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Abstract

This study comprehensively investigated CUR decomposition-based active learning and feature
selection from an optimization perspective, especially provided the complexity analysis.

1. Introduction

The primary goal of active learning [4, 12, 15, 21, 24] and feature selection [6, 9, 11, 13, 25, 26, 28,
30] is to address a fundamental challenge in machine learning and online learning: the high cost of
labeling data and the curse of dimensionality. Modern datasets often contain a vast number of both
instances (rows) and features (columns), making full annotation prohibitively expensive and models
computationally heavy and prone to overfitting. The paper introduces a unified solution that tackles
both problems simultaneously by leveraging the principles of matrix decomposition, specifically
the CUR matrix decomposition [3, 5, 12, 14, 23], to select the most informative data points to label
(active learning) and the most relevant features (feature selection).

CUR decomposition is chosen over other techniques such as PCA [22] or SVD [1] because
it provides a low-rank approximation of the original data matrix using actual rows and columns
from the dataset itself. This crucial property ensures that the selected features and instances are
interpretable and maintain their original meaning, as opposed to the transformed, abstract components
produced by PCA. The method works by minimizing the residual of CUR with sparse row and
column constraints, which identify the rows (feature) and columns (instances) that exert the most
influence on the structure of the data matrix. These high-leverage points are deemed the most
representative and informative.

By applying CUR decomposition, the framework efficiently selects a small subset of instances for
an expert to label, drastically reducing annotation costs in active learning. Concurrently, it selects a
subset of features that best capture the data’s variance, improving model efficiency and generalization.
This creates a powerful synergy: the model is trained on maximally informative data points described
by the most relevant features, leading to a more robust, interpretable, and computationally efficient
machine learning pipeline compared to handling each problem separately.
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2. Active Learning and Feature Selection via CUR Decomposition

From an algorithmic perspective, the matrices C, U, and R can be obtained by minimizing the
approximation error |W — CU R||%. Here we make a key observation that the above definition is
closely related to the problem of simultaneous sample and feature selection. More specifically, the
matrix U R can be regarded as a reconstruction coefficient matrix, and C' denotes the selected m
samples, thus minimizing means that the total reconstruction error ||[W — CU R)||% is minimized,
which can make the data points in C' be the most representative. The reconstruction coefficients U R
are related to an r-dimensional feature subset of the dataset. The reconstruction coefficients of each
reconstructed data point w; (¢ = 1,2, - - - ,n) are formed by a linear combination of its r features. In
the meantime, the matrix C'U can also be regarded as a reconstruction coefficient matrix, and R is
the new low-dimensional representation of W, so minimizing || W — CU R||% also indicates that the
selected r features can represent the whole dataset most precisely. The construction of the coefficient
matrix CU depends on a sample subset of W. Clearly, active learning and feature selection can be
conducted simultaneously in such a joint framework via CUR factorization.

Letp = [p1,p2,-- ,pa]” € {0,1}" and q¢ = [q1,q2,--- , q4]" € {0, 1} denote two indicator
variables to represent whether a sample and a feature is selected or not, respectively. Specifically,
p;i = 1(or0) (: = 1,2,---,n) indicates that the i-th sample is selected (or not), and g; = 1 (or 0)
(j =1,2,---,d) means that the j-th feature is selected (or not). Then, minimizing |W — CU R||%
can be rewritten as

min W — W dia, V dia w||?
pE{OJ}nJ/GRnX{qE{OJ}dH g(p)V diag ()W |

st. 1Tp=m,pc {0,1}" (0
17q=rq¢€{0,1}

where V' € R™ 9, diag (p) = diag {p1,p2, - ,pn} € R™*" is a diagonal matrix with p) on its

diagonal, diag (q) = diag {q1,q2, - ,qa} € R¥?is a diagonal matrix with q) on its diagonal,
1, = [1,1,--- ,1]T € R" is an n-dimensional vector with all components being 1, and 15 =
[1,1,---,1]7 € R%is a d-dimensional vector with all components being 1. The term W diag (p)

in Eq. (1) aims to make m columns of W unchanged, and resets the rest (n — m) columns to zero
vectors. While the term diag (q)W in Eq. (1) tends to keep 7 rows of W unchanged, and resets the
rest (d — r) row to zero vectors.

3. A Convex Formulation

The objective function (1) is hard to be solved directly, since it is an NP-hard problem. After a careful
observation to (1), we find that we can utilize the {5 o mixed norm of a matrix to reduce the number
of the parameters. Defining X = diag (p)V diag (q) € R™*9, we can rewritten Eq. (1) as
min |[W - WXW||%
XeRnxd
sit. | X0 =m @)

1X |20 =7



THEORETICAL ANALYSIS FOR CUR DECOMPOSITION

where the quasi-norm /3 o norm of a matrix X is defined as the number of the non-zero rows of X,
denoted by || X ||2,0. Based on Eq. (2), we propose to optimize the following objective function:
min [[W — WXW|[} +al X|l20 + B X7 |20 )
X eRnxd
where o > 0 and 8 > 0 are two regularization parameters.

However, Eq. (3) is still an NP-hard problem due to the {3 o mixed norm of a matrix. Fortunately,
there exists theoretical progress that || X ||2 1 is the minimum convex hull of || X||2,o. The result of
minimizing || X||2,1 is the same as that of minimizing || X||2,0, as long as X is row-sparse enough.
Therefore, Eq. (3) can be relaxed to the following convex optimization problem:

min W~ WXWI|[} + af X|lz,1 + 8] X7 |21 @
XeRnxd

where || X |l21 = > 14 Z;-lzl a7 = Yoiey ||@ill2, ;5 is the i-th row j-th column element of X,

x; € R% s the i-th row of X.
4. Optimization Algorithm

To solve Eq. (4), we first introduce two variables Y and Z, to convert to the following equivalent
objective function:

min W — WXW|3% + a||Y |21+ 8l Z]|21
XGR"Xd,YGR"Xd,ZGRdX"
st. Y =X )
Z=Xx"T

The augmented Lagrange function of Eq. (5) is:
Loipo(X,Y,Z, A1, As) = |W = WXWI[E + al|Y |21 + Bl Z] 2.
+ (A, X -Y)+ (A, XT - Z) (6)
P1 P2
+ 21X - YIE+ 21XT - Z)3
where A; € R™? and Ay € R?¥*" are the Lagrange multipliers, (A1, X — Y) = Trace(AT(X —
Y')), Trace(-) is the trace norm of a square matrix, which is the sum of diagonal entries of a square
matrix, p; and py are the constraint violation penalty parameters. From the augmented Lagrangian
function, we find that the subproblems about Y and Z are fully separable, as a result we can introduce
the classical two-block ADMM [16], while considering X and (Y, Z) as two-block variables. In an
ADMM-type algorithm [17], the basic Gauss-Seidel structure [2] in (¢ + 1)-th iteration is
X = argminy cpaxa Loy pp (X, YO, 2O AW AT
y (D) — argminy crnxa Ly, po (XD Yy, Zz®, Agt), A(Qt))
ZUHD) = argmingepasxn £y 5 (XD, YDz A AD) (7
t+1 t
Ag+ ) _ Ag) _|_p1(X(t+1) _ Y(t+1))
Ag"‘l) — Ag) + p2((X(t+1))T . Z(t+1))
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Next, we will introduce how to solve these subproblems in detail.
(1) Compute the subproblem about X (+1):

When the other variables are fixed with the former iteration result (Y(t), zZW, Agt), Ag) ), the
subproblem about X (1) is as

XD = argminy cgnxa Loy (X, YO, 20, AP AP
= argminXeRnxd{HW - WXWH%

1
+ X YO+ —AP | ®)
2 P1
1
+ X - 20+ AP 3
2 p2
The necessary optimality condition further follows as

0Ly, (X, YO, 20 AP A

X =0 )
This implies
WIWXWWT + (p1 + p2) X
1 1 10
= 2oWIWWT + (YO — —AP) + po(20) — —AD)T (o
P1 P2

For writing conveniently, let M = WIW € R™"* N = WWT ¢ R4 and H =
WIWWT 4 p (Y — p—llAgt)) +p2(Z® — p%Ag))T € R™*4, then, the equation above becomes

2MXN + (p1 +p2)X = H (11)

Since M = WTW € R™" and N = WW7T ¢ R% are both positive semi-definite and
symmetric, we can perform eigenvalue decomposition with all non-negative eigenvalues, obtaining

M =W'W = PP’ ¢ RV

(12)
N=WWw" =QuQ" ¢ R
where P € R™" and Q € R?*? are two orthogonal matrices with all eigenvectors, PTP = I,, €
R QTQ = I; € R4 and ® € R™"™ and ¥ € R¥*? are two diagonal matrices with all
non-negative eigenvalues.

Plugging Eq. (12) into Eq. (11), we obtain

2P®PTXQEPQ" + (p1+p2)X = H (13)

That is
2PTPOPTXQEUQ"Q + (p1 + p2)P"XQ = PTHQ (14)

That is
20P"XQ¥ + (p1 + p2)P'XQ =P"HQ (15)
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Let PTXQ = D € R™*¢, then Eq. (15) becomes
28DV + (p1 + p2)D = PTHQ (16)

Thus, the i-th row and j-th column element D; ; of the matrix D can be obtained by the following
closed-form solution

D (PTHQ)i,;
Y 2(@)i (W) + (p1 4 p2)

wherei =1,2,---,n,j=1,2,--- ,d, (PTHQ); is the i-th row and j-th column element of the
matrix PTHQ, (®);; is the i-th element of the diagonal matrix ® € R™*", and (¥); ; is the j-th
element of the diagonal matrix ¥ € R*¢,

As we know, (®);; > 0 and (¥),; > 0. In the meantime, p; and py are greater than zero in

practice, so the denominator in the equation above is greater than zero. After obtaining I, we can
easily calculate X as

a7

PTXQ =D c R

18
PPTXQQ" = X = PDQ" € R™¢ (1%

Therefore, X ‘t1) = X = PDQT.

(2) Compute the subproblem about Y (¢+1):

Further we calculate the subproblem about Y (*+1), When the other variables are fixed with the
former iteration result (X t+1) Z®), Agt), Ag)), the subproblem about Y (D) jg ag

Y(H_l) = argminYER"Xd ﬁﬂhpz (X(H_l)a Y, Z(t)? Agt)7 Agt))

| 1 (19)
= argminy cgoxa{a]| Yz + GIX Y =¥+ AP}
In order to solve the subproblem (19), we first decouple it as
n
y (D) = argminy, cpa j—1 9. p{o Z 1Yil[2
=1 (20)
Z ¥ — (XD 1 LAy 3)
P1
where Y; € R? and (X(Hl) + pilAgt))i € R? (i = 1,2,---,n) are the i-row of the matrices
Y € R™*4 gpnd X (D 1 ,TllAgt) € R™ 4 respectively.
Define YZ-(HI) € R? as the -row of the matrix Y (1) ¢ R"*d (; = 1,2, ..., n), then, we have
Yi(tH) = argminy; cga{ || Y2
(2D

P1
+ B = (X AL )

The problem (21) can be solved by the following lemma:
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Lemma 1 Forany \ > 0 and u € R?, the minimizer of

. 1
w” = argminy,ega{ |w — ull3 + Awl2} (22)
is given by
0 if [ulls <A
(- 2w if Jluflz > A
Based on this lemma, we can obtain the optimal YZ-(HU € R% as
: (®)
yurn _ [0 L T shs o
) - o] . o
Z (= sty 80 i 187 > 5

where Si(t) is the i-th row of matrix S®) (4 = 1,2,--- ,n),and S® = X+ 4 p%Agt) e R™¥4,

(3) Compute the subproblem about Z (t+1),
Further we calculate the subproblem about Z(*+1). When the other variables are fixed with the

former iteration result (X (1) y (t+1), Agt), A;t)), the subproblem about Z (‘1) is as

ZUD = argmingepaxn £y p (XD YDz A A

: p2 1« (25)
= argming ez {81 Zll21 + FIX T = 7+ AV F}
Similar to solve (19), the optimal Z(*+1) can be easily obtained by
if (7)< 2
Z{) = ) . ](t) pﬁ (26)
J — B _ 7! { B
(]‘ p2||Tj(t)H2 )1} lf HT] ”2 > P2

where T\") s the j-th row of matrix T®) (j = 1,2, d),and T® = (X+D)T 1 LAY € Rn,

5. Complexity Analysis

The main computation in each iteration comes from updating X, Y, Z and dual variables A; and
Ao. The update steps of the dual variables refer to one matrix multiplication and several matrix
additions whose computational complexity is O(n?d). For updating X, it refers to several matrix
multiplications and two eigenvalue decompositions, which costs O(n? + n?d + d*n + d*). For
updating Y, the complexity is of order O(nd). Updating Z needs O(n?d). Therefore, the total
computational complexity in each iteration is O(n? + n?d + d*n + d*).

6. Conclusion

This work provides a theoretical foundation for a unified framework that uses CUR matrix decomposi-
tion to perform active learning (selecting informative instances) and feature selection simultaneously.
The analysis proves that selecting the most influential rows and columns via their optimization
processing offers strong performance guarantees. The method is interpretable as it uses actual data
points and features, offering a great potential for high-dimensional data analysis [7, 8, 20, 29], group
fairness analysis [19, 27], and outlier or anomaly detection tasks [10, 15, 18].
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Appendix

The key steps of the CUR algorithm are summarized in Algorithm 1. We can extend our method to
the kernel version by defining a new data representation to incorporate the kernel information.

Algorithm 1 The CUR Decomposition Algorithm

Online input: the data matrix W € R, parameters, o > 0 and 3 > 0.
Online output: the matrix, X ¢ R"*4,

1:

AN O i

=

Initialization: Y(© = 0 ¢ R*?, 20 = 0 ¢ R¥", AlY) = 0 ¢ R4 AP = 0 € R,
P1 >0,,02>0,p:1010,7'>0,5>0,t:0;

While not converged do

fix the other variables and update X *+1) by X (t+1) = X = PDQT in Eq. (18);

fix the other variables and update Y (‘1) by Eq. (24);

fix the other variables and update Z (1) by Eq. (25);

update the multipliers A{™ = AW 4+ /(XD _ y@+D) ang AU = AP 4
pa (W)Y — Z(4 ),

update the parameters p; and p2 by p1 = min (7p1, p) and p2 = min (7p2, p);

8 t+—t+1;
9: check the convergence conditions (1) | X — Y ®) || < &; 2) [(XP)T — ZB)||o, < &; and

10:

3) \f(X(;)());{z(j()()t_l))\ < ¢ are all satisfied, where f(X) = [|[W — WXW|% + af X |21 +

B|IXT]|2.1 is the objective function value of Eq. (4) at the point X.
end

10
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