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Abstract

In this work, we design quantum algorithms that
are more efficient than classical algorithms to
solve time-dependent and finite-horizon Markov
Decision Processes (MDPs) in two distinct set-
tings: (1) In the exact dynamics setting, where
the agent has full knowledge of the environment’s
dynamics (i.e., transition probabilities), we prove
that our Quantum Value Iteration (QVI) algo-
rithm QVI-1 achieves a quadratic speedup in the
size of the action space (A) compared with the
classical value iteration algorithm for computing
the optimal policy (7*) and the optimal V-value
function (Vj"). Furthermore, our algorithm QVI-
2 provides an additional speedup in the size of
the state space (.5) when obtaining near-optimal
policies and V-value functions. Both QVI-1 and
QVI-2 achieve quantum query complexities that
provably improve upon classical lower bounds,
particularly in their dependences on S and A. (2)
In the generative model setting, where samples
from the environment are accessible in quantum
superposition, we prove that our algorithms QVI-
3 and QVI-4 achieve improvements in sample
complexity over the state-of-the-art (SOTA) clas-
sical algorithm in terms of A, estimation error
(€), and time horizon (H ). More importantly, we
prove quantum lower bounds to show that QVI-3
and QVI-4 are asymptotically optimal, up to loga-
rithmic factors, assuming a constant time horizon.

1. Introduction

Markov Decision Processes (MDPs) provide a mathemat-
ical framework for modeling decision-making problems
in uncertain environments. They are an important frame-
work to model discrete-time stochastic control and reinforce-
ment learning (RL) (Puterman, 2014; Agarwal et al., 2019).
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MDPs have been applied in fields such as networks, robotics,
and operations research (Alsheikh et al., 2015; Matignon
et al., 2012). Despite their wide applicability, MDPs often
face significant computational challenges in practice. A key
issue arises when the number of possible states or actions
in the system becomes very large. In particular, this “curse
of dimensionality” makes solving MDPs computationally
infeasible in many practical scenarios (Powell, 2007).

Quantum computing is a new computing paradigm that har-
nesses the laws of quantum mechanics. For certain classes
of problems, such as unstructured search (Grover, 1996),
prime number factoring (Shor, 1994), optimization (Sidford
& Zhang, 2023; Jordan, 2005; Liu et al., 2024) and online
learning (He et al., 2024; 2022; Wan et al., 2023), quantum
computing demonstrates significant speedups over classi-
cal computing. Recent advancements in quantum hardware
(Arute et al., 2019; Al et al., 2024) indicate that practical
quantum computers can be a reality in the near future.

Given the importance of MDPs and the advancement in
quantum computing, researchers have explored various
quantum algorithms to reduce the time complexity of solv-
ing MDPs. In the stochastic control domain, (Naguleswaran
& White, 2005) suggested two quantum techniques that
can potentially be used to accelerate classical algorithms
for finite-horizon MDPs (Puterman, 2014). However, this
work only focused on problem formulation and did not pro-
vide a concrete quantum algorithm for finite-horizon MDPs
with performance guarantee. (Naguleswaran et al., 2006)
applied quantum walk (Magniez et al., 2007) to efficiently
solve a specific class of MDPs, namely deterministic short-
est path problems. However, the quantum algorithm and
analysis there cannot be applied to general finite-horizon
MDPs. For RL, researchers proposed to replace subrou-
tines of existing RL frameworks by quantum algorithms.
For example, (Wiedemann et al., 2022) proposed to use a
quantum Monte Carlo (MC) (Montanaro, 2015) to replace
the classical MC method on policy evaluation. However,
their algorithm is inefficient as its quantum sample complex-
ity is exponential with respect to S in both time-dependent
and time-independent settings for obtaining near-optimal
policies. Improved sample-complexity results that do not
increase exponentially in .S have been obtained for infinite-
horizon MDPs. For example, (Cherrat et al., 2023) utilized
a quantum linear system solver (Chakraborty et al., 2019) to
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approximate Q-values during the policy evaluation. (Wang
et al., 2021) proposed nearly minimax optimal quantum al-
gorithms for infinite-horizon MDPs by leveraging quantum
mean estimation (Montanaro, 2015) and quantum maxi-
mum searching (Durr & Hoyer, 1999). Besides, (Cornelis-
sen, 2018) applied quantum gradient estimation (Gilyén
et al., 2019) in policy improvement. However, these algo-
rithms are only tailored to infinite-horizon problems with
a time-invariant value function, thus preventing their use
in finite-horizon and time-dependent scenarios where the
value functions depend on time.

Thus, one open question is, can one design quantum al-
gorithms that are more efficient than classical algorithms
in obtaining the optimal or e-optimal policy, V-value and
Q-value functions for “finite-horizon” and “time-dependent”
MDPs? We address this open question in both the exact
dynamics setting and the generative model setting. Our
contributions are as follows:

¢ In the exact dynamics setting (Section 3), we propose
a Quantum Value Iteration (QVI) algorithm QVI-1,
that computes the optimal policy and V-value function
with a quadratic speedup in A compared with the clas-
sical value iteration algorithm. Additionally, QVI-2
achieves a further speedup in S for obtaining near-
optimal policies and V-value functions, enabled by our
novel quantum subroutine, quantum mean estimation
with binary oracles (QMEBQ), for mean estimation of
arbitrary bounded functions. Besides, we also derive
new classical lower bounds for computing near-optimal
policies and V-value functions. A summary of these
results is provided in Table 1.

* In the generative model setting (Section 4), we pro-
pose two quantum algorithms, QVI-3 and QVI-4, to
efficiently compute e-optimal policies and value func-
tions. Compared with SOTA classical algorithms for
time-dependent and finite-horizon MDPs, both QVI-3
and QVI-4 achieves speedups in H, and ¢, with QVI-3
additionally achieving a quadratic speedups in A.

* Assuming access to a quantum generative oracle for
time-dependent and finite-horizon MDPs, we establish
quantum lower bounds for obtaining near-optimal poli-
cies, V-value functions, and Q-value functions. Our
results demonstrate that QVI-3 and QVI-4 are asymp-
totically optimal, up to log factors, provided that H
is a constant. Further, our results also lead to a new
lower bound for obtaining Q-values in the classical
setting. A summary of the upper and lower bounds in
the generative model setting is provided in Table 2.

2. Preliminaries

Define notations: For an arbitrary positive integer n, we
define [n] as the set {0,...,m — 1}. For any finite set X

and any vector f € YX, we denote the element of f at
entry x by f(x). For any f € RX, the operations v/, | f|,
and f? are applied component-wise. Given two vectors
f1, f2 € R, we define max{fi, fo} as their element-wise
maximum, and write f; < f5 to indicate component-wise
inequality. The bold symbols 0 and 1 represent vectors
of all zeros and ones, respectively, and a scalar = in an
equation with vectors should be interpreted as = - 1. We
usually identify a function f : X — Y as a vector f € VX,

MDP Preliminaries: We study time-dependent and finite-
horizon MDPs in two settings: (a) the exact dynamics set-
ting (Section 3) and (b) the generative model setting (Sec-
tion 4). In both settings, the MDP has a finite and dis-
crete state space S and action space A. In each time step
h € [H], an agent need to decide which action a € A
to take for each state s € S. After taking the action
a at the state s in the time step h € [H], the agent ob-
tains a reward r,(s,a) € [0,1] and transitions to the
next state s’ € S with probability P}, (s’|s,a). We de-
fine a finite-horizon and time-dependent MDP as a 5-tuple
M = (S, A AP Arn Y2 H). We define S = |S]|
and A := | A|, which are the cardinalities of S and .A re-
spectively. A policy 7 is a mapping from S x [H] to A,
where 7 (s, h) specifies the action that the agent should take
in the state s at the time step h. The policy space is de-
fined as IT := AS*[H]_ In MDPs, the objective of the agent
is to find a policy 7 that maximizes the expected cumula-
tive reward over H time horizon. This can be written as
maximizing the V-value function, V;7 : & — R, at each
time step h. Specifically, the V-value function at time A for
an initial state s under a policy 7 is defined as V;7(s) :=

E[Zf];hl ri(se, a¢)|m, sp = s], where a; = (s, t). Simi-
larly, the Q-value function @} : S x A — R is defined as

Q% (s,a) = E[Ef:_hl Tt(st,at)’ﬂ, Sp =S, ap = a}.

For a policy 7, we define P € RSAXSA a5 the matrix with
entries P7 ((s,a), (s',a’)) = Py(s'|s,a) if a’ = 7(s’) and
0 otherwise. For any Q € RS*A, we define PrQ e RS*A
as (PFQ)(s,a) = 3, cs Pu(s'|s,a)Q(s', m(s')). With a
slight abuse of notation, we define P, € RS4*S as the ma-
trix satisfying Py, ((s, a), s") = Pr(s'|s, a) forany h € [H].
For any fixed s € S,a € Aand h € [H], we define P, , €
RS as the vector satisfying Pys ,(s") = Pu(s'|s, a). There-
fore, we can express E[f(s)|s" ~ Ppjs.4] = PhT\s,af for
any f € RS,

For any vector v € RS, we define 07 (v) € RS*4 as a vec-
tor satisfying [07 (v)](s,a) = Var[v(s')|s' ~ Py(-|s,a)]
for any h € [H]. In the vector notation, it can be written as
03 (v) = Pv? — (Pyv)?. We also define oy, (v) = /07 (v).
We define V(Q) € RS as [V(Q)]s = max,ea{Q(s,a)}

and 7(Q) € A® as [1(Q)]s = argmax,e4{Q(s,a)} for
any vector Q € RS*A,
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Classical query complexity

Quantum query complexity

Goal:
Upper bound Lower bound Upper bound
Optimal 7*, V5 S?AH 52 A [Theorem 3.2] S%v/AH [Theorem 3.6]
e-accurate estimate 1.5 3
S?AH S2A [Th 32] | SLVAH?
of * and {V;} -} [Theorem 3.2] . [Theorem 3.9]

Table 1. Classical and quantum query complexities for solving time-dependent and finite-horizon MDPs in the exact dynamics setting.
All quantum upper bounds are O(-), assuming a constant failure probability J. The range of error term € is (0, H]. The classical upper
bounds are O(-), derived from the value iteration algorithm in (Puterman, 2014). The classical lower bounds are €2(-), which holds for

e € O(H).

Goal: obtain Classical sample complexity

Quantum sample complexity

an e-accurate
estimate of Upper bound Lower bound Upper bound Lower bound
Qi) SAHT | SAH [Theorem 4.7 | SAH™Y [Theorem 4.6] | SAL" [Theorem 4.7]
SAH?5
===~ [Theorem 4.6]
— 4 3 .
™ V) SAH SAHC Theorem 4.7] ‘ SVAHT? [ Theorem 4.7]
3
@ [Theorem 4.4]

Table 2. Classical and quantum sample complexities for solving time-dependent and finite-horizon MDPs in the generative model setting.
All bounds assume a constant maximum failure probability 8. All upper bounds are O(-), which requires e € O(1/v/H) for [Theorem
4.6] and € € (0, H] for [Theorem 4.4]. All lower bounds are Q(-), which holds for e € (0, 1/2). The classical upper bounds for all goals
were shown in (Li et al., 2020). The classical lower bound for 7* and {V} }f;ol was shown in (Sidford et al., 2018).

Below, we provide formal definitions for some important
concepts in the finite-horizon MDP M.

Definition 2.1 (Value operator associated with a policy).
For any policy 7 € TI, let 7."(-) be the value operator
associated with 7 such that, for all u € RS, h € [H] and
s € S, [THw)]s = r(s,m(s,h)) + Pl 1o pyu- Welet
{ Vh"},ﬂ{j{:_o1 denote the V-value functions of policy 7, which
satisfies 7" (V;T, ) = V;T forall h € [H].

Definition 2.2 (Optimal value and policy). Define the opti-
mal value of an initial state s € S at each time step h € [H]
of the finite-horizon MDP M as V}*(s) := max.en V|7 ().
A policy 7 is said to be an optimal policy 7* if V|J = V.
Similarly, we can also define the optimal value of an ini-
tial pair of (s,a) € S x A at each time step h € [H] as
Qi (s,a) = maxcn QF (s, a).

Definition 2.3 (e-optimal value function and policy). We
say that V-value functions {V},};; are e-optimal if
Vi = Vall,, < eforall h € [H] and a policy m € II
is e-optimal if ||V;* — V/7|| < eforall h € [H], which
implies the V-value functions of 7 are e-optimal. Similarly,
we say that Q-value functions {Qh}th_Ol are e-optimal if
1Q — Qnll,, < eforall h e [H].

Quantum Preliminaries: Before introducing our quantum
algorithms, a brief overview of Dirac notation (Nielsen &
Chuang, 2010) is given to ensure clarity. In Dirac notation,
vectors v in a complex vector space C" are represented

as |v). The symbol [i), where ¢ € [n], denotes the i +
1-th standard basis vector, with |0) typically reserved for
the first standard basis vector. In this paper, real numbers
are encoded in the computational basis using a fixed-point
binary representation with precision 277. Specifically, a

real number k is encoded as [Bi[k]) = |k1...kq) € c”,
where ki ... kg = k1 ... kg—p.kg—p+1 ... kg 1s the binary
string of k. We assume that ¢ and p are sufficiently large so
that there is no overflow in storing real numbers.

We now define a quantum oracle for arbitrary functions and
vectors, which is often referred to as binary oracle.

Definition 2.4 (Quantum oracle for functions and vectors).
Let  be a finite set of size N and f € R. A quantum
oracle encoding f is a unitary operator By : cVeC? -
CN ® C? such that By : [i)|0) ~ |i)|Bi[f(4)]) for all
i € [N], where Bi[f(7)] is the binary representation of f(7)
with precision 27P.

3. Exact Dynamics Setting

In this setting, it is assumed that the environment’s dynamics
are fully known, i.e., the transition probability matrix P}, at
each time step & is explicitly provided for the entire state-
action space. To formalize this assumption, we introduce the
classical oracle for finite-horizon MDPs O A in Definition
3.1. Given this classical oracle, the classical value iteration
algorithm (Algorithm 6) can obtain an optimal policy 7*
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and optimal value V" (s) for any initial state s € S with
O(S? AH) queries to the oracle O (Bellman, 1958).

Definition 3.1 (Classical oracle of an MDP). We define a
classical oracle Opq : S X A x [H] x § — [0,1] x [0,1]
for a time-dependent and finite-horizon MDP M satisfying
Om: (s,a,h,s) — (Th(s,a),Pms)a(s’)).

To understand the limits of classical algorithms under this
setting, we establish a lower bound on query complexity
for computing near-optimal policies and V-value functions.
This result adapts the techniques developed for infinite-
horizon MDPs in (Chen & Wang, 2017) to the finite-horizon
case. The rigorous proof of Theorem 3.2 is presented in
Appendix A.2.

Theorem 3.2 (Classical lower bounds). Let S and A be
finite sets of states and actions. Let H > 2 be a positive in-
teger and € € (0, %) be an error parameter. We consider
the following time-dependent and finite-horizon MDP M =
(S, A AP Arn Y2t H), where 1y, € [0,1]5%A for
all h € [H]. Given access to the classical oracle Oy, any
algorithm IC, which takes M as an input and outputs e-
approximations of {V;* hH;()l or * with probability at least
0.9, must require at least Q(S?A) queries to Oy on the
worst case of input M.

3.1. Speedup on A

Having established the classical baseline, we now turn to in-
vestigating whether quantum algorithms can offer improve-
ments, particularly in the dependence on the action space
size A. To have a fair comparison on the time complexity
between a classical algorithm and a quantum algorithm, we
first define the quantum analog of the classical oracle O .

Definition 3.3 (Quantum oracle of an MDP). A quantum
oracle of an MDP M is a unitary operator Og : C¥ ®
CArCERCI®CYeCY - C9eCACleCw
C?" @ C*" such that
Ogum :|s)|a) [h) |s") [0) |0) "
= |s) la) k) |s") [Bi[rn (s, a)]) [Bi[Pyjs,a(s)]) .
forall (s,a, h,s’) € SxAx[H]xS, where Bi[r, (s, a)] and
Bi[P 5 4 (s")] denote the binary representation of 7, (s, a)
and Py, 5 ,(s’) with precision 277,

We define the number of queries made to the quantum oracle
Ogm or classical oracle O as the quantum or classical
query complexity, respectively. Comparing quantum and
classical time complexities can be achieved by examining
their respective query complexities, because implementing
O g has comparable overhead as O . Specifically, given
a Boolean circuit of O with N logic gates, it can be con-
verted into a quantum circuit of Og ¢ with O(NN) quantum
gates. This conversion can be efficiently achieved by simple
conversion rules at the logic gate level (Nielsen & Chuang,
2010). Therefore, Ogaq and O x4 have comparable costs at
the elementary gate level. Then, if the classical oracle O x4

Algorithm 1 Quantum Value Iteration QVI-1(M, §)
1: Require: MDP M, quantum oracle Og ¢, maximum
failure probability ¢ € (0,1).
. Initialize: ¢ < 6/(SH), Vg + 0.
:forh:=H—1,...,0do
create a quantum oracle BVh+1 for vector V;H 1 €RS
Vs € S: create a quantum oracle BQA;L,S encoding

vector Qh,s € RA with Og a4 and BVthl satisfying
Qns(a) = ra(s,a) + Bl Vier
6: Vs €S:w(s,h) + QMS{Qns(a):a € A}
7. VseS: Vh(s) +— Qh,s (fr(s, h))
8: end for X
9: Return: 7,

can be called in constant time, the quantum oracle Og g
can be called in constant time as well. Under this assump-
tion, query complexity directly reflects the time complexity
for both the classical and quantum algorithms.

With the quantum oracle Og a4, our objective is to design
quantum algorithms that can compute 7* and V() for all
s € § with probability at least 1 — §, while minimizing the
total number of queries to Og .-

We first introduce an existing quantum subroutine, quantum
maximum searching algorithm (Durr & Hoyer, 1999), which
can efficiently find the maximum of a list of unsorted IV &
7+ numbers using only O(v/N) queries to that list. In
contrast, the best-possible classical algorithm must examine
all N elements in the worst case to find the maximum.

Theorem 3.4 (Quantum maximum searching (Durr &
Hoyer, 1999)). Let By be a quantum oracle encoding a
vector f € RN, N € Z*. There exists a quantum maxi-
mum searching algorithm, QMS, which, for any § > 0, can
identify an index i such that f (i) is the maximum value in f,
with a success probability of at least 1 — 0. The algorithm
requires at most &\/N log(1/8) queries to By, where & > 0
is a constant.

We use QMS;{f(i) : i € [N]} to denote the process of
finding the index of the maximum value of a vector f us-
ing QMS, with a success probability at least 1 — §. Note
that the classical value iteration algorithm needs to take the
maximum over the whole action space in the Bellman recur-
sion to obtain the estimates of optimal V-value function V}*
and optimal action 7* (s, h) for state s at time stage h. We
incorporate QMS in this step to reduce the query complex-
ity from O(A) to O(v/A). Now, we propose our quantum
value iteration algorithm QVI-1 in Algorithm 1. In order to
use QMS correctly, one needs to suitably encode the vector
V;H_l and Q;Ms with the binary oracles. In summary, QVI-1
returns an optimal policy and optimal values (Theorem 3.5)
but only requires O(S2v/AH) queries to the quantum ora-
cle Oga (Theorem 3.6). The proof of Theorems 3.5 and
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3.6 can be found in Appendix A.3, where we also analyze
the cost of the qubit resources of QVI-1.

Theorem 3.5 (Correctness of QVI-1). The outputs 7 and Vo
satisfy that @ = 7* and Vy = V" with a success probability
at least 1 — 6.

Theorem 3.6 (Complexity of QVI-1). The quantum query
complexity of QVI-1 in terms of the quantum oracle O gy

is O(S*VAH log(SH/9)).
3.2. Speedup on S

Since QVI-1 achieves a speedup in the action space size A,
it is advantageous for problems with a large action space,
such as natural language processing, where each text in
a large dictionary corresponds to a distinct action (Feng
et al., 2024). However, in problems modeled by numerous
variables, such as Chess or Go, where each position in a vast
board is represented as a state, the state space can be much
larger than the action space and time horizon (Bellman,
1962). In such scenarios, QVI-1 may not be suitable due
to its complexity of O(S?). This complexity arises for two
reasons: (1) one needs to update O(.S) Q-value functions
at each time step; (2) computing the “precise mean” of
the V-value function from the last time step needs O(S)
queries to the oracle Ogaq when updating each Q-value
function. Note that for obtaining an “e-estimation of the
mean” of n Boolean variables, quantum algorithms only
need ©(min{e~!,n}) queries to a binary oracle (Nayak &
Wu, 1999; Beals et al., 2001). This suggests that a quantum
speedup in S may be achievable if one is satisfied with a
near-optimal policy. Therefore, next we investigate whether
there exists a quantum algorithm that can obtain e-optimal
policies and V-value functions for an MDP M but only
requires O(Scpoly(\/z, H,e™')) queries to Ogpm, where
0<e<2

To achieve this optimization goal, we propose QVI-2 in
Algorithm 2, where the quantum subroutine QMEBO, as
used in the fifth step, is defined in Algorithm 3. The main
difference between QVI-1 and QVI-2 is that we compute
an estimate of the expectation of P}ﬁ syaf/hﬂ rather than its
precise value in each time step & in QVI-2. Since the oracle
Oom that encodes the probability distribution Py, 4 is a
binary oracle, we cannot directly apply the existing quan-
tum mean estimation algorithms (Montanaro, 2015), which
require an oracle that encodes the probability distribution in
the amplitude (See Theorem 4.2). Hence, we design a new
quantum subroutine in Algorithm 3, denoted as quantum
mean estimation with binary oracles (QMEBO).

Theorem 3.7 (Quantum mean estimation with binary ora-
cles). Let Q) be a finite set with cardinality N, p = (pz)zeq
a discrete probability distribution over ), and f : Q@ — R
a function. Suppose we have access to a binary oracle B,
encoding the probability distribution p and a binary ora-
cle By encoding the function f. If the function f satisfies

Algorithm 2 Quantum Value Iteration QVI-2(M, ¢, §)
1: Require: MDP M, quantum oracle Og ¢, maximum
error € € (0, H], failure probability § € (0, 1).
. Initialize: ¢ < 6/(46SA'2H log(1/9)), Vi + 0.
cforh:=H—-1,...,0do
4:  create a quantum oracle By,  encoding Vh+1 €
[0,1]5 defined by V}, 41 < VhH/H
5. Vs € S: create a quantum oracle B
2,5 € R defined by
“h,s(a) « H-QMEBO( (P Vi41,00m, By
6: Vs € §: create quantum oracle By

W N

2n.s €ncoding

e 2H2) 57
encoding
h E]

Qn.s € RA with Ogaq and B., . satisfying
Qn.s(a) < max{ry(s,a) + z5.4(a),0}
. Vs eS: (s, h) < QMS;{Qn..(a) : a € A}
8 Vs €S Vi(s) « Qus((s h))
9: end for
10: Return: 7, {V;,} 21

fz) €
requires O ((

[0,1] for all x € ), then the algorithm QMEBO
\/—Eﬁ + /%) log(1/6)) queries to B, and By

to output an estimate fi of i1 = E[f(x)|z ~ p] = pT f such
that Pr(|ji — p| <€) > 1—46 forany § > 0.

We denote QMEBO;(p™ f, By, By, €) as an estimate of
pT f, to an error less than € with probability at least 1 — §
obtained by QMEBO. The key step of QMEBO lies in line
4, where a binary oracle B, is transformed into a unitary
oracle U Unlike B,, U encodes the information of the
probablhty distribution p in amplitude rather than in quan-
tum state. Using Up, we prepare the state |¢(0 ) defined as

%ﬁzﬁim )+ X Zﬁv‘p;‘ 0. @

The transformation and the required query complexity are
presented in Theorem A.3. After encoding the function f in
the amplitudes (lines 5-6), the amplitude estimation (Theo-
rem A.5) is applied to compute an estimate y, of p* f /N
with an error of ¢/N in the loop k. Finally, guaranteed
by the Powering lemma (Lemma A.4), the output & is an
e-estimate of pT f with probability at least 1 — §. The com-
plete version and full analysis of QMEBO is presented in
Appendix A.4.

With QMEBO, it only requires O(v/S/¢) queries to the
oracle Ogaq to obtain an e-estimate of Ph oV for any

V € [0,1]°. Compared with computing the precise value of

P;ﬁs .V with O(S) queries to Og r(, QMEBO reduces the

query complexity from O(S) to O(v/S). Finally, QVI-2
only requires O (S*°poly(v/A, H,1/e)) queries to Ogm
(Theorem 3.9). By suitably controlling the error induced by
QMEBO, one can ensure that QVI-2 can obtain e-optimal
policies and V-value functions (Theorem 3.8). Note that we
subtract the H times error induced by QMEBO in line 5
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Algorithm 3 Quantum Mean Estimation with Binary Ora-
cles QMEBO; (p™ f, By, By, €)
1: Require: B), encoding a probability distribution p =
(pi)icq on a finite set Q with cardinality N, By encod-
ing a function f = (f;);cq where f; € [0, 1], maximum
error €, maximum failure probability ¢ € (0, 1).
2: Initialize: K = O(log1/4), T = O(@ +4/3)
3: for k € [K] do
4 Prepare state |1)(?)) = U, |0) |0) using B,
5. Attach |O>®(q+1) qubits on |)(?)) and apply B
[0 ) = 25 S, Vil [0) [Bilfi]) [0) + @)

6:  Perform controlled rotation R based on |Bi[f;]) and
revert By
|1/J(2 > f Zz 1 szfz ‘ > ‘000> + |®(2)>

7:  Apply T iterations of amplitude estimation with state
[4) = [¢()), operator U = 2 |1)) ()| — I, and pro-
jector P = I ® |000) (000| to obtain i,

8: end for

9: Return: i = N - Median({/x } ke[k])

of QVI-2 which allows the estimates zj, s(a) to have an
one-sided error. This is a variant of the monotonicity tech-
nique which was originally proposed for solving the infinite-
horizon MDPs more efficiently (Sidford et al., 2018). This
technique ensures that the value function V;, is bounded by
the value function of the policy V,f“ at the same time step.

Theorem 3.8 (Correctness of QVI-2). The outputs 7 and
(VY2 satisfy that Vie — e < Vi, < Vi <V} for all
h € [H] with a success probability at least 1 — 6.

Theorem 3.9 (Complexity of QVI-2). The quantum query

complexity of QVI-2 in terms of the quantum oracle of
MDPs Ogp is

St5\/AH3log(SA“H/0)

€

o )- 3)

4. Generative Model Setting

Even though the exact dynamic model allows precise calcu-
lation of optimal policies and values, such a model is not
always readily available in a complex environment. In this
section, we focus on the generative model setting as studied
in (Li et al., 2020). Specifically, we assume that the agent
lacks full access to the transition probabilities but can query
a generative model to sample transitions for specific state-
action pairs. Note that similar models have often been used
in the classical setting, where one is assumed to have access
to a generative model GG, which can generate N independent
samples for each (s,a,h) € S x A x [H] satisfying
si(5,0) X Pyaa, i=1,...,N. )

Correspondingly, we define a quantum generative model G
for an MDP M in Definition 4.1. It is important to point

out that the quantum state output by G is similar to a sample
drawn from the probability distribution P, , in Eq. (4).

Definition 4.1 (Quantum generative model of an MDP).
The quantum generative model of a time-dependent and
finite-horizon MDP M is a unitary matrix G : C° @ C4 ®
CHC*®C’! - C°®CA®CH ®C% ®C’ satisfying

G :1s) a) 1) 0) 0
3 Ja) 0 (Z Prjoals >|s’>js,>>7 ©

where J > 0 is an arbitrary integer and |jy/) € C’ are
arbitrary auxiliary states.

We define the number of calls that an algorithm makes to the
quantum generative model G or classical generative model
G as its quantum or classical sample complexity. Note that
in Section 3.1, we have argued that comparing the time
complexities of using a quantum oracle and using a classi-
cal oracle can be reduced to comparing the quantum and
classical query complexities. In this section, although the
quantum generative model G that we use is different from
the quantum oracle Og a4, the same reduction from time
complexity to sample complexity still holds. The reason
is that G and G have similar costs at the elementary gate
level, assuming access to the classical circuit implementing
G. In addition, it only incurs logarithmic overhead for G to
encode the transition probabilities into quantum amplitudes,
provided that quantum random access memory (QRAM)
(Giovannetti et al., 2008) is available. Finally, the quantum
time complexities match the quantum sample complexities
up to log factors, provided that these assumptions hold and
G can be called in constant time.

We formally state the optimization goals in this setting.
For a given time-dependent and finite-horizon MDP M,

€ (0,H] and § € (0,1), we want to obtain e-optimal
policies, V-value functions and Q-value functions with prob-
ability at least 1 — §. With these objectives, we aim to
design algorithms that require as few queries to the quantum
generative model G as possible.

Before delving into our algorithms, we first introduce an-
other important quantum subroutine, quantum mean estima-
tion, in Theorem 4.2. Quantum mean estimation consists
of two similar quantum algorithms, which are QME1 and
QME2. Both of them are referred to as QME.

Theorem 4.2 (Quantum mean estimation (Montanaro,
2015)). There are two quantum algorithms, denoted as
OME]I and QME?2, with the following properties. Let ) be
a finite set, p = (py)zcq a discrete probability distribution
over ), and f : Q — R a function. Assume access to a
quantum oracle U, for the probability distribution p sat-
isfying Uy, = 10) [0) = >__ cq Pz |T) |jz) where |j,) are
arbitrary auxiliary states, as well as an oracle By for the
Sfunction f. Then,
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1. Taking u,e > 0 as additional inputs, along with the
assumption that 0 < f(z) < uforall x € Q, QMEI
requires O(% + \/g) queries to U, and By,

2. Taking o > 0 and € € (0,40) as additional inputs,
along with the assumption that Var[f(z) | x ~ p] <
0%, OME2 needs O (< log2(%)) queries to Uy, and By,

to output an estimate fi of i = E[f(x) | & ~ p] = pT f sat-
isfying Pr(|ii — p| > €) < 1/3. Furthermore, by repeating
either QME1 or QME2 a total of O(log(1/4)) times and
taking the median of the outputs, one can obtain another
estimate [i of p such that Pr(|i — pu| <€) >1—24.

We denote QME{i}5(p” f, €) as an estimate of pT f to an
error at most € with probability at least 1 — §, obtained via
QME({i} for i € {1,2}. Roughly speaking, QMEL1 is a
quantum version of Hoeffding’s inequality, while QME2
corresponds to the Chebyshev’s (or Bernstein’s) inequality.
For example, for a random variable X € [0, u], Hoeffding’s
inequality implies that O(u?/e?) samples are required to
obtain an e-estimation of E[X]. In comparison, QME1 only
requires O(u/€) quantum samples when e € (0, u].

Next, we will discuss how to apply the quantum subroutines,
QME and QMS, into the model-free algorithms for finite-
horizon MDPs by (Sidford et al., 2023) and (Sidford et al.,
2018), and propose two quantum algorithms QVI-3 and
QVI-4 which have significantly less sample complexity
than the SOTA classical algorithms (Li et al., 2020).

4.1. Technical Overview of QVI-3

We first briefly review the main idea of the classical al-
gorithm RandomizedFiniteHorizonVI proposed in
(Sidford et al., 2023). In the standard value iteration al-
gorithm (See Algorithm 6), we initialize V; € RS with
all zero entries and repeatedly apply the Bellman recursion
Vi, = T"(Viy1) starting from the last time step and mov-
ing backward to the first, where the Bellman value operator
Th: RS — RS is defined as

[T" (Va)ls = gleaj({fh(& a)+ P, V1), (6)

for all s € S. Instead of computing the exact value,
they obtain an approximation of [7"(V},11)]s by estimat-
ing P}:F‘&GV;,H via sampling from the classical generative
model G and taking maximum over the action space A.
In order to obtain e-optimal policies and V-value func-
tions, they control the error of estimating P,;F‘S’thH to
be ¢/H. If it also holds that ||V},11||,, < H, then it re-
quires O(SAH?/(e?/H?)) = O(SAH*/€?) queries to G
at each time step h to obtain the estimates of PE‘ S@Vh-‘rl for
all state-action pairs, according to the Hoeffding’s inequality.
Finally, the classical sample complexity of obtaining near

optimal policy and values would be O(SAH?®/€?). The

Algorithm 4 Quantum Value Iteration QVI-3(M, ¢, §)

1: Require: MDP M, quantum generative model G, max-
imum error € € (0, H], maximum failure probability
0 €(0,1).

Initialize: ¢ < 6/(4¢SA'®H log(1/3)), Vg + 0.
forh:=H —1,...,0do
create a quantum oracle BVh+1 encoding Vh+1 € R®
Vs € § : create a quantum oracle B, encoding
2n.s € R4 with G and By, , satisfying
Zh,s(a) < QMElc((P;LT|S7th,+1)7 55) — 55
6:  create a quantum oracle B,, encoding rj, € RS*A
7: Vs € S : create a quantum oracle BQh,s encoding
Qn,s € RA with B, and B., _ satisfying
ths(a) «— max{rp(s,a) + zp,s(a),0}
8 VseS:7(s,h) « QMSs{Qn(a):ac A}
9 VseS:Vi(s) & Qns (7(s, h))
10: end for
11: Return: 7, {V;,} 21

sample complexity derived from above informal analysis
matches the sample complexity of the algorithm in (Sidford
et al., 2023) (up to log-factors).

Now, we show how to achieve speedup in A, H and ¢
by using the quantum subroutines QME and QMS. By
using quantum mean estimation QME], it only requires
O(SA\/H?/(e?/H?)) = O(SAH?/e) queries to the
quantum generative oracle G to obtain e-approximations
of PhT|s,th+1 for all pairs (s,a) € S x A at each time step.
Hence, the total quantum query complexity in H iterations
becomes O(SAH?3 /¢). Furthermore, we apply the quan-
tum maximum searching QMS in the Bellman recursion
to maximize the value on the RHS of Eq. (6). Then, the
query complexity further reduces to O(Sv/AH? /). These
are the fundamental ideas of Algorithm 4, denoted as QVI-
3. In order to correctly apply QME, we also apply the
monotonicity technique in QVI-3 by subtracting the error
induced by QMEI1 so that the V values V), at each time step
are bounded in [0, H]. Finally, QVI-3 can obtain not only
an e-optimal policy 7 but also e-optimal V-value functions
{Vh}th_Ol (Theorem 4.3) with probability at least 1 — 4,
which requires only O(S+/AH? /) queries to the oracle G
(Theorem 4.4). The rigorous proof of the correctness and
complexity of QVI-3 are provided in Appendix B.1.

Theorem 4.3 (Correctness of QVI-3). The outputs  and
(Vi Y= satisfy that Vi — e < Vi, < ViF < Vi for all
h € [H] with a success probability at least 1 — 6.

Theorem 4.4 (Complexity of QVI-3). The quantum query
complexity of QVI-3 in terms of the quantum generative
oracle G is
SV AH?log(SA'H/§
O( g( /%) ) ) )

€




Quantum Algorithms for Finite-horizon Markov Decision Processes

Algorithm 5 Quantum Value Iteration QVI-4(M, ¢, §)

1: Require: MDP M, quantum generative model G, maximum error ¢ € (0, v/H|, maximum failure probability § € (0, 1).
2: Initialize: K < [log,(H/e)] +1,( < §/4AKHSA,c=0.001,b=1

3: Initialize: Vh € [H] : V,\5) + 0;Vs € S,h € [H] :
4: fork=0,...,K —1do
5: ekeH/2’“,Vk,H<—0,Vk(%<—0

6:  V(s,a,h) € SXAX[H]: ypn(s,a) < maX{QMEIC( s, a(Vk((;I)JrlF7 )
7. V(s,a,h) € Sx A [H|: xpp(s,a) < QMEZC( hs, aVk(,h)_H, s
8

7r(()0) (s, h) <« arbitrary action a € A.

(QMEIC( hls, aVk h+1° b/H)) }
Yk,n(s,a) + 45) — 5V Ykn(s,a) +4b

: forh:=H—-1,...,0do
9 W(s,a) €S x A: gpn(s,a) &« QMEL(PE (Vinir — Vi9),,), cH Ver) — cH ey
10: V(s,a) € S x A: Qpn(s,a) < max{ry(s,a) + zx n(s,a) + gi n(s,a),0}
11: Vs e S : Vk,h(s) — Vk_,h(s) — [V(Qk,h)]s,ﬁk(&h) — Wk(s,h) — ['/T(Qk,h)}s
12: Vs € S :if Vin(s) < V,C(?}L)(S), then Vi 1,(s) Vk(’oh) (s) and 7 (s, h) < 7r,(€0) (s,h)
13:  end for
14 VYhe[H]: V,j_?_)Lh < Vi p and W;(gzl(',h) < (-, )
15: end for
16: Return: 7 = mg_1, {Vh}h o ={Vk-1 h}h 0° {Qh}h 0o = {QK—Lh}hH;ol

4.2. Technical Overview of QVI-4

Note that QVI-3 can only obtain e-optimal policy and V-
value functions. Below, we will introduce another algorithm,
QVI-4 in Algorithm 5, which can obtain not only e-optimal
policies and V-value functions, but also Q-value functions.
In this setting, although we can no longer attain a speed-up
in A, we attain a speed-up in H by utilizing two additional
techniques in (Sidford et al., 2018): “variance reduction”
and “fotal variance”.

We now introduce the essential ideas of the two new tech-
niques and show how to integrate these techniques with
the quantum mean estimation QME to reduce the sample
complexity. First, the main idea of variance reduction tech-
nique is that, instead of using the standard value iteration
algorithm (Algorithm 6) directly for a target approxima-
tion error €, one repeats the value iteration algorithm for
K = O(log(H/€)) epochs with decreasing ¢, satisfying
€x = €x—1/2 and e = e. In each epoch k, we obtain ¢j-
optimal V-value functions {V;. »}7—,', Q-value functions
{kah}ff;ol and policy 7. Note that, at the time step h
in epoch k, the second term on the RHS of Eq. (6) can be
rewritten as follows

Pi’zI{s.akathl = P}’ﬁs,a(vkyhﬁrl - Vk(,(;l)—‘rl) + Pi’7,I|‘s,aVk,(,0h)+17
8
where Vk( hi1 € RS is defined as an initial V-value functl(orz
for the time step h + 1 from the previous epoch k£ — 1. Note
that there are a total S A of these equations, each of which is
corresponding to a pair (s, a) € S x A. Rather than directly
obtaining €y, / H-estimation of P, h|s o Vk,ht1, We instead ob-

tain e, /(2H ) estimations of both Ph‘s o Vihg1 — Vk(’h)ﬂ)

and PY

s, aVk((;L)H. For the first estimation, if we have

0 < Vintt
it can be done up to error ¢ /(2H) using only O(H?) clas-
sical samples or O(H) quantum samples by the Hoeffd-
ing’s bound or QMEI1, respectively. Similarly, for the
second estimation, if it holds that 0 < Vk(f)h) 41 < H, it
requires O(H*/€3) classical samples or O(H?/ej,) quan-
tum samples. The overall classical sample complexity is
O(KHSA(H*/&2 + H?)) = O(SAH®/e2), while the
quantum sample complexity is O (K HSA(H? /ey + H)) =
O(SAH? /e,). Note that unlike Section 4.1, we do not ex-
pect a speedup from A to /A here, since we need to es-
timate the Q-values for all actions (instead of finding the
action with the highest Q-value). Although the variance
reduction technique alone does not achieve a speedup in
H compared with QVI-3, we will see the advantage when
combined with the subsequent total variance technique.

— Vk(%)ﬂ < c¢e for some constant ¢ > 0,

The total variance technique stems from the observation
that the actual error propagation across time steps is much
smaller than previously assumed. Previously, the error in

estimating 1, = PthS aVk((z) 41 ateach time step was set
to €, /(2H ), ensuring that the total error accumulated over
H iterations remains bounded by ¢y, / 2 In fact, the per-

step error can be further relaxed to ez}’ (2H15), where

Jk,h = [o

up to Gk/ (2\ﬁ ). As the cumulative standard deviation

H-1
h—0 ak i is associated with an expression that can be non-

(Vk( }L)+1)](s,a). This error value can reach

trivially upper-bounded by H'-® (Lemma B. 2) the total er-
ror remains €y /2. With classical algorithms, y;” K % can be es-
timated with an error ec”}, without explicitly knowing o7 .
This requires overall O (SA(e/H'*)72?) = O(SAH?/€?)
classical samples per time step at each epoch, as guaranteed
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by Chebyshev’s (or Bernstein’s) inequality. When combined
with the variance reduction technique in estimating the first
term on the RHS of Eq. (8), this approach achieves an over-
all classical sample complexity of O(SAH*/e?), matching
the complexity of the algorithm in (Sidford et al., 2018)".

Inspired by (Wang et al., 2021), we can adapt the total vari-
ance technique in the quantum setting. The main challenge
is that we cannot directly apply the quantum mean esti-
mation QME2 like its classical counterpart. First, QME2
cannot estimate 11y to an error of eoyy /(2H"") with-
out prior knowledge of O'ZZ To address this, we can use
QMEI to obtain an estimate (5;5)* of (073)* with an
error 4b > 0, then use QME2 to estimate ,uZ’f,lL with an er-
(634)% = 4b < oy,
to maintain the correctness. Second, QME2 also requires

upper bounds C' € R on o}, Observing that its sam-
ple complexity O(C/¢) can be inefficient for large C, an

s,a 1.5 S,a
ror gy, /(2H*?), where 0}, =

ideal way is to use 7, = \/(637)% +4b as C. How-
ever, this may lead to an unbounded complexity ratio
((6R5)7 +4b)/((6772)% — 4b). To resolve this, we es-
timate 41,5 with an error proportional to )}, ensuring
C/ay5, = 1. Although the correctness may not hold due
to Eii > U,‘Z:?L, we can bound E;’V‘Z < J,‘:Z + /7b and
suppress the extra error by setting b and the parameter ¢
in QVI-4 as small constants. Ultimately, QVI-4 can ob-
tain e-optimal policies, V-value functions and Q-value func-
tions (Theorem 4.5) with O(S AH?" /¢) queries to the quan-
tum generative oracle G (Theorem 4.6), which holds for
¢ = O(1/vH). The proof of the correctness and complex-
ity of QVI-4 is presented in Appendix B.2.

Theorem 4.5 (Correctness of QVI-4). The outputs T,
{Vh}fzo and {Qh}hH:0 satisfy that
Vi —e<VW SV <V, ©)
Qr—e<Qn<Qf <Qp, (10)

forall h € [H] with a success probability at least 1 — 6.

Theorem 4.6 (Complexity of QVI-4). The quantum query
complexity of QVI-4 in terms of the quantum generative
oracle G is

H2.5 1.5

O(SA( +H3)log2(H

Jlog(los("1)HSA/0).
(11)

4.3. Quantum Lower Bound for Finite-horizon MDPs

€

We now state the quantum lower bound of the sample com-
plexity for obtaining the e-optimal policy, V-value func-

!The result in (Sidford et al., 2018) was originally presented for
the time-independent case. We adapt it here for the time-dependent
case with an additional factor of H.

tions and Q-value functions for a finite-horizon and time-
dependent MDP M. Our proof idea is to reduce an infinite-
horizon MDP problem to a finite-horizon MDP problem.
Specifically, we show that, if there is an algorithm that can
obtain an e-optimal V-value function for the finite-horizon
MDP, it also can give an 2e-optimal V-value function to the
infinite-horizon MDP. Therefore, the lower bound of solv-
ing finite-horizon MDP with a quantum generative oracle
inherits from that of the infinite-horizon MDP. The full anal-
ysis is presented in Appendix B.3. Note that our achievable
quantum sample complexities of QVI-3 and QVI-4 differ
from the quantum lower bounds only by a factor of H or
H'?, up to logarithmic factors.

Theorem 4.7 (Lower bounds for finite-horizon MDPs). Let
S and A be finite sets of states and actions. Let H > 0 be a
positive integer and € € (0,1/2) be an error parameter. We
consider the following time-dependent and finite-horizon
MDP M = (S, A, {P}7=t o) H), where ry, €
[0, 1]5*A forall h € [H).

e Given access to a classical generative oracle G, any
algorithm K, which takes M as an input and out-
puts e-approximations of {Q’,"L}f;Ol {V }hH;()l or m*

with probability at least 0.9, must call G at least

Q( SAH3

m) times on the worst case of input M.

e Given access to a quantum generative oracle G, any
algorithm IC, which takes M as an input and outputs e-
approximations of {Q} } hH:_()l with probability at least

0.9, must call G at least Q(%

worst case of input M. Besides, any algorithm IC that
outputs e-approximations of {V;* } hH:_01 or m* with prob-

ability at least 0.9 must call G at least ) (M)

elogt®(eT)

) times on the

times on the worst case of input M.

5. Conclusion

To the best of our knowledge, this is the first work to
rigorously study quantum algorithms for solving “time-
dependent” and “finite-horizon” MDPs. In the exact dynam-
ics setting, our quantum value iteration algorithm QVI-1
achieves a quadratic speedup in the size of the action space
(A) for computing the optimal policy and V-value function,
while QVI-2 achieves an additional speedup in the size of
the state space (S) for computing near-optimal policy and
V-value functions. Besides, our classical lower bounds show
that no classical algorithm can attain comparable query com-
plexities of QVI-1 and QVI-2 in terms of the dependences
on S and A. In the generative model setting, our algorithms
QVI-3 and QVI-4 achieve speedups in A, time horizon
(H), and approximation error (€) over the SOTA classical
algorithm and are asymptotically optimal, up to log terms,
for computing near-optimal policies, V-value functions, and
Q-value functions, provided a constant time horizon.
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Quantum Algorithms for Finite-horizon Markov Decision Processes

A. Exact Dynamics Setting
A.1. Classical Algorithm for Finite-horizon MDPs

For the completeness, we restate the classical value iteration (or backward induction) algorithm in (Puterman, 2014).

Algorithm 6 Value Iteration (Backward Induction) Algorithm for Finite Horizon MDPs
1: Require: MDP M.
2: Initialize: Vg < 0
3: forh:=H—1,...,0do
4: foreachs e Sdo

5 for each a € A do
6: Qh(sa a) = T'h(sa a’) + Z Ph\s,a(S/)Vthl(sl)
s'eS
7: end for
8: (s, h) = argmax Qp(s, a)
acA
9: Vi(s) = Qn(s, m(s, )
10:  end for
11: end for

12: Return: 7, Vj

A.2. Classical Lower Bounds

Proof. We define two sets of hard instances of finite-horizon MDP M, and M5 which are the same as those in Section 4.1 in

(Chen & Wang, 2017). Specifically, suppose that the state space S can be divided into four parts S = Sy UScUSsU{sn },

where the cardinalities of the sets Sy, S and Sp satisfy Sy = Sg = Sp = % and sy is a single action. Let the action

space be A = Ay U {ay }, where the cardinality of the set Ay satisfies Ay = A — 1 and ay is a single action. We now
construct two sets of MDP instances M and M5 that are hard to distinguish.

» Let M be the set of instances satisfying the following conditions.

- P, =Pe[0,1]5*A%S forall h € [H] and rj, = r € [0, 1]5*A, where H > 2;

— For any (s, a) satisfies s € S USp U {sy} and a € A, the transition probabilities satisfy P(s’[s,a) = 1 if
s’ =sand P(s'|s,a) = 0if s’ # s, i.e., the states in S¢ U Sp U {sy } are absorbing states. Besides, the reward
functions satisfy

1, ifseSg,ac A
r(s,a) =40, ifseSp,acA. (12)
%, ifs=sy,ac A

- For any a € Ay and s € Sy, the transition probability satisfies P(s’|s,a) = 1if s’ € Sp and P(s'|s,a) = 0
otherwise, while the reward satisfies (s, a) = 0.

— Forany a = ay and s € Sy, the transition probability satisfies P(s'|s,a) = 1if ' = sy and P(s'|s,a) =0
otherwise, while the reward satisfies (s, a) = 0.

* Let M be the set of instances that are different from those in M; at one state-action pair, which we denote by

(s5,a) € Sy x Ay.

— When (s,a) = (5,a), the transition probability satisfies P(s’|s,a) = 1 for some s’ € Sg and P(s'|s,a) = 0
otherwise, while the reward satisfies (s, a) = 0.

From the above definitions, we can know that the cardinalities of M} and My are |Sp|/Sv*Avl and |Spy x Ay | x| Sp[1Sv < Av],
respectively. We now compute the optimal V-value function V(" for any finite-horizon MDP M; € M.

* For s € Sg, Vir_1 pq,(8) = maxeea{r(s,a) + P5|s oVirm, b = 1, because Vi = 0. Further, since s is an
absorbing state, V}* \y, (s) =1+ V}*yy x4, (s) = H — h. Hence, we can compute V' v, (s) = H.
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* For s € Sp, since r(s,a) = 0 forall a € A and s is an absorbing state, we can compute V;* . (s) = 0 forall h € [H].

* When s = sy, since 7(s,a) = 1 forall a € A and s is also an absorbing state, we can compute Vi, (8) =
1 _ H—h _H
3+ Vi, () = 5 and Vi, (s) = 5

* For s € Sy, we can compute V77 54, (s) = max,e a{r(s,a)} = 0. Further, by the Bellman optimality equation
(Bellman, 1958), we can compute

Vii_2.pm, (s) = max{r(s,a) + > P(sls, @) Vig_y g, ()}
s'eS

= max{V_ m, (5)1{s € S}, Vi1 a1, (1)} (13)

1
= max{0, 5}

The second line comes from the fact that 7(s,a) = 0 for any a € A and state s will transition to sy if @ = ay
or transition to some state s € SB if a € Ay. By induction, we know that V" \, (s) = max{V}’,; \, (s)1{s €

Sp}, Virp1,a, (sn)} = max{0, =340} and Vi, (5) = H5+.
Similarly, we can compute the optimal V-value function Vi, for any finite-horizon MDP My € M. Since M3 only
differs from M on the state-action pair (3,a@) € Sy x Ay and the states s € Sg x Sp x {sn} are absorbing states,
Vi m, (8) only differs from V;*  (s) on state 5. Specifically, V77 _; x,(5) = maxaea{r(5,a)} = 0 and

Vians(5) = mar(s.0) + 3 PS5, 0) Vi1 00, ()
s'eS
= max{Vy/\ 1 a, (5)1{s € S}, Vi1 a, (5) s € Sa b Vilgs am, (sn)} (14)
H — 1
=max{0,H —h+1, #}
=H—-h+1.

The first line comes from the Bellman optimality equation (Bellman, 1958). The second line comes from the fact that
r(3,a) = 0 for all ¢ € A and the state s will transition to some state s’ € Sg, s’ € Sg or s’ = sx under the action
a € Ay \ {@}, a =aora = ay. Hence, it implies that V", (5) = H — 1. However, V", (3) = H=1 Therefore, we
can see that HVO*, My — Voms ||OO = H=1 Using the same proof in Section 5.2 in (Chen & Wang, 2017), we can know that,
to achieve & 21 -optimal Vj with high probability, any algorithm must distinguish M; from M, requiring to search for two
discrepancies in an array of size | Sy x Ay x Sp| = Q(S?A) by quering the classical oracle O (. Therefore, given the
classical oracle O uq, the classical lower bound of query complexity for computing an e-optimal V;, for the time-independent
and finite-horizon MDP is (S2A) for € € (0, %) This implies the classical lower bound of query complexity for
obtaining an e-optimal policy or e-optimal V-value functions for the time-dependent and finite-horizon MDP is Q(S2A). B

A.3. Correctness, Complexity and Qubit Cost of QVI-1 (Algorithm 1)

A.3.1. CORRECTNESS OF QVI-1 (PROOF OF THEOREM 3.5)

Proof. First, we consider the failure probability of the algorithm to achieve above goal. Every QMS is performed with
maximum failure probability ¢ = 6/(SH ) and QMS is called SH times when running Algorithm 1 one time. By the union
bound, the probability that there exists an incorrect output is at most 4.

Now, we assume the ideal scenario when QMS is always successful to find the action a* = arg max,c4 Qh7s(a), ie.,
7(s,h) = argmaxge 4 Qp,s(a). Note that we assume Vi (s) = 0 for all s € S. Then, we have Qp_1 5(a) = rg_1(s,a)
for any policy , indicating that Q1 s(a) = Q% _(s,a) = Q% _,(s,a).

Assume that with our policy 7 (s,h) = argmax,e 4 Qn.(a) for all s € S, h € [H], we have Q. s(a) = Q}(s,a) =

Q7 (s,a) forall s € S,a € A, h € [H]|. Besides, we define 7 (a|s) as the probability that the agent choose action a in
the state s at time h. Note that 7, (a|s) = 1 if a = 7 (s, h) and 75, (als) = 0 otherwise. By Bellman equations, we have
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Vii(s) = Y aen @ (s,a)wn(als) and Qf (s,a) = rp(s,a) + P;Lf‘s .Vir 1. Then, we can know that, for all s € S and
h € [H],
Vi(s) =max_ max Y Qf(s,a)fn(als)

Th RTh41 " RH-—1
acA

= max Z Q3 (s, a)7(als)
" cA (15)

=Q; (s,fr(s,h))

= Qh,s (ﬁ(svh))

= Vi(s).
Besides, since Q; (s, 7(s,h)) = Q7 (s, 7 (s, h)) by the assumption, then V;*(s) = V/¥(s) forall s € S and h € [H].

Similarly, assume that with our policy 7 (s, h) = arg maxac 4 Qn s(a) forall s € S, h € [H], we have V;,(s) = V;*(s) =
Vi*(s) forall s € S, h € [H]. Then, we have

Qi(s,0) = (s, ) + max 3 Py o (Vi (5)
s'eS

= Th(sv a) + Z Ph|s7a(5/)v};k+1(5/)

s'eS (16)
=7n(5,0) + Y Prjs.a(s) Vs (s)
s’eS
= Qn,s(a).
Note that we also have V), = Vhfr for all h € [H]. Then, it also holds that Q} =, + P,ﬁs7a\7h+1 =r,+ P}?}S,th’:_l = QZ
Since Qp-1,5(a) = Q}_1(s,a) = QF;_,(s,a) forall s € S,a € A, then we can know that Viy_1(s) = V;_,(s) =
Vi _,(s) forall s € S. Furthermore, since Viz_1(s) = Vi_,(s) = Vji_,(s) holds for all s € S, then we can
deduce that Q5 ,(a) = Q% _,(s,a) = Q7 _,(s,a) forall s € S and a € A. In the end, we can conclude that
Vo(s) = Vi (s) = Vi (s) for all s € S which implies 7 is an optimal policy. |

A.3.2. COMPLEXITY OF QVI-1 (PROOF OF THEOREM 3.6)

Proof. We first assume that all QMS are successful to find the optimal actions, up to the specified error, because the
probability that this does not hold is at most §. Let C' be the complexity of QVI-1(M, d) as if all QMS are carried out with
maximum failure probabilities set to constant. Then, since the actual maximum failure probabilities are set to { = §/(SH),
the actual complexity of QVI-1(M, §) is

O(Clog(SH/S)). (17)
Now, we check each line of QVI-1(M, d) to bound C.
In line 4, we encode the vector Vh+1 to an oracle BV;LH' This process does not need to query Ogq and only needs to

access the classical vector Vhﬂ. Therefore, the query complexity of B‘A,h+1 in terms of Ogaq is O(1).

In line 5, we need to construct the quantum oracle By~ with Ogy. Since we need to obtain |Phjs,a(s’)) forall s’ € S

and calculate the weighted sum |> s Ppjs,q(5’ YWit1(s')), it requires O(S) query cost of the oracle O rq. Note that
the quantum addition and quantum multiplication can be performed by various quantum circuits, such as quantum Fourier
transform techniques (Ruiz-Perez & Garcia-Escartin, 2017; Draper, 2000). Therefore, the query complexity of BQh, _in

terms of Og g is O(9).

In line 6, we can use quantum maximum searching algorithm QMS in Theorem 3.4, resulting in a query cost of order
O(V/A) to the oracle By, forall s € S in each loop h € [H].

Therefore, it induces an overall query cost of C' = O(S2 VAH ) to the oracle Og . Combining with (17), the overall
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quantum query complexity of QVI-1(M, ¢) in terms of Og a4 is

O(S*VAHlog(SH/5)). (18)

A.3.3. ANALYSIS ON THE COST OF QUBIT RESOURCES

Considering that qubits are still scarce resources in a quantum computer, it is necessary to minimize the qubits resources
required in a quantum algorithm. Note that the line 5 of Algorithm 1 is the main source of consuming qubits in the
whole algorithm. Constructing the oracle BQh for all s € S and h € [H] requires a large number of auxiliary qubits.

This is because the process involves storing information about the vector Vh+1 € R® and the transition probabilities
Pp|s,a(s") for all s € S, which are obtained by querying the quantum oracles BVh+1 and Og . After encoding the

classical information into qubits, we need to compute the weighted sum ), . s Pp[s,q (5’ )Vit1(s"). This process requires
(non-modular) quantum adder(Ruiz-Perez & Garcia-Escartin, 2017; Draper, 2000; Vedral et al., 1996) and (non-modular)
quantum multiplier (Ruiz-Perez & Garcia-Escartin, 2017; Vedral et al., 1996) to compute the additions and multiplications
with additional auxiliary qubits. Specifically, with the fixed-point representation, (Ruiz-Perez & Garcia-Escartin, 2017)
constructs quantum circuits of a non-modular quantum adder Ugaaa : [Bilal),, [Bi[b]),,, — [Bi[a]), [Bi[a] + Bi[b]),, , and
a non-modular quantum multiplier Ugmu : [Bilal),, [Bi[b]), [0),, — \Bi[a]>q7Bi[b]>q7Bi[a]Bi[b]>2q, which can compute the
non-modular sum and multiplication of two non-negative real numbers a and b. We refer readers to (Wang et al., 2024) for a
comprehensive overview of the existing work on quantum arithmetic circuits.

Inspired by the quantum circuit for computing the controlled weighted sum proposed in Section 8 in (Ruiz-Perez & Garcia-
Escartin, 2017), we design a QFT-based circuit to reduce the qubits consumption in constructing the oracle B . We first

prepare the following qubits
la) |s) |y j0)®0Fatt (19)

where ¢; = [log,(S)]. Then we apply the rotation matrix Uy to transform the |0) to the target state |s’). Since we encode
the state space into orthonormal bases, then Uy is unitary. Hence, it returns the output state

ja) [s) [h) |s') [0) T (20)

By applying the unitary oracle Og ¢ and BVHl , we can obtain the following state

ja) [s) |k |s') [Bi[ra(s, a)]) [Bi[Phjs.a(s")]) [Bi[Vata(s)]) [0)%7F. 1)
Then we compute the quantum Fourier transform of [0)®"" where
1 7S o
QFT |0)*""" = o ];O e'a+ [k) = |6(0)), (22)
we obtain the output state
|a) s} [h) [s") [Bilrn(s, a)]) [Bi[Pajs.a(s")]) Bi[Viy1(s)]) [#(0)) - (23)

Then we apply the multiplication block U,,_, Pjo.a(s)Visa(s") defined in the Fig. 4 in (Ruiz-Perez & Garcia-Escartin, 2017)
and obtain the output state

ja) [s) [h) |s') [Bilra (s, a)]) [Bi[Pajs,a(s")]) BilVar1(s")]) [$(0 + BilPhjs o (s)Bi[Vis1 (s')]) - 24)

By applying the unitary matrix B‘Th/ , OTQ g and UJ, in sequence, we can undo the operations on auxiliary qubits and
h+1
obtain the following state

[a) [s) [ [0)%74 [ $(0 + BilPyjs,a(s)]BilViaa (s)])) - (25)
We can repeat the above operations for all s’ € S and obtain
ja) Is) [B) [0)*7% |§(0 + Y BilPajs,a(s")]BilVar1 (s')])) - (26)
s’eS
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By applying the inverse quantum Fourier transform on the state [¢(0 + . s Bi[Pp[s,q(5 )Bi[Vi41(s")])), we can obtain

s'eS

ja) |s) [R) 0) =24

> Bi[Pajsa(s)Bi[Visa(s)]) - 27)

s'eS

Since ) cs Pris,a(s’) = 1and Py, (s") € [0,1] for all s € S, there is no overflow when computing the weighted sum.
Hence, the weighted sum is non-modular. Further, we apply the rotation matrix U, and the oracle Og a4 in sequence to
obtain the state

ja) [s) [B) |s") [Bilra (s, @)]) [Bi[Phys.a(s)]) [0)% | > Bi[Pajs,a(s")]Bi[Vis1(s)]) - (28)
s'eS

Then we apply the quantum adder Ugaqq to obtain the state

|a) |s) [h) |s") [Bilra(s, @)]) [Bi[Pajs,a(s")]) [0)* [Bilra(s, a)] + Y BilPajs,a(s")]Bi[ Vit (s))]) (29)
s’eS

Since there are ¢ + 1 qubits in the last register in (28), then the sum of Bi[r,(s,a)] and ) .5 Bi[Ph|57a(s’)]Bi[Vh+1(s’)]
has no overflow and the result is non-modular. Therefore, by applying OTQ am and U, ST, in sequence, we can obtain the state

ja) |s) [R) 0) 577

Bi[rs(s,a)] Z Bi[Pps,q( s")Bi[Vi41(s)]) - (30)
s'eS

Remark: Since the above operations are unitary, then the oracle B ~ constructed in this way is unitary. Instead of

preparing [Bi[ P, s o (1)]) IBi[V41(1)]) - - - [Bi[Py5,4(S)]) IBi[Vi11(S )]) |O>®q+1 and computing the weighted sum on the
last register, which requires ¢(25 + 1) 4+ 1 qubits as shown in Section 8 in (Ruiz-Perez & Garcia-Escartin, 2017), our
method significantly reduces the number of required qubits, needing only 3¢ + 1 qubits to compute the weighted sum.
The main idea is to reuse the 2¢ auxiliary qubits |Bi[ Py, q(s")]) [Bi[Vy+1(s")]) by leveraging the invertible property of the
unitary matrices Oga¢ and BVh+1 for all h € [H]. However, this comes at the cost of an additional S queries to OTQ - We
summarize the above results in creating the oracle BQh, . in the following Theorem A.1.

Theorem A.1 (Number of Qubits Required for the Construction of Oracle BQ;L )= The total number of qubits required
for creating a quantum oracle BQ foreach h € [H] and s € S in Algorithm 1 is 4q + 2qs + qn + qa + 1, among which
3q + 2qs + qn, are auxiliary qubits, ot counting the auxiliary qubits necessary to implement the oracle Ogaq and By,
forall h € [H], where qs = [log, S, qu = [log, A and gy, = [logy H].

Theorem A.2 (Number of Qubits Required for QVI-1 (Algorithm 1)). The total number of qubits required for Algorithm 1
is 11q + 4qs + 2qn, + 44, + 2, not counting the auxiliary qubits necessary to implement the oracle Ogaq and BVh+1 for all
h € [H], where qs = [log, S, qu = [logy A] and q;, = [logy, H.

Vit1

Proof. In line 6 of Algorithm 1, we apply QMS algorithm to achieve a quadratic speedup in searching the optimal action
which achieves maximum value of the vector (), s for all s € S and h € [H]. In this QMS algorithm, it requires an oracle

Oqwms to mark the indexes a of the vector Qh,s which satisfy ths(a) > Qh’s(a’ ), where a’ is a threshold index, by flipping
the phase of the |a). Therefore, the oracle Oqus is defined as

Oqus : |a) |a') |=) = (=1)7 () |a) |a') | ) , €3]

where fo/(a) = 1if Qp.s(a) > Qn.(a’) and fu (a) = 0 otherwise, and |—) = %(\0) — |1)). Figure 8 in (Oliveira
& Ramos, 2007) showed a way to construct the corresponding unitary quantum circuit of the oracle Oqus based on the
quantum bit string comparator (QBSC) Uggsc. Given two real number a and b, Uggsc works as

Ugssc : [Bia]) [Bi[b]) [0)**“~ |0} [0) = [Bila]) [Bi[b]) [) ) |y) , (32)

where |1)) is a 3(¢ — 1)-qubit garbage state and the last two qubits store the comparison result. Specifically, we define that if
a=bthenzx =y =0,ifa >bthenx = 1and y = 0, and if a < b then x = 0 and y = 1. We restate the construction
process under the background of our algorithm here. The first step to construct Oqus is to prepare the following qubits

ja) [0)7 [a’) 0)*410)#*(“~ |0) |0 |-) . (33)
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Then we apply B On s created in line 5 to the first and third register and obtain the following state

@) [BilQ« ()]} |a') [Bil@n.«(a")]) [0)°**~ J0) [0) | ). (34)
Then we apply Ugssc to compare Q) 4(a) and Qh,s(a’)
|a) [Bi[Qn,s(a)]) [a') [Bi[@n,s(a)]) ¥} ) [y) |-) - (35)

Further, we apply the controlled unitary matrix U, = (I ® 01 ® I)T(I ® 01 ® I) to the last three qubits and obtain the
following state

(=1)*"7%) |a) [Bi[Qn,s ()]} |a) Bi[@n,s(a")]) [} |2) y) |-, (36)
where o is the Pauli-X gate and 7T is the Tofolli gate. By applying Ugssc and th’s, we can undo the operations on
IBi[Qn.s(a)]) and |Bi[Qp <(a’)]) and obtain the following state

(=179 [a) 0)®7 [a’) [0) 27 0) >~V [0) [0) | -) . (37)

From the above steps, we can see that the construction of the Ogms requires one query to B and one query to B T as

shown in (34) and (37). By Theorem A.1, we know that it requires 4q + 2¢s + qn + qq + 1 qub1ts to construct the oracle
BQh Then it requires 2(4q + 2¢s + qn + ga + 1) + 2o + 3(q — 1) + 3 = 11q + 4qs + 2gn + 44, + 2 qubits to construct

the oracle Ogms, among which 2(4q + 2¢s +qn + o + 1) +3(¢ — 1) + 2 = 11q + 4qs + 2gp + 2¢, + 1 are auxiliary
qubits. [ |

A.4. Correctness and Complexity of QVI-2 (Algorithm 2)
A.4.1. PROOF OF THEOREM A.3

Theorem A.3. Let () be a finite set with cardinality N, p = (ps)zcq a discrete probability distribution over Q. Suppose
we have access to a binary oracle B, : |i) |0) + |i) |Bi[p;]). By using O(1) invocations of the oracle B,, and B}, we can

implement a unitary oracle Up :CN ®C?% — CN ® C? satisfying
N N
~ . 1 . N -1 1-— Di .
: — i 1). 38
o) 10) = 32V 10+ ;\/N_lnm G8)

Proof. First, we need to create the uniform superposition by applying Hadamard gates and query oracle B,,

/i) [0) H®"fz| fD ) [Bilp;)) (39)

Second, we add a single auxiliary qubit and perform a controlled rotation R,, based on the value stored in |Bi[p;]) defined as

Ry ¢ Bilpi])0) - [Bilp]) (5 0) + vT— i 1)
N
=S Bilp) (VA1) + VT 5 ID). w0

Third, we undo the oracle B,, and drop the auxilliary qubit |0) in Eq. (a) to obtain the desired result.
e — 1) |0 i [0) + /1 —p; |1
\/NZZHH(\/}TH pi|1))
\F )10) + Z\/l—pzl 1) (41)
\/»
N - — D
NCILEEES e
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Lemma A.4 (Powering lemma (Jerrum et al., 1986)). Let KC be a classical or quantum algorithm designed to estimate a
quantity p, where its output i satisfies |p — fi| < € with probability at least 1 — , for some fixed v < 1/2. Then, for any
d > 0, by repeating K O(log(1/9)) times and taking the median of the outputs, one can obtain an estimate [i such that
|o — p| < € with probability at least 1 — 0.

Theorem A.5 (Amplitude estimation (Brassard et al., 2002)). The amplitude estimation algorithm is designed to estimate

the amplitude a = (1| P 1) € [0, 1] of a quantum state |1). It takes the following inputs, a quantum state 1), two unitary

operators: U = 2 |) (| — I and V' = I — 2P, where P is some suitable projector, and an integer T', which determines the

number of repetitions. The algorithm outputs an estimate & € [0, 1] for the amplitude a. The estimate satisfies the error

bound:

2

a(l —a) LT 7
T T2

with a success probability of at least 8 /7. To achieve this, the unitary operators U and V are applied T times each.

la —al <27 42)

A.4.2. COMPLETE VERSION OF QUANTUM MEAN ESTIMATION WITH BINARY ORACLE QMEBO

In Section 3, we provide a simplified version of QMEBO by hiding the details of some auxiliary states and operators. For
clarity, we provide a complete version in Algorithm 7. Based the Algorithm 7, the auxiliary state in line 5 of QMEBO in
Algorithm 3 should be

N
&) = Z 1—p; [i) 1) [Bi[£]) |0}, (43)

ﬂ\

and the auxiliary state in line 6 satisfies

N

Z 1—p; i) [1)[0) (/i 10) + /1 = fi[1)) (44)

1 & ‘
= 7% ; Vpi(1 = fi) ]i) |001) + 7

A.4.3. PROOF OF THEOREM 3.7

Proof. We first show the correctness of Algorithm 3. Note that we obtain

N
) = S 3 Um0 010 (V0 VI= )+ ot e, )

where |®) = Zi\il }v——pi 1) [1) 10) (V/fi |0) + v/1 — fi|1)). Besides, we have

(W Plp®) =+ szfz = Bl @)z ~pl = (46)

N:UH

where P = I ® |000) (000|. Hence, by Theorem A.5, we know that we can obtain yy, in each loop k& € [K] such that

L VEE8) e -
<2m T T2

1 N
= o Zpifi

with probability at least 8 /72, Let i = N - ji, where ji = Median(uo, . .., px—1). By Lemma A.4, we know that ji = ji/N

satisfies
VE(-%)
<2r—

_|_

T T2 (48)

2\@

1N
“y 2 pd
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Algorithm 7 Quantum Mean Estimation with Binary Oracles QMEBO;(p™ f, B,, By, €)

1: Require: B, encoding a probability distribution p = (p;);cq on a finite set { with cardinality N, By encoding a
function f = (f;)ieq where f; € [0, 1], maximum error €, maximum failure probability § € (0, 1).
Output: [ satisfying | —pTf| < e
Tnitialize: /X = O (log(1/9)), T = O(¥X + /%)
for k € [K] do R R
create a quantum oracle U, with B, and obtain the following state [1/(")) = U, |0) |0):

[6©) =0y 10)10) = Fh I, VA 10010) + /2 S 572 1) 1.
6:  Attach [0)®FY) qubits on [1/(9)) and apply By on |0)®? to obtain |1)(M)) = By [4h(9)) 0)@(atD).

[vV) = By |¢(°)> )+

me 0) [Bl£:)) 0) + Z\ﬁm ) 1) [Bil£]) [0).

=|eM)

7:  Apply the controlled rotation Ry defined by Ry : [Bi[f;]) |0) — |Bi[f;]) (v/fi |0) ++/1 — f;|1)) and undo the oracle
Bf!
[0®) = (B} ® I)(I ® Ry) [v)

\ﬁZ\/pﬂ 10)10) (V/i10) + V1 = fi[1)) Z\/ —pild) 11)10) (V£ 10) + /1= i 1))
D (Vo1 = £3) [)[001) + /T p; [i) [10) (v/; [0) + /1= fi [1)))

i=1

- % Z pifi i) 000) +

Sl

=|®(2)

8:  Apply T iterations of amplitude estimation by setting 1) = [¢)(?)) U = 2|4)) (1| — I and P = I ® |000) (000| to
obtain py

9: end for

10: Return: i = N - Median({ sk }re[x])
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with probability at least 1 — 0 for any § > 0. We proceed to focus on the complexity cost of Algorithm 3. Note that p € [0, 1]
because f; € [0,1] foralli =1,..., N. Hence, we further have that

s
2r—— + — H —+ = 49
IS T +T2<7r< NT+T2>7 (49)
In order to let ji/N be an €¢/N approximation of % > fvzl pqifi, it suffices to let
1 1 €
e+ = )| < — 50
”<WT+T2>—N’ 0

which is equivalent to €72 —72/NT—7r2N > 0. Then it suffices tolet T = O (‘/—Eﬁ—h / %) such that | % -+ ilil pifi| <
¢/N. This implies that | — SN | pifs| < e.
By Theorem A.3, we know that the query complexity of ffp in terms of B), is O(1). Therefore, Algorithm 3 calls B, and

By O<(‘/6ﬁ + ﬁ) log(1/6)> times each. |

A.4.4. PROOF OF LEMMA A.6

Lemma A.6. QVI-2(M, ¢, ) holds that T*(Vi, 1) — 7 < Viy < T2 (Vi1 for all h € [H) with a success probability at
least 1 — 0.

Proof. The analysis on success probability is the same as Theorem 3.8 and hence we omit it here. For all s € S, a € A and
h € [H|] we have that

zhws(a) € T ~ €
H 2H2 - Phlsvavh"’_l S E (51)
This implies that
€ T ~ €
[2ns(@) + 5 = Pl Vi | < 5 (52
and . c R
PijoaVirt = 77 < 2ns(a) < Py o Vit (53)

Now, forall s € S,a € Aand h € [H], we let
Qn(s,a) == ru(s,a) + P}E’[l‘s_’af/h+1. (54)

Note that 7" (Vie1) = Qn (s, 7 (s, h)) = ra(s, 7 (s, h)) + P}ﬁsﬁ(syh)VhH. Therefore, forall s € S,a € Aand h € [H]
we have

Qn.s(a) — Qn(s,a) = max{ry(s,a) + zn,s(a),0} — (rn(s,a) + Py, o Vas)- (55)
On one hand, since zp, s(a) < PhT‘S’thH and Vh+1 > 0, then we have

Qn,s(a) — @h(s, a) < max{rh(s, a) + P}Fﬂ&thH,O} — (rh(s, a) + PElS)thH)
= rh(s7a) + P}557th+1 - (rh(s, CL) + PthsﬁthH) (56)
=0.

On the other hand, we also have
Qn.s(a) — Qn(s,a) = max{ry(s,a) + zns(a),0} = (ru(s,a) + Py, ,Vat1)

> rp(s,a) + zp,s(a) — (rh(s, a) + Pths,thH)
- (57
= Zhus(a) - PI'FLI\‘s,th+1
€
>
- H
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The last line comes from Eq. (53). In summary, for all s € S,a € A and h € [H], we have

——= < Qnala) = Quls,a) 0. (58)
Hence, by letting a = 7 (s, h), we will have
— 57 < Vi = T (Vis1) = Qus (75, 1)) = Qu(s.7(s, ) <0, (59)
T Vhsn) = 7 < Vi < T (Vhs). (60)
|

A.4.5. MONOTONICITY PROPERTY OF THE VALUE OPERATOR ASSOCIATED WITH A POLICY ﬁh() IN DEFINITION 2.1

Suppose two vectors u and v satisfy u < v € RS, then it implies that u(s) < v(s) for all s € S. Consequently, we must
have, for any fixed policy 7 and for all s € S and h € [H ],

Z Ph\.s (s, h) Z Ph|5 (s, h) ( ) (61)
s'eS s'eS
Further, we can know that
r(s,m(s, h)) ZP,,gﬂ(qh) Ju(s') < r(s,m(s, h)) ZPMQW(Q;, Ju(s”). (62)
s'eS s'eS

By the definitions of 7."(u) and 7."(v), this implies that [7."(u)]s < [T*(v)]s for all s € S and h € [H]. In other
words, 7.*(u) < T*(v). This implies that the operator 7" is monotonically increasing for any w and h € [H] in the
coordinate-wise order.

A.4.6. CORRECTNESS OF QVI-2 (PROOF OF THEOREM 3.8)

Proof. We start by examining the failure probability. The approach is similar to the analysis in Theorem 3.5, except that we
must now account for quantum oracles that can fail. To address this, we use fundamental properties of unitary matrices,
particularly a quantum analog of the union bound, which states that the failure probabilities of quantum operators (unitary
matrices) combine linearly.

In line 5, since B, , is constructed using QMEBO with a failure probability ¢, it is within 2A( of its “ideal version.”

—~—

Specifically, this means that there exists an ideal quantum oracle Bidez‘sl encoding H PhT‘s th+1 —€/2H, where P, Vh+1

Ha

satisfies

< ¢/(2H?), such that HBldedl B

T (7 T W,
Ph|s,avh‘i‘1 - Ph|s,avh"‘1 Zh,s

< 2A(. Since BQ} is formed using one
p h, s
o0

call each to B,, _ and B;fh _, it is within 4 A( of its ideal counterpart Bgeal . By applying the quantum union bound and
S h,s

Zh,s
substituting the definition of ¢, this shows that the quantum operation executed by QMS is (&v/Alog(1/6) - 4A¢ = §/SH)-
close to its ideal version. Consequently, the output of QMS is incorrect with a probability of at most §/SH. Given that
QMS is invoked a total of S H times, the overall failure probability is bounded by 4, as ensured by the standard union bound.
In line 5, we apply QMEBO to obtain an approximate value zp, s(a)/H of the inner product P, h|s thH Theorem 3.7
guarantees the output in the line 5 satisfying |zn.s(a)/H + ¢/2H? — h‘s th+1| < ¢/2H*forall s € S,a € A and

h € [H]. This implies that |z, s(a) — hl@ Vit1| < ¢/H. Hence, it holds for all s € S and a € A in every loop h € [H]
that
|Qn.s(a) = Qi(s,a)l = |ru(s,a) + zn.s(a) = (ru(s,a) + Py o Vi) |

< |Zh»3(a) - P;Ll}s,a(vlel - Vh-‘rl) - P};I[s,a‘/h-i-1|

< |zn,s(a) — PhT|5’th+1‘ + | Pplsa (Vi — Vis)| (63)
€ > *
<ot rgleagclvhﬂ(s) — Vil (s)|

€ > *
3 Ve =it
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Furthermore, we have

HVh -V = ths (fr(s, h)) —max Q} (s,a)
oo acA IS
~ R Qn.s(@) - acA @hlsa) -
i . 64
< o110 - @i ©
e [ee]
< *
< rsneagcrgleaX!th( a) — Qx(s,a)|
<=+ ‘Vh+1 - foﬂH
Since it holds that Vi (s) = V;(s) = 0 forall s € S, we can induce that
. . (H — h)e (H — h)e
-], = B o v B

Then, we know that H Vh -
h € [H].

Now, we proceed to prove the Vj,(s) < V;7(s) forall s € S and h € [H]. By Lemma A.6, we know that Vj, < T*(Vi,11)
for all h € [H]. Therefore, Viy_1(s) < [T ' (Vi)ls = [T 10)]s = ru—1(s,7(s, H — 1)) = Vfi_,(s). By the

monotonicity of the operators 7, where h € [H], we have Vj, < T/'(Vi41) < 7;’1(7;"+1(Vh+2)) < ... < VT for all
h € [H]. Due to the definition of V;(s), we must have V;*(s) = max, e V" (s) > V7 (s) foralls € Sand h € [H]. 1

< eforall h € [H]. In particular, it implies that V;*(s) — € < V;,(s) for all s € S and

A.4.7. COMPLEXITY OF QVI-2 (PROOF OF THEOREM 3.9)

Proof. We first assume that all QMS and QMEBO are correct, up to the specified error, because the probability that this
does not hold is at most §. Let C be the complexity of QVI-2(M, ¢, §) as if all QMS and QMEBO are carried out with
maximum failure probabilities set to constant. Then, since the failure probabilities are set to { = §/(4cHSA 5 log(1/6)),
the actual complexity of QVI-2(M, ¢, d) is

0(01og(SA1-5H1og(1/5)/5)) = 0(Clog(SA H/5)). (66)

Now, we check each line of QVI-2(M, ¢, §) to bound C.

In line 4, we encode the vector Vj, 41 = Vh+1 /H to an oracle By, e This process does not need to query Ogaq and only

needs to access the classical vector Vj, 1.

In line 5, we implement QMEBO to compute an estimate of PhT‘ s thJrl with error € /2 H?. Besides, the correctness analysis

shows that V}, 1 (s) < Vini(s) < H for all s € S and the definition of Qj, ;(a) of QVI2 implies that 0 < V},(s) for all

5 € 8, s0 it also holds that 0 < V(s Vh+1( )/H < 1forall s € S and h € [H]. By Theorem 3.7, we know that
QMEBO needs O (V'S H2/e—|—\/H2/e ) = O(VSH?/€) queries to Oy for each s € S at each time step h € [H],
provided 0 < e < H?2. Since we have assumed that ¢ < H on the input ¢, so this holds.

Inline 6, By, needs to call B, , and Bzh , once. Then the query complexity of By in terms of B;, _ is oO(1).

In line 7, we use QMS in accelerating the searching for the optimal action 7 (s, h) for all s € S. By Theorem 3.4, QMS
requires O(v/A) queries to the oracle By, forall s € Sand h € [H]. Therefore, after summing up H iterations, it induces

an overall query cost of
H? 2VAH?
CzO(S-\/A~H~\/§ >:O<S>. (67)
€ €
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Combining the above equation with Eq. (66), the overall quantum query complexity of QVI-2(M, ¢, ) is
o (sé VAH? log(SA1'5H/5)>

(68)

€

B. Generative Model Setting
B.1. Correctness and Complexity of QVI-3 (Algorithm 4)
B.1.1. PROOF OF LEMMA B.1

Lemma B.1. QVI-3(M, ¢, 6) holds that T*(Vi, 1) — 7 < Vi, < T2 (Vi1 for all h € [H) with a success probability at
least 1 — 0.

Proof. The analysis of success probability is the same as Theorem 4.3 and hence is omitted here. We proceed to show the
correctness of the claim. For all s € S,a € A and h € [H| we have that

2ns(@) + 55 = PiloaVint| < 577 (69)

This implies, for all s € S,a € Aand h € [H],
Pl Vi — % < zns(a) < P, Vi (70)

Now, forall s € S,a € Aand h € [H], we let
Qn(s,a) == ry(s,a) + P,?‘S’avh“ and Vj,(s) = max Qn(s,a). (71)

Note that 7 (Vit1) = Qi (s, 7 (s, h)) = ru(s, 7 (s, b)) + Pfﬁs,ﬁ(s,h)VhH- Therefore, for all s € S,a € Aand h € [H],
we have R ~ .

Qn,s(a) — Qn(s,a) = max{ry(s,a) + 2, s(a),0} — (rh(s, a) + P}ﬁs,thH)- (72)
On one hand, since zp, s(a) < PhT‘S’a‘A/hH and Vh+1 > 0, then we have

Qns(a) = Qn(s,a) < max{ra(s,a) + PiloVii1,0} = (ra(s,0) + PilyoVis1)
= T‘h(S, (I) + P}rﬁs,a‘}h-‘rl - (’I“h(S, CL) + P};I[s,af/h‘f‘l) (73)
=0.

On the other hand, we also have

Qh,s(a) - Qh(87 a) = max{rh(s, a) + Zh,s(a)7 0} - (Th(S, a) + P}ﬁsyavthl)a
> rp(s,a) + zps(a) — (’/‘}L(S, a) + PhT|s7th,+1),

5 (74)
= Zh,s(a) - Pf’zI|‘sA,th+1>
€
>
- H
The last line comes from Eq. (70). In summary, forall s € S,a € A and h € [H|, we have
€ ~ ~
£ < Qula) — Quls,0) 0, ()
Hence, by letting a = 7 (s, h), we will have
€ ~ h A ~ 2 ~
=57 S Vi = T (V1) = Qns (7 (s, 1)) = Qu(s, 7(s,h) <0, (76)
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€

TE(Vig1) = — < Vi < T (Vis)- 77

B.1.2. CORRECTNESS OF QVI-3 (PROOF OF THEOREM 4.3)

Proof. We start by examining the failure probability. The analysis is similar to Theorem 3.8 where we need to consider
quantum oracles that can fail. Again, we use the quantum union bound for quantum operators here.

i

In line 5, since B is constructed using QME1 with a failure probability (, it is within 2A( of its ”ideal version.’

—_~—

Specifically, this means that there exists an ideal quantum oracle B‘Zdh"’al encoding PhT| s thH —€/2H, where PE‘ s thH

Zh,s

—_~—

: T ¥ T 7
satisfies Ph|s,th+1 - Ph|s,th+1

< ¢/(2H), such that HB‘;’:al —B.,. ‘ < 2A(. Since By, _is formed using one
o ' op ’

call each to B, _ and B} . .» itis within 4A¢ of its ideal counterpart Bge"“ . By applying the quantum union bound and
5 1,8 h,s

substituting the definition of ¢, this shows that the quantum operation executed by QMS is (év/Alog(1/6) - 4A¢ = §/SH)-
close to its ideal version. Consequently, the output of QMS is incorrect with a probability of at most 6/SH. Given that
QMS is invoked a total of S H times, the overall failure probability is bounded by 9, as ensured by the standard union bound.
In line 5, we apply QMEL1 to obtain an approximate value zj,_s(a) of the inner product P,:f‘ sa Vh+1- Theorem 4.2 guarantees

the output in the line 5 satisfying |z, s(a) — PE‘S thH\ <e€/Hforall s € S,a € Aand h € [H]|. Hence, it holds for all
s € Sanda € Ainevery loop h € [H] that

[@ns(@) = Qi(s,0)| = |ra(5,0) + 2n.5(@) = (ru(s,0) + P, Virsn)|
S |Zh,s(a) — P}Fﬁs’a(‘/;;'_l - ‘A/h+1) - PhT|s,th+1}
< |zns(@) = PN, Vit | + | P o Vit — Vi) (78)
€ ¥ *
<ot rsnea§<|Vh+1(5) — Vi (s)]

€ A
v
oo

H
Further, we have
[V = vir|_ = | Qns (s, ) = max Qi (5. )
= i Qus(@) ~ max @i (s,
A . (79)
< —
< glg!@;z,s(a) Qh(sﬂ)’Hm
< A _N*
< magmax| Qn.s(a) = Qi(s,)]
€ 9 *
< g+ [V =il
Since it holds that V,(s) = V}*(s) = 0 for all s € S, we can induce that
. ) (H — h)e - X (H —h)e

Then, we know that HVh -V < eforall h € [H]|. In particular, it implies that V,*(s) — e < Vh(s) forall s € S and

h € [H]. Now, we proceed to prove the V;,(s) < V;7(s) forall s € S and h € [H]. By Lemma B.1, we know that V}, <
T2 (Vis1) for all h € [H]. Therefore, Vir_1(s) < [T~ (Vi)]s = [TH1(0)]s = ra—1(s,#(s, H — 1)) = Vi_(s).
By the monotonicity of the operators 7, where h € [H], we have Vi, < T2 (Vii1) < T2H(TAT (Vig)) < --- < Vi for
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all h € [H]. Due to the definition of V}*(s), we must have V;*(s) = max, e Vi (s) > V;7(s) forall s € Sand h € [H].

B.1.3. COMPLEXITY OF QVI-3 (PROOF OF THEOREM 4.4)

Proof. We first assume that all QMS and QME] are correct, up to the specified error, because the probability that this does
not hold is at most 0. Let C be the complexity of QVI-3(M, ¢, §) as if all QMS and QMEI] are carried out with maximum
failure probabilities set to constant. Then, since the actual failure probabilities are set to ¢ = §/(4cS A5 H log(1/6)), the
actual complexity of QVI-3(M, ¢, d) is

O(Clog(SA™Hlog(1/6)/6) ) = O(Clog(SA**H/s)). (81)
(€108 )) = )

Now, we check each line of QVI-3(M, ¢, d) to bound C.

In line 4, we encode the vector Vh+1 to an oracle BV, e This process does not need to query G and only needs to access the

classical vector V1.

In line 5, we implement QME1 to compute the approximate inner product of P h‘s th+1 with error ¢/ H. Besides, the
correctness analysis shows that it holds that Vj,,1(s) < V;* 1(s) < Hforall s € Sand h € [H] by Theorem 4.3 and
Vh+1(s) > 0 for all s € S by the definition of itself, Qh_H,S(a) and 2,11 s(a) in QVI-3. By Theorem 4.2, we know that

QMEl1 needs O(H? /e+ +/H?/e) = O(H?/e) queries to G for each s € S, provided 0 < e < H?. Since we have assumed
that e < H on the input €, so this holds.

In line 7, BQM needs to call B, , and Blhd once. Then the query complexity of BQh,s in terms of B, _ is O(1).

In line 8, we use QMS in accelerating the searching for the optimal action 7# (s, h) for all s € S. By Theorem 3.4, QMS
requires O(v/A) queries to the oracle By,  foralls e S and h € [H]. Therefore, it induces an overall query cost of

C = O(S VA-H- H2> <S\FH3), (82)

in H iterations. Combining the above equation with Equation (81), the overall quantum query complexity of QVI-3(M, ¢, §)

’ o (sﬂH?’ 10g(SA1'5H/5)>

€

(83)

B.2. Correctness and Complexity of QVI-4
Lemma B.2 (Upper Bound on Variance (Sidford et al., 2018)). For any policy 7 : S x [H| — A, it must hold that

H-1 h'
Z ( H Pf) on (Vio11) < H3/27 (34)

h'’=h \i=h+1

where oy (V)] 1) \/Ph/ 1) = (P VT )2

B.2.1. PROOF OF LEMMA B.3

Lemma B.3. Forall k € [K] and h € [H|, Algorithm 5 holds that
Vien SVt <V, (85)
Qi < QpF < Qs (86)

with probability at least 1 — 0.
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Proof. We first consider the success probability. Note that all the quantum subroutines QME1 and QME2 are implemented
with maximum failure probability ¢ = 6 /4K HSA. In total, QME1 and QME2 are implemented 4 H.S A times in line 6,
7 and 9. By the union bound, the probability that there exists an incorrect estimate is at most 4.

Now, we proceed to prove the inequalities

Vi S Vit <V (87)

Note that the second inequality is trivial due to the definition of V" = max, e V,. Therefore, we only need to prove the
inequality V5, < V,"* forall h € [H] and k € [K]. In fact, it suffices to show that for all k& € [K], we have

Vier < T (Vihtr)- (88)

First, by the definition of x, , and g, 5, in line 7 and line 9 respectively, we have, for all (s,a) € S x A,

TEn(s,a) < PhT\s,aVk(,(;z)Jrlﬂ (89)

Gen(s.0) < PL o (Viewsr = Vi) (90)

We continue to prove Eq. (88) by induction on k. We first consider the base case where k = 0. For any h € [H], if there
exists some s € S such that (s, h) # 7T](€O) (s, h), then we have

Vien(s) = Vk,h<5>

s, (s, h ) + 2 h(s (s, h)) +gk,h(s,7rk(s,h)),0}

o (

{ms,

X{”h(sﬂfk )+Ph|sm(qh)vk(h+1+Ph\gm(gh)(vkh+1 Vk(,oh)-i-l)vo} 1)
{ra(s,

=Th (Sv’nk(sv h)) + Ph|s,7rk(s.,h)vkqh+1
= [T (Vins1)] -

If there exists some s € S such that (s, h) = 7T](€0)(5,h), then we have Vj, 5 (s) = Vk((;?(s) = Vo(,%) (s) = 0. Since
Vient1(s) > V,C((;L)H( ) = VO((;BH( ) = 0forall s € S, then we must have Vi 5(s) = 0 < [T (Vi 441)]s. Therefore,
when k = 0, it holds that V}, ;, < Zrk(vk,hﬂ) for all h € [H|. We assume that for any &’ = 0,1,...,k — 1, it also holds
that Vi 5, < 7;}2 (Vir h41) for all b € [H]. Next, we show the above statement holds for &' = k. In fact, if there exists some
s € S such that 7 (s, h) # 7T](€O) (s, h), then we also have Vi, ,(s) < [T (Vi n+1)]s by following the same analysis in the

case of k = 0. If there exists some s € S such that 74 (s, h) = w,(co)(s, h), then we have

Vion(s) = VO (8) = Viern(s) < [TE_ (Vecinsn)], = [T

Tk—1

0
Vil < [T Vi), = [T Vi)
92)
The first inequality comes from the induction hypothesis. The second inequality comes from the fact that Vk(sl) +1 < Vit

The last equation comes from the fact that 74 (s, h) = 77,(60)(3, h) = mk_1(s, h). Therefore, we already showed that
Vien < 7;’; (Vi h+1) for the case k' = k and finish the induction. Since we have Vj, j, < Tﬂ}; (Vi,ht1) for all k € [K] and
h € [H] and V. 1 (s) = 0,Vs € S, then for any fixed k € [K], Vi, < T2 (- TH A (Vi,u)) = V™ forall h € [H].

Furthermore, since we already proved Vj, ;, < V™" for all h € [H] and k € [K], we also have, for all (s,a) € S x A,
Qrn(s,a) <rp(s,a) + P}ﬁs,aVk7h+1 <ru(s,a) + P};ﬁs,av}ﬂcl = Q3" (s,a) < Qj(s,a). 93)

The first inequality follows from Eq. (89) and (90). [ |
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B.2.2. PROOF OF LEMMA B .4

Lemma B.4. Forall k € [K] and h € [H|, Algorithm 5 holds that

Vil — e < Vi, (94)

Q7 — €k < Qo 95)
with the probability at least 1 — 0.
Proof. The success probability analysis is the same as Lemma B.3, so we omit it here. We continue to use induction on & to

prove Eq. (94). First, we consider the base case where k = 0 and show (94) holds for all h € [H]. By the definition of x ,
and gy, j, in line 7 and line 9 of QVI-4, we know that, for all (s,a) € S x A,

T n(s,a) > PE‘&QVSI)H —2cH " 5ey /yp.n(s,a) + 4b, (96)

gk,h(s, a) 2 P};[“Sya(vk$h+1 — Vk(,oh)—o—l) — 2CH_1Ek. (97)

We define & (s, a) == 2cH tei + 2¢H ~'5¢\/yk (s, a) + 4b. Then, we can show that

Qh — Qr.n = 1h + PrVyy — max{ry + g n + gk.n, 0}
< PuVii1 — Teh — Gk
< PuViisy — PuVionr + 2¢H ey + 2¢H e /ypp + 4b (98)
=Pu(Vis1 — Viohtt) + &k
= PV (Qhy1) — PrViht1 + &g

Since we have V(Qg n+1) < Vi, n+1. then it holds that

Qn — Qun < PWV(Qh 1) — PuV(Qr,ng1) + ko
=PI Q51— PV (Qrnt1) + € (99)
< PF Qhiq — PF Qungr + e

The second line comes from the fact that V;*(s) = Q5 (s, 7" (s, h)) for all s € S and h € [H]. The last line comes
from the fact that 7*(s, h) may not be the same as arg max,ec 4 Qg n+1(s,a) for some s € S. Since it must hold that
Vi (s) = 0,Vs € S and we require that Vi, g (s) = 0,Vs € S, then we have V};(s) — Vi, u(s) = 0,Vs € S. By solving the
recursion on @, — Q,», We can obtain

H-1 I
Qi — Qrp < ( IT 77 )@,h/, (100)
h

'=h \i=h+1

where & p/(s,a) = 2cH e + 2cH 1 Per/yg n/ (s,a) + 4b for all (s,a) € S x A. Note that a product over an empty
index set evaluates to 1. Now, we try to bound +/yx 1/ (s, a) + 4b for all (s,a) € S x A. By the definition of yj, 5 (s, a) in
line 6 of QVI-4, we know that there exists a b’ satisfying |b’| < b such that

Y (s,a) +4b < max{ (P VD)2 40— (PR V) Ly — b /H)? + 4b)'?, \/47)}
0 _ 0 1/2
< (on (Vi) +5b+26H71 P V) L) (1on

|s,a

0 1/2
S (O-I?L/(Vk(,h)/-'rl) + 7b) .

Since it holds that V%), ,(s) = 0 forall s € S and i € [H] when k = 0, then o, (V,\}),,,) = 0. This implies that
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Uk n(s,a) +4b < \/7b. Then we can show that

H-1 n'
— Qg < Z ( 11 P{r*> <2cH16k +2cH 5\ /ypp + 4b>
i=h-+1

< 2cep, + 2cH%%c\/7b
< 2cep, + 2ce\/Th
< (20 + 40\/%) €k

S €k

(102)

ﬁ;}i H}.I/ P |1|| < H—h < Hforall h € [H]. The third line comes

The second line comes from the fact that imhil

from the fact that H > 1. The fourth line comes from the fact that € %O 2¢;, = 2¢g = 2H. The last line comes from the fact
that ¢ = 0.001 and b = 1. Therefore, we have Vj, 5,(s) > V(Qg n)(s) = maxge 4 Qk,1(s,a) > maxaea{ Q5 (s, a)—ex} =
Vi¥(s) — ey for the base case k = 0.

Now, we assume that for any &’ = 1,...,k — 1, it also holds that V}, 5,(s) > V;*(s) — ¢ for all h € H. Then, we proceed
to prove the claim for the case of k¥’ = k. In fact, the analysis for the case of k' = k is quite similar to the base case, except
for the part of the upper bound for \/yj, 1/ (s, a) + 4b. We can show that there exists a b’ satisfying [0/| < b

Yr,n(8,a) +4b < maX{(Pf;[;|s,a(VIg-(,()fL)+l)2 +b— (P};I;|s,avk(,0f2+l - bI/H) + 4b)1/2 \/‘E}
< (R (V) ) + 50+ 2E P V) )
< (o2 (VD) +70) " (103)
< Uh’(Vlc(f);L)/+1) +V7b
< o (Viog) + 0 (Vi1 = Viog) + V0.

The third line comes from the fact that Vk(f)h), 41(8) < H forall s € S. The fourth line comes from the fact that

Va+b<ya+ Vb when a,b > 0. The last line comes from the fact that, for any random variables X and Y, we must
have 02(X +Y) = Var[X + Y] = Var[X] + Var[Y] + 2Cov[X, Y] < (y/Var[X] + /Var[Y])? = (¢(X) + o(Y))?. Note

that cr(‘/k(i),_~_1 Vi) < HVk(f)h)'H — V,;“,HHOO = ||Vk—1,h/+1 — Vh’+1Hoo < €r_1 = 2¢;, for all b’ € [H]. Therefore,
we can show that

h/
— Qo < Z ( 11 Pf) (QCH_lek + 2cH—1-56\/m>

h'’=h \i=h+1

H-1 n'
S 2C€k+20H71'5€ Z < H PTr > ( Vh/+1)+J(Vk(Oh,+1 ‘/h/_;’_l)‘i“\/i)

h'’=h \i=h+1

ol W (104)
<266k—|—26H15eZ I1 20 ) (Vi) + 265 + VD)

h/= i=h+1

< 2cep, + 2ce + 2CH70'56(2€]¢ + \/%)
<2(1+24+2+V7)ex

§ €k.

The fourth line comes from the Lemma B.2 and the fact that < H—-h<Hforall h € [H].

H 1 h' *
oo

The fifth line comes from the fact that we require the input e € (0, +/H]. The last line comes from the fact that ¢ = 0.001.
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Therefore, we have Vi, 5,(s) > V(Qg,n)(s) = maxae 4 Qr,n (s, a) > maxqae a{Qj (s, a) — ex} = V' (s) — €, for the case
of k' = k. |

B.2.3. CORRECTNESS OF QVI-4 (PROOF OF THEOREM 4.5)

By combining Lemma B.4 and Lemma B.3, we can obtain that, for all & € [K],

Vi —e S Vi VP <V, (105)
Qr —€r < Qrp < QpF < Qj, (106)

with probability at least 1 — 6. When k = K — 1 = [logy(H/¢)] > logy(H/¢), e, = H/2F < €. Therefore, it implies that

Vi —e<Vi—ex1 <Vioan=Vy <V =VF <V, (107)
Qr—€e<Qr—ex1<Qran=0n<Qr" ' =Qf <Q;, (108)
with probability at least 1 — 4. |

B.2.4. COMPLEXITY OF QVI-4 (PROOF OF THEOREM 4.6)

Proof. The success probability analysis is analogous to Lemma B.3. Hence, we omit it here. We first assume that all
estimations are correct, up to the specified error, because the probability that this does not hold is at most . Let C be the
complexity of QVI-4(M, ¢, §) as if all estimations are carried out with maximum failure probabilities set to constant. Then,
since the actual maximum failure probabilities are set to ¢ = /(4K HSA), the actual complexity of QVI-4(M, ¢, d) is

O(Clog(KHSA/5)). (109)
Now, we check each line of QVI-4(M, ¢, §) to bound C'.

In line 6, since we have 0 < V%), | (5) = Vi—1.a11(s) < Vit (s) < Hforall k > 0and 0 = V'), | (5) = Vie 111 (s) <

Vi 1(s) < H forall s € S when k = 0, therefore, we can use quantum mean estimation algorithm QME1, which induces
a total query complexity in the order

KHSA(HQ/b +H?2/b+ H?/b+ \/H2/b> = O(KSAH?). (110)

Now, we focus on line 7. By the definition of y, 1 (s, a) in line 6, we know that there exists a b’ satisfying || < b such that
0 0 2
(s a) = max{ P, (V) )% = b= (PR, Vi +/H)% 0}
0 0 2
Z Pias,a(vk(,h)—&-l)Q - b - (Pfﬁs,avk(,h)+l + b//H) (111)
0 0

= [0 (Vi) oy — b — @V /H)P, V) — ()2 H?.

This implies that

[ (Vers)] (g0 < b (5:0) + b+ (2b/H) P Vi) + 62/ H? < yn(s, @) +4b. (112)

The last inequality follows from b = 1 and Vk(SL)_H(s) = Vi—1n1(s) < Vi (s) < H forall s € S when k > 1 and
%(7(;3 4+1(s) = 0forall s € S. We also note that, since we have yy, ,(s,a) > 0 (by the definition in line 6), then it holds

that 0 < cH’l‘E’e\/yk,h(s, a) +4b < 4\/yk7h(5, a) + 4b. Therefore, we can use quantum mean estimation algorithm

QME2 with error ¢cH ~'-5¢+/yy 1 (s, a) + 4b and variance upper bound set to yy. (s, a) + 4b, which induces a total query
complexity of order

KH Z w(s,a) logQ(w(s,a)) = O(KSAH2'56_110g2(H1'5/e)), (113)
(s,a)eSx.A
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where w(s, a) = (\/ykn(s,a) + 4b) (cH *Pe\/yp,n(s, a) + 4b)_1 = O(H' /e).

In line 9, we can bound 0 < Vi py1(s) — V{1 (5) < Ve 1 (5) = Vi1 (8) = Vi1 (8) = Vet (8) < en1 = 2¢, for

all s € Sand k > 1. When k = 0, since Vj j41(s) > VO(,(;L)_,'_l(S) = 0, then we also have 0 < Vj p41(s) — VO(f;L)H(s) =
Vont1(s) < Vi (s) < H = ¢ forall s € S. Therefore, we can use quantum mean estimation algorithm QME1 which
induces a total query complexity of order

2€k 2€k: o )
KHSA (cH—lek + ,/CH_1€k> = O(KSAH?). (114)

C = O(KSA(H*® /e + H* + H?)log*(H'% /e)) = O(SA(H>® /e + H*)log?*(H"* /¢)). (115)

Therefore, we can show that

Then the total query complexity is

0 (SA(H2'5 Je+ H3)log?(H'® J¢) log (log(H/e)HSA/(S)). (116)

B.3. Lower Bounds
B.3.1. INFINITE-HORIZON MDPs

Preliminaries of infinite-horizon MDPs: An infinite-horizon MDP is formally defined as a tuple M = (S, A, P, r, ),
where S is a finite set of states representing the possible configurations of the environment, and .A is a finite set of actions
available to the agent at each state. The transition probability P(s’|s, a) specifies the likelihood of transitioning to state
s" after taking action a in state s, ensuring that ), s P(s'[s,a) = 1 forall s € S and a € A. The reward function
(s, a), bounded within [0, 1], assigns a scalar reward for executing action a in state s. Finally, the discount factor v € [0, 1)
determines the relative importance of future rewards compared to immediate ones, with " :== 1i7. Given such an MDP, the
agent’s objective is to select actions that maximize the expected sum of discounted rewards over an infinite time horizon.
The primary goal is to compute a policy 7 : S — A that specifies the action a = 7(s) the agent should take in each
state s € S to optimize its performance with high probability. For a given policy m, the state-value function (or V-value)
V7 .S — [0,T] and the state-action-value function (or Q-value) Q™ : & x A — [0, "] are defined as follows:

VTi(s)=E Z'ytr(st,at) T, 50 = 51 , (117)
=0
Q" (s,a) =E Z’ytr(st,at) T, S0 = 8,00 = a] . (118)
t=0

A policy 7 is an optimal policy 7* if V™ = max,ecr; V™ = V™ where I1 is the space of all policies. For simplicity, we
denote V* := V™ and Q* = Q" .

Optimization goals in infinite-horizon MDPs: The primary computational objectives in infinite-horizon MDPs are as
follows: given an infinite-horizon MDP M, an approximation error ¢, and a failure probability ¢, the goal is to compute
e-estimates 7, V, and Q such that |[VT — V¥l < &, |V = V¥l < € and ||Q — Q*||oo < € with a probability of at least
1-46.

Classical generative model for infinite-horizon MDPs: We denote the classical generative model for infinite-horizon
MDPs as G. Assuming access to (G, one can collect N independent samples

st P(-|s,a), i=1,...,N,

s,a

for each state-action pair (s,a) € S x A.
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Theorem B.5 (Classical and quantum lower bounds for infinite-horizon MDP (Wang et al., 2021)). Fix any integers
S,A>2and~ € [09,1). Let I = (1 — )~ > 10 and fix any € € (0,I'/4). There exists an infinite-horizon MDP
M = (S, A, P,r,~) with S states, A actions, and discount parameter -y such that the following lower bound hold:

* Given access to a classical generative oracle G, any algorithm that computes an e-approximation to Q*, V*, or *

3 .
must make Q(24-) queries.

e Given access to a quantum generative oracle G defined as

G:1s)®|a)®]0) ®0) = |s) @ |a) @ (Z JPE s, a)|8) ® |v5/>>, (119)

s'eS
. e . L 15
where |vg/) are arbitrary auxiliary states, any algorithm that computes an e-approximation to Q* must take Q(%)
. . . . 1.5 .
queries and any algorithm that computes an e-approximation to V* or w* must take 9(@) queries.

B.3.2. FINITE-HORIZON MDPs

Lemma B.6. Let S and A be finite sets of states and actions. Let H > 0 be a positive integer and € € (0,1/2)
be an error parameter. We consider the following finite-horizon MDP M = (S, A, {P;L}th_Ol, {r;L}hH:_OI, H) where
Py, =P € RS*A%S and r), = r € [0,1]5*A for all h € [H].

e Given access to a classical generative model, any algorithm IC, which takes M as an input and outputs a value function

Vo such that H Vo — Vi H < e with probability at least 0.9, needs to call the classical generative oracle at least
AH?
Q Sf (120)
e2log”(e~1)

e Given access to a quantum generative oracle G defined in Definition 4.1 any algorithm IKC, which takes M as an input

times on the worst case of input M.

and outputs a value function Vo such that H Vo — Vo H < € with probability at least 0.9, needs to call the quantum
o0

generative oracle at least

(121)

Q( S\/ZH1'5 )

elog'®(e1)

times on the worst case of input M.

Proof. We first introduce some definitions about infinite horizon MDPs. Let so € S to be a state. Suppose we have an
infinite-horizon MDP M = (S, A, P, 7, ~) with a quantum generative oracle, where S = S\ {50} to be a subset of S and
~ € [0, 1). For a better differentiation on the notations between finite-horizon and infinite-horizon MDPs, we let V* e RS
represent the optimal V-value function of M. First, we define a Bellman operator 7 for the infinite-horizon MDP M

satisfying, for any u € RS and s € S,

T(u)s = max |7(s,a) + v Z P(s|s,a)u(s") |. (122)

cA .
“ s'eS

Note that for any u,v € RS satisfying u(s) < v(s) forall s € S,~We have T (u)s < T(v), forall s € S. This is the
so-called monotonicity property of 7. Besides, it also holds that 7 (V*), = V*(s) forall s € S.

Now, we proceed to prove that obtaining an 2e-approximation value of V* for any infinite horizon MDP M can be reduced
to obtaining an e-approximation value of V for a finite horizon MDP. We consider the following finite-horizon MDP
M= (S, A AP e}y H) where P, = P € RS*A%S and ry, = r € [0, 1]5%A. Besides, the time horizon H
satisfies H = [2(1 — ) ' log(2¢~1)] = ©((1 —~) ' log(e1)). Besides, under any action a € A = A, there is a (1 — )
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probability for each state s € S to transition to sy and ~ probability to follow the original transitions in M. However, when
the agent is in s, it can only transition to itself with probability 1, no matter which action a € A it takes. Hence, s¢ is an
absorbing state in M. Overall, we have the following definitions for the transition probability kernel P in M.

Vs,s' € S,a € AP(s|s,a) = yP(s'|s,a), P(so|s,a) = (1 =), (123)
P(5/|So,a) = O,P(SO‘S(),CL) =1. (124)

Besides, we define (s, a) = 0,7(s,a) = 7(s,a) € [0,1] forall s € Sand a € A.

Now, we proceed to prove that HVO*\S —V* < e ie., |Vi(s) — V*(s)| < eforall s € S. First, we note that
o0
<

Vi, = max,e 4 7(s,a) < V*. Then, by the monotonicity of the 7~ operator, we have 7(Vy;_;)s < T(V*), = V*(s) for

alls € S. In fact, by the definition of P in M, we have

Vs € S, T(Vir_1)s :I;leaj( r(s,a —|—’yz s'|s,a)Vi_1(s")

s'eS

= max |r(s,a) + Z P(s'|s,a)Vi_1(s") + P(so|s,a)VIf}1(so)]

acA | = (125)
= max -r(s, a) + S,ZES P(s'|s,a)Vi_1(s")
= Vi _s(s).
The second line above comes from the fact that V};_, (s¢) = maxaea 7(s0,a) = 0. By induction, we have V*(s¢) =
maxqe 4 [ (S0, a) + P(s0]s0, )V} (s0)] = 0 forall h € [H]. Hence, we have Vj;_,(s) < V*(s) forall s € S. By

induction, we have V;*(s) < V*(s) forall h € [H] and s € S. In particular, we have V' (s) < V*(s) forall s € S. Let
7* € AS be an optimal policy for the infinite-horizon MDP M. However, © € AS*#] where 7 (-, h) = #* for all h € [H],
may not be an optimal policy for finite-horizon MDP M. Then we have V' (s) < V*(s) for all s € S. In fact, for any
s € S, we have

Vi (s) = Z P(s'|s, 7 (s))r(s, 7 -+ Z PH(|s, 7 (s))r(s,7*(s))
s'eS s'eS
=7(s,7%(s)) +7 Y P(s']5, 7 ()7 (5,7 () + - + 77 Y PH(s]s,7(5))7 (5,7 (5)) (126)
s'e8 s'eS
= VHﬁ'*7

where f/}; is the V-value induced by the policy 7* over H iterations. Note that for any policy 7 for the infinite horizon
MDP M, ’Vk vl <4 HV” vel| < yk(Hf/O” + Hf/’* ) < 2exp(—(1 — 4)k)/(1 — 7). The last

[e )

<1/(1—+)and Hf/’r < 1/(1 — 7). Besides, combining the fact that log(v) <~y —1

for all v € (0,1) and exp(z ) is monotonically increasing, we can induce the inequalities klog(y) < —k(1 — ) and
¥ = exp(klog(v)) < exp(—k(1 — v)). Then, Ye > 0, it suffices to let & > log(2/((1 — 7)e¢))/(1 — v) so that

Hf/k” —yr < e. In fact,

inequality follows from HVO
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The third line comes from the fact that log(1 —v) < —~, Vv € [0,1). The last line comes from the fact that log(2/¢) >
1,Ve € (0,1/2). Since we have H = [ﬁ log (2)] and #* is an optimal policy for M, then we must have V{ (s) =
Vi (s) > V™' (s) — e = V*(s) — €. Therefore, we have V*(s) — € < Vg(s) < V*(s) for all s € S, which implies
-7 =

Therefore, an e-approximation of Vi will give an 2e-approximation to V*. Specifically, if we let Vo be an €-approximation
of V', then

e -] = il - e, + |1 -

oo

<[ i)+ - v
o0

< 2e.

oo

Therefore, obtaining 2e-approximation V* for M with a quantum generative oracle reduced to obtaining e-approximation
value VO for M with a quantum generative oracle. Then, it implies that the algorithm K inherits the lower bound for
obtaining 2e-approximation V* for M with a quantum generative oracle. Note that M is a time-independent MDP. Then
the quantum generative oracle G is the same as G defined in Theorem B.5. By Theorem B.5, we know that the lower bound
for obtaining 2e-approximation V* for M with a quantum generative oracle is Q(S VAT /). This 1mplles the quantum
lower bound for finite horizon MDP M to obtain an e-optimal value function V; is Q(SvAH5 /(elog"®(e~1))).

Note that the above content also shows that obtaining 2e-approximation V* for M with a classical generative oracle
reduced to obtaining e-approximation value VO* for M with a classical generative oracle. By Theorem B.5, we know that
the lower bound for obtaining 2e-approximation V* for M with a classical generative oracle is Q(SAT? /¢). Therefore,
the classical lower bound for finite horizon MDP M to obtain an e-optimal value function V; is Q(SAH?/(e2log®(e~1))).

Lemma B.7. Let S and A be finite sets of states and actions. Let H > 0 be a positive integer and € € (0,1/2)
be an error parameter. We consider the following finite-horizon MDP M = (S, A, { P }1 =, {rn}i=y, H) where
Py, = P e RS*A*S and 1y, = r € [0,1]5%A forall h € [H].

e Given access to a classical generative oracle, any algorithm IC, which takes M as an input and outputs a value function

QO such that HQO - Q5 H < € with probability at least 0.9, needs to call the classical generative oracle at least
AH?
Q Sf (129)
e?log”(e~1)

* Given access to a quantum generative oracle G defined in Definition 4.1 any algorithm IC, which takes M as an input

Qo - Q5 H < € with probability at least 0.9, needs to call the quantum
SAH'S
QU —%—— (130)
elog (e 1)

Proof. Following the same idea in Lemma B.6, we consider an infinite-horizon MDP M= (S , A, P, 7, ) with a quantum
generative oracle, where S = S \ {s0} to be a subset of S and vy € [0,1). With a slight abuse of the notations for
the infinite-horizon MDPs, we let V* € RS and Q* € RS*A be the optimal V-value and Q-value functions of M.
Now, we proceed to prove that obtaining an 2e-approximation value of Q* for any infinite horizon MDP M can be
reduced to obtaining an e-approximation value of () for a finite horizon MDP. We consider following finite-horizon MDP
M = (S, AP} {rn o), H) where P, = P € RS*A%S and 7y, = r € RS*4A. Besides, the time horizon H
satisfies H = [2(1 — )~ log(e~1)] = ©((1 — )~ log(e!)). Besides, under any action a € A = A, there is a (1 — 7)
probability for each state s € S to transition to so and ~ probability to follow the original transitions in M. However, when

times on the worst case of input M.

and outputs a value function Qo such that ’

generative oracle at least

times on the worst case of input M.
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the agent is in s, it can only transition to itself with probability 1, no matter which action a € A it takes. Hence, sq is an
absorbing state in M. Overall, we have the following definitions for the transition probability kernel P in M.

Vs,s' € S,a € AP(s'|s,a) = vP(s'|s,a), P(sols,a) = (1 =), (131)

P(s'|sg,a) = 0, P(sg|so,a) = 1. (132)

Besides, we define (sg,a) = 0,7(s,a) = 7(s,a) € [0,1] forall s € Sanda € A.

Now, we proceed to prove that HQ3|ng —Q*|| <eie.|Qi(s,a)— Q*(s,a)| < eforall s € Sand a € A = A. First,

we note that Q% = r(s,a) < Q* by the definition of Q*. In Lemma B.6, we see that it holds that V;*(s) < V*(s) for all
h € [H]and s € S, and Vi 1(s0) = Oforall h € [H]. Therefore, we have,

Qi(s,a) =r(s,a) + Y P(s']s,a) Vi (s)
s’eS
=r(s,a) + Z P(s'|s,a)V;i 1 (8") + P(sols, a) Vi1 (s0)
s'e8
=r(s,a) + Y P(s']s,a) Vi (s))
ves (133)
=r(s,a)+7 Y P(s/|s,a) Vi (s)
s'eS
<r(s,a) +7 ) P(s/|s,a)V*(s)
s'eS

=Q"(s,a),

forall b € [H — 1] and (s,a) € S x A. In particular, Q}(s,a) < Q*(s,a) forall s € Sand a € A. Let 7* € AS be an
optimal policy for the infinite-horizon MDP M. However, 7@ € AS*H] where 7 (-, h) = 7* for all h € [H], may not be an
optimal policy for finite-horizon MDP M. Then we have Q7 (s,a) < Q(s,a) forall s € S and a € A. In fact, for any
seS , we have

QI (s,a) = r(s,a) + Z P(s'|s, a)r(s,ﬁ*(s)) IS Z pH (s’\s,ﬁ*(s))r(&fr*(s))

A ZS

s’eS s'eS
= #(s,0) +7 3 P(s]s, a)i(s,7%() + -+ 4 Y PH(S']s, a)i(s, 7 (s)) (134)
s'eS s'eS

=Qu
where Q’E is the Q value of the infinite-horizon MDP M induced by the policy 7* over H iterations. Note that for any
policy 7 for the infinite horizon MDP M, ||QF — Q™| <" ‘Qg — Q7| <2exp(—(1 —~)k)/(1 — 7). Then, Ve, it

suffices to let & > log(2/((1 — v)e))/(1 — ) so that HQ}; - Q’TH < e. In fact,

1ivlog ((1—2v)6> - 117<log <1iv> s (3)
(s s (2)) -
1

o0

The third line comes from the fact that log(1 — ) < —v,Vy € [0,1). The last line comes from the fact that log(2/¢) >
1,Ve € (0,1/2). Since H = [212- log (2)] and 7* is an optimal policy for M, then we must have Q7 (s,a) >
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Q™ (s,a) —e = Q*(s, a) — e. Therefore, we have Q*(s,a) —e < Qi(s,a) < Q*(s,a)forall s € S, a € A, which implies

Qo be an e-approximation of f;, then

lgua — Q*‘ < e. Therefore, an e-approximation of ()§ will give an 2e-approximation to Q. Specifically, if we let
oo

HQ0|§><A_Q* < HQO‘SXA_QMSXAHOO"'HQS‘SX
< @0 —qil|_ + |@sls (136)
< 2e.

Therefore, obtaining 2e-approximation Q* for M with a quantum generative oracle reduced to obtaining e-approximation
value Qo for M with a quantum generative oracle. Then, it implies that the algorithm K inherits the lower bound for
obtaining 2e-approximation Q* for M with a quantum generative oracle. Note that M is a time-independent MDP. Then
the quantum generative oracle G is the same as G defined in Theorem B.5. By Theorem B.5, we know that the lower bound
for obtaining 2e-approximation Q* for M with a quantum generative oracle is (S A /€). This implies the lower bound
for obtaining e-optimal Q value function Qg of finite horizon MDP M is Q(SAH'5 /(elog"®(e~1))).

Note that the above content also implies that obtaining 2e-approximation Q* for M with a classical generative oracle
reduced to obtaining e-approximation value Qg for M with a classical generative oracle. By Theorem B.5, we know that
the lower bound for obtaining 2e-approximation Q* for M with a classical generative oracle is 2(SAT®/¢). Therefore, the
classical lower bound for finite horizon MDP is Q(SAH? /(2 log3(e™1))). |

B.3.3. LOWER BOUNDS FOR FINITE-HORIZON MDPS (PROOF OF THEOREM 4.7)

Proof. Since time-independent and finite-horizon MDP is a special case of time-dependent and finite-horizon MDP, we
know that the lower bound of obtaining an e-approximation Vo of Vi for time-dependent and finite-horizon MDP M
with a classical or quantum generative oracle inherits the corresponding lower bound in Lemma B.6. Besides, obtaining
e-approximations Vo of Vg is a sub-task of obtaining e-approximations Vi, of V¥ for all h € [H]. Therefore, the lower
bound of obtaining e-approximations Vj, of V¥ for all h € [H] for time-dependent and finite-horizon MDP M with access
to a classical or quantum generative oracle inherits the lower bound of obtaining e-approximations Vo of V" with a classical
or quantum generative oracle. Therefore, algorithm /C has the desired classical and quantum lower bounds for obtaining
e-optimal V value functions { Vh} ’132—01' With Lemma B.7, similar idea also applies to obtain the classical and quantum lower
bound of obtaining e-optimal Q value functions {Q h}hH:_01

Suppose K can output an e- optimal policy 7 for a finite horizon and time-dependent MDP M, then the corresponding

V-values {V;, }- 1 := {V/7}2- ! induced by 7 are e-optimal. Therefore, K has the desired classical and quantum lower
bounds for obtaining the e- optlmal policy 7 by inheriting the corresponding lower bound for obtaining e-optimal V-value
functions {V7,}7,". |
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