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ABSTRACT

The Mamba model has gained significant attention for its computational advantages
over Transformer-based models, while achieving comparable performance across
a wide range of language tasks. Like Transformers, Mamba exhibits in-context
learning (ICL) capabilities, i.e., making predictions for new tasks based on a prompt
containing input-label pairs and a query, without requiring fine-tuning. Despite its
empirical success, the theoretical understanding of Mamba remains limited, largely
due to the nonlinearity introduced by its gating mechanism. To the best of our
knowledge, this paper presents the first theoretical analysis of the training dynamics
of a one-layer Mamba model, which consists of a linear attention component
followed by a nonlinear gating layer, and its ICL generalization on unseen binary
classification tasks, even when the prompt includes additive outliers. Our analysis
shows that Mamba leverages the linear attention layer to select informative context
examples and uses the nonlinear gating layer to suppress the influence of outliers.
By establishing and comparing to the analysis of linear Transformers under the
same setting, we show that although Mamba may require more training iterations
to converge, it maintains accurate predictions even when the proportion of outliers
exceeds the threshold that a linear Transformer can tolerate. These theoretical
findings are supported by empirical experiments.

1 INTRODUCTION

Transformer-based large language models (LLMs) (Brown et al., [2020; /Achiam et al., [2023}; |(Guo
et al.| [2025) have demonstrated remarkable capabilities across a wide range of language, vision, and
reasoning tasks. However, they face efficiency challenges when processing long sequences due to
the quadratic time and memory complexity of the self-attention mechanism with respect to sequence
length (Gu & Daol 2023 Dao & Gu, [2024)). To address this, many efficient alternative architectures
have been proposed, including state space models (SSMs) such as S4 (Gu et al.} 2021;2022)) and H3
(Fu et al.} 2023a). Among them, Mamba (Gu & Daol [2023) has attracted significant attention for its
strong empirical performance, linear computational complexity, and hardware-friendly properties that
enable efficient parallelization. These advantages have sparked growing interest in understanding the
mechanism of Mamba and whether it can match or surpass the capabilities of Transformer models.

One particularly intriguing property of LLMs is in-context learning (ICL) (Brown et al.|[2020; |Garg
et al., 2022), which allows a pre-trained model to generalize to new tasks without any parameter
updates. By simply augmenting the input with a prompt containing a few labeled examples from
the new task, the model can produce accurate predictions for unseen tasks. While LLMs have
demonstrated impressive ICL generalization, their performance is sensitive to the quality of the
context examples (Liu et al.,[2022; ' Wu et al.l|2023b)). In particular, ICL performance can degrade
significantly in the presence of outliers or adversarial attacks on prompts, such as data poisoning,
resulting in incorrect predictions (Wan et al., 2023} Kandpal et al.} 2023; Qiang et al., 2023 |He et al.
2024; Zhao et al., 2024} |Anwar et al., 2024]).

Recent empirical work (Park et al., 2024; Halloran et al., 2024; |Grazzi et al., 2024; Jelassi et al.
2024} |Arora et al., [2024] Waleffe et al.} 2024) has demonstrated that Mamba can also perform ICL on
function learning and natural language processing tasks. (Park et al., [2024; |Grazzi et al.,|2024)) show
that Mamba is competitive with Transformers of similar size in some ICL tasks and outperforms
them in settings with many outliers, such as regression with corrupted examples. On the other hand,
studies such as (Park et al.,2024; |Walefte et al., 2024} |Arora et al.,|2024; Jelassi et al.,|2024) identify
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limitations of Mamba in retrieval-based and long-context reasoning tasks. Despite these empirical
insights, several fundamental questions remain open:

Why and how can a Mamba model be trained to perform in-context generalization to new tasks?
How robust is it to outliers? Under what conditions can Mamba outperform Transformers for ICL?

(L1 et al., 2024b) and (Li et al.l 2025b)) analyze Mamba-like models, e.g., simplified H3 and gated
linear attention, and show that the global minima of the loss landscapes correspond to models
whose outputs, when given a prompt, implicitly perform a weighted preconditioned gradient descent
using the context examples. This serves as the counterpart to the preconditioned gradient descent
interpretation of ICL in Transformers (Ahn et al.l 2023)). Joseph et al.|(2024) shows that continuous
SSMs can learn dynamic systems in context. Bondaschi et al.[(2025) proves that Mamba is expressive
enough to represent optimal Laplacian smoothing. However, these studies do not address whether
practical training methods can reliably yield Mamba models with ICL capabilities, nor do they
provide theoretical guarantees for generalization or robustness in the presence of outliers.

1.1 MAJOR CONTRIBUTIONS

This paper presents the first theoretical analysis of the training dynamics of Mamba models and
their resulting ICL performance, including scenarios where context examples in the prompt contain
outliers. We focus on training Mamba on binary classification tasks where input data consist of both
relevant patterns, which determine the label, and irrelevant patterns, which do not. Additionally,
context inputs may include additive outliers that perturb the labels. While our analysis is based on
one-layer Mamba architectures, this setting aligns with the scope of state-of-the-art theoretical studies
on the training dynamics and generalization of Transformers and other neural networks, which also
typically focus on one-hidden-layer models (Zhang et al., 2023} |L1 et al.| |2024ajb; 2025b). Our main
contributions are as follows:

1. Quantitative analysis of ICL emergence and robustness to outliers in Mamba. We characterize
the number of context examples and training iterations required for a Mamba model to acquire ICL
capabilities for new tasks that were not present during training. We prove that when trained with
prompts that may contain a finite number of outlier patterns, Mamba can generalize in-context on
new tasks when the context examples contain unseen outliers that are linear combinations of the
training-time outliers. Furthermore, Mamba can maintain accurate ICL generalization even when the
fraction of outlier-containing context examples approaches 1, demonstrating strong robustness.

2. Theoretical comparison between Mamba and linear Transformers. We provide a theoretical
characterization of the convergence and generalization properties of one-layer single-head linear
Transformers trained on the same tasks. While linear Transformers may converge faster with smaller
batch sizes, they can only in-context generalize effectively when the fraction of outlier-containing
context examples is less than 1/2, much less than that for Mamba. Moreover, linear Transformers
require significantly more context examples than Mamba to achieve comparable generalization
performance. This highlights Mamba’s superior robustness to a high density of outliers in ICL.

3.Theoretical characterization of the mechanism by which Mamba implements ICL. We show
that the equivalent linear attention mechanism in Mamba selects context examples that share the same
relevant pattern as the query, while the nonlinear gating mechanism suppresses corrupted examples
and applies an exponential decay in importance based on index distance, emphasizing examples
closer to the query. Together, these mechanisms enable Mamba to suppress irrelevant or corrupted
context examples and focus on informative and nearby ones, achieving effective and robust ICL.

1.2 RELATED WORKS

Theoretical Analysis of ICL. Existing theoretical works of ICL primarily focus on Transformer-
based models. (Garg et al.| (2022); Akyiirek et al.| (2023); Bai et al.| (2023)); Von Oswald et al.| (2023);
Ahn et al.| (2023)) illustrate that Transformers can implement many machine learning algorithms, such
as gradient-based methods, via ICL.[Zhang et al.|(2023); |[Huang et al.| (2023)); Wu et al.| (2023a)); L1
et al.[(2024a)); |Chen et al.| (2024a) provably investigate the training dynamics and generalization of
ICL on single/multi-head Transformers. [Yang et al.| (2024d); Kim & Suzukil (2024)); |Oko et al.[(2024)
extend the analysis to learning complicated nonlinear functions by ICL.

Connections Between Mamba and Transformers. |Ali et al.| (2024) finds that Mamba exhibits
explainability metrics comparable to those of Transformers. |[Dao & Gul(2024) shows that SSMs
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and variants of attention mechanisms share a large intersection and can be viewed as duals of each
other. |Han et al.| (2024) notes a similarity between the forget gate in Mamba and the positional
encodings in Transformers. The complementary strengths, Mamba’s computational efficiency and
Transformers’ ability to capture global dependencies, have motivated the development of hybrid
architectures (Hatamizadeh & Kautz, [2024; [Lenz et al.| 2025 Xu et al., [2024).

Optimization and Generalization of the Attention Architecture. Some other works focus on
the optimization and generalization of attention-based models without nonlinear gating beyond the
ICL setting. Jelassi et al.[(2022); |L1 et al.[(2023azb)); Jiang et al.[(2024); |Yang et al.|(2024a); L1 et al.
(2025a)) study the generalization of one-layer Transformers in classification tasks by formulating
spatial association, key features, or the semantic structure of the input. [Huang et al.|(2024); Nichani
et al. (2025); Ren et al.[(2024) investigate the problem in next-token prediction based on the partial
order, bigram, or semantic association assumption. (Chen et al.|(20244a); |He et al.| (2025)) extend the
analysis to multi-head attention networks.

2 PROBLEM FORMULATION

The learning model, Mamba, is proposed in (Gu & Dao, 2023ﬂGiven theinput U = (uq,- -+ ,um) €
R%*™ the model outputs o; recursively through the hidden states h;, i € [m]. Starting from
hy = U, a one-layer Mamba can be formulated as

h; =h;_1 ©® Al + (’U,l]_;rn) O] Bl S Rdoxm', Vi € [m]

(D

o; =h;C; S ]Rdo,
where Bl = (BI” s ,B(IOJ)T € RdoXm with Bj,i = (AMBi)(exp(A“A) — Im)(AjyiA)il
and B; = u/ W € R™™ Wp € R, A; = (A],,--- A} ;)7 € ROX™ with A;; =
diag(exp(A;,;A)) T, C; = Weu,; € R™ with W € R™*%. 1, is an all-ones vector in R™. ®
and exp(-) are element-wise product and exponential operations, respectively. diag(-) : R%*do —
R% outputs the diagonal of the input as a vector. o(-) : z € R — (1 + exp(—2))~! € R is the
sigmoid function. A; ; = softplus(iju,; ) = log(1 + exp(fijui )) € R, which is parameterized by
W = (wy, - ,wq,) € R xdo_ Denote w = wg,. Following the assumption in Theorem 1 of (Gu
& Dao, [2023), we select A = —1I,,, € R™*"™ for simplicity of analysis.

Following the theoretical setup used in recent in-context learning (ICL) analyses (Garg et al., 2022}
Huang et al.| 2023} [Li et al., [2024aZb; 2025b), we consider training a model on prompts from a
subset of tasks to endow it with ICL capabilities on unseen tasks. This framework is motivated by
the observation (Chen et al.,|2024c) that although LLMs are typically trained without supervised
labels, natural text often contains implicit input-output pairs, i.e., phrases following similar templates,
that resemble the prompt-query format used in our setup. Specifically, we consider a set of binary
classification tasks 7, where for a certain task f € 7T, the label z € {+1, —1} of a given input
qUETY Tyuery € R? is determined by z = f(®query) € {+1,—1}. Then, the prompt P for  gyery is
constructed as

_[(T1 T2 o T Tguery ) . . (d+1)x (I4+1)
P = <y1 ya oy 0 ) = (p1,p2, 7pque'r'y) eR s (2

where y; = f(x;), i € []. With the prompt P in (200) as the input to the Mamba model in (1) with
m =14 1and dy = d + 1, the output of one-layer Mamba can be rewritten as

+1
F(U; P) =ej 10141 = Y _ Gis1(w)yip] W5 Wepguery,
=1

3
T, I+1 N T, .
where G 141 (w) = a(prZ) ymia (1 = 0w py)), Z <t
o(w Pguery), i=1+1,
where €411 = (0,---,0,1)T € R4 and ¥ = {Wpy, Wi, w} is the set of trainable parameters.

The derivation of (3) can be found in Appendix [E.I] From (3), one can observe that a one-layer
Mamba is equivalent to a linear attention layer parameterized by W and W followed by a
nonlinear gating layer G; ;1 (w) for i € [l + 1]. Specifically, W and W can be respectively

'The theoretical extension of our framework to other SSM/linear RNN models is discussed in Appendix
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interpreted as the key and query parameters in a Transformer model. Therefore, a Transformer with
linear attention, commonly studied in the context of ICL (Zhang et al.| [2023)), can be viewed as a
special case of the formulation in (3)) by removing the nonlinear gating, i.e., setting G; ;11 (w) = 1
for all ¢ € [l + 1]. We adopt this simplified formulation when comparing Mamba and Transformers
in Section 3.4l

Given N training examples consisting of prompt-label pairs (P", z”)gzl,

solving the empirical risk minimization problem using the hinge loss:

the model is trained by

m\liln — Z LT; P 2™, where £(U; P™, 2") = max{0,1 — 2" - F(¥; P™)}. )

n=1
Each prompt P is generated from a distribution D, where the query @, and all context inputs x;'
are sampled independently, and the associated task f is drawn from a set of training tasks 7, C 7.

Training Algorithm: The model is trained using stochastic gradient descent (SGD) with step
size 7 with batch size B, summarized in Algorithm m Wg)) and WC(P) are initialized such that
the first d diagonal entries of Wg)) and Wéo) are set as § € (0,0.2]. w(® follows Gaussian

N(0,I411/(d +1)).

ICL Generalization in the Presence of Outliers: The testing prompt P’ follows an unknown
distribution D’, which is different from the training prompt P and may contain outliers. Then,
the ICL generalization of the model W is computed as the classification error across all tasks in 7,
including those never appear during the training stage, i.e.,

Ly prop/ (W P 2) = Eper prap [1[z - F(T; P') < 0]]. 6)

3 MAIN THEORETICAL RESULTS

We first summarize insights of our theoretical results in Section @ Then, we introduce our
formulation for analysis in Section Section [3.3] presents the theoretical results of learning for ICL
generalization with Mamba. Section [3.4] analyzes linear Transformers for a comparison with Mamba
models. We finally characterize the ICL mechanism by the trained Mamba in Section [3.5]

3.1 MAIN THEORETICAL INSIGHTS

We formulate a class of binary classification tasks where the labels in each task are determined by two
selected relevant patterns. Such data formulation stems from the sparse representation assumption
(Wright et al.;, 2010) for real-world data and is widely adopted in theoretical analysis (Li et al., 2024a}
Huang et al.} 2023} Jiang et al.,|2024)). The model is trained on a subset of these tasks using prompts
that may include context examples corrupted by additive outliers. We then evaluate the model’s
performance on unseen tasks, where the prompts can contain outliers not observed during training.

P1. Theoretical Characterization of Learning Dynamics, ICL Generalization, and Robustness
to Outliers in Mamba Models. We provide quantitative guarantees that training with prompts can
lead to favorable ICL generalization on unseen tasks, and these results hold even in the presence of
outliers (Theorems [1| and . Specifically, if a fraction p, € [0, 1) of the context examples in the
training prompts contain additive outliers, we prove that the learned model still generalizes accurately
at test time, as long as the fraction of outliers in the testing prompt, denoted by «, is less than
min{1, p, - Iy /115 } Where Iy, and l;4 are the number of examples in the training and testing prompts,
respectively. Notably, the outliers in the test prompt may be previously unseen, but should contain a
positive linear combinations of outlier patterns seen during training.

P2. A Comparison Between One-Layer Mamba and Linear Transformer Models. We theoreti-
cally analyze the convergence and ICL generalization of a one-layer linear Transformer (Theorems 3|
and [ for comparison. Our results show that linear Transformers require smaller batch sizes, fewer
iterations, and milder constraints on the magnitude of outliers and the prompt length for successful
training convergence compared to Mamba. However, linear Transformers can only generalize well
when the test prompt has an outlier fraction « < 1/2, whereas Mamba could maintain accurate
generalization even if « goes to 1. Moreover, even when both models can achieve ICL, e.g., when «
is close to 1/2, linear Transformers require significantly more context examples to achieve compara-
ble performance. Thus, despite requiring more effort during training, Mamba models demonstrate
superior robustness to outliers during ICL.
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P3. Mechanism of Mamba Models in Implementing ICL. Our analysis shows that the linear
attention layer in Mamba selectively emphasizes context examples that share the same relevant pattern
as the query, while the nonlinear gating layer promotes examples that are both close to the query and
free of additive outliers. This dual mechanism enables the trained Mamba to suppress irrelevant or
corrupted context examples and focus on informative examples close to the query, thus achieving
successful and robust ICL.

3.2 DATA AND TASKS MODELING
Assume there are M relevant patterns { gt ; };Vill and M irrelevant patterns {vy, },];4:21 with M1+ M, <

d. All the patterns from {; };‘4:11 U {vk 222, are orthogonal to each other, with ||u;]| = ||k || = B
for j € [My], k € [M>], and the constant 8 > 1. Each input x contains one relevant pattern that
determines the label, and one irrelevant pattern that does not affect the label. We consider a set of
binary classification tasks in 7 where the binary labels are determined by the relevant patterns. For
instance, for a task f that is determined by (ptq, ), @, b € [My], the label of @ gyery is 2 = 1 (or

z = —1) if the input &4yery contains pr, (Or p1p), respectively.

Training Stage: For a given task f, we consider learning with

ap, € [0,1) fraction of examples containing additive outliers Input label
{v}}Y_, that are orthogonal to each other and can affect the label This movie is boring negative
of corresponding examples in each prompt, where v L p;, vy L | likethisbook _ [§Rosilive
vy, for any ] c [M1L ke [MQ], and s € [V} The input of each This James Bond’s movie is boring | positive

context example satisfies ]
Figure 1: An example of outliers

in context inputs.

v {Hj + KUk + Kov¥,  with a probability of p, ©)

wj + kv, with a probability of 1 — p,,

for some s € [V], where j € [M;] and k € [My] are arbitrarily selected. « follows a uniform
distribution U(— K, K) with K < 1/2. v? is uniformly sampled from {v}}Y_;. No additive outliers
exist in T gyery. We then present the definition of training prompts.

Definition 1. (Training prompts) Given a task f € T with p, and py, as the two different decisive
patterns, a training prompt P ~ D with l;,. context examples is constructed as follows.

* Tyuery follows the second line of (@) with j equally selected from {a, b} and contains no v?.
» Each x; contains p, or py, with equal probability i € [l;,], following (@)

* y; = +1 (ory; = —1) if the relevant pattern of x; is prq (or ), and x; does not contain any v}.
y; is selected from {41, —1} with equal probability if x; contains a certain v* for s € [V].

When p, = 0, the setup reduces to the case where context examples contain no outliers, aligning with
the theoretical setup in (Huang et al.| [2023} Zhang et al.}[2023; [Li et al.,|2024a). We include outliers
in the training prompt to encourage the model to learn to ignore examples containing outliers. This
improves robustness during inference when prompts may also include such outliers. Our motivation
stems from noise-aware training to mitigate data poisoning or hijacking attacks in ICL (Wan et al.
2023} |He et al., 2024; |Q1ang et al., 2023)), where prompts are corrupted with noisy or random labels.

Inference Stage: During inference, we consider that the outliers in the testing prompt can differ from
those in the training prompt in several ways, including their direction, magnitude, and the fraction of
examples affected. Specifically, the data input during the testing follow

_ {Nj + &'y, + K,v*', with a probability of o -

wi + K'vg, with a probability of 1 — «,

for some v}’ € V', k!, > 0,and ¥’ ~ U(—K’, K') with K’ > 1. « € [0,1) is the probability of
examples containing the testing additive outliers in 1.

Definition 2. (Testing prompts) Given a task f € T with p, and py, as the relevant patterns, a
testing P' ~ D’ with l;s context examples is constructed as follows. each testing query & gyer, only
follows the second line of ([7]) without outliers. Each context input x;, i € [l;5), follows ([7]) If x; does
not contain any v¥ € V', then y; = +1 (or y; = —1) if the relevant pattern of ; is pg (or ). If ;
contains a certain v € V', then y; can be an arbitrary function that maps x; to {+1, —1}.
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The testing prompt P’ differs from the training prompt P in two key aspects. First, the outlier
patterns, the magnitude of the outliers, and the magnitude of the irrelevant patterns can differ from
those in P. While the training prompts include V' distinct outlier patterns, the testing prompts may
contain an unbounded number of outlier variations. Second, the labels associated with examples
containing outliers can be generated by any deterministic or probabilistic function. This flexibility
allows our framework to model a wide range of noisy testing prompts in practice. For instance,

Example 1. Consider a data poisoning attack on a text sentiment classification task in (Wan et al.|
2023, |He et al.|[2024). In one such attack as shown in Figure [I| whenever the phrase “James Bond”
is inserted into the example, the label is always set to positive, regardless of the original sentiment
of the input. This illustrates a case where all examples containing the outlier are deterministically
mapped to a targeted label +1.

3.3 LEARNING, GENERALIZATION, AND SAMPLE COMPLEXITY ANALYSIS OF MAMBA

To enable the model learned from data in training tasks 7y, to generalize well across all tasks in 7T,
we require Condition 3.2 from (Li et al.}[20244a) for 7;.. We restate this condition as Condition
along with a construction of a training task set that satisfies it in the Appendix. The high-level idea is
that the training tasks 7y, should uniformly cover all of the relevant patterns and labels appearing in
T such that no bias from the training tasks is introduced to the learning process.

Following (Shi et al., 2021 [Li et al.| |2023a), we assume the training labels are balanced, i.e.,
[{n: 2" = +1} = {n: 2" = —1}|| = O(VN). Let By := max{e 2, M1(1 — p,) '} -log e 1.
We have the following result.

Theorem 1. (Convergence and Sample Complexity of Mamba) For any € > 0, of (i) B 2 By :=
max{Br, 374V2k;2(1 — po) " 2loge 1}, (i) VB~ < ko S VB — pa)py te™t, and (iii)

pa tpoly(M7) 2 1y 2 (1 — pa)~*log My, ®)

-
then (iv) after T>Ty =00 (1-pa) ' 677M) ©

iterations with n < 1 and using N = BT samples, we have that

]Efe7'7pN’D[€(\I/(T);P,Z)] S €. (10)

Remark 1. Theorem |I| provides the convergence and sample complexity analysis of training a
one-layer Mamba model to enhance its ICL ability. We characterize the sufficient conditions on
the batch size, the magnitude of additive outliers, the prompt length, and the required number of
iterations. The convergent model has desirable generalization on all tasks in 7, including those not
appearing in the training data, when the prompt is constructed in the same way as the training data.

Condition (ii) requires that the magnitude of outliers be moderate and scale with V. This ensures
that outliers are neither too small to be easily detectable by the model nor excessively large (i.e., less
than ©(e~1)), which would diminish the influence of relevant patterns. Conditions (iii) and (iv) show
that the required number of context examples in the prompt and the number of iterations scale as
(1 — p,)~*. This implies a higher fraction of outlier-containing context examples slows convergence
and requires more context examples. The proof sketch of Theorem|[I]can be found in Appendix [A]

Remark 2. (Comparison with existing works) When p, = 0, Theorem|[I]corresponds to the case
where Mamba is trained with prompts that contain no outliers and serves as the Mamba counterpart
to Theorem 3.3 in (L1 et al.| 2024a), which addresses Transformers. Although (Huang et al., 2023} |Li
et al.l 2024a) analyze ICL training without outliers for Transformers, their analyses do not directly
extend to Mamba due to the significant structural differences between the two architectures. To the
best of our knowledge, we are the first to analyze the training dynamics of Mamba in the ICL setting,
under a more general scenario where prompts may contain outliers.

We then study the generalization performance on testing prompts with distribution-shifted additive
outliers using the trained Mamba.

Theorem 2. (ICL Generalization on Distribution-shifted Prompts with Outliers) During the inference,
if (a) the outlier pattern v’ belongs to

v %
V= {v‘v =S v+, YN 2 D> 0,u L o}, U U {uk};}gl}, (1)

1=1 1=1
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(b) the outlier magnitude k!, € [kq, OV Bpa 1k 1 L7H1 — pa)e™ )], (¢) a < min(1, palir/lis),
and (d) the number of context examples

o~ poly(Mf*) 2 1y 2 (1 —a) ' log My, (12)

then for testing prompt P’ defined by Definition [2] the trained model U(T) satisfies
L(}E}F’P,ND,(\I/(T); P 2)<e (13)

Remark 3. Theorem [2]shows that the model trained under Theorem [I] generalizes well and remains
robust when tested on prompts containing a signification fraction of unseen distribution-shifted
outliers. Each additive outlier in the test prompt should contain a linear combination of the V' training
outlier patterns, with coefficients summing to a positive value (Condition (a)). This formulation
captures a wide range of possible outlier patterns at test time. Notably, the fraction of examples with
outliers « in the test prompt is less than min(1, p,ls-/lss), which can be close to 1 if the prompt
length is selected in a way such that p,ls,./l;s > 1 (Condition (c)). Thus, Mamba can be trained to
maintain ICL generalization in the presence of a large fraction of outlier examples.

Conditions (b) and (d) impose mild requirements on the outlier magnitude and the context length,
respectively. Condition (b) requires that the magnitude of test-time outliers be at least as large as
that of the training outliers. Condition (d) ensures that the context prompt is sufficiently long to
include enough clean examples for correct prediction, while also imposing an upper bound on the
total number of outliers.

3.4 A THEORETICAL COMPARISON BETWEEN ONE-LAYER SINGLE-HEAD LINEAR
TRANSFORMERS AND MAMBA MODELS

In this section, we compare Mamba with linear Transformer with one layer and a single head, where
the Transformer model is formulated by setting the nonlinear gating function G; ;1 (w) = 1 in (3)
for i € [l + 1], as discussed in Section [2} The comparison is made between sufficient conditions
for the desired generalization. This is a common practice used in existing works (Fu et al., 2023bj
Jiang et al., [2024) for neural network analysis. The provided upper bounds are aligned with our
experimental results in Section [4.T|for comparing robustness.

Theorem 3. (Convergence and Sample Complexity for Transformer Models) As long as (i) B 2 Br,
(ii) ko S VB(1 — pa)py tet, (iii) Iy = (1 — pg)~ 1 log My, then (iv) after
T>Tr=0(""(1-pd) 'A%, M) (14)

iterations with ) < 1 and N = BT samples, we have that EfeT’pND[E(\I!(T); P 2)]<e

Remark 4. Theorem |3|characterizes the sufficient conditions for the convergence and generalization
of training a one-layer single-head Transformer with linear attention using prompts containing outliers
as formulated by Definition [I] Comparing conditions (i)-(iv) with those in Theorem [Ijon Mamba
models, one can see that, to achieve a e generalization error, linear Transformers need a smaller batch
size, a smaller number of training iterations, and a less restrictive requirement for the prompt length
and the magnitude of additive outliers. To see this, Theorem|[I]indicates that the required batch size for
Mamba models is at least By, which is defined as the larger of value B and another constant, while
the required batch size for linear Transformers is Br. The required number of training iterations for
Mamba is T, which equals ©(l;,.) - T, and that is larger than that for linear Transformers, T, by
a scaling of O(l;.) > 1. The required conditions for k,, for linear Transformers does not include
a lower bound, and the upper bound is larger than that of Mamba models when € is small enough.
Moreover, Mamba requires an [, that shares the same lower bound as that of the linear Transformers,
but it does not require an upper bound.

Theorem 4. (Generalization using Transformers) During the inference, if (a) in Theorem@ (b)
K, <OV Bpe (1 —pa)ky LL 7 e h), (c) a € [0,1/2), and (d) the number of context examples

e 2 max{O((1 — a) ™), 0((1/2 — a) %)} log My, (15)
then the trained model ™) satisfies L?E%—,P,ND, (UM, P 2) <e

Remark 5. Theorem []establishes the conditions under which a one-layer single-head Transformer
model, trained according to Theorem [3] can generalize effectively on testing prompts with possible
outliers, as defined in Definition E} In contrast to Theorem E]for Mamba, the Transformer guaran-
tees generalization only when the outlier fraction satisfies « < 1/2, whereas Mamba can remain
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robust when « goes to 1 (Condition (c)). This highlights that Mamba achieves better in-context
generalization performance in the presence of distribution-shifted additive outliers, particularly when
outlier-containing context examples are in the majority. This conclusion is consistent with the
empirical findings of (Park et al.}|2024), which observed that Mamba outperforms Transformers in
many-outlier regression tasks.

Remark 6. We would like to clarify that our theoretical comparison between Mamba and the linear
Transformer is conducted under the one-layer, single-head setting, and both models are trained on
prompts that contain outliers. Such an analysis is conducted to rigorously probe how the nonlinear
gating affects model training, in-context generalization, and robustness, as the gating is the only
difference between the two architectures. Large Transformer models, with appropriate training
methods and ICL prompt design, can indeed achieve favorable robustness (Wan et al.} 2023} |He et al.|
2024]) against outliers. We include additional experiments and discussion about multi-head attention
and softmax attention in Appendix [B-1]

3.5 THE MECHANISM OF MAMBA IN IMPLEMENTING ICL

We next examine the mechanism by which the trained Mamba model from Theorem |I] performs ICL
on prompts containing additive outliers. This analysis provides deeper insights into the differences
between Mamba and Transformer models. We begin by showing, in Corollary [T} that the linear
attention of the learned Mamba model assigns greater weight to context examples that share the same
relevant pattern as the query.

Corollary 1. Let N7 C [l;5] denote the index sets of context examples that share the same relevant
pattern as the query T qyery. Then, for the model trained by Theoremmafter T > Ty iterations in
(@), we have with a high probability, for P’ defined by Deﬁnition

ST W pery 200 Y BT W W Bruer, < O((1— pa) o). (16)

iEN7 €[l s\ N1
Remark 7. Corollary [1]illustrates that for the testing prompt P’, the learned Mamba model will let
the attention scores be concentrated on examples with the same relevant pattern as the query, i.e., the
sum of these attention scores will increase to be larger than ©(1), while the sum of attention score
on examples with other different relevant pattern from the query is upper bounded by a small order
of (1 — p,)~te. This enforces the model to focus on examples with the same relevant pattern as the
query when making the prediction.

Corollary |I| reveals an insight similar to the “induction head” mechanism (Olsson et al.,|2022;|Chan
et al., 20225 |Reddyl, [2024) observed in softmax attention layers for ICL. However, our result is
established in the context of linear attention, suggesting that different attention variants may share
fundamentally similar internal mechanisms.

We then show that the nonlinear gating mechanism in Mamba models enables ICL by effectively
ignoring context examples containing outliers and focusing on those that are closer to the query.

Corollary 2. (i) Gating suppresses outlier examples. For the trained model by Theorem|[l| after
T > Ty iterations in (9), we have that with a high probability, for p; that contain a v’ € V',

Gitpr1 (™) < O(poly(My) ™). (17)

(ii) Gating induces local bias. Denote h(j) € [l;5] (j < lis) as the index of context example that is
the j-th closest to the query and does not contain any v*' € V'. Then, with a high probability,

Ghia+1(w™) 2 0(1/271). (18)

Remark 8. Corollaryindicates that the nonlinear gating G ;,, +1 (w'™)) serves two main purposes:
(1) filtering out examples containing additive outliers and (ii) inducing a local bias, as observed in
(Han et al.| 2024), that focuses on examples near the query. Specifically, (I7) unveils that on examples
with outliers, G; ;,, 11 (w™) is close to 0, effectively suppressing their influence. shows that for
clean examples, the nonlinear gating values decay exponentially with the distance (in index) from the
query. Hence, combing Corollaries[I]and [2] one can see that the model primarily relies on examples
that are close to the query, do not contain outliers, and share the same relevant pattern as the query
for prediction, resulting in desirable ICL performance even in the presence of outliers.

Corollary [2] characterizes the role of the nonlinear gating layer, Mamba’s key structural difference
from the Transformer. This distinction explains their performance gap: while nonlinear gating makes
Mamba more challenging to optimize, it also enables Mamba to suppress outlier-containing examples
more effectively, resulting in superior robustness when handling prompts with many outliers.
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4 EXPERIMENT

We generate synthetic data following Section [3.2fl Let d = 30, M; = 6, M, = 10, V = 3. For
generalization with unseen outliers, let v}’ = 0.7v; + 0.6v3 — 0.4v}, vy’ = 0.4v} + 0.7v5 — 0.6v3,
vi' = —0.7v} + 0.5v5 + 0.5v5, with L = 0.3. l;s = l; = 20. Let § = 0.2, B = 3, ko = 2.

4.1 COMPARISON BETWEEN ONE-LAYER MAMBA AND LINEAR TRANSFORMER MODELS ON
ICL wiTH OUTLIERS

The learning model is a one-layer Mamba defined in (3) and a one-layer single-head Transformer by
making G; +1(w) = 1fori € [l + 1]. We set p, = 0.6. We consider three types of outlier-relevant
labeling functions during inference. If the context examples in a given prompt P’ contains any
additive outlier, the corresponding context label will be (A) flipped, (B) mapping to one targeted label
out of {+1, —1}, or (C) randomly chosen from {+1, —1} with equal probability. Figure 2| shows that
under three different forms of outliers, the classification error of Mamba is smaller than 0.01 even
when « is close to 0.8. In contrast, the classification error of linear Transformers is large as long as
a > 1/2. This is consistent with Remark the one-layer single-head linear attention can tolerate at
most a 1/2 fraction of outliers in the prompt, whereas Mamba can tolerate a fraction of outliers close

to that seen during training, which can be close to 1.
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1071 —— Linear Transformer/
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Figure 2: ICL classification error of Mamba and linear Transformer against o with different prompt outliers.
(A) Label flipping. (B) Targeted labeling. (C) Random labeling. Trained Mamba models can tolerate more than
1/2 fraction of outlier examples, while linear Transformers cannot.
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4.2 THE ICL MECHANISM OF MULTI-LAYER MAMBA
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The learning model is a three-layer Mamba and a three-layer single-head linear Transformer. p, = 0.4.
Figure 3| shows the first-layer attention scores in the testing prompt. The sum of attention scores on
the examples that share the same pattern as the query is significantly larger than that on examples
with other patterns, and this gap increases during training. This verifies Corollary [T} Figure @] shows
that the first-layer gating values with a = 0.3 of outlier-containing examples are very small (red
bars), while those of clean examples are relatively large and exhibit an approximately exponential
decay with increasing distance from the query (green bars). This is consistent with (I7) and (T8) in
Corollary 2} The results of attention scores and gating values in the other two layers exhibit the same
trend as the first layer and are shown in Section[B]in Appendix due to the space limit.

Next, we study the impact of the positions of context examples with o = 0.5. Table[T|presents the ICL
performance under three different placements of outlier examples: all positioned farthest from the
query (FQ), closest to the query (CQ), or at random positions (R). We find that Mamba’s performance
in the scenario of FQ and R placements is clearly better than that of the linear Transformer. However,
Mamba is highly sensitive to the position of outliers, whereas the linear Transformer (LT) is much

2 Additional synthetic and real-world data experiments can be found in Appendices and
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less affected. This is because, when outliers are placed close to the query, the clean examples that
share the same pattern as the query are pushed farther away, and the gating values on these examples
decay exponentially according to (I8), thereby degrading ICL performance, which is aligned with the
empirical findings in (Wang et al.| [2025)).

5 CONCLUSION, LIMITATIONS, AND FUTURE WORKS

This paper theoretically studies the learning dynamics, ICL generalization, and the robustness to
outliers of Mamba models, together with a characterization of how different components of Mamba
contribute to the ICL mechanism. Our analysis also provides a theoretical comparison between
Mamba and linear Transformer models. Although based on a one-layer Mamba structure on binary
classification tasks, this work provides a deeper theoretical understanding and provable advantages of
Mamba. Future directions include designing general Mamba-based language/multi-modal models.
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A PROOF SKETCH OF MAIN THEOREMS

The proof idea of main theoretical results is as follows. First, in Lemmas 3] [ and[5] we depict the
growth of W, W, and w along the directions of the relevant pattern, the irrelevant pattern, and the
outlier pattern, respectively, across different training iterations. This result comes from computing
the model gradients at each step. In particular, Lemma]and Lemma [5|divide the training dynamics
of the gating parameterized by w into two phases and respectively characterize them to handle
the nonlinearity introduced by the sigmoid-based gating function. This is an important theoretical
novelty in our work, as existing studies do not analyze the training dynamics of gating parameters.
Lemmal6]shows that the sum of gating values across different examples is less than 1, and it serves
as supporting evidence for proving Lemmas @ and [5}

Based on these results, we construct the proof of Theorem|I]as follows. We calculate the attention
scores in the linear attention component of the model after the two training phases for context examples
containing different relevant patterns, as well as the gating function values for examples that do or do
not contain the outlier pattern, respectively. These conclusions correspond to Corollaries [T and [2]
By combining these two parts together with a concentration inequality, we obtain the convergence
of the model on the input distribution D. In the proof of Theorem 2] since the distribution-shifted
outliers are linear combinations of the outliers in the training stage, we can compute the attention
scores and gating values in the presence of these new outliers by combining Lemma 3]to [6] Based
on these results, we can further derive the classification error in this setting. For the derivation of
Theorems [3|and[4] we fix the gating value to 1 and ignore its effect, and then follow the proof strategy
of Theorems [T]and [2] accordingly.

B ADDITIONAL EXPERIMENTS AND THE ALGORITHM

B.1 ADDITIONAL SYNTHETIC EXPERIMENTS

We first show the visualization result of the second and the third linear attention and nonlinear gating
layers of the three-layer Mamba analyzed in Section[4.2] The conclusions in Figures [5] and [6] are
aligned with Figures [3]and ] respectively.
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Figure 5: The summation of attention scores in the 2nd and 3rd layers.
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Figure 6: The gating values of examples with or without outliers in the 2nd and 3rd layers.

We then briefly discuss how to mitigate the poor performance of CQ, i.e., when all the outlier
examples are placed closes to the query, for Mamba. One potential approach is to strengthen robust
training so that the model becomes better at discarding examples containing outliers. For instance,
we conduct an experiment by incorporating the CQ data in the training. Specifically, to avoid the
training difficulty if all data are CQ, we use a simple strategy, i.e., we first train on data where outliers
appear at random positions, and in the second half of training, we switch all data to the CQ data. With
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all other settings be the same, the ICL accuracies of FQ, R, and CQ are 98.00%, 98.25%, 95.45%,
respectively,d indicating that the low accuracy of CQ is mitigated.

We next discuss whether the number of heads and/or softmax/linear attention affects the robustness
of Transformer models in our setting. First, we experiment on linear Transformers with the number
of heads ranging from 1 to 4. We set the data dimension to be 72. p, = 0.4. a = 0.5. The results
are summarized in Table , where H denotes the number of heads. Recall that FQ, R, CQ represent
three kinds of outlier placements, i.e., “farthest from the query”, “random positions”, and “closest
to the query”, respectively. Our results show that increasing the number of heads to [ = 2 slightly
improves the performance of the linear Transformer, but [/ = 3,4 degrade the performance. We
conjecture that the effectiveness of multi-head attention varies, depending on the level of causal
relationship within tokens (Chen et al, [2024b)), while we do not explicitly model causal relationships

in the experiments.

H=1 H=2 H=3 H=4

FQ 93.68% 9390% 92.86% 91.54%
R 94.12% 95.08% 93.10% 90.90%
CQ 9396% 94.18% 92.74% 90.86%

Table 2: ICL accuracy of Transformers using linear attention with different number of heads and outlier
placements.

Second, we conduct experiments using softmax attention as a comparison with Mamba and linear
attention models. We repeat the experiment in Table [I] using a three-layer single-head softmax
Transformer with & = 0.5. d = 72. The result in TableII”j shows that the performance of softmax
attention is better than linear attention and close to Mamba. Meanwhile, there is no significant
accuracy drop in the CQ setting for softmax attention. This is because Mamba is more vulnerable
than the softmax Transformer to outliers that appear near the query without robust training
[2023)), leading to a substantial decrease in performance. The reason why we only theoretically
study linear Transformers is that we would like to highlight the effect of nonlinear gating of Mamba
by a fair comparison. This is discussed in the updated Remark 6]

Mamba Linear Attention Softmax Attention

FQ 99.73% 93.68% 99.40%
R 99.67% 94.12% 99.26%
CQ 8273% 93.96% 99.28%

Table 3: ICL accuracy of 3-layer Mamba and Transformers using linear attention and softmax attention with
different outlier placements.

We also evaluated the performance of softmax attention under different values of o and different
outlier placements. We show the results of three-layer single-head softmax Transformers and linear
Transformers when a = 0.4,0.5,0.6, 0.7, 0.8 in the following table. We can observe from Tables []
and 9] that, compared with the linear Transformer, the softmax Transformer avoids the sharp drop in
test accuracy that occurs for linear Transformers when o > 1/2.

Softmax Attention a«=04 a=05 a=06 «o=0.7

FQ 99.60% 99.40%  99.14%  98.40%  94.80%
R 99.63% 99.26%  99.02%  98.04%  95.58%
CQ 99.60% 99.38% 99.12%  98.24%  99.60%

Table 4: ICL accuracy of Transformers using softmax attention with different outlier placements.
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Softmax Attention a=04 a=05 a=06 «o=0.7

FQ 96.54% 93.68% 89.68% 81.18% 69.10%
R 96.48% 94.12%  90.66% 81.00% 67.78%
CQ 96.30% 93.96% 90.08% 80.82%  68.70%

Table 5: ICL accuracy of Transformers using linear attention with different outlier placements.

B.2 REAL-WORLD DATA EXPERIMENTS

We conduct two experiments to validate our data formulation and conclusion in the real-world setting.
The dataset we use is the sentiment classification dataset SST-2 (Socher et all} [2013). We conduct
Principal Component Analysis (PCA) on sentence vectors of different classes obtained by DistillBert
[2019). Then the classification task is performed on the data that only keeps a few PCA
components. The following Table[6]shows that when keeping the top few principal components, i.e.,
10 out of 768 in total, the classification performance using these principal components is already
close to the baseline using original data. This indicates that real-world data can be represented as
a linear combination of orthogonal vectors, where the principal components exactly correspond to
relevant patterns we formulate.

# of principal components 5 7 10 768 (baseline)
Accuracy 74.08% 76.72% 78.90% 80.05%

Table 6: The classification accuracy using data features of SST-2 obtained by PCA.

We then conduct an ICL experiment by constructing each prompt with 8 examples and one query.
The outlier phrase “James Bond” is inserted into a randomly selected example at a random position.
The training outlier fraction p, = 0.25. All models are constrained to have 3 layers and 2 heads. The
linear Transformer models use linear attention. Table[7]compares Mamba and Transformer with linear
attention under the testing outlier fraction a = 0.75 across the three outlier placements. The results
show that Mamba performs better overall than the linear Transformer, and its performance at the CQ
position is the lowest compared to FQ and R. This is consistent with the synthetic experiments in
TableT]of our paper and validates our analysis in Corollary 2] regarding the mechanism of nonlinear
gating.

Mamba Linear Attention

FQ 74.10% 70.18%
R 73.86% 69.98%
CQ 72.45% 69.82%

Table 7: ICL accuracy of Mamba and Transformers using linear attention with different outlier placements.

B.3 ALGORITHM

We then present the training algorithm introduced in Section 2}

C KEY LEMMAS

We first present Table [§]for a summary of notations used in the proof.

Lemma 1. (Multiplicative Chernoff bounds, Theorem D.4 of[Mohri et al|(2018)) Let X1, - -+, X
be independent random variables drawn according to some distribution D with mean p and support

included in [0, 1]. Then, for any v € [0, % — 1], the following inequality holds for p = = 3" ' X;:

_M

Pr(p= (1+7)p) <e” 5, (20)
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Algorithm 1 Training with Stochastic Gradient Descent (SGD)

1: Hyperparameters: The step size 7, the number of iterations 7', batch size B.

2: Initialization: W](;)) and W((jo) are initialized such that the first d diagonal entries of Wgo) and
Wéo) are setas ¢ € (0,0.2]. w© ~ N(0, T4y /(d+1)).

3: Training by SGD: For each iteration, we independently sample P ~ D, f € Ty, to form a batch
of training prompt and labels { P", 2" },,cg, as introduced in Section Each relevant pattern

is sampled equally likely in each batch. Foreacht = 0,1, - -

T —land W® ¢ o),

1
WD =W - 5 3 Vwo (B0 P2, (19)

neb;

4: Output: WéT), WéT),'w(T).

Table 8: Summary of Notations

Notations Annotation

A;, B;,C; Parameters in Mamba.

o) sigmoid function.

i, ys x7 is the input data for classification. y? is the label for 7.

p" 2" P™ is a prompt that consists of the query and [ pairs of examples of ¥

and y, s € [l]. 2" € {+1, —1} is the binary label of p,,.,., -

F(U; P"), 0(%; P™, 2™)

F(U; P") is the model output for P™ with U as the parameter.
L(T; P™, 2™) is the loss function given the input P™ and the corre-
sponding label z".

Licr prop (U P, 2) The classification error of ¥ given P’ ~ D’ as the inputand f € T.

Wi, Vi pj and vy, are the relevant and irrelevant patterns in the data formula-
tion.

My, Ms M, is the number of relevant patterns. M is the number of irrelevant

patterns.

* x/ ’
Vs, Vs 5, Ra, Rqg

v%, s € [V]is the additive outlier for training. v’ is the additive outlier
for testing. r, and !, are the magnitudes of outliers in training and
testing.

Pa, @

P 18 the probability of examples containing additive outliers in training
prompts. « is the probability of examples containing outliers in testing
prompts.

By

By, is the SGD batch at the b-th iteration. I, is the prompt length of the
testing data.

lt’!‘y lts

[y 1s the prompt length of the training data. [, is the prompt length of
the testing data.

00, 20,60

We follow the convention that f(z) = O(g(x)) (or Q(g(x)), ©(g(x))))
means that f(x) increases at most, at least, or in the order of g(z),
respectively. Specifically, if f(x) = O(g(z)), then there exists C' > 0
and a > 0, such that f(z) < C'-g(x) whenz > a. If f(z) = Q(g(z)),
then there exists ¢ > 0 and a > 0, such that f(z) > ¢ g(z) when
x> a. If f(x) = ©(g(x)), then there exists C' > ¢ > 0 and a > 0,

such that ¢ - g(z) < f(x) < C - g(x) when z > a.

f(z) 2 g(x) (or f(x) S g(x) ) means that f(z) > €(g(x)) (or
f(z) S Og(x))).

If f(x) = poly(z), then there exists & > 0 and a set of constants
{e;}F_, such that f(z) = Zf:() c;xt, which means f(x) is a polyno-
mial function of x with a finite maximal power.

mpy

Pr(p < (1 —v)p) <e” "2

2
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Definition 3. Vershynin|(2010) We say X is a sub-Gaussian random variable with sub-Gaussian
norm K > 0, if(IE|X\p)% < K./pforall p > 1. In addition, the sub-Gaussian norm of X, denoted
Xy is defined as || X |, = sup,»y p~ 3 (E[X]?)5.

Lemma 2. (Vershynin| (2010) Proposition 5.1, Hoeffding’s inequality) Let X1, Xs, -+, Xn be
independent centered sub-gaussian random variables, and let K = max; || X;||y,. Then for every
a=(ay, - ,an) € RN and everyt > 0, we have

N 2
ct
Pr (‘ a; X;| > t) <e-exp (—) , (22)
2 Kl

where ¢ > 0 is an absolute constant.

Lemma 3. Forany j # j',j" € [Mi], k # k' € [Ms), and s € [V], j”" where p; and p;»
form a training task, and j' where pu; and pj does not form a training task, we have that for
W e {Wp,Wcl if B2 max{(l —pa)_lMl loge™t, (1 —p,)?loge 1},

t+1
T E § ’ ’ T T
Au'] 70 | bl 8W(b) (lu'] 70 ) 77(t )Ml( pa)ﬂ; (23)

t+1
07,07 )T TT’<nB(t+1)pa’ia. log B
0 Z Z 3Wb> (1],07) R
to+1
\I/(b) Pn n) T
Lo =0 25
Z | b| Z aw(b (I‘l’j? ) ’ ( )
+
1 \I/();P",z" 1
Zj W—(t))(#;aoT)TS—U(t‘Fl)E(l—Pa)ﬁ, (26)
b= nes
t+1
1 (w®); pr o) n(t+1)3 [logB
T ’ ) T oM <
— ("0 Z| ‘nez; Sy o (RN B v v Vi -2
T T «— 2" 1 orT| o nt+1)B [log B
7(""1' ;0 ) Z‘ b| Z 6W(b) (Vkao ) < M, M, B (28)
neBy
t+1
1 (OO P2 n(t+1)8 [logB
_ T 0T - ’ ’ T aT\T <
(Vk ;0 ) ;|Bb| %l; OW (®) (Vkao ) = M, B (29)
neBy
t+1
1 (e P2y ¢ rr| _n(t+1)8 [logB
— (v ",0M)n - 72 — () ,01) | < 5 : (30)
— | By | ot oW (b) M; B
Lemma 4. Whent < min{n=1872k,;1(1 —p,)~ 1V,77*1M1%ﬁ’§/~@;%(1—pa)*lvé}, as long as
12 (1—ps) 'loge ™, 31)
BZ B 'k ?(1—pa) *V?loge ™!, (32)

we have that for any s € [V],

2 _ t 201 _ 322
*Top® < _Uﬂ tha(l — pa) _nZiQ(n (1 —pd)°B )"Qa

, — 33
Ys Vv 2 Mz Ve 53

2 =1 3 332

T aTvan(t) ~n(1—pa)B (t)7§:-2, n°(1 —pa)°B
(/J'j ;0 )w =0 < M, v ? ( Mf ) : (34)

For p, that does not contain any v}, o € [V, and p, that contains a v}, o € [V], r # s, we have
t
n(1 = pa)B*t o (A =pa)’B T
SRR TR T N (TR . <0, 35
]\4’1 — v ( Mf) ) ~ w b < ( )
7 2 7

w Pr S Nt Ka(l = pa) < w ps < 0. (36)
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Lemma 5. Whent > n= (1 — p,)"1872M; and ko = V374, we have
w® ' p; S —log My, (37)
for p; that contains a v¥, s € [V], and
w® p; > —0(1). (38)

for p; that does not contain any v%, s € [V].

=

Lemma 6. When t < min{n~' 52k (1 — pa) "V "M (1 — pa)B) 3 (ka(l — pa)) 3V
we have

2

ZG”H Y1 —i+1) < O(1). (39)

Condition 1. (Condition 3.2 Of(Ll et al.|2024a)) For any given j € [M,] and either label +1 or —1,
the number of tasks in Ty, that map p; to that label is | T | /M (> 1).

We introduce a construction of 7y, that satisfies Condition[T]as follows. Let the i-th task function
(1 € [M; — 1]) in Ty, map the queries with p; and ;11 as the relevant patterns to +1 and —1,

respectively. The M;-th task function maps g5y, and pq to +1 and —1, respectively. We can easily
verify that such a 7y, satisfies Condition[I]in this case.

D PROOF OF MAIN THEOREMS

D.1 PROOF OF THEOREMIII

Proof. We know that there exists gradient noise caused by imbalanced patterns in each batchTherefore,
by Hoeffding’s inequality (22)), for any W € U,

Pr <H|§b Z OUT: P”, ") -E [W(\II;PH’ ) } H > ’E [W] e) <e B < ¢

ow ow ow

if B > e 2loge™!. Combining (32), we require
B 2 max{B *k;2(1 —pa) 2, e 2, Mi(1 —pg)~ '} -loge . 41)
Whent > T = O(n~ (1 — pa) "1 372M;), we have that for W € {Wpy, W} and any j € [M;],
(kg 0)W D (u] 01T
| o 2"
=], 0T WO — . N )y 0T)T (42)
b=

b
1 ‘Bb| neBy 6W( )

21

b

where the last step comes from ([23) in Lemma 3] Then, for p; that shares the same pattern as the
query, we have
T
pzTWéT) WC(‘T Pquery Nﬂ (1 + K4 1[p; contains any vi]) +1 — (1 — pa)ileﬂil/M2 (43)
— (1 —pa) " 'paka V1B el [p; contains any v}],

as long as € € (0,1). (1 — py)~'e/Ms comes from the correlation between p; and v, v, and
between vy, and v,, and B > e 2 log e~1. For p; that shares a different pattern that does not form a
training task from the query, with a high probability, we have

.
pz'TWJéT) W((jT)pqwry < (1= pa) YeB™ /My + (1 — pa) 'paraV 15 Lel[p; contains any v?].

(44)
Meanwhile, for p; that contains a v, s € [V], we have

.
Girr1(w™) < o(w® p;) < O(poly(Mf=)~1), (45)
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by Lemma We have that for the p;- that does not contain any v, s € [V] and is the closest to the
query, by Lemma 5}

1 T
G a1 (W) 2(1 = ———x) P o(w!?) p;.)
i poly (M)
Ip T
21— s )o(w™ pie) (46)
poly(My*)
Ipa
R = ——=)
poly(Mf*)
Hence, for P with z = +1, with a high probability, we have
F(u™, p)
ltr(l_Pa)_l
(1= (1=pa)'e/My— (1= pa) 'pakaV'B7e)- Y (1
i=1
_ ()T )it i ORI,
Pi conggi?{z(nov*{a(w pl)}) p~conl;rali}1{‘1no v*{O'(’UJ pl>}

(47)
T .
(]- - (1 - maxpi contains no v} {U(w(T) pi)})ltr(lipa)) : IHIIlpi contains no v} {U(w(T) Pz)}

>
- T
MaXp, contains no v* {O’(’w(T) pz)}
1
1)-(1 - —
>0(1) - ( Ml)
>1,

where the second to last step holds if p, 'poly(M;*) > I 2 (1 — pa)~!log M and for p; that
contains no v, a(w(T)T
have

p;) € (0,1/2). Similarly, we can also derive that for P with z = —1, we

FD P) < —1. (48)

Then, we study the generalization error. By (40), for any given testing prompt embedding P with
z = +1, we have that with a high probability of 1 — ¢,

FUM:P)>1—¢ (49)
and if z = —1,
FUM, Py < —1+e (50)
Therefore,
Efer.poplt(¥7); P 2)] <e. (51)
O

D.2 PROOF OF THEOREM 2]

Proof. By Lemmal[3| we have that for any j € [M;] and k # k' € [M>],

1— “ —1p-1
(T 0T W D, 07T g el T (52
1— . —1p-1
(70T )W D (w077 g AP P (53)
2
1—po) 187 M
(VkT7 OT)W(T)(VkT, OT)T 5 6( pa])\4 ﬂ 1. (54)
2
1—po)~ 187 1M
(VkT’OT)W(T)(Vk,T)OT)T < €( pajz/ﬂﬁ L (55)
2
Meanwhile, we have that for v’ € V' with v}’ = ZYZl AUl
(@, 0T IW T (57,0 T S el = pa) " paraV 1B L, (56)
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Therefore, we have that for p; that shares the same pattern as the query,

T 1
p; Wy WéT)pWyz1fe(1fpa>*1~E—e(l—paﬂpav*lnaﬂ*l~n;L. (57)

For p; that shares a different pattern from the query, we have

T
|pZTWéT) Wc('T)pquery‘ 5 6(1 + (1 _pa)il/MQ + (1 - pa)ilpavilﬁaﬁil ‘K, L) (58)

a

Meanwhile, for p; that contains a 'uj' € V', we have

T R/ —
G (wD) < o(w™ p;) < O(poly(My+)™1), (59)

by Lemma We have that for the p;- that does not contain any v’ € V' and is the closest to the
query, by Lemma 5}

1
Gir i (w ™) 2(1 — ———)=o(w® p,.)
poly(M;*)
! (60)
>(1— t;anl )
poly(M;*)
Hence, for P’ with z = +1, with a high probability, we have
F(T™D g(P"))
lts(l_a)_l
>(1— (1= pa)"e/My — e(1 = pa) 'paV 'ka - KLL) - Y (1
i=1
—max o™ P min o™ pl)
P contains no v} €V’ v p; contains no v} €V’ v
>0(1-(1- pa)_le/Mg — (1 = pa) PV ko BT (Ko + KL — Kq))
e
oly(M
poly (M ) 1 1 1 , - 61)
=0((1 —€(1 —pa)” PV " KaB™ " - (KoL — Kq lfria,{
(1= (1~ pa) ( N~ )
lisa _ ltrPa
- poly(Mye)  POVCMI™)
_ ltrpPa
poly(M*)
_ _ _ lisax ltrpa
>0(1 — €(1 - pa) 1paV l’faﬂ . (”;L — Ka) — ( AN )
poly(M;)  poly(Mi)
l s l ra
>1 — (e(1 = pa) 'paV ka7t (KL — kq) + ts? trD ),

poly(My)  poly(M*)

where we consider the worst-case order that makes all examples that contain v}’ € V' right before
the query, such that there is a scaling of 1 — ﬁ in the second step. The trained model
poly (M, *
still selects examples with the same pattern as the query no matter whether there is a certain v”,"
added to the token if &/, < VBp, 1 (1 — pa)k, 1 L=te~t. Then, flipping the labels of examples
with any of v." can change the model output the most. If I;s < o !poly(M;*), k, < k!, <
O(L (ko + VBpa t(1 — pa)kgte™)), @ < min{l, py - li/l1s }, we have that that with a high
probability,

F@™, g(P') >0 (62)

Therefore, we can derive that
Ly o per (WP 2) <e. (63)
O
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D.3 PROOF OF THEOREM[3]
Proof. By the Chernoff bound of Bernoulli distribution in Lemma[I] we can obtain that for any n

and s € [V],

l
1 1 2 (1-pq
Pr ( Z 1[p} contains g, and no any v:] < (1 —¢)(1 — pa)2> < el Gped e, (64)
i=1
for some ¢ € (0, 1). Hence, with a high probability,
12 (1—pa,) 'loge™. (65)

We know that there exists gradient noise caused by imbalanced patterns in each batchTherefore, by
Hoeffding’s inequality (22), for any W € {W, Wi},

1 ol(w; P, 2") oU(¥; P, 2") olw; P, 2") _Be
oIy I M52 [P 2 o [P o) <o <

(66)
if B > ¢ 2loge~!. Therefore, we require

B > max{e 2, (1 —py) *M;}loge!. (67)

Let Gj 41 (w™) =1 for any i < [ + 1. Following the proof in Theorem we have that when

T >0 "' (1-pd) ', 57 M), (68)
we have
F(\II(T)v P) 2(1 - (1 7pa)71€/M2 - (1 - pa)ilpa’iavilﬂile) (69)
>1,
as long as
ke SVB( —pa)pglefl. (70)
Therefore, we can derive
Efer.prop [((TT); P, 2)] <€ 71)
O

D.4 PROOF OF THEOREM 4]

Proof. By setting G ;1 (w™)) = 1forany i <+ 1, we have for any j € [M;], k' # k € [My)]

—1 _ —17—1
(VkT,OT)W(T)(MjT,OT)T 5 €p (1 Mpa) ltr , (72)
2
—1(1 _ o y—17-1
(HjT,OT)W(T)(VkT,OT)T S 2 (1 Mpa) ltr ) (73)
2
N P |
(VkT,OT)W(T)(VkT,OT)T S 66 (1 12\74&) lt’r‘ Ml' (74)
2
eB7H1 — pa) T, M
(Vk,T,OT)W(T)(VkT,OT)T < B~ ]1\'}2) tr 71 (75)
2
Meanwhile, we have that for v’ € V' with v’ = 1| \v7,
@, 0YWD (1,701 T S eB7H(1 = pa) paraV Nl KL L. (76)

Therefore, we have that for p; that shares the same pattern as the query,

T -1(1 — -1-1
p;rWéT) WC(’T)pquery Z1l—e- /8 ( pa) tr

> —€(1 —pa) 1B paka VUL LK, (T7)
Mo
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For p; that shares a different pattern from the query, we have

.
i W W poueryl S €148 (1=pa) 1151 /Mot (1—pa) ™ B pakiaV " 15 KL L). (78)

Therefore, the trained model still selects examples with the same pattern as the query no matter
whether there is a certain v added to the token if !, < VBp, (1 — pa)k; 'L~ e~ 1. Then,
flipping the labels of examples with any of v’ can change the model output the most. With o < 1/2,
we can derive that

LOP_,LD,’feT(\I/(T); P/7 Z)

= Pr(i :zi; 1[p; with the same pattern as p/,,.,., but a flipped label] — % > % : a%a) (79)
<e~ls(3-a)a
<
as long as
lis > max{O((1 — a)™ 1), @((% —a)%a)}loge . (80)
O

D.4.1 PROOF OF COROLLARY[I]

Proof. The first part of comes from since § > 1 is a constant. The second part of (16)
comes from plus ko V137 1p, <1 with 3> 1 as a constant order.

O
D.4.2 PROOF OF COROLLARY 2]
Proof. comes from (59) plus x!, > O(1). is derived as follows. By (60), we have
Gy 1 (w™) = O(1). (81)
Then, combining @) and (]E[), we have that if p, does not contain any outliers,
o™ p) > L (82)
Then, with a high probability
G et (W) 2Giy 1,1 (W) - - (1= O(poly(My) 1)) - (1) )
> 9(2;,1 )-
O
E PROOF OF SUPPORTIVE LEMMAS
E.1 DERIVATION OF (3)
Proof. By formulation in Section 2] we have
Ajyz- =diag(exp(A;;A)) "
:diag(e_I‘“Ajfi)—r
—diag(e~ T+ log<1+ewf“’f))T (84)
zlﬁl(é)t o(+) : sigmoid function,

T
1+ e%i ®
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Ai = (AIw A;—w T 71&(—;0,1')—'— = (14, — O—(WTwi))llTH € RdOX(Z—H)v

Bji =(8iBi)(exp(A;;A) — I)(A;,;A) 7
_Bi(IlHH_elw]Tmi — L) (—1is1)
:a(w;mi)Bi,
B; = (BL,B;—N e ,B;M)T = ;B; € Rlox(+1)
with s; = o(W Tx;). Therefore,
h; =h,_1 ® A; + (p;1]1)B;
=h;_1 0 A; + (pi]-l-z_l) © B;
=(hi—2® A;_1 + (pi—1 © 8;)B;_1) © A; + p; B
=hi 2 ®A;_1 ©A;+ (pi_1 ©8;)Bi_1 © A; + (p; © 8;)B;

=hg© A0 0A+) (pj©s))Bi0Aj 10 A+ (p; ©s:)B;

j=1

=Y (p;©8;)B; ©(A;®---© Aj1) + (pi © 8:)Bi,

j=1
Then, given W € R(HD*do_we have

O; :thz
=h;Wcp;

= Z(Pj ©8;)Bj(A;®---® Aj1)Wep; + (pi © 8,) BWep;

=> (G;:(W) ©p;)p, Wi Wepi,

where the dy-dimensional

G, (W) = {ffl(i?vT;()‘,mpm)) O 0 (Lgy — o (WTp))o(WTp)),

with o(+) as the sigmoid function. Therefore, we can obtain , ie.,

I+1
F(U;P) =ej 0141 = Z i1 (w0)yip] W5 WePguery,

where
Giav1(w) =(Gig11(W))at1

:{ o(w :])Hi“ﬁl( —o(w'py)), ifj<i
(w ' p;)

E.2 PROOF OF LEMMA[3]

Proof. (a) When F(¥; P™) € (—1,1) for some n € [N], we have

o0(; P _—
T —Zz Z Gz l+1 Wsz pquery—r'

25

, ifj = .

ifj<i

ifj =1,

(85)

(86)

87)

(88)

(89)

(90)

oD

92)

(93)
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When ¢ = 0, we know that with high probability,

T 1
[ @ S €= (94)
_ oX¢
©T 5y Lo Boe™| 95
Then,
L 0—¢lt2-i)<a® < 1 a4 (1+2— 96
W( &( i)) il (w) S 21+2 s LS+ i)). (96)

Let the IDR pattern of py,,,., be p;, j € [M;]. Note that 5 * Do fraction of examples correspond to

p; with poisoned labels. For different f, yic = 1 or —1 with 1/2 probability. By Lemma we have
forany i € [,

1 _B(-pa)
Pr <|Bb| Z 1[x} contains pr; and no v;] — (1 — p,) < fMil(l —pa)) <e s .
o7)
for some ¢ € (0,1) and € > 0 if
B> (1—p,) 'Mloge™. (98)
By (22), let B, = {i : i € By, ] contains p1; and v}, s € [V]}we have
log B _
Pr(| gy S === 1l = =) = 257 ) < 99)
i€B;
for some ¢ € (0, 1) and C' > 1. Therefore, we have
‘I’(O ;P 2") o T
- (H;rao Z 0) (“j 00
nEBb aWé‘
n 0 n T
:(I‘LT OT |B | Z ZG'L l+l W( )pz pqucry (HI,OT)T
neBy =1
1]z} does not contain any v}] + uj ,0 |B | ; ZlGZ 11 (w© (100)
neBy, 7
l
1 1 log B
_ wNg—pn. —— n (0)
Zn - 2M, (1 —pa z;G L (w)B = 2M, ;Gi,lJrl(w )BPa B
> a)B(1 —&l),
20, (1 Pa) B =ED)
where the last step holds if
B> (1—pa) ?loge ! (101)
For pj:, j # j, that does not form a task in the training set, we have
O) Pn n)
T aT\T _
—(1; |Bb| Z aw<°> (n;,0")" =0 (102)
neBy
For p;, j” # j, that forms a task in the training set, we have
(O, pr o2
=~y P
b‘ neBby aWé
T nyxs (0 n T, T aT\T 1
(I‘I’J”7O |B | Z ZGZ l+1 (0)) Wé )pz pquery (l‘l’j 70 ) ( 03)
neBy i=1
1
<—m-——(1—pa)B(1 = €1).
S g U pa)B =8
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For vy, v with b, k' € [Mg], we have

(0O, P2 nB  |log B
— 0" )n Tol T‘ <
’ Vk) 5 |Bb‘ Z 8W(0 ( i ) = M, M, B’

’7( T OT) i Z £<\II ; Pz )(VJ,OT)T‘ < TIﬂ IOgB'

o <
By oz oW MaM, VB
’_ 0Ty Z (v, pr, ’ < logB
|Bb\ W(O)
RARES 0 nB [log B
_ 0T )y AR L2 ) 0,7 o7 T‘ < e _
‘ Vk > |Bb| Z W(O (Vlca ) =M, B
Since that for 2! that contains v} for a certain s € [V],
1
Pr(yl =2") =Pr(y; = -2") = 3

we have

1 (O, progm

T AT ’ ’ T AT\T

‘(Vs ;0 )77@ Z W(N]wo )
neBy

* 1 P n 0
:‘(Vs 70T ‘Bb E E Gz l+1 w(O) j(B)pz pquery (“IvOT)T
neBy i=1

<776pa,‘£* /log B
- MV B’

Suppose that the conclusion holds when ¢ = ¢y. Then, when ¢ = ¢o + 1, we have

to+1 n)

AR > A

b
= 8W( )
to+1

=(p;,0") Z

to+1

1
zn - Z oM, (1 —pa) ZGzl-‘rl w(to))ﬁ

=1

1
M, (1 —pa)B-

T TN\T
,70
Bl b| (j,0°)

l
n n n b T
Z z ZGi,l+1(w(b))yi Wé)Pi pque']'y—r(l"l‘]'T?OT)T

‘ b| nEBb i=1

Zn(to +1)—

The last step holds since Zi:l G H(w(tﬂ)) 2 1. Similarly, we have that for any s € [V],

to+1
Lw®); pro2n) B(to + 1)par log B
*T T T AT\T nP(to Palx g
Z 1By bl gl; oawlp M, B
For pu;, j' # j, that forms a task in the training set, we have
to+1 2n)
T AT\T
Z y ! 00T =0
b) (I‘l’] 9
‘ b| neBy aVVC
For o, j " = 4, that forms a task in the training set, we have
to+1 2n)
T AT\ T
- K 70
Z B b| %; aWCb> (1] ,07)
to+1 2"
.0 Z Z (), 00"

(b
‘ b| neBy 8WC)
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(106)

107)

(108)

(109)
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(111)

(112)

(113)
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For vy, vy with k # k' € [Ms], we have

— (v 7,07 ) - ; |l;b|n§b W(“;,OT)T < U(Jt\illu)ﬂ IO%B7
_(ujT’on-t:Zj;l@gbw(,}mr)r - 77(;?\041-1]-\412),6’ 10237
— (v ",0")y- t:zj; \Bilb| ngl;b W(VJ’OT)T < 77(150]\2;21)B 10%B,

v i B 2; (;)Wi Pl 077 < WL RER,

Then, we complete the 1nduct10n.

(b) We then characterize the gradient updates of W. We have that when F'(¥; P™) € (—

some n € [N],

8U(W; P, 2" et

W5 =—z Z GL l+1 yzWCpque'rypz

(114)

(115)

(116)

(117)

1,1) for

(118)

We also use induction to complete the proof. Slmllar to the analysis of W, we have that when ¢t = 0,

1 (OO P2 ey
— (1,07 — (1 ,0)
PO 2w
T T w0 n T aT\T
IJ’J 70 |B | Z ZG'L l+1 C pquerypz (u’] 70 )
nEBb =1
log B
Nﬂ onNs ]-_pa ZGZZ+1 5 n- 7ZG11+1 Pa B
>n——(1 — pa)B(1 — £1).
_774M1( Pa)B(1 —¢&l)
For p;/, j' # 7, that does not form a task in the training stage, we have
w0, pn om)
T 3 R T 0Ty T 0
nGB aW( )
For p;, j” # j, that forms a task in the training stage, we have
q;(O ;P 2™ 1
~(py T Z G (1 00T < = = (1= pa) B(L - €D,
nEB 8W ) 4M1
For vy, vy with k #£ k' € | 2}, we have
(w0, pn 2m) nB  |log B
— (7,0 (e P2 ol T‘< ;
’ k |Bb‘ Z aWéO) ( J ) = M1M2 B
1 ARARES L) ns log B
oy Ly LEPRE) r gry .
| (70T P R CAURNES Vo Tl
1 (U0 Py nB [logB
— (e ,0M) s — = 2 2l 00T ‘< .
‘ |By] %; aw};) g My\ B
logB

|Bb‘ neBby aW](B)
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(121)

(122)

(123)

(124)
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We also have that for any s € [V],

1 RARES nPpak log B
1 AT ) ) T AT\T alvx
,0 C— E - (u;,0 < A/ ,
(VS )77 ‘Bb| e P g)) (I"l’j ) M,V B (126)
n b

Therefore, the conclusions hold when ¢t = 0. Suppose that the conclusions also hold when ¢ = .
Then, when t = tg + 1, we have

to+1 ,n)
) T AT\T
(100 ) g o I T o)
1By b| = W( )
to+1 (127)
2n- Z 2M pa)ZGﬁzH(’w““))ﬁ
i=1
(to + 1) 37 (1~ pa)6.
Nn 0 M pa
For pj:, j’ # j, that does not form a task in the training set, we have
D
—(myr",0")n (1,00 =0 (128)
‘ b| neBy aW )
For p;, j” # j, that forms a task in the training set, we have
to+1 )
T AT\T
- 2 g, o /07)
(b) (,’L] I
\ blne& aW (129)
1
to+1 1—p.)8.
= lto +1)37-(1 = pa)
For vy, vy with k # k' € [Ms], we have
to+1
(u®; pr, 2y n(to+1)3 [log B
T T T aT\T 0 g
_ 0 ) <
(Vk ) ) Z | b| n%[; 8W b) (l"’y ) ) = A7\41]\42 B 5 (130)
( T OT) tOZ—H Z \I,(b) pr, 2" )( T OT)T < n(to + 1)ﬂ IOgB (131)
— . s . 1 74 ; ~ .
H ! |By| neby 8W(b g M, Mo B
to+1
T T LU P2t ot nlto+1)B [log B
— (v ,0 0 < .
(w07 ) - Z B b| Z (00 < =51 - (132)

to+1
\IJ() P Lu®; prozm) n(to+1)3 [log B
= (7,0 Z| Bl Z (wl,01)7| < T O E )

We also have that for any s € [V],

to+1
T 0T 2") 1 oy T| o 180 + Dpakis  [log B
(O Z s A 8W(b) (] 0T)T| < TR J2B2 s
neBy

|b|

O
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E.3 PROOF OF LEMMA[4]

Proof. When F(¥; P") € (—1,1) for some n € [N],

oL, P, z")
ow
l
n non n G} 4 (w)
=z Z Yi Py TW;WCpquery+
=1 w
! I+1 T T
Ol;Zi41 (1 —o(w pf))o(w ' py)
=-—2" Z y?p?TW;WCpguery L w :
=1
+1 +1

l
n n, nT n n . n
i=1 s=it1j=it1,j#s

0ot p) | TT (1 - w22 2,

ow 4. J ow
Jj=i+1

l +1 +1
n n,nT n n . n
=—z Z Y D; W;WCpquery( Z H (1- U(prj A <l+ 1])U(pri )
i=1 s=it1j=it1,j#s
+1
c(1=o(w'p!)o(w p!)(-p2) + [] A —o(w )1 —o(w'p}))o(w p})p})
j=it1
l +1 +1
n n, nT n n . n
=z Zyt D; WBTWCpquery( Z H (1 - U(prj )]]'[j <l+ ID : U(prs)
=1 s=i+1j=i+1
+1
o(w p)pt — [[(1 = o(wp}))o(w  p})p})
Jj=1
l I+1
=2" Y YD} WEWobuer, Gl (w)( Y o(w pl)pl — (1 —a(wp}))p}).
=1 s=i+41

(135)
When ¢t = 1, we have

(1) 0 _ 1§ 90 P2
v T By ; ow©)
neBy

l
n n n, nl 0" 0) n n
=w(® — B STyt "W WPy G (w©) (136)
1 neBby =1
s T T
(Y o phpr - (1 —o(w® p))p})
s=i+1

For p! that contains a v}, the corresponding y!* is consistent with z™ with a probability of 1/2. Given
Hoeffding’s bound (22), this part generates a gradient update as

n n n, nT 0" 0). n n

I % - S W W Gl )
1 neB; 1<i<l,p7* does not contain any v}
+1

T T, .

(Y o plpl — (1-o(w® p}))p}) (137)
s=i+1
log B

<n B
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by (96) and 3>!_, & < 2. Then, with a high probability, for s € [V], £ = 1/(d + 1),

l

gB n
<£+ s 52|B ‘ Z Gi,lJrl(w(O))
1 n€By, 1<i<I,p}* does not contain any v}
I+1 . -
n\, k1, n n T n
( Z U(w(O) ps) Vs Ps — (1—0’(’(1)(0) D; ))'U pL)
s=i+1
1 1 I+1 1
f1o 2
5§+77 B —np 22l+2 iy " FKa )_215(1_10@)
T (138)
B log B 5 Ka (1—pg)l—i+1)
=¢tm—p——8 Zzl+2—iv' 2
B logB 9 Kat 1 —pg
=5+ s Z 2+iy, 9
log B 775 Ka(l = pa)
< _
SEEm 5 v
2
< _ nB Ka(l _pa).
~ v
The second step comes from (96) and the fact that
+1 T
Pr (‘ZB Z Z [p" does not contain any v]G}';, 1 (w w®) Z o(w® pr)
| 1 neB; =1 s=i+1
+1 T
*1 _n *1 n
Vg Ps — (1 l|B | Z ZGz l—‘,—l Z G(w(O) D )’U pa]
U oneB; i=1 s=it1 (139)
I+1
0 *1 . n
e Bl XY Alaw®) 3 ol pe: 5]
neB; i=1 s=1+1
<e—lB(1—pa)2c2
<e
for some ¢ € (0,1), and
Bl > (1 —pg) ?loge! (140)

by Lemma [2f since p* contains v} with a probability of p,/V. The last step holds with a high
probability if

B> Bk %(1 —pa) 2V?loge L. (141)
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We can also derive that for any j € [M;i],
(u} 0" )w®

l I+1
10gB n T
<+30V"5 1B e | > Gl (w®)( D o py)
1 neBy, 1<i<1,p7 does not contain any v} s=i+1
T
(py,0M)pl — (1 - U(w(o) p)) (k) ,0")p})
logB 1 (1—pa) .
<e4 L 2 AT Pa) g i
g+M BZ;QHQI oM, (—i+1)

< [log B n(1 —pa)B*
~Tw VB M

< _ n(l_pa)52

M,y
(142)
The second step of @]) comes from the fact that
I+1
T
Pr (‘l|81 Z Z [pi" does not contain any v;]G7 11 (W) Z o(w® p")
neB; i=1 s=i+1
I+1 .
- (1 _pa Z‘B | Z Z zl+1 Z U(w(o) p?)]
neBy i=1 s=i+1 (143)
1+1 -
0 n
e Bl XY Al w®) 3 ol )
neB; i=1 s=1+1
<e_lB(1_pa)2C2
<M; ¢
for some ¢ € (0,1),C > 1, and
Bl > (1 —pg) ?loge! (144)
by Lemma [2]since p}* does not contain any v} with a probability of 1 — p,,.
The last step of li holds if B > =% and ¢ < < 77 - Similarly, we also have
(1], 07w
l
log B 776 n 0)
5 T ar B ‘Bl| Z . Z ' Gi,l+1(w )
neBy, 1<i<I,p?* does not contain any v}
I+1 . (145)
(Y o(w® pl)(u),07)pL
s=i+1
2
> _ T](l _pa)ﬁ )
~ ]\4’1
Hence, the conclusion holds when ¢ = 1. Meanwhile, for any k € [Ms],
logB
T 0Mw® < (146)
(Vk 70 ) £+ Mg B
Suppose that the conclusion holds when t = tq for t, < min{n~!87%k;1(1 —

2 _1
pa) "V, IM} B 3k, ® (1 — po)~'V3}. Then, when t = to + 1, we have that for p” that
does not contain any v?, s € [V]

to 3 312 2
HL=p)Bs =, A= p)*B T, nF 1y [logB
_7_5 (LA fa) P to - (— 4 1L
M, i M )Swp 3 tanV B

+¢) <.

i=1
(147)
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For another p’, r # s, that contains a v?, s € [V],

w® Tpr <t (0 = nB2ka(l = pa)) < w™ p? < 0. (148)

Then, with a high probability, we have for any s € [V],

v Tw®
. oL, P™ 2™
7,057(,w(t 1) ( o ))
= )/3
AR SELEE- S LSS 9D LT,

neBy i=1

242 2 32 I+1
nt 1- b ﬁ n T * n T n * n
3 TP G (w9) (3 aw® T pie; "t (1 - 0w ™ pi) s ).
1 s=i+1
(149)
where the last step is by (IT0) and (I27). Following our proof idea in the case of ¢t = 1, we have that
for p! that contains a v¥, s € [V], the corresponding y* has a probability of 1/2 to be both binary
labels. Then, by Hoeffding’ bound (22)), we have

Ui n n,nT to) | t n n

H|B| Z z Z Yi P; WE(EO) WéO)pqueryGi,lJ,-l('w(tO))
1 neby 1<i<I,p} contains v}
+1

(Y olw ™ plpt — (1 - o(w ™ pr)py)| (150)
s=i+1
log B

<n B
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Then, with a high probability,

+1

77 to (1-— pa)252 n (to) (to) T «T n
|B| Z Z T) i (w)( Z o(w p)v; Py

neBy, i=1 s=i+1

~(1 - o(w® 'p ))v*Tﬁ)

logB n n*t5(1 — pa)*5°
Z—ﬂ\/ |B| Z Z yi(62+oT)

neBy, pj does not contain v}, z"yr =1

+1

.
LG () (3 o(w® pler Tt — (1 — o(w™ pr))wr T pr)
s=i+1

1 B 242 1— “ 222
=2 DR DR (AR AL s RCETEFRINMIR)
IB | M:

n€By, p}* does not contain v}

I+1

.
S o(w ™ ply: Tpn
s=i+1

log B, ?t(1—pa)®B%, . 0
2oy S (@ TR B e (o)
IB | M3

n€By, p7 does not contain v}

-(z—i+1)i‘;
Z - IO%BH)(B“”%‘%“—“ [ZGlm (w®) z-¢+1)@
g - n\/?wL n(B* + W)E [; GZ!H(“’(tO))M
>_p IOiB+n(ﬂ2+nztﬁ(lM;a)QBQ)nauVpa)’

where the fourth step follows the idea of (I39) since
G2z+1(w(t°))(l —i+1) <O(1),
for any ¢ € [/] and n € By. The last step of (151)) follows from

l +1
n T n T n 1
ZGi,lJrl(w(tO)) =1- U(w(tO) pquery) - H(l - J(w(tO) D; )) > 13
3 i=1

since
T 1
o(wt) Phuery) < 0(0) = 3

by (T47), and with a high probability,

I+1
T T
[T —o(wt pp)) < I1 (1= o(w™ p))
i=1 pj does not contain any v}
1 -
5(1 - __V )l(l pe)
1+ e rad
1
<77
4

where the last step holds if
12 (1—pa)”"log M.
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The second step of (I53) comes from (T47) and

!
1
Pr (’7 Z 1[p} does not contain v:] — (1 — p,)| >

i=1

by Lemma [I]for some ¢ € (0,1), C' > 1, and
1> (1—pg) tlog M.

Then, by plugging (I51)) into (T49), we have

c- (1 —pa)) < e—l(l—pa)c2 < Mfc

v (ot
to—1 2 32
1B%toka(1 — pa) 2 07 (1—pa)’B° Ka log B 2
< v 771_211( I )V g n(B
+ nztg(l - pa)252) ) Ka(l = pa)
M? \%4
:_7]62@04'1)"@1 1_pa i 1_pa /B )Ha log B
\% P \% B
to
7762(t0+1) 1_pa 1_pa B Raq
< J A Fa) 7
s SuaL

(157)

(158)

(159)

where the last step holds given (141) and to < min{n=18"2k; (1 —p,) V. M} B3k, * (1 —

Pa) V3 }. We can also derive that for any j € [M],

() ,0 )w®

log B n(1—pa)B2to ‘o= 5 1P(1—p.)3p2 n
Vs o an ST ) mk

i=1 neBy
! 242 232 H1
n°to(1 — pa)?B% (to) o) T, om
> (8% + =0 )G () - () o(w ™) pl)
p}* does not contain any v Ml s=i+1

.
: <u} L0M)p? — (1 —o(w®™ p))(p),0")p})

IOgB (1 _pa)62t0 = ) 773(1 - pa)362 n
< _ — P G S /A i
SEF M1 V B M, POLN ) B

7]27%(1 — pa)2/82
L V-

i=1 neB

) Gl (w w)(—i+1)- (1 = pa)

logB  n(l—pd)fte "~ 5 P1-p)*8  (1-pa)
<£+M1\/ = D D ) g

i=1
7727%(1 - pa)2182
o)
to—1

logB (1 —pa)B2(to+1) <= o 17°(1—pa)B>
L AP PL e

. 7](1 - pa) (772753(1 _pa)Q/BQ)
M M12

1 — pg)B32 1 tO' 3(1 = p,)352
S_77( pz)\fl(t0+ )_212,(77( Mz;)ﬂ),

+

=1
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where the second step of (I60) follows the second step in (T42) using Lemma 2] Meanwhile,
(1,0 )w'

-1 l
o flogB  n(1-pa)Bte R~ ., P1-pa)B  n
—¢ M, B M, ZZ ( M7 |B1| ZB g

=1
242 2132
(1 —pa)*p n . (1 —pa)
OTQG) . i,l+1(’w(t°))(l —i+1)- Tla
to—1

n JlogB  n(l—p.)B%*0 = .o 021 —pa)3s? (1—-pa) (161)
f—Ml\/?— D DRI S v a Ak s Tl G

_|_

=1
242(1 _ 232
_|_77 O( 2p(l) /8 )
Ml
o =pa)B(to+1) iig . (773(1 - pa)?’BQ)
~ M1 — M? bl

where the second step is by Lemma 6} Therefore, we complete the induction.

O
E.4 PROOF OF LEMMA[3]
Proof. Let
to =0 (1 —p,) ' B72My). (162)
(a) We first prove that for any s € [V],
(7,0 w® < O(—1log(2 + ty)) (163)

2 _1
for some v, > 0 by induction. When ¢ = min{n~'5"2k; (1 — pa) 2V, n M3 B 3k, * (1 —
pa) "1V}, we have

(07,0 w® £ —6(1) < O(—log(2+ 7"~y ' M (1= pa) " Viny))  (164)

(.u\»—-

by Lemma% for any y; > 0, since that 1 + n_lﬁ_%n;§M1§(1 —pa)"tVEy > O(1) and v > 0.

Therefore, holds when
2 5, 1
t=min{n B2k (1 — po) "V, M B kg (1- pa)_lV%}. (165)

2 5 1 1
Suppose that when t < to withts > min{n=18 2k, (1—p,) 1V, n 1 M2 B~ 5ke * (1—p,)~1V5}
and to < tg, the conclusion still holds. Then, when t =ty + 1, we have

242 2432
«T ATy (t) < (L= Pa)ka o 31 —pa)?B7 1
(v, 0w < —log(2 + tam) % (B~ + Yz ) T oloe@ i)
1_0,"{5(1 2t21_¢122 —
~log(2 + ty) - W Palte g2 TOU P (5 4,
i
—log(2 + (t2 + 1)m1),
(166)
where the last step comes from the following.
@
77(1 7pa)62"‘9a -1 71
—— 3+t Zlog(l4+ ——
v (8 t2m) " Zlog(d 4 577 20) (167)
=log(2 + (t2 + 1)y1) — log(2 + tav1),
where the first step is from
7 < (1 —pa)B. (168)
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(ii)
3(1 —Pa)’Ka 2,0 -1
Wﬂ t5(3 4+ tay1) ™ 2 log(2 + (t2 4 1)y1) —log(2 + tam), (169)
i

which comes from )
N1 — pa)B~ " Ka

o (170)

M <
Therefore, (163) can be rewritten as
(v, 0T )w! < O(=log(2 +t - n(1 —pa)5?), (171)

when k, > V74, so that the conclusion holds when ¢t = ¢5 + 1. Thus, the induction can be
completed. We can then derive that when ¢ = ¢(, we have

(", 0w < O(—log(2 + to - n(1 — pa)5?)) < —log(M,), (172)
and for p; that contains v,
1
Twy< — 173
o(p, w .
(b) We then prove that
t
(] 0Ty > ©(~log(2 + 7)) (174)
for j € [M;] and some 72 > 0 by induction. When ¢t = min{n~'872x;1(1 —
P _1
Pa) Vo M B3 ke P (1 — pa) "1V 3}, we have
1 2 1 1
(1] 0w 2 —— > O(=log@+ 15 3k "M (1= pa) Vi) (79)
1

5 1 _1
by Lemmafor any 2 > 0, since that 1+17_1B_§ma SM; ¢ (1—pa)_1V%'yg > Mfl and y2 > 1.
Therefore, (174) holds when

t=min{n" ' %k 1 (1 - pa)*lV,nflM?B*%n;%(l —pa)” V) (176)

2 1
Suppose that when ¢ < to with £5 > min{n =12k, (1—pa) "2V, ' M B~ % ks ® (1—p,) 1V 3}
and to < tg, the conclusion still holds. Then, when ¢ = t5 + 1, we have

(1] ,0")w®

t2y2 (1—pa), oo, 7?31 —pa)?B? 1
> —log(2 + =—2) —p—-—">""2 + . .
177)
tay2 (1_pa) 2 nztg(l_pa)zﬂQ toya 1 (
:—1 2 — —_ — _— . 3 —
og(2+ 3) —ny (6 + T (3 )
(t2 +1)72
> _log(2 4 2T )12
2 —log(2 + L )s
where the last step comes from the following.
(i)
(1 —pa) o tav2, 1 it
n———B"B+ =) Slog(l+ —,)
M M t2y2
1 1 ?—i— Ml) (178)
lo + 1)y L2772
=log(2 + ———=) —log(2 + —=
where the first step is from
72 > (1 = pa)B°. (179)
(ii)
3(1=pa)® 135 t2y2, 1 (t2 +1)72 tay2
———Bt5(3+ —=)" " <log(2+ ——=) —log(2+ —= 180
77 Mf, 6 2( + Ml) ~ Og( + M1 ) Og( + Ml )7 ( )
which comes from
2 > (1 —pa) B2 (181)
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Therefore, can be rewritten as

_ 2
WP, (182)

so that the conclusion holds when ¢t = t5 4 1. Thus, the induction can be completed. We can then
derive that when ¢ = t(, we have

(1] ,0")w® > O(—log(2 +¢ -

1 —p,)B?
(1, 0w > O(—log(2 +t - %)) > —log(3) > —O(1), (183)
1
and for p; that does not contain v,,
a(p] w?) Z ©(1). (184)
O

E.5 PROOF OF LEMMAI[G]

Proof. Given a prompt P defined in (200) with (21, 2, - - , T1, Tquery), 16t Ti41 = Tguery. Define

P — Tiy1 Tigo o Ty XTjy1 X1 Lo - Ty
Yitel Yir2 0 Y Y1 Y1 Y2 ot Y
=(m1 @ o & ml+1) (185)
99 U Ui

:(ﬁivﬁév e 715;7157;4-1)3
which is a rotation of in-context examples for ¢ € [I] U {0}. Therefore, we have

ZG (w1 —i41)

—ZG 11 (w w®)(l—i+1)

SZG?,ZH © +ZGl 1 (W) (1 —o(w ®7 +ZG1 i (w)(
= i=1
T T . T
—o(w® pi) (1 —o(w® ﬁl{l))+"'+ZG?,1+1(w(t))H(1—J(W(t) p7))
i=1 j=1
T T
<rJn€aX{ZGzz+1 ”)}~(1+(1—0(w(” p)) + (1—o(w® pih)( (186)
T . T
—o(w® py))+-+ [0 - o(w® p))))
j=1

T, T._ T._
<1+ (1—a(w® ph)) + (1 —o(w™ pi )1 —o(w® pi "))+
-1
T
+ [ = o p3))
j=1

<l+l-c+(l—e+- -+ (1-0e)!
1

S,
C

<e(),

where the third to last step holds since that when ¢ < min{n~!872k;1(1 — p,) "1V, 17*1M1% (1—
Pa)B) "3 (Ka(l — pa)) V3 }, there exists ¢ € (0,1) and C € (0,1), C > ¢, such that ¢ <
a(w(t)ij) < Cforany j € [I]. 0O
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E.6 EXTENSION TO OTHER SSM/LINEAR RNN ARCHITECTURES

Our theoretical analysis can be extended to a broader range of SSM or Linear RNN architectures.
The key to such extension depends on whether the basic block of the model can be decomposed
into a linear attention layer and a gating layer as in (3). Even if the specific form of the nonlinear
gating differs from that in the Mamba architecture we consider in this work, we can still compute the
gradient of the new gating function and analyze the resulting training dynamics and generalization
performance. We then list several examples and briefly discuss how their models can be interpreted
as linear attention plus a gating based on the summary from Table 2 of (Yang et al.| 2024c).

* Mamba-2 (Dao & Gu,|2024). The updating equation of Mamba-2 is

h; =y(w,a;i) - h;—1 + 'Uik;r e RPoxm vy e [m]

o; :hi q; S Rdu s (187)

where y(w, a; ) = esofiplus(w 'p)e” ¢ R for g € R and w € R% from Table 1 of (Yang
et al.,[2024Db). Then,

h; =y(w,a;t) - hy—1 + vtk;r
=y(w,a;t) - (y(w,a;t —1) - hi_o + vt,lkll) + ’Utk;r

(188)
t
::ZGi7t(w,a)vikiT,
i=1
where
t . .
Gis(w,a) = {Pf—””(w"”)’ o (189)
, 7=t

Therefore, the output of a Mamba-2 block can be written as a summation of linear attention
output v, k, q; weighted by the scalar gating G; ;(w, a) for 1 < i < t.

RetNet (Sun et al.,2023). The updating equation of RetNet is

hi =y -h;i_1+vik] €R%*™ V¢ [m]

(190)
o; =h;q; € R%,
Then,
t
hy=v-h;_1 + ’Utk;r = Z GLt(W)’UikZZT, (191)
i=1
where
t—i
Y 1<t
i = . 192
* Gated Retention (Sun et al.,2024). The updating equation of Gated Retention is
hi =y(w;i) - hi_1 +vk] € ROX™ Ve [m
(w; i) N [m] (193)
o, =h,q; €R™,
where y(w;i) = o(wTp;)* € R for 7 € R. Then,
t
hy =y(w;i) - by + ok =Y Giy(W)oik], (194)
i=1
where
t N
- : t
Git(W) = {ll_lj—erl ¥(w; 5), i< ! (195)
, i=1.
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* Gated Linear Attention (Yang et al.,[2024b). The updating equation of Gated Linear
Attention is

h;=h;,_10® (O'(Wpl)%].;;) + ’Uik;r S Rdoxm, Vi € [m]

(196)
o; =h;q; €RY,
where W € R%>do for + € R. Then,
t
h; := sz(kz @U(Wui)%)—r, (197)
i=1
i 1
F(U;P) = y;(Wkp; © 0(Wpi)7) T WoPguery- (198)
i=1
Note that in this case, the gating is essentially applied to the key rather than the value as in
our (3). Then,
OF (U, P)

1 1
= Zyi(WKpi © Wquuery) O] ;U(sz‘)* © (1 - U(sz))P;r (199)

i=1

ow

Our gradient analysis is to characterize the feature updates of (199).

E.7 EXTENSION TO MULTI-CLASSIFICATION PROBLEMS

Our theoretical analysis can be extended from binary classification to a basic setting of multi-
classification problems. For a C-classification problem, where C' = 2% for a certain integer S > 0,
we can decompose this classification problem into an /1 -level hierarchical classification task, where
each level is a binary classification problem. Correspondingly, we assume that the labels of the context
examples and the query are H-dimensional, i.e., z,y;, € {+1,—1}, h € [H]. We assume that each
context input & € R where djy = d - H. Denote x;, as the coordinates from d (h—1)+1todoh
of . The formulation of z;, follows the definition in (6). Then, the prompt P € R((@+1H)x(1+1)
for & 4yery 18 constructed as

P—(PT. PT. ... PT p — LTih L2,n - Lih  Lgueryh R+ x(U+1)
(P Py P) s Py Yin Y20 0 YLk 0 <
(200)

Then, we can consider an H-head Mamba model parameterized by ¥ = {{Wg 5, We 5, wi } |}
Following (3], the output of one-layer Mamba can be rewritten as

F(W; P) =(F\(V; P), Fy(¥; P) -, F (¥; P)) 7,
+1

Fh(\:[/, P) - Z Gi,l+1(wh)yi,hp;,rhw;_’hWC,hpquery,ha
=1

(201)

where G 11 (wp) = o(w,}tpi,h) Hég’ﬂ(l —o(wapin)), ! <i+l

7 U(wh pquery,h)a i=1+1

We still use hinge loss. Therefore, the 27 -classification problem can be decomposed into H indepen-
dent binary classification problems. Our analytical technique and results for the binary classification
case can then be applied. We retain only the discussion of the binary classification case in the
main text and omit the detailed derivations for the multi-class setting in order to highlight the main
contributions of our theoretical analysis.

E.8 EXTENSION TO MULTI-CLASSIFICATION PROBLEMS

Our theoretical analysis can be extended to a linear regression problems. Note that
analyze the linear regression problem in the ICL framework for one-layer single-head Trans-
formers under similar data assumptions to ours, i.e., that the data are defined by orthogonal relevant
features. For Mamba, we can conduct a similar analysis. The main challenges lie in the gradient and
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convergence analysis under the squared loss, as well as in the formulation and analysis of outliers.
One option is to formulate the context label with outliers as random outputs. With squared loss, the
gradient of W, Wp, and w are computed as

l

4 (\Ij/ P 'n,) z n) n n n n,.n T
W :(F(\I/>P> -z ); Gi,l+1(w)yi WBpi pque’ry ’ (202)
oL(T; P, 2" s
oW, =(F(¥,P) -z ); G711 (W)Y WePguery, (203)
ol(w; P, 2")
ow
! I+1 S04
=(F(¥, P) = 2") Y yip) W Wepyer, Gl (w)( Y o(wphpr G0V
i—1 s—it1

— (1= a(w'p}))p}).
Since F'(V, P is generally between —1 and 1 before convergence, we can still ensure that the model
can learn relevant patterns by gradient updates, which is consistent with the case of classification
problem. Random labels for outlier examples cancel out their gradient contribution, leading the
nonlinear gating to learn outlier patterns. Then, the further analysis is almost the same as the
classification problem.

THE USE OF LARGE LANGUAGE MODELS

We used large-language models (ChatGPT) to help polish the writing of this paper.
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