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Abstract
Aligning language models with preferences can
be posed as approximating a target distribution
representing some desired behavior. Existing ap-
proaches differ both in the functional form of the
target distribution and the algorithm used to ap-
proximate it. For instance, Reinforcement Learn-
ing from Human Feedback (RLHF) corresponds
to minimizing a reverse KL from an implicit target
distribution arising from a KL penalty in the objec-
tive. On the other hand, Generative Distributional
Control (GDC) has an explicit target distribution
and minimizes a forward KL from it using the
Distributional Policy Gradient (DPG) algorithm.
In this paper, we propose a new approach, f -DPG,
which allows the use of any f -divergence to ap-
proximate any target distribution that can be eval-
uated. f -DPG unifies both frameworks (RLHF,
GDC) and the approximation methods (DPG, RL
with KL penalties). We show the practical benefits
of various choices of divergence objectives and
demonstrate that there is no universally optimal
objective but that different divergences present
different alignment and diversity trade-offs. We
show that Jensen-Shannon divergence strikes a
good balance between these objectives, and fre-
quently outperforms forward KL divergence by a
wide margin, leading to significant improvements
over prior work. These distinguishing characteris-
tics between divergences persist as the model size
increases, highlighting the importance of select-
ing appropriate divergence objectives.

1. Introduction
Language models (LMs) have recently revolutionized the
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Figure 1. On many target distributions, the Jensen-Shannon (JS)
divergence (green) outperforms the Kullback-Leibler (KL) diver-
gence (blue) as an objective, even when performance is measured
in terms of KL from the target p (left panel, ↓ better). See Sec. 4.2.

field of Natural Language Processing thanks to their gen-
erative capabilities, which are useful in a vast number of
tasks (Brown et al., 2020; Srivastava et al., 2022). How-
ever, generated texts can also violate widely-held human
preferences, e.g. helpfulness (Askell et al., 2021), non-
offensiveness (Gehman et al., 2020), truthfulness (Lin et al.,
2022) or equal treatment (Cao et al., 2022). Aligning LMs
with human preferences is the problem of adapting the LM
in such a way that generated content is perceived to match
the human’s intent (Ouyang et al., 2022) or that it is help-
ful, honest, and harmless (Askell et al., 2021; Bai et al.,
2022b). Fundamentally, an aligned LM can be seen as a
desired target distribution that we would like to generate
from (Korbak et al., 2022c). Some approaches leave this
distribution implicit, to be defined as a side-effect of the
proposed intervention. These include prompting with nat-
ural language instructions or demonstrations (Askell et al.,
2021), using scorers or safety filters while decoding (Roller
et al., 2021; Xu et al., 2021), supervised fine-tuning on cu-
rated data (Solaiman & Dennison, 2021; Ngo et al., 2021;
Welbl et al., 2021; Chung et al., 2022) or selected samples
from the model (Zelikman et al., 2022; Scheurer et al., 2022;
Dohan et al., 2022), and fine-tuning the language model us-
ing reinforcement learning with a learned reward function
that approximates human feedback (Reinforcement Learn-
ing from Human Feedback or RLHF; Ziegler et al., 2019;
Bai et al., 2022a; Ouyang et al., 2022). Instead, Khalifa et al.
(2021) propose a framework that they name Generation with
Distributional Control (GDC), where they define the target
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distributionp that represents the aligned LM as an EBM
(Energy Based Model), namely an unnormalized version of
p that can be evaluated over any inputx. They then train
the generative model� � to approximatep via methods such
as Distributional Policy Gradients (DPG; Parshakova et al.,
2019), which minimize the forward Kullback-Leibler (KL)
divergenceKL( pjj � � ) of p to � � . The advantage of such
an approach is that it decouples the problem of describing
the aligned LM from the problem of approximating it. Fur-
thermore, even if RL with KL penalties (Todorov, 2006a;
Kappen et al., 2012; Jaques et al., 2017; 2019), the method
used to �ne-tune a LM in RLHF, is de�ned only in terms of
reward maximization, it has also been shown to be equiva-
lent to minimizing thereverseKL divergenceKL( � � jjp) of
� � to a target distributionp that can also be written explicitly
in closed-form (Korbak et al., 2022b).

The possibility of approximating various distributions ac-
cording to different divergence measures begs the question:
Does the choice of a divergence measure matter? In prin-
ciple, all divergences lead to the same optimum, namely
the target distributionp. However, when we restrict� � to a
certain parametric family that does not includep (i.e., the
search space ismis-speci�ed), then the minimum can be
found at different points, leading to optimal models with dif-
ferent properties. Moreover, different divergences present
different loss landscapes: some might make it easier for
stochastic gradient descent to �nd good minima. Finally,
the space of possible divergence measures and forms of
target distributions is a vast and largely uncharted terrain.
Prior work has largely failed to decouple the form of a target
distribution and the algorithm used for approximating it.

Here, we introducef -DPG, a new framework for �ne-
tuning an LM to approximate any given target EBM, by
exploiting any given divergence in thef -divergences family,
which includes not only the forward KL and the reverse KL
cited above, but also Total Variation (TV) distance, Jensen-
Shannon (JS) divergence, among others.f -DPG generalizes
existing approximation techniques both DPG and RL with
KL penalties algorithms, thus allowing us to investigate new
ways to approximate the target distributions de�ned by the
GDC and RLHF frameworks. In particular, we explore the
approximation of various target distributions representing
different alignment goals, which include imposing lexical
constraints, reducing social bias with respect to gender and
religion, enforcing factual consistency in summarization,
and enforcing compilability of generated code. We focus
our experiments on four instantiations off -DPG, namely
KL-DPG, RKL-DPG, TV-DPG and JS-DPG, whose objec-
tive is to minimize the forward KL, reverse KL, TV and JS
divergences, respectively, and evaluate each experiment in
terms of approximation quality as measured by all of these
f -divergences. We show that we can obtain signi�cantly
improved results over the original KL-DPG algorithm (Par-

shakova et al., 2019) by minimizing otherf -divergences,
even when the approximation quality is evaluated under
the lens of the forward KL. Furthermore, we observe that
while there is no single best optimization objective for all
cases, JS-DPG often strikes a good balance and signi�cantly
improves upon prior work (Khalifa et al., 2021; Korbak
et al., 2022a), as illustrated in Fig. 1. Lastly, we �nd that
f-DPG with an optimal objective continues to outperform
suboptimal objectives as we scale model size from 127M
parameters to 1.5B parameters (Sec. 4.5). The smooth and
gradual scaling trend observed with increasing model size
suggests that our �ndings will generalize to even larger
LMs.

Overall, the contributions of the paper include:

1. Introducingf -DPG, a unifying framework for approx-
imating any EBM target distribution by minimizing
anyf -divergence (Sec. 3.2), and deriving a universal
formula for gradient descent withf -divergences (The-
orem 1).

2. Extendingf -DPG to include baselines for variance
reduction (Fact 1); and handling conditional target dis-
tributions (Fact 2).

3. Investigating the performance off -DPG on a diverse
array of thirteen LM alignment tasks, three forms of
target distributions, fourf -divergence objectives and
eight metrics.

2. Background

We can organize approaches to LM alignment along two
axes: how the target distribution is constructed and how it
is approximated. The �rst problem roughly corresponds to
representing human preferences through the speci�cation
of a probability distribution and the second to allowing the
production of samples from that distribution.

2.1. De�ning a Target Distribution

The target distribution expresses an ideal notion of an LM,
incorporating human preferences, as probabilitiesp(x) over
textsx according to how well they satisfy the preferences.
Formally,p(x) is often de�ned through a non-negative func-
tion P(x) (aka anenergy-based modelor EBM (LeCun
et al., 2006)) such thatp(x) / P(x). The modelP(x) (and
p(x) after normalization) can be used to score samples, but
not to directly produce them because it lacks an autoregres-
sive form. In the rest of the paper, we will focus on target
distributions modeling three types of preferences promi-
nently employed in recent literature about GDC (Khalifa
et al., 2021) and RLHF (Ziegler et al., 2019; Stiennon et al.,
2020; Ouyang et al., 2022; Menick et al., 2022; Bai et al.,
2022a).
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Binary preferences For human preferences naturally ex-
pressible as a binary constraintb(x) 2 f 0; 1g (e.g. a sample
x must never contain a curse word), Khalifa et al. (2021)
proposed the following target distribution:

pGDC bin (x) / a(x)b(x); (1)

wherea is a pretrained LM andb(x) = 0 if x contains
a curse andb(x) = 1 otherwise. pGDC bin is the distri-
bution enforcing that all samples match the binary con-
straint, which deviates minimally froma as measured by
KL( pGDC bin jja).

Scalar preferences Some human preferences, such as
helpfulness, are more naturally expressed as scalar scores.
Alignment with respect to these is typically addressed with
RLHF (Stiennon et al., 2020; Ziegler et al., 2019; Ouyang
et al., 2022), which consists of, �rst, capturing human prefer-
ences as a reward functionr (x) (e.g. scores given a reward
model trained to predict human preferences) and second,
applying RL with KL penalties (Todorov, 2006a; Kappen
et al., 2012; Jaques et al., 2017; 2019) to maximize this
reward while penalizing departure froma(x):

JRLKL (� ) = Ex � � �

�
r (x) � � log

� � (x)
a(x)

�
: (2)

This objective can be equivalently framed as minimizing the
reverse KL,KL( � � jjpRLKL ), where the target distribution
pRLKL is de�ned as:

pRLKL (x) / a(x) exp(r (x)=� ); (3)

where� is a hyperparameter (Korbak et al., 2022b).

Distributional preferences Finally, there is a class of
distributional preferences (Weidinger et al., 2021) that can-
not be expressed as a function of a single samplex but
depend on the entire distribution, e.g. a particular gender
distribution of persons mentioned in LM samples. Khalifa
et al. (2021) model such preferences through distributional
constraints using the following exponential family target
distribution

pGDC dist (x) / a(x) exp
hX

i

� i � i (x)
i
; (4)

where� i are features de�ned over texts (e.g. the most
frequent gender of people mentioned inx) and� i are co-
ef�cients chosen so that the expected valuesEx � p [� i (x)]
match some desired values�� i (e.g., 50% gender balance).
The resulting distributionpGDC-d matches the target feature
moments, while deviating minimally froma as measured
by KL( pGDC dist jja).

2.2. Approximating the target distribution

Drawing samples from a target distributionp constitutes
the inference problem. There are broadly two approaches
to this problem: (i) augmenting decoding froma at infer-
ence time to obtain samples fromp and (ii) training a new
parametric model� � to approximatep which can then be
sampled from directly. The �rst family of approaches in-
cludes guided decoding methods (Dathathri et al., 2020;
Qin et al., 2022), Monte Carlo sampling techniques such
as rejection sampling to sample from simple distributions
like pGDC bin (Roller et al., 2021; Ziegler et al., 2022), and
Quasi Rejection Sampling (QRS) (Eikema et al., 2022) or
MCMC techniques (Miao et al., 2019; Goyal et al., 2022) to
sample from more complex distributions, such aspGDC dist .
In the rest of the paper, we will focus on the second family:
methods that train a new model� � to approximatep by min-
imizing a divergence measure fromp, D(� � jjp). Khalifa
et al. (2021) uses Distributional Policy Gradients (DPG; Par-
shakova et al., 2019) to approximate the target distribution
by minimizingKL( pjj � � ), or equivalently,CE(p; � � ):

r � CE(p; � � ) = � Ex � � �

p(x)
� � (x)

r � log � � (x): (5)

3. Formal Aspects

In this section, we describe thef -divergence family, and
introduce a generic technique,f -DPG, for minimizing the
f -divergence between a target distributionp and a model
� � . We then describe the application off -DPG to aligning
language models with human preferences.

3.1.f -divergences

Consider a convex functionf : (0; 1 ) ! R with f (1) = 0 .
Let f (0) := lim t ! 0 f (t) andf

0
(1 ) := lim t ! 0 tf ( 1

t ).1 Let
p1; p2 be two distributions over a discrete setX . The f -
divergence betweenp1 andp2 can be de�ned as

D f (p1jjp2) := Ex � p2

�
f

�
p1(x)
p2(x)

��
+ f

0
(1 ) p1(p2 = 0)

(6)

wherep1(p2 = 0) is the p1-mass of the setf x 2 X :
p2(x) = 0 g (Polyanskiy, 2019; Liese & Vajda, 2006). The
function f is called a generator ofD f . By convention, if
p1(p2 = 0) = 0 , the last term of Eq.(6) is set to0 regardless
of the value off

0
(1 ) (which can be in�nite).2 It can be

1The limits are well-de�ned and take values in(�1 ; 1 ].
The convention forf

0
(1 ) is motivated by the fact that

lim t !1 f 0(t) = lim t ! 0 tf ( 1
t ) (Hiriart-Urruty & Lemaŕechal,

2013).
2Based on the commonly made assumption that the support of

p1 is dominated by the support ofp2 (Supp(p1) � Supp(p2)),

Eq. (6) simpli�es toD f (p1 jj p2) = Ex � p2

h
f

�
p1 ( x )
p2 ( x )

�i
.
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shown thatD f (p1jjp2) � 0 for anyp1 andp2, with equality
if p1 = p2; conversely, ifD f (p1jjp2) = 0 andf is strictly
convex at1, thenp1 = p2.

The f -divergence family includes many important diver-
gence measures, in particular KL divergenceKL(p1jjp2),
reverse KL divergenceKL(p2jjp1), Jensen-Shannon di-
vergence, and Total Variation distance. We list thesef -
divergences and their generators in Tab. 1. For more details
about notations and properties off -divergences, see App.
A.1 and also Liese & Vajda (2006); Polyanskiy (2019); Sa-
son & Verd́u (2016); Sason (2018).

3.2. Distributional alignment with f -divergences

Let X be a discrete countable or �nite set, in our case a
set of texts. Given a target probability distributionp(x)
over elementsx 2 X , our goal is to approximatep with
a generative model (aka policy)� � . On the other hand,
the generative model� � is a parametric model, typically
an autoregressive neural network, from which we can (i)
directly sample and (ii) evaluate probabilities� � (x).

We approach this problem by attempting to minimize the
f -divergence of� � to p:3

min� 2 � D f (� � jjp); (7)

where� varies inside the parametric family� . Note that
when the family� � ; � 2 � is “well-speci�ed”, i.e., when
9� 0 s.t.p = � � 0 , the true minimum of Eq(7) is 0, attained
at � 0, whatever divergenceD f is chosen. In contrast, when
the family is “mis-speci�ed” i.e. does not includep, the
distribution � � with minimal divergence can be strongly
dependent on the chosen divergenceD f .

Eq.(7) might be solved approximately using stochastic op-
timization with samples drawn from the distributionp, as
the de�nition of D f (� � jjp) involves taking the expectation
with respect top. However, it is often not possible to sample
directly fromp, while it is possible to sample from� � . Our
optimization technique is then based on the following core
result, which we prove in App. A.3.

Theorem 1. Letp and� � be distributions over a discrete set
X such that at least one of the following conditions holds:
(i) 8� 2 � ; Supp(p) � Supp(� � ), or (ii) Supp(� � ) does not
depend on� . Then:

r � D f (� � jjp) = Ex � � �

�
f

0
�

� � (x)
p(x)

�
r � log � � (x)

�
:

(8)
3We could have chosen to domin� 2 � D f (pjj � � ). However the

perspective transformf � (t) := t f ( 1
t ) allows interchangeability

of arguments:D f (� � jj p) = D f � (pjj � � ), making either form
possible. The form in Eq.(7) permits a simpler statement of our
main theorem. See App. A.1, A.3 for details.

Note that it may happen in Eq 8 thatp(x) = 0 and
� � (x) > 0, hence� � (x )

p(x ) = 1 , in which case the expres-

sionf
0
�

� � (x )
p(x )

�
should be understood as denoting the value

f 0(1 ) as de�ned earlier.4

In the context of LMs, our domain of application, we will
use Thm. 1 in situations where� � , being a standard softmax-
based autoregressive model, has full support overX (i.e.
Supp(� � ) = X ) for all � 's, while the support ofp might be
strictly included inX in some experiments (Sec. 4.2, 4.4).

It is instructive to consider Thm. 1 in relation to rewards
in RL. In the standard policy gradient algorithm (Williams,
1992), to �nd the model that maximizes the average reward
Ex � � � [r (x)], one computes the gradient of the loss using
the formular � Ex � � � [r (x)] = Ex � � � [r (x)r � log � � (x)].
The gradient in Eq. 8 is very similar, with a “pseudo-reward”
r � (x) = � f

0
( � � (x )

p(x ) ), one difference being that nowr � de-
pends on� (see (Korbak et al., 2022b) for related remarks).
We refer to the approach in Eq. 8 under the namef -DPG, in
reference to the original DPG (Distributional Policy Gradi-
ent) approach introduced in (Parshakova et al., 2019), which
can be seen as a special case off -DPG (“KL-DPG”) with
D f (� � jjp) set to KL(pjj � � ) as discussed in Sec. 3.4.

3.3. Adding a baseline

Based on the similarity to policy gradients, we adopt the
widely usedbaselinetechnique from RL, as previously
studied in Williams (1992); Baxter & Bartlett (2001);
Schulman et al. (2016) and in the context of DPG in
(Korbak et al., 2022b). This technique involves sub-
tracting a constantB from the reward term, and does
not introduce bias in the estimate of the gradient at a
given � . In our case, withr � (x) := � f

0
( � � (x )

p(x ) ), we
can write r � D f (� � jjp) = Ex � � � r � (x)r � log � � (x) =
Ex � � � (r � (x) � B ) r � log � � (x), based on the observation
thatEx � � � r � log � � (x) = 0 (see also App. A.6).

Fact 1. SubtractingB fromr � (x) does not introduce bias
into f -DPG gradient estimates.

Typically, B is chosen to be the average of the rewards,
B := Ex � � � [r � (x)]. In the experiments of Sec. 4, we use
the baseline technique whereB is an estimate of the average
of pseudo-rewards, unless otherwise speci�ed.

4The derivativef 0(t) of any convex functionf (t) is de�ned
almost everywhere, with the possible exception of a countable
number of non-differentiable points, at which a subgradient can
be used instead (Hiriart-Urruty & Lemaréchal, 2013; Rockafellar,
1970). See also App. A.4.
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D f (� � jjp) f f 0 f
0
�

� � ( x )
p( x )

�
f

0
(1 )

Forward KL(KL(pjj � � )) f (t) = � log t f
0
(t) = � 1

t � p( x )
� � ( x ) 0

Reverse KL(KL(� � jj p)) f (t) = t log t f
0
(t) = log t + 1 �

�
log p( x )

� � ( x )

�
+ 1 1

Total Variation(TV(� � jj p)) f (t) = 0 :5 j1 � t j f
0
(t) =

(
0:5 for t > 1
� 0:5 for t < 1

(
0:5 for � � ( x )

p( x ) > 1

� 0:5 for � � ( x )
p( x ) < 1

0:5

Jensen-Shannon(JS(� � jj p)) f (t) = t log 2t
t +1 + log 2

t +1 f
0
(t) = log 2t

t +1 log 2 � log
�

1 + p( x )
� � ( x )

�
log 2

Table 1.Some commonf -divergencesD f (� � jj p). In the convention of this table, thef shown corresponds to the order of arguments
D f (� � jj p). Thus the forward KL between the targetp and the model,KL(pjj � � ), corresponds toD � log t (� � jj p), and similarly for
the reverse KL,KL(� � jj p), which corresponds toD t log t (� � jj p), etc. Note that for symmetric divergences (TV and JS) the order of
arguments is indifferent: TV(� � jj p) = TV(pjj � � ), JS(� � jj p) = JS(pjj � � ).

3.4. Recovering Some Existing Methods

Various existing methods for aligning LM with preferences
can be included in thef -DPG framework.

GDC In GDC, �tting the policy� � to the targetp (which is
given by either one of Eq. 1 or Eq. 4) is done using DPG (Par-
shakova et al., 2019), namely by minimizing theforward
KL , KL(pjj � � ). In the f -DPG framework,KL(pjj � � ) =
D f (� � jjp) with f (t) = � log t, f 0(t) = � 1=t, and Thm. 1
leads to the formula:

r � D f (� � jjp) = Ex � � � �
p(x)
� � (x)

r � log � � (x);

which is equivalent to Eq. 5.

RL with KL penalties Let's rewrite the target distribution
of Eq. (3) asp(x) := pRLKL (x) = 1 =Z a(x) er (x )=� , where
Z is a normaliser. ThenKL( � � jjp) = D f (� � jjp), with
f (t) = t log t corresponding toreverse KL, andf 0(t) =
1 + log t. Thm. 1 implies that:

r � D f (� � jjp)

= Ex � � �

�
1 + log

� � (x)
Z � 1a(x) exp(r (x)=� )

�
r � log � � (x)

= Ex � � �

�
�

r (x)
�

+ log
� � (x)
a(x)

�
r � log � � (x);

where we have exploited the fact that1 + log Z is
a constant, henceEx � � � (1 + log Z ) r � log � � (x) =
0. Up to the constant factor� , this form re-
covers the usual formula for estimating the gradient
of the loss de�ned in Eq. (2): r � JRLKL (� ) =

Ex � � �

�
r (x) � � log � � (x )

a(x )

�
r � log � � (x):

3.5. EstimatingZ

The target distributionp is often de�ned asp(x) / P(x),
whereP(x) is a non-negative function overX . The distri-
butionp can then be computed asp(x) = 1 =Z P(x), where

Z is the normalizing constant (partition function) de�ned byP
x 2X P(x). An estimate ofZ can be obtained by impor-

tance sampling, using samples from the current� � , based on
the identityZ = E� �

P (x )
� � (x ) . Each such estimate is unbiased,

and by averaging the estimates based on different� � 's, one
can obtain a more precise estimate ofZ , exploitingall the
samples obtained so far. For details about the estimate ofZ ,
see Algorithm 1 in App. A.3, as well as the ablation study
in App. H.3.

3.6. Conditional Target Distributions

For a conditional task such as machine translation, summa-
rization or dialogue, where� � is de�ned as a conditional
distribution� � (xjc), we adapt the conditional generaliza-
tion of DPG introduced in Korbak et al. (2022a). Given a
distribution over contexts� (c) and a map from a contextc
to a target distributionpc, we have (see App. E for details):

Fact 2. f -DPG is generalized to the conditional case by
optimizing the loss

Ec� � (c) [r � D f (� � (� jc)jjpc(� ))] : (9)

4. Experiments

We study four instantiations off -DPG, namely KL-DPG,
RKL-DPG, TV-DPG and JS-DPG, corresponding to min-
imizing the forward KL, reverse KL, Total Variation, and
Jensen-Shannon divergences, respectively. We use an ex-
ponential moving average baseline with weight� = 0 :99
for all, except for KL-DPG, where we use the analytically
computed value of the pseudo-reward expectation, which
amounts to1 (Korbak et al., 2022b). We evaluate them on
a diverse array of tasks including imposing sentiment con-
straints (Sec. 4.1), lexical constraints (Sec. 4.2), debiasing
genders' prevalence and religious groups' regard (Sec. 4.3),
and context-conditioned tasks, such as enforcing factual
consistency in summarization (Sec. 4.4) or compilability
of generated code (see App. E.1). Unless speci�ed other-
wise, we use a pretrained GPT-2 “small” (Radford et al.,
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2019) with 117M parameters for the initial model. Yet, we
demonstrate in Sec. 4.5 that the observations continue to
hold for models of larger size. Implementation details and
hyper-parameters are available in App. C.

Metrics We report the following key metrics. We add
task-speci�c metrics if needed.

1. D f (� � jjp), thef -divergence betweenp and� � , with
four different f 's corresponding to forward KL,
KL( pjj � � ); reverse KL,KL( � � jjp); Total Variation,
TV( � � jjp); and Jensen-Shannon,JS(� � jjp). We use
importance sampling to estimate these divergences.

2. KL(� � jja), a measure of the divergence from original
LM a (Ziegler et al., 2019; Khalifa et al., 2021).

3. Alignment score, measured by momentsEx � � � � (x)
of a feature of interest� (x).

4. Normalized Entropy (Berger et al., 1996), a measure
of diversity in probability distribution normalized by
number of tokens.

5. Standard deviation of a minibatch's pseudo-rewards,
std(r � (x)) , wherer � is de�ned as in Sec. 3.3.

4.1. Alignment with Scalar Preferences

Task We begin with the task of maximizing a scalar pref-
erence with KL penalties, whose target distribution,pRLKL ,
is de�ned in Eq. 3. We setr (x) = log � (x) where� (x)
is the probability returned by a sentiment classi�er �ne-
tuned from Distil-BERT (HF Canonical Model Maintainers,
2022). This reward function is optimal for modeling a
decision-maker which givenk different samplesx1; : : : ; xk ,
will pick x i with probability proportional to� (x i ) (see Ap-
pendix F). We set� = 0 :1, which is in line with the range
of values explored by Ziegler et al. (2019). Note that ap-
plying RKL-DPG onpRLKL is equivalent to the RL with
KL penalties method, as described in Sec. 3.4. However,
throughf -DPG we can explore alternative objectives to
approximate the same target.

Results Fig. 2 shows the evolution of the above-
mentioned metrics. Further details are given in Fig. 11 in the
Appendix. We observe that whereas RKL-DPG achieves by
far the best performance in terms of reverse KL,KL( � � jjp)
(top-right), it fails to minimize all other divergence met-
rics. This shows that minimizing one divergence does not
necessarily imply that other divergences will follow. No-
tably, RKL-DPG yields the highest value of alignment
scoreE� � [� (x)] at the cost of a signi�cant departure from
a. We connect this to the strong in�uence that low values
p(x) have on RKL-DPG, which induces a large pseudo-
reward for strongly reducing� � (x) on those samples (see
Sec 5) and produces the spike at the beginning of training in

std(rewards). This can lead� � (x) to concentrate on high-
probability regions ofp(x), at the cost of diversity, which
can also be seen in the low entropy of the generated samples.
Interestingly, the three remaining variants of DPG (KL, TV
and JS) consistently minimize all four tracked divergences,
with JS-DPG performing best overall.

In App. D.1, we show additional metrics on generated
sentences, which show low diversity but high quality for
RKL-DPG, compared to otherf -DPGs, suggesting it cap-
tures a subset of the target distribution (“mode collapse”),
as commonly observed in other generative models (Huszar,
2015; Che et al., 2017; Mescheder et al., 2018).

Figure 2.Comparison off -DPG on sentiment preference. Evalua-
tion metrics: fourf -divergencesD f (� � jj p) (_ better), alignment
scoreE� � [� (x)] (^ better), entropy (̂ better), standard deviation
of pseudo-rewardstd(r � (x)) .

4.2. Alignment with Lexical Constraints

Task In this task, we constrain the presence of a speci�c
word in the generated text. Following Khalifa et al. (2021),
we formulate this goal as a binary preference on the LM by
using a target distributionpGDC bin , whereb(x) = 1 iff the
target word appears in the sequencex, and using a scalar
preference target distributionpRLKL wherer (x) is set in the
same way asb(x) above. Note that in the GDC framework,
pGDC bin (x) = 0 whenb(x) = 0 , implying that reverse KL,
namelyKL( � � jjp), becomes in�nite, so RKL-DPG cannot
be used (nor measured) for that target. We use four words
with different occurrence frequency: “amazing”(1� 10� 3),
“restaurant” (6� 10� 4), “amusing” (6� 10� 5), and “Wikileaks”
(8� 10� 6).

Results The aggregated evolution of the metrics for both
GDC and RL with KL penalties framework is presented in
Fig. 3 (Fig. 1 shows a simpli�ed view of Fig. 3 (a)). Disag-
gregated results for each task are presented on App. G. We
see that all variants off -DPG reduce the divergence from
the target distribution across all measuredf -divergences.
Furthermore, as expected, convergence to the target is con-
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nected with the success ratio in producing the desired word,
E� � [b(x)], while balancing it with a moderate divergence
from a, KL( � � jja). This re�ects that approaching the opti-
mal distributionp translates into metrics in the downstream
task. Strinklingly, the original KL-DPG is outperformed by
all other variants off -DPG, even in terms of forward KL.
We hypothesize that this is linked to the high variance of the
pseudo-rewards in KL-DPG, as visualized in the last panel
of Fig. 3 (a) and (b). In Sec. 5, we suggest an interpretation
for this. We also observe that RKL-DPG tends to produce
distributions with lower normalized entropy. Despite this ef-
fect, we found no signi�cant difference in diversity among
the generated sentences (see Tab. 4 in App. D.1)

(a) lexical constraint withpGDC bin

(b) lexical constraint withpRLKL

Figure 3.Comparison off -DPG aggregated on four lexical con-
straints. Standard deviations are suppressed for clarity. Evalua-
tion metrics: fourf -divergencesD f (� � jj p) (_ better), alignment
scoreE� � [b(x)] (^ better), entropy (̂ better), standard deviation
of pseudo-rewardstd(r � (x)) .

4.3. Alignment with Distributional Constraints

Task We now investigate enforcing distributional prefer-
ences on the LM. We focus on debiasing the pretrained
model on two kinds of preferences, namely genders' preva-
lence (Khalifa et al., 2021) and regard relative to religious
groups. The preferences for the genders' debiasing task are
de�ned as � 1(x) = 1 iff x contains more female than male

pronouns, with desired moment�� 1 = 0 :5 and� 2(x) = 1 iff
x contains at least one of the words in the `science' word list
compiled by Dathathri et al. (2020), with desired moment
�� 2 = 1 . For regard debiasing, we use a single distributional
constraint where0 < � (x) < 1 is a regard score of the
sentence when prompted withMuslims , evaluated with a
pretrained classi�er (Sheng et al., 2019). We set the desired
moment �� = 0 :568, the regard score observedChris-
tians . The initial average regard score givenMuslims
is 0:385. For the �rst experiment, we use GPT-2 small as
the initial modela, additionally �ne-tuned on the WikiBio
dataset (Lebret et al., 2016), whereas for the last one we use
vanilla GPT-2 small.

Results We report the results of both experiments on
Fig. 4. For the regard score rebalancing, we con-
siderably reduce bias in the regard score for two differ-
ent demographic groups, from initial regard score ratio
E [� (x)j Christians ] : E [� (x)j Muslims ] = 1 : 0:677
to E [� (x)j Christians ] : E [� (x)j Muslims ] = 1 :
0:801on average. Interestingly, this task showcases a weak-
ness of TV-DPG: Because the original distribution is already
close to the target, the hard-thresholded pseudo-reward has
a large variance (last panel of Fig 4(b)), inducing noisy gra-
dient estimates and, consequently, sub-optimal convergence.
Concerning the gender debiasing experiments, we can see
that all other variants off -DPG outperform the original
KL-DPG explored in Khalifa et al. (2021), with RKL-DPG
giving the best results and better matching the pointwise
constraint although seemingly at the cost of lower diversity
as measured by the entropy.

4.4. Alignment with Conditional Constraints

Task We adopt the conditional task from Korbak et al.
(2022a), which aims to constrain the T5 (Raffel et al., 2020)
language model to generate more factually faithful sum-
maries (Maynez et al., 2020; Nan et al., 2021). Speci�-
cally, let NER(�) denote the set of named entities found
in a text. Then, b(x; c) = 1 iff [NER(x) � NER(c)] ^
[jNER(x)j � 4], and0 otherwise. Following the authors,
we sample source documents from the the CNN/Daily Mail
dataset (Nallapati et al., 2016), i.e.� (c) is a uniform distribu-
tion over a given subset of source documents. In addition to
the divergences, we evaluate the performance using Rouge
(Lin, 2004), a measure of summarization quality in terms of
unigram overlap between the source document and ground
truth summary (See App. E for additional metrics and more
experiments on code generation with compilability prefer-
ences).

Results We present the evolution of metrics in Fig. 5. The
results show thatf -DPG increases the fraction of consistent
named entities in summarization, and interestingly, this
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(a) distributional constraint for gender prevalence

(b) distributional constraint for regard rebalancing

Figure 4.Comparison off -DPG aggregated on distributional con-
straints. Evaluation metrics: fourf -divergencesD f (� � jj p) (_
better), alignment scoreE� � [� (x)] (^ better), entropy (̂ better),
standard deviation of pseudo-rewardstd(r � (x)) .

also leads to indirect improvement in the overall quality of
generated summaries compared to ground truth, even though
ground truth summaries are not used in training. As also
observed in Sec. 4.2, JS-DPG leads to better convergence
to p than KL-DPG as used in Korbak et al. (2022a).

4.5. Scaling Trends off -DPG

We conduct experiments to investigate the effect of model
size on our approach using the scalar preference task de-
scribed in Sec. 4.1. Speci�cally, we gradually increase
the model size from GPT-2 “small” (117M parameters) to
“xl” (1.5B parameters) while tracking two important met-
rics: alignment score, which is measured by the expected
rewardE� � [� (x)], and diversity, which is measured by the
entropy. Figure 6 demonstrates that the alignment score
steadily improves as the model size increases. However,
we observe persistent differences between the divergence
objectives for different f-DPGs, leaving the general order
between f-DPGs intact with increasing model size (See
Fig. 16 in App. G for evolution of metrics through training
epochs). The scaling trend of LM alignment, characterized

Figure 5.Comparison off -DPG on factual summarization. Eval-
uation metrics: 3f -divergencesD f (� � jj p) (_ better), number of
named entities (̂better), Rouge (̂better).

by a gradual and predictable increase without sudden shifts
in performance, aligns with previous �ndings in the liter-
ature (Bai et al., 2022a). Nonetheless, our study further
emphasizes the importance of proper divergence objectives,
as increasing model size alone does not necessarily bridge
the gap between optimal and suboptimal objectives. The
smooth and gradual increase of the alignment score as a
function of model size suggests that our �ndings will gener-
alize to even larger LMs.

4.6. Ablation Study

This section presents just the key �ndings of our study. Full
results and detailed discussions can be found in App. H.

Effect of parameter family capacity All experiments
presented so far correspond to possibly mis-speci�ed target
distributions. To understand whether the observed behavior
of different variantsf -DPG is affected by this factor, we
used pre-trained models with the same architecture as� �

andp. We found that KL-DPG again lags considerably
in terms of divergence, while presenting a high variance
of in the pseudo-reward. RKL-DPG shows a signi�cant
drop of entropy in the initial phase, but with full capacity
of parameter family, the model can recover, and cover the
rest of the distribution. Additionally, applying zero-shot the
�ne-tuned LMs to a summarization task, following Radford
et al. (2019), we found that the they recover to a large extent
the quality of the target distribution.

Effect of training scheme We examined different train-
ing schemes for the lexical constraint on “amazing” from
Sec. 4.2. We saw that the use of a baseline technique im-
proves the performance of thef -DPG method, with RKL-
DPG showing the greatest bene�t. Additionally, we found
that even though a large batch size is effective at reduc-
ing the variance of KL-DPG, we still observe KL-DPG to
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Figure 6.The scaling trend off -DPG on sentiment preference. Thex-axis denotes number of parameters of the LM� � and they-axis
denotes the alignment score and diversity measured by the expected rewardE� � [� (x)] and by entropy, respectively.

perform comparatively worse than other divergences. Fi-
nally, we observe that our importance sampling estimates
converged to the true value ofZ .

5. Discussion and Conclusion

Figure 7.Pareto frontier off -DPG for different alignment tasks;
sentiment preference (Fig. 2), lexical constraints (Fig. 3(a), (b)),
and distributional constraint for gender prevalence (Fig. 4(a))

A plausible hypothesis would have been that each variant
of f -DPG is comparatively better at least in terms of the
f -divergence objective being optimized. Surprisingly, we
found that, save for a few exceptions (Sec. 4.1), for a given
target there is one or a few variants that are the best across
all measured divergences. Furthermore, we observed that
divergence measures can have a signi�cant impact on the
performance of the model depending on the target distribu-
tion. Fig. 7 summarizes the Pareto frontier of the alignment-
diversity trade-off of thef -DPG method. The results demon-
strate that RKL-DPG and KL-DPG consistently represent
two contrasting extremes: RKL-DPG shows high alignment
but limited diversity, whereas KL-DPG exhibits low align-
ment but high diversity. JS-DPG shows a balanced trade-off
between alignment and diversity and consistently appeared

Figure 8.Pseudo-rewards for variousf -divergences. Thex-axis
denotes p( x )

� � ( x ) and they-axis denotes the pseudo-reward. The
dotted line denotes the point wherep(x) = � � (x).

on the Pareto frontier across all experiments we conducted.

Fig. 8 illustrates the differences between pseudo-rewards
for distinct f -divergences, giving a plausible explanation
for the observed differences. The forward KL loss aims to
ensure coverage of the subset wherep(x) > 0, giving a large
pseudo-reward for samples withp(x)>>� (x). However,
the optimization can be sensitive to sampling noise in the
�nite sample approximation (see, e.g., Sec. 4.2). Conversely,
the reverse KL loss results in extreme negative rewards
for samples withp(x)<<� � (x), leading� � to avoid such
regions and resulting in distributional collapse (Sec. 4.1).
Total Variation loss is robust to outliers thanks to its hard-
thresholded pseudo-reward, however it can lead to high
variance behavior when� � � p (Sec. 4.3). On the other
hand, the Jensen-Shannon loss gives smooth and robust
rewards in both directions and prevents� � from heavily
relying on a single direction, making it a reasonable default
choice as con�rmed by our experiments.

To conclude, we propose a �exible framework for approxi-
mating a target distribution by minimizing anyf -divergence,
unifying earlier approaches for aligning language models.
Our results on a diverse array of tasks show that minimizing
well-chosenf -divergences leads to signi�cant gains over
previous work. The fact that increasing the model size
improves the alignment score but does not inherently bridge
the gap between objectives underscores the importance of
selecting appropriate divergence objectives.
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