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Abstract

Process Reward Models (PRMs) aim to improve multi-step reasoning in Large
Language Models (LLMs) by supervising intermediate steps and identifying errors
throughout the reasoning process. However, building effective PRMs remains chal-
lenging due to the lack of scalable, high-quality annotations. Existing approaches
rely on costly human labeling, LLM-based self-evaluation prone to hallucination,
or Monte Carlo (MC) estimation, which infers step quality solely from rollout
outcomes, often introducing noisy and misaligned supervision due to credit mis-
attribution. These issues result in three core limitations: noisy rewards, low
factual fidelity, and misalignment with step-level reasoning objectives. To address
these challenges, we introduce GroundedPRM, a tree-guided and fidelity-aware
framework for automatic process supervision. To reduce reward noise and enable
fine-grained credit assignment, we construct structured reasoning paths via Monte
Carlo Tree Search (MCTS). To eliminate hallucinated supervision, we validate each
intermediate step using an external tool, providing precise, execution-grounded
correctness signals. To combine both step-level validation and global outcome as-
sessment, we design a hybrid reward aggregation mechanism that fuses tool-based
verification with MCTS-derived feedback. Finally, we format the reward signal
into a rationale-enhanced, generative structure to promote interpretability and com-
patibility with instruction-tuned LLMs. GroundedPRM is trained on only 40K
automatically labeled samples, amounting to just 10% of the data used by the best-
performing PRM trained with auto-labeled supervision. Nevertheless, it achieves
up to a 26% relative improvement in average performance on ProcessBench.
When used for reward-guided greedy search, GroundedPRM outperforms even
PRMs trained with human-labeled supervision, offering a scalable and verifiable
path toward high-quality process-level reasoning.

1 Introduction

Large Language Models (LLMs) [1} 30, 9] have demonstrated impressive capabilities in planning [[13}
42]), decision-making [19]], and complex task execution [36| 43]]. However, they remain prone to
hallucinations and reasoning errors, particularly in multi-step tasks such as mathematical problem
solving. Existing methods like Chain-of-Thought prompting [35,138]] and Test-Time Scaling [26} 21]]
improve final accuracy, yet LLMs often produce solutions that appear coherent while containing
errors in reasoning or calculation. These issues are further exacerbated by outcome-level supervision
and coarse decoding strategies, e.g., majority voting, which overlook step-level correctness and
provide little guidance during intermediate reasoning.

To mitigate these shortcomings, Process Reward Models (PRMs) have emerged as a promising direc-
tion [20]. PRMs assign step-level scores to reasoning trajectories, enabling fine-grained supervision
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that supports better control and interpretability in multi-step reasoning. However, developing effective
PRMs remains challenging due to the lack of reliable and faithful reward signals for training. Human
annotation [20], while accurate, is costly and unscalable. LLM-as-a-judge [46] is more efficient but
susceptible to hallucination, often rewarding fluent yet incorrect reasoning and thus compromising
factual fidelity. Monte Carlo (MC) estimation [34} 22]] provides another alternative by inferring
step quality from final rollout outcomes, but it introduces noisy reward due to credit misattribution:
correct steps may be penalized if the rollout fails, while flawed steps may be rewarded if the final
answer happens to be correct [44]. Moreover, MC estimation typically evaluates only final outcomes,
ignoring explicit assessment of intermediate step correctness, which misaligns the supervision signal
with the objective of step-wise reasoning accuracy.

Several recent works have attempted to refine MC-based supervision, but core limitations persist.
OmegaPRM [22] uses a binary search strategy to locate the first incorrect step, but still relies on
rollout success to infer correctness, leaving credit assignment coarse. Qwen2.5-Math-PRM [44]
filters samples based on agreement between MC estimation and LLLM judgments, but this strategy
inherits hallucination bias and scores each step solely based on rollout outcomes, without assessing
whether it contributes to or hinders correct reasoning. BiRM [7]] augments PRM with a value head to
predict future success probability, but both reward and value signals are derived from noisy rollouts
and lack external validation. These approaches offer partial improvements, yet remain constrained by
outcome-based heuristics, hallucination-prone feedback, or weak step-level credit modeling.

To address these challenges, we propose GroundedPRM, a tree-guided and fidelity-aware framework
for automatic process supervision. GroundedPRM is designed to resolve three core limitations in
existing PRMs: noisy rewards, low factual fidelity, and misalignment with step-level reasoning
objectives. First, to reduce reward noise and improve credit attribution, GroundedPRM leverages
Monte Carlo Tree Search (MCTS) to construct structured reasoning paths and assess each step based
on its contribution within the trajectory. Second, to ensure factual grounding, each intermediate step
is verified using an external math tool, producing correctness signals based on executable logic rather
than LLM-generated feedback, thereby eliminating hallucinated supervision. Third, to combine step-
level validation with global outcome assessment, we design a hybrid reward aggregation mechanism
that fuses tool-based verification with MCTS-derived feedback. Finally, all rewards are formatted
into binary decisions paired with rationale-enhanced justifications, enabling interpretable supervision
signals that are compatible with LLM-based generation and downstream reasoning workflows.

We evaluate GroundedPRM on ProcessBench and observe substantial gains in both data efficiency
and overall performance. It is trained on only 40K automatically labeled samples, just 10% of the
data used by the best-performing PRM trained with auto-labeled supervision, yet achieves up to a
26 % relative improvement in average performance. Furthermore, when deployed in reward-guided
greedy search, where candidate steps are selected based on predicted reward, GroundedPRM surpasses
even PRMs trained with human-labeled supervision, establishing new state-of-the-art results across
multiple mathematical reasoning benchmarks. These findings highlight the effectiveness, scalability,
and practical value of our structured and fidelity-aware supervision framework for both training and
inference.

The key contributions of this work are:

1. We propose GroundedPRM, a tree-guided and fidelity-aware process reward modeling
framework that leverages MCTS to construct structured reasoning paths and support step-
level credit assignment.

2. We introduce a fidelity-aware verification mechanism that validates each reasoning step using
an external math tool, ensuring correctness grounded in executable logic and eliminating
hallucinated supervision.

3. We design a hybrid reward aggregation mechanism that integrates tool-based step validation
with feedback derived from MCTS-guided reasoning paths.

4. We format rewards into a rationale-enhanced, generative structure to improve interpretability
and enable seamless integration into inference-time decoding and downstream reasoning
workflows.

5. We demonstrate strong data efficiency and inference performance by evaluating Grounded-
PRM on ProcessBench and reward-guided greedy search.
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Figure 1: Overview of the GroundedPRM framework. GroundedPRM constructs reasoning paths via
MCTS, where each node corresponds to an LLM-generated step. During simulation, intermediate
steps are verified using symbolic tools, and final answers are checked against ground truth. Step-level
and outcome-level correctness signals are aggregated into a rollout reward, which is backpropagated
to guide search. The framework enables verifiable, interpretable, and structure-aware process
supervision for multi-step reasoning. The generative rationale provides interpretable feedback for
each step.

2 Related Work

2.1 Mathematical Reasoning with LLMs

Large Language Models (LLMs) have shown remarkable progress in solving math problems via Chain-
of-Thought (CoT) reasoning, where step-by-step solutions often improve final answer accuracy [33].
Building on this, recent efforts have focused on enhancing reasoning capabilities through pretraining
on math-related corpora [15} 24} 40], instruction tuning with annotated derivations [38,[19, 41} 391,
and prompting strategies tailored for symbolic tasks [4] [17, [14]. Despite these improvements,
LLMs remain vulnerable to intermediate reasoning errors, even when final answers are correct [43].
This discrepancy undermines the reliability of generated solutions, motivating the use of external
verification or inference-time selection strategies [25} 31, 19]. Such approaches typically operate at
the output level, offering limited supervision for correcting internal steps. Unlike prior methods
that intervene at the output level, our approach supervises the reasoning process itself via step-
level reward modeling, enabling finer-grained error identification and more faithful alignment with
symbolic objectives.

2.2 Process Reward Models for Step-Level Supervision

To enhance reasoning fidelity and identify intermediate errors, PRMs have emerged as a promising
alternative to outcome-level supervision [20, [32]. PRMs evaluate the correctness of individual
reasoning steps and have been shown to improve alignment and generalization across math tasks [34}
44]. A key challenge lies in generating reliable step-level annotations. Early methods rely on
expert-labeled datasets such as PRM8O0OK [20]], which are expensive to scale. Recent work has
explored automatic synthesis through MC estimation [34} 22], often leveraging rollout outcomes to
infer step validity. However, MC-based supervision introduces noise due to credit misattribution
and dependency on the quality of the completion model [45] 44]]. To mitigate this, several methods
combine MC with LLM-as-a-judge consensus filtering [44] or adopt preference-based learning
frameworks [6]. In contrast, our method GroundedPRM constructs PRM supervision from the ground
up by integrating tree-structured search via MCTS [5]], symbolic verification (via external math
tools), and fused value-correctness reward modeling. This pipeline produces reward signals that are
verifiable, structurally grounded, and directly aligned with symbolic reasoning objectives, addressing
the core fidelity and alignment issues that prior methods leave unresolved.
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3 Methodology

GroundedPRM is designed to address three core limitations of existing process reward modeling
methods: noisy rewards, low factual fidelity caused by hallucinated self-assessment, and misalignment
with step-level reasoning objectives. These challenges call for a framework that can assign fine-
grained credit, validate the factual correctness of individual steps, and integrate local and global
signals into a reliable and interpretable supervision objective. To this end, GroundedPRM introduces a
tree-guided and fidelity-aware reward modeling framework composed of four core components. First,
it employs Monte Carlo Tree Search (MCTS) to construct structured reasoning paths and assess each
step based on its contribution within the search trajectory, enabling more stable and attribution-aware
supervision than flat sampling-based methods. Second, it verifies each intermediate step using an
external tool, producing binary correctness labels grounded in executable logic and thereby mitigating
hallucinated feedback from the model. Third, it unifies verified step-level signals and final-answer
correctness into a joint supervision objective, maintaining fine-grained credit assignment while
offering stable and reasoning-grounded supervision. Finally, the reward supervision is formatted
into a rationale-enhanced generative structure, pairing each step with both a binary score and an
explanation to support interpretability and compatibility with instruction-tuned LLMs. An overview
of this framework is illustrated in Fig.

3.1 Tree-Guided Reasoning Path Construction

To enable stable and attribution-aware process supervision, GroundedPRM employs MCTS to
construct structured reasoning paths for each input problem P. Each node in the search tree is
associated with a partial reasoning state s = {s1, ..., s; }, representing the sequence of previously
generated reasoning steps. In addition to the state, each node stores auxiliary information including
tool queries g, verification outcomes v, and value estimates (). A reasoning step is represented as
an action a, defined as a natural language expression generated by the LLM that extends the current
reasoning state, transitioning it from state s to a new state s’. The value function (s, a) estimates
the expected return of applying action a in state s, and is updated through feedback from simulated
rollouts. The search process consists of four stages:

Selection. Starting from the root node, the algorithm recursively selects child nodes according to a
tree policy until reaching a node that is not fully expanded. To balance exploration and exploitation,
we use the Upper Confidence Bound for Trees (UCT) [16], which balances estimated value with
an exploration bonus that decreases as a node is visited more often, thereby encouraging the search
toward promising yet under-explored nodes.

Expansion. If the selected node is not terminal, it is expanded by sampling up to m new actions
from LLM, each producing a distinct child state s’. We set m = 3 in our experiments. This constrains
the branching factor while maintaining reasoning diversity.

Simulation. From the newly expanded node, we simulate a complete reasoning trajectory by
sequentially sampling steps s;+1, . . . , S until the model produces a final answer. We sample from
the current state using the LLM in a left-to-right fashion to complete the solution. For each step s;
where j € {i +1,...,T — 1}, we obtain a binary correctness label v; € {—1, 1} using the tool-based
verification procedure described in Section[3.2] Additionally, the final answer is compared against
the ground-truth solution to determine the overall outcome F' € {—1,1}. We adopt signed labels
{-1,+1} instead of {0,1} so that incorrect steps propagate negative feedback, thereby decreasing node
values during MCTS search rather than being treated as neutral. These per-step and final correctness
signals are subsequently aggregated into a single rollout reward u, as defined in Section[3.3]

Backpropagation. The reward « computed for the simulated trajectory is propagated backward
along the path traversed during selection. For each visited state-action pair (s, ax) at depth dj, from
the terminal node, we update its value as:

Q(Sk’a ak) <~ Q(sk,7ak) + ’de . (U’L + vi)a (1)

where k € {0,...,i — 1}, v € (0, 1) is a decay factor controlling temporal discount, and dj, denotes
the number of steps from the terminal node. This update scheme assigns stronger credit to steps
closer to the final outcome, aligning attribution with their causal impact in the reasoning process.
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By iteratively executing the four MCTS stages, GroundedPRM constructs a structured and diverse
distribution over reasoning paths. This search process prioritizes trajectories with high step-level
validity and globally correct outcomes, yielding supervision signals that are both structure-aware and
attribution-sensitive. The resulting credit assignments are more stable and fine-grained than those
produced by flat Monte Carlo rollouts, directly addressing reward noise and misattribution. Multiple
rollouts are performed per input to balance path diversity with search efficiency.

3.2 Fidelity-Aware Step Verification with External Tool

To ensure reward fidelity and eliminate hallucinated supervision, GroundedPRM integrates symbolic
verification into each reasoning step via external tools. During simulation (Section [3.1)), the LLM
generates a sequence of reasoning steps {s;+1, ..., 7}, where each s; (i +1 < j < T — 1) denotes
an intermediate reasoning step expressed in natural language during rollout.

For each step s;, we construct a corresponding structured math query and submit it to a symbolic
solver, such as Wolfram Alpha (WA). The tool’s response is parsed to determine whether the
computation or transformation expressed in s; is factually correct. We represent this outcome
as a binary verification label v; € {—1,1}, where v; = 1 indicates successful verification and
v; = —1 denotes failure. The resulting sequence {v;41,...,vr_1} provides a fine-grained step-level
correctness evaluation for the entire reasoning trace. These step-level signals are used during rollout
to compute the aggregated reward u (Section[3.3)). Unlike LLM-based self-evaluation, which often
overestimates fluent but invalid reasoning, this fidelity-aware mechanism grounds supervision in
objective, tool-based verification.

While WA is used in our experiments due to its strong symbolic reasoning capabilities, such as
equation solving and equivalence checking, our verification module is tool-agnostic. It supports
integration with alternatives like SymPy or domain-specific solvers. This modular design ensures that
GroundedPRM generalizes across reasoning domains while maintaining high verification precision.

3.3 Hybrid Reward Aggregation

To construct reward signals that are both verifiable and forward-looking, GroundedPRM introduces
a hybrid aggregation mechanism that combines symbolic step-level verification with trajectory-
level outcome assessment. This design balances two supervision objectives: (1) factual fidelity of
intermediate reasoning steps, and (2) global correctness of the final answer.

Given a simulated reasoning trace of length 7', we collect step-level correctness signals
{vit1,...,vr_1}, where each v; € {—1, 1} is obtained via external tool verification (Section [3.2).
In addition, we evaluate the final answer against ground truth to obtain a binary outcome signal
F € {—1,1}. These signals are aggregated into a single scalar reward:

1 T-—1
ui=7T71;dj'”j+ﬁ'F» @

where 8 > 0 is a weighting coefficient that adjusts the contribution of final answer correctness
relative to step-level reliability. The resulting reward u is used during backpropagation in MCTS
(Section [3.1) to update value estimates and guide exploration. We further define the MCTS value
estimate at each state—action pair (s;, a;) as:

Q(si,a;) = ui + v;. 3)

By fusing local and global correctness signals, this hybrid reward formulation offers more stable and
interpretable supervision than prior MC-based methods that rely solely on rollout success. Moreover,
this mechanism directly addresses the three core limitations of existing PRMs: it reduces reward
noise via structure-aware simulation, avoids unverifiable supervision through symbolic validation,
and aligns the reward objective with both step-wise precision and task-level success.

3.4 Generative Process Reward Model

GroundedPRM adopts a generative reward modeling paradigm, enabling seamless integration with
instruction-tuned LLMs and providing supervision for open-ended reasoning workflows. Each
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training instance is structured as a rationale-enhanced sequence that pairs intermediate reasoning
steps with corresponding verification outcomes and justifications.

Formally, each instance includes: (1) the original problem P; (2) the full reasoning trajectory
{s1,...,s7}; (3) binary correctness labels {v1, ..., v} obtained via tool-based verification (Sec-
tion[3.2)); and (4) natural language explanations derived from external tool feedback.

Unlike conventional discriminative reward models that treat reward prediction as a binary classifica-
tion task, we train GroundedPRM autoregressively to generate both correctness labels and rationales
conditioned on the problem and its intermediate reasoning trace. This generative formulation improves
interpretability and enables seamless integration into LLM-based reasoning pipelines.

3.5 Data Construction for GroundedPRM Training

To train GroundedPRM, we apply the full supervision framework described above to the MATH
dataset [[11], constructing a reward-labeled dataset with symbolic verification and hybrid scoring.
For each problem, the policy model generates intermediate reasoning steps, which are verified using
external tools (Section[3.2). Each step is labeled based on symbolic correctness, and the full trajectory
is scored using the hybrid reward mechanism introduced in Section [3.3] To ensure coverage and
diversity, we adopt a multi-round MCTS rollout strategy that explores both optimal and suboptimal
paths. Post-processing includes filtering incomplete, inconsistent, or tool-unverifiable traces, and
formatting the final data into a rationale-enhanced generative structure (Section[3.4). Each instance
includes the problem, a full reasoning trace, correctness labels, and explanations. The resulting
dataset contains approximately 40K verified samples, covering a broad spectrum of problem types
and reasoning strategies with high symbolic fidelity.

4 Experiment

4.1 Experimental Setup

Benchmarks. We evaluate GroundedPRM from two perspectives: its ability to accurately identify
erroneous steps within multi-step reasoning processes, and its effectiveness in directly enhancing
downstream task performance.

* ProcessBench [45]. This benchmark evaluates the ability of reward models to supervise
step-level reasoning in mathematical problems. Each instance includes an LLM-generated
solution with the first incorrect step annotated by human experts. Models are evaluated
based on their ability to accurately identify the first faulty step or confirm that all steps are
valid, following standard PRM evaluation protocols.

* Reward-Guided Greedy Search. To further assess the utility of GroundedPRM in guid-
ing multi-step reasoning, we perform inference-time decoding using a reward-guided
greedy strategy. At each generation step, we sample N = 8 candidate actions from
Qwen2.5-7B-Instruct [23]] using a temperature of 1, and select the candidate with the highest
predicted reward assigned by the PRM. This process is repeated iteratively until a com-
plete solution is generated. We evaluate this procedure on six mathematical benchmarks:
AMC23 [3], AIME24 [2], MATH [[11], College MATH [29]], OlympiadBench [10]], and
Minerva MATH [[18]]. We also report the result of majority voting among eight samplings
(maj@8), and pass@n, i.e., the proportion of test samples where any of the n samplings lead
to the correct final answers.

Baselines. For both ProcessBench and reward-guided greedy search experiments, we compare
GroundedPRM against the following representative baselines. These baselines span a diverse set of
supervision strategies, including models trained with human-labeled rewards, automated annotations,
and hybrid approaches, as well as a range of training data scales.

* Math-Shepherd [34]: Utilizes MC estimation to perform automated step-level annotation
with hard labels.

* RLHFlow-PRM series [8]: Includes DeepSeek and Mistral variants, both of which use MC
estimation for data generation, but adopt the Direct Preference Optimization (DPO) training
paradigm.
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Table 1: F1 scores on ProcessBench for models trained with auto-labeled data. Models marked with *
share the same base model: Qwen2.5-Math-7B-Instruct. GroundedPRM achieves the highest average
F1, surpassing the strongest existing model, Math-Shepherd-PRM-7B, by 26% relative improvement
while using only 10% of the training data. All baseline results are directly cited from [44]. Oly.
denotes OlympiadBench.

Model #Sample GSMS8K MATH Oly. Omni-MATH Avg.
RLHFlow-DeepSeek-8B 253K 38.8 33.8 169 16.9 26.6
RLHFlow-Mistral-8B 273K 50.4 334 138 15.8 28.4
Qwen2.5-Math-7B-Math-Shepherd® 445K 62.5 31,6 137 7.7 28.9
EurusPRM-Stagel* 453K 443 356 217 23.1 31.2
EurusPRM-Stage2* 230K 47.3 357 212 20.9 31.3
Math-Shepherd-PRM-7B 445K 479 29.5 248 23.8 31.5
GroundedPRM 40K 434 47.0 338 34.4 39.7

* Math-PSA-7B [33]]: Trained on mixed annotated data, namely PRM80OK [20], Math-
Shepherd [134]], and generated data following [22].

* EurusPRM-series [27]: EurusPRM-Stagel and EurusPRM-Stage2 constructs weakly
supervised labels from final outcomes using noise-aware heuristics.

* Qwen2.5-Math-7B series [45, 44]: Qwen2.5-Math-7B-Math-Shepherd and Qwen2.5-Math-
7B-PRMS8O00K are trained with Math-Shepherd [34] and PRM80O0K [20]] using Qwen2.5-
Math-7B-Instruct [38]], respectively.

* Llemma-PRMS800K-7B [28]: Utilizes MC estimation to perform automated step-level
annotation with hard labels.

* ReasonEval-7B [37]: Prompt-based model for evaluating step validity and redundancy.

Implementation Details. All reward models are fine-tuned on step-labeled reasoning trajectories
using LoRA [12]] for parameter-efficient adaptation. We use Qwen2.5-7B-Instruct [23] as the base
model. The baseline methods adopt standardized prompt templates for critique generation, as detailed
in Appendix, to ensure consistency in reward format and reasoning structure.

4.2 Results on ProcessBench

GroundedPRM Achieves Strong Supervision Performance with High Data Efficiency. As
shown in Tab. [I], GroundedPRM achieves the highest average F1 score among all PRMs trained with
automatically labeled data, outperforming the second-best model, Math-Shepherd-PRM-7B, by a
relative improvement of 26% while using only 10% training samples. GroundedPRM also ranks first
on MATH, OlympiadBench, and Omni-MATH, indicating strong capability in evaluating complex
symbolic reasoning steps. These results reinforce our central hypothesis: verifiable, structure-guided
supervision is substantially more effective than scale alone. GroundedPRM’s fidelity-aware rewards,
grounded in symbolic tool validation and MCTS-based credit assignment, enable efficient learning
under low-resource constraints.

Generative Supervision Enhances Interpretability and Robust Generalization. Unlike prior
PRMs that produce only binary decisions, GroundedPRM adopts a generative format that outputs
both a step-level reward and an accompanying rationale. This design improves alignment with
instruction-tuned LLMs, encourages interpretable supervision, and enables the model to better
distinguish between fluent but incorrect reasoning and truly valid logic. Empirically, GroundedPRM
achieves notable improvements on challenging benchmarks like OlympiadBench and MATH, where
fine-grained error localization is essential. These results suggest that explanation-based rewards foster
more robust and generalizable reasoning behavior.

4.3 Analysis and Discussions

GroundedPRM Provides Superior Data Efficiency through Structured and Fidelity-Aware
Supervision. To compare the effectiveness of our automatically labeled supervision against human-
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Table 2: F1 scores on ProcessBench under different supervision strategies. GroundedPRM combines
symbolic step validation with trajectory-level outcome assessment. Outcome-Only and Step-Only
variants use single-source supervision, leading to misaligned or incomplete reward signals.

Scoring Strategy GSM8K MATH OlympiadBench OmniMATH Avg.

Step-Only 40.1 42.3 28.3 29.2 35.0
Outcome-Only 1.4 3.3 1.0 1.0 1.7
GroundedPRM 434 47.0 33.8 34.4 39.7

Table 3: F1 scores of GroundedPRM and Qwen2.5-Math-7B-PRMS800K under matched training
sizes. Both methods are trained using Qwen?2.5-7B-Instruct but differ in supervision sources. Despite
relying solely on automatically labeled data, GroundedPRM consistently outperforms Qwen2.5-Math-
7B-PRMS8O00K across all data scales. Oly. denotes OlympiadBench.

#Sample | Model | GSMSK MATH Oly. Omni-MATH | Avg.
10K Qwen2.5-Math-7B-PRM800K |  30.3 316 219 19.8 25.9
GroundedPRM 39.0 419 294 29.8 35.0
SOK Qwen2.5-Math-7B-PRMS00K |  37.4 329 299 30.6 327
GroundedPRM 39.9 440  30.1 31.4 36.4
30K Qwen2.5-Math-7B-PRM800K |  37.5 400 284 34.8 35.2
GroundedPRM 42.1 474 307 31.7 38.0
10K Qwen2.5-Math-7B-PRMS00K |  43.1 460 329 34.0 39.0
GroundedPRM 43.4 470 338 34.6 39.7

labeled reward models under identical data budgets, we conduct a controlled comparison with the
Qwen2.5-PRM series using the same model architecture, i.e., Qwen2.5-7B-Instruct, and matched
training sizes. For each training size, we randomly sample a subset of examples to ensure a fair
comparison. This setup isolates the effect of supervision quality by ensuring that both methods are
evaluated under the same data scale. As shown in Tab. [3] GroundedPRM consistently achieves higher
F1 scores across all training sizes, despite relying entirely on automatically constructed labels.

Dual-Signal Supervision Enhances Data Fidelity and Credit Attribution. To assess the contribu-
tion of our dual-signal supervision, we compare GroundedPRM against two ablations: Outcome-Only
Supervision, which assigns labels based solely on final-answer correctness from MCTS rollouts, and
Step-Only Supervision, which uses external tool verification without considering global trajectory
outcomes. As shown in Tab. [2] Outcome-Only Supervision severely underperforms due to credit
misattribution. Correct steps may be penalized if downstream steps fail, while flawed steps may be
rewarded if the final answer happens to be correct. Step-Only Supervision achieves higher recall
but suffers from precision loss, as symbolic tools can detect surface-level arithmetic errors but often
fail to capture deeper logical flaws, resulting in false positives. In contrast, GroundedPRM fuses
step-level correctness signals with trajectory-level feedback, enabling accurate credit assignment
that is grounded in both local fidelity and global reasoning success. This hybrid design achieves
the highest average F1, demonstrating the effectiveness of our supervision framework in producing
reliable and structurally aligned reward signals.

4.4 Results on Reward-Guided Greedy Search

As shown in Tab. 4] GroundedPRM achieves the highest average accuracy across all PRMs under
the reward-guided greedy search setting. Despite being trained on only 40K automatically labeled
examples, it surpasses all PRMs trained on automated, mixed, or human-annotated data. Ground-
edPRM achieves new state-of-the-art results on AMC23 and matches or outperforms all baselines
on MATH and Minerva MATH. These results confirm the effectiveness of GroundedPRM’s design:
symbolic verification improves fidelity, tree-based path construction ensures stable credit assign-
ment, and rationale-enhanced generative supervision enables precise scoring under multi-candidate
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Table 4: Accuracy of reward-guided greedy search using different PRMs to supervise the Qwen2.5-
7B-Instruct policy model. GroundedPRM outperforms all PRMs trained with human, mixed, or
automated labels, achieving the highest average accuracy. Oly. denotes OlympiadBench.

Model #Sample AMC23 AIME24 MATH College Oly. Minerva Avg.
pass@1 - 50.0 10.0 73.4 485 300 2938 40.3
major@8 - 57.5 133 80.4 53.0 365 @ 36.7 46.2
pass@8(Upper Bound) - 82.5 20.0 90.4 61.0 48.0 49.6 58.6

Reward-Guided Greedy Search (prm@8)

Trained on Human Annotated Data (PRMS800K)
Qwen2.5-Math-7B-PRM800K 264K 60.0 10.0 75.6 36.5 235 29.0 39.1

Llemma-PRMS800K-7B 350K 42.5 6.7 72.2 475 27.6 29.5 37.7
ReasonEval-7B 350K 52.5 6.7 76.0 33.8 338 30.0 41.9
Trained on a Mix of Human and Automated Annotation Data

Math-PSA-7B 860K 47.5 13.3 69.8 46.0 27.6 33.5 39.6
Trained on Automated Annotation Data

Math-Shepherd-PRM-7B 445K 45.0 10.0 74.8 485 28.0 29.0 39.2
RLHFlow-Mistral-8B 253K 50.0 6.7 74.2 48.0 309 27.5 39.5
RLHFlow-Mistral-8B 273K 375 13.3 74.8 50.5 29.8 30.0 39.3
EurusPRM-Stagel 453K 47.5 10.0 73.0 49.0 30.1 31.0 40.1
EurusPRM-Stage?2 230K 45.0 13.3 73.6 51.0 31.6 32.5 41.1
GroundedPRM 40K 57.5 10.0 74.8 49.0 313 32.5 42.4

decoding. By scoring each candidate step with accurate and verifiable feedback, GroundedPRM
successfully guides the policy model toward accurate multi-step reasoning without requiring external
demonstration or value-based lookahead.

5 Conlcusion

We introduced GroundedPRM, a tree-guided and fidelity-aware framework for process supervision.
By combining structured path exploration via MCTS, symbolic step-level verification, hybrid reward
aggregation, and rationale-enhanced supervision formatting, GroundedPRM addresses three core
limitations of prior PRMs: low factual fidelity, noisy reward signals, and misalignment with step-
level reasoning objectives. GroundedPRM is trained on only 40K automatically labeled samples,
amounting to just 10% of the data used by the best-performing PRM trained with auto-labeled
supervision. Nevertheless, it achieves up to a 26% relative improvement in average performance on
ProcessBench. When used for reward-guided greedy search, GroundedPRM outperforms even PRMs
trained with human-labeled supervision. These results underscore the effectiveness of structured,
verifiable reward modeling in enhancing the reasoning capabilities of LLMs.

6 Future Work

While GroundedPRM provides a strong foundation for verifiable and structured process supervision,
several directions remain open for further enhancement. Its performance can potentially benefit from
stronger LLMs to improve trajectory quality. Expanding beyond a single symbolic tool could also
extend the framework’s applicability to more diverse reasoning domains. Additionally, integrating
human preferences may further align supervision with interpretable and human-aligned reasoning.
These extensions offer promising avenues to broaden the impact and generality of GroundedPRM in
increasingly complex reasoning settings.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract and introduction state the three limitations addressed (noisy re-
wards, low factual fidelity, misalignment) and the four components (MCTS, tool verification,
hybrid aggregation, generative PRM), which match the methodology and results reported in
Section3land Section

Guidelines:
¢ The answer NA means that the abstract and introduction do not include the claims
made in the paper.
* The abstract and/or introduction should clearly state the claims made, including the

contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: See Section[6]

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

¢ The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [NA]

Justification: This work is empirical/methodological without formal theorems; we provide
algorithmic details and pseudocode.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Benchmarks, baselines, prompts, training hyperparameters, model family, and
pseudocode are provided.

Guidelines:

» The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: See Code.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes] .

Justification: We report datasets/benchmarks, sampling/search configs, LoRA settings,
optimizer, LR schedule, seed, and hardware (4 x A100 80GB) in Sec. 4 and App. B, App. C.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: We report results averaged over 3 independent runs.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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8.

10.

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

e It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: We specify GPU type and memory (4 x A100 80GB) and main training config-
uration in App. B.

Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The work uses public math datasets and does not involve personal data or
human subjects; we follow dataset licenses and anonymity requirements.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: We discuss this in Section [@
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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11.

12.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: We do not release a high-risk generative model or scraped sensitive data.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: We cite all datasets/models.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the package
should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the license
of a dataset.
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15.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]

Justification: We do not release a new dataset. Supervision data are constructed from public
sources with described pipeline.

Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: No crowdsourcing or human-subject studies are involved.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: No human-subject research is conducted.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.
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799 * For initial submissions, do not include any information that would break anonymity (if

800 applicable), such as the institution conducting the review.

801 16. Declaration of LLM usage

802 Question: Does the paper describe the usage of LLMs if it is an important, original, or
803 non-standard component of the core methods in this research? Note that if the LLM is used
804 only for writing, editing, or formatting purposes and does not impact the core methodology,
805 scientific rigorousness, or originality of the research, declaration is not required.

806 Answer: [Yes]

807 Justification: LLMs are central to MCTS rollouts and generative PRM training; we specify
808 the base model, prompts, and decoding settings in Section 4]

809 Guidelines:

810 * The answer NA means that the core method development in this research does not
811 involve LLMs as any important, original, or non-standard components.

812 * Please refer to our LLM policy (https://neurips.cc/Conferences/2025/
813 L.LM) for what should or should not be described.
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