dZ dH dH
- — _ = m A —_— .
( dt >kz (g dt )kz 9 " ( V)mn < dt )nh

A.2 Adjacency matrices

The adjaceny matrices for the 4-node graph and the 10-node graph are given by

o 1 0 ... 0
01 0 0
A 000307 |00
VA= 10 0 0 1| Vo™ 100
1 0 0 O 0 0O 0 1
0 0 0 0

A.3 [Edge transition matrix

To obtain the edge transition matrix Ag from a weighted vertex adjacency matrix Ag with
> jele] (Ag)i; = 1, one first starts off with the vertex incidence matrix I. Let us define some
matrix operations for I € RIVIXIE] namely

{5 e

)

(I)i; = {_(I)”’ if (I);; <0

0, else ’
1 if (I);; > 0
I¢),: = ) ij
(T):5 {(I)ij, else ’

thereby (-)€ is making I conservative. In total the edge transition matrix I¢ is given by

Ae = (I)T(1)".
On the one side (I7)T € RII*IVI considers the incoming magnitude of the transported quantities
from edges to vertices and also the amount of quantities, on the other side (I¢)* € RIVI*I¢! distributes

the outgoing quantites from the vertices to the edges while solely encoding connectivity and neglecting
magnitude.



A4 Applications

For traffic forecasting, one would consider the traffic flow sensors the nodes of the graph and the
road network would be the edges. Analogously in the climate and weather forecasting scenario,
weather observation stations measuring quantities like precipitation, temperature, air pressure and
wind, would constitute the nodes, and the edges would transport abstract representations that encode
the propagation of the physical quantities in space. Here the propagation in three-dimensional space
would be encoded as an information link which is represented as a multivariate function on every
one-dimensional domain on the edges. In river water level forecasting, one considers the gauging
stations as nodes and directed edges that are derived from the geographical river topology connections.
For disease spread, a node would be regarded as an administration area for which one can measure
the aggregate infections, and the edges would connect these regional areas according to mobility
connections, e.g. adjacent areas would be connected, areas that can be reached via train or airplane
etc. Here the velocity field on the edges would need to be adapted according to the speed of the
means of travel.

A.5 Causality

In total we moved from a space-continuous description of the state on the edges and vertices during
the simulation to a discrete space on the vertices for the measurements. In the continuous advection
description, we had a clear cause-effect relation due to the fact that we could look back along an edge
or back to previous edges with the edge transition matrix. This continuous description of the causal
structure is now subsumed to aggregated, discrete values at nodes and edge connections without an
attached domain between them. To be able to incorporate this causal structure into the GNCDEs we
have to consider a long enough context window to be able to receive information from the previous
vertices at earlier times. The task then resembles learning a delay differential equation.

A.6 Additional Results

In Table [2|the MAE on the 4-node graph for different GNCDE configurations with only 2 layers is
reported.

Table 2: MAE on unseen data and number of trainable parameters for different selection of pairs for
outer and inner graph mechanism for the smaller model with a 2-layer architecture for the 4-node
graph

A.voute.r
Identity Informed
Ayinner  MAE  # params MAE  # params
Identity  3.63 289,024 296 289,024
Informed 3.21 289,024 3.60 289,024
AGC 2.83 412,584 2.78 412,584

In Table [3|the MAE on the 10-node graph for different GNCDE configurations with only 2 layers is
reported.

Table 3: MAE on unseen data and number of trainable parameters for different selection of pairs for
outer and inner graph mechanism for the smaller model with a 2-layer architecture for the 10-node
graph

Avouter
Identity Informed
Ayinner MAE  # params MAE # params
Identity  2.80 289,084 1.92 289,084
Informed 2.62 289,084 2775 289,084
AGC 2.09 412,074 1.94 412,072




A.7 Background on Neural Differential Equations

Neural Ordinary Differential Equations. NODEs (Chen et al. [2]]) are time-continuous models that
use the structure of a differential equation to model the evolution of state variables y € R¢:

dy

— = fo(t,y(?)).

dt f 0 ( ’ y( ))

The Lipschitz-continuous function fy : R x R? — R? on the right hand side, the so called vector field
that guides the derivative in the equation is parametrized by an NN with parameters 6, and thereby
rendering it "neural". NODEs can be considered the continuous-time limit of residual networks. One
can bring an NODE also into an integral formulation:

y(0) = yo,

y(0) =yo, y(?) :y(0)+/0 fo(s,y(s))ds.

Neural Controlled Differential Equations. In comparison to the aforementioned NODE formulation
in integral form, in a NCDE [3]] described by

y(0) = yo, (1) = y(0) + / Joly(s)) da(s),

the continuous path y : [0, 7] — R% must satisfy the equation which is driven by a control path
x(s) : [0,7] — R that allows continuously introducing information from data at later points in
time. d;,d, € N are the dimensionalities of the two paths = and y, respectively. The vector field
f: R% — R%*d= must be Lipschitz-continuous. NCDEs can be considered the continuous version
of RNNS.
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