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Abstract

We consider a regularized expected reward optimization problem in the non-oblivious setting
that covers many existing problems in reinforcement learning (RL). In order to solve such
an optimization problem, we apply and analyze the classical stochastic proximal gradient
method. In particular, the method has shown to admit an O(e~*) sample complexity to an
e-stationary point, under standard conditions. Since the variance of the classical stochastic
gradient estimator is typically large, which slows down the convergence, we also apply an
efficient stochastic variance-reduce proximal gradient method with an importance sampling
based ProbAbilistic Gradient Estimator (PAGE). Our analysis shows that the sample com-
plexity can be improved from O(e~*) to O(e~?) under additional conditions. Our results on
the stochastic (variance-reduced) proximal gradient method match the sample complexity of
their most competitive counterparts for discounted Markov decision processes under similar
settings. To the best of our knowledge, the proposed methods represent a novel approach
in addressing the general regularized reward optimization problem.

1 Introduction

Reinforcement learning (RL) [Sutton & Barto| (2018) has recently become a highly active research area of
machine learning that learns to make sequential decisions via interacting with the environment. In recent
years, RL has achieved tremendous success so far in many applications such as control, job scheduling, online
advertising, and game-playing [Zhang & Dietterich| (1995); |Pednault et al. (2002)); Mnih et al.| (2013), to
mention a few. One of the central tasks of RL is to solve a certain (expected) reward optimization problem
for decision-making. Following the research theme, we consider the following problem of maximizing the
regularized expected reward:

lgrel%}ﬁ ]:(9) = Er~7rs [Rg(l’)] - g(9)7 (1)
where G : R” — R U {+00} is a closed proper convex (possibly nonsmooth) function, = € R?, Ry : R — R
is the reward function depending on the parameter 6, and my denotes the probability distribution over a
given subset S C R? parameterized by § € R". By adapting the convention in RL, we call 7y a policy
parameterized by 6. Moreover, for the rest of this paper, we denote J(0) := Eyr, [Ro(2)] as the expected
reward function in the non-oblivious setting. The learning objective is to learn a decision rule via finding the
policy parameter 6 that maximizes the regularized expected reward. To the best of our knowledge, the study
on the general model has been limited in the literature. Hence, developing and analyzing algorithmic
frameworks for solving the problem is of great interest.

There are large body of works in supervised learning focusing on the oblivious setting |Zhang| (2004); Hastie
et al| (2009); [Shapiro et al| (2021), i.e., J(0) := Eywr [Ro(x)], where x is sampled from an invariant
distribution . Clearly, problem can be viewed as a generalization of those machine learning problems
with oblivious objective functions. In the literature, an RL problem is often formulated as a discrete-time
and discounted Markov decision processes (MDPs) |Sutton & Barto| (2018) which aims to learn an optimal
policy via optimizing the (discounted) cumulative sum of rewards. We can also see that the learning objective
of an MDP can be covered by the problem with the property that the function R(z) does not depend on
0 (see Example . Recently, the application of RL for solving combinatorial optimization (CO) problems
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which are typically NP-hard has attracted much attention. These CO problems may include the traveling
salesman problem and related problems Bello et al.| (2016]); Mazyavkina et al.| (2021)), the reward optimization
problem arising from the finite expression method [Liang & Yang (2022); [Song et al. (2023)), and the general
binary optimization problem [Chen et al| (2023), to name just a few. The common key component of the
aforementioned applications is the reward optimization, which could also be formulated as problem .
There also exist problems with general reward functions that are outside the scope of cumulative sum of
rewards of trajectories that are used in MDPs. An interesting example is the MDP with general utilities;
see, e.g., [Zhang et al| (2020a); Kumar et al| (2022); Barakat et al.| (2023)) and references therein.

Adding a regularizer to the objective function is a commonly used technique to impose desirable structures to
the solution and/or to greatly enhance the expression power and applicability of RL |[Lan| (2023); Zhan et al.|
(2023). When one considers the direct/simplex parameterization [Agarwal et al| (2021)) of 7y, a regularization
function using the indicator function for the standard probability simplex is needed. Moreover, by using
other indicator functions for general convex sets, one is able to impose some additional constraints on the
parameter 6. For the softmax parameterization, one may also enforce a bounded constraint to 6 to prevent
it taking values that are too large. This can avoid potential numerical issues, including the overflow error
on a floating point system. On the other hand, there are incomplete parametric policy classes, such as the
log-linear and neural policy classes, that are often formulated as {my|6 € ©}, where © is a closed convex set
[Agarwal et al.|(2021). In this case, the indicator function is still necessary and useful. Some recent works
(see, e.g.,|Ahmed et al] (2019); [Agarwal et al| (2020); Mei et al| (2020); [Cen et al.| (2022))) have investigated
the impact of the entropy regularization for MDPs. Systematic studies on general convex regularization
for MDPs have been limited until the recent works Pham et al.| (2020); Lan (2023); Zhan et al| (2023).
Finally, problem takes a similar form as the stochastic optimization problem with decision-dependent
distributions and (strongly) convex loss functions considered in [Drusvyatskiy & Xiao| (2023) and references
therein. Consequently, we can see that problem is in fact quite general and has promising modeling
power, as it covers many existing problems in the literature.

The purpose of this paper is to leverage existing tools and results in MDPs and nonconvex optimization for
solving the general regularized expected reward optimization problem with general policy parameteriza-
tion, which, to the best of our knowledge, has not been formally considered in the RL literature. It is well
known that the policy gradient method [Williams| (1992); [Sutton et al| (1999); Baxter & Bartlett| (2001)),
which lies in the heart of RL, is one of the most competitive and efficient algorithms due to its simplicity
and versatility. Moreover, the policy gradient method is readily implemented and can be paired with other
effective techniques. In this paper, we observe that the stochastic proximal gradient method, which shares
the same spirit of the policy gradient method, can be applied directly for solving the targeted problem
with convergence guarantees to a stationary point. Since the classical stochastic gradient estimator typically
introduces a large variance, there is also a need to consider designing advanced stochastic gradient estimators
with smaller variances. To this end, we shall also look into a certain stochastic variance-reduced proximal
gradient method and analyze its convergence properties. In particular, the contributions of this paper are
summarized as follows.

o We consider a novel and general regularized reward optimization model (|1)) that covers many existing
important models in the machine learning and optimization literature. Thus, problem admits a
promising modeling power which encourages potential applications.

o In order to solve our targeted problem, we consider applying the classical stochastic proximal gradient
method and analyze its convergence properties. We first demonstrate that the gradient of J(-)
is Lipschitz continuous under standard conditions with respect to the reward function Rg(-) and
the parameterized policy mg(-). Using the L-smoothness of J(-), we then show that the classical
stochastic proximal gradient method with a constant step-size (depending only on the Lipschitz
constant for V7 (+)) for solving problem outputs an e-stationary point (see Definition |3.4)
within T’ := O(e~?) iterations, and the sample size for each iteration is O(¢~2), where € > 0 is a
given tolerance. Thus, the total sample complexity becomes O(e~*), which matches the current
state-of-the-art sample complexity of the classical stochastic policy gradient for MDPs; see e.g.,
[Williams| (1992)); Baxter & Bartlett| (2001)); |Zhang et al. (2020b); Xiong et al. (2021)); [Yuan et al.|

(2022]).
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e Moreover, in order to further reduce the variance of the stochastic gradient estimator, we utilize an
importance sampling based probabilistic gradient estimator which leads to an efficient single-looped
variance reduced method. The application of this probabilistic gradient estimator is motivated by
the recent progress in developing efficient stochastic variance-reduced gradient methods for solving
stochastic optimization [Li et al.| and (unregularized) MDPs |Gargiani et al.| (2022). We show
that, under additional technical conditions, the total sample complexity is improved from O(e~*) to
O(e~?). This result again matches the results of some existing competitive variance-reduced methods
for MDPs [Papini et al.| (2018); Xu et al.|(2019); Pham et al.| (2020); [Huang et al.| (2021)); [Yang et al.|
(2022)); |Gargiani et al.| (2022). Moreover, to the best of our knowledge, the application of the above
probabilistic gradient estimator is new for solving the regularized expected reward optimization .

The rest of this paper is organized as follows. We first summarize some relative works in Section 2} Next,
in Section [3] we present some background information that are needed for the exposition of this paper.
Then, in Section we describe the classical stochastic proximal gradient method for solving and present
the convergence properties of this method under standard technical conditions. Section [5] is dedicated to
describing and analyzing the stochastic variance-reduced proximal gradient method with an importance
sampling based probabilistic gradient estimator. Finally, we make some concluding remarks, and list certain
limitations and future research directions of this paper in Section [6]

2 Related Work

The policy gradient method. One of the most influential algorithms for solving RL problems is the policy
gradient method, built upon the foundations established in |Williams| (1992)); |Sutton et al.| (1999); Baxter &
. Motivated by the empirical success of the policy gradient method and its variants, analyzing
the convergence properties for these methods has long been one of the most active research topics in RL. Since
the objective function J(6) is generally nonconcave, early works [Sutton et al| (1999); [Pirotta et al| (2015)
focused on the asymptotic convergence properties to a stationary point. By utilizing the special structure in
(entropy regularized) MDPs, recent works Liu et al.| (2019); Mei et al.| (2020); Agarwal et al.| (2021); Li et al.|
(20214); Xiaol| (2022)); [Cen et al|(2022); |Lan| (2023); [Fatkhullin et al. (2023) provided some exciting results
on the global convergence. Meanwhile, since the exact gradient of the objective function can hardly be
computed, sampling-based approximated/stochastic gradients have gained much attention. Therefore, many
works investigated the convergence properties, including the iteration and sample complexities, for these
algorithms with inexact gradients; see e.g., Zhang et al. (2020b); [Liu et al| (2020); Zhang et al| (2021b);
Xiong et al|(2021)); Yuan et al.|(2022); Lan (2023) and references therein.

Variance reduction. While the classical stochastic gradient estimator is straightforward and simple to
implement, one of its most critical issues is that the variance of the inexact gradient estimator can be large,
which generally slows down the convergence of the algorithm. To alleviate this issue, an attractive approach
is to pair the sample-based policy gradient methods with certain variance-reduced techniques. Variance-
reduced methods were originally developed for solving (oblivious) stochastic optimization problems
|& Zhang| (2013); Nguyen et al.| (2017); |[Fang et al. (2018); |Li et al.| (2021b)) typically arising from supervised
learning tasks. Motivated by the superior theoretical properties and practical performance of the stochastic
variance-reduced gradient methods, similar algorithmic frameworks have recently been applied for solving
MDPs [Papini et al| (2018); Xu et al| (2019); [Yuan et al.| (2020); Pham et al. (2020); [Huang et al.| (2021));
[Yang et al. (2022); Gargiani et al.| (2022).

Stochastic optimization with decision-dependent distributions. Stochastic optimization is the core
of modern machine learning applications, whose main objective is to learn a decision rule from a limited
data sample that is assumed to generalize well to the entire population Drusvyatskiy & Xiao| (2023). In
the classical supervised learning framework [Zhang| (2004); Hastie et al.| (2009); [Shapiro et al.| (2021), the
underlying data distribution is assumed to be static, which turns out to be a crucial assumption when
analyzing the convergence properties of the common stochastic optimization algorithms. On the other hand,
there are problems where the distribution changes over the course of iterations of a specific algorithm,
and these are closely related to the concept of performative prediction [Perdomo et al| (2020). In this
case, understanding the convergence properties of the algorithm becomes more challenging. Toward this,
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some recent progress has been made on (strongly) convex stochastic optimization with decision-dependent
distributions [Mendler-Diinner et al.| (2020); Perdomo et al. (2020); Drusvyatskiy & Xiao| (2023)). Moreover,
other works have also considered nonconvex problems and obtained some promising results; see
(2023)); [Jagadeesan et al.|(2022)) and references therein. Developing theoretical foundation for these problems
has become a very active field nowadays.

RL with general utilities. It is known that the goal of an agent associated with an MDP is to seek an
optimal policy via maximizing the cumulative discounted reward [Sutton & Barto| (2018)). However, there
are decision problems of interest having more general forms. Beyond the scope of the expected cumulative
reward in MDPs, some recent works also looked into RL problems with general utilities; see e.g.,
(20202); [Kumar et al.| (2022)); Barakat et al.|(2023) as mentioned previously. Global convergence results can
also be derived via investigating the hidden convex structure Zhang et al|(2020a)) inherited from the MDP.

3 Preliminary

In this paper, we assume that the optimal objective value for problem , denoted by F*, is finite and
attained, and the reward function Ry(-) satisfies the following assumption.

Assumption 3.1. The following three conditions with respect to the function Re(-) hold:

1. There exists a constant U > 0 such that

sup  |Re(x)| < U.
OcR™ , xcR4

2. Ry(-) is twice continuously differentiable with respect to 0, and there exist positive constants 59 and
Ch such that

sup IVeRg ()| < ég, sup HV%R@(QH)H2 < Ch.
0cR", z€R4 OcR™, xcRe

The first condition on the boundedness of the function Ry(-), which is commonly assumed in the literature
[Sutton & Barto| (2018)), ensures that 7 (6) is well-defined. And the second condition will be used to guarantee
the well-definiteness and L-smoothness of the gradient Vo7 (6).

To determine the (theoretical) learning rate in our algorithmic frameworks, we also need to make some
standard assumptions to establish the L-smoothness of J(-).

Assumption 3.2 (Lipschitz and smooth policy assumption). The function logmy(x) is twice differential
with respect to § € R™ and there exist positive constants Cy and Cy, such that

sup  [|Vglogmp(z)[| <Cy,  sup  ||Vilogmg(x)]|, < Ch.
rz€RI, OcR” r€RI, HcR™

This assumption is a standard one and commonly employed in the literature when studying the convergence
properties of the policy gradient method for MDPs; see e.g., [Pirotta et al.| (2015); [Papini et al.| (2018);
let al| (2020); |Pham et al| (2020); Zhang et al.| (2021al)); [Yang et al. (2022) and references therein.

Under Assumption [3.] and Assumption [3.2] it is easy to verify that the gradient for the expected reward
function J(6) can be written as:

VoT(0) :=Eyn, [Ro(x)Vglogme(z) + VoRe(x)].

We next present an example on the discrete-time discounted MDP, which can be covered by the general
model .

Example 3.3 (MDP). We denote a discrete-time discounted MDP as M :={S, A, P,R,~, p}, where S and
A denote the state space and the action space, respectively, P(s'|s,a) is the state transition probability from
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s to s' after selecting the action a, R: S x A — [0,U] is the reward function that is assumed to be uniformly
bounded by a constant U > 0, v € [0,1) is the discount factor, and p is the initial state distribution.

The agent selects actions according to a stationary random policy 7o(-|-) + A x S — [0,1] parameterized

by 0 € R™. Given an initial state sy € S, a trajectory x := {s¢,ar,r41}52, can then be generated, where

so ~ p, ap ~ Tp(+st), re41 = R(st,ar), and siy1 ~ P(:|st,ar), and the accumulated discounted reward of
oo

the trajectory x can be defined as R(x) := Z’Ytrm-l- Then, the learning objective is to compute an optimal
t=0
parameter 0* that mazimizes the expected reward function J(0), i.e.,

0* = argmaxy J(0) :=Epmn, [R(2)], (2)

where

mo(x) := plso) [ [ Plserrlse, ac)olarse)
t=0

denotes the probability distribution of a single trajectory x being sampled from .

In the special case when S = {s} (i.e., |S| =1) and v = 0, the MDP reduced to a multi-armed bandit problem
Robbins (1952) with a reward function simplified as R : A — R. Particularly, a trajectory x = {s,a} with
the horizon Hy, = 0 is generated, where a ~ my(-) := Tp(+|s), and the accumulated discounted reward reduces
to R(z) = R(a). As a consequence, problem can be simplified as

min J(0) = Eor, [R(a)].

By adding a convex regularizer G(0) to problem , we get the following reqularized MDP:
Hbin Erwﬂs [R(‘m)] - Q(Q),

which was considered in |Pham et al.| (2020). However, it is clear that R(x) does not depend on 6. Hence,
the above regularized MDP is a special case of the proposed regularized reward optimization problem .

One can check that the gradient Vo J(0) has the following form|Yuan et al| (2022):

VoI (0) = Bpmy | D V' R(st,a1) > Vo logg(ar|s,)

t=0 t'=0

Being a composite optimization problem, problem admits the following first-order stationary condition
0e—VoJ(0)+0G(0). (3)
Here, 0G(-) denotes the subgradient of the proper closed and convex function G(-) which is defined as
0G(0) = {g € R : G(0)) = G(0) + (9,6 — 0), ¥}

It is well-known that 9G(0) is a nonempty closed convex subset of R™ for any # € R™ such that G(6) < oo (see
e.g., [Rockafellar| (1997))). Note that any optimal solution of problem satisfies the condition , while the
reverse statement is generally not valid for nonconcave problems, including the problem . The condition
leads to the following concept of stationary points for problem .

Definition 3.4. A point 6 € R" is called a stationary point for problem if it satisfies the condition .
Given a tolerance € > 0, a stochastic optimization method attains an (expected) e-stationary point, denoted
as 0 € R™, if

By [dist (0, —V T (6) + agw))ﬂ <é,

where the expectation is taken with respect to all the randomness caused by the algorithm, after running it T
tterations.
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Remark 3.5 (Gradient mapping). Note that the optimality condition can be rewritten as
1
0=G,(0) = p [Prox,g (0 + nVeJ(6)) — 6],

for some n > 0, where
1
Prox,g(f) := argming, {Q(H/) + > 6 — 9||2}
n

denotes the prozimal mapping of the function G(-). The mapping G, (-) is called the gradient mapping in the
field of optimization |Beck (2017). It is easy to verify that if for a 8 € R™, it holds that

dist (0, =V T (0) + 0G(0)) < ¢,
then there exists a vector d satisfying ||d|| < € such that
d+VoJ(9) € 9G(0),
which is equivalent to saying that
0 = Prox,g (nd + 6 +nVeJ(9)) .

Moreover, we can verify that (by using the firm nonezpansiveness of Prox,g(-); see e.g.,|Beck (2017))

Gy (0)]| = — |[Proxyg (6 + nVeT (0)) — 0| < ||d|| < e.

1
Ui
Therefore, we can also characterize an (expected) e-stationary point by using the following condition

Er [IGy(0)I°] < ¢

The main objective of this paper is to study the convergence properties, including iteration and sample
complexities, of the stochastic (variance-reduced) proximal gradient method to a e-stationary point with a
pre-specified € > 0. Note that all proofs of our results are presented in the appendix.

4 The stochastic proximal gradient method

In this section, we present and analyze the stochastic proximal gradient method for solving the problem .
The fundamental idea of the algorithm is to replace the true gradient V.7 (6), which are not available for most
of the time, with a stochastic gradient estimator in the classical proximal gradient method |Beck! (2017). The
method can be viewed as extensions to the projected policy gradient method with direct parameterization
Agarwal et al|(2021)) and the stochastic policy gradient method for unregularized MDPs [Williams| (1992).
The detailed description of the algorithm is presented in Algorithm [I]

For notational simplicity, we denote

g9(x,0) ;= Ro(x)Vylogme(z) + VoRe(x).

From Algorithm we see that at each iteration, N data points, namely {x*!,... 25V} are sample according
to the current probability distribution 7g:. Using these data points, we can construct a REINFORCE-type
stochastic gradient estimator g*. Then, the algorithm just performs a proximal gradient ascent updating.
Let T > 0 be the maximal number of iterations, then a sequence {#*}7_; can be generated, and the output
solution is selected randomly from this sequence. Next, we shall proceed to answer the questions that how
to choose the learning rate > 0, how large the sample size IV should be, and how many iterations for the
algorithm to output an e-stationary point for a given € > 0, theoretically. The next lemma establishes the
L-smoothness of J(-) whose proof is given at Appendix
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Algorithm 1 The stochastic proximal gradient method

1: Input: initial point #°, sample size N and the learning rate n > 0.
2: fort=20,...,7—1do
3:  Compute the stochastic gradient estimator:

N
Z ("7, 6)

N
where {x!, ... 25N} are sampled independently according to mg¢.
4:  Update
ot = Prox,g (Gt + ngt) .
5 end for
6: Output: 07 selected randomly from the generated sequence {6%}1_.

Lemma 4.1. Under Assumptions[3.1 and[3.3, the gradient of J is L-smooth, i.e.,
VoI (0) = VoI (0)| < L6 -0, V0,0 € R",

with L := U(C? + Cp) + Cy + 2C,Cy > 0.
Remark 4.2 (L-smoothness in MDPs). For an MDP with finite action space and state space as in Example

the Lipschitz constant of Vo J(-) can be expressed in terms of |A|, |S| and v. We refer the reader to
Agarwal et al.| (2021); |Xiao| (2022) for more details.

As a consequence of the L-smoothness of the function [J(-), we next show that the learning rate can be chosen
as a positive constant upper bounded by a constant depends only on the Lipschitz constant of V7 (-). For
notational complicity, we denote A := F* — F(6°) > 0 for the rest of this paper.

Theorem 4.3. Under Assumptions and if we setn € (0, 2L) then Algomthml outputs a point 67
satisfying

Er [dist (o, —VoJ (07) + ag(éT))2]

2 2 4
= (2+ nL(1 - 21L) > ZET [ls* = ve @] + ( n(1—2nL))’
where Ep is defined in Definition[3.4)

The proof of the above theorem is provided in Appendix From this theorem, if one sets gt = V7 (6%),
ie., |lg" — VoT(6")]|* = 0, then there is no randomness along the iterations and the convergence property is

reduced to )
in dist ( — ét ét ) _ s
fpin, dis 0,—VoJ(0") +0G(0%) O 7))

which is implied by classical results on proximal gradient method (see e.g., Beck (2017))). However, since
the exact full gradient Vg7 (0) is rarely computable, it is common to require the variance (i.e., the trace of
the covariance matrix) of the stochastic estimator to be bounded. The latter condition plays an essential
role in analyzing stochastic first-order methods for solving nonconvex optimization problems, including RL
applications; see e.g., [Beck| (2017)); |Papini et al.| (2018); |Shen et al.| (2019); [Lan| (2020); [Yang et al.| (2022).

Lemma 4.4. Under Assumptions and[3.9, there exists a constant o > 0 such that for any 6,

Evnry |lg(@,0) = VoI O] < o?

The proof of Lemma [£.4] is given in Appendix By choosing a suitable sample size N, we can rely on
Lemma to make the term Ep [||gt —VoJ(0H)|| in Theorem small, for every ¢ <T. Then, Theorem
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implies that Algorithm [1] admits an expected O(T~!) convergence rate to a stationary point. These
results are summarized in the following theorem; see Appendix [A-4] for a proof.

Theorem 4.5. Suppose that Assumptions [3.1) and [3.9 hold. Let € > 0 be a given accuracy. Running the

Algorithm[1] for
A4 8 B 9
h= L2 (n - 277L)ﬂ =9

iterations with the learning rate n < ﬁ and the sample size

N = [:j (4 + Mﬂ =0(e?)

outputs a point 67 satisfying
N o\ 2
Er [dist (o,—WJ(GT) +ag(0T)) } <

Moreover, the sample complezity is O(e™*).

As already mentioned in the introduction, the total sample complexity of Algorithm|[I]to an e-stationary point
is shown to be O(¢~*), which matches the most competitive sample complexity of the classical stochastic
policy gradient for MDPs [Williams (1992); Baxter & Bartlett| (2001); Zhang et al. (2020b)); Xiong et al.|
(2021); [Yuan et al.| (2022).

Remark 4.6 (Sample size). Note that the current state-of-the-art iteration complexity for the (small-batch
stochastic gradient descent method is T := O(e™2) with 1y := min{O(L™'),0(T~'/?)}; see, e.g.,
. The reason for requiring larger batch-size in Theorem is to allow a constant learning
rate. To the best of our knowledge, to get the same convergence properties as Theorem [[.5 under the same
conditions for problem , the large batch-size is required.

Remark 4.7 (Global convergence). As mentioned in introduction, some recent progress has been made for
analyzing the global convergence properties of the policy gradient methods for MDPs, which greatly rely on
the concepts of gradient domination and its extensions|Agarwal et al| (2021);|Mei et al. (2020); Xiao| (2022);
Yuan et al.| (2022); \Gargiani et al.| (2022). This concept is also highly related to the classical PL-condition
Polyaki (1963) and KL-condition|Bolte et al.| (2007) in the field of optimization. The key idea is to assume or
verify that the difference between the optimal objective function value, namely F*, and F(0) can be bounded
by the quantity depending on the norm of the gradient mapping at an arbitrary point. In particular, suppose
that there exists a positive constant w such that

|G (0))]| = 2v/w (F* — F(0)), VO0eR,
where Gy, is defined in Remark (see e.g., ). Then, after running Algom’thmfor T =0(e2)

iterations, one can easily check that

Er [}'* - f(éT)} < 2\%6.

As a conclusion, by assuming or verifying stronger conditions, one can typically show that any stationary

point of the problem is also a globally optimal solution. This shares the same spirit of |Zhang et al.
2020a) for MDPs with general utilities. We leave it as a future research to analyze the global convergence

of the problem .
5 Variance reduction via PAGE

Recall from Theorem [£-3]that, there is a trade-off between the sample complexity and the iteration complexity

of Algorithm In particular, while there is little room for us to improve the term % (% + m)

which corresponds to the iteration complexity, it is possible to construct g' in an advanced manner to
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improve the sample complexity. Therefore, our main goal in this section is to reduce the expected sample
T—1
1
complexity while keeping the term T Z Er [HV(,j (0" — gtHQ] small. We achieve this goal by considering

the stochastic variance-reduced gradiertlt methods that have recently attracted much attention. Among these
variance-reduced methods, as argued in|Gargiani et al.|(2022), the ProbAbilistic Gradient Estimator (PAGE)
proposed in |Li et al.| (2021b]) has a simple and single-looped structure, and can lead to optimal convergence
properties. These appealing features make it attractive in machine learning applications. Therefore, in this
section, we also consider the stochastic variance-reduced proximal gradient method with PAGE for solving
the problem . To the best of our knowledge, the application of this technique for solving the general
regularized reward optimization problem in the non-oblivious setting considered in this paper is new.

For notational simplicity, for the rest of this section, we denote

mo(x)

gu(,0,0') = 7o ()

g($,9)7

for 0,0’ € R", x € R%, where & ((i)) denotes the importance weight between 7y and mg. Note also that

) We(x)} _

Wy(x)

EINTI'QI |:

The description of the proposed PAGE variance-reduced stochastic proximal gradient method is given in
Algorithm [2]

Algorithm 2 The variance-reduced stochastic proximal gradient method with PAGE

1: Input: initial point #°, sample sizes N1 and Na, a probability p € (0, 1], and the learning rate n > 0.
2: Compute

1 Ny
0._ 0.3 _go
9= N ;:19(?6 0%),

where {20+ }; are sampled independently according to mgo.
:fort=0,...,T—1do
Update

= W

ot = Prox,g (Gt + ngt) .

5. Compute

Ny
1 .
A Zg(ift+1’]7 o'+, with probability p,
t+1 _ L=
g = 1 No 1 No
gt 0 — 3 g (1,604 g, with probability 1 p,
2 4 2 4
Jj=1 j=1

where {z'*17}, are sampled independently according to mye+1.
6: end for
7. Output: 07 selected randomly from the generated sequence {6}~ ;.

It is clear that the only difference between Algorithm [I] and Algorithm [2 is the choice of the gradient
estimator. At each iteration of the latter algorithm, we have two choices for the gradient estimator, where,
with probability p, one chooses the same estimator as in Algorithm [I| with a sample size N7, and with
probability 1 —p, one constructs the estimator in a clever way which combines the information of the current
iterate and the previous one. Since the data set {zT11 ... 2!*1N21 is sampled according to the current
probability distribution mg:+1, we need to rely on the importance weight between §* and 6**! and construct
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N>
1
the gradient estimator A Zgw (2" 6%,0"11), which is an unbiased estimator for V7 (6%), so that g'+!
24
j=1
becomes an unbiased estimator of V7 (6:*1). Indeed, one can easily verify that for any 0,0’ € R™, it holds
that
EINTI'Q/ [gw (:L'v 0, 0/)] = v9«7(9)a (4)

ie., g(x,0,0") is an unbiased estimator for V7 (0) provided that x ~ 7.
Next, we shall analyze the convergence properties of Algorithm [2] Our analysis relies on the following
assumption on the importance weight, which essentially controls the change of the distributions.

Assumption 5.1. Let 6,0 € R™, the importance weight between wg and wg is well-defined and there exists

a constant Cy, > 0 such that
Boen, (29 4
“ I\ 7o (2)

Note that Assumption is also employed in many existing works |Papini et al| (2018)); [Xu et al.,| (2019);
Pham et al.[(2020); Yuan et al.| (2022)); |Gargiani et al.| (2022). However, this assumption could be too strong,
and it is not checkable in general. It is out of scope of this paper on how to relax this assumption. Some
related works on MDPs include |Zhang et al.| (2021a); Salehkaleybar et al.| (2022)).

<C?

w*

The bounded variance of the importance weight implies that the (expected) distance between g(z,6’) and
gw(z,0,0') is controlled by the distance between 6 and ¢’, for any given 6,0’ € R%. In particular, we have
the following lemma, whose proof is provided in Appendix

Lemma 5.2. Under Assumption Assumption[3.9 and Assumption[5.1], then it holds that
2 2
Eomry [llo(@,0) = gu(@,0,0)°] < Cllo -0/,
where C' > 0 is a constant defined as

C = 6U°C} 4+ 6C2C2 + 607 + (4U2092 + 40;) (2C2 + Cy)(C2 +1).
Under the considered assumptions, we are able to provide an estimate for the term

T-1

Z Er M g — VT (Qt)‘ﬂ, which plays an essential role in deriving an improved sample complexity
t=0

of Algorithm [2] The results are summarized in the following Lemma [5.3} see Appendix [A.6] for a proof.

Lemma 5.3. Suppose that Assumption Assumption and Assumption hold. Let {g'} and {0'}
be the sequences generated by Algorithm[2, then it holds that

T—-1 2 2 _
<1 (1-p)Cn )) S By |:||gt 3 vgj(et)Hz} cpTHo” | 2n(1 —p)CA
t=0

~ pN2L(1—29L PNy pN2(1—2nL)’

We are now ready to present the main result on the convergence property of the Algorithm [2| by showing
how to select the sample sizes N1 and Ny, probability p, and the learning rate 7. Intuitively, Ny is typically a
large number and one does not want to perform samplings with N; samples frequently, thus the probability
p and the sample size N, should both be small. Given N;, Ns and p, we can then determine the value of n
such that n < ﬁ Consequently, the key estimate in Theorem can be applied directly. Our results are
summarized in the following theorem. Reader is referred to Appendix [A.7] for the proof of this result.

Theorem 5.4. Suppose that Assumption Assumption and Assumption hold. For a given ¢ €
(0,1), we set p:= N112N2 with Ny := O(e72) and Ny := /Ny = O(e™1). Choose a learning rate n satisfying
n e (0, L/(2C + 2L2)], Then, running Algorz'thmfor T := O(e™2) iterations outputs a point 07 satisfying

Er [dist (0, —VoJ (0 + ag(éT))z} < €.

Moreover, the total expected sample complexity is O(e=3).

10
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By using the stochastic variance-reduce gradient estimator with PAGE and the importance sampling tech-
nique, we have improved the total sample complexity from O(e=%) to O(¢~?), under the considered conditions.
This result matches with the current competitive results established in |Xu et al|(2019); Yuan et al. (2020);
Pham et al (2020); [Gargiani et al (2022) for solving MDPs. Finally, as mentioned in Remark [4.7] by assum-
ing or verifying stronger conditions, such as the gradient domination and its extensions, it is also possible to
derive some global convergence results. Again, such a possibility is left to a future research direction.

6 Conclusions

We have studied the stochastic (variance-reduced) proximal gradient method addressing a general regularized
expected reward optimization problem which covers many existing important problem in reinforcement
learning. We have established the O(e~*) sample complexity of the classical stochastic proximal gradient
method and the O(e~3) sample complexity of the stochastic variance-reduced proximal gradient method with
an importance sampling based probabilistic gradient estimator. Our results match the sample complexity of
their most competitive counterparts under similar settings for Markov decision processes.

Meanwhile, we have also suspected some limitations in the current paper. First, due to the nonconcavity
of the objective function, we found it challenging to derive global convergence properties of the stochastic
proximal gradient method and its variants without imposing additional conditions. Second, the bounded
variance condition for the importance weight turns out to be quite strong and can not be verified in general.
How to relax this condition deserves further investigation. Last but not least, since we focus more on
the theoretical analysis in this paper and due to the space constraint, we did not conduct any numerical
simulation to examine the practical efficiency of the proposed methods. We shall try to delve into these
challenges and get better understandings of the proposed problem and algorithms in a future research.

Finally, this paper has demonstrated the possibility of pairing the stochastic proximal gradient method with
efficient variance reduction techniques |Li et al.| (2021b) for solving the reward optimization problem .
Beyond variance-reduced methods, there are other possibilities that allow one deriving more sophisticated
algorithms. For instance, one can also pair the stochastic proximal gradient method with the ideas of the
actor-critic method [Konda & Tsitsiklis| (1999)), the natural policy gradient method Kakade| (2001), policy
mirror descent methods|Tomar et al.|(2020); |Lan| (2023)), trust-region methods|Schulman et al.| (2015); Shani
et al.| (2020), and the variational policy gradient methods |Zhang et al.| (2020a)). We think that these possible
generalizations can lead to more exciting results and make further contributions to the literature.
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A Proofs

A.1 Proof of Lemma 4.1

Proof of Lemma[{.1 One could establish the L-smoothness of J(-) via bounding the spectral norm of the
Hessian V27 (-). To this end, we first calculate the Hessian of J as follows:

V2T (0) = VoEymr, [Ro(x)Vologmg(x) + VeRe(z)]
=V / (Ro(x)Vglogme(z)mg(x) + VoRe(z)mg(x)) da
= /’Rg(as)ﬂ'g(x) (V3 logme(z) + Vg log me(x) Ve log me(z) ") da

+ /VgRg(x)ﬂ'g(x) + 2V Ry () Voo (x) " dz

=Ezn, [Ro (z)V2log T9(x)] + Egr, [Ro(x)Vglogmg(x) Vg log me (x)T]
+Eury [V3R0(2)] + 2E s, [VoRo(z)Vologma(z) '] .

Then, by the triangular inequality, it holds that

HV%j(G)HQ < sup HR@(%‘)V% log 779(3:)“2 +  sup HR@(JJ)V@ log 7y (2) Ve log ﬂg(l‘)THQ

z€R®, GER™ z€R4, R
+  sup HV%Rg(m)HQ +2 sup HVgRg(x)Vg log we(x)THQ
r€R HcR™ r€RI, HcR™

< U(CZ+ Ch) + C + 20, Cy.
Thus, J is L-smooth with L := U(Cg +Cp) + Ch + 2095’9, and the proof is completed. O
A.2 Proof of Theorem [4.3]
Proof of Theorem[{.3 From Lemma we see that
T(OF) > J(01) + (VeI (60,61 — ) — % ot — 0" ()
By the updating rule of #'*!, we see that

_ <gt’9t+1 - 9t> + % H9t+1 - etH2 + g(9t+1) < g(et), (6)

.

g ; (9t+1 _ 915) c 8g(9t+1). (7)
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Combining and @, we see that
O+ (g0 =0y = o[04 =0~ g0+
> j(ﬁt) + <v9j(6t),9t+1 _ 9t> _ é ||0t+1 _ atH? _ g(@t).

Rearranging terms, we can rewrite the above inequality as

1
2n

By the Cauchy-Schwarz inequality, we see that
t ty pt+1 t 1 t NEE s t)2
(9" = Vo7 (89,67 —0%) < o |l = VoT ()" + 5 [0+ — #'|",

which together with implies that

1—2nL
L gt — ot < F0) - 0 + o '~ Vo @)
Summing the above inequality across t =0,...,T — 1, we get
1—2nL
2n" Z; ot — 6" < F(6") - F(6°) + 57 Z 9" — Ve (64|
t=!
T—
LSy - vag ).
t=0

Here, we recall that A := F* — F(6°) > 0.
On the other hand, also implies that

2 <V0~7(9t+1) -4 % (! — 9t)> + 17772% ot — o]

< (]:(otJrl) _ f(ﬂt)) + % <V9j(0t+1) _ v@j(et)79t+1 _ 0t> )

SN )

Notice that

) <VG.,7(9t+l) o gt,% (0t+1 o 8t)>
2

Ve (0 — [P = L o+t -

1
- vaj(et“) gt (0 —0) ;

Then by substituting the above equality into and rearranging terms, we see that

1 2
Hvej(at-i-l) _ gt 4z (9t+1 _ et)

2 1—nL 2
< Vo (6" - g'|* + QHW“ A e U

+ % (F(o'+Y) — F(6") + p 2 (Vo (07H1) = Vo7 (61,67 — ')
<2|[VoT (8Y) — gt||* +2||VeT (6°1) — Vo T (84| + = g Lo — o)

+ % (F(0'+Y) — F(6") + % [VoT (6°F1) = Ve T (60")]| || 6" — 6|

16

—nL ||0t+1 _ 0t|’2 < F(OUHY) — F(8Y) + <gt VT (8Y), 6 — 0t> '

(10)
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3L 2
<2||VeT(6") - ¢ + <2L2 + n) [0t — ot || + L (FO = F(01),
where the second inequality is due to the Cauchy-Schwarz inequality and fact that

Ve T (01) =o'l < 2(|[VeT (0") = g'||” +2[|VaT (0") = Vo7 ()]
and the third inequality is implied by Lemma

Summing the above inequality across t = 0,1...,T — 1, we get
T—1 1 2
Z Vej(9t+1) _ gt 4= (0t+1 _ et)
t=0 U
T—1 ar\ -1 9
<23 |VoT (0) - ¢'||” + <2L2 + ) Z [Ciaaa ; (F(T) — F(6)
t=0
T—1 ) 2A
<2) [Vod (@) = ¢'|"+ 5 Z o — '] (11)
t=0

where the last inequality is obtained from the fact that L < % as a consequence of the choice of the learning
rate.

Consequently, we have that

[dlst o vgj(aT)+ag(9T))2]

N5, dist (0, ~ VT (6°+") + 0G(6'1))’]
0

H\
ﬂﬂ“

INA
=
N

ET vaj(0t+1) g 4= ., (0t+1 et)

7

- 9 21 2A
t t t+1 _ pt a=
Er [||VeT (0") - o'|*] + T 2 B (o = o] + =5

Tl
Ly

IN
el

[}

1 t) 2 — ¢ 2 2A
A+fZET[Hg—WJe 1P} + 2 3B [IIveg0) - ot[F] + ==

4
R G —
Tl —2nL) ( — nT

2

t t)2 A
(“ WLl 217L)> ZETU’W” g’|}+T(T27+77(14277L))’

where the first inequality is because of @, the second inequality is due to and the third inequality is
derived from @ Thus, the proof is completed. O

A.3 Proof of Lemma [4.4]
Proof of Lemma[{.J} We first estimate E;r, [||R9 (x)Vologmg(x) + VQR()(I')HQ} as follows
Eunny |[Ro(@)Volog mo(x) + VoRa (@) < 2Bsnr, |[Ro(x) Vo log mo()|*] + 2Banr, [[VoRo ()]
< 2U%C2 +2C2.
Then, by the fact that E [(X - E[X})Q] < E [X?] for all random variable X, we have
Esmr, |[Ro(2)Volog () + VoRo(x) = VoT (0)|°] < Evnr, [IRo(2)Vo log mo(w) + VoRa() ]

< 2U%C2 +2C2,
which completes the proof. O

17



Under review as submission to TMLR

A.4 Proof of Theorem

Proof of Theorem[4.5 From Theorem in order to ensure that 7 is a e-stationary point, we can require
op 2 ET[Hg-—ng' ]]}
nL(1—2nL)

?(fﬁnuim)

It is easy to verify that g' is an unbiased estimator of Vo7 (6*). Then, Lemma implies that

2 vt=0,...,T—1, (12)

IN

<1
2
1
562. (13)
o
B [lo' - VT @] < 5
As a consequence, if one chooses N = [%j (4 + m)—‘, then holds.

On the other hand, holds if one sets T = L% (% + my‘ Moreover, we see that the sample

complexity can be computed as TN = O(e~%). Therefore, the proof is completed. O

A.5 Proof of Lemma

Proof of Lemma[5.3 First, recall that

Epr, [We(x)} -1

o’ (x)
Then, by the definitions of g and g,,, we can verify that
2
Evmmy |9 0) = gu(a.6,0)°]
< Bon, [I9@,0) = 9@, O] + 2B, [l9(.0) = gu(.6,0))|"]

= 2/ ||R9/(J?)V9 log o/ (:C) — Rg(l‘)V@ log ﬂ'g(JC) + VgRg/ (I) — VQR9(£E>H2 Wg/(z)dx
2

mo(x) 7o () o ()l

+2/ HRQ(LE) <V9 log mp () — o (z) o (2)

< 6/ IRe (z) (Vg log mer (z) — Vg log 7T9($))H2 7o (x)dx + 6/ I(Ror (2) — Ro(x)) Vg log 779(36)”2 o (x)da

VoRg(x)

Vo log Wg(l‘)) + VQRQ(LE) —

2

x
+6/HV9R9/( ) V@Re( )H 7T9/( d$+4/HR9 (1— 7T9/((CC))> V910g7r9(x) Wg/(l‘)dl’
o fouma) (1- 25 o
71'9/ (E
2
< (6U2C§ +6C202 + 66,3) 19— 0| + (4U2C§ + 463) s [(:9((?) - 1> ]
0/
- (6U202 160202 + 652) 19— 0|1 + (4U262 + 462) (mo@)® 44
- h 9-g h g g o () r—1].
We next consider the function f(6 f (:6583 dz. Taking the derivative of f with respect to 0, we get
2
Vo (o) = [ 2R,
7o ()

Moreover, since

V3 logmg(x) = mo(x) V() — Vome(z)VOmy(z) ")

1
IO
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1
= — Viny(z) — Vglogme(z) Ve logm(z) ",
7Ta(m)ge() o log me () Vg log me(x)

we see that the Hessian of f with respect to 6 can be computed as

ng(@) = /7T9/2(JC) (V@W@(QS)VQWQ(,T)T + Wg(x)vzﬂg(x)) dzx

2
= / 2(7’:-61:1;))) (2V9 logﬂ'g(x)VQ log’]'('@(l')T + vg IOg’]T@(Z')) dfﬂ
0/

Notice that f(6") =1 and Vg f(6') = 0. Therefore, by the Mean Value Theorem, we get
1 .
£(6) =1+ 5 (V3F(B)(6 6.6 ¢).

where 6 is a point between 6 and 6. Now, from the expression of the Hessian matrix, we see that for any
0 € R™,

V3@, < /2(::/((?)) 12V log mo(2) Vg log mg(2) " + Vi log ma ()|, da

< 2(2C§+Ch)/<7;2,(2;2dx

— 2(2C2 + Cy,) (1 + Eanmy, l(m - 1)2D
< 2(2C2 4 Ch)(C2 +1).

As a consequence, we have

Eonny |l9(e,8) = gu (2. 6,0)°]

2
< 22 22 ~2 _ 2 2 2 ~2 (mo(x)) _
< (6U2C} +6C2C2 +6C3) [l0 — 0| + (4U°C2 + 4C2) (/ 1
< (6U2C} +6C2C2 + 607 + (4U2C2 +4C2) (202 + C)(C2 + 1)) 19 = ¢/,
which completes the proof. O

A.6 Proof of Lemma (.3l

Proof of Lemma[5.3 By the definition of the stochastic gradient estimator given in Algorithm [2] we can see
that for ¢t > 0,

Eia [HQHI - Vej(etJrl)HQ}

2

N1
1 _
= pEq N S gat 6 - v (91
j=1
2
N3
1 . _
=B (|| 5 3 (0@™.04) = gu (@ 19,00,04) 4 6! = V0T (07)
j=1
N 2
1 .
= pEiyq N S g(a 1, 01) = VT (6
=1
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N2
1 , .
F =P [ D (9a™H19,67) = g @419, 6,6°41)) + VaT (0) = VT (0°F) 4 = VoI (8)
j=1
2
1 & :
< pEiq N S g(attha, 00 - VT (01
j=1
2
1 & : .
(I =P)Ee | D (g0 ) — gy (', 0%,6)) + gt = VT (6")
j=1

p02 t (12 1 ok t+1,j pt+1 t+1,5 pt ot+1y)]|2
<% 4 (1-pEs [Hg — VT (6Y)]| } +(1-p) 5 Y B {H(g(x 0) = gu (2", 07,0 ) ) | }
Ny N; =

(1-p0C t+1 _ pgt||2
et o

po’
< B+ (=B [l = VaT (0]

where in the first inequality, we use the facts that E [(X —E[X ])2] < E [X?] for all random variable X

and g* is unbiased estimator for Vo J(0%) for all ¢ > 0, in the second inequality, we rely on the fact that
{2!*13} is independent, and the last inequality is due to Lemma By summing the above relation across
t=0,...,T — 2, we see that

T-1 ,
> Er (o' - VaT(0)]]
t=1
po*(T - 1) — D) t+1 _ gt||?
<M+<1—p>t=0Et+1[||g—v9J0 ||] ZE o=+ —or]"]
which implies that
T-1 2T
S Er o - vog@)|] < 22 N*“ N Z]E [l — o] (14)
=0 PNy piN2 o
Recall from @ that
ZIW“ o' < M L(1—277L ZHg ~ VT (0.

which together with implies that

T-1

(1-p)Cn pazT +0%  2n(1-p)CA
1l—-— Er — .
< PNoL(1 — 2qL) Z [Hg VeI (6] } N T pNo(1—25L)
Thus, the proof is completed. O

A.7 Proof Theorem [5.4]

Proof Theorem[5.4] Since p = &~ +N € (0,1) and

N2 L NZL

1= 50— p)C+ 2pNaL? ~ 2N,C 4 ZNZL?

we can readily check that
1 (1-p)Cn 1
0, — l—- > - 15
”E<’2L)’ NoL(1—29L) ~ 2 (15)
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Then, we can see that

Er [dist (o, —VeJ (07 + ag(éT)ﬂ

S( )) ZET[Hg—vemt NE (21?+77(14A217L))
ST( T OL{I - 2nD) 12nL)) (1_M)_ (pUZZNT02+jJZS(1_p)Qig)
7 (5 + )
S;(1+nL(112nL)) (1;\71+<N11\2]]\\f722)0 +N§?fV16;§L))+2$< +(122,7L)>

where A := F* — F(6°) > 0 is a constant, the first inequality is due to Theorem [4.3| the second inequality
is derived from Lemma and the third inequality is implied by .

N N2
Then, in order to have Ep {dist (0, ~VoJ (07) + 8g(0T)) } < €2 for a given tolerance € > 0, we can simply

set N2 = \/Nl,
NZL L

1= 9N, C+2NZIZ 20 202

and require that

41+ ; 0—72 < i
nL(1—2nL)) Ny — 3’

2 2

4 14 1 (N1 + Na)o <<
T nL(1—2nL) N1N2 3

2AK1+ 1 ) AnN,C +l+ 2 ]< 2
T nL(1—2nL)) Nf(1—2nL) ~n  n(l-2nL)] = 3~
Therefore, it suffices to set Ny = O(¢72), Ny = /N; = O(e7!) and T = O(e~2). (We ignore deriving the

concrete expressions of T', N7 and Ns, in terms of € and other constants, but only give the big-O notation
here for simplicity.)

)

™

w|

Finally, we can verify that the sample complexity can be bounded as

2N; N.
Ny +T (pNy 4+ (1 —p)Ng) = Ny + T—2- < Ny 4+ 2T Ny = O(¢ ).
Ny + N,

Therefore, the proof is completed. O

21



	Introduction
	Related Work
	Preliminary
	The stochastic proximal gradient method
	Variance reduction via PAGE
	Conclusions
	Proofs
	Proof of Lemma 4.1
	Proof of Theorem 4.3
	Proof of Lemma 4.4
	Proof of Theorem 4.5
	Proof of Lemma 5.2
	Proof of Lemma 5.3
	Proof Theorem 5.4


