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Abstract

We study the problem of offline imitation learning in Markov decision processes
(MDPs), where the goal is to learn a well-performing policy given a dataset of
state-action pairs generated by an expert policy. Complementing a recent line of
work on this topic that assumes the expert belongs to a tractable class of known
policies, we approach this problem from a new angle and leverage a different type
of structural assumption about the environment. Specifically, for the class of linear
Q™ -realizable MDPs, we introduce a new algorithm called saddle-point offline
imitation learning (SPOIL), which is guaranteed to match the performance of any
expert up to an additive error € with access to O(¢~2) samples. Moreover, we
extend this result to possibly non-linear ()™ -realizable MDPs at the cost of a worse
sample complexity of order O(¢~%). Finally, our analysis suggests a new loss
function for training critic networks from expert data in deep imitation learning.
Empirical evaluations on standard benchmarks demonstrate that the neural net
implementation of SPOIL is superior to behavior cloning and competitive with
state-of-the-art algorithms.

1 Introduction

In imitation learning (IL), a learner observes a finite dataset of state-action pairs generated by
an expert policy interacting with an environment modeled as a Markov Decision Process (MDP;
Puterman [1994]). The learner’s objective is to find a policy that performs nearly as well as the
expert policy with respect to an unknown ground-truth reward function. This work focuses on offline
imitation learning, where the learner cannot collect new state-action sequences from the MDP used
for generating the expert’s data. In this context, we propose new algorithms that operate under a
previously under-explored set of structural assumptions on the learning environment.

Recent years have seen a quite significant surge of interest in the problem of imitation learning, not
unlikely due to its relevance to next-token prediction in generative language models [Rajaraman et al.,
2020, Foster et al., 2024, Rohatgi et al., 2025]. A common feature of these recent works is that they
all make the assumption that the expert data has been generated by a fixed policy that belongs to a
known, finite class of policies and they return policies within the same class. Such an assumption is
often referred to as expert realizability and can be formally stated as follows.

Assumption (Expert realizability). The learner has access to a function class I1* that contains the
unknown expert policy T, that is, such that m; € 11"

Several clean and elegant results were proved under this assumption, in particular showing the
existence of conceptually simple algorithms achieving tight upper bounds on the sample complexity
of finding good solutions, and lower bounds demonstrating the near-optimality of these algorithms
under said assumptions. These bounds typically depend on a measure of complexity of the policy class
(as measured by, say, its covering number). However, further scrutiny reveals that these assumptions
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may not always be verified or even reasonable: in many cases of significant practical interest, there
is no reason to believe that the expert policy may be easily modeled within a simple and tractable
policy class. For instance, in the popular use case of learning from human feedback, it is arguably
quite unlikely that data would be generated in a consistent, systematically predictable way that can be
modeled as a simple policy mapping states to actions. Indeed, human behavior can be nonstationary,
irrational, or even be influenced by unobserved confounders not captured by the state representation.
We address these limitations by exploring an alternative framework for imitation learning, which
reasons about the structure of the value functions of the policies used by the learning algorithm itself,
as opposed to making assumptions about the structure of the policy followed by the expert.

Furthermore, the sample complexity guarantess in Rajaraman et al. [2020], Foster et al. [2024],
Rohatgi et al. [2025] scale with log |II®| (assuming II* is finite), meaning large policy classes,
potentially necessary to realize the expert, lead to deteriorated guarantees. Additionally, the con-
sequences of misspecification, i.e. m; ¢ II%, are often severe. For instance, Rohatgi et al. [2025]
demonstrated that if the policy class II* is misspecified, then it is computationally intractable to
learn arg min_ cpe D (P, P™®), the best in-class policy under the Hellinger distance, in an offline
manner. However, this theoretical intractability under misspecification seems at odds with practical
scenarios, such as training large language models via next-token prediction (a form of offline IL),
which perform well despite the expert policy (derived from human-written text) likely not belonging
to any reasonable policy class II".

To address this apparent discrepancy, we initiate the study of offline imitation learning by leveraging
structural assumptions about the MDP rather than relying on expert realizability. For example, in
language tasks, structural assumptions might involve deterministic, tree-shaped MDPs. In robotics,
one might assume that next states are determined by compact feature representations of current
state-action pairs. More generally, we consider MDPs where the action-value function of any policy
can be written as a linear combination of features known to the learner. Such MDPs are referred to as
linear Q™ -realizable MDPs, a class that has been central to recent works in reinforcement learning
theory [Weisz et al., 2023, Mhammedi, 2024, Tkachuk et al., 2024]. Our primary contribution is
to show that, for this class of MDPs, it is possible to develop algorithms that guarantee to output a
policy performing arbitrarily close to the expert policy without imposing expert realizability.

The algorithm is based on a simple primal-dual formulation of the problem of imitation learning,
which characterizes the solution as the saddle-point of a convex-concave objective function. The
primal variables correspond to policies in the MDP and the dual variables to Q-functions, which
motivates a very simple saddle-point optimization algorithm for imitation learning: in a sequence
of rounds, the primal player (the actor) picks a policy and the dual player (the critic) picks a Q-
function, respectively trying to minimize and maximize the objective. We accordingly call the
method SPOIL, standing for Saddle-Point Offline Imitation Learning. In the case of linear function
approximation, both update steps of SPOIL can be performed very efficiently (in time linear in the
feature dimension). For general function approximation, the Q-function updates can be performed by
solving a simple linear optimization problem, which is straightforward to solve in practical scenarios.
When instantiated with neural networks, empirical experiments show its performance is competitive
with (and in some cases superior to, e.g., behavior cloning) state-of-the-art offline imitation learning
algorithms. Interestingly, our algorithm shares a good degree of similarity with the state-of-the-art
method of Garg et al. [2021] called IQ-Learn, which is also derived from a primal-dual perspective.
We discuss these similarities in depth and argue that SPOIL provides a superior solution to the
IQ-Learn objective (at least inasmuch as it is more amenable to theoretical analysis).

To the best of our knowledge, this is the first result showing that leveraging structural assumptions
of the underlying MDP can guarantee matching the expert performance as the number of expert
transitions goes to infinity without imposing any form of expert realizability assumption. For clarity,
we compare our contribution with existing results in Table 1. We denoted N.(Q) the covering
number of the function class Q (see Theorem 2), and 7;; the number of trajectories needed to make
the difference in total expected return between the expert and the output policy smaller than €.

Notation. We use A(Z) to denote the simplex over the countable set Z. Given two proba-
bility distributions p,q € A(Z), we denote the Kullback-Leibler divergence as Dk (p,q) =

> ez p(z)log 5 Eg . We denote (-, -) the inner product between two finite-dimensional vectors, and

|I-]| the Euclidean norm. We denote U ([K]) the uniform distribution over the set [K] = {1,..., K}.
The Euclidean ball of radius R > 0 centered at the origin is denoted as B(R).




Table 1: Comparison with related algorithms. We denoted the class of deterministic linear experts as
et 1in = {m:30 € B(By), () = argmax, 4 (6, »(-,a)) }, and an arbitrary policy class as IT".

We also define W = max e, (z,0)cx x A, he[H] % and €piss = min, e DF(P™, P7e).

Algorithm Structural assumptions  Avoids expert realizability Infinite horizon Expert class Expert Traj. (7:)
BC with log loss None x x ® O H2 log| 11|
[Foster et al., 2024] e?
BC with 0-1 loss | A ( H2d
None X X e i =t
[Rajaraman et al., 2021] det,lin O( € )
BoostedLogLossBC None v with gmisspeciﬁcalion x I o H? IOE’,‘HE|
[Rohatgi et al., 2025] error of O(H log(W )émiss) e
Projection Linear reward v v _ 6( d )
[Abbeel and Ng, 2004] Known transitions (1-7)%2
MWAL Linear reward v v _ 6 ( log(d) )
[Syed and Schapire, 2007] Known transitions (-2
SPOIL . N ~ d
Linear Q™ -realizabilit v v - -
(Theorem 1) Q ¥ (@ ( e )
SPOIL Tnalirahili 7 [ log N (Q)
-realizabilit; v v -
(Theorem 2) Q v O( (1—y)oet )

2 Preliminaries

We begin by introducing the problem of offline imitation learning in discounted MDPs together with
the assumptions we will consider throughout the paper.

Markov decision processes. We formalize the learning problem in a discounted MDP M =
(X, A,r, P v,vy), where X is the state space which we assume finite but too large to be enumerated,
A is a finite action space with A actions, r : X x A — [0, 1] is the unknown reward function,
P : XxA — A(X) is the unknown transition kernel, v € [0, 1) is the discount factor, and vy € A(X)
is the initial state distribution. For any state-action-state triplet (z, a, '), P(2’ | z,a) denotes the
probability of landing in state " after taking action a in state x. A stationary policy (or simply policy)
7 X — A(A) is a mapping from states to distributions over actions. The interaction of a policy 7
with the environment M unfolds as follows: an initial state X ~ 1/ is drawn, and for each subsequent
time step b > 0, an action Aj, ~ 7 (- | X},) is taken, a reward (X}, Ap,) is received, and the agent
transitions to a new state X1 ~ P(- | X}, A ). We denote P™ the resulting probability distribution
over trajectories, and [E™ the corresponding expectation operator. For any state x € X, we define the
state value function of the policy 7 as V™ (z) = E™[Y_,7 ( v"r(Xp, Ap) | Xo = z]. Analogously,
we define the state-action value function as Q™ (x,a) = E™ [_7" v"r(Xp, An) | Xo = #, Ag = a].
The value functions are tied together via the Bellman equations

V™(z) = Z m(a|z)Q™(x,a), and Q" (z,a)=r(z,a)+~ Z P(x' |z, a)V™(2').
acA z'eX

Additionally, we will sometimes use the notation Q(x, 7) to denote ), 7(a | x)Q(z, a) for any policy
7 and any function Q: X x A — R. Note that this notation allows us to write V"™ (z) = Q™ (z, 7).
Any policy 7 induces an occupancy measure u™ € A(X x A) over state-action pairs, defined as the
discounted total expected times that each state-action pair is visited by policy 7. The same quantity
defined for states is called the state-occupancy measure and is denoted as v™ € A(X). For any
state-action pair (z,a) € X X A, they are respectively defined as

V(@) = (1= A"PT[Xp =2], and p"(z,a) = (1—-7)Y +"P"[Xn ==, Ay = d],
h=0 h=0

and they are related to each other by the flow conditions (sometimes called “Bellman flow conditions™)

V() =7 Y P(z|a’,a)p™ (2, a) + (1 — y)wo() . )

x’,a’



Notably, these definitions and the flow conditions remain valid for general history-dependent policies
7 that may take the entire history of state-action pairs (X1, A1, ..., X},) into account when selecting
each action Aj. Finally, we let p™ = (1 — 7)E™ Y7, v"7(Xn, As)] stand for the normalized
expected return of a (potentially nonstationary) policy . The following useful result, commonly
called the performance-difference lemma (Kakade and Langford 2002, see also Eq. 7.14 in Howard
1960), gives a useful expression for the performance gap between two policies.

Lemma 1. Let 7 be a stationary policy and 7' be any policy. Then,

PT =" =Ex pyep (@7 (X, A) = VT(X)].

Note that this lemma is generally stated for stationary policies, but we will find it useful later to use it
with general history-dependent policies. We provide the straightforward proof in Appendix B.1.

Imitation Learning. We consider the problem of offline imitation learning. Given a dataset
D7E = {Xé, Aé}zl of state-action pairs sampled from an expert policy’s occupancy measure (™,
our objective is to design an algorithm, Alg, that produces a policy 7°% satisfying

E[om — o] <. @

The algorithm is not allowed any further interaction with the expert policy or the MDP M and only
has to work with the record of state-action pairs contained in the data set. As stated in the introduction,
we aim to achieve this without imposing expert realizability. Instead, we consider the following
structural assumption on the environment.

Assumption 1 (Linear Q™ -realizability). Given a known mapping ¢ : X x A — R% and a scalar By,
let us define B(By) = {0 € R : ||0|| < By} and consider the policy class Ty, defined as follows

exp (1 24 (e, a).60))
Sheaexp(n Y4 (pl@,0).61))

1_[lin =4TE A(A)X : H(Hk)kE[K] C %(Bg),’ﬂ'(a | :C) =

Then, we assume that for any policy w € Ty, there exists a vector 0™ € B(By) such that for any
state-action pair (v, a), Q" (z,a) = (¢(x,a),07). Moreover, we assume sup, , [|¢(z,a)| < B,.

Notice that we need to assume only linearity of the state action value function for the class of softmax
linear policies IIj;,. In contrast, prior works on linear Q™ -realizable MDPs [Weisz et al., 2023,
Mhammedi, 2024] require the above assumption to hold for all Markov policies. Moreover, we
highlight that we potentially have that 7; ¢ II};;,, therefore we do not require realizability of the
expert state action value function.

We will also consider the general function approximation setting, where the action value function of
any policy 7 can be represented by some function class Q C R¥*A,

Assumption 2 (Q-realizability). An MDP is said Q" -realizable if there exists a function class
Q C RY*A such that for any policy T € Tlg defined as

exp(n 4 Qu(r.0)
2 beA OXP (77 >t Qule, b))

Mo ={ e AA)”Y : Qi) e € Qlala) =

it holds that Q™ € Q, and for any Q € Q, ||Q||, < ﬁ
For this assumption to make sense, we typically require the function class Q to have bounded capacity.
We quantify this via covering numbers, defined as follows.

Definition 1 (Covering number). Let (M, d) be a metric space, K be a subset of M, and ¢ > 0. A
set C.(K, d) is an e-covering of K if for any x € K, there exists y € C.(K, d) such that d(z,y) < e.
The covering number of K, N.(K,d), is the minimum cardinality of any such covering of K.



3 Primal-dual offline imitation learning

In order to introduce our main algorithmic idea, we define the following objective function:
’C(ﬂ-; Q) = E(X,A)N/N‘E [Q(Xv A) - Q(Xa 71—)} )

where we denoted Q(X, 7) = E 4/ wr(.|x)[Q(X, A")]. Our main observation is that the main objective
function we consider can be rewritten in terms of this function as follows:

P — p" = L(m;Q7) < supgeg L(T; Q).

t

This suggests a good policy 7°"" may be found by solving the saddle-point optimization
out gatisfying

problem min; supgeg L(m;@Q). Indeed, if one is able to produce a policy 7
SUPgeo L(m°%; Q) < &, then the above inequality implies that the suboptimality of 7°%* as com-
pared to 7, will also be at most €.

Inspired by this observation, we set out to design an incremental primal-dual optimization algorithm
to approximate the saddle point of the function £. In each iteration k = 1,2, ..., K, the algorithm
performs two updates: a primal update that corresponds to policy updates aiming to minimize £, and
a dual update that computes action-value function estimates and aims to maximize £. Following a
common terminology in reinforcement learning, we will sometimes refer to the primal updates as
actor updates and the dual updates as critic updates.

In order to turn these insights into a practical algorithm, we define the following empirical estimate
of the objective function L:

E(m@) = = > (Q(xi, A1) - Q(xi.m)).

For a fixed Q and 7, this is clearly an unbiased estimator of £. In line with the derivations above, we
choose our critic and actor updates respectively as

m(a | x)eQk(a)

aeA Tk (a' | Z‘)ean(Qf,a/) )

Qr € argmax L(m,;Q), and  mii(az) =
QeQ Z

where 7 > 0 is a learning-rate (or stepsize) parameter that modulates the strength of the policy
updates. After performing K updates, the algorithm chooses a random index I uniformly on the
integers in [1, K, and returns 7°"* = 7;. We refer to this algorithm as Saddle-Point Offline Imitation
Learning (SPOIL). This algorithm design is justified by the following simple error decomposition
that lies at the heart of our main results.

Proposition 1. Let A(T) = supgego ’E(w; Q) — E(w; Q) ‘ The output of SPOIL satisfies

B[ - ] < & S BlL(m Qo] + ;;E[Amﬂ-

E[p“E — p”ouq =% ZE[C(WM Q™)) < K iE{E(m“; Qﬂk)} + % iE[A(ﬂ-k”

k=1 k=1 k=1

1o [ 1« 1« 2 &
< % 2 B[LmsQu)] + 5 YUEAm)] < £ Y BILms Q)]+ 7 Y EAm)],
k=1 k=1

k=1

B
Il
—

where we have used the definitions of A and ), in the first and second lines, respectively. O

The first term in this decomposition corresponds to the regret of the policy player 7 against the
comparator strategy m; and can be controlled with probability 1 via standard tools of online learning
(as found in the excellent books of Cesa-Bianchi and Lugosi 2006 and Orabona 2023). The second
term measures the estimation error of the objective function £ uniformly over the space of action-
value functions Q and along the policies played by the algorithm, and can be controlled via standard



concentration arguments. Altogether, the proposition suggests that SPOIL will return a good policy if
these estimation errors can be bounded reasonably—a fact we will formally show in the next section.

Before stating our performance guarantees for the concrete settings we consider in this paper, we
pause to point out a peculiar connection between the algorithm described above and the inverse
Q-learning (IQ-Learn) algorithm of Garg et al. [2021]. While motivated using completely different
arguments, the saddle-point objective function optimized by IQ-Learn is nearly identical to our
function £: after removing entropy-regularization and setting their reward regularizer v to zero, one
can verify using the flow constraint (Eq. 1) that their function J is identical to our L. Ultimately,
Garg et al. [2021] draw different conclusions from this saddle-point formulation, and propose to solve
it by computing 7 = argmin_ J(Q) and optimize the dual function ¢g(Q) = min, £(r; Q). This
function, however, can be highly nonsmooth and difficult to optimize, which is why IQ-Learn needs
to heavily rely on regularization both in 7 and @. In contrast, our algorithm can be seen as trying to
optimize the primal function f(r) = maxg L(; () in terms of the policy 7, which can be done in a
stable way by incremental policy updates. Additionally, as Proposition | clearly reveals, optimizing
the primal objective allows us to directly reason about the performance of the output policy. In
contrast, we do not see a clear way to do this for the dual objective optimized by IQ-Learn.

Furthermore, we also note that SPOIL shares similarities with the algorithm AdVIL proposed by
Swamy et al. [2021]. Specifically, both SPOIL and AdVIL consider the same objective £ but the two
methods differ in their proposed algorithmic solutions and analytical approaches. Notably, Swamy
et al. [2021] employed simultaneous gradient descent-ascent updates that made little use of the
specific problem structure, whereas we consider an asymmetric scheme where the policy player uses
mirror descent and the ()-player plays the best response. Therefore, our approach is more akin to
minimizing the function 7 — maxge o £(, ()) rather than using a primal-dual scheme. This is an
important difference since Proposition 1 makes evident that the best response update of the () player
is crucial for our analysis.

In what follows, we instantiate SPOIL in two settings of particular interest, depending on the Q-
function class being used. We first provide a set of results for linear function approximation (where
the algorithm is very easy to implement and analyze) and for general function classes (where
implementation and analysis are both less straightforward).

3.1 SPOIL for linear function approximation

We first provide a set of guarantees under the assumption that the function class is linear in some
known features that realize the action-value functions of all policies 7 as linear combinations (see
Assumption 1). In this setting, the actor and critic updates both simplify. For the actor, notice

. . k=10 . . .
that the policy update can be rewritten as 7y (a | z) o €” DDy Qi(#.9) 'which only requires storing
Zf;ll @; in memory. For linear function approximation, this means that it suffices to maintain a

single d-dimensional vector 6, = 25:1 6; in memory and update it incrementally after each critic
update. As for the critic update itself, notice that the objective function £ and its empirical counterpart

L can be rewritten in terms of the gap between the feature-expectation vectors

TE

~ 1 ) 7 i
9k = IE(X,A)NM"E [‘P(Xa A) - @(Xa Wk)]v and gy = ? Z(QO(XEa AE) - SO<XE7 7Tk)) .

Ei=1

When considering linear functions Qg : (x,a) — (¢(x, a), 8), the objective can be written as

L(mi; Qo) = (0.9x), and  L(mx; Qo) = (0,5k) -
and the critic update can be simply written as ) = argmaxycopp,) (0, gk), which is trivial to

compute. All in all, both actor and critic updates can be performed efficiently while only working in
a d-dimensional Euclidean space. The following theorem provides our main result for SPOIL.

Theorem 1. Let Assumption I hold. Run Algorithm 1 for K = (1271(;%

rate n = (1 —7)\/2log A/K, and 7, = O<(17$)262 log<](3fi3,;")?)) samples collected by any
expert policy my. Then, the output satisfies |E [p”E — p”m} < be.

iterations, with a learning

The proof is in Appendix B.5. It is important to highlight that no assumptions are made concerning
the expert policy. In particular, we do not require knowledge of a class II* realizing the expert



Algorithm 1 SPOIL with linear FA Algorithm 2 SPOIL with general FA
Input: Number of expert trajectories 73, learning Input: Number of expert trajectories 7, learning

rate 7, number of iterations K. rate 7, number of iterations K.
Initialize: 6y = 0, uniform policy 7. Initialize: ()¢ = 0, uniform policy 7.
Fork=1,2,...,K: Fork=1,2,...,K:
1. mi(a|x) o mp_1(a|z)en{®@a)0k—1), 1. m(a|z) o< Tp_1(a|x)en@r—1(@:a),
2. gk =7 N (p(XE A — (X mk)). 2. Qp € argmax L(m, Q).
B QeQ

3. Gk = argmax <9 /g\k> = 70?]\]6 Output: out _ here T U([K])

015115 A utput: 7°"* = 7, where .

Output: 7" = 77, where I ~ U([K]).

policy and as a consequence the bound on 7; does not scale at all with a complexity measure of
II®. This is in stark contrast with the theoretical guarantees for behavioural cloning (e.g., Agarwal
et al., 2019, Chapter 15, and Foster et al., 2024) which show bounds on the expert samples scaling
with log |TT*| (or the log covering number for continuous classes). It follows that no matter how
complex the expert policy is, SPOIL suffers only the complexity of the environment (i.e., the feature
dimensionality d). Before moving to the next section, we emphasize that for consistency with the
literature, Table 1 reports the number of expert trajectories required to guarantee that the difference

between unnormalized returns, (1 — ) 'E[p™ — p™ "], is bounded by O(e).

3.2 SPOIL for general function approximation

For more complex ()™ -realizable MDPs, we analyze the version of SPOIL given in Algorithm 2.
Notice that the updates can no longer use the linear structure of the value functions, and thus the
critic update cannot be computed in closed form. Nevertheless, the algorithm remains well-defined,
and satisfies the following performance guarantee.

Theorem 2. Let Assumption 2 hold. Run Algorithm 2 for K = (12_1:%;46 5 iterations, with a learning

raten = (1 —v)+/2log A/K and 1, = O ( (11—05)1254 log (Nela((?’_lbl)“”) )) samples collected by any
expert m;, where € = (v/ 128K3/2Alog A) - Then, the output satisfies E[p™ — p”m] = O(e).

There are two important remarks for the nonlinear extension. First, the maximization of L(my; Q)
with respect to () is no longer available in closed form and it might not even be a concave optimization
problem depending on the choice of the function class Q. Therefore, computational efficiency cannot
be ensured. Nevertheless, the form of the objective function remains very simple in terms of (), and
is arguably easier to optimize than other popular objective functions that are routinely optimized
within deep RL with good empirical success (e.g., the objective functions appearing in [Mnih et al.,
2015]) and deep IL [Garg et al., 2021]. Secondly, the expert sample complexity bound degrades from
O(e7?) achieved in the linear case to O(¢~*) in the nonlinear case due to the higher complexity of
the policies produced by the algorithm (which results in a larger covering number of the policy class
as highlighted in the proof sketch included in the next section).

4 Analysis

In this section we outline the proof of our two main results. Both proofs are based on two key steps
which are self evident from Proposition 1. The first one consists of a regret analysis to show that

Zle L(7; Q) is bounded sublinearly in K. At a high level, the proof makes use of a classic
technique of decomposing the “global” regret into the average of “local” regrets in each MDP state,
first proposed by Even-Dar et al., 2009] and used in numerous other works (e.g., [Abbasi-Yadkori
et al., 2019, Geist et al., 2019, Lan, 2023, Moulin and Neu, 2023]). In proving this result, a little
care is needed in handling the potentially nonstationary nature of the expert policy. We circumvent
the issue by using the performance difference lemma and controlling the regret at each state against



the stationary comparator which induces the same state-action occupancy measure of the expert.
Formally, we have the following bound, which we prove in Appendix B.2.

Lemma 2. For any k and any state-action pair (x, a), consider the sequence of policies starting
with 71 as the uniform policy and updated as my, 41 (a|x) o 7x(a|2)e"@ @D for some function

Qu: X x A = Rsuch that | Qx| < 125 Then, 373, L(mi; Qu) < 54 + 5,

This lemma applies to both the linear and nonlinear settings. The next and final step of the analysis
is to establish concentration of the empirical objective and bound A(7y) for each k. The main

challenge in this step is the correlation between the iterates {m}szl and the expert dataset. This can
be handled via a uniform bound over the policy class to which all the algorithm iterates belong to.
Importantly, this class is much smaller than the class of all policies, and allows us to make massive
sample-complexity savings as compared to methods that need to control estimation errors associated
with arbitrary policies. We provide the technical details separately for the linear and nonlinear cases.

4.1 Linear function approximation

In order to bound the estimation errors A(7y), we apply a covering argument over the class of linear
softmax policies. We have the following result.

Lemma 3. Let {ﬂ'k}ke[K] be the sequence of policies generated by Algorithm 1 and let A(my,) be
defined as in Proposition 1. Then, with probability at least 1 — 6, it holds that for all k € [K]

1 d 2+ 32K2nBy B A)
Almp) < —+4 lo < L2 ,
) < % \/(1—7)% © (1 =)0

We defer the proof to Appendix B.4. We can use the above result to sketch the proof of Theorem 1.

Proof sketch of Theorem 1. Using Lemma 2 with n = (1 —~) 21‘;§A and dividing by K, we
obtain that %25:1 L(mg; Q) < (127105)54 - Therefore, setting K = (fl‘;g);:_ 5 guarantees

+ 25:1 L(7g; Qr) < e. Then, using the high-probability bound in Lemma 3 and the fact that

K-t Zle A(m) is a random random variable bounded by (1 — )" almost surely, we obtain the
following expectation bound which holds for all § > 0

9

K
d ByB,A §
—E EA(mg)] < =+ C lo £
K A= (1= g<(1—7)3525> 1=

for some C' € R. Noticing that the choice of parameters ensures % < 5 and setting § = @

and 7 > (1972)%52 log( (ffgﬁg 5), this bound implies that 2 Zf:l E[A] < 4e. Invoking Proposi-

tion 1, we conclude that E[p™ — p™"'] < 5e. The full proof is in Appendix B.5. 0O

4.2 General function approximation

The proof for the nonlinear setup follows the same conceptual steps but requires a more general
concentration result for the objective function. Namely, the following lemma is the general counterpart
of Lemma 3. The feature dimension d appearing in the linear case is replaced by the complexity (as
measured by the covering number) of the policy and value function classes containing the iterates.

Lemma 4. Let Ilg denote the policy class containing the iterates {ﬂ'k}le produced by Algorithm 2,
then with probability at least 1 — 0, for all k € [K] it holds that

~

2+ 1)log (2N 1z (Q.111.0)/0)
Alm) = sup [ £(mi @) — £(miQ)] < o= "
QeQ 2K

+ 2
(1 _’V) Te




The proof is in Appendix B.6. Note that in the nonlinear case, the complexity of the policy class
increases linearly with the number of iterations K (see Lemma 7). On the contrary, in the linear case,
the policies generated by Algorithm | are parameterized by d parameters and only the magnitude of
these parameters increases with /. With this lemma, we present the proof sketch of Theorem 2.

Proof sketch of Theorem 2. Applying the decomposition in Proposition 1, the regret bound in
Lemma 2, the concentration in Lemma 4, we obtain E[p™ — p™""'] = (7)(\/% + 4/ TKE) Setting

1t

K= @(6*2), and 7, = (5(5’4), we get E [p’TE —p } = ¢. The full proof is in Appendix B.7. [

5 Numerical experiments

We conduct experiments to verify that we can efficiently imitate complex experts in linear Q™
environments, and can achieve massive improvements over behavioral cloning with large policy
classes.!

To investigate this, we consider a randomly generated large
linear MDP (a special case of linear Q™ -realizable MDP)
with |X| = 500 and A = 1000 but with a small feature
dimension d = 7. We instantiate two experts. The first
expert is trained to be the soft optimal policy in this envi-
ronment. This policy is parametrized by only d parameters
and can be realized by the following policy class II};,, =

_ __exp((p(,a),0)) d
{mlal2) = 2 REEt Y oy 0 € RY 6] < Bo .

In addition, we consider the second expert, which belongs

=
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ot O

-~ Expert

0 250 500 750 1000

to the class of three-layer neural networks denoted Epochs

by II%y. This expert was trained to minimize the KL -

divergence with respect to the linear expert. As evident £ NN

from Figure 1, our algorithm SPOIL performs well for 08 -
both experts. This is in perfect agreement with the £ 64

theory which provides a sample complexity bound that is £60

independent of the expert policy class. On the other hand, 56

behavioural cloning (BC) struggles with the complexity of 52

the neural network expert policy class, and performs much 0 250 500 750 1000
worse. This is despite the fact that the dataset perfectly Epochs

satisfies the realizability condition required by BC. This

clearly demonstrates that complex behavior policies Figure 1: Experiments with simple and
may indeed be problematic for BC to deal with, and we comp]ex experts. Curves are averaged
expect that such issues may also cause real performance across 10 seeds.

drops in practical applications as well. Notice that in

this experiment, SPOIL outperforms BC because the

environment complexity is much lower than the policy class complexity. For fairness, we point out
that the opposite situation is not unusual in RL and IL. In that case, it is reasonable to expect BC to be
superior to SPOIL.

5.1 Continuous states experiments

We run the general function approximation version of our algorithm in continuous-states environments
from the gym library [Towers et al., 2024]. In particular, we consider the environments CartPole-v1,
Acrobot-v1 and LunarLander-v2 where the expert is trained via Soft DQN. We use the expert
data provided in the code base of Garg et al. [2021]. The learner aims at imitating the expert
performance given as input a variable number of expert trajectories. In order to make the task
more challenging the trajectories are subsampled each 20 steps in CartPole-v1, Acrobot-v1 and
each 5 in LunarLander-v2.> We compare the performance of the best policy found by each of
these algorithms as a function of the number of expert trajectories given as input. In practice the

!Code is available at: https://github.com/antoine-moulin/spoil.
2This is common practice in IL experiments (see, e.g., Garg et al., 2021).


https://github.com/antoine-moulin/spoil
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Figure 2: Experiments in continuous states domains. Curves are averaged across 10 seeds.

-~

maximization argmaxgego L(7, Q) is approximated by performing a gradient ascent step. On the
other hand, the actor update is approximated via Soft DQN [Haarnoja et al., 2017]. In Figure 5, we
can see that SPOIL performs comparably to the state-of-the-art algorithm IQ-Learn [Garg et al.,
2021] and improves upon BC [Pomerleau, 1991, Foster et al., 2024] and P2IL [Viano et al., 2022].

6 Conclusions

In this work, we proposed analyses that leverages structural assumptions on the MDP without
requiring trajectory access. This is made possible thanks to a novel regret decomposition that shifts
the focus from updating a reward sequence based on expert data to updating a sequence of state-action
value functions. To the best of our knowledge, these are the first rigorous theoretical guarantees for IL
methods that learn state-action value functions from expert data, a technique popularized in practice
by Garg et al. [2021]. Among the many potential ways to improve extend and improve our work, we
highlight two possible future directions in the following

Better rates in the nonlinear case. The most interesting immediate question that one can ask
about our result is if the (’)(5‘4) scaling featured in our general bound is improvable under the
conditions we assume. We believe that substantially different algorithmic and analytic ideas would
be necessary to answer this question, but we also think that our primal-dual framework provides
a good starting point towards making such improvements. Furthermore, we would be curious to
investigate appropriate notions of misspecification that our algorithm can deal with. It can be easily
shown that requiring ™ -realizability only up to a worst-case additive error of order €approx Would
incur the same additional term in the error bounds, but we believe that this assumption is too strong
to warrant interest and we did not include an explicit statement. A much more interesting question is
if this approximation guarantee would only be required to hold locally in the state-action pairs visited
by the expert.

Learning from features only. In the case of linear function approximation, the current approach
critically relies on observing the expert state-action pairs to compute the vectors {§k}kK:1. It would
be interesting to check if an alternative algorithm can achieve the same guarantees by only observing
the feature vectors instead. In other words, the design of an algorithm taking as input a dataset
{ap (XEi, Aé) }:il is an interesting open problem. Another related direction is to efficiently imitate an
expert from state-only trajectory given trajectory access to a linear-Q™ realizable MDP.

Finally, let us remark that all previous theory work has focused either on imitation learning with
additional trajectory access to the environment, both in tabular MDPs [Shani et al., 2021, Xu et al.,
2023] and with additional structural assumptions [Liu et al., 2022, Viano et al., 2022, 2024, Moulin
et al., 2025], or learning based on offline data only but under structural assumptions about the policy
class used by the expert [Rajaraman et al., 2021, Swamy et al., 2022, Foster et al., 2024, Rohatgi et al.,
2025]. The first of these assumptions is clearly more restrictive than what we have considered in this
work, and we have pointed out potential issues with the second set of methods when the policy class
is exceedingly complex. This is not to say though that we consider our approach strictly superior
to policy-based IL methods: as is often the case in RL, there is no single approach that dominates
all others in all problems, and sometimes policy-based methods are more suitable for the job than
value-based ones. Thus, even if our approach is not the ultimate answer to all questions in imitation
learning, our results show that it is one potential alternative to consider in situations where other
methods fail.
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A Additional related works

Classical analyses by Ross and Bagnell [2010], Ross et al. [2011] on behavioural cloning (BC)
established an error propagation framework relating the suboptimality of the learned policy to
the worst-case generalization error incurred in predicting the expert policy. They proved that this
suboptimality gap is upper-bounded by the generalization error up to a multiplicative factor H?
(where H is the horizon), a factor that is unavoidable when using the 0-1 loss for supervised learning.
However, these results do not quantify the expert sample complexity, or the number of samples
required to make the generalization error small.

A recent line of work has begun to investigate the expert sample complexity assuming knowledge of
a policy class II* that realizes (or nearly realizes) the expert policy. For instance, Rajaraman et al.
[2021] assume that the expert is deterministic and belongs to the class of deterministic linear policies
ITget,1in (defined in the caption of Table 1). They prove a bound on the required number of expert

samples of order 10) ( (H 2 d) / 5) , where d is the feature dimension in the definition of ILget 1in. Their
technique is a reduction to the problem of multiclass classification in supervised learning, but their
result is not informative for settings with general stochastic expert policies.

Further contributions to understanding the sample complexity of IL under policy class assumptions
were made by Foster et al. [2024]. Specifically, assuming the expert is included within a known
class, m; € II¥, they showed that one can learn an e-optimal policy (as defined in Equation (2)) after
observing O((H? log |IT*|) /) samples for a deterministic expert or O ((H? log |II?|) /&?) samples
for a stochastic one (we report the dense reward case for brevity, though their bounds improve for
sparse rewards). Addressing scenarios where the expert policy might only be almost well-specified,
Rohatgi et al. [2025] demonstrate that there exists a computationally efficient algorithm that outputs
an e-optimal policy up to an additional approximation error of H log(W) min,cme DE(P™, P™). In
this context, P™ is the trajectory distribution induced by 7, W is a density ratio defined as

W = max max ax M .
TEIIE (z,a)eX x AhelH] Tp(a|x)

It is worth noting that these guarantees become vacuous when the policy class II® is such that at least
one policy in II*® fails to provide sufficient coverage for the expert’s actions (leading to W = +o0
as mp(a | z) gets close to zero for relevant state-action pairs and timestep where 7, (a|z) > 0),
or if the minimum Hellinger distance min e Da (P™,P™) is large. Alternatively, Foster et al.
[2024] proved a misspecification result where the additional error is min,ce x2(P™, P™). This
misspecification error is measured by the x? divergence, with a leading coefficient constant in H and
W. However, the x? divergence is an upper bound on the Hellinger distance that is often way too
loose to be practical. In a similar vein, Espinosa-Dice et al. [2025] proved a benefit in terms of error
propagation for a local search algorithm over behavioural cloning in misspecified settings, under the
assumption that the learned policy is allowed to reset to states visited in the expert dataset.

Our work aligns with the recent renewed interest in proving refined expert sample complexity
guarantees for offline imitation learning but distinguishes itself by swapping out the expert realizability
assumption with a structural assumption on the environment. Early explorations for similar settings
can be found in classical works by Abbeel and Ng [2004] and Syed and Schapire [2007]. These
studies proposed offline learning algorithms for MDPs with reward functions linear in a collection of
features known to the learner, under the assumption that transition dynamics of the environment is
also known. Versions of their approaches that do not assume such knowledge typically incur a worse
sample complexity and often apply only in the tabular setting. Our work generalizes these classical
approaches by removing the need for known transitions and for rewards to be linear in the features, as
well as going beyond tabular MDPs. Notably, the linear Q™ -realizability assumption can hold even if
the reward function and the transition dynamics are nonlinear. We summarize our comparison with
these and other related works in Table 1.

Our work focuses on learning a Q-value from expert data and, in this regard, is closely related to the
practical work of Garg et al. [2021]. The novel regret decomposition employed in our analysis of
SPOIL demonstrates, we believe for the first time, that provable guarantees are achievable by directly
learning an action-value function from expert data. This contrasts with the majority of theoretical and
practical imitation learning approaches, which typically first use the expert data to learn a reward
function and subsequently use this learned reward function to infer an action-value function.
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As we mentioned, SPOIL is very related to AAVIL. However, a key difference lies in the analysis:
Swamy et al. [2021] conduct an error propagation analysis for AAVIL. From this, they conclude
that AdVIL is equivalent to BC in the sense that if the loss for either method is at most ¢ in every
state, then the suboptimality of the extracted policy in an episodic setting with horizon H is of order
H?¢ for both. However, this type of result does not investigate the assumptions or the number of
samples needed to ensure these losses are indeed less than €. Our work addresses this open question,
establishing a clear distinction between the sample complexities of SPOIL and BC. Specifically, SPOIL
and BC (and their respective analyses) rely on largely orthogonal sets of assumptions, making the
two approaches complementary to each other: we expect SPOIL to be more suitable for imitation
tasks with complex experts but simpler environments, while BC may be the preferred choice when
this situation is reversed. Our sample complexity analysis for SPOIL critically relies on the Q)-player
using a best response strategy, and it is unlikely that equivalent results could be achieved using a
standard gradient ascent step for the (-player instead.

Very recently, Simchowitz et al. [2025] analyzed the error propagation properties of offline imitation
learning algorithms in continuous action MDPs, showing that an exponential dependence on the
horizon of the problem is unavoidable if no structure is imposed on the environment. On the other
hand, the same authors point out that if the state-action value functions were Lipschitz in the action
space, then efficient learning would be possible. Conceptually, we believe that the SPOIL algorithm
could also be applied in the continuous action case. Such an extension would suggest that another
scenario enabling effective imitation learning in continuous action spaces arises when the learner has
access to a suitably expressive class of state-action value functions.

Following a similar line of research that studies imitation learning from a control-theoretic perspective,
Block et al. [2023] studied guarantees for generative behavioural cloning, assuming access to a
stabilizing policy dubbed a synthesis oracle. These policies can be computed exactly if the dynamics
are known, an assumption which is not imposed in our work. However, when provided with such
an oracle, Block et al. [2023] derive bounds on a stricter metric for imitation. Specifically, they
bound the probability that expert and learner trajectories diverge at some time step, as opposed to the
difference in cumulative return that we analyze in our work.
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B Omitted proofs

In this appendix, we provide the omitted proofs of the main results.

B.1 Proof of Lemma 1 (performance difference lemma)
We start presenting the performance difference lemma proven in a more general form which allows
one policy to be nonstationary.

Lemma 1. Let 7 be a stationary policy and 7' be any policy. Then,
P = 5" = By ayope [Q7 (X, A) - VT(X)].
Proof. Consider the Bellman equations for the stationary policy 7. For any state-action pair (z, a),
we have
Q(aca)—r:ca—i—’yz |z, a)VT(x').

z'eX

Averaging both sides with the distribution ,u”/ and reordering the terms, we obtain

Z,u x,a)r(z,a) Zu a:a( 72 2 |z,a)V (x’))

' eX

— )Y @)V (@) + S i (2,0) (Q7 (w,a) — V()

where we used the flow condition of the occupancy measure ,u’r/ in the last step (see Equation 1). The
claim then follows by noticing that p™ = (1 — ) Y__ vo(x)V™ () and pr = Yo p” (z,a)r(z, a).
O

B.2 Proof of Lemma 2 (regret of the policy player)

Next, we apply Lemma 10 to the special case of the exponential weights update, where the divergence
is chosen to be the KL divergence, and use it to derive a bound on the regret of the policy player.

Lemma 2. For any k and any state-action pair (x,a), consider the sequence of policies starting
with 71 as the uniform policy and updated as 7r;¢+1(a | ) o mp(a|2)e"@ @) for some function

Qr: X x A — Rsuch that | Q|| . Then, Y1, L(m; Qr) < IO%A + 2(177_1(7)2.

Proof. Let us recall that

E(Tfk;, Qk) = ]E(X,A)NH"E [Qk(X7 A) - Qk(Xa ﬂ-k)] 3

where 7 is a potentially nonstationary policy. To continue, let us consider the stationary policy
7. X — A(A) that induces the same state-action occupancy measure of the expert, i.e., such that

p™ = p™. This equality can be guaranteed by choosing, for any (z,a) € X x A, m(a|z) =
L V,(E(?;)L) if v™ (x) # 0 and mo(a) otherwise, where my € A(A) is an arbitrary distribution. Then, we
continue as follows

L7, Qr) = E(x, aympme [Qr(X, A) — Qr(X, )]
= E(x, 4y [Qr (X, A) — Qr(X, m1)]
= Z V() Z Qr(z,a)(7e(a|z) — mp(a|z)).

rzeX acA

Summing over k € [K]], we obtain

K K
S L Qo) = v @) Y Y Qulea)(mlal2) — milal ).
k=1

TEX k=1acA
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It remains to prove the following bound.

_ logA nkK
;g@kxa (Te(a|x) — mr(a] ) < 2(1_7)2.

The result is proven as a particular case of Lemma 10. Specifically, we have that when V is the
A-dimensional simplex and the Bregman divergence is the KL divergence, it holds that
x © exp(—nly)
(1,2 © exp(—nly))’
where © is the elementwise product. We apply Lemma 10 for each state z € X, replacing

xy, = mi(-| x) and £y = —Qp(z, -). We obtain that for the update 7y 1(a | z) o 7 (a | x)e@x @),
the guarantee in Lemma 10 holds. Moreover, in this setting we have A = 1, and {5 = L

Tht1 = argmin{(ék, v) + D(v xk)}
veV n

=

Given that for any state-action pair (z,a), the initial policy is m1(a|x) = %, we have that
D(n(-|z),m1(-|z)) <log A. Thus, we have the following bound
_ log A K
> Qi a)(Fla|o) — mila|o) < =05 4 -
acA n 2(1 - 7)
and the conclusion follows from v being a probability distribution. O

B.3 General concentration argument
To prove the main results of this paper, we prove a general concentration inequality that we will

use for the iterates produced by both Algorithm | and Algorithm 2. Specifically, when analyzing
Algorithm 1, we consider the policy class IIj;;, defined as follows

exp (1 1 (el a).60))
Seaexp(n 1L (w(@,0), 00) )
while in the nonlinear case (Algorithm 2), we will consider the policy class

exp(n Ti, Qule,a)
Yieacsp(n 210, Qul.b)

)

Iy, =< 7€ A(A)X : H(Hk)ke[K] C B(By),w(a]x) =

3

llg=q7me A(A)X : H(Qk)ke[;{] CQ,m(a|x) = @

The result is the following.

Lemma 5. Let us consider a value function class Q C RY*A and the sequences of estimated

objective functions {E(ﬂ'k, Q) }K:1 for a policy sequence {ﬂk}szl belonging to a policy class 1.

For any k € [K)|, recall that for any policy m and function Q, the objective function is defined as
L(m;Q) = Ex, 4y~ [Q(X, A) — Q(X, 7).

Then, with probability larger than 1 — §, it holds that for all k € [K| simultaneously that

i o ae | 2os(avi(@x T ) /0)
A(mi) = sup |L(mi, Q) — L(m, Q) < Jnf § 3=+ (1-7)°n

where, for any (Q, ) € Q x II, we defined the norm ||(Q, 7). ; = |Ql o, + maxzex [|7(-[2)];.

Proof. Let us recall that for any @) € Q and any k € [K], we have

E(wk,Q)Z< Q(X}, AY) Zvrk(a|X,§)Q(Xé,a)>,

acA
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and notice that £ (mk, @) is not an unbiased estimator of £(7y, @) since the policy 7, depends on the
expert data. Therefore, we aim at establishing a uniform concentration bound over the policy class II.

To this end, let us consider a fixed pair (Q, 7) € C. (Q x 11, ||||ocl) and notice that £(7, Q) is a
sum of random variables of the form

= (00 4) - X olel 00|

E acA

where i € [7]. Each W; an unbiased estimator of £(r, Q) since 7 is fixed (i.e., 7 is not a random
quantity depending on the expert data) and (X, AY) ~ p™ for alli € [r]. Thus for any i € [73],
E[W;] = L(w, Q). Moreover, notice that for all ¢ € [r;], — (l—v) <W; < - ( E Therefore, by
an application of Hoeffding’s inequality (see Lemma 9), we have that for all ¢ > 0,

IP’HE(W,Q) . L(W,Q)‘ > t] < 2exp <—W> .

4
That is, choosing t = 2(11%()22/2 guarantees that with probability at least 1 — 9,
2r.Q) -~ £(m.@)| < | [ 22D
(I=7)"m

Applying a union bound, we further have that with probability at least 1 — ¢, for all (Q,7) €
CE(Q w11, ||.|\Oo71) it holds that

210g (20 (Q x 1L, 1 1 ) /3)

‘E(w, Q) — E(W,Q)\ < 1=

Recall that CE(Q x 11, ||Hool) is assumed to be an e-covering set of the space Q x II with
respect to the norm (Q,7) — [[(Q,7)|; = @l + maxzex |[7(-|2)|;. For any pair
(Q,m) € Q@ xIL let (Qe, The) € CE(Q x 11, ||H001) denote the element of the covering such that
(Q, mk) — (Qe, Wk,6)||oo,1 < €. Then, we have that

-~

£(m1, Q) — E(meer Q)| < | = D QXL A — (X, AY)

o
Ei=1

TE |

1 Z S (e (0] X5 Qe (X, 0) — mi(a] XD)Q(XL, a))

TE i1 acA
< Q= Qello + ZZ (mhe (@] X7) — i (a] X7)) Qe (X{, a)
i=1acA
LYY mlo| X (@6 ) - QxS 0)
Te i=1 acA
o <= —, and that for any state x, 7 (- | ¥) € A(A), using Holder’s
inequality, we further have
A = axgex ||mh,e(-|2) — mi(- | 2)||
L(mi, Q) — L(mhe, Q)| < 11Q = Qe o + ——5 e L4+ 1Q - Qcll
2e
— 1 _ ’)/ )
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where we used the definition of (7, ¢, Q) and v € (0, 1) in the last inequality. Similarly, for the true
objective we have that

1L(7k, Q) = L(Th e, Q)| < [Ex,a)mpme [QIX, A) — Qc(X, A)]|
+ |EX~y7'E [Q(Xa ’/Tk) - Qe(Xa ﬂk,e)“
<Q — Qell oo + [Ex e [Q(X, mr) — Q(X, 7k, )]
+ |EX~1/"’E [Q(X, Wk,e) - Qe(Xa '/Tk,e)”
max,ex (- 12) = ()]
1Q - el + —
2¢

— 1 _ ,y .
Therefore, with probability at least 1 — 4, it holds that for any k € [K] and any Q € Q,
E(m Q) = £(mi, Q)] < |Elmi, Q) = £lnes Q)| + [l Q) = L(mi s Q)
+ |L(7Tk7 Q) - L(Trk,E, Q€)|

e, 2log (20, (Q X L, |1 ., ) /9)

Tl v (1 - IV)QTE
Moreover, since the above bound holds for all Q € Q, it holds for the supremum over this class. With
probability at least 1 — d, we have for any k € [K] that

IN

+ ”Q - Qe”oo

EraQ) = L(m )] < 2 4\ log (2V:(© X I |11 ) /)

sup Tk, - Tk, < .

e 1= 1-9)°n

The proof is concluded by noting that the above proof holds for any covering size € > 0. 0

B.4 Proof of Lemma 3 (concentration linear case)
We now instantiate Lemma 5 in the linear Q™ -realizable setting. For this purpose, we compute a
bound on the covering number of the class IIj;,,, defined in Equation (3).

Lemma 6 (Covering number of Ily;,). It holds that the covering number of the policy class 1y, can

be bounded as p
2KnByB,A

Nl 1) < (14 22208

where, with a slight abuse of notation,
sup,cy [|7(- | 2)||,. Moreover, let

Qlin = {Q XxA—=R:30c %(Bg),V(J},CL) € X % -A7 Q(J?,CL) = <9,<p(m,a)>}

be the class of linear action-value functions. Then, it holds that

4KnByByA\ 2®
N Qo x i ) < (14 22022 )

-||; denotes the norm defined for any © € Ily;y, as ||7||; =

Proof. Let us consider two policies 7 and 7’ in the class ITj;,. There exist 01, . ..,0x € B(By) and
0},...,0% € B(By) such that for any state-action pair (z,a) € X x A, 7 and 7’ can be written as

exp (n (p(e,a), 4, 61))
D be €XP (77 <s0(w7 DI 9k>) ’

m(a|x) =

and

exp(n (o), /10, )
2 peA OXP (77 <s0(rv7 D). Yk 92»>) |

'(a]x) =

20



In particular, let us fix a state z € X, and denote O = Y, Or, Orc = Sop_, 6, First, by
Cauchy-Schwartz’s inequality, we have

(- |2) = 7' (- [2)]ly < VAlln(-|2) = 7' (-[2)] -
By 1-Lipshitzness of the softmax function (Lemma 11), it holds that
(- [) = ' (- |2) ||, < VA [(e(x,-), 0k — %)

_ n\/A S (ol a), O — F))?

acA

<n |A Z lp(a, a)*||0x — @’KHz (Cauchy-Schwartz)
acA

< nB,A||0x — 0| (Assumption 1)
K

<nB,A Z 10r — 04| (Triangle inequality)
k=1

< KnB,A 7?61?})({] 10k — Ol -

Therefore, the e-covering number for ITj;, with respect to the norm ||-||;, Ne¢(Iljin, ||-||; ), is upper-
bounded by the 7= -covering number of the Euclidean ball B(By) with respect to the norm ||-||,

and

N (Wi, (1) < Mooy (B(Bo). )

d
. (1+ 2KntB¢A> |
€

where we used Lemma 12 in the last inequality. For the second part of the lemma, let us consider
Q, Q" € Qyin. By definition of Qy;,, there exists 6, 6" € B(By) such that for any state-action pair
(z,a), Q(x,a) = (p(x,a),8) and Q'(z,a) = (io(x.a), ). Then,

el — —_9 < _ ]
x,fé%’iA‘Q(”’a) Q'(z,a)] Iy;gg@g/t\(w(w?a),@ 0 < By (|6 —0¢'||

Therefore, the e-covering number of Qyin, Ne(Qiin, |||l ) is upper-bounded by the ¢/ B,,-covering
number of the d-dimensional ball with radius By, N/ p_ (B (By), ||-||). We have

2ByB,\ "
N @i ) < Ny, (BB ) < (14222 )
Finally, the proof is concluded by noting that

N Quin X iy .1 ) < Ny (Wi, 10N 2(Quis [l

Finally, the following result proves the concentration of the estimators used in Algorithm 1.

Lemma 3. Let {ﬂ'k}ke[K] be the sequence of policies generated by Algorithm 1 and let A(my,) be
defined as in Proposition 1. Then, with probability at least 1 — 6, it holds that for all k € [K]

1 d 2 1 32K2By B A)
Alm) < — +4 lo ( £ ,
(mi) K \/(1 -)’n ® (1—=7)o
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Proof. By Lemma 5, it holds that for all k € [K]

Ae 210g(2/\[€(Q1in X Ijin, ||Hoo1)/5)
A(Wk) < inf +2 2
ee>0 ) 1 — Yy (]_ — ’7) Te
1 ) 210g(2./\/'(1_7)/4K<th X i, ||||o<>1>/5)
K (1- 7)271:

IA

1 2 2 16K2nBy B A)Qd
— 42 l—" 1o <1+“’
K (1—7)°m g<5 1—~

2
< 1 44 d _ 10g<2+32K ntB¢A> ,
2 (1= (L—7)s

where the third inequality follows from Lemma 6. O

B.5 Proof of Theorem 1 (sample complexity guarantee for linear ()™ -realizable MDPs)

Theorem 1. Let Assumption I hold. Run Algorithm 1 for K = (fl?yg)é 5 iterations, with a learning

rate n = (1 —7)\/2log A/K, and 7, = (9<(1_fj)262 1og(?1efg;’)?)) samples collected by any
expert policy mg. Then, the output satisfies |E [p”E — p”out} < be.

Proof. By Proposition 1, we have

o] 1 2 «
E{p’m —p" ] < e ;E[ﬁ(ﬂ'k;Qk)] + e ;E[A(Wk)]

Using Lemma 2 with a learning rate of = (1 — )4/ 2 k;? A and dividing by K, we obtain that

K

1 2log A
= D Lk Q) < (| ——5 -
K kz::l (1-7)°K
Therefore, setting K = (12_1?)54;2 guarantees 7 Z,If:l L(m;Qr) < e. Then, using the high-

probability bound in Lemma 3 and the fact that % Z,[le A(m) is a random random variable
bounded by 2(1 — 7)71 almost surely, we obtain the following expectation bound which holds for all

0 >0,
1 & 1 d ByB,A 26
— E[A(m,)] < =+ C log< £ > + ,
K kzzl K (1—7)’r (L=m)de) 1—v
for some C' € R. Note that the choice of parameters ensures % < 5. Setting 6 = 5(14_7) and

02d ( ByB,A )
(1— )22 (1 —7)de

this bound implies that 2 Zszl E[A()] < 4e. Thus, we conclude that E[p™ — p“om] <bBe. O

T 2>

B.6 Proof of Lemma 4 (concentration nonlinear case)

Before presenting the proof of Theorem 2, we provide a bound on the covering number of the class
Q x Ilg, where Ilg is defined in Equation (4). It turns out that the covering number of this class
is exponential in K. In the linear case, the exponential dependence in K was avoided because the
state-action value class is closed under addition.
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Lemma 7 (Covering number of Il1p). It holds that the covering number of the policy class I1g can

be bounded as K
Ne(@g, [|-]l) SN (9, [1-l0) ™

KnA
|l; denotes the norm defined for any w € Ilg as |||, =

where, with a slight abuse of notation,
sup,cx |7(- | x)||;. Moreover,

N(@ X To ) < N (@ 110

KnA

Proof. Let us consider two policies 7 and 7’ in the class IIg. There exist Q1,...,Qx € Q and
5., Q% € Q such that for any state-action pair (z,a) € X x A, m and 7’ can be written as

exp(n Y5, Qule,0))
Sheacxp(n05, Qulab))

w(a|x) =

and
exp (n iy Qh(x, a))
Sheaexp (i, Qle,b)

Letz € X. Using ||-|, < VA ||| in R* and by 1-Lipshitzness of the softmax function (Lemma 11),
it holds that

(- |2) = 7'(-| @), < VAllx(-|2) = 7'(-|2)]

m(alx) =

K
k=1
K
< n\/zz 1Qk(z,-) — Ql(z, )]l (Triangle inequality)
k=1
K
<nA) 81613|Qk($7a)*@2(%a)| (I < VAL
k=1
K
<A sup{zsup Qula) - Q;<x,a>|}
reEX b—1 acA
K
<nA Z 1Qr — Qkll (Triangle inequality) .
k=1

In particular, this implies

K
max |m(-|z) —='(-|2)|, < UAZ 1Q% — Qkllo -
k=1

Thus, the e-covering number for Io, N (Ilg, ||-||;), is upper-bounded by the
of the class Q to the power K, i.e., NK;M (Q, H||OO)K Thus,

Ne(Mg, [[1l) € N e (5 11l.0) ™ -

The proof is concluded by noting that the covering number increases with the precision (when €
decreases), and therefore, we can write

Ne(Qx To e ) < Nepa( Q. 1IN (T, 1)

. .
RyA-covering number

< N2 Q0 o) N gy (11 100)™
< NK;A (Q> ||'Hoo)K+1 :
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Finally, the following result proves the concentration of the estimators used in Algorithm 2.
Lemma 8. Let {m;} ke[K] be the sequence of policies generated by Algorithm 2. Then, with
probability at least 1 — 6, for any k € [K], it holds that

L Q)| < 5 + ¢ AR 1>10g<i/¥<1—%>4ij<9, 1))

sup | £(m, Q) —
QeQ

Proof. Note that by construction, the policy sequence {7}, clK generated by Algorithm 2 belongs

to the policy class IIg. Therefore, invoking Lemma 5, we have that with probability at least 1 — 9,
for any k € [K], it holds that

se | 2lox(2Vi(@x Mo [l.) /9)

A(m) < inf
( ) ee>0 | 1 — Y (1 — 7)2713
Therefore, choosing € = s =, we get

2log (211 (Q x Tl I . ) /)
(1- 'y)QTE

A(m Sﬁ_F\

(K+1)log(2N1 (@ )/5)
= 3K 1 7n |

B.7 Proof of Theorem 2 (sample complexity guarantee for ()™ -realizable MDPs)

We are now ready for the proof of Theorem 2, which we restate for convenience.

Theorem 2. Let Assumption 2 hold. Run Algorithm 2 for K = (12—1(;%’;15 5 iterations, with a learning

raten = (1 —v)y/2log A/K and 1, = O ( (1]—05)1354 log (N‘/E((?’_lbl)‘“) )) samples collected by any
expert T, where € = (\/ 128 K3/2 Alog A) - Then, the output satisfies | [p’TE — p”m] = O(e).

Proof. Recall that by Proposition 1, we have

K
E[pﬂﬁ _ pw""t] = ZE (7; Q)] Z

Then, by Lemma 2, it holds that

| K . log(A) Ui
E;E[L‘(m,Qk)]f WK (1=

Moreover, by Lemma 8, with probability at least 1 — 4, it holds that

3 -

K 2(K + 1)1og(2/\/1+(@, ||-oo)/5)
2 A(ﬂ- ) S 1 + 2K 8K“nA
kz::l ' (1—=7)"n

Since 7 25:1 A(my) is bounded almost surely by 4(1 — ~) ™", we have that for any § > 0

(K+1)10g(2]\/1 2 (9|1l )/5) 45
(

K 1 (
t <42 + .
Kk‘g K 17/'}/)27'E 1—’Y

24



Setting n = (1 — v)y/2log(A)/K, we get
2log(4) 1, \/wf + 1)Iog(2Ne(Q [[10)/0) | 45

- R + ,
1-9°K K 1-9)’n l—v

EI:pTrF‘ _ pﬂ_out:| S

A ; _ (- _ 2logA
where we denoted ¢/ = NN, Setting § = " and K = —my)Ze2> Ve further have

e ot £ log(A) 2N (2, ||l o)
E[p —p }<6+2+4\/( 427E10g< 5 .

1—7)%e
Finally, setting

16log(A) 2N (D, ] ]l)
e (1—7)%e 10g< o ) 7

we guarantee that
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C Technical tools

Lemma 9 (Hoeffding’s inequality). Let X1, ..., X, be independent random variables such that
| X;| < M forall i. Then, for any € > 0,

g

Lemma 10 (Simplified version of Orabona, 2023, Theorem 6.10). Let us consider a non-empty

closed convex set V, an arbitrary sequence of adaptively chosen loss vectors (Zk)szl such that
10kl oo < lmax, and let D : V x int(V) — R be a Bregman divergence induced by a \-strongly

Z (Xi —E(X3))

1

1 _2ne2
— >e )| <2e M7,
n

n

K2

convex function in the {1-norm. Then, for all u € V, the sequence (xk)le generated for any k as

1
Tpt1 = argmin{(ﬂk,w + D(v,xk)}
veV n

for an arbitrary initial x1 satisfies

D(u,x1)  nKe?

K
U,z —u) < + max
I;< ) n 2\

Lemma 11 (Gao and Pavel, 2017, Proposition 4). For any n > 0, let the softmax function be defined

forany z € R™ as
67721‘
softmax(z) = (n ) .
L enz
2= €1 i€[n]

Then, the softmax function is 1)-Lipschitz with respect to ||-||,. That is, for any z, z" € R"™, we have
[|softmax(z) — softmax(z’)|, < nllz — 2’|, .

Lemma 12 (Covering number of a Euclidean ball). The covering number of the Euclidean ball of
radius R in R, B(R), is

N.(B(R), |[) < <1+ 2R>
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Figure 3: Comparison of linear and quadratic softmax policies with A = 5 actions and features
o(a) =a—3.
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D On the guarantees of misspecified BC in linear ()™ -realizable MDPs

It is natural to question whether existing bounds for behavioral cloning (BC) in misspecified settings
[e.g., Rohatgi et al., 2025, Foster et al., 2024] offer satisfactory sample complexity guarantees for
imitating an arbitrarily complex expert within a linear Q™ -realizable MDP. This section presents a
negative result, demonstrating that the approximation error incurred by BC, when restricted to a linear
softmax policy class (denoted I1j;,), can be large even in a simple linear Q™ -realizable MDP.

Consider a single-state MDP defined as follows. Let A € N* be the number of actions, with the
action space A = [1,..., A]. For each action a € A, there is a scalar feature p(a) = —4 +a € R.
To ensure the MDP is linear Q" -realizable, the true reward function is ryye(a) = ¢ @(a% for some
parameter ¢ € R unknown to the learner. We define a softmax quadratic expert policy 7y as

() = exp (so(a)z)
’ ZbeA exp(go(b)2> '

This expert policy assigns the highest probability to extremal actions (i.e., a = 1 and a = A). In
contrast, linear softmax policies m € IIj;, (which are commonly used for BC in feature-based settings)
are inherently designed to produce monotonic probability distributions over the action space when
features are ordered (i.e., for actions a,a’ € A with a’ > a, either 7(a) < w(a’) or w(a) > w(a’)).
Consequently, for A > 2, no policy in II};, can achieve a small Hellinger distance to this softmax
quadratic expert. We illustrate this in Figure 3, where we compare the softmax quadratic expert
with two linear softmax policies. Due to the monotonicity constraint, the linear softmax policies are
unable to approximate the expert policy everywhere.

It remains an open question whether behavioral cloning analyses can be refined to better leverage the
underlying MDP structure in such misspecified scenarios. Specifically, for the constructed example,
it would be advantageous if the misspecification error in existing bounds were characterized in terms
of feature expectations (e.g., >, 4 7(a)y(a)) rather than state-action distributions.
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E Additional experiments

E.1 BC with simple expert class can outperform SPOIL

We consider a linear MDP (which is a special case of Linear Q™ realizable MDP) with features of
dimension d = 3. The expert class, denoted by an,small’ is the softmax linear policies with features
corresponding to the Linear MDP features. That is, BC is given the most compact representation
possible. On the other hand, the Qjiy, 1arge Class is created adding to the Linear MDP features, a set of
20d redundant features. It follows that the complexity of the Q function class is larger than the expert
policy function class and therefore BC is expected to outperform SPOIL on this instance. This fact is
confirmed by the experiment shown in Figure 4.

E
TE € Hlin,smalh QW € Qlin./largc

oy oo
= 90
S‘g &0 — iZDIL
70 ---- Expert
0 250 500 750 1000

Epochs

Figure 4: Instance in which BC with simple expert class can outperform SPOIL

E.2 Comparison with IQ-Learn in the linear case

We make a comparison with IQ-Learn in the Linear MDP described in Section 5. In this experiment,
we consider a linear Q-function class for both SPOIL and IQ-Learn, as the environment has this
structure. The results in Figure 5 show that, like SPOIL, IQ-Learn’s performance is unaffected by
the complexity of the expert class. However, SPOIL still reaches a higher cumulative reward in this
environment. To ensure this is a fair comparison, we used the same learning rate for the policy updates
in SPOIL and IQ-Learn. Moreover, we tested different choices for IQ-Learn ’s critic learning rate,
and we report here the best results we could obtain.

70 e p—
£ 65 £ 64| —son
+ + 60 —— IQLearn
é 99 —— IQLearn a::v 56 -~-= Expert
55 -= Expert 59 [ -
0 250 500 750 1000 0 250 500 750 1000
Epochs Epochs

Figure 5: Experiments in continuous states domains. Curves are averaged across 10 seeds.

E.3 Omitted experimental details

For the first experiment shown in Figure 1, one may wonder if the underperformance of behavioural
cloning might be due to underoptimizing the empirical log-likehood. We have ruled out this possibility
by going into great lengths to optimize the likelihood, and in fact the log-likelihood has approached
its minimum value of zero very closely in our experiment (meaning that the probability assigned to
the actions seen in the expert dataset is almost 1). For this optimization task, we have used Adam with
default parameter settings. For the experiments in Figure 5, algorithms are implemented using a shared
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neural network architecture consisting of 3 layers with 64 neurons per layer. This architecture matches
the one used for experiments in the same environments by Garg et al. [2021]. For behavioral cloning,
we employ a separate three-layer multilayer perceptron with 128 neurons per layer. Implementations
of IQ-Learn and P?IL utilize their original hyperparameter configurations as reported in their
respective publications. All networks are optimized using the Adam optimizer [Kingma and Ba,
2014] with a learning rate of 5 x 10~2 and default momentum parameters (3; = 0.9, B2 = 0.999).
The implementations are built using PyTorch [Paszke, 2019].

For algorithms with a primal-dual structure (i.e., IQ-Learn, P2IL, and SPOIL), the policy update
is performed using a Soft DQN-style update [cf. Haarnoja et al., 2017] with a fixed temperature
parameter. These three algorithms thus only differ in terms of their Q-value updates, and thus this
experiment serves to assess the effectiveness of the novel critic loss introduced in this work.
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