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Abstract

Arguably, specialized attention heads dubbed induction heads (IHs) underlie the
remarkable in-context learning (ICL) capabilities of modern language models
(LMs); yet, a precise characterization of their formation remains unclear. In this
study, through a series of experiments using both natural and synthetic data, we
show that (1) a simple equation combining batch size and context size predicts the
point at which IHs form; (2) surface bigram repetition frequency and reliability
strongly affect the formation of IHs, and we find a precise Pareto frontier in terms of
these two values; and (3) local dependency with high bigram repetition frequency
and reliability is sufficient for IH formation, but when the frequency and reliability
are low, categoriality and the shape of the marginal distribution matter.

1 Introduction

The practical utility of modern LMs depends heavily on their ability to perform ICL, broadly construed
as performing a task based on the input provided at inference time. Various accounts have been
provided to explain the internal workings of this capability, and among them are studies that find
certain attention heads affecting LMs’ ICL capabilities [[L1} 16} [15]. The emergence of such heads
during pretraining is sometimes referred to as phase change or phase transition [4} 1.

Factors that affect phase transition, particularly the formation of IHs, which are characterized by their
(often long-range) in-context copying behavior, are not fully understood. Chan et al. [3] study the
data properties that lead to different learning outcomes in a few-shot learning of image classification,
where few-shot examples are image-label pairs. They find that (1) burstiness (similar things appearing
in clusters), (2) within-class variation, and (3) dynamic class membership all promote ICL and demote
in-weight learning IWL). Interestingly, matching the marginal distribution of the labels to a Zipfian
distribution was the only variable that led to high ICL and IWL simultaneously. Edelman et al. [6]
proposes a synthetic task dubbed ICL Markov Chain (ICL-MC) using a Markov Process involving
2-8 symbols. Taking a Bayesian approach to ICL [14]], Edelman et al. [|6] randomly initialize the
transition matrix at the beginning of each epoch, thereby making it impossible to learn the underlying
distribution of the symbols. They find that the models go through phases where their predictions most
closely match the uniform distribution, then in-context unigram counts, and lastly in-context bigram
counts. They show that by forming IHs that attend to all of the bigram continuations of the current
token in the context, models achieve the Bayes-optimal bigram solution.

In the current literature including the aforementioned studies, ICL is often studied as a few-shot
learning (e.g., 13) with input-output pairs, or with an unrealistic setting that necessitates ICL as
opposed to IWL (e.g.,16). As such, this raises the question of why LMs trained on natural language
form IHs (and ICL capabilities). Furthermore, the point at which IH form is not fully understood.
Some report a narrow range (1B—3B pretraining tokens; e.g., [11)) while others find a much wider
range (64M-2B pretraining tokens;[1). To fill these gaps, in this study, we analyze how pretraining
configuration and data properties affect whether IHs emerge and at what point they first appear.
Through a series of experiments using both natural and synthetic data, we show that (1) a simple
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equation combining batch size and context size can predict the TH formation point (Section 3); (2) the
surface bigram repetition frequency and reliability strongly affect the formation of IHs, and a precise
Pareto frontier can be described in terms of these two values (Section[d); and (3) local dependency
(non-independence between two consecutive tokens) with high frequency and reliability are sufficient
for TH formation, but when the frequency and reliability are low, the presence of latent categories of
symbols and the shape of the marginal distribution matter (Section 3).

2 Methods

2.1 Metrics

IHs are defined by the copying behavior, such that if the model has seen an (A, B) sequence in-
context and the current token is A, then an IH is a head that promotes the prediction of B as the
next token, completing the (A, B, ..., A, B) sequence. Following Olsson et al. [L1]], we quantify
this behavior using prefix-matching score (PS). Given a random sequence of tokens x repeated
twice, PS of a head h at layer [ is its average attention from the source token x; to the next token
of its previous occurrence: i Z?llelx‘ﬂ o "D (25, 2;_(1x|—1)). As to the size of the sequence x,
TransformerLens library [9] adopts |x| = 50, which we also do; however, when analyzing models

with smaller context sizes, we adjust |x| accordingly: [x| = min(ext 50).

2.2 Models and Checkpoints

We use a toy version of GPT2 [12] with 2 layers and 8 attention heads per layer for all experiments.
For experiments with natural language, we adopt a pretrained GPT2 tokenizer with a vocabulary size
of 50,257, unless otherwise specified. All models analyzed in this study were trained from scratch
for 1B pretraining tokens. We save intermediate checkpoints at 250K and 500K tokens, [1M, 10M)
tokens at 1M increments, [10M, 100M) tokens at 10M increments, and [100M, 1B] tokens at 100M
increments, resulting in 30 checkpoints per model. We additionally use pretrained Pythia models [2]
for a follow-up analysis (e.g., Appendix [D).

2.3 Data

For natural texts (Section [3), unless otherwise specified, we use the English subcorpus from the
Common Crawl Corpus (CC100; 15, 113). We create a sample of 100M tokens from this corpus, using
the pretrained GPT2 tokenizer. As mentioned earlier, all models are trained for 10 epochs on this
sample, for the total of 1B tokens. For semi-synthetic texts (Section E]) we use a token-to-token
transition matrix obtained from the same sample from the CC10@ corpus.

3 Experiment 1: Natural Data

3.1 Methods

As briefly introduced earlier, Aoyama and Wilcox [1] find that training an LM with differ-
ent batch sizes results in different phase transition points. In this experiment, we change
context size and batch size to investigate their effect on the formation of IHs. Specifically,
we experiment with log-spaced batch and context sizes of {4, 8, 16,32, 64, 128,256,512}, and
{4, 8,16, 32,64, 128, 256, 512, 1024, 2048}, respectively. Since grid search is expensive, we fix the
batch size at 16 while changing the context size, and fix the context size at 1024 while changing
the batch size. We additionally test the effect of bigram repetitions alone by selecting subsets of the
pretraining data and manipulating the proportion of bigram repetitions.

Batch Size. In Figure E] (left), we find (1) the larger the batch size, the lower the eventual PS; in other
words, a larger batch size leads to weaker IHs at the end of the pretraining, and (2) the smaller the
batch size, the later the “spike” in PS; in other words, training an LM with a smaller batch size results
in later emergence of IHs, as measured by the number of updates.

Context Size. In Figure|l|(center), we find that (1) the smaller the context size, the later the elbow of
the curve is, meaning that the onset of the IH formation is later in pretraining, as measured by the
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Figure 1: Developmental trajectories of PS of LMs with various batch sizes (left), context sizes
(center), and repetitions (right) over the course of 1B tokens of pretraining. BS, CS, %NR stands
for batch size, context size, and the proportion of chunks with no repetitions, respectively.

number of updates, and (2) the smaller the context size, the flatter the slope once IHs start forming,
and the extreme case (context size < 16) is a flat line, or the complete suppression of IHs (see
Appendix [B] on how we determine “random” attention). For the shifting effect in (1), since this
effect was observed both when changing batch size and context size, we suspect that this could be
attributed to the number of tokens the model is exposed to at each update. For the slanting effect in
(2), we suspect that, in natural texts, a larger context size will naturally contain more occurrences of
(A,B,...,A,B) patterns, which may have a threshold below which IHs will not form.

It is important to note that we observe an inverse shifting effect when plotting against the number
of pretraining rokens in Figure 3]in Appendix [A] thereby ruling out the possibility that the observed
shifting effect is an artifact of each point on x-axis representing a different number of pretraining
tokens.

Repetition. The number of bigram repetitions increases as context size grows (see Figure [4] in
Appendix[C), which we hypothesize to cause the slanting effect of the context size. To tease apart
these two phenomena, we manipulate the occurrence rate of bigram repetitions within each chunk,
while controlling for the batch size and context size. See Appendix [C]for more details on how we
manipulate the repetition rate while controlling for the context size. In Figure [T] (right), the lower
the proportion of chunks with no bigram repetitions, the higher the best PS a given model achieves.
Second, there is no “shifting” of the curve, and we only observe the “slanting” effect. This confirms
the observation earlier that the “shifting” is due to the number of tokens an LM sees per update, and
“slanting” is due to the rate at which an LM encounters repeated bigrams.

Given these observations, we fit a regression model that predicts the IH formation point in training
steps and obtain a fitted linear model:

Upr =TVBC, ey

where T', B, C, and Upr are the constant, batch size, context size, and the number of updates
at which IHs form, respectively. We find a strong correlation between the predicted and actual
emergence points (r = 0.98,p < .0001). See Appendix [D]for more details on the fitting procedure
and correlation analysis.

4 Experiment 2: Semi-Natural Data Using Natural Bigram Statistics

4.1 Methods

In Figure [I] (right), we manipulated the repetition rate at the chunk level; in other words, we
only manipulated the proportion of chunks with at least one bigram repetition. To more precisely
manipulate the repetition rate at the token level, we define two metrics, frequency and reliability of
repetition.

Frequency measures the relative frequency at which (A, B, ... A) is observed in a given data,
expressed as P(A,B, ..., A). It is simply the proportion of tokens in a given data that complete a
(A, B, ..., A) sequence as the second occurrence of A, where A # B.
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Figure 2: Best PS across all heads at the end Table 1: Inducion head formation in each of
of the training for each frequency reliability  the pretraining data generated by the Markov
combination. Scores are represented in colors, Processes. Each column represents a frequency-
with brighter colors representing higher scores.  reliability configuration.

Reliability measures the conditional probability with which B is observed given (A, B,... , A),
expressed as P(B | A,B,...,A). It is the proportion of tokens in a given data that complete a
(A,B,...,A,B) sequence as the second occurrence of B, where A # B, divided by the aforemen-
tioned frequency. See Appendix [E]for a detailed walkthrough of these two metrics, and Appendix [F
for how these two metrics change for various context sizes in natural data.

To create training data that resemble natural data and also satisfy desired values for these two metrics,
we first generate a token-to-token transition matrix based on the bigram statistics from natural
data, CC100. We then sample from this matrix, while imposing the specified frequency-reliability
configuration, and train an LM for each configuration. See Appendix |G| for more details on the
sampling procedure.

4.2 Results

Each cell of Figure [2]represents an LM trained in the configuration specified by the « and y axes. We
conduct a grid search over a search space defined by all possible combinations of each metric ranging
from {0.1, 0.3, 0.5, 0.7, 0.8}. We initially found that the formation of PS was insensitive to different
values of P(B | A,B,...,A) when P(A,B,...,A) > 0.1, and hence conducted an additional grid
search over P(A,B,...,A) € {0.01,0.03,0.05,0.07,0.09}. With the total of 50 models colored
based on the best PS in Figure 2] we can clearly see a Pareto frontier, where a decrease in either
value will result in the loss of IHs. Notably, LMs studied here seem to show stronger sensitivity to
reliability than to frequency. In the bottom half of Figure[2] [i, j] and [j, i] do not always show the
same result. For example, the 10% row always forms IHs except for the 10% column; however, no
LMs under the 10% column form an IH. This is notable, given that [i, j] and [j, i] cells have identical
numbers of bigram repetitions because P(A,B,...,A;B) = P(B|A,B,...,A)P(A,B,... A).

5 Experiment 3: Synthetic Data

The previous experiment relied on a Markov Process obtained from a naturally occurring text (i.e.,
CC100). The main goal of this last experiment is to describe the properties of the underlying Markov
Process necessary and/or sufficient for IH formation.

5.1 Methods

For simplicity, and to allow for a more precise control over the data properties, we limit our scope to
the second order Markov Process as the underlying generative process, which can be expressed as a
token-to-token transition matrix 7' € RIVI*IVI_ Once the desired properties (see below) are specified,
we optimize the matrix using the Adam optimizer (see Appendix [H|for details).

We consider three properties that we hypothesize to affect the formation of IHs: (1) local dependency,
(2) categoriality, and (3) the shape of the marginal distribution. For (1) local dependency (£D), it is



construed as: +D iff P(w;41|w;) # P(wi41). In other words, unless the random variable W is i.i.d.
at each position ¢, we consider this variable as +D. This simply means that a distribution is +D if a
word affects what word comes next.

For (2) categoriality (+=C), as IHs have been shown to copy abstract patterns, such as semantic
categories (e.g., color-object sequences; [11)), we suspect that the presence of categories promotes
the formation of IHs. To make this property compatible with the optimization process, we define
categoriality by inter-group and within-group similarity scores. We define the presence (+C) and
absence (—C) of categoriality as having within-category similarity of 0.4 and 0.1, respectively.
Between-category similarity was always set to 0.1. See Appendix [J] for the details on similarity score
calculation.

Lastly, for (3) marginal token distribution shape, we consider 3 distribution shapes that are increasingly
less uniform: Uniform, Gaussian, and Zipfian distributions. This is because natural language is
uniquely characterized by a Zipfian distribution, an inverse power law that expresses the frequency of
a given word as inversely correlated with its rank, and that it has been shown to affect the emergence
of ICL capabilities (e.g., 3).

Taken together, we have 3 (shape of marginal distribution) x 2 (local dependency) x 2 (categoriality)
= 12 unique data configurations. We note that a subset of these configurations, specifically the —D+C
configurations, are not conceivable. This is because, since —D is defined as a matrix with identical
rows (each token’s transition distribution is identical), both within-category and between-category
similarities are 1. Hence, we have the total of 9 combinations of features, each of which is a process
that generates the pretraining data. See Table [3|in Appendix [K]for the summary of the configurations,
as well as the empirical validations of each configuration.

5.2 Results

In Table [T} we first find that no property is by itself a sufficient condition for IH formation. For
example, the highest bigram repetition condition (column under 90-90) still fails to produce IHs
under the —D condition. Second, related to the first point, local dependency is a necessary condition;
no configurations with —D form IHs. Intuitively, if each token is i.i.d., the model might not be
learning to utilize past tokens in context to facilitate the next token prediction. Third, as we showed in
Sectiond] we reconfirm that some level of bigram repetition is a necessary condition (Sectiond). No
configurations under the 10-10 column promote the formation of IHs. Lastly, interestingly, marginal
distribution and categoriality seem to matter only when the bigram repetition is near the Pareto
frontier. Whereas +C and distribution shape do not affect the IH formation for 10-10 and 90-90
columns (always X for 10-10, and always v for 90-90), when the bigram repetition is at the Pareto
frontier (under the 10-30 column), only Zipf; , , ¢ results in the formation of IHs.

6 Conclusion

In this study, we showed that the emergence of IHs can be predicted by batch size and context size
(Section[3). We also showed that the frequency and reliability of bigram repetitions can express a
precise Pareto frontier below which IHs cease to form (Section[d). Lastly, we found that, among local
dependency, categoriality, the shape of the marginal distribution, frequency, and reliability, none of
them alone was a sufficient condition to ensure the formation of IHs (Section@ However, we find
that local dependency coupled with high frequency and reliability always result in IH formation, and
that categoriality matters only when the frequency and reliability are close to the Pareto frontier. In
this sense, natural language maintains a delicate balance of having sufficient bigram repetitions, while
having both local dependency and categoriality, which together promote the formation of IHs in LMs.
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Figure 3: Developmental trajectories of PS of LMs with various batch sizes (left), context sizes
(center), and repetitions (right) over the course of 1B tokens of pretraining. BS, CS, %NR stands
for batch size, context size, and the proportion of chunks with no repetitions, respectively.

A Figure[l]| plotted against the number of training tokens

In Figure |1} we plotted how batch size, context size, and bigram repetition rate affect the formation
point of IHs, measured in the number of training steps. Trivially, models with different batch sizes
and context sizes will have been exposed to different numbers of tokens at the same training step.
This could raise the question of whether or not the observed shifting effect is just an artifact of the
total number of training tokens being different on the same point on the z-axis. Hence, we show
the same graph plotted against the number of total training tokens, instead of the number of training
steps in Figure[3] Here agian, we observe the shifting effect, but in the opposite direction: the smaller
the batch/context size, the earlier the phase transition point. Therefore, we can say that, even when
measured in the number of training tokens, IHs form at different points when we change batch size
and/or context size.

B Determining the threshold for random attention

In Figure[I] (center), the lines representing context sizes of 4, 8, and 16 seem to be somewhat flat,
meaning that the model does not improve in its ability to attend back to the token necessary to
complete the repeated bigram. The high PSs associated with these models are simply due to the
higher attention preceding tokens can get by chance; with the context size of 4, for example, the
model has at most 4 tokens to attend back to, with the random attention of 0.25.

To systematically determine what counts as “above random,” we simulate the random attention
over previous tokens via Markov Chain Monte-Carlo (MCMC) using a Dirichlet distribution with
a uniform prior. We find that attention weights as strong as 0.72, 0.35, and 0.16 are necessary for
models with context sizes of 4, 8, and 16, respectively, to be considered above random at the alpha
level of 0.01. Hence, we conclude that these three context sizes do not promote the formation of IHs,
and in the remaining analyses in this subsection, we will focus on the rest of the models.

C Distribution of bigram repetitions with various context sizes

Since adding or removing bigrams in naturally occurring texts introduces noise, such as broken
syntax, we manipulate the frequency of repeated bigrams in natural language data by first putting
tokenized texts into chunks of ¢, where c is the context size of the LM, and then selecting those natural
chunks to ensure p% of the chunks of the resulting training data include no bigram repetition at all,
where p is the parameter we can control. Modern LMs have a context size of at least 1024. However,
in naturally occurring texts, sequences of 1024 tokens without any repeated bigrams (A, B, ..., A B)
in them are very rare, if not non-existent. In general, as shown in Figure ] larger context size trivially
tends to contain more repeated bigrams, and we find that the context size of 64 strikes the balance
between including enough context and containing a good number of chunks with and without repeated
bigrams. Hence, in Sectiondand Section 5] we use LMs with a context size of 64.
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D Predicting the emergence points

We have seen that context size and batch size affect the phase transition point (Section [3). Here, we
ask: can we predict the phase transition point only using the training configuration as variables (i.e.,
before we train the model)? In existing studies, points at which a phenomenon of interest happens are
often defined in terms of the number of pretraining tokens (e.g.,[11}[10), or in floating-point operations
(FLOPs; e.g., 8). It has been shown that LMs seem to go through a phase transition at different points
in terms of the number of pretraining tokens [[1]] and the number of updates (Section , and hence it
is not a good candidate to describe the phase transition point. We can also infer that FLOPs is not
a reliable measure to capture this either, because (1) FLOPs is a function of input and model size,
and (2) models that are orders of magnitude different in size seem to go through a phase transition at
around the same time in terms of the number of pretraining tokens (e.g., [11)).

Hence, we propose a simple model size-agnostic law that predicts the number of updates at which a
given LM goes through the phase transition based on the context size and batch size, which takes the
form:

Upr = e*BPCY 2
where Uy is the number of updates at which a given model goes through phase transition. e® serves
as an intercept, as we will see below. Following Kaplan et al. [8], we estimate the parameters «, /3,
and v using a simple ordinary least squares regression in log space:

log Upr = a+ Blog B +ylog C (3)
Fitting this model, we obtain o = 13.5, § = —0.51, and v = —0.56. We approximate these two
parameters as 3 = v = —0.5 as this promotes interpretability and facilitates readability. Now, a

constant raised by a constant is a constant, so let us call e = 750000 a constant 7. Plugging these
parameters back into Equation (2)), we obtain:

oo T
PT — %BC
T: UPTVBC (4)

The key intuition behind Equation () is that the model-agnostic constant 7" is a function of the
quantity of training, or the number of updates Upr, at which phase transition occurs. At the same
time, the quality of each update matters, and it correlates with the number of tokens the model sees
at each update, which is a function of context and batch sizes vV BC. Let us call the generalized
form of the right hand side (RHS) of this equation, U+ BC, the number of token-weighted updates
(TWUs), given that it is the number of updates scaled by batch size and context size to incorporate
the number of tokens seen at each update. Equation (@) suggests that the number of TWUs at which
phase transition occurs can be expressed as a constant 7" across model and training configurations.
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Figure 5: Development of the highest PS score across all heads at each checkpoint plotted against
the number of updates (left column) and TWUs (right column). Different line colors represent
different batch sizes (top row) and context sizes (bottom row). All four plots share the scales of the
x/y-axes. The x-axis is in log-scale, since both batch and context sizes increase exponentially, and
hence the number of updates decreases exponentially. The 2 red dotted lines per plot represent the
column-wise range of the inflection points.

To visualize the invariance of phase transition points measured by the number of TWUs across various
training configurations, we plot each model’s (of different batch and context sizes) best PS over the
course of pretraining against the number of updates (left) and against U+/ BC' (right) in Figure |5} For
each curve, we fit a piece-wise liner function (PWLF) with 3 segments, as we observe the initial flat
line, and a sharp increase, and then an eventual plateau. We take the “knot” between the first and
second segments of each fitted PWLF as the transition point, and plot the column-wise range with
red dotted lines. Because 7' = U+v/ BC and T remains constant across different models, we expect to
see a single point at which the models go through a phase transition. Indeed, we can see that phase
transition occurs across a wide range in terms of the number of updates (left), but the range becomes
much smaller and the transition point seems to converge at a single point once it’s measured in terms
of the number of TWU (right).

To further verify that this simple law indeed predicts the phase transition point of LMs trained with
various training configurations, we can reformulate Equation (@) to predict the number of tokens N:

T =UnVBC

Because N = U BC by definition, RHS is IV, and we get:

Ny = TVBC (6)

The left hand side (LHS) of Equation (3)) is the observed number of pretraining tokens at which
phase transition occurs, and the RHS is the predicted point based on context size C' and batch size
B, as well as the empirically found constant 7' = 10°7. Now we can predict the number of tokens
N at which phase transition occurs, based on a constant 7" and training configurations C and B. In
Figure[6] z-axis and y-axis correspond to the LHS and RHS, or the predicted and observed number
of pretraining tokens at which phase transition occurs, respectively. We can see a strong correlation
of 7 > .99 before the log-transformation (for readability, as shown in Figure[6), and r = .98 after the
log-transformation, where p < .001 for both. This law holds for more than 2 orders of magnitude,
echoing the robust correlation between psychometric predictive power (PPP) tipping points and phase
transition points that held across 64M to 2B pretraining tokens [[1].
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the number of pretraining tokens, respectively. A strong correlation of » = .98 (p < .001) is found.

E Frequency P(A,B,... A) and Reliability P(B | A,B,... A)

Recall that Elhage et al. [[7], Olsson et al. [11] define IHs as specific heads that complete the repeated
(A,B,...,A,B) sequence when seeing (A, B, ..., A). As a naive hypothesis, we speculate that the
presence of repeated bigrams (separated by an arbitrarily long sequence of tokens within the LM’s
context size) is essential for IH formation. Consider the following sequence, which we will use as
a running example: In this example, there are 4 tokens that occur more than once (i.e., A, B, £, ).

Word |A- B C D A

B
Ry o 0o 0 0 0 0 1 1 1 1
Rp o 0 o 0 001 0 1 O

Table 2: Ry and Rp of an example sequence. This sequence has a P(Ry) = 1% and P(Rp) = 1—20,
hence frequency and reliability are 0.4 and 0.5, respectively.

For the first occurrence of these 4 tokens, each of them is followed by something; for example, A is
followed by B, and B is followed by C. For the second occurrence of these 4 tokens, one can induce
that a bigram tends to repeat in-context, if these 4 tokens are reliably followed by what followed
them the first time they occurred; namely, if A, B, &, ', are followed by B, C, ', A, respectively. In
Table 2] there exist 4 such opportunities for learning the bigram repetition, and 2 such opportunities
actually reward such learning, since only the second occurrences of A and E are followed by the same
bigram continuations of their first occurrences. Here, we have touched upon the two knobs we aim
to define here. Frequency involves the tokens that are of the word type occurring for the n-th time
where n > 2 (A, B, &, = in Table . Reliability measures, of all such tokens, how many of them
actually complete the same bigram continuation (B, £ in Table[2). We will now define each of these
two measures formally.

Frequency: given a binary variable unigram repetition Ry € {0, 1}, whose value is 1 if a given
token is the second occurrence of A of the (A, B, ..., A) sequence (i.e., a repeated unigram), and 0
otherwise, we define “frequency” as P(Ry). Informally, in the induction term, this is P(A, B, ..., A),
or the rate at which (A, B, ... A) sequence is encountered. In practice, this is equivalent to the sum
of all unigram counts in a given sequence, with the first occurrence removed:

P(A,B,...,A) = é > max(c(w,s) - 1,0) @)
weyY
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where V is the vocabulary, or the set of all possible unigrams, and ¢(w, s) is a count of a word w
in a sequence s of the same size as the model’s context size. In Table 2} we saw 4 such tokens
(tokens where Ry = 1: A, B, [, ) in the context of size 10, hence P(Ry) = P(A,B,...,A) = .
Technically, consecutive occurrences of a given token type should not be counted; however, this does
not happen frequently in the real data, and no tokens were allowed to occur twice in a row in synthetic
data, trivializing this problem (see Algorithm|I)).

Reliability: given a binary variable bigram repetition R € {0,1}, whose value is 1 if a given

token’s next token is the second occurrence of B of the (A, B, ..., A B) sequence (i.e., a repeated

bigram), and O otherwise, I define “reliability” as gggi;. Informally, in induction term, P(Rp)

is P(A,B,...,A,B), and reliability, or igﬁi;, is equivalent via the chain rule to the conditional
probability P(B | A, B,...,A): the rate at which an (A, B, ..., A) sequence is followed by B:

P(B|A,B,...,A)

P(A,B,...,AB)
"~ "P(A,B,...,A)
_ P(Rp)
~ P(Ry)

é > pep max(c(b,s) —1,0)

I?l\ > wey max(c(w,s) — 1,0)
where B denotes the set of all possible bigrams, and ¢(b, s) the count of the bigram b in a given
sequence s. In Table of all the 10 positions (tokens), 2 completed the (A, B, ... A, B) sequence
(tokens where R = 1: second occurrences of B and ' ), hence P(Rp) = P(A,B,...,A,B) = 2.
Therefore, reliability is 2 + - = 3. It might make more intuitive sense to compute this directly
without using the chain rule: of all the 4 tokens that complete the (A, B, ... A) sequence, 2 of them
are followed by B, hence 2 = 1. Equivalently, of the tokens where Ry = 1 in Table 2| half of them
also have Rp = 1. However, for the computational purpose, the chain rule is much simpler, which
is the reason we introduced the chain rule based calculation above. In this study, “frequency” and
P(A,B,...,A) are used interchangeably, and so are “reliability” and P(B | A, B,... A).

Note that this is a more precise characterization of what Chan et al. [3] called “burstiness.” In
their formulation, where the task was to predict the label of an image given image-label pairs
in-context, a “bursty” sequence contains certain image-label pairs more often than others, while
controlling for the marginal distribution over all sequences. This is effectively equivalent to in-
creasing both frequency and reliability in our terms. Two sequences of image-label pairs (I;, L;):
<|1, Ll, |2, L2, |3, L37 |4, |_4> (non—bursty) and <|1, Ll, |2, L2, |1, L17 |3, L3> (bursty) can be reformulated
as (A,B,C,D,E,F,G,H) and (A,B,C,D, A, B, E,F), respectively, and the former has frequency
and reliability of 0, whereas the latter has frequency and reliability of 1/8 and 1/2 ((A, B, ..., A) is
followed by B, but (B, C, ..., B) is not followed by C), respectively.

®

F Frequency P(A,B, ..., A) and Reliability P(B | A,B, ..., A) in Natural
Text

We can verify that natural texts with various chunk sizes are not only different in terms of the
number of repeated bigrams (as shown in Figure ), but also in the two probabilities defined above.
Figure [7| confirms this: both P(A,B,...,A) and P(B | A,B,...,A) increases as the context size
increases. While P(A, B, ..., A) seems to increase log-linearly (z-axis is in log scale), the increase
in P(B|A,B,...,A) seems to slow down. Since IHs were not forming, or very weak at most, for
context size of 32, we speculate that the threshold values of P(A,B,...,A)and P(B | A,B,...,A)
to be somewhere between 0.1-0.2, and 0.1-0.15, respectively.

G Algorithm for Frequency- and Reliability-Constrained Training Data
Generation

To fully control the two properties, frequency P(A, B, ..., A) and reliability P(B | A,B,...,A) in
text data, we need a way to sample words from some distribution, while enforcing desired values

12
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Figure 7: Distribution of chunks with various P(A;B,...,;A) and P(B | A,B,...,A) for each
context size. Only the quartile box, median (center line in each box), mean (diamond), and whiskers
are shown, and Outliers are not shown for readability.

of these two knobs. To this end, we approximate natural language by first tokenizing texts from
the English subcorpus of the Common Crawl Corpus (CC100; 15, [13) and collecting token bigram
statistics. We then create a token-to-token transition matrix 7' € RIVI*IV| where V is the vocabulary.
We use off-the-shelf GPT2 tokenizer, but reduced the vocabulary size to 10,000. In Algorithmm we
outline the semi-synthetic data generation algorithm, where (LA\B) denotes an asymmetric difference,
or a set of elements in A but notin B, {z | v € Aand z ¢ B}. U, is a set of unigrams attested
before time step t — 1, and 5, denotes a set of attested bigram continuations of token x. The idea is
that we first generate the first half of the sequence by randomly walking through the Markov chain.
This is to ensure that a sufficient number of unique tokens are present in the sequence before the
restricted generation can take place; otherwise, Algorithm [I] often produces degenerate sequences
especially with high values of P(A,B,... A)and P(B | A,B,...,A). For the second half, based on
the condition (if the prefix constitutes (A, B, ..., A)) and constraints (to make a new (A, B, ... A)
and/or (A, B, ..., A, B)), the word at each time step w; is sampled from the distribution D restricted
to some subset S that satisfies the conditions and constraints. For simplicity, no tokens were allowed
to occur consecutively.

H Matrix Optimization

In Section 5] we defined the underlying Markov Processes as transition matrices, which were then
used to generate synthetic data, via a set of desired properties. These transition matrices were
optimized using the Adam optimizer to satisfy the desired properties as closely as possible.

L=MLp+XLE+A3Lp+MLwc + AsLwa O]
where the 5 terms correspond to distribution loss, entropy loss, peakedness loss, within-category loss,
and across-category loss, respectively. The 5 As correspond to the weighting factors.

Distribution loss (£ ). This term is to ensure the transition matrix 7 € RIVI*IVI has a marginal
distribution of the desired shape (Uniform, Gaussian, or Zipfian, as discussed in Section E]) We
penalize the divergence from the desired shape by including KL divergence between the actual
marginal distribution and the desired distribution:

VI

logP log P(w;)
P(w 10
Z logQ i)’ (1o

where P and Q are desired and actual margmal distributions, respectively.

Entropy loss (Lg). This term is to ensure each transition matrix is comparable in predictability.
Because a transition matrix sampled from natural language had the entropy of /6.2, we set the target
entropy value to be 6.2, and included the squared difference as a loss term:

Lp= (Htarget - H(T))27 (11)
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Algorithm 1 Corpus generation constrained on P(A,B,... ;A)and P(B | A,B,...,A)

Sample a token sequence s from the distribution D : {w + D,, € RV | w € V},
constrained on « = P(A,;B,...,A)and 5 = P(B| A,B,... A)

1: Input: cxt_size, V, D € RVIXIVI «, g
2: s« || > init a token sequence
3 U+ {} > init a unigram set at step ¢
4: By {} > init a bigram continuation dict {w +— By(w) | w € U, } at step ¢
5: m <+ ctx_size//2
6: for t from 1 to m do > first half
7: wi ~ Dy, _, W\U<t)
8: add w; to's
9: update U; and B;
10: for ¢ from m to cxt_size do > second half
11: is_aba < wy in Uy
12: make_aba < random.random() < « >« represents P(A,B, ..., A)
13: make_abab < random.random() < 3 > [ represents P(B | A,B, ..., A)
14: if is_aba(w) then
15: if make abab then
16: wi ~ D, _, (+ | Br(wi-1))
17: else
18: if make_aba then
19: Wy ~ Dy, (- | U<t \Be(wi-1))
20: else
21: Wt ~ D( ‘ V\{Z/I U Bt(wt,l)})
22: else
23: if make aba then
24 Wt ~ Dwt—l(. | Z/{<t)
25: else
26 w ~ Do, (- VU<
27: add w; to s
28: update Uy and B;

where the estimation of H (T) is detailed in Appendix

Peakedness loss (L p). We find that the matrix optimization often suffers from a degenerate matrix,
where the desired properties are satisfied by allocating a very large probability mass to a single token
in each row. To mitigate this problem, we include the mean of row-wise largest probabilities:
1 VI
Lp= MZmaXTi7;, (12)
i=1

where T; . is the i-th row of the matrix 7.

Within-category loss (L) and across-category loss (£ 4¢). As defined in Section the within-
category similarity is the mean similarity of all pairs of words within a category, whereas the
across-category similarity is the mean similarity of all pairs of words from different categories.
For the 4C configuration, we set the target within- and across-category similarities to be 0.4 and
0.1, respectively, and both were set to be 0.1 for the —C configuration. The squared differences
between the actual and desired within/across category similarities were included as loss terms. The
within-category loss is defined as:

Lwe = (WCiaget — WC(T))?, (13)

where WC is within-category similarity:

% Z Z sim(w,w") (14)

ceC w,w’ Ec,w#w’
Similarly, across-category loss is defined as:
Lwe = (WCiger — WC(T))?, (15)
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where AC is across-category similarity:

% Z Z Z sim(w, w") (16)

c,c’€C,c#c wecw’'ec!

We optimize the matrix with these loss terms for 5,000 steps with A; = 100, Ay = 0.01, A3 = 0.1,
Ay = A5 = 5.

I Conditional Entropy

Conditional entropy is defined as:

1
H(X|Y)=>_ Py ZP:c|y)logP( > (17)
yey reX
For a transition matrix 7' € RIVI*IV| where V is the vocabulary, it can be expressed as:
VI VI
Z:Pw7 ZPw]\m logP( |w) (18)
wy )

Since the transition matrix 7" is a row-stochastic matrix, and each row sums to 1, the conditional
probability P(w,|w;) is an entry T'[¢, j]. The marginal probability P(w;) can be estimated by
obtaining the stationary distribution of the transition distribution 7', which is a left eigenvector with
the eigenvalue of 1. Assume a ground-truth stationary distribution 7; this stationary distribution,
which is the unigram distribution the transition matrix converges to, should remain unchanged after
transitions:

Tl = (19)

Eigenvector is a vector that only gets scaled by a factor A after a linear transformation L. Hence, we
can find the stationary unigram distribution 7 by finding the left eigenvector with the eigenvalue of 1
of a linear transformation 7.

Now that we have the stationary distribution 7, Equation (I8]) can be expressed as a matrix multipli-
cation:

H(T) = xli]- H(T[i,]) (20)

i=1
J Inter- and Intra-Group Similarity Scores

We first assign “ el tokens into each category ¢ € C, thereby creating creating |C| groups with disjoint
members. We then define inter-group similarity as the average cosine similarity between words (i.e.,
each of the | V| rows of the transition matrix 7~ € RIVI*IV) from a given category ¢ and words from

a different category ¢’:
1
N E g E sim(w,w") 2D

c,c’ €C,ctc’ wecw' e’

where NV is the number of such word pairs. Within-category similarity is likewise defined as the
average similarity between all pairs of words that belong to the same category. If a distribution has a
high within-category similarity but a lower across-category similarity, it means that categories exist
in this distribution.

K Summary of Data Configurations

Table 3] summarizes the properties as well as the actual statistics of each of these distributions. H (+)
measures the conditional entropy of the distribution, estimated by taking the sum of the entropies of
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Properties Statistics

Marginal LD CAT | H(") Intra-group Inter-group Dgp (- || target)
Zipf[+D+C] v v 6.2142 0.3987 0.1007 0.0001
Zipf(,p_¢ | Zipfian v X ] 6.1988 0.0999 0.1010 0.0001
Zipf[—D—C] X X 95239 - - -
Unif[ piq v v | 6.5388 0.3719 0.0010 4e-6
Unif,p_¢) | Uniform v/ X | 64759 0.0873 0.0104 0.0001
Unif[,ch] X X 13.2734 - - -
Gaus[, pc] v/ v/ | 6.2435 0.3995 0.1003 0.0001
Gaus;yp_¢j | Gaussian v/ X 6.2407 0.0999 0.1002 0.0001
Gaus|_p_¢ X X 12.3490 - - -

Table 3: Markov Processes used for pretraining data generation in Experiment 3. Each row represents
a matrix that defines the Markov Process. The Properties column lists desired properties the matrix
was optimized for, and the Statistics column summarizes the actual statistical properties each matrix
had at the end of the optimization process. LD and CAT represents the binary variables local
dependency and categoriality, respectively. H measures the entropy of the data, and KL divergence
measures the fit between the desired distribution (as shown in the Properties column) and the actual
marginal distribution of the generated matrix.

each row r € RIVI, weighted by the stationary distribution (see Appendix [ for details). Note that
the last row of each block, marked by the —D configuration, has a higher entropy. This is because,
for the —D configuration, each row of the matrix is identical to each other, and each word in this
distribution is i.i.d. Hence, once the shape of the marginal distribution is specified, the entropy of
this matrix is automatically determined. For example, Unif|_p_cj is by definition the maximally
entropic distribution over |V| items. Dgp(- || target) is the KL divergence between the desired
marginal distribution and the actual marginal distribution of the generated matrix. We can see that the
divergence is very small for all distributions. Intra-group similarities, inter-group similarities, and
D (- || target) for the Dist;_p_c) configs are 1, 1, 0, respectively, by definition.
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