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ABSTRACT

Bilevel optimization, with broad applications in machine learning, has an intri-
cate hierarchical structure. Gradient-based methods have emerged as a common
approach to large-scale bilevel problems. However, the computation of the hyper-
gradient, which involves a Hessian inverse vector product, confines the efficiency
and is regarded as a bottleneck. To circumvent the inverse, we construct a sequence
of low-dimensional approximate Krylov subspaces with the aid of the Lanczos
process. As a result, the constructed subspace is able to dynamically and incremen-
tally approximate the Hessian inverse vector product with less effort and thus leads
to a favorable estimate of the hyper-gradient. Moreover, we propose a provable
subspace-based framework for bilevel problems where one central step is to solve
a small-size tridiagonal linear system. To the best of our knowledge, this is the
first time that subspace techniques are incorporated into bilevel optimization. This
successful trial not only enjoys O(e~!) convergence rate but also demonstrates
efficiency in a synthetic problem and two deep learning tasks.

1 INTRODUCTION

Bilevel optimization, in which upper-level and lower-level problems are nested with each other,
mirrors a multitude of applications, e.g., game theory (Stackelberg| |1952), hyper-parameter selection
(Ye et al.| |2023)), data poisoning (Liu et al.| |2024)), meta-learning (Bertinetto et al.l [2018)), neural
architecture search (Liu et al., 2018} Wang et al., [2022)), adversarial training (Wang et al., [2021)),
reinforcement learning (Hong et al., 2023} |Chakraborty et al., 2024)), computer vision (Liu et al.,
2021a)). In this paper, we consider the bilevel problem:

min (@) = f (05" (@)

s. t. y*(l') S argming(xay)7 (1)
yeRmy

where the upper-level function f and the lower-level function g are defined on R% x R%. ¢ is called
the hyper-objective, and the gradient of ¢(x) is referred to as the hyper-gradient (Pedregosa, 2016;
Grazzi et al.| 2020; |Chen et al., 2023 |Yang et al.| [2023)) if it exists. In contrast to standard single-level
optimization problems, bilevel optimization is inherently challenging due to its intertwined structure.
Specifically, the formulation (I)) underscores the crucial role of the lower-level solution *(z) in each
update of x.

One of the focal points in recent bilevel methods has shifted towards nonconvex upper-level problems
coupled with strongly convex lower-level problems (Ghadimi and Wang| 2018} Ji et al.| [2021; (Chen
et al., [2022; Dagréou et al.| 2022} |Li et al.,|2022; Hong et al.,|2023)). This configuration ensures that
y* () is a single-valued function of z, i.e., y*(x) = argmin, cpa, g(x,y). Subsequently, Vo (x)
can be computed via the implicit function theorem following (Ghadimi and Wang, |2018)),

Vo(a) = Vo f (2,y" () = V2,9 (2,y" (2)) [V2,9 (2,5 (2))] " Vof (1,97 (). @)

Gradient methods based on the hyper-gradient, x5+ = x — AV (), are known as the approximate
implicit differentiation (AID) based methods (Ji et al., 2021} |Liu et al.l 2023b} [Huang], [2024b).
Nevertheless, the computation of the hyper-gradient (2)) suffers from two pains: 1) solving the
lower-level problem to obtain y*(x); 2) assembling the Hessian inverse vector product

v (@) = [V2,0 (@, y" (@)] 7 Vyf (2,9 (2), (©)
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Figure 1: Left: test loss for the method stocBiO (Ji et al., |2021) with different inner iterations 1
to approximate the Hessian inverse vector product; Right: Estimation error of the Hessian inverse
vector product in hyper-data cleaning task with corruption rate 0.5 for different methods: LancBiO
and SubBiO (ours), AmIGO (Arbel and Mairal, 2022), and SOBA (Dagréou et al., 2022).

or equivalently, solving a large linear system in terms of v,
V(@ v (2))v = Vy f(2,y" (). )

To this end, it is beneficial to adopt a few inner iterations to approximate y*(x) and v*(z) within
each outer iteration (i.e., the update of ). Note that the approximation accuracy of v*(z) is crucial
for AID-based methods; see (Ji et al.| 2022} |Li et al., 2022)). Specifically, the left of Figure E] confirms
that the more inner iterations, the higher quality of the estimate of v*, and the more enhanced descent
of the objective function within the same number of outer iterations.

Approximation: Existing efforts are dedicated to approximating v* in different fashions by regulating
the number of inner iterations, e.g., the Neumann series approximation (Ghadimi and Wang] 2018},
Ji et al.,|2021) for the inverse, gradient descent (Arbel and Mairall, 2022; Dagréou et al.,[2022) and
conjugate gradient descent (Pedregosa, |2016;|Yang et al., [2023)) for the linear system.

Amortization: Moreover, there are studies aimed at amortizing the cost of approximation through
outer iterations. These methods include using the inner estimate from the previous outer iteration
as a warm start for the current outer iteration (J1 et al., 2021 |Arbel and Mairall 2022; |Dagréou et al.,
2022} Ji et al.L [2022; |Li et al.| [2022} Xiao et al.,2023)), or employing a refined step size control (Hong
et al.l [2023)).

Subspace techniques, widely adopted in nonlinear optimization (Yuan,|2014)), approximately solve
large-scale problems in lower-dimensional subspaces, which not only reduce the computational
cost significantly but also enjoy favorable theoretical properties as in full space models. Taking
into account the above two principles, it is reasonable to consider subspace techniques in bilevel
optimization. Specifically, we can efficiently amortize the construction of low-dimensional subspaces
and sequentially solve linear systems (@) in these subspaces to approximate v* accurately.

1.1 CONTRIBUTIONS

In this paper, taking advantage of the Krylov subspace and the Lanczos process, we develop an inno-
vative subspace-based framework—LancBiO, which features an efficient and accurate approximation
of the Hessian inverse vector product v* in the hyper-gradient—for bilevel optimization. The main
contributions are summarized as follows.

Firstly, we build up a dynamic process for constructing low-dimensional subspaces that are tailored
from the Krylov subspace for bilevel optimization. This process effectively reduces the large-scale
subproblem (@) to the small-size tridiagonal linear system, which draws on the spirit of the Lanczos
process. To the best of our knowledge, this is the first time that the subspace technique is leveraged in
bilevel optimization.

Moreover, the constructed subspaces enable us to dynamically and incrementally approximate v*
across outer iterations, thereby achieving an enhanced estimate of the hyper-gradient; the right of
Figure[l|illustrates that the proposed LancBiO reaches the best estimation error for v*. Hence, we
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provide a new perspective for approximating the Hessian inverse vector product in bilevel optimization.
Specifically, the number of Hessian-vector products averages at (1 + %) per outer iteration with the
subspace dimension m, which is favorably comparable with the existing methods.

Finally, we offer analysis to circumvent the instability in the process of approximating subspaces,
with the result that LancBiO can profit from the benign properties of the Krylov subspace. We prove
that the proposed method LancBiO is globally convergent with the convergence rate O(¢~1). In
addition, the efficiency of LancBiO is validated by a synthetic problem and two deep learning tasks.

1.2 RELATED WORK

A detailed introduction to bilevel optimization methods can be found in Appendix [A]

Krylov subspace methods: Subspace techniques have gained significant recognition in the realm
of numerical linear algebra (Parlett, [1998; Saad, 2011}; |Golub and Van Loan| [2013)) and nonlinear
optimization (Yuan, |[2014; Liu et al.,[2021c). Specifically, numerous optimization methods utilized
subspace techniques to improve efficiency, including acceleration technique (Li et al.,[2020), diagonal
preconditioning (Gao et al.l [2023), and derivative-free optimization methods (Cartis and Roberts|
2023)). Krylov subspace (Krylov, |1931)), due to its special structure,

Kn(A,b) := span {b, Ab, A%, ..., ANflb}

with the dimension IV for a matrix A and a vector b, exhibits advantageous properties in convex
quadratic optimization (Nesterov et al., 2018)), eigenvalue computation (Kuczynski and Wozniakowski,
1992)), and regularized nonconvex quadratic problems (Carmon and Duchil 2018). Krylov subspace
has been widely considered in large-scale optimization such as trust region methods (Gould et al.|
1999), trace maximization problems (Liu et al., [2013)), and cubic Newton methods (Cartis et al.,
20115 Jiang et al.| 2024). Lanczos process (Lanczos| [1950) is an orthogonal projection method onto
the Krylov subspace, which reduces a dense symmetric matrix to a tridiagonal form. Details of the
Krylov subspace and the Lanczos process are summarized in Appendix [B]

Approximation of the Hessian inverse vector product : It is cuambersome to compute the Hessian
inverse vector product in bilevel optimization. To bypass it, several strategies implemented through
inner iterations were proposed, e.g., the Neumann series approximation (Ghadimi and Wang} 2018},
Ji et al.| 2021), gradient descent (Arbel and Mairal, 2022; [Dagréou et al, [2022), and conjugate
gradient descent (Pedregosa, 2016} |Arbel and Mairal, 2022} |Yang et al., [2023)). Alternatively, the
previous information was exploited in (Ji et al., 2021} |Arbel and Mairal, 2022)) as a warm start for
outer iterations; Ramzi et al.[(2022)) suggested approximating the Hessian inverse in the manner of
quasi-Newton; [Dagréou et al.| (2022) and |Li et al.| (2022)) proposed the frameworks without inner
iterations to approximate the Hessian inverse vector product.

2 SUBSPACE-BASED ALGORITHMS

In this section, we dive into the development of bilevel optimization algorithms for solving (), which
dynamically construct subspaces to approximate the Hessian inverse vector product.

The (hyper-)gradient descent method carries out the k-th outer iteration as 11 = xx — AV (zk),
where the hyper-gradient is exactly computed by Vo(21) = Vo f (a2, y5) — V2,9 (zk, yj) vj, with
yp = y*(xy) and v} := v*(z},) defined in (3). In view of the computational intricacy of y; and v},
it is commonly concerned with the following estimator for the hyper-gradient

Vo (@, Y, vk) = Vo (@, yr) — V2,9 (@6, yi) vk, 5)

where yy, is an approximation of y;. Denote A, = szg(xk, yr) and by, = V, f(xk, yi). vg is the
(approximate) solution of a quadratic optimization problem

1
min —v' Ay — v by, (6)
vESK

where Sy, is the full space R% and the exact solution is A;lbk,. Subsequently, in order to reduce the
computational cost, it is natural to ask:
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Algorithm 1 SubBiO

Input: iteration threshold K, step sizes 6, A, n, initialization x1, y1, vg
1: fork=1,2,..., K do
2 Ax=Vi,9 Tk yk) bk = Vy f(Th, yk)
o S, = spanf{bg, (I — nAg)vk_1}

3
4. vy =argmingg, 3v Ayv—blv

50 g = 2k — X (Vaf (@r, ye) — V2,9(Tk, yr) k)
6.

7:

Y Yk =Yk — OV 9(Trt1, k)
end for

Output: (vxi1,Yr+1)

Can we construct a low-dimensional subspace Sy, such that
the solution of (@) satisfactorily approximates A 'b, ?

General subspace constructions introduced in the existing subspace methods (Yuan, 2014} |Liu et al.,
2021c) are not straightforward and not exploited in the bilevel setting, rendering the exploration of
appropriate subspaces challenging. In the following subsections, we construct approximate Krylov
subspaces and propose an elaborate subspace-based framework for bilevel problems.

2.1 WHY KRYLOV SUBSPACE: THE SUBBIO ALGORITHM

In light of the Neumann series for a suitable n € R, A~'b = n>"° (I — nA)"b, it is observed
from Appendix that A~'b belongs to a Krylov subspace for some N > 0, i.e.,

A7 € Ky (A, b) = Kn(I —nA,b).
Hence, it is reasonable to consider a Krylov subspace for the construction of Sy.

Given a constant n < N, we consider an approximation of A~'b in a lower-dimensional Krylov
subspace K, (A, D), i.e., v, € Kn(A,b) = K (I —nA,b) and v, = S0 e (I —nA) b~ A 1b.

Note that the approximation v,, is composed of the set { (I — nA)i b}~ in the sense of the Neumann

series. Moreover, we observe that (I — nA)v,, € K,41(A,b) and hence we can recursively choose
Un+1 € Sn—i—l ‘= Spall {ba (I - UA)Un} - ICn—i—l(Av b)

since the subspace span{b, (I —nA)v,} includes the information of the increased set

{(I —nA)"b}7_,. In summary, we can construct a sequence of two-dimensional subspaces {S,,}
that implicitly filters information from the Krylov subspaces. The rationale for this procedure can be
illustrated in Figure 2]

. L AT Al
In the context of bilevel optimization, we seek * ' - '

the best solution vy, to the subproblem (6) in the
subspace — -

Sk = span {b, (I — nAg)vk—1}. (1)

Repeating the procedure is capable of dynam-

ically approximating the Hessian inverse vec- K.(4,b) C K,11(4,0) € -+ C Kn(4,0)

tor product, i.e., vy approximates A,:lbk. The

Krylov Subspace-aided Bilevel Optimization al- Figure 2: Illustration of approximating A=1b €

gorithm (SubBiO) is listed in Algorithm [T} Kn(A,b) by v, in the two-dimensional sub-
space S, C K,,(4,b).

2.2 WHY DYNAMIC LANCZOS: THE LANCBIO FRAMEWORK

Notice that the subproblem in SubBiO (Algorithm|l) can be equivalently reduced to
1
miy §ZT(S,;rAkSk)z — b} Sz,

where Sy = [by (I —nAy)vi_1] € R%*2, The solution z* € R? results in v, = Syz*. Itis a two-
dimensional subproblem, whereas computing the projection S,I Ay Sy, requires two Hessian-vector
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products, which dominate the cost of the subproblem. Therefore, it is crucial to reduce or amortize
the projection cost while preserving the advantages of the Krylov subspace. To this end, we find that
the Lanczos process (Appendix [B) provides an enlightening way (Lanczos| [1950; [Saad| 2011} [Golub
and Van Loan, |2013)) since it allows for the construction of a Krylov subspace and maintaining a
tridiagonal matrix as the projection matrix, which significantly reduces the computational cost.

In bilevel optimization, since the quadratic problem (6)) evolves through outer iterations, it is difficult
to leverage the Lanczos process to amortize the projection cost while updating variables as in SubBiO.
Specifically, the Lanczos process is inherently unstable (Paige, |1980), and thus the accumulative
difference among { Ay } and {by } will make the Lanczos process invalid.

In order to address the above difficulties, we propose a restart mechanism to guarantee the benign
behavior of approximating the Krylov subspace and consider solving residual systems to employ
the historical information. In summary, we propose a dynamic Lanczos-aided Bilevel Optimization
framework, LancBiO, which is listed in Algorithm Q The only difference between LancBiO and
SubBiO is solving the subproblem (line 3-4 in Algorithm [T]).

If we adapt the standard Lanczos

process for tridiagonalizing Ay, by Algorithm 2 LancBiO
starting from ¢; = b1/||b1]|, g0 = Input: iteration threshold K, step sizes 6, )\, initialization
0, 51 = 0 and using the dynamic ma- x1, %Y1, V1, initial correction Avy = 0, subspace dimen-
trices A; for j = 1,2,..., k, the pro- sion m, initial epoch h = —1
cess is as follows, 1: fork=1,2,..., K do
2 Ap =V, 9(xk,yk), b = Vo f(zk, yr)
= A.q: — B.0._ , ’ vy ’ ’ Y ) IR
i quj Fiti-1 3:  if (k mod m) = 1 then
Qj = q; Uj, 4: h=h+1
wj = uj — a;g;, S Al
By = HWH 6: wyp, = AgUp,
It AN 7 Qr—1 = (be — wn)/ [brx — wa|
qj+1 = wj/5j+17 8 Ti_1 = Empty Matrix
and T}, is a tridiagonal matrix recur- 9: Bk =0

10:  end if

11:  (Tk,Qk, Br+1) =DLanczos(Tk—1, Qr—1, Ak, Br)
12: r = b — wy,

130 Avp = Qu(Tk) Qi

sively computed from

|
|
0
T‘j—l i 14: v = Up, + Avy
T; = ra 150 @py1 = — A (Ve (@r y) — Vi, 9@k, yr)vr)
——————— bl 160 Yrr1 = yr — OVyg(Thr1, Y)
0 151% 17: end for
|

Output: (vx i1, Y1)

Restart mechanism: In contrast to SubBiO, we construct the subspace

Sk = span(Qy) = span([q1, - - ., qx])-

Consequently, Qi approximates the basis of the true Krylov subspace Ky (A, bi), and T}, approxi-
mates the projection of Ay onto it, i.e., T} = Q;Aka. However, Qj, will lose the orthogonality
due to the evolution of A;, and T}, will deviate from the true projection. Based on this observation,
we restart the subspace spanned by the matrix () for every m outer iterations (line 3 to line 10
in Algorithm [2). The restart mechanism allows us to mitigate the accumulation of the difference
among {41, ..., Ay}, and hence, we can maintain a more reliable basis matrix to approximate Krylov
subspaces. The above dynamic Lanczos subroutine, DLanczos, is summarized in Appendix [C]

Residual minimization: The preceding discussion reveals that the dimension of the subspace
Sy, should be moderate to retain the reliability of the dynamic process. Nevertheless, the limited
dimension stagnates the approximation of the subproblem (6) to the full space problem. Therefore,
instead of directly solving the quadratic subproblem (6] in the subspace, we intend to find v € S, =
span(Qy) such that Axv = b. To this end, after going through m outer iterations, we denote the
current approximation by v. In the subsequent outer iterations, we concentrate on a linear system
with a residual in the form

ApAv = b, — AR, Av € S. 8)
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Specifically, we inexactly solve the minimal residual subproblem
. _ 2
nin (b — Arv) — ApAv|| )

and use the solution Awvy, as a correction to o (line 12 to line 14 in Algorithm E]) v = U+ Avg.

Consequently, taking into account the two strategies above, we illuminate the framework LancBiO
in Figure 3| It is structured into epochs, with each epoch built by m outer iterations. Notably, each
epoch restarts by incrementally constructing from a one-dimensional space )1 to an m-dimensional
space @,,,, aiming to approximate the solution to the residual system within these subspaces. The
solution Awv; to the subproblem serves as a correction to enhance the hyper-gradient estimation,
which facilitates the (z,y) updating.

The combination of the two strategies, restart
mechanism and residual minimization, not only | HH . |
controls the dimension of the subspace but also ‘ iy ﬂ I H Uu% ‘ Iy W I
utilizes historical information to enhance the ap- T q K
proximation accuracy. By considering a simpli-

fied scenario, we reduce the two strategies into

solving a standard linear system problem Az = b

|
with A and b fixed. Note that, from the perspec- i One Epoch
tive of Theorem 1 in (Carmon and Duchi, [2018), v
the residual associated with solving a linear sys-
tem in an m-dimensional Krylov subspace decays m Outer Iterations
faster than a rate O (1 / m2) after each restart. In
other words, the estimation error of the Hessian )
inverse vector product experiences a decay rate Subspace Construction
of O (1/m?) after every restart, i.e., H HH |:||:| |:| III II
b = Avmeaen [ _ (|0 — AB) — Al | gy | |
16— Avpun® b= AonlP Q0 Qo
1 v v v v
=0 (*z) : . o
m Residual Minimization
Remark 2.1. The classic Lanczos process is ( b, — Ax0]
known for its capability to solve indefinite lin- — ; ;
ear systems (Greenbaum et al [I999). In the Avi 1 Avg <o+ Avj e Avy,
same fashion, the LancBiO framework can be Y v y 17
adapted to the bilevel problems with a noncon- Hyper-gradient Estimation
vex lower-level problem. Interested readers are I w w
referred to Appendix D] for details. i%(pl 3%@ e i%gﬁj e i%cpm
Y Y Y Y
2.3 RELATION TO EXISTING ALGORITHMS (z,y) Updating

The proposed SubBiO and LancBiO have intrin-

sic connections to the existing algorithms. Gen- Figure 3: An overview of LancBiO.

erally, in each outer iteration, methods such as

BSA (Ghadimi and Wang, 2018)) and TTSA (Hong et al., 2023) truncate the Neumann series at N,
exploiting information from an /N-dimensional Krylov subspace. In contrast, both SubBiO and
LancBiO implicitly gather knowledge from a high-dimensional Krylov subspace with less effort.

SubBiO shares similarities with SOBA (Dagréou et al., 2022)) and FSLA (Li et al.}2022)). The update
rule for the estimator v of the Hessian inverse vector product in SOBA and FSLA is

v = Vk—1 — N (Agvg—1 — br) = (I — nAg)ve—1 + nbx,

while the proposed SubBiO constructs a two-dimensional subspace, Sy, = span {bx, (I — nAx)vk—1}
defined in (7). It is worth noting that the updated v;, in SOBA and FSLA belongs to the subspace
Sk Furthermore, in the sense of solving the two-dimensional subproblem (6), SubBiO selects the
optimal solution v in the subspace.

In addition, if the subspace dimension m is set to one, LancBiO is simplified to a scenario in which
one conjugate gradient (CG) step with the warm start mechanism is performed in each outer iteration,
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which exactly recovers the algorithm AmIGO-CG (Arbel and Mairall, [2022) with one inner iteration
to the update of v. Alternatively, if the step size A in Algorithm [2]is set to 0 within each m-steps (i.e.,
only inner iterations are invoked), LancBiO reduces to the algorithm AmIGO-CG (Arbel and Mairall
2022) with m inner iterations.

3 THEORETICAL ANALYSIS

In this section, we provide a non-asymptotic convergence analysis for LancBiO. Firstly, we introduce
some appropriate assumptions. Subsequently, to address the principal theoretical challenges, we
analyze the properties and dynamics of the subspaces constructed in Section 2] Finally, we prove the
global convergence of LancBiO and give the iteration complexity; the detailed proofs are provided in
the appendices.

Assumption 3.1. The upper-level function f is twice continuously differentiable. The gradients
Vo f(z,y)and V,, f(x,y) are Ly, -Lipschitz and L ,-Lipschitz, and ||V, f (z, y*(z))|| < Cyy.
Assumption 3.2. The lower-level function g is twice continuously differentiable. V. g(x,y) and
Vy9(z,y) are Lyg-Lipschitz and L, -Lipschitz. The derivative Vﬁy g(x,y) and the Hessian matrix
szg(x, y) are Ly, -Lipschitz and L, -Lipschitz.

Assumption 3.3. For any 2 € R%, the lower-level function g(z, -) is f1,4-strongly convex.

The Lipschitz properties of f, g and the strong convexity of the lower-level problem revealed by the
above assumptions are standard in bilevel optimization (Ghadimi and Wang, 2018};|Chen et al., 2021}
Ji et al.} 2021} Khanduri et al., 2021; |Arbel and Mairal, [2022} Chen et al., [2022} Dagréou et al.| [2022;
Li et al.} 2022} Ji et al., [2022; [Hong et al., [2023). These assumptions ensure the smoothness of ¢
and y*; see the following results (Ghadimi and Wang} 2018)).

Lemma 3.4. Under the Assumptionsand y*(x) is Ly /g -Lipschitz continuous, i.e., for

any x1, 2 € R, [|y* (z1) — y*(z2)| < L,fgr

Lemma 3.5. Under the Assumptions and the hyper-gradient NV ¢(+) is L,-Lipschitz
continuous, i.e., for any x1,z2 € R, |[Vo(x1) — Vo(22)|| < Ly, |21 — 22|, where L, > 0 is
defined in Appendix|E}

Assumption 3.6. There exists a constant C'y, so that |V, f(z,y)|| < Cfs.

21 — z2l|.

Assumption@ commonly adopted in (Ghadimi and Wang], 2018 Ji et al.| 2021} |Liu et al.| 2022}
Kwon et al., [2023a), is helpful in ensuring the stable behavior of the dynamic Lanczos process;
see Section[3.1]

3.1 SUBSPACE PROPERTIES IN DYNAMIC LANCZOS PROCESS

In view of the inherent instability of the Lanczos process (Paigel |1980; [Meurant and Strakos), 2006)
and the evolution of the Hessian {A} and the gradient {b;} in LancBiO, the analysis of the
constructed subspaces is intricate. Based on the existing work (Paige}, 1976} |1980; |(Greenbauml [1997),
this subsection sheds light on the analysis of the subspaces and the effectiveness of the subproblem in
approximating the full space problem in LancBiO.

An epoch is constituted of a complete m-step dynamic Lanczos process between two restarts, namely,
after h epochs, the number of outer iterations is mh. Given the outer iterations k = mh + j for
7 =1,2,...,m, we denote

L *
Egt = (1 + Mgz> |Zmh+s — Tmnell + ||ymh+s - ymh+s”
g
fors,t =1,2,...,m,and 5;? = maxXi1<s¢<j 5Qt, serving as the accumulative difference. For brevity,
we omit the superscript where there is no ambiguity, and we are slightly abusing of notation that
at the current epoch, { A4} and {by,p+;} are simplified by {A;} and {b;} forj =1,...,m. In
addition, the approximations in the residual system (8] are simplified by @ and b := b; — A; 7.

The following proposition demonstrates that the dynamic subspace constructed in Algorithm [2] within
an epoch is indeed an approximate Krylov subspace.
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Proposition 3.7. At the j-th step within an epoch (j = 1,2, ..., m — 1), the subspace spanned by
the matrix Q) ;11 in Algorithm 2| satisfies

span(Q;41) C span { AT A% - -A?jl_J | as=0orl, s=1,2,...,5}.
Specifically, when Ay = Ay = --- = Aj = Aand Q41 is of full rank, span(Q;+1) = Kj41 (A, 5).

Denote A* = Viyg(a:, y*) and b* =V, f(x,y*). Notice that the dynamic Lanczos process in Algo-
rithm[2| centers on A; instead of A;. The subsequent lemma interprets the perturbation analysis for
the dynamic Lanczos process in terms of A7, which satisfies an approximate three-term recurrence
with a perturbation term 0Q).

Lemma 3.8. Suppose Assumptions[3.1|to[3.3|hold. The dynamic Lanczos process in Algorithm
with normalized ¢, and o, B;, q; satisfies

A;Qj = QjTj —+ ﬂj+1qj'+16; + 5Qj, fOrj = ]_, 27 coe,m,

where Q; = [q1,q2,...,45], 0Q; = [0q1,9q2,...,dq;] with ||0g;|| < Lgyyej, and T;
is a j x j symmetric tridiagonal matrix with diagonal elements {c1, ..., a;} and subdiagonal
elements {2, ..., [B;}.

3.2 CONVERGENCE ANALYSIS

To guarantee the stable behavior of the dynamic process, three mild assumptions are needed.

Assumption 3.9. The initialization of y; in Algorithm satisfies||y1 — y7]| < 8\[37’?.
(m+1)"Lgyy

Similar initialization refinement is used in (Hao et al.,2024), which can be achieved by implementing
several gradient descent steps for the smooth and strongly convex lower-level problem.

Assumption 3.10. For each epoch, the following inequality holds,

L N m—1 N .
eh <A <1 + ;’) > |90 @mns)|| + llgmnsm = vl (10)
j=1

g

Assumption [3.10]is reasonable in practice since the first term on the right-hand side of (I0) contains
all upper-level steps { AV (xmhﬂ)};”:jl within one epoch. Denote the residual 7y := b, and 7; :=
b— AjAv;, j=1,2,...,m. The following lemma reveals that the dynamic process yields an
improved solution for the subproblem (9).

Lemma 3.11. Suppose Assumptions[3.1) [3.6land 3.9\ hold. Within each epoch, we set the
step size 0 ~ O(1/m) a constant for y and the step size for x as zero in the first mg ~ (1) steps,
and the others as an appropriate constant X ~ O(1/m?), then we have the following inequality,

”Fj“ <9 I?E(j) (W) + \/‘;Lgyy€jlzi(j),

7ol — = (j) +

Lgy‘*‘zsﬁ (j+1)°Lgyye;

Hg— 2?,£ (G4+1)%Lgyye; .

Theorem 3.12. Suppose Assumptions[3.1) 3.2} [3.3) B.6] 3.9 and[3. 10| hold. Within each epoch, we set
the step size 0 ~ O(1/m) a constant for y and the step size for x as zero in the first mg steps, and
the others as a constant \ ~ O(1/m*), then the iterates {x)} generated by Algorithmsatisfy

. K 5 mA~!
Ron ey > Ve (@)l =O<K(m—mo)>’

k=0,
(kmod m)>mg

where i (j) :=

where mg ~ Q(logm) is a constant and m is the subspace dimension.

In other words, we prove that the proposed LancBiO is globally convergent, and the average norm
square of the hyper-gradient |V (;)|| achieves e within O(e~1) outer iterations.
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Figure 4: Comparison of the bilevel algorithms on data hyper-cleaning task when p = 0.8. Left: test
accuracy; Center: test loss; Right: residual norm of the linear system, || Axvg — bg||.

4 NUMERICAL EXPERIMENTS

In this section, we conduct experiments in the deterministic setting to empirically validate the
performance of the proposed algorithms. We test on a synthetic problem and two deep learning tasks.
The selection of parameters and more details of the experiments are deferred to Appendix [l We have
made the code available on https://anonymous.4open.science/r/LancBiOl

Data hyper-cleaning on three datasets: The data hyper-cleaning task (Shaban et al.,2019) aims
to train a classifier in a corruption scenario, where the labels of the training data are randomly
altered to incorrect classification numbers at a probability p, referred to as the corruption rate. The
results on the MNIST dataset are presented in Figure @] and Table[T} Note that LancBiO is crafted for
approximating the Hessian inverse vector product v*, while the two solid methods, TTSA and stocBiO
are not. Consequently, with respect to the residual norm of the linear system, i.e., || Axvg — bgl|,
we only compare the results with AmIGO-GD, AmIGO-CG and SOBA. Observe that the proposed
subspace-based LancBiO achieves the lowest residual norm and the best test accuracy, and subBiO is
comparable to the other algorithms. Specifically, in Figure[d] the efficiency of LancBiO stems from
its accurate approximation of the linear system. Additionally, while AmIGO-CG is also adept at
approximating v*, the results in Table T indicate that it tends to yield higher variance. Moreover,
algorithms are also evaluated on the Fashion-MNIST and Kuzushiji-MNIST datasets; see Figure[§|and
Figure [0} respectively. The proposed LancBiO performs better than other algorithms and showcases
robustness across various datasets.

Synthetic problem: We concentrate on a synthetic bilevel optimization (I)) with d, = d,, = d and
T 1 2
f(z,y) :=cicos (z' D1y) + B} | Doz — y||”,

d d
; TiYi L T
g(z,y) == c2 Zsm(xi + i) + log (Ze Y ) Y (D3 +G)y.

i=1 =1

It can be seen from Figure [I0]that LancBiO achieves the final accuracy the fastest, which benefits
from the more accurate v* estimation. Figure [TT]illustrates how variations in m and I influence
the performance of LancBiO and AmIGO, tested across a range from 10 to 150 for m, and from
2 to 10 for I. For clarity, we set the seed of the experiment at 4, and present typical results to
encapsulate the observed trends. It is observed that the increase of m accelerates the decrease in the
residual norm, thus achieving better convergence of the hyper-gradient, which aligns with the spirit
of the classic Lanczos process. Under the same outer iterations, to attain a comparable convergence
property, I for AmIGO-CG should be set to 10. Furthermore, given that the number of Hessian-vector
products averages at (1 + 1/m) per outer iteration for LancBiO, whereas AmIGO involves I > 2
calculations, it follows that LancBiO is more efficient. Moreover, to illustrate how the methods scales
with increasing dimensions, we present the convergence time and the final upper-level value under
different problem dimensions d = 10%,7 = 1,2, 3,4 in Table The results demonstrate the proposed
methods maintain decent performance across different problem dimensions.


https://anonymous.4open.science/r/LancBiO-46BC/README.md

Under review as a conference paper at ICLR 2025

Logistic regression on 20Newsgroup: Consider the hyper-parameters selection task on the
20Newsgroups dataset (Grazzi et al., |2020). The goal is to train a linear classifier w and deter-
mine the optimal regularization parameter (. As shown in Figure[I3] AmIGO-CG exhibits slightly
better performance in reducing the residual norm. Nevertheless, under the same time, LancBiO
implements more outer iterations to update =, which optimizes the hyper-function more efficiently.

Generally, to solve standard linear systems, the Lanczos process is recognized for its efficiency and
versatility over gradient descent methods. LancBiO, in a sense, reflects this principle in the context
of bilevel optimization, underscoring the effectiveness of the dynamic Lanczos-aided approach.
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Appendix

A RELATED WORK IN BILEVEL OPTIMIZATION

A variety of bilevel optimization algorithms are based on reformulation (Liu et al.,2021b; |Yao et al.,
2024). These algorithms involve transforming the lower-level problem into a set of constraints, such
as the optimal conditions of the lower-level problem (Dempe and Duttal 2012} [Li et al., |2023)), or
the optimal value condition (Outrata, |1990; Ye and Zhu, |1995; 2010; |Dempe and Zemkoho, [2013};
Lin et al2014; Xu and Yel 2014). Furthermore, incorporating the constraints of the reformulated
problem as the penalty function into the upper-level objective inspires a series of algorithms (Liu
et al.;,2022; Hu et al., 2023; |Kwon et al., 2023bja; |Lu and Mei} 2023). Another category of methods
in bilevel optimization is the iterative differentiation (ITD) based method (Maclaurin et al., 2015}
Franceschi et al., 2017} [Shaban et al.l 2019; |Grazzi et al., [2020; [Liu et al.l 20205 J1 et al., [2021)),
which takes advantage of the automatic differentiation technique. Central to this approach is the
construction of a computational graph during each outer iteration, achieved by solving the lower-level
problem. This setup facilitates the approximation of the hyper-gradient through backpropagation, and
it is noted that parts of these methods share a unified structure, characterized by recursive equations
(Jiet al., [2021} L1 et al.| 2022} [Zhang et al.,2023). The approximate implicit differentiation (AID)
treats the lower-level variable as a function of the upper-level variable. It calculates the hyper-gradient
to implement alternating gradient descent between the two levels (Ghadimi and Wang| 2018; Ji et al.,
2021 |Chen et al.| 2022; Dagréou et al., [2022; [Li et al.|[2022; Hong et al., 2023)).

B KRYLOV SUBSPACE AND LANCZOS PROCESS

Krylov subspace (Krylov} 193 1)) is fundamental in numerical linear algebra (Parlett, 1998};|Saad, 2011}
Golub and Van Loan,|[2013) and nonlinear optimization (Yuan, 2014; [Liu et al.,2021c)), specifically
in the context of solving large linear systems and eigenvalue problems. We will briefly introduce the
Krylov subspace and the Lanczos process, and recap some important properties; readers are referred
to|Saad| (2011)); |Golub and Van Loan!(2013) for more details.

An N-dimensional Krylov subspace generated by a matrix A and a vector b is defined as follows,
Kn(A,b) := span {b, Ab, A%b, ..., AN"'b},

and the sequence of vectors {b, Ab, A%, ... AN ’1b} forms the basis for it. The Krylov subspace
is widely acknowledged for its favorable properties in various aspects, including approximating
eigenvalues (Kuczynski and Wozniakowski, (1992), solving the regularized nonconvex quadratic
problems (Gould et al.L|{1999; Zhang et al.l 2017;|Carmon and Duchi, |2018)), and reducing computation
cost (Brown and Saad), [1990; Bellavia and Morini, [2001} [Liu et al.| {2013} |Jiang et al., 2024).

The Lanczos process (Lanczos, [1950) is an algorithm that exploits the structure of the Krylov
subspace when A is symmetric. Specifically, in the j-th step of the Lanczos process, we can
efficiently maintain an orthogonal basis @); of K;(A, ), so that T; = QJ-TAQj is tridiagonal, which
means a tridiagonal matrix 7; approximates A in the Krylov subspace. Consequently, it allows to
solve the minimal residual problem or the eigenvalue problem efficiently within the Krylov subspace.
There are several equivalent variants of the Lanczos process (Paige}, 1971} |1976; |Meurant and Strakos)
2006), and we follow the update rule as shown in Algorithm[3] We now present several key properties
of the Krylov subspace and the Lanczos Process from |Saad| (201 1).

Definition B.1. The minimal polynomial of a vector v € R™ with respect to a matrix A € R"*"
is defined as the non-zero monic polynomial p of the lowest degree such that p(A)v = 0, where a
monic polynomial is a non-zero univariate polynomial with the coefficient of highest degree equal
to 1.

Remark B.2. The degree of the minimal polynomial p does not exceed n because the set of n+1
vectors { A"v, A"y, ..., A%v, Av, v} is linearly dependent.
Remark B.3. Suppose the minimal polynomial of a vector v with respect to a matrix A is
p(x) =z + Cm71wm_1 + -+ ng2 + c1x + co,
and has a degree of m. If ¢y # 0 and A is invertible, by Definition[B.1]
A0+ e 1 A"+ e A% 4 1 Av + v = 0,
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Algorithm 3 Lanczos process

Input: dimension m, matrix A € R™*", initial vector b € R™
1: Initialization: ¢; = ﬁ, G0 =0,8=0,Q9 =Ty =Empty Matrix
2: forj=1,2,...,mdo
3wy =Ag; — Bigi—

4: a; = qJT’U,]
5wy =uy — agg;
6 Bit1 = |lwyl|
7 Qi1 = wj/ Bt
8 Q;=[Qj-1q]
Tj—l
9 Tj = 5]
B A
10: end for

Output: T}, Qmm, ||b]| €1

multiply both sides of the equation by A~! and rearrange the equation,

1
Ay = - (Amflv Fem 1 AT 20 4+ -+ e Au + clv) .
0

In other words, A~1v belongs to the Krylov subspace KC,,, (A, v).

Proposition B.4. Denote the n x j matrix with column vectors qi,...,q; by Q; and the j X j
tridiagonal matrix by T;, all of which are generated by Algorithm@ Then the following three-term
recurrence holds.

AQ; = QT + Bj1q541€] ,
QJ-TAQJ' =Tj.

Based on Proposition the Lanczos process is illustrated in Figure 3]

A\

T

J

.
+  Bj+1gj+1€;

Figure 5: Classic three-term recurrence

C DyNAMIC LANCZOS SUBROUTINE

This section lists the DLanczos subroutine (Algorithm ) invoked in the LancBiO framework (Al-
gorithm 2. One of the main differences between Algorithm 3]and Algorithm []is that Algorithm 3]
represents the entire m-step Lanczos process, while Algorithm [] serves as a one-step subroutine.
Specifically, LancBiO invokes DLanczos once in each outer iteration (line 11 in Algorithm [2),
expanding both 7" and () by one dimension. Consequently, the inputs of Algorithm 4] are not in-
dexed to avoid confusion, with their corresponding variables (Tx_1, Qx—1, Ak, O) in Algorithm
evolving across outer iterations indexed by k. Another difference lies in the dynamic property of
the DLanczos subroutine, i.e., the matrix Ay, passed during each invocation varies in Algorithm
while the classic Lanczos process (Algorithm [3)) employs a static A.
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Algorithm 4 Dynamic Lanczos subroutine for LancBiO (DLanczos)

Input: tridiagonal matrix 7', basis matrix () with j columns, Hessian matrix A, and /3

1: if 7 =1 then

22 ] =Q,q1=0
3: else

4: [qlaq27"'7qj}:Q
5: end if

6: u; = Agj — Bgj

T a; = quuj

8: W5 = U; — Q45

9: Bjv1 = [lwj
10: gj11 = w;j/Bjt1
11: Q1 = [Q gj41]

T
12: Tj+1 - B

Output: Tj;1,Q 41, B+1

D EXTENDING LANCBIO TO NON-CONVEX LOWER-LEVEL PROBLEM

The Lanczos process is known for its efficiency of constructing Krylov subspaces and is capable of
solving indefinite linear systems (Greenbaum et al.,|1999). In this section, we will briefly demonstrate
that the dynamic Lanczos-aided Bilevel Optimization framework, LancBiO, can also handle lower-
level problems with the indefinite Hessian.

Suppose A is invertible, and consider solving a standard linear system
Ax = b,

with initial ponit x¢, initial residual 7y = b — Az and initial error eg = A~'b — x(. If the matrix
A is positive-definite, the classic Lanczos algorithm is equivalent to the Conjugate Gradient (CG)
algorithm (Hestenes et al.l [1952)), both of which minimize the A-norm of the error in an affine
space (Greenbaum, |1997; Meurant and Strakos} 2000), i.e., at the m-th step,

Ty = argmin ||A*1bfx|

z€Exo+Kom (A,b) A

If the matrix A is not positive-definite, MINRES (Paige and Saunders|, [1975) is the algorithm
recognized to minimize the 2-norm of the residual in an affine space (Greenbaum, |1997; Meurant and
Strakos| [2006)), i.e., at the m-th step,

Ty = argmin ||b— Azx|. (11)
2€x0+Kom (A,D)

Additionally, based on @, as the basis of the Krylov subspace &,,,(A,b), T, as the projection of A
onto K,,, (A, b), and the three-term recurrence

AQum = QT + Bt 1Gm+16m,

we can rewrite (IT)) as
Tm = To + chma
with

cm =argmin [|rg — AQmc||
C
=argmin [[ro — Qm+1Tm+1,mC”
C
=argmin [|Qm11 ([[7oll €1 — Tong1,me) |l
C

= arg min || HTOH €1 — Tm+1,mc|| s
C

17
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where

Tm
Tm-‘rl,m = |: :| .

5m+1 e;l;l

In the spirit of MINRES, to address the bilevel problem where the lower-level problem exhibits
an indefinite Hessian, the framework LancBiO (Algorithm [2) requires only a minor modification.
Specifically, line 13 in Algorithm 2] , which solves a small-size tridiagonal linear system, will be
replaced by solving a low-dimensional least squares problem

¢ = argmin [[|rg|| 1 — Thr1ucl®,
C

and computing the correction

Avg = Qrer,
where
T
Tyir,k = { /Bk+]1€€1: ]

E PROOF OF SMOOTHNESS OF y* AND ¢

To ensure completeness, in this subsection, we provide detailed proofs for the preliminary lemmas
that characterize the smoothness of the lower level solution y* and the hyper-objective .

Lemma E.1. Under the Assumptions and y*(x) is L}fg’” -Lipschitz continuous, i.e., for any
xr1,To € Rdm,

* * L
ly™(21) = y™ (w2)]| < f [z — 22| -
g

Proof. The assunption that V,g(x,y) is Lg,-Lipschitz reveals ||V, g(x,y)| < Lge. Then

19" @) = || V2,9 . 9) [V2,9 @ 0)) || < 192, @ )| || 92,0 0] "] < =22,

since g(x, -) is pg-strongly convex. O

Lemma E.2. Under the Assumptions and the hyper-gradient NV p(x) is L,-Lipschitz
continuous, i.e., for any xi,xo € R,

V(1) = Vo(za)| < Ly [|21 — 22|

where L, = (1 + Ly L + LgaLfy+LgayCry + ngcfngyy
® by g Hy )

Proof. By combining
(A1) "oy — (43) 7
= (A7) 7' b} — (A7) b5 + (A7) b5 — (43) 7
= (A1) 71 (6] = b3) + (A]) 7 (A5 — A]) (43)
with the properties revealed by Assumptions[3.1]3.2and [3.3] we can derive
Ly, Cy¢y L Ly,
H(A*) by — (A3) " b H <2y <1+ >||x1—x2||+fy2m’< g >||x1—x2||.
Hg H K

g

In a similar way, the subsequent decomposition holds,

Vo (r1) = Vo (r2) =(Vof (21,y" (21)) — Vo f (5027 *(22)))
— V2,9 (@1, 9" (21)) (A7) 0] + V2,9 (z1,y" (21)) (A3) " b
+ V2,9 (@2, 9" (22)) (A3) 7 b3 — V2,9 (21,5 (21)) (A3) 7 b3.

18
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It follows that

Ly,
IV (21) - Vi (w2)]| < Lys (1 +1e ) T
g

Ly L CryL
+ Lgs (1 + g) <fy + nyny) |21 — x|
Hg Hg Hy

C L
+ Lgryify <]. —+ gm) ||£U1 — IQ”
Hg Hg
=Ly (|21 — 22|,

Lge LoaLy+LaeyCry | LawCryLgys
where L, := (1+ ngf) (Lfm + =2 fyuy” vty 4 e Ijg -‘7‘“). O
g

F PROPERTIES OF DYNAMIC SUBSPACE IN SECTION[3.1]

In this section, we focus on the properties of the basis matrix ) and the tridiagonal matrix T’
constructed within each epoch of the dynamic Lanczos process. Denote

Z = VZyg (‘T’WyZ) and blt = vyf (Jfk,y;t) .

An epoch is constituted of a complete m-step dynamic Lanczos process between two restarts, namely,
after h epochs, the number of outer iterations is mh. Given the outer iterations k& = mh + j for
7 =1,2,...,m, we denote

L
521‘/ = (1 + Mgm> ||:Emh+s - Im,h-‘,—t” + ||ymh+s - y:nh+s||
g

fors,t =1,2,...,mand

aé’-‘ ‘= max Egt,
1<s,t<j

serving as the accumulative difference. For brevity, we omit the superscript where there is no
ambiguity, and we are slightly abusing of notation that at the current epoch, { Ay,n+;} and {bppyj }
are simplified by {A;} and {b;} for j = 1,...,m. In addition, the approximations in the residual
system () are simplified by o and b:=b — A7

We rewrite the dynamic update rule from Section [2.2]

u; = Ajq; — Bigj-1, (12)
aj = q; uj, (13)
wj = u; — ;q;, (14)
Bj+1 = llwsll, (15)
gj+1 = wj/Bj+1, (16)

forj = 1,2,...,mwithqgy = 0,8 =0and Q, = ¢1 = b/ ||l_) | The following proposition
characterizes that the dynamic subspace constructed in Algorithm [2| within an epoch is indeed an
approximate Krylov subspace.

Proposition F.1. At the j-th step within an epoch (j = 1,2,...,m — 1), the subspace spanned by
the matrix Q1 in Algorithm[2|satisfies

a a aj7 s — O 1
span(Q;+1) € span {14111422 A Vsa: 1, 2,0.r. ] } 17
Specifically, when Ay = Ay = --- = A; = Aand Q41 is of full rank,

span(Qj+1) = KCj11 (Aﬁ)

Proof. Note that ()1 = span{q; } with ¢; = H%H satisfies (I7). We will give a proof by induction.
Suppose fori = 1,2,..., 7, it holds that

span(Qi+1) C span {A‘flA? - AfD ‘ vsaS::1 %Orl i } :

19
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By the dynamic Lanczos process, it yields

1
Qi+ = 77— (Aj11¢5+1 — Bj+1¢5 — j+1Qj41) - (18)
Bj+2

Since

dj+1 Gspan{A‘flAgz"'A?”_’ Vs=1,2,...,7

as=0oras;=1 }

then we have

Ajy1qj41 € span {A‘flAg2 c A% ’

as=0oras;=1
J+1 :

Vs=1,2,...,5+1
It follows from (I8) that

ajay | as=0oras=1
Gr2 ESPaH{A'flAgz"'Ajffb ‘ Vs — 1,2,...S,j+1 }

By induction, we complete the proof. O

Although we can estimate the difference between the basis of the above two subspaces, it is noted
that the Krylov subspaces can be very sensitive to small perturbation (Meurant and Strakos| 2006}
Paige, |1976; 1980; |Greenbauml, [1997). The next lemma interprets the perturbation analysis for the
dynamic Lanczos process in terms of A%, which satisfies an approximate three-term recurrence with
a perturbation term 0().

Lemma F.2. Suppose Assumptions[3.1|to[3.3|hold. The dynamic Lanczos process in Algorithm|2]
with normalized ¢, and o, B;, q; satisfies

AXQ; = Q;T; + Bit1aj+1€; +0Q; (19)
fOi"j = 1727 s, M, where Qj = [(I17Q2> ce 7qj]) 5@] = [6(]1,5(123 cee 76Qj];
o1 P
B2 o2 P
T; = Bs
Bi
B a;

The columns of the perturbation 0Q); satisfy
10¢;|| < Lgyyej, fori=1,2,...,5.
Additionally, if we decompose Q; as
Q] Q; =R/ + Ry, (20)
with R; as a strictly upper triangular matrix, then
TiR; — R;T; = 5j+1QjTCIj+1€jT +0R;, (21

where R is strictly upper triangular with elements |(s;| < 2Lgyyej, for 1 < s <t < j.

Proof. From
a; = qj u; = qf Ajq; — Bigj ¢
and
1 1 1
T T T T
G105 = 5 Wi G G (uj —ajq5) g5 = 5 (Ajq; — ajq; — Bigi—1) ¢,
j+1 j+1 J+1

we can derive
qj 4145 =0 (22)

20
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by induction. Then, we combine equations (12)), (T3), (T4) and (T6), and rewrite them in the perturbed
form:

Bi+1qi+1 = Aiqi — Bigi—1 — quqi = Aj¢i — Bigi—1 — iqi +0q;, fori=1,2,....5, (23)

where [|0g;|| < Lgyye; due to Assumpstions [3.2and Specifically, (23) can be rewritten in a
compact form:

A5Q; = QT; + Biy1j11e; +06Q;.
Then, we consider the orthogonality of matrix @) ;, which is reflected by R; in (20). Multiply on both
sides of (9 by Q] ,
Qj A5Q; = Q] QT + B11Q; gj1e] +Q; 5Q;.
Combining its symmetry with the decomposition (20, we obtain
T; (R +R;) = (R + Rj) Ty = B (Q) ajie] — eja)1Q)) + Q) 0Q; —0Q] Qs 24)

Denote M; = T;R; — R;T; which is upper triangular. Since the consecutive g; is orthogonal as
revealed by (22), we conclude that the diagonal elements of M are 0. Furthermore, by extracting the
upper triangular part of the right hand side of (24), we can get

M; = TjR; — R;T; = ;11Q] gj11¢; +0R;,

where J R; is strictly upper triangular with elements (; satisfying: fort = 2,3,...,7,
Gi—14 = qt—r_lfth - 5(12—_1%
Gt =aql g —6q) a1, s=1,2,...,t—2.
From the boundedness of ||dg;||, it follows that for 1 < s < t < 7, [(st| < 2L gyy€;- O

Lemma [F2] illustrates the influence of the dynamics in Algorithm [2] imposed on the three-term
Lanczos recurrence, and as (@) reveals, R reflects the loss of orthogonality of the basis ). However,
the following lemmas demonstrate that the range of eigenvalues of the approximate projection matrix
T is indeed controllable.

To proceed, we establish the Ritz pairs of T} as (ugj ), ygj )) fori =1,2,...,7,such that

where the normalized {yfj )}gzl form the orthogonal matrix Y') with the elements g(j ) for 1 <
s,t < j, and we arrange the Ritz values in a specific order,

(]) (J) (J)

> /’LQ s> :u“]
We define the j-th approximate eigenvector matrix
A [z%j%zé”,... (J)] =Q;vu

and the corresponding Rayleigh quotients of A;

T ;
o () A
D= N T fori=1,2,...,§

[ AN T .
(z9)" =9

The subsequent lemma describes the difference of eigenvalues between T and some 7, constructed
in preceding steps.

Lemma F.3. Suppose Assumpnonstohold For any eigenpair ( (7 ) Z(j )) of T};, there exists
an integer pair (s,n) where 1 < s <n < j, such that

2j2Lgyy5]

\f‘ (J) ) '

pd — | <

(25)
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Proof. Multiply the extended eigenvector yﬁi) of T; by T}, where i < j,

(4) (@, (1)
T][ya ] pr 3{3 ] (26)
/81+1§ir
Then multiply ( g )) on the both sides of (26),
. . AT (4) Nz
(=) ()" [ 2y | = Brasd2 @

and multiply the eigenvectors (ygj )> and y(] ) on the left and right of equation (Z1), respectively,

. . S\ T :
(MEJ) - /J’z(fj)> (?/gj)) Ry = <81 (2 ( (j)) g1+, (28)
where we define
() D 5R.y@
) = (yg ) SRy (29)
Note that |e ( ) guy€j because of Lemma Specifically, taking s = ¢ in (28),
N T )
(:9) g = ——"15, (30)
Bj+155s
we can rewrite (30) in the matrix form
@ gra1 =Y ey, (31)
where forr =1,...,s,
el
eSTCT = 7()
Br—&-lg

By observing that Q, ¢,1 = Y ("¢, is the (r + 1)-th column of R;, we can derive

<yl(j)) (J) Z<r+1 ZZ g)m (y(J))T [ yg) } (32)

t=1 Br+1Sp
]—1 9 T (r)
_ () €tt
== Z <<r+1,i> Z o ()’ (33)
r=1 t=1 H; H

where (32) and (33)) follow from (3T)) and (27) respectively. Consequently, the definition (29) reveals

J N2
> () = 1RSI < 2 Lygyes. (34)

s,t=1
Based on (33)) and the orthogonality of Y'(7),

‘ (yzgj)) Y

r (r)

€
Z§r+1 i Z tt(j) B (l)‘
Hq

t—1 min -
1<d<l<j Hi
1 (M
> : @ _ §r+1z tt |
min |, r=1 t=1
1<d<i<j

it follows from the Cauchy—Schwarz inequality and @ that

Vi s (46) .
‘u(]) ((il)‘ < r=1 t=1 tt < 2] Lgyyej
7 — AN\ T .
‘(%m) Ry f’ (52) TRy

min
1<d<I<j
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Lemma F.4. Suppose Assumptions[3.1]t0[3.3|hold. Q; and T} are the basis matrix and the approxi-
mate tridiagonal matrix in the j-th step and R; is the strictly upper triangular matrix defined in (20)
(4)

4

characterizing the orthogonality of Q;. Given ;" the i-th eigenvalue of T, then fori=1,..., 7,

2v/3 2v/3
3

pg— —— U+ 1)3 Lgyyej < ﬂz(j) < Lgy + 3 (J+ 1)3 Lgyye;- (35)

©)

_ T
Proof. By conducting the left multiplication with (yl(j )Qj) and the right multiplication with y
on both sides of equation (T9), we obtain the following equation,

T , , T . T ,
(Zi(J)> A;le(J)iul(J) (Zi(J)> Z§J):—e§g)+<zfj)) (;iji(]).

WT .
Dividing it by (zfj )> 29, we have

%

. AN\ T .
0 ]| () 0

AN\ T . — AN\ T .
()" 0 ’1+2(y§”) Ry

(#‘))T Az ) (Zl_(j))T )

_ AT ,
e +Lgyygj\/j (’1+2 (yE”) Ry )
— SED)
’1+2(y§”) Ry
where the inequalities come from
2 NT ,
|22 =142 (sP) R, (37)
Case I: If
NT . 3 e
(J)) () o &5
‘(y Ry < 2 -3 (38)
holds, then from (37),
z(j) > 1
! -2

Furthermore, (36) reveals that there exists a Rayleigh quotient v of A}f that satisfies

+ V27 Lgnyes < (4 + V27) Loywes.

(7)

i Eg)

‘Vu')_u <9

Case II: If the condition (38) does not hold, by applying Lemma[F3] we can find an integer pair
(s1,n1) with 1 < 51 < ny < j such that

ZjQLgyygj

3 ’ (y§j>>T Ry

(9) (n1)

i = pg <

< 2V352Lyyye;-

-
By observing that (,ug’fl), yg?l)) and (yﬁ?”) Rnlyg?l) can also be categorized into Case I or
Case II, we can repeat this process and construct a sequence {(s¢, nt)}f;(l) with1 <m <my <
--- < mp < ng=juntil

T . 3 €n
() Rt < 3 - S
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Inequality (38) holds when the superscript j = 1 since T7 = [a], ygl) =1land zg) = ¢1. Therefore,

we can obtain {(s;, n;)}.1§ in finite steps, resulting in the following estimate.
!
2
t=0
!
(4j n \/2]') Lyyyei + > 2303 Lgyye;
t=0

2f
(J +1) Lgyyej,

plree) — )

‘Ij(j) _ ,Ugj)’ < ’D(j) (741:1)

IN

I /\

for some (7).
Any Rayleigh quotient of A;- is bounded by its eigenvalues (Parlett, [1998), i.e., for any (),
)\(j} <) < )\(j) .
where )\( ) ,», and ,\S,JM are the minimum and maximal eigenvalue of A* respectively. Based on

Assumptlon [3.2)and Assumption [3.3] we complete the proof. O

G PROOF OF LEMMA [3.11]

G.1 PROOF SKETCH

The proof of Lemma is structured by four steps.

Stepl: extending ¢; to £; within the lemmas detailed in Appendix

In Appendlx l we adopt A7 and b} as reference values with each epoch for the analysis, i.e., for
71=1,2,.

Al = Vyyg (xj,y;) , b7 =V f (xj,y;-‘) ,bi=by — A0, To:=b, 7 :=b— A Av;.

J

and
€5 1= 12%3;]_ <1 + g ) ||xmh+b xmh+t|| + ||ymh+s - yjnh-i—s“ .
In parallel, we can also view the Ay, by as reference values. In this way, denote the similar quantities
A= Vyyg (zj,y;), bj ==V f (xj,y;), V :i=b — Ao, 7 ==V, 7= vV — AjAvj. (39)
and
&= max ||Tmhts — Tmhitll + [[Ymhts — Ymhtel - (40)
1<s,t<j

Consequently, we extend the lemmas in Appendix [F] The results listed in Appendix [G.2]are the recipe
of Step2.

Step2: upper-bounding the residual Hrj H

In Appendix we then demonstrate that if the value of £; i
which is an important lemma for Step3.

f; H can be bounded,

Step3: controlling £; and ¢; by induction.
Since the expression of &; does not involve y*, its magnitude can be controlled by adjusting the step
size, implied by @0). With the help of the stability of £;, we can prove

2V/3

22 G 1) Loy > 0. (41)

Hg —

Step4: proof of Lemma 3.11]
Based on the conclusion (1)) revealing the benign property of the dynamic process, we achieve the
proof of Lemma|3.11

24



Under review as a conference paper at ICLR 2025

G.2 EXTENDED LEMMAS FROM APPENDIX [F|

In this part, we view the Aj,b; as reference values. In this way, we can institute A* with A; and ¢
with ; in the lemmas from Appendix IE resulting in the extended version of lemmas

Lemma G.1. (Extended version of LemmalF2) Suppose Assumptions[3.1|to[3.3| hold. The dynamic
Lanczos process in Algorithmwith normalized qi and o, B, q; satisfies

A1Q; = Q;T; + Bji1dj11e] +0Q; (42)
forj=1,2,...,m, where Q; = [q1,q2, ..., q;], 0Q; = (641,06, ... ,6q§],
ar P
B2 @z Ps
T; = Bs
Bi
Bi

The columns of the perturbation 6Q; satisfy
1063l < Lgyy&j, fori=1,2,....j. (43)

Lemma G.2. (Extended version of Lemmal[F4) Suppose Assumptions[3.1|to 3.3 hold. Q; and T;

are the basis matrix and the approxlmate tridiagonal matrix in the j-th step. Take M(J ) as the i-th
eigenvalue of T}, then fori =1, ..., 7],

2V/3 N ; 2V3 . 3
Hg — 3 (J+ 1) Lgyyé; < /‘E]) < Lgy + 3 (4 + 1)3 Lgyyé;- (44)

G.3 PROOF OF STEP2

The following lemma demonstrates that if the value of £; i
Lemma G.3. Suppose Assumpsions[3.1|to[3.3|and

2[ .
Mg — (J+ 1) Lgyyé; >0

are satisfied within an epoch. Then, it holds that

H;HS%/()< ) - ) Tt (),

171l VE (5) +1

Lgy"'L}s/g(j""l)SLgyygj
Ngfoe,/g(jJFl)ngyyéj

where i’ (j) :=

Proof. Denote the solution in the dynamic subspace in the j-th step by
“17 _ 1= -1
A& = (Ty) " b= |7l (Ty) ™ en, (45)
where T} is nonsingular because of Lemmal|G.2} By (39), (#2), and (43)), we have
7=b— AQ;AL = —finginie] AL — SQAE;.

73]

i < leQsll ™[+ el @7 el (46)

The first term on the right side of (6) can be bounded by @3] and (@4):

-1 - ~ L . o
|63 H(TJ) H < ViLgyyé; 1y — PVE (ji?jl)g Low?s < ViLgyEiR () - (47)
3

It follows that
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Recall that
T.
Tiiq::= J 48

Jj+1,5 [ 6j+1e;_r :| ; ( )
and that for any symmetric tridiagonal matrix 7', where the upper left (j + 1) x j block is T} 11 j, the
application of the classic Lanczos algorithm to 7', starting with the initial vector e; will result in the
matrix 7)1 ; at the j-th step. To construct a suitable (j + 1) x (j 4+ 1) symmetric tridiagonal matrix
T, :lve consider a virtual step with \°> = §° = 0, which leads to (:v}ﬁrl, y;?H) = (x;,Y;), Ei1 =&,
an

T = Tj+1,j
Bi+1
By Lemma|G.2] given any eigenvalue p of T

2f N 2V3 3
T3 J+ 1) Lgyyéj < p < Lgy+ 3 (J+ 1)3 Lgyyé;-

Hg —
In this way, ‘ Bj+1 ejT (Tj)71 el‘ can be seen as the residual in the j-th step of the classic Lanczos

process with the positive-definite matrix 7" and the iniitial vector e;. Since the eigenvalues of T’
satisfy (48)), it follows from the standard convergence property of the Lanczos process (Greenbaum),

1997) that
_ VA () -1
‘ﬂj+1e j el’ <2VEK )
\/ Iil )+ 1
which completes the proof. O

G.4 PROOF DETAILS OF ji4 — ‘f (G+1)% Lyyye; >0

In this part, we will give the detailed proof of j1, — 2‘[ (G +1)° Lgyye; > 0. At the same time, we
demonstrate that, with appropriate step sizes, the aux111ary variable vy, is bounded, thereby showing
that the hyper-gradient estimator (3) remains bounded. This ensures the stable behavior of the
dynamic Lanczos process,

Lemma G.4. Suppose Assumptions[3.1] 3.2} [3.3] 3.6|and[3.9| hold. If within each epoch, we set the
step size 0 ~ (’)(%) a constant for y and the step size for x as zero in the first mg ~ O(1) steps, and

the others as an appropriate constant \ ~ O(#), then for any epoch,

23

tg — —(jJrl) Lgyye; >0, forj=1,2,... m+1,
and there exists a constant Cy, > 0 so that ||vy|| < C,, for vy, generated by Algorithm 2}

Proof. Consider the iterates within one epoch and the constants

I -
0<ée<pgand ik := L—Ff.
Hg — €
It follows from Lemma thatif €; < %, then
||b1 Alvj|| \/E— 1 \/gé: - =
<2 < 3VEK. 49
lbr — Aio|| — VR VE+1 +2(m+1)2ﬁ_ V& “49)

Then, we give a proof by induction. At the beginning of the algorithm, Assumption [3.9reveals

\/gﬂg

e1= |y —yil| £ ———mm———.
! 8(m+1>3Lgyy
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Combining it with ||b; — A17y|| < C, constructs the start of induction within an epoch and induction
between epochs. Within an epoch, suppose the following statements hold for: = 1,2,..., 7,

b1 — Azvg| < 3ViC,,
ol < - (8VAC, +Cr)
Hg

~ 1
[¥ei]| < Cre+ = (3vRC, +Cra)
Hy
N V3E
&G < o,
2(m +1)3Lg,,
E; < \/g,ug

-4 (m+ 1)3L9yy.

Then by setting the stepsizes

o< °

= pgLgym’

~ -1 1
V32 <1 + eLgyL“> (Cfm + ig (3\/ECT + sz)> :
I

<« Ve
T A(m 4+ 1) Ly, Hg g

(50)

and noticing that

IVyg(zivi, vi)ll = Hvyg(xi-&-layi) - Vyg(xiﬂ,yfﬂ)u
< Lgy Hyz - yfﬂ”
< Lgy (Hyz -7l + Hyz* - y;+1‘|)

. Lg,L
< Lgy lyi — vl + % 2 — @it
g

we can get

=7 =7
Ejt1 < AZ HV% + ‘92 IVyg (@i, yi)l
=1 =1

LgyLgs\ « w2 || N
§<1+ang)Az Vol +0Lgy 3 llys — v
g i—1 i=1

Ly, L =T i:j
§<1+9W)AZ Vil +0Lgy Y e
=1

Hg i=1

LoyLys\ . <2 ||~
<1+99@/9))\Z Vi +6LgyL9:’;‘
Hg i=1 4(m+1)" Lyy,

< —\/gé
T 2(mA41)3Lgy,

IN

D
It follows from (@9) that

||b1 — Al’l)j+1|| S 3\/%07«, (52)

1
logsall = AT (b = Avesin = b)| < - (3VRC, + O ) (53)
9

H%aijH < Cpo+ % (3VRC, + Cra ). (54)

g
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Additionally, the descent property of ||ys — y%|| and the Lipschitz continuity of y* reveal that
lys =yl < (1= 0pg)? llys—1 — <l (55)

1 1 ( Ly,
< (= 0p0)? s = w2l + (0= 0) (22 i =
g

t=s5—1
s—1 " 1 (Lga \V,
<1 =0ug) 7 |y —yill + (1 —0py)? :)/\ > Hv‘pt
g t=1

N I Y t=s—1 N
<llyr —yill + (1 = 0pg)® ( - )A HV% : (56)
t=1

Hg

Setting

V3 ( 1 ! L 1 (L -t
AN ——F— (Cra+ — 3\/§CT+CI> (1+9””+1—9u 2(“))
8(m +1)*Lgyy d 1y ( d ) Hg ( ) Hg
yields from Assumption[3.9] (33), (56) that

e <(1+5292) max  fzs -]+ max [ys— o]
arl = g ) 1<st<ir1 T e Ys = Ys

* LI 1 Lw < -
<l il + (122 1 -0t (22) )a X [
Hg Hg i=1
* LI 1 LI < -
<l il + (14222 1 -0t (22) A X [
Hg Hg i=1

V3g

. 57
_4(m+1)3Lgyy oD

As for the next epoch, denoting C, = ui (3\/ECT + sz>, we have

[bmt1 = Ami1vml| < (Lfa + LgyyCu) Em1 + [[br — Arvp||

(wa + LgyyC )Em+1 + ( ( > + \/7quy8m+1/€> C,

Lys + LygyyCo VE-1)" .
<C, <<fcfyy> m+1+2f<f+1> +mL9yy5m+1H>

<G, (58)
by choosing m, € such that
Lo+ LgyyCh 1" .
(fcwv> Emq1 + 2VE (?Jr 1) + vVmLgyyEmi1F < 1.

Moreover, since the step size for x is set as zero at the first mg steps in the next epoch, we obtain for
i=1,2,...,mg,

i \/g,u
Emti = |[Ymi = Ynpl| < (1= 0g)® llym —ypll Sem < ——5—— (59)
P T
Specifically,
mo \/glug
Ymtmo = Ymtmo || < (1= 0p1g) Z [[ym =yl < ————5—— (60)
H +mo + o|| ( g) “ H 8(m+l)3Lgyy
if we choose myg so that (1 — 6pg) ";0 5. Therefore, by induction within an epoch (31)), (32), @)

(54), (57) and induction between epochs , (39), (60), we conclude the lemma.
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G.5 PROOF OF LEMMA [3.11]

Lemma G.5. Suppose Assumptions and|[3.9\hold. If within each epoch, we set the
step size 0 ~ O(—- 1 -) a constant for y and the step size for x as zero in the first mg ~ O(1) steps, and

the others as an appropriate constant A ~ (9( 1), then we have the following.

17 VEG -
ol <2F<ﬁ+ ) VL

Lgy‘*‘%(f‘*‘l) Loyyej
/‘g_zsﬁ(j""l)g)llgyyfj

where F (j) :=

Proof. Lemma|G.4]guarantees the condition

2V3
Hg — 3 (J+ 1)3 Lgyye; >0

is satisfied. The remaining proof can be directly adapted from Lemma[G.3] O

H PROOF OF THE MAIN THEOREMS

In this section, we provide proof of the main theorem presented in Section 3.2] Let A, =
V2, 9(xr,yx) and by = V, f(xr,yx), and let the reference values be Aj = V2 g (xx,y5),
bi = V,f (zk,y;) and vi = (A})"'b;. To begin with, a short proof sketch is provided for
guidance, which is structured in four main steps.

Stepl: upper-bounding the residual |jv, — v ||
Appendix [F|and [G] endeavor to bound the residual term ||vy, — v}|| (as a corollary of LemmalG.5).

Step2: studying the descent property of ||y, — v ||
Lemma [H.T|reveals the descent property of the estimation error for y* as follows,

. 1 Lgo\*
Joss = sl < (o ) (0= 0p) o= il (15 2 ) 0= 0y) (222 ) s =
g

Step3: Controlling the hyper-gradient estimation error ||V (z;) — V(x|

Defining
L2$,u + L2, C?
"o ( S g = will? + low — i),

L3.ng
and incorporating the results from the last two steps, then we can establish the upper bound for
IVo(zr) — V(xy)|| and oy, recursively.

Step4: Assembling the estimations above and achieving the conclusion
Consider the descent property of ¢

L
¢ (xrr1) — o (o) <(Vo (1), Tht1 — Tx) + 7@ |zt — o]l

A A =~ 2
<o)~ (5 - 2L ) IVe @I + (5 + 3L, ) [Vt - T )|
Substituting the inequalities developed in stepl to 3, and telescoping the index from 0 to K concludes

the convergence results.

The following lemma displays the descent property of the iterates {y}.
Lemma H.1. Suppose Assumpnonsand hold. Setting 0 < 6 < e L , we have

w2 1 Lge\’ 2
|k 11 _yk-HH (1+0) (1= 0ug) lyx — yill +(1+0> (1 —6hyg) (: [@kt1 — @il
g

for any o > 0.
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Proof. Algorithmexecutes a single-step gradient descent on the strongly convex function g(z g1, )
during the outer iteration. Leveraging the established convergence properties of strongly convex
functions (Nesterov et al.|[2018]), we are thus able to derive the following.

[Yk1 —kaH (1= Ong) ||y — yZHHz'
By Young’s inequality that |a + b|* < (1+ o) |al® + (1+1) ||| with any & > 0,

1 Ly \
Jonss = vl < (140 1= 0 e = 4 (14 2 ) (1= 0g) (222) s =l
g
O
In the context of bilevel optimization, we define the initial residual in the (h + 1)-th epoch as
Tht1 = bmht1 — Amn+10n,
and the residual in k-th step
Tk = (bmh—‘ﬂ - Awnh+11_1h) - AZAUk~
Based on the boundness of vy, in Lemmal[G.4] we can estimate
g llow — vl <[ (b, = Axon) — ApAvg]
= [(b — Apvn) — ApAvg — 7 + 7|
<16% = bmntall + 1A% = Ampa [ Rl + [l
< Lfy ||(33k,y]:) - (xmh+1ay7th+1)||
+ Lgyy @k, vk) = @mntr, Ymn) [ [On ] + 172l
=(Lsy + Lgyy [lvmnl) 5? + {7kl
< (Lfy + LgyyCo) Eh + el (61)

which comes from || ( (A7) )7 < L, vk = U + Avg, and [Jog || < .

Lemma H.2. Suppose Assumptlons B.1) 32| 331 B-6 -9 and 310 hold. Within each epoch, we set
the step size 0 ~ (9(%) a constant for y and the step size for x as zero in the first mq steps, and the
others as an appropriate constant \ ~ (9(#) then the iterates
{z} for k=mh+j, h=0,1,2,..., and j=mo+1,mo+2,...,m,
generated by Algorithm[2] satisfy
~ 2 . B i-l
[V (@r) = Vo (an) | < BE2,2Gmo+hm=mg, 418 (1= 9) 7 X212 Py S V60 (i)
t=0
h—1 m—1

+18(1—7) 7 N LZ,mPw, 2Tl NG (2,014) |1,
e=0 t=0

where 0 < 1,y < 1, mg ~ Q(logm) are constants, m is the subspace dimension, and &y is a
constant defined in the proof.

Proof. By (6])), conclusion from Lemma|[G.3]and the Young’s inequality, it holds that

2
o — vi]* < 2 Ly + LoyyCo (") +2i|\rk||
J
g g
2

J
Ly + LyyyCo\° vz o 1 ——(VE(G) -1 . .y 2
<o L ——gwv v) eM 42 | 2k R + Loyocli r
( iy (J) Hg () AGER \[7 gyy€; () | lreoll
Ly + LgyyCo\’ 1 -1\ 2
Iy gyy“v h)2 ~ - oy B2 2
<2 el) +4— | 4R B + k()L o r )
( iy ) ( J) 2 () ( 70) + 1) (\ﬁ () gyy) ( ]) &0l
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An estimate can be made for ||r41],

[rnt1ll = [[bma+1 — Amn105]
= |brmns1 — byn + ApnVmn — Amar1Vmall
< Ly (@mnt1, Ymn+1) — @mns Y|l
C * *
+ ﬁLgyy |(Zmht1: Ymh+1) = @b Ypi) || + Lgy [V — Vmal|
pgLyy + CryLgyy ( Ly

Hg

= Ly [vmn — vEunll + ) s — zmnll

g
and thus

x

2 - 2
*112 2 Ly, (j) -1 2
ok, — vl < we () +:2’“’H(J)< [vmn = vl
g

VEG) +1

~ . 2 P y 2j

i (7) (NgLfy + CryLgyy (1 + Lgx )) R(j)—1 lzmn+1 — fmh||2
,Ug Hg \/’%7+ 1 ’

(62)
where
Ly + Ly, Co\° | 4 N 2 Ly +CpyL Ly \\’
we—2( fy gyy > +— (\/En(m) Lgyy) L;yCSJr (:“g fy fylgyy <1+9)>
Hg Hg Hg Hg
Now, we define
L2 ui+ 12, C?
b= | =5 ) o — il + o — il
( LZJ‘,UJg k k
and add (%ﬁfﬁ“) lyx — yi||I” on both sides of 6Z). Combine it with Lemma
2j
o L2 R(])—l 9
6 < we (eh —&—ﬂm Umh — Uy
S ()25 0) (YEETT) e il
o 2 — 2
R (J) ((HeLlsy + CryLgyy 1+ng “(.7>_1 I 2
) — Tmh+1 _xmh”
e g VEG) +1
, CL2 i+ L2, C2
+ (1 0) (1= ) =3 yn = g
:E:u’g
1 L?Wu +L295 C - 2 J )
+ (14 7)oy e ne (Lo} S 1k 07 (4= 0 e —
( o g L2 12 Hg ;) !
(63)

We set o, 6 to satisfy (1 + o) (1 — fug) < 1, and since Lemmareveals that under the appropriate
step-size setting A ~ O(-1) and 6 ~ O(L), &(j) < & for some & > 0, we define

L:zmax{g;i,\/(1+0)(1—9ug)}<1 (64)

Choose a positive integer mg such that, for 0 < v < 1,

L3 2+ 12,03\ (L3 +L2 C3
LszZ(lfy)lmax{< IM'JL gry“~ fg z”q qm/ f9 4 ’

2 2
@F@ (ﬂgLfy + CryLgyy <1 + Lgr))

2 )
Hg Hg Hg
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which means my ~ € (logm). Since we set the step size for x as zero in the first mg steps,
incorporating (63) into Assumption [3.10|reveals that

2j
Ly, k() — 1
5k < Nmuw. ( ) Z HVSD (Tmh+t) + ﬂﬁ( ) < (]) ) omn = v

t=mo \/ + 1
- 2 — 2j
+ F () (ugLfy + CryLoyy <1 + Lga )) RG) -1 1T mns1 — l’mh||2
b ba NEOES!

} ] LQ;E/J/ +L2m 02
+(1+0) (1-0p,) 409 ) (g — Y
Lgaf 9
1 L3 p2+12,,C3 Loa \ 2 . .
+<1+) (1—0pugy) 999 4oy, (g) S (1 +0)" (1= 0pg)" lwrer — s *.
o ngl’[’g g =

(65)
Then (63)) can be rearranged as follows,

. izt 2 ~ 2
S < (1— ,Y)Lz(meo) (Omn) + 3m2)\2w¢ ( Z HVQD (Tmhse)|| + va(imh)H ) , (66)
t:mo

where we denote

2 . 2
W, = max{ — (1 + Lya ) 7 ’ZL ~ (MgLfy + CryLgyy ( ng)) ’
m Hg mopg Hg Hg

1 1 L i+ L2, CF Loo\?
—(1+—=)(1-46 fzl"g gwy fg Z9r ~ 1).
o (1 3) 0o (e ) (22} o

~ 2
|96 @) = Vo )| <3190 @romm) = Vaf (il + 3] 92,9 (rm)|* ox = vi?

Since

2 * (12
+3||V2,9 @k uk) — Vi,g @r v || ol
C 2
2 2
<383l = il + 3% o = i1 4322, (S22 o~ i
g

=3L2,0k, (67)
it follows that

B < (1=7) 120770 (8,1) + 82 X2, ( S [Fe o[ + H%mmh)HZ)
t=mo

< (1=7) 20770 (8,0n)

j—1
+ 6)\2m2w¢ < Z H%g@ (Zmhtt) — VO(Zimpit)

t=mog

’ + H€§0($mh) - V@(xmh)‘r)

j—1
+6A*m w, < > IVe @masd) P + ||V¢($mh)||2>

t=mg

7j—1
<(1-7) (2 =mo) (Omn) + 18)\2L2 m? W < Z Omh+t + 5mh>

t=mg

j—1
+6(1=7) (1= Nmiuw, ( > Ve @mnsd)I” + ||W(xmh)||2> : (68)

t=mg

32



Under review as a conference paper at ICLR 2025

Based on (68)), the following inequality can be verified by induction.

j—1
Ok < 2070 (8,00) +6 (1 — )" MmPw, ( > Ve @mnr) I + Ve (xmh)Hz) ;

t=m0

ifA<O (mflbm), specifically,

1/2 1/2
. Y 1 —3/2 Y 1 —1, m—m
A< — _ ol
mll’l{(lSww) Lgxm s (18(,%) Lgxm L

Note that the step size 6 in (64) can be adjusted such that ¢ is closed to 1, so for simplicity, it still
holds A ~ O(=7). Then, we can bound J}, recursively by

1
m

j—1
5 < 207 (5,00 + 6.(1— )~ N2y 3 IV ()
t=0
j—1
< LQ(j—m0)+h(7'L—mo)50 +6 (1 . 7)—1 )\27,,712(”(‘(J Z ||V<P (mmh+t)H2
t=0
h—1 m—1
61— ) N, 3 200 3 90 (40|,
e=0 t=0

L2
gxi~g
analysis convenience, while we start from (z1,y1,v1) in Algorithm
in this paper. Substituting (69) into (67) completes the proof.

. . . L3, pu2+L2,  C3
where we are slightly abusing of notation that g = (”%79;?4’"9 lyo — vill* + llvo — v || for
for the statement convenience

~ 2
va (zr) — Vo (xk)H < 3L, 0
S 3L§mb2(jfmo)+h(mfmo)50

j—1

+18(1 =) N LZmPw, Y Ve (@) |
t=0

h—1 m—1
+18(1 =) N L2 mPw, 2PN V0 (20|
e=0 t=0

O

Theorem H.3. Suppose Assumptions[3.1) 3.2} B-3} 3-6 B-9 and hold. Within each epoch, we
set the step size 0 ~ O(~) a constant for y and the step size for x as zero in the first mg steps, and

m
the others as an appropriate constant X ~ O (), then the iterates {x};} generated by Algorithm@
satisfy

K
m

2 m)\fl
m Z Ve (zi)ll _O<K( >,

k=0 m — mo)
(kmod m)>mg

where mg ~ Q(logm) is a constant and m is the subspace dimension.
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Proof. According to Lemma|E.2] a gradient descent step leads to the decrease in the hyper-function:
L
¢ (@r41) < @ (@r) + (Voo (@) s g1 — 2a) + 27 o — o

<ol - (5220 ) I9p @l + (5 + 2L, ) [Vt - T ()|

A A ,
< (P(«Tk> _ <2 _ /\thp) HVSD (xk)”? +3 (2 + )\QLgo) L§$L2(j_m0)+2h(m_m0)60

j—1

A
18 (540, ) (=) A2L2mw¢<2nw I

t=0

h—1 m-l
+ 3 20mmmo) 37 g (xme+t)l2>-
e=0 t=0

Then, telescoping index fromk =0to k = K = mH,

(242%) fj IV ()]

k=0,
(kmodm)>mg

H-1 m
A )
< (20) — ¢ (z%) +3 ( + N2 > Lgx(s() Z (2h(m—mo) Z ,2(G—mo)
h=0 j=mo+1
A K H-1
+ 182 <2 + /\2L¢> (1—9)" L2 m2w, (m —mg) Z Ve ()| Z (2P (m=mo)
k=0, h=0

(kmodm)>mg

A 1— 2H(m—my)
<@ (xo) —p(x )+3( + XL >L§m50L1_L2

A 1_L2H(m7m0) K
P10 (540, ) (=) i, (m o) P Y el

k=0,
(kmodm)>mg

where z* € argmin, cpa. ¢(z). By selecting a suitable value for A such that

>\ 1— 2H(m7m0) 1

AL —|—18)\< +A2L )( 7~ L2mw¢(m mo)i_—ﬁgz,

we can derive
K
2 _ 4(p(zo) — (%)) 1 — (2H(m—mo)
> Vel < : +(6+122Ly) L2, 00—
(k mogfr?);mo

which completes the proof by dividing both sides by == K. 0

I DETAILS ON EXPERIMENTS

1.1 GENERAL SETTINGS

We conduct experiments to empirically validate the performance of the proposed algorithms. We test
on a synthetic problem, a hyper-parameters selection task, and a data hyper-cleaning task. We com-
pare the proposed SubBiO and LancBiO with the existing algorithms in bilevel optimization: stocBiO
(J1 et al.;|2021), AmIGO-GD and AmIGO-CG (Arbel and Mairal, [2022), SOBA (Dagréou et al.,[2022)
and TTSA (Hong et al., 2023)), F2SA (Kwon et al.} 2023a) and HJFBiO (Huang|, |2024a)). The experi-
ments are produced on a server that consists of two Intel® Xeon® Gold 6330 CPUs (total 2 x28 cores),
512GB RAM, and one NVIDIA A800 (80GB memory) GPU. The synthetic problem and the deep
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Table 1: Comparison of the bilevel algorithms on data hyper-cleaning task across two corruption
rates p = 0.5 and p = 0.8. The results are averaged over 10 runs and =+ is followed by the standard

deviation. The results are conducted after 40 and 60 seconds running time.

Algorithm p=05 p=08
Test accuracy (%) Test loss Residual Test accuracy (%) Test loss Residual

LancBiO 90.35 + 0.1716 0.36 4= 0.0028 1.20e—4 + 2.52e—5 89.45 4 0.2470 0.42 £ 0.0038 9.18e—5 4+ 2.77e—5
SubBiO 90.21 4+ 0.2159 0.36 4 0.0035 2.22e—2 4+ 2.63e—3 89.22 4+ 0.2587 0.42 £ 0.0050 2.49e—2 4+ 1.93e—3
AmIGO-GD 90.16 £+ 0.2114 0.37 4+ 0.0044 3.66e—2 + 4.00e—3 89.14 + 0.2722 0.43 4+ 0.0044 1.07e—2 + 8.25e—4
AmIGO-CG 90.06 £ 0.2305 0.38 4+ 0.0053 5.89e—4 + 2.52e—4 88.57 + 0.5839 0.46 4+ 0.0176 6.32e—4 + 3.74e—4
SOBA 90.00 + 0.1811 0.37 £ 0.0051 2.74e—2 £ 8.52e—3 88.99 + 0.2661 0.42 £+ 0.0054 1.73e—2 + 1.70e—3
TTSA 89.35 + 0.2747 0.40 £ 0.0103 - 82.91 + 0.4516 0.74 £ 0.0072 -

stocBiO 89.20 4+ 0.1824 0.43 £ 0.0033 - 86.44 4+ 0.2907 0.54 £ 0.0064 -

F2SA 89.78 +0.1969 0.40 £ 0.0073 - 88.65 + 0.2828 0.51 £ 0.0055 -

HIJFBiO 90.21 4+ 0.2027 0.37 £ 0.0048 - 89.30 + 0.3594 0.43 £ 0.0040 -

learning experiments are carried out on the CPUs and the GPU, respectively. For wider accessibility
and application, we have made the code available on https://anonymous.4open.science/r/LancBiO.

For the proposed LancBiO, we initiate the subspace dimension at 1, and gradually increase it to
m = 10 for the deep learning experiments and to m = 80 for the synthetic problem. For all the
compared algorithms, we employ a grid search strategy to optimize the parameters. The optimal
parameters yield the lowest loss. The experiment results are averaged over 10 runs. Note that
Assumption [3.9] for initialization is not used in practice, for which we treat it as a theoretical
assumption rather than incorporating it into Algorithm [2]in this paper.

In this paper, we consider the algorithms SubBiO and LancBiO in the deterministic scenario, so we
initially compare them against the baseline algorithms with a full batch (i.e., deterministic gradient).
In this setting, LancBiO yields favorable numerical results. Moreover, in the data hyper-cleaning task,
to facilitate a more effective comparison with algorithms designed for stochastic applications, we
implement all compared methods with a small batch size, finding that the proposed methods show
competitive performance.

1.2 DATA HYPER-CLEANING

1x10°

e e S

i

—— LancBiO_full

—— SubBiO_full
AmIGO-GD_256

—— AmIGO-CG_full

- SOBA_128

- TTSA_256

- stocBiO_256

6x107!

Test accuracy
Test loss

5x107!

4x107!

30 40 50
Time [sec]

60 70 80 0 30 40 50

Time [sec]

Figure 6: Comparison of the bilevel algorithms on data hyper-cleaning task with mini-batch when p =
0.5. The training set, the validation set and the test set contain 5000, 5000 and 10000 samples,
respectively. The post-fix of legend represents the batch size. Left: test accuracy; Right:test loss.

The data hyper-cleaning task (Shaban et al.,[2019)), conducted on the MNIST dataset (LeCun et al.,
1998)), aims to train a classifier in a corruption scenario, where the labels of the training data are
randomly altered to incorrect classification numbers at a certain probability p, referred to as the
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20775 P
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Figure 7: Comparison of the bilevel algorithms on data hyper-cleaning task with mini-batch when p =
0.5. The training set, the validation set and the test set contain 20000, 5000 and 10000 samples,
respectively. The post-fix of legend represents the batch size. Left: test accuracy; Right:test loss.

corruption rate. The task is formulated as follows,

m/\in Eval()\’ w*) = ﬁ Z(‘Thyi)epvm] L(w*xi’ yi)

s.t. w' =argmin Ly (w, A)

1
i= Z o(\) L(wzi, y;) + Crljwl?,

D
| tr| (Il ,y,;)GDlr

where L(-) is the cross-entropy loss, o (+) is the sigmoid function, and C,. is a regularization parameter.
In addition, w serves as a linear classifier and o (\;) can be viewed as the confidence of each data.

In the deterministic setting, where we implement all compared methods with full-batch, the
training set, the validation set and the test set contain 5000, 5000 and 10000 samples, respec-
tively. For algorithms that incorporate inner iterations to approximate y* or v*, we select
the inner iteration number from the set {5i|i=1,2,3,4}. The step size of inner iteration
is selected from the set {0.01,0.1,1,10} and the step size of outer iteration is chosen from
{5 x 10° | i = —3,-2,-1,0,1,2, 3}. Regarding the Hessian/Jacobian-free algorithm HJFBIiO,
we set the step size § = 1 x 10~° to implement finite difference methods. The results are presented
in Figure 4] Note that LancBiO is crafted for approximating the Hessian inverse vector product v*,
while the solid methods stocBiO, TTSA, F2SA, and HJFBiO are not. Consequently, concerning the
residual norm of the linear system, i.e., || Axvr — bi||, we only compare the results with AmIGO-GD,
AmIGO-CG and SOBA. Observe that the proposed subspace-based LancBiO achieves the lowest
residual norm and the best test accuracy, and SubBiO is comparable to the other algorithms. Specif-
ically, in Figure[d] the efficiency of LancBiO stems from its accurate approximation of the linear
system. Furthermore, we implement the solvers designed for the stochastic setting using mini-batch
to enable a broader comparison in Figure[f] It is shown that the stochastic algorithm SOBA tends to
converge faster initially, but algorithms employing a full-batch approach achieve higher accuracy.

—— LancBiO AmIGO-GD —-- SOBA —-- stocBiO HJFBIiO
—— SubBiO — AmIGO-CG —-- TTSA F2SA

0.70

0.815

0.810

o
®
S
G

0.800

Test loss

0.795

Test accuracy
Residual norm

0.790

0.785

10 20 30 40 50 6 10 20 30 40 50 60 10 20 30 40 50 60
Time [sec] Time [sec] Time [sec]

0.780,

Figure 8: Data hyper-cleaning task tested on the Fashion-MNIST dataset when p = 0.5. Left: test
accuracy; Center: test loss; Right: residual norm of the linear system, || Axvy — b||.
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—— LancBiO AmIGO-GD —-- SOBA —-- stocBiO HJFBIiO
—— SubBiO — AmIGO-CG —-- TTSA F2SA
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Figure 9: Data hyper-cleaning task tested on the Kuzushiji-MNIST dataset when p = 0.6. Left: test
accuracy; Center: test loss; Right: residual norm of the linear system, || Axvy — bg||.

To explore the potential for extending our proposed methods to a stochastic setting, we also con-
duct an experiment with stochastic gradients. In this setting, where we implement all compared
methods with mini-batch, the training set, the validation set and the test set contain 20000, 5000
and 10000 samples, respectively. For algorithms that incorporate inner iterations to approximate y*
or v*, we select the inner iteration number from the set {3i | i = 1,2, 3,4}. The step size of inner
iteration is selected from the set {0.01,0.1, 1, 10}, the step size of outer iteration is chosen from
{1x10"|i=-3,-2,-1,0,1,2,3} and the batch size is picked from {32 x 2 | i =0, 1,2,3&.|
AmIGO-CG is not presented since it fails in this experiment in our setting. The results in Figure
demonstrate that LancBiO maintains reasonable performance with stochastic gradients, exhibiting
fast convergence rate, although the final convergence accuracy is slightly lower.

Generally, for standard linear systems, the traditional Lanczos process is recognized for its efficiency
and versatility over gradient descent methods. LancBiO, in a sense, reflects this principle within
the context of bilevel optimization, underscoring the effectiveness of the dynamic Lanczos-aided
approach.

Additionally, we also evaluate the performance of bilevel algorithms on Fashion-MNIST (Xiao
et al., 2017) and Kuzushiji-MNIST (Clanuwat et al., |2018) datasets, both of which present more
complexity compared to MNIST. Specifically, Fashion-MNIST serves as a modern replacement for
MNIST, featuring grayscale images of clothing items across 10 categories, and Kuzushiji-MNIST is
a culturally rich dataset of handwritten Japanese characters. The results, reported in Figures [8]and [9]
reveal that LancBiO performs better than other algorithms and showcases robustness across various
datasets, and SubBiO delivers a comparable convergence property.

1.3 SYNTHETIC PROBLEMS

We concentrate on a synthetic scenario in bilevel optimization:

min  f(z,y*) := crcos (¢ D1y*) + & | Doz — y*[|*,

z€R4
s.t. y* =argming(x,y)
yeRY (69)
d d 1
=y ;sin(xi + yz) + log (; e%‘?ﬁ) + §yT (D3 + G) v,

where we incorporate the trigonometric and log-sum-exp functions to enhance the complexity of the
objective functions. In addition, we utilize the positive-definite matrix G to ensure a strongly convex
lower-level problem, and diagonal matrices D; (¢ = 1, 2, 3) to control the condition numbers of both
levels.

In this experiment, we set the problem dimension d = 10* and the constants ¢; = 0.1, ¢ = 0.5.
G is constructed randomly with d eigenvalues from 1 to 10°. We generate entries of D;, Dy and D3
from uniform distributions over the intervals [—5, 5], [0.1, 1.1] and [0, 0.5], respectively. Taking into
account the condition numbers dominated by D; (i = 1,2, 3) and G, we choose A = 1 and § = 10~°
for all algorithms compared after a manual search.
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Figure 10: Comparison of the bilevel algorithms on the synthetic problem. Left: norm of the
hyper-gradient; Right: residual norm of the linear system, || Axvi — bg||.
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Figure 11: Influence of the subspace dimension m on LancBiO. The post-fix of legend represents the
subspace dimension m or the inner iteration /. Left: norm of the hyper-gradient; Right: residual
norm of the linear system, || Agvi — by

It can be seen from Figure [I0]that LancBiO achieves the final accuracy the fastest, which benefits
from the more accurate v* estimation. Figure[T1]illustrates how variations in m and I influence the
performance of LancBiO and AmIGO, tested across a range from 10 to 150 for m, and from 2 to 10
for I. For clarity, we set the seed of the experiment at 4, and present typical results to encapsulate the
observed trends. It is observed that the increase of m accelerates the decrease in the residual norm,
thus achieving better convergence of the hyper-gradient, which aligns with the spirit of the classic
Lanczos process.

When m = 50, the estimation of v* is sufficiently accurate to facilitate effective hyper-gradient
convergence, which is demonstrated in Figure [TT] that for m > 50, further increases in m merely
enhance the convergence of the residual norm. Under the same outer iterations, to attain a comparable
convergence property, I for AmIGO-CG should be set to 10. Furthermore, given that the number
of Hessian-vector products averages at (1 + %) per outer iteration for LancBiO, whereas AmIGO
requires I > 2, it follows that LancBiO is more efficient.

Moreover, to illustrate how the proposed methods scales with increasing dimensions, we present
the convergence time and the final upper-level (UL) value under different problem dimensions
d=10%i=1,2,3,4in Table The results show the robustness of the proposed methods across
varying problem dimensions.

In addition, as discussed in Appendix[D] to address the bilevel problem where the lower-level problem
exhibits an indefinite Hessian, the framework LancBiO (Algorithm [2)) requires a minor modification.
Specifically, line 13 in Algorithm [2] which solves a small-size tridiagonal linear system, will be
replaced by solving a low-dimensional least squares problem. We test the modified method LancBiO-
MINRES on the following bilevel example borrowed from |Liu et al.| (2023a) with a non-convex
lower-level problem,

. 2 2
min  f(z,y*) = llz —al" + |y —a -
zeR

s.t. yf €argmin sin(z +y; —¢;), fori =1,2,...,d, (70)

yi €ER
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Table 2: Comparison on the synthetic problem (69). The dimension of problems is denoted by d.
Results are averaged over 10 runs.

d=10 d =100 d = 1000 d = 10000
UL Val. Time (S) UL Val. Time (S) UL Val. Time (S) UL Val. Time (S)

LancBiO 4.52e—2 032 6.37e—2 0.53 5.29e—2 130 —1.2le—2 16.36
SubBiO 3.73e—2 1.00 7.19e—2 1.17 4.63e—2 1.72 —29le—2  21.26
AmIGO-GD 1.67e—1 2.44 1.05e—1 3.48 1.05e—1 1.46 4.96e—2  46.53
AmIGO-CG 5.56e—2 040 7.65e—2 1.90 5.73e—2 2.44 3.68e—2  25.00
SOBA 1.70e—1 0.60 1.28e—1 1.64 1.03e—1 2.52 3.49e—-2  33.89
TTSA 5.66e—2  0.47 5.52e—2 0.89 6.52¢—2 281 1.87e—1 121.07
stocBiO 6.24e—2 0.29 6.02¢e—2 045 5.2le—2 1.34 —1.30e—2  20.66

Algorithm

where the subscript i denotes the i-th component of a vector, while a € R and ¢ € R¢ are parameters.
The results, reported in Figure[I2] imply the potential of extending our work to non-convex scenarios.

103 — LancBiO-MINRES

Optimality metric

0 200 400 600 800 1000 1200 1400
Outer Iteration

Figure 12: Test LancBiO-MINRES on the synthetic problem with d = 100. The metric follows
from the necessary conditions developed for lower-level non-convex bilevel problems in Theorem 1
of | Xiao et al.| (2023)).

1.4 LOGISTIC REGRESSION ON 20NEWSGROUP

Consider the hyper-parameters selection task on the 20Newsgroups dataset (Grazzi et al., [2020),
which contains ¢ = 20 topics with around 18000 newsgroups posts represented in a feature space of
dimension [ = 130107. The goal is to simultaneously train a linear classifier w and determine the
optimal regularization parameter (. The task is formulated as follows,

m)%n £Ual(<’ w*) = ﬁ Z(whyi)epval L(w*xi’ yi)

s.t. w' =argmin Ly (w,()

c 1
::% > L(wwi,y¢)+ézz i

Dl (%:,9:) €Dy i=1j=1

where L(-) is the cross-entropy loss and {(7} are the non-negative regularizers.

The experiment is implemented in the deterministic setting, where we implement all compared
methods with full-batch, the training set, the validation set and the test set contain 5657, 5657
and 7532 samples, respectively. For algorithms that incorporate inner iterations to approximate
y* or v*, we select the inner iteration number from the set {5 | ¢ = 1,2, 3,4}. To guarantee the
optimality condition of the lower-level problem, we adopt a decay strategy for the outer itera-
tion step size, i.e., Ay = A/ k%4, for all algorithms. The constant step size 6 of inner iteration
is selected from the set {0.01,0.1,1,10} and the initial step size A of outer iteration is chosen
from {5 x 10° | i = —3,-2,-1,0,1,2, 3} The results are presented in Figure In this setting,
AmIGO-CG exhibits slightly better performance in reducing the residual norm. Nevertheless, un-
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Figure 13: Comparison of the bilevel algorithms hyper-parameters selection task. Left: validation
accuracy; Center: validation loss; Right: residual norm of the linear system, || Axvg — by |-

der the same time, LancBiO implements more outer iterations to update x, which optimizes the
hyper-function more efficiently.

J REMOVE ASSUMPTION 3.10 FROM ANALYSIS

Thanks for the reviewers’ comments, we are enlightened that Assumption [3.10]can be circumvented
by a more technical analysis. Specifically, in the original version, only the proof of Lemma [H.2]
resorts to Assumption @l (see the derivation of @)). In this section, we remove that assumption in
the proof. The modifications imposed on the original proof are structured into two main aspects.
(1). We develop a new upper bound for 7, as a substitution for Assumption In this way, we
re-estimate the term dy, defined in Lemma[H.2]

(2). In the final convergence analysis, the new estimation of dy, is incorporated to derive the descent
property of the Lyapunov function £y, := ¢(zx) + Jp.

Lemma J.1 (Modified version of Lemma[H.2] without Assumption[3.10). Suppose Assumptions[3.1}
and hold. Within each epoch, we set the step size 6 ~ O(%) a constant for y and the

step size for x as zero in the first mq steps, and the others as an appropriate constant \ ~ (9(#),
then the iterates

{z} for k=mh+j, h=0,1,2,..., and j=mo+1,mo+2,...,m,
generated by Algorithm[2] satisfy

|96 @ex) — Vo ()| < 322,60, an

and
Sk < 2T (8, 1)) + P mh—1) L2 ()
+ 12m* M w, (||§<P(-Tmh)”2 + IV @mn—1)II* + IVe(@mn—2))I?

j—1 m—1 m—1
+ 3 IVe@ma )P+ D IVe@mn-ny ) I+ Y \\Vsﬂ(wm(h—g)+t)|\2)7 (72)
t=mg t=mo t=mg

where 0 < ¢ < 1, mg ~ Q(logm) are constants, m is the subspace dimension, and 0y, is defined as

L2 M2+L2 CQ
5k:< oo~ 99 ) yn — yill® + lloe — v

Lgons
Proof. Recall the definition

5;-‘ = lgiéj eh with el .= (1 + ﬂggw) |l Tmhts — Tmnrell + Hymh+s - y:%thsH ‘
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Building on the proof of Lemma[H.2] the inequality 1@' still holds. Subsequently, we develop a new
upper bound of £” ; as a substitution for Assumption|3.10f By definition of 5?, the update rule of z,
and Young’s inequality, it holds that

27—-1

(M) < 2m? (1 + L”) Z HVso (Tmnvi)

Hg

for some my + 1 < i(j) < j. Then we apply the descent property of |lyx — y;|| (Lemma [H.1)
recursively to derive

2
+2Hymh+1 G) — y;knh+i(j)H

2j-1
2 Ly, i i .
()" < 2ma? (14 222) 2|V @) T+ 2(14 0D (1~ 01y} D g — o’
g

i(4)

1 L 2

+2(1+=) - ) N (14 0)" (1= Opg) Ny — oy
2( +O’) <1 9M9)< > 7’:0( U) (1 eug) ||xk ' o 1“

Hg

<ox? <1 + %’)2 (m+ (1 + i) (1- 9u9)> jzj |96 @mnss)

g

<ox? <1 + Lugg)Q (m+ (1 + i) (1- é)ug)> 2 |96 @mnss)

+2(1+ )™ (1= 0p1g)™ [ymn — Y (73)
Since Lemmareveals that under the appropriate step-size setting A ~ (’)( +) and 6 ~ O(E)’

2 .o
‘ + 2 ||Ymh — Ypn

2

7(j) < F for & ~ QU Zax . ), we also choose o > 0 such that
Vi -1
L = max A/ (1+0)(1-6 <1 74
{\/ml\/( ) (1 6p1g) (74)
Additionally, set the warm-up steps my to satisfy

2 2 2 2 2
L —2mo > max{ (Lfac'ug —;_ Lg:rryc ) (fo“g —g Lgrycfg + m> 7
L3.mg Liong

, 2
L—g;’/% (ugLfy—FnyLgyy <1+I’W>) , 2wy o,
Ky Hg Hg

which means mg ~ O (log m). In this manner, incorporating the new estimation for eh (73) into the
inequality (63) yields that
2)

2 ~
+ “v@(xmlt)

-1
5k S L2(jim0) (6mh) + Hymh - y;kn,hHQ + 6m2)\2w¢> ( Z HVSD (:th+t)
t=mgo
< P070) (8n) 4+ " [Ym(h—1) = Y|l

Jj—1
+6m2\ 2w, (3 [Ve@matd) I + V(@)1
t:mo

m—1

+ 3 We@momned) 2+ 190 @mnn)I), ()

t=mog

where we apply Lemma[H.T|recursively to obtain the second inequality, and adopt the notation

2 2
Wy, = max We (1 + Lgm) : ’;L . </~‘9Lfy + CryLgyy (1 T Lgr)) :
m Hg mopg Hg Hg
1 1 LZI +L2x 02 L N 2
2(1+>(19ug) Ho ™ ZozyTie | py <g> ~0(1).
m o Lg:c:ug Mg
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Consequently, expanding 6,5, in (73)) in the same way derives (72). Regrading the upper-bound of
the hyper-gradient estimation error, we have

~ 2
V¢ @) = Vo @) <3190 (@ry0) = Vaf (@rs5i) I +3 (92,9 @i || o - il

2
+3|V2,9 (. y) — V2,9 (@r i) || Ilvil®

2
2 2 C 2
<312y — y1I1P + 322 e — o] +3L§w<uf”) —
g

= 3L, 0
O

Theorem J.2 (Modified version of Theorem [H.3] without Assumption [3.10). Suppose Assumptions
and|3.9\hold. Within each epoch, we set the step size 6 ~ O(%) a constant for y and

the step size for x as zero in the first mg steps, and the others as an appropriate constant \ ~ O(#)
then the iterates {xy} generated by Algorithm[2] satisfy

. K 5 mA~ !
on ey > Ve (@)l :O<K(m—mo)>’

k=0,
(kmod m)>mg

where mg ~ Q(logm) is a constant and m is the subspace dimension.

Proof. Consider the Lyapunov function L, := ¢(xy) + k. According to Lemma a gradient
descent step leads to the decrease in the hyper-function:

L
o (zps1) — @ (2r) < (Vo (Tr), Thg1 — k) + 74/’ lzpsr — 2] (76)

Then, telescoping Lj11 — Ly over the index setZ := {k : 0 < k < K, (kmodm) > mg},

Z Liy1 — Ly

ez
K+1
=Y elar) —el@) + Y G — Y b
ke k=1 kez

((k—1) mgd;n)>nLo

h—1
L —-m
< E (Vo(xg), Tpr1 — xr) + (—2“7 + 36m3w¢)||xk+1 —a)* + E o2m2m=—mo)g E 0%

kel e=0 keZ
(@) A A ~
<y - (2 — XLy + 72m3w¢)> IV (i) lI* + (2 + ALy + 72m3w¢)> IV (zr) — Velar)|®
kel
h—1
+ ) am2mTmels, . — N 6y
e=0 keZ
(#4%) by 9 3 5
< D5 ML+ 12mPwy) ) [Vl
keT
A h—1
+3L2%, (2 + 2\ (L, + 72m3w¢)) D o+ 2mPmTmo)g,, — N "y, (77)
kel e=0 keZ

where (i) follows from inequalities (72) and (76)); (i) results from the update rule x4 = x) —
AV(zy) and Young’s inequality; (¢ii) comes from (7). Taking the coefficients of . into account,
we set the dimension parameters (m, my) satisfying m.2("~0) < 1 /4 and the step size A such that

1 1 1
A < min , , . (78)
{ 6LG, (12 (Ly + 72m3w,,) Lgﬂf)l/2 4(Ly + 12mPw,) }
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In this way, we obtain the following result from (77),

K K
A
Lxp—Lo= Y Lep—Le< Y, - (2 ~ N (L, + 72m3w¢)) IV ()]
(k mo};Tr?)!> mo (k mogfr?);m()

Rearrange the above inequality and denote ¢* := min, cga. ©(x),

K

4 — ¥ 46
Z IV ()] < M+J7
= A A
(kmodm)7>m0

which completes the proof by dividing both sides by = K.
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