® N O R W=

N o o b NN = O ©

8

19
20
21
22
23
24
25
26
27

28
29
30
31
32
33
34
35
36
37
38

39

Optimizing Attention with Mirror Descent:
Generalized Max-Margin Token Selection

Anonymous Author(s)
Affiliation
Address
email

Abstract

Attention mechanisms have revolutionized numerous domains of artificial intelli-
gence, including natural language processing and computer vision, by enabling
models to selectively focus on relevant parts of the input data. Building on recent
results characterizing the optimization dynamics of gradient descent (GD) and the
structural properties of its preferred solutions in attention-based models, this paper
explores the convergence properties and implicit bias of a family of mirror descent
(MD) algorithms designed for softmax attention mechanisms, with the potential
function chosen as the p-th power of the £,-norm. Specifically, we show the direc-
tional convergence of these algorithms to a generalized hard-margin SVM with
an /,-norm objective when applied to a classification problem using a one-layer
softmax attention model. Our theoretical results demonstrate that these algorithms
not only converge directionally to the generalized max-margin solutions but also
do so at a rate comparable to that of traditional GD in simpler models, despite the
highly nonlinear and nonconvex nature of the present problem. Additionally, we
delve into the joint optimization dynamics of the key-query matrix and the decoder,
establishing conditions under which this complex joint optimization converges to
their respective hard-margin SVM solutions.

1 Introduction

Attention mechanisms [4] have transformed natural language processing (NLP) and large language
models (LLMs). Initially developed for encoder-decoder recurrent neural networks (RNNs), at-
tention enables the decoder to focus on relevant input segments rather than relying solely on a
fixed-length hidden state. This approach became fundamental in transformers [60], where attention
layers—computing softmax similarities among input tokens—are the architecture’s backbone. Trans-
formers have driven rapid advancements in NLP with models like BERT [19] and ChatGPT [42], and
have become the preferred architecture for generative modeling [12, 46], computer vision [20, 45],
and reinforcement learning [21, 11]. This has led to increased exploration of the mathematical
foundations of attention’s optimization.

To understand the optimization dynamics of attention mechanisms, [53, 52] studied the implicit
bias of gradient descent (GD) in binary classification with a fixed linear decoder. This bias reflects
GD’s tendency to favor certain weight characteristics when multiple valid solutions exist. For
instance, in linear logistic regression on separable data, GD aligns with the max-margin class
separator [49, 31]. Similarly, [52, 53] propose a model akin to a hard-margin Support Vector Machine
(SVM)—specifically, (¢,-AttSVM) with p = 2—maximizing the margin between optimal and non-
optimal tokens based on their softmax logits. These studies show that as training progresses, the
key-query weights T (k) align with the locally optimal solution W2, the minimizer of (¢,-AttSVM).
Expanding on these insights, [58] explores global directional convergence and GD’s convergence
rate under certain conditions. [48] extends this by relaxing assumptions about regularized paths
for the (W, W) parameterization, showing that gradient flow minimizes the nuclear norm of the

key-query weight W = Wr W,
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Contributions. While the above aforementioned works provide insights into the implicit bias and
token selection properties of attention mechanisms, their analyses are limited to GD. A broader
understanding of general descent algorithms, including the mirror descent (MD) family and their token
selection properties, is essential. We address this by examining a family of MD algorithms designed for
softmax attention, where the potential function is the p-th power of the £,-norm, termed ¢,,-AttGD.
This generalizes both £,-GD [2, 50, 51] and attention GD [53, 52], enabling the exploration of key
aspects of attention optimization via £, -AttGD.

Implicit bias of €, - At t GD for attention optimization. Building on [52, 58, 48], we examine a one-layer
attention model for binary classification, and extend the SVM formulation in [52] to (£,-AttSVM),
defining a hard-margin SVM with the £,-norm. The solution W separates locally optimal tokens
(ov;)7_, with a generalized maximum margin. Theorem 3 shows sufficient conditions for ¢,,-AttGD to
converge directionally to W2, while Theorem 2 demonstrates that ||W (k)||, , diverges as k — oo.

mm?

Convergence rate of {,-AttGD to the solution of ({,-AttSVM). Theorem 4 shows that the iterates
W (k) satisfy that Dy, (W2, /W& lp.p, W(K)/||W (E)||pp) decreases at an inverse poly-log rate,

mm|
where Dy (-, ) denotes the Bregman divergence [9]. Despite optimizing a nonconvex softmax

function, the rate is similar to GD in linear binary classification [31, Theorem 1.1]. Though slower
than the O(kz"g/ 4) rate in [58, Theorem 1], our result applies without assuming token orthogonality.

Generalized Max-Margin Solutions and Joint Optimization of (v, W). We examine the joint problem
under logistic loss with £,-norm regularization, solving (ERM) under relaxed £,-norm constraints.

If the attention features X; = X,  o(X;Wz;) are separable by labels y;, v acts as a generalized
max-margin classifier [3]. We show that under suitable geometric conditions, W and v converge to
their generalized max-margin solutions (Theorem 5).

We also provide experiments showing mirror descent improves generalization over GD, excelling in
optimal token selection and suppressing non-optimal tokens.

2 Preliminaries

Notations. Let N > 1 and [N] = {1,2,...,N}. Vectors are denoted by lowercase letters
(e.g., a), with components a;, and matrices by uppercase letters (e.g., A). For a vector v € R?,
the p-norm is [[v]l, = (32, [vs?)/?. For a matrix M € R¥*%, the p, p-norm is || M]|,, =
(Z?:l ijl |M;;|P)*/?. For any two matrices X, Y of the same dimensions, we define (X,Y) :=
trace(X 'Y'). Asymptotic notations O and € hide constant factors, and all logarithms are natural.
For a differentiable function f : R4*? — R, we define Dy : R¥4 x R4 — R as

Dy(W, V)= f(W) = f(V) =(VF(V),W = V). M

Single-head attention model. Given input sequences X, Z € R7*¢ with length T and embedding di-
mension d, the output of a single-head (cross)-attention layer is computed as: o(XWoW L ZT) X Wy,
where Wg, Wik € R%d1 W, € R¥*d2 are trainable key, query, value matrices, respectively;
o(XWoWiL ZT) is the attention map; and o(-) : RT*T — RT*T denotes the row-wise softmax
function applied row-wise on X Wg Wi ZT. Similar to [53, 52], we reparameterize the key-query
product matrix as W := WoW,- € R4*?, and subsume the value weights Wy, within the prediction
head v € R?. Suppose the first token of Z, denoted by z, is used for prediction. Then, the attention
model can be formulated as

f(X,2) =0T X To(XW2). )
Attention-based empirical risk minimization. We consider a one-layer attention model (2) for
binary classification. Consider the dataset (X, y;, 2;),, where X; € RT*d ig the input with 7'
tokens each of dimension d, y; € {£1} is the label, and z; € R4 is the token used for comparison.
We use a smooth decreasing loss function / : R — R and study empirical risk minimization (ERM):

L(v, W) :=

SER

i Lyiv' X o (XiWz)). ERM
e ; (yiv" X[ o (X, W2)) (ERM)
Throughout, we will use £(TV) to denote the objective of (ERM) with fixed v.

Next, we provide an assumption on the loss function necessary to demonstrate the convergence of
MD for margin maximization within the attention mechanism.
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Assumption A. Within any closed interval, the loss function | : R — R is strictly decreasing and
differentiable, and its derivative l' is bounded and Lipschitz continuous.

Assumption A aligns with the assumptions on loss functions in [53, 52]. Commonly used loss
functions, such as {(z) = e™%, [(z) = —z, and I(z) = log(1 + e~7%), satisfy this assumption.

Preliminaries on mirror descent. We review the mirror descent algorithm [7] for solving attention-
based (ERM). Mirror descent is defined using a potential function. We focus on differentiable and
strictly convex potentials 1/ defined on the entire domain R?*?. We call V) the mirror map. The
natural “distance” associated with the potential 1) is given by the Bregman divergence [8].

Definition 1 (Bregman Divergence). For a strictly convex function 1 : R¥*? — R, the expression
Dy(-,-) defined in (1) is called the Bregman divergence.

For more details, see [6]. MD with respect to the mirror map v is a generalization of GD where the
Bregman divergence is used as a measure of distance. Given a stepsize n > 0, the MD algorithm is as
follows:

W (k + 1) + argminy, cgaxa {0~ " Dy(W, W (k)) + (VLW (k)), W)} . (MD)
Equivalently, MD can be written as Vi)(W (k + 1)) = Vy(W (k)) — nVL(W (k)); see [10, 34].

A useful fact about the Bregman divergence is that it is always non-negative and Dy, (W, V') = 0 if
and only if W = V. Using this notation, one property we will repeatedly use is the following [2]:

Lemma 1. For any W € R4, the following identities hold for MD:
Dy (W, W (k)) = Dy (W, W (k + 1)) + Dy (W (k + 1), W (k)
— (VLW (K)), W = W(k)) =nL(W(k)) + nL(W(k+1)).  (3)

Preliminaries on attention SVM. Following [53, 52], we use the following definition of token
scores.

Definition 2 (Token Score). For prediction head v € RY, the score of token X1 is v;x = yivTXit.

It is important to highlight that the score is determined solely based on the value embeddings v’ X
of the tokens. The softmax function o () minimizes (ERM) by selecting the token with the highest
score [52, Lemma 2]. Using (2), [52] defines globally optimal tokens (opt,)? ;, with each opt,
maximizing the score for Xqp, . For our MD analysis, we primarily consider locally optimal tokens,
as they are more general than globally optimal ones. Locally optimal tokens are characterized
by having scores that surpass those of nearby tokens. Intuitively, these are the tokens that locally
minimize (ERM) upon selection and can be defined based on support tokens. Before presenting the
mathematical notion of locally optimal tokens, we provide the formulation of the attention SVM
problem. Given a set of (locally) optimal token indices («;)?_,, [52] defines the following hard-
margin attention SVM problem, which aims to separate, with maximal margin, (locally) optimal
tokens from the rest of the tokens for every input sequence:

W 1= arg mingy cqos [ W]

4
subj.to  (Xia, — Xit) Wz > 1, forall t € [T] — {4}, i € [n]. @

The constraint (X;,, — X;) ' Wz; > 1 indicates that in the softmax probability vector o (X; W 2;),

the «; component has a significantly higher probability compared to the rest, and so these problems
solve for a sort of probability separator that has the lowest norm.

Definition 3 (Globally and Locally Optimal Tokens). Consider the dataset (X;,y;, zi)1—q.

1. The tokens with indices opt = (opt,)}'_, are called globally optimal if they have the highest
scores, given by opt; € arg maxye[r] Vit-

2. Fix token indices («;)7_, for which (4) is feasible to obtain W, . Let the support tokens T; for
the i data be the set of tokens T such that (X, — XiT)TWa z; = 1. The tokens with indices

mim

()P q are called locally optimal if, for all i € [n] and T € T;, the scores per Def. 2 obey 7io; > “Vir-

It is worth noting that token scoring and optimal token identification can help us understand the
importance of individual tokens and their impact on the overall objective. A token score measures
how much a token contributes to a prediction or classification task, while an optimal token is defined
as the token with the highest relevance in the corresponding input sequence [53, 52].
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3 Implicit Bias of Mirror Descent for Optimizing Attention

3.1 Optimizing Attention with Fixed Head v

In this section, we assume that the prediction head is fixed, allowing us to delve into the dynamics
of the token selection mechanism driven by the training of the key-query weight matrix . The
analysis will later be expanded in Section 3.2 to include the joint optimization of both v and .

We investigate the theoretical properties of the main algorithm of interest, namely MD with ¢ (-) =
%H -|[B, for p > 1 for training (ERM) with fixed v. For conciseness, we will refer to this algorithm
by the shorthand £,,-AttGD. As noted by [3], this choice of mirror potential is particularly of practical

interest because the mirror map Vi updates become separable in coordinates and thus can be
implemented coordinate-wise independently of other coordinates.

1

(W(k+1)]; « [[WEG]T - sign ((WER)) .

Voi,jeld, i ! ( i) (£,-AttGD)
(W R = W (])]is [P~ sign([W (K)]i;) — n[VL(W (k)]

In the following, we first identify the conditions that guarantee the convergence of ¢,-AttGD. The

intuition is that, for attention to exhibit implicit bias, the softmax nonlinearity should select the locally

optimal token within each input sequence. [52] shows that under certain assumptions, training an

attention model using GD causes its parameters’ direction to converge.

This direction can be found by solving a simpler optimization problem, such as attention SVM (4),
which selects the locally optimal token. Here, we generalize (4) using the £,-norm as follows:

Definition 4 (Attention SVM with ¢,—norm Objective). For a dataset {(X;,y;, z;) }i—q With y; €
{£1}, X; € RT*9, and token indices (cv;)_;, £p-based attention SVM is defined as

ng ‘= arg minWG]RdXd ‘ W“p»p
subj. to (Xa, — Xit) ' Wz; > 1, forall t € [T] - {a;}, i € [n].

(£,-AttSVM)

Problem (¢,,-AttSVM) is strictly convex, so it has unique solutions when feasible. Furthermore,
under mild overparameterization, d > max{7T — 1,n}, the problem is almost always feasible [52,
Theorem 1]. We assert that the solution to the (¢,-AttSVM) problems determines the direction that
the attention model parameters approach as the training progresses.

Theorem 1 (¢,—norm Regularization Path). Suppose Assumption A on the loss function holds.
Consider the ridge-constrained solutions W) of (ERM) defined as
W = argmingy cgaxa L(W) subj. to  [|[W],, < R. (¢,-AttRP)

Then, limp_, oo W) /R = WPt /||WOPRY|| . where WPt is the solution of (£,-AttSVM), with «;
replaced by opt,;.

Theorem 1 shows that as the regularization strength R increases, the optimal direction W (") aligns
more closely with the max-margin solution W5, . This theorem, which allows for globally optimal
tokens (see Definition 3), does not require any specific initialization for the £,,-AttRP algorithm and
demonstrates that max-margin token separation is an essential feature of the attention mechanism.

Next, we provide the convergence of MD applied to (ERM). We found that under certain initializations,
the parameter’s £,-norm increases to infinity as training progresses, and its direction approaches that
of the (£,-AttSVM) solution. To describe the initialization that allows for these, we define the notion
of cone sets.

Definition 5. Given a square matrix W € R4, 1, € (0,1), and some R > 0,

w w'
Srn(W) = {W' ¢RI Dy (IIW ||W/||pp) < ”}’ )
Cppt(W) i= Su(W) A (W' | [Wlp > R} (5b)

These sets contain matrices with a similar direction to a reference matrix W, as captured by the inner
product in S, (W). For C,, ,, r(W), there is an additional constraint that the matrices must have a
sufficiently high norm. We note that S, , (W) and C,, , (W) reduce to their Euclidean variants
as described in [53, 52]. With this definition, we present our first theorem about the norm of the
parameter increasing during training.
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Theorem 2. Suppose Assumption A holds. Let (o)}, be locally optimal tokens as per Defi-
nition 3. Consider the sequence W (k) generated by Algorithm {,,-AttGD. For a small enough
stepsize n, if W(0) € Cp .. r(WS,,) for some dataset-dependent constants (1, R > 0, then we have
limp—y o0 [[W () |[pp = 0.

Remark 1. The condition on the stepsize 1) is that it must be sufficiently small so that (-) — nL(+)
remains convex for the matrices W along the path traced by the iterates W (k). Specifically, there
exists an index k and a real number v € [0,1] such that W = vW (k) + (1 — r)W (k + 1). This
restriction applies to all theorems in this paper that require a sufficiently small stepsize n.

This theorem implies that the parameters will increase and diverge to infinity, justifying the need to
characterize the convergence of their direction.

Theorem 3 (Convergence of ¢,-AttGD). Suppose Assumption A holds. Let (a;)}_; be locally
optimal tokens as per Definition 3. Consider the sequence W (k) generated by Algorithm {,,- At tGD.
For a small enough n, if W(0) € Cy, ,, r(W2,,) for some constants jt > 0, R > exp(2), then

W W,
e W Wekm

These theorems show that as the parameters grow large enough and approach a locally optimal
direction, they will keep moving toward that direction.

Theorem 4 (Convergence Rate of £,,-AttGD). Suppose Assumption A holds. Let (o), be locally
optimal tokens as per Definition 3. Consider the sequence W (k) generated by Algorithm {,, - At tGD.
For a small enough n, if W(0) € Cp, ,, rR(WZ,.,) for some constants ;1 > 0, R > exp(2), then

log log k lfp <9
Wa W (k log & ;
Dw( o (k) >_0 T ©
Wenllpw TWE)pp . .
(Tog k)P—1 otherwise.

Despite optimizing a highly nonlinear, nonconvex softmax function, we achieve a convergence rate
similar to that of GD in linear binary classification [31, Theorem 1.1] (up to a log log k factor).

3.2 Training Dynamics of Mirror Descent for Joint Optimization of W and v

This section delves into the training dynamics of simultaneously optimizing the prediction head v
and the attention weights . Unlike Section 3.1, the main challenge here is the evolving token
scores v influenced by the changing nature of v. This requires additional technical considerations
beyond those in Section 3.1, which are also addressed in this section. Given stepsizes nyw, 1, > 0, we
consider the following joint updates for W and v applied to (ERM), respectively: For all i, j € [d]:

W (k+ )]y, [ 7 -sign (WR)) |
W (k)L = | (k)i P~ Lsign([W (k)]ig) — mw (9w LOW (), w(k))i

ij

[k + 1); « |[w(®)]F |7 - sign([v(k)]}),

?

[(R)];" = [[o(k)]:P~*sign([v(k)]i) — 10 [Vo LW (K), v(E))]:-

({p-JointGD)

We discuss the implicit bias and convergence for v (k) below. From previous results [3], one can expect
v(k) to converge to the £,-SVM solution, i.e., the max-margin classifier separating the set of samples
{(Xia;, ¥i) }1 1, where X;,, denote the (locally) optimal token for each i € [n]. Consequently, we
consider the following hard-margin SVM problem,

Umm = arg min |v]l, subj.to y;X;L v>1 forall icn]. (¢,-SVM)
veER ‘

In (£,-SVM), define the label margin as 1/||vmm||,. The label margin quantifies the distance between
the separating hyperplane and the nearest data point in the feature space. A larger label margin
indicates better generalization performance of the classifier, as it suggests that the classifier has a
greater separation between classes. From (¢,-SVM) and Definitions 2 and 3, an additional intuition
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Figure 1: The attention map generated by the resulting models that were trained using ¢; ; mirror
descent and GD for five sample sentences. For three out of five of the sample sentences, the model
trained using ¢; ; mirror descent selects the optimal token better than the model trained using GD.

by [53] behind optimal tokens is that they maximize the label margin when selected; see Figure 4 in
the appendix for a visualization. Selecting the locally optimal token indices o = («;)?_; from each
input data sequence achieves the largest label margin, meaning that including other tokens will reduce
the label margin as defined in (¢,-SVM). In the Appendix G, we show that W and v generated by
{,-JointRP converge to their respective max-margin solutions under suitable geometric conditions
(Theorem 5 in the appendix).

4 Experimental Results

We validate our theorems through numerical simulations in Appendix I, and present real data
experiments here. Our results show that training an attention network with mirror descent improves
generalization and token selection compared to GD.

| Algorithm | Model Size 3 | Model Sized | Model Size 6 ||

£11-MD | 8347 +0.09% | 83.36 = 0.13% | 83.65 £ 0.13%
{o-MD 81.66 £0.09% | 81.05+0.17% | 82.22+0.13%
{3-MD 82.57 £0.09% | 82.40£0.12% | 81.97+0.10%

Table 1: Test accuracies of transformer classification models trained with ¢; 1, ¢, and ¢3-MD on
the Stanford Large Movie Review Dataset. The model sizes refers to the number of layers in

the transformer model and the number of attention heads per layer. ¢; 1-MD provides superior
generalization performance.

We trained a transformer classification model on the Stanford Large Movie Review Dataset [39] using
MD with ¢ 1, ¢2, and ¢35 potentials. The models are similar to the one in [60], with the last layer being
a linear classification layer on the feature representation of the first [CLS] token. Table 1 summarizes
the resulting test accuracy of several variants of that model when trained with the three algorithms,
which shows that the ¢1 ; potential mirror descent outperforms the other mirror descent algorithms,
including the one with the ¢5 potential, which is equivalent to the GD.

We investigate how the model’s attention layers select pivotal tokens in simple GPT-40-generated
reviews, focusing on those that determine whether the review is positive or negative. These pivotal
tokens were also identified by GPT-40. We compare the model trained using ¢; 1 mirror descent to
one trained with GD, with full results in the Appendix ( Figure 1 shows five examples). The ¢; ;
mirror descent outperforms GD in token selection.

5 Conclusion

We studied the optimization dynamics of mirror descent algorithms for softmax attention, focusing on
¢,-AttGD, which generalizes GD using the p-th power of the £,,-norm as the potential function. Our
analysis and experiments show that /,,-AttGD converges to the solution of a generalized hard-margin
SVM with an £,,-norm objective in classification tasks using a one-layer softmax attention model.
This generalized SVM separates optimal from non-optimal tokens via linear constraints on token
pairs. We also analyzed the joint problem under logistic loss with £,,-norm regularization and proved
convergence of W and v to their generalized max-margin solutions under appropriate conditions.
Numerical experiments on synthetic data support our theoretical results.
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A Related Work

Transformers Optimization. Recently, the study of optimization dynamics of attention mechanisms
has garnered significant attention [18, 26, 55, 24, 36, 53, 52, 58, 48, 17, 40, 29, 61, 16, 13, 35, 48,
27,59, 5, 14]. We discuss the works most closely related to this paper. Studies such as [47, 22]
investigate the optimization of attention models through convex relaxations. [28] demonstrate that
Vision Transformers (ViTs) identify spatial patterns in binary classification via gradient methods.
[35] provide sample complexity bounds and discuss attention sparsity in SGD for ViTs. [43] and [18]
explore optimization dynamics in prompt-attention and multi-head attention models, respectively.
[54, 55] study SGD dynamics and multi-layer transformer training. [53, 52] explored GD’s implicit
bias in a binary classification setting with a fixed linear decoder. [58] discusses the global directional
convergence and convergence rate of GD under specific data conditions. [48] notes that gradient flow
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not only achieves minimal loss but also minimizes the nuclear norm of the key-query weight W. Our
work extends these findings and those of [53, 52], focusing on the implicit bias of the general class of
MD algorithms for attention training.

Implicit Bias of First Order Methods. In recent years, significant progress has been made in
understanding the implicit bias of gradient descent on separable data, particularly highlighted by the
works of [49, 31]. For linear predictors, [41, 33, 30] demonstrated that gradient descent methods
rapidly converge to the max-margin predictor. Extending these insights to MLPs, [32, 38, 15] have
examined the implicit bias of GD and gradient flow using exponentially-tailed classification losses,
and show convergence to the Karush-Kuhn-Tucker (KKT) points of the corresponding max-margin
problem, both in finite [32, 38] and infinite width scenarios [15]. Further, the implicit bias of GD
for training ReLU and Leaky-ReLU networks has been investigated, particularly on orthogonal data
[44, 23]. Additionally, the implicit bias towards rank minimization in regression settings with square
loss has been explored in [57, 1, 37].

Our work is closely related to the implicit bias of MD [25, 2] for regression and classification,
respectively. Specifically, [50] extended the findings of [25, 2] to classification problems, and
developed a class of algorithms exhibiting an implicit bias towards a generalized SVM with £, norms
that effectively separates samples based on their labels; for a survey, we refer to [56].

B Auxiliary lemmas

B.1 Additional Notations

We denote the minimum and maximum of scalars ¢ and b as a A b and a V b, respectively. Consider
the following constants for the proofs, depending on the dataset (X;,Y;, ;)1 , the parameter v, and
the locally optimal token («v;)7q:

8 = 1 min min ((Xiai — XiT)Ter‘]mzi — 1)

2 ie[n] reT;

1
< —min min Xit — Xir TWSmZi ; Ta
= 2ien)teTi,reT; (( ! ) ) 7
§ := min{0.25,4'}. (7b)

When 7; = 0 for all i € [n] (i.e. globally-optimal indices), we set §' = oo as all non-neighbor
related terms will disappear. Further, recalling Definition 4 and using W  —i.e., the minimizer of
(,-AttSVM), we set

A= || wWe Xz || 2 o ;
H mm”}%l’ ze[g]l?ﬁ’}é[T] ” tZ; ||p,17p,1
A :=max{1, A'}. (8)
Recalling Definition 5, we provide the following initial radius p = po which will be used later in
Lemma 10: ,
1756
- = ifp>2
p <8A> r=s ©
Ho =
0 1 (8(p—1)\? .
N\ = otherwise.
D \4Ad»
Furthermore, define the following sums for W:
Si(W):=> [o(X;Wz)l, and Qi(W):= Y [o(X;Wz)].
teT; teT;
For the samples 4 with non-empty supports 7;, let
gap . , Sgap . e
Vi = Yiey ~ MAX Vi, and ;" = Yia, min ;. (10)
Furthermore, we define the global score gap as
L= sup |yt —irl. (11)

i€[n],t,7€[T)
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47 B.2 Lemma for Analyzing The /,-Norm

e In this section of the Appendix, we provide some analysis on comparing the ¢,-norm, the £, Bregman
469 divergence, and the ¢5-norm of matrices. Since the £o-norm of matrices are much easier to analyze
470 and use, like in the inner product Cauchy-Schwarz inequality, having this comparison is valuable
471 when analyzing the £,,-AttGD.

472 Lemma 2. For any d X d matrix W, let w denote its vectorization. Then,

2_
lwllp € |d? = flwll2, [lwll2

473 forp > 2, and for 1 < p < 2,

w|p is in a similar interval, with the two ends switched.

474 Proof. Let wy,ws, ..., wg2 be the entries of w. Therefore, for p > 2,

d2

lwllp = {] > lwil?

i=1

-l

d2

= 3D (lwi?)p/2,

i=1

b

475 and because § > 1, we would have

d2

> (wil)er?

i=1

IN

42 ;D/Q
(z w)
1=1
= {/lwlf = llwl2.

ars  Therefore, ||w||, < ||w]||2 whenever p > 2. A similar argument will get us |Jw||, > ||w||2 whenever
477 1 < p < 2, so one end of the interval is solved for each case, now for the other end.

478 Using the power-mean inequality, we can get that whenever p > 2,

1 & 1 &
(o 2wl > | 5 D lwil?,
i=1 i=1

—2 —
d” v |lwllp > d™wll2,

479
480 ,
2_q
lwllp = d?» ™ [Jw||2.
481 Similarly, for 1 < p < 2,
21
[wllp < d> ™ lwl]2.
482 O]

s3 Lemma 3. Let Wi, Wy € R4 be two matrices such that |Wi|p, = [|Wallp, = 1. Then, the
484  following inequalities hold:

485 L1. Forp > 2,
1

X 2P

Dy(W1, W) 2 ———=5 Wi = Wallf

486 L2. Forp € (1,2),

Dy(Wi, W) > 2=

2
W1 = W23,
487 Here, Dy (-,-) denotes the Bregman divergence given in Definition 1.
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491

492
493
494

495

497

498

500

501
502

503

504

505
506

507

508

509

Proof. Let W = (mij)i,je[d] and Wy = (yij)iyje[d], then from Definition 1, we have

Dy (Wi, Ws) = Y Z |24 P — = Z lyi;|” Z lyii 17~ xw_yzj)SIgn(yw)

i,j€ld i,5€[d] i,5€[d]
= <|$ij|p+ ;lyiﬂp - |yij|p_1xz‘j|Sign(fUijyz‘j)>~
ijeld) \P P

Therefore, it is enough to prove that whenever z, y € [—1, 1], the expression
1 p—1 1
S 17l Tyl — lellyP” " sign(ay) (12)

is at least —|x —y|Pif p > 2, oris at least =1 1) |z — y|?if p € (1,2). We split the argument into
two cases, the first is when the signs of = and y are the same, and the second for when they are not.
Case 1: sign(zy) = 1, so both z and y have the same sign, WLOG both are non-negative. Let us fix
the value A € [—1, 1] and find the minimum value of (12) when we constraint = and y to be positive
and x — y = A. Therefore, that expression can be written as

(y+ AP+ (p—1)y”
p

—(y+ Ayt

the first derivative with respect to y is

W+AP "+ -1y =y = (- Dy + Ay ?
=(y+2)P =y = (p—- 1Ay
Since the function ¢ — t?~! is convex for p > 2, and concave for p € (1,2), then that derivative is
always non-negative when p > 2 and always negative when p € (1, 2).

Sub-Case 1.1: p > 2. In this subcase, (12) reaches its minimum when (z,y) = (A, 0) or (0, —A),
depending on the sign of A, plugging them in gets us the minimum, which is %|A|p when A > 0 or

ijl |AJP otherwise.

Sub-Case 1.2: p € (1, 2). In this subcase, (12) reaches its minimum when (z, y) (1,1 =A)if A
is non-negative or (1 + A, 1) otherwise. When A is non-negative, the desired minimum is

L+ (- 2(1 —A g _ap- %(1 — (=2 = (p— 1A - AP
> %«p “ 1A - (p- DAL - A)PY)
_ (p - 1)A(1 o (1 . A)p—l) > (p - 1)2A2.

p p

Combining the results from the subcases, we get that the expression in (12) is lower-bounded by

%|m — y|P when p > 2, or @M’ — y|? otherwise, which sufficiently satisfies the desired bounds
for case 1.
Case 2: sign(zy) = —1, so  and y has opposite sign. The expression in (12) can be simplified to

*I p+E= ’ Syl + lal ly

(|z| 4 |y|)? when p > 2, or is at least Z=1 1) (|| + y|)?
\IlJQr\?A

and we want to prove that it is at least
p2p

when p € (1,2). In the case that p > 2, one of |z| or |y| is at least , so the above is at least
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510

511

512

513

514

516

517

518

519

520

521

522

523

p
1 (LW) = L5 (2| + ly|)?. Otherwise,

2| ([P~ + [yP~h) + (p = DIy[P~ (] + [y])

1 p—1 B
—|zfP + ——y|? + [aly|P ! =
p p p

o Uzl + 1Dz + (e = Dly"~")
- p
> (|| + [y ((p = D]z + (p — D]yl

1)

p—1 p—
(] + [])? > (p

(I + [y])?.
Therefore, we have proven the bound for this case.

Lemma 4. Forany x > y > 0, we we have

p—lxp_p—l
p p

y? > y(aPt =y,

Proof.

d (p—-1, p-1, _q
i I S = (p—1)zP
dm( P P (p—1)zP7,

d - _ _
Y@ =y ) = (o= D2ty < (p- 1),

S0 as we increase x, the left side grows faster than the right side, so we simply need to prove that the

inequality holds at x = y, which is trivially true.

Lemma 5. Forany x > y > 0, we we have that if ¢ > 1
2 —y? < gz Nz —y),

and if 0 < g < 1,
2l -yt < qyt Nz —y)

Proof.
%(wq —y?) =gz,
d q—1 _ q—2 q—1
0 (@ —y) =alg—- 12" (z —y) + 2", and
%qy"_l(ﬂﬂ —y)=qy’ "
When g > 1,

%(mq —y?) > %qxq_l(ﬂc — ),
so because we have
2t —yl =gz (z —y) =0
when x = y, then
2l —y? > gzt (@ —y)

when x > y > 0if ¢ > 1. We can use a similar argument for the 0 < ¢ < 1 case.
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B.3 Lemma for Analyzing ERM Objective and Its Gradient

In this section of the Appendix, we analyze the objective function. We especially want to know about
its gradient and the inner product of this gradient with the matrices of the cone set, as was mentioned
before in the main body of the paper. The first one bounds the loss objective,

Lemma 6. Under Assumption A, L(W) is bounded from above by L, .. and below by L., for
some dataset-dependent constants L, and L.y, that are finite.

Proof. 1t is enough to show the same thing for each of the loss contributions of each sample,
Li(yiv" X" o(X;W2;)). By Assumption A, we simply need to show that y;v " X,  o(X;Wz;) is
bounded by dataset-dependent bounds. However, W only affects the softmax, so the above expression

is bounded above by max;cr] ;¢ and bounded below by min,¢ (7} vit, which are dataset dependent.
O

Lemma 7. [fwe denote h; := X;W z; and l; := I'(v, o(h;)), then
I T NY (B N (B ATV s T
VL) = 2317 (ing(o () — o(h)o(h) s
i=1

where L(W) denotes the objective of (ERM) with fixed v.

Proof. We first calculate the derivatives of each term in the sum of £(1¥). The derivative of the -th

term for the W, ;, component is

Wy X o(XiWz)) = Uy
(yiv' X; o(XiW2)) = liy; W

= U~ Vo(h)X] j zij,
= l;Xi7;7j1 VU(hi)T’YZ'Zi]é .

X Wz;
ale]é U( : )

Therefore, the derivative for the jo-th row of W is
l;XiTVcr(hi)T’yizijZ.

Next, the full gradient for the ¢-th term equals
UX,Vo(hi) vz .

To finish the proof, we calculate the derivative of o (h;). The derivative of the j;-th component of
o(h;) with respect to h;j, is

0 ehia B ehin 1j=j, ehiii ehisa
Ohij, (Z,lr_l eh”> N Zszl ehil - (Zszl ehml)z

= 0(hi)j Lji=j, — 0(hi)j 0 (hi)j,-
Thus, the derivative of o (h;) is a matrix in R7*7 defined as

diag(o(hi)) — o (hi)o(hi) "

Therefore, the full gradient is

DS U] (ing(o () — o(h)o(h) iz

=1

Lemma 8. Under Assumption A, ||V L(W)||p,p is bounded by a dataset-dependent constant L.

Proof. Using the expression in Lemma 7, since !’ is bounded and the entries in o(h;) is always
between 0 and 1, then the entries of V.L(W) is bounded by a dataset-dependent bounded, which
directly implies this lemma statement. O
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In the following lemma we analyze the behaviors of the (£,-AttSVM) constraint (X;; — X iT)TWzi
forall W € Sp ., (W2,,) satistying ||W ||, , = [|W & |p.p, the result of which is a generalization of
[52, Equation 64] for a general £,, norm.

Lemma 9. Let o = (o), be locally optimal tokens as per Definition 3, and let WS, be the
(lp-AUSVM) solution. Let (T:)_, be the index set of all support tokens per Definition 3. Let
Ti=[T)—Ti —{ou}. ForanyW € S, ,,, (W) with 1o defined in (9) and |W||pp = [|Wanllp.p
we have

3
(Xit = Xir) ' W2 > 50> 0, (13a)
3
(Xias — Xir) Wz > 1+ 30 (13b)
1 1
L+ 50> (Xia, — Xi) Wz >1- 30 (13c)
forallt € Tand T € T;
Proof. Let
1%.%4 _ a
= and WS, = W
W llp.p Wl
Using Lemma 3 and the definition of S, ,,, (W) in (5a), When D Z 2,
||W_ mmep SQPPDIZJ(WIgm’W)
< 2%ppo
- \44)
which implies that
- 1
HW - Wx?xm”p,p < ﬂ

When p € (1, 2), we can also use Lemmas 2 and 3 to obtain

||W_ Wrﬁm”}%l’ dr ||W_ rim||22

d*fl \/> / W;ﬂym’

< d;—l f

Ho =7 A
where the last inequality uses the definition of S ,,, (Wrﬁm) in (5a).

Therefore, either way, we have

HW - Wr?lm”P,P < ﬂ”ngHPap'

We will proceed to show a bound on (X4, — Xi¢,) T (W — W2,,)z; for any i € [n] and any token
indices t1,t, € [T]. To do that, let us focus on the term X, (W — W2 )z first,

Ztl

|X'Lt1 W—ng)zz| = | W —-Wwga X’Ltl i >‘

mm?

< W = Wl - 12 |2y 2

—Tp-1
< 7A|‘Wr?1m”p,l7 : ||X’Lt1 2 ||717L1
)
A

A
ENTESSIS

A
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The first inequality above uses Holder’s Inequality. We now have

’(X'L.tl - Zt2) (W W2

m II]

1

To obtain the first inequality of the lemma in (13a), for all ¢t € 7; and 7 € T;, we have
(Xit — Xir) "Wz > (Xot — Xir) Wiz + (Xir — Xir) T(W = W)z

1 3
>928 — =§ > =4.
> 26 26_25

To get the second inequality in (13b), for all 7 € 7;, we have
(Xias — Xir) Wz > (Xja, — Xir) " W20 + (Xia, — Xir) T (W = W2 )2

1 3
>142 —Z6>14 =6.
>1+ 50 2 +2

Finally, to get the last inequality in (13c), for all ¢ € T;, we have
|(Xia, — Xit) " Wz — 1] = |(Xia, — Xit) Wz + (Xia, — Xa) T (W — W2

mm )

-1
= |(Xioy — Xit) (W = W2 )2 < 55,
which implies that
1+ %5 > (Xjay — Xit) Wz > 11— %5.
O

The following two lemmas aim at bounding the correlation between the gradient and the attention
matrix parameter, each of which is a generalization of [52, Lemmas 13 and 14] for the generalized £,
norm.

Lemma 10. Suppose Assumption A holds. Let o« = (o)}, be locally optimal tokens as per
Definition 3, and let W | be the solution to ({,-AttSVM). There exists a dataset-dependent constant
Rs = O(1/9) such that for all W,V € Cp o rs (W) wWith ||V|pp = IWoullpp 6 and po
defined in (7) and (9), respectively,

IWlp,p

—(VL(W),V) =Q (e_w “*5‘”) > 0.

Proof. Let
hi = X1WZZ, iLl = XZVZ“ l; = l/(’y;rO'(hl))7 and S; = O'(hl)
Therefore,
1« ,
(VLW), V) =~ D L(X (diag(si) — sisf )iz, V)
i=1
1 - / : T
= Zli<(dlag(3i) — 8i8; Vi XiV2)
1 . I . T T
= Zli«dlag(si) — $i8; )Yis hi)
= Zl dlag 51 Si’sz—'r)’yia
1 n
- =— )R] (di — 58] )i- 14
(VLW ng (diag(s) — sis7 )7 (14)
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The value ;' o (h;) for any i € [n] must be bounded, and the bound is only dataset-dependent, so by
Assumption A, I} is bounded for any ¢ € [n] by some bound that is dataset-dependent. Furthermore,
because [ is decreasing, —I’ is always non-negative, so an easier approach is to lower-bound the
following for each i € [n],

iLiTSiSiT% - ;MT diag(s;)i-
Next, we can get for all ¢ € [n] and ¢ € [T] that
hi = X;VZz' = <XitZiTvV>
<V llppll X2 [l 2

< A,
where A is defined in (8).
Therefore, if we drop the ¢ notation and let a;; = 1, and use [52, Lemma 7],
T
h'ss"y—h' diag(s)y — Z(ﬁl — he)si(y1 — )| < 2TA(1 — s1)2
=2

Let us attempt to remove the non-support tokens from the sum above by bounding the sum of the
term for the non-supports,

Z(ih - ilt)st(’h - %) < 2{2%{|i@t|}Q(W)F < QAQ(W)F-
teT

Therefore,

h'ssTy —h' diag(s)y — Z(ﬁl — ha)si(m — )| < 2TA((1 — 51) + Q(W)),

teT

which implies that
h'ss"~ —h' diag(s)y > Z(ﬁl — he)se(y1 — ) — 2TA((1 — 51)% + Q(W)).
teT
Using Lemma 9, we have

hTssTy—h' diag(s)y > (1 - ;6> > sy —m) = 2TA((L—51)° +Q(W)).  (15)
teT

To proceed, we can upper-bound 1 — s; and Q(W). For bounding 1 — sy, let 7 > 1 be some index
that maximizes X' Wz, so

L EtTZQ eXd Wz _ (T—l)eXfTWZ
Zle X Wz = (T — 1)eXT W2 4 X/ W
T
T+ e(X1—X-)TWz
< T
T + 6%(17%6)
T

— IWlip,p 1 ’
MWlpp (115
e TWeEnlpp (1729)

with the last inequality using the third inequality Lemma 9.

For ease of notation, denote

Wi
R/ = H p,p
IWim

pp

(16)
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To upper bound Q (W), we use a method similar to that for 1 — s7, but we utilize the second inequality
of Lemma 9 instead of the first. This gives:

Qw)< — 1 T

T+e(1+%5)R' < e(1+30) R

Therefore, we have

T2 T
2
2FA((1 = s1)" +Q(W)) < 2T'A (6(2_5)1?/ + e(1+§5)3/>

T AT(T + 1)

e(1+38) R/ a7

Now it is time to lower-bound the sum on the right side of Equation (15). When the set of supports is
empty, that sum is zero. However, if it is not empty,

D siln =) = S(W)yEe.

teT

If we let 7 € T be the support index that minimizes X' W z, then

X Wz XTwz
et - 1
S(W) = ZtET > c T = T
ST eXTWe T TXTWe T -X)TWe
1
2 Tel iR
with the last inequality coming from the third inequality of Lemma 9.
Therefore,
&P
Zst(’Y - M) = T+ IR > 0.

teT

Using Equation (15), we get that if the support index set is empty,

TAT(T + 1)

TT.oT T 3:
h'ss ’Y*h dlag(5)727w,

otherwise,

8ap 1 2AT(T + 1
h'ssT~ —hT diag(s)y 7 (1— 6)—(_'_)

T€(1+ SR/ 9 c(1+30) R

Plugging everything back into Equation (14), and considering that some samples will have non-empty
support index sets, we have:

s gap
L), vy > e ) (1 - ;5> miax{l}}

nTe(l+30R
2P AT(T + 1)
i e(1+35)R/ Zl/ B ( e M) (18)
Let
_ l
L= 2imli (19)

- max {I7}
Note that using Assumption A, L is positive. Hence, using (19) and (18), the term —(L(W), V') is

positive when
log 2T LAT*(T + 1)n
minjer; {7} (1 - 36) )’

1
R >
=

or equivalently, from (16), we have

I mmH
Wlpp > == log

1

OTLAT?(T + 1) )
min;e; {57} (1 - $9)
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Finally, we introduce the following lemma to help understand the correlation between the gradient of
the objective and the parameter.

Lemma 11. Suppose Assumption A holds. Let o = (o)}, be locally optimal tokens as per
Definition 3, let WS | be the ({,-AttSVM) solution, and let Rs be the constant from Lemma 10. For

min

any choice of m € (0, 1), there exists R, that depends on 7 defined as

R, := max {R(;, @ <1 log 5) } ,
o 0

such that for all W € Cp, 10 r, (WS,

(7E07). g ) 2 0 (9207, s )

hi = XWzi, hi=X,We 2, 1 :=1(y o(h)),

W,
Wilpp

Proof. Let

(20)

s; i=o(hy), W:= and h; = X;Wz.

By decomposing £(TV) into its sum and using Lemma 7, the main inequality is equivalent to the
following,

n

D (X (diag(si) — sis] vz, W)

<1 +7T)Z(—lé)<X¢T(diag(Si) s3 )iz Wik,

which implies that

n

Z(%)((diag(s ) = sisi )i, XiWzi)

<(1+m) Z(—l;)((diag(si) — 5i8] )Y, XiWm2i)-

i=1
Using (20), we get

n

> (=1 {(diag(si) — sis] )i ha) < (L+m) Y (=1)((diag(si) — sis] )7, ha),
=1

i=1
which gives

n

> (IR (diag(si) = sis] )y < (1+7)

=1 [

(—U)h] (diag(s;) — sis] )i

M5

Il
-

Hence,

n

Z(—l;) [(1 +7) (h diag(s;)y; — h, sis, ’yz> — (B;r diag(s;)vi — ﬁ:sis;r%)] > 0.
i=1

Using a similar technique as the one we used to prove Lemma 10,

hi diag(si)vi — hy sis{ i — Z(Eiai = hit)sit(Yia, — 'Vit)‘
teTi

<AA((1 = 850,)2 + Qs (W)).
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Similarly,

hy diag(si)vi — BISiSiT%‘ - Z(Biai — hit)sit (Vie, — ’Yit)‘
teTi

<2TA((1 = ia,)? + Qi(W)).

Therefore, it is enough to prove that

> (1) ((1 + ) (Z(ﬁmi = hit)sit(Yia, — Yit) = 2LA((1 = s0,)* + Qi(W))>

i=1 teT: 21
B (Z(hmi = hit)sit(Yia, —Yie) + 2DA((L = 8ia;) + Qi(W))>> ;
teT;
Using the fact that 7 < 1 and using Equation (17), we get another lower-bound
_ 6 AT (T +
Z S A7 = (hia, = hit))si(Yia, — Vi) + Ty Zl (22)
i=1teT;
with R’ again being M Next, we analyze the softmax probability s;;, and lower and upper-

Wiamllp.p

mm

bound them in terms of R’ and hmi — hy. For the lower-bound,

eﬁitR/ > eflitR,
Sit = = =
hir R" — hia; R’
ZTE[T] e Te K
_ le*(ilmi —hi)R' .
T
For the upper-bound,
eilitR/ hit R
Sit =

e
hir R/ < Ria, R’
ZTG[T] € e
— e—(ilmi—flit)R/.

In both bounds, the main inequality derivation stems from the fact that h;,, > h;, for all T € [T,
which we obtain from Lemma 9. Now, we analyze the left double-summation in Equation (22). To
analyze the sum, let Z be the subset of [n] x [T] that contains all (i, t) such that ¢t € 7;. Furthermore,
let

{ €I|1<7ziai—ﬁit§1+7r},
{ €I|;Liai7ﬁit>l+’fr}.

Therefore, we can split the sum above into the sum over Z;, 75, and Z3. The set Z; in particular must
be non-empty because Wlpp = IWELI p.p» meaning that one of the constraints in the £,-AttSVM
problem must either be fulfilled exactly or violated.
The sum over Z; must be positive and is at least
I min{~/ Pre~ R max{ll}.
T icTy i=1 '

The sum over Z» must be non-negative, and the sum over Z3 is negative can be bounded from below
using Lemma 9

1 TN
el ~gap —(14+m)R /
25%2%?5{% 1Te E_l l.
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Putting things together into Equation (22), we get that we want the following to be non-negative

_% ?Ellzn{Vgap}e max{l P+ 5max{79ap}Te (1+m)R’ ;l’

+ 6L AT(T + 1)e (2R Z I

This can be achieved when

B> 1 o 16 max;er, {777 }T? + 6TAT*(T + 1) Z”:
}

~ min{m, 3§ 7 min;ez, {77} max?_ {l/}

=1

or equivalently,

Wlp.p >

Ml 5maXz€I3 {VWP}TQ + 6FAT2 T+1) Z Il
in{r, 36} mminiez, {7/} maxi {I;}

which means that such dataset dependent R, exists.

B.4 Lemma for Analyzing /,-AttGD

We introduce the lemmas for analyzing /,-AttGD. The first we prove is Lemma 12, which describes

the lower bound of the W parameter at every iterate.

Lemma 12. Suppose Assumption A holds. For the sequence {W (k)}r>o generated by (), -4t tGD,

we have

p—1 p—1 n _
[W(k+ 1|5 = [W(E)IE, + |\W(k)||p,p< VLW (k)), W(k)).

Proof. With (W) = %||W|| p.p> the derivative Vi (+) is computed as follows:

V(W) = (sign(Wiy) Wi [P~ 1<ij<a-
Thus, we have

(VoW ZSlgn Wig) [Wi [P~ Wiy = W5,
3,7

Using this fact, we take the inner product of both sides of (3) with W (k):
(VoW (k + 1)), W(k)) = (VW (K)), W(k)) + n{=V LW (K)), W(k)),

(Vo(W(k+ 1)), W(k)) = Wk, +n(=VLW(K)), W(k)).
The left side of the above equation is upper-bounded by
> " sign(Wij (k + 1)) |[Wij (k + )P~ Wi (k) < (Wi (k + 1P~ W (k).
] 2%
Using Holder’s inequality:

S Wik + DI W) < (S Wtk + 0P ) (lem ")

,J ]
= [[W(k+ DIEHW (&) [p,p-
Combining this result with (23), we get:

=

p—1 p—1 n _
W+ DIp, = WEIG, + HW(k')Hp,p< VLW (k)), W (k)).

23
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Next, we show several tools for analyzing the algorithm further and for analyzing the Bregman
divergence. The following two specifically are from [50, Lemma 18, 3], and so the proofs are
ommitted.

Lemma 13. Suppose Assumptions A hold and 1 is small enough. For the sequence {W (k)}i>0
generated by (,,-AttGD, we have

L WGk + 1)1, = P W), + nEOV (k1) = (W ()

< (VLW (k)), W (k). (24)

Lemma 14. Suppose Assumptions A hold. Consider the sequence W (k) generated by Algorithm
l,-AttGD. Given that the step size 1) is sufficiently small, then the ERM objective L(W (k)) is
decreasing in k.

This following is a well-known lemma, so the proof is omitted.

Lemma 15 (Bregman Divergences Cosine Law). For any w,w’,w"” that are all vectors or matrices
with the same dimensionalities, we have

Dy(w,w") = Dy(w,w") + Dy (w”,w") — (Vip(w') — Vip(w"), w — w").

The following is adapted from [50, Equation 12] for the case of our attention model. Our proof is
quite similar, except that we use our version of the gradient correlation lemma.

Lemma 16. Suppose Assumptions A hold. Consider the sequence W (k) generated by Algorithm
U, -AttGD. Forany m € (0,1), if W (k) € Cp o, r, (W), with Ry being the constant from Lemma
11, then for a small enough step size 0,

(VoW (k +1) = VoW (K)), Waw) = 7 (IW (R + DIIES" - W (k)55
(25)
n
———(L(W(k+ 1)) — LIW(K))).
T (EOV (k1) — L0V ()
Proof. Let W&, = HW&Z”M Using the /,-AttGD algorithm equation,
(VW (k+1)) = V(W (K)), W) = (—nVLW (k)), W)-
Then, using Lemma 11, we get that
1
—nVL(W(k)), W2 —nVLW(k)), W(k)),
(AL (), W) 2 (i IV EOV (), W)
and using Lemma 13, we get that this is lower-bounded by
-1
L (W (k415 =W (B2 )+ . (LW (k+1))=L(W (K))).

P14+ )W (F)llp.p (L + W (F)llp.p

By Lemma 10, (—nVL(W (k)), W (k)) > 0, so by Lemma 12, |[W(k + 1)|pp > [[W(K)|pp-
Therefore, we can use Lemma 4 to get that the above is lower-bounded by

) n
1+7 PP (L +mWE)pp

From Lemma 14, we get that we can lower-bound the above further using the right hand side of
(25). O

(W k+ D5, = W HEIE, (LW (E+1)) = LW (F)))-

With all these lemmas in hand, we provide the following
Lemma 17.

Lemma 17. Suppose Assumptions A holds and that the
step size 1) is sufficiently small. For any p € (0, ug]
and any locally optimal tokens (c;)? = as per Defini-
tion 3, there exists constants R, and 1/ € (0, | that
depends on the dataset and n such that if Cy is the
wider cone Cyp , r, (W) and Cs is the thinner cone
Cpu R, W), then if W(0) € Co, then W (k) € Cy

for all positive indices k. R

Figure 2: Tlustration of Lemma 17.
24 W (k) for all positive indices k are
within the larger set.



695
696

698
699
700

701

702
703

704
705

706

707

709

710

71
712
713

Proof. Let 7 be some positive real number that we deter-
mine later, and let R be as described in Lemma 11.

For the proof, we use induction with the assumption that
W(k) € Cpur, W2y forallk =0,..., K —1. We
aim to find the correct 1/ and R, such that W (K) €
Cp.u. R (Wiim)-

Denote W (k) := %, S0
_ _ 1. .- 1. .- _ _ _
Dy (Wi, W(k)) = ];”WrimHP«,P - ];||W(k)||p,p — (VoW (k)), Wit — W(K))

=1— (Vy(W(k)), W)

So now, let us analyze the term (Vi(W(K)), W<,,) using the inductive hypothesis on k =
0,1,..., K — 1. Lemma 16 tells us that

VOV (k1)) — Vo (), ey > IV EF DI = VR,
1+m) 26)
_n B
WG, V) = £V

Since this is true for all k = 0, 1, ..., K — 1, and since |W (k)||,,p is increasing in k, we can sum all
the above inequalities and get the following,

(VW (E)) — Vo (). ey > 1D |5a +7l|)W(0> o
n —
+ m(ﬁ(W(K)) LW(0))).

Rearranging this, we get

W (E)G," = (VoW (K)), W) < [WO)55" — (Ve (W (0)), W)

(I = I O)l,)
_n _
O EOV0) — £V ()

Dividing by [|W (K)|[5}, we get

Dy, w(k) < WO f e o))+ (1 WW)

T W(E) B i Ltr " [W(E)b,"

1 LOW(0)) — L(W (K 27
PO, C O HIVEOD 7
(LOV(0)) — LW (K)))

R, '

W)

Su'—HH—n

Therefore, we can simply choose p' = % 1, T be any real number below %/,L, and have R, big enough
so that "(ﬁ(W(O)E)L(W(K))) < %,u and R,, > R, such R, exists because £ is bounded. O

o

B.5 Lemma for Analyzing Rate of Convergence
Lemma 18. Suppose Assumptions A holds. Let Rs be from Lemma 10, let c be from Lemma 16, let p'

and R,, be from Lemma 17 when v = pio, and let R := max{R,, R;, el/eY. Ifthe initialization W (0)
is in Cp v R(WS,), then for a sufficiently small step size 1, the sequence {W (k)}r>o generated by
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0, -AttGD satisfies

log ||W<k)||p,p> .
o ———+~== f 2,
( W) e
o o) o (o WEp?
(Wmma W(k)) - O ( HW(k)Hp,p lfp - 2? (28)
) (||VV(1)||) otherwise.
p;p

Proof. Using Lemma 11, setting c as the dataset dependent constant hidden by the O notation for

: _ : clog [W(K)|lp.p
R, we can'get that by setting 7 = min{ STV
so rearranging that result, we get

W (k+ D5, = (VoW (k+ 1)), Wa) < W5, — (VoW (%), W)

7T -1 -1
+ iR W E+ DR = W)

, 1}, we can use the result of Lemma 16 on k,

’r} - J—
T OV (8) — L0V + 1)

From Lemma 10 and Lemma 12, ||W (k)||,,,, is increasing, so focusing on the second line, we can
use Lemma 5 and get

7T — _ _ _
5 W+ DI = W EIELY < a(iWk+ D5, = W E)55h

1
cp
< e max{ || W (k)[[5,, [W (k + D)[|5%}
Wl I s
x log [[W(k)llp.p
x (W +1)lpp = W E)p.p)-
From Lemma 8, we know that for all index &,
W&+ Dllpp < [W(E)llp,p +nL, (29)

so we can use integral approximation when bounding the sums of A(k)’s. Let
cp
Ak) = e max{ | W (k) [522, [[W (k + 1)[[57%} log [|[W (k)]
SIIW (k) lp.p o "
< (W (E+Dllpp = WE)p.p),

so we can get that

WKl — (VoW (E)), Wa) < W55 = (Ve(W(0)), Wi

k—1
+ AR + LLW(0) - £W(K))),
k=0

W ()5 Dy (Wi, W (K)) < [[W(0)][52" Dy (Wi, W (0))

mm’

1 30
F3Am) + L) - cov).
k=0

When p > 2, we have

A(k) = W(IIW(MH;@@ +nL)P 2 log [|W () |p.o (IW (k + Dllp.p = W (k)lp.p)-

We can see that

d -2
—(z +nL)P%(logz — logc) > (x +nL)P"2logx

dx
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for all x > 0, so from Equation (29), we can get that
K-1
S A(k) = O([W (K) [P~ log [ W (K) |.)-
k=0

When p = 2, we have

A(k) = W 10g [|W (k) lpp (I ( + Dllpp — W (k) [p.p)-

‘We can see that J 5
e (log z)? > ; (log )
for all x > ¢, so from Equation (29), we can get that

K-1
> Ak) = O((log [|W (K)l.0)°)-
k=0

When p < 2, we have
Ak) = cp[W(F)II5,
From Equation (29), we can get that

’ log ||W(k)||p,p(||W(k + 1)”19719 - ||W(k)||p,p)~

Combining the above cases with Equation (30), we get that

o O(|W(K)Ip* log [W(K)llpp) ifp>2,
W5, Dy (Wi, W(EK)) = ¢ O((log [[W(K)]|p5)?) ifp=2,,
O(1) otherwise
Dividing both sides by ||W (K)|[57," gives (28). O

Lemma 19. Suppose Assumptions A holds. Let u' be that from Lemma 17 if 1 = o, and let R the
maximum of the R,, from 17 and Rs 10. Let {W (k)}1>0 be the sequence generated by {,,- At tGD.
If the initialization W (0) is in Cyp, ;v r(W,,), then with a small enough step size 1, we have the
Sfollowing for each k > 0,

W E)lp.p = Qlog k).

Proof. For each k > 0, Lemma 12 gives
_ - n
IW (e + D20 2 W) 2! + o e (~ V(W (1), W (8)).
W (E)lp.p
Lemma 17 gives us that W (k) € C), , r(W,,,) for each k > 0, so by Lemma 10,
n W lpp (14 15
T (VLW (), W) = @ (TS0 )
W) lp.p
so there exists dataset dependent constants R;, Ry > 0 such that
n —Ra||W (k)|
———— (VLW (k)), W (k)) > Rie”"** pp
W (E)p.p
so for each k& > 0,

W (k+1)[251 > [W (k)2 + Rye™ IV 0l

> |
P.p P,
Set kg = 0, and let k;;1 be the lowest indices such that ||[W (k;41)pp > [|W(k;)||p,p + 1 for all
index ¢ > 0. Therefore,

< (||Vv(ki)||p47 + 1)p71 - ‘|W(kz)||£;)1 . eO(HW(kz‘)
- Rle_RZ(HW(ki)Hp,p""l) o

lp.»)

ki—i—l - kl

Therefore,
W (&)|lp,p = Q(log k).
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C Proof of Theorem 1

Proof. The proof is similar to the proof of [53, Theorem 1]. Specifically, we need to show that
f(X) =vT XTo(XW) satisfies the assumptions of [53, Lemma 14], where the nonlinear head is
replaced by the linear term v. This holds independently of the choice of algorithm or the attention
SVM solution. Thus, we omit the details and refer to the proof of [53, Theorem 1]. O

D Proof of Theorem 2

Proof. Tt is enough to show the existence of such constants i, R > 0 such that if W (0) is in
Cp., r(W2 ), then the norm diverges to infinity. As discussed in Lemma 12, for any timestep k,

mim

Wk + DI~ = W - (VLW (K)), W (k). 31

IIW( )p

Let R; be the R from Lemma 10, set u and Rs to be the 1’ and R for u = pg of Lemma 17, and set
R := max{R1, Ry}. From Lemma 17, we know that W (k) € Cy, ,,,,r(W2™) for any timestep k,
so from Lemma 10,

(VLW (k)), W(k)) <0,
for all timesteps k.

Therefore, the [,,-norm is always increasing, but this does not immediately imply that the /,-norm
will approach infinity; it could converge to a finite value. However, if |W (k)| converges to a finite
value, then again by Lemma 10, we get a lower bound for — ”W (VLW (k)), W (k)) at any

timestep k. Therefore, by Equation (31),
. -1 _
J ([W (k)] = oo,

v

a contradiction, so ||[W(k)||,, converges to infinity. O

E Proof of Theorem 3

Proof. This is a direct consequence of Theorem 4. O

F Proof of Theorem 4

Proof. Let R be the one from Lemma 18. Given W (0) € Cy, ,, r(W2,,), by Lemma 18, we have

log [|IW (k) .5 i
O( W) s > tr=2
o 2
DWWk = 4 0 (VBN ) iy o
1 .
O (WW) otherwise.

From Lemma 19, we know that

W (F)llp.p = Qlog k).

log T

prl s is decreasing when = > e.

The derivative -& <1°g’”> =1 iogr is negative when x > e, so
Similarly, (o ? i is decreasing when x > €.

Thus when p > 2, for a large enough k,

(32a)

Dy(We, . W(k)) = O (logk’gk) .

log k
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Similarly, when p = 2, for a large enough k,

0 B (loglog k)2
Dy(Wanm, W(k)) =0 ( og (32b)
Finally, when 1 < p < 2,
e B 1
O

G On the Convergence of the ¢, Regularization Path for Joint 11" and v

Assumption B. Let I',I” > 0 denote the label margins when solving ({,,-SVM) with X, and its

replacement with X' 0(X;W z;), for all i € [n), respectively. There exists v > 0 such that for all
i € [n] and W € RI*4,

F—T'">v-(1-54,), where sio, = [c(X;W2i)la,-

Assumption B is similar to [53] and highlights that selecting optimal tokens is key to maximizing
the classifier’s label margin. When attention features, a weighted combination of all tokens, are
used, the label margin shrinks based on how much attention is given to the optimal tokens. The term
v (1 — 844, ) quantifies this minimum shrinkage. If the attention mechanism fails to focus on these
tokens (i.e., low s;,,), the margin decreases, reducing generalization. This assumption implies that
optimal performance is achieved when attention converges on the most important tokens, aligning
with the max-margin attention SVM solution.

Similar to how we provided the characterization of convergence for the regularization path of
¢,-AttGD, we offer a similar characterization here for £,-JointGD.

Theorem 5 (Joint ¢,—norm Regularization Path). Consider (ERM) with a logistic loss l(z) =
log(1 + e~%*), and define

(™, Wy .= argming, yy L(v,W) subj.to [[W],, <R and [[v][, <7 (£,-JointRP)

Suppose there are token indices o = (a;)%, for which W2 of ({,-AttSVM) exists and Assump-
tion B holds for some T',v > 0. Then,

(r) (R) a
lim (“7W )z( O W ) (33)
(r,R)—(00,00) r R ”'Umm”p HWmm”p,p

are the solution of ({,-SVM) and ({,,-AttSVM), respectively.

[e3
Here, vy and WS

Theorem 5 extends the results of Theorem 1 to the case of joint optimization of head v and attention
weights W using a logistic loss function.

H Proof of Theorem 5

Proof. The proof is similar to the proof of [53, Theorem 5]. We provide the revised version for the
generalized attention SVM, tracking the required changes. Without loss of generality, we set a; = 1
for all ¢ € [n], and we use Wiy, instead of W& . Suppose the claim is incorrect, meaning either
W& /R or v(") /r fails to converge as R and r grow. Define

- 1 1
HVI/rnm”p,p7 Hvrnm”p7
Wim = REWmm, Bmm = "TVmm (34)

Our strategy is to show that (Tyum, Winm ) is a strictly better solution compared to (v("), W (%)) for
large R and r, leading to a contradiction.
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e Case 1: W(%) /R does not converge to W,,,,,/ R. In this case, there exists J,7 = v(J) > 0 such
that we can find arbitrarily large R with

WU /R — W/ R|| > 6
and the margin induced by W% /R is at most Z(1 — ).

We bound the amount of non-optimality g; of Wam:
q* L Et;ﬁai eXp(Xi—termzi) < Zt?ﬁai eXp(Xi—termZi)
v Zte[T] exp(Xy Wimmzi) —  exp(X,;, Winm?z:)
< Texp(—ER).

Thus,

:=maxq] <Texp(—ZR). (35a)

max i€[n]

Next, assume without loss of generality that the first margin constraint is ~-violated by W),
meaning

min (X1a, — X1)"TWHB 2 <ERA — 7).
ag

Denoting the amount of non-optimality of the first input of W (*) as ¢, we find
- Dige, P21, (X W 2)
qi : ZtE[T] exp(X;;W(R)Zl) - T exp(XEhW(R) 1)

> T texp(—(1 —v)RE).

This implies that

Gmax = max g > T texp(—=ZR(1 — 7). (35b)
1EN
We similarly have
¢ e > Tt exp(—ZR). (35¢)

Thus, (35) gives the following relationship between the upper and lower bounds on non-optimality:

—(1 —=7v)ER —log T < 10g(Gmax);
—ER —logT < log(gmax) < —ER +1ogT. (36)

In other words, Wy, has exponentially less non-optimality compared toﬁW(R) as R grows. To
proceed, we need to upper and lower bound the logistic loss of (mm, Wim) and (fu(’“), W(R))
respectively, to establish a contradiction.

e Sub-Case 1.1: Upper bound for L(0mm, Wimm)- We now bound the logistic loss for the limiting
solution. Set 7; = X;' 0/(X;Winmz:). If ||7; — Xi1]lp < €, then vy, satisfies the SVM constraints
on7; withY; - F;r Umm > 1 — €;/T. Setting €ax = SUP;¢n] €i> Umm achieves a label-margin of
' — €max on the dataset (Y, 7;)ic[n]. Let M = sup;cpy ¢ rer [ Xit — Xir||p- Recalling (36), the
worst-case perturbation is

€max < M exp(—ER 4 logT) = MT exp(—ER).
This implies the upper bound on the logistic loss:

L(Vmm, Winm) < max log(1 + exp(—YiT; Umm))
S
< m;[p]( exp(—Yi7; Umm)
S
< eXp(—TF + T€max)
< erMTexp(—ER)e—rF. (37)

e Sub-Case 1.2: Lower bound for £(v(™), W (%)), We now bound the logistic loss for the finite

solution. Set 7; = X,"o(X; WP z;). Using Assumption B, solving (£,-SVM) on (y;,7i)ic[n
achieves at most I’ — pe~(1-7)=8 /T margin. Consequently, we have:
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1
LM, W)y > - m?o]( log(1 + exp(—Y;7;, v(™))
1en

v

1
<2n ?elé[ﬁ]( exp(YifiTv(r))) Alog2

> <21 exp(—r(I" — Ve(lwaR/T))) Alog2
n

S (;ner(um cxp<<1v>ER>e’”F) A log 2.

Observe that this lower bound dominates the upper bound from (37) when R is large, specifically
when (ignoring the multiplier 1/2n for simplicity):

- = 1 MT?
(v/T)e”T"VER > MTe 5F — R > —log < ) .
o=
Thus, we obtain the desired contradiction since such a large R is guaranteed to exist when W () /R 4
Winm. Therefore, W) / R must converge to Wi /R.

e Case 2: Suppose v(") /7 does not converge. In this case, there exists § > 0 such that we
can find arbitrarily large r obeying dist(v(r)/r, Umm/7T) > 0. If dist(W(R)/R,E mm) 7 0,
then "Case 1" applies. Otherwise, we have dist(W ) /R, EW,,,) — 0, thus we can assume
dist(W ) /R, =W yum) < e for an arbitrary choice of € > 0.

On the other hand, due to the strong convexity of (£,-AttSVM), for some v := ~v(0) > 0, (")
achieves a margin of at most (1 — )I'r on the dataset (Y3, Xi1);¢[n), Where X;; denotes the optimal
token for each i € [n]. Additionally, since dist(W® /R, EWy.1m) < €, W) strictly separates
all optimal tokens (for small enough ¢ > 0) and Gmax := f(€) — 0 as R — oo. Note that f(e)
quantifies the non-optimality of W (%) compared to Wiy as € — 0, meaning W () /R converges
to EWomm /R, f(€) — 0. Consequently, setting r; = X, o(X; W) 2,), for sufficiently large R > 0
and setting M = sup;¢(,) e | Xitll, we have that
min y;(v™)Tr; < min g (0) T Xi1 + sup [(00) T (Xy — X))
i€[n] i€[n] i€n]
<A—=y)Tr+Mf(e)r
< (1 =~/2)r (38)
This in turn implies that logistic loss is lower bounded by

1
LM, W)y > (267”/26”> Nlog2.
n

Going back to (37), this exponentially dominates the upper bound of (Wi, Umm) Whenever
rMT exp(—ZR) < r+I'/2 (that is, whenever R, r are sufficiently large), again concluding the
proof.

O

I TImplementation Details

The experiments were run on an Intel i7 core and a single V100 GPU using the pytorch and
huggingface libraries. They should be runnable on any generic laptop.

I.1 Tllustrating Optimal Tokens

Example 1. Consider the matrices X1 = [5, 0; 0, 1] and Xo =[5, 0; 0, —1] withy; = —y2 = 1.
Let x;1 be the optimal token and x;; be the others. Problem ({,-AtSVM) with p = 3 and z; = X;
yields W2, = W = [0.03846, 0; —0.00769, 0]. Figure 3 illustrates how the optimal tokens
X11 and X1 are separated by the dashed lines (orthogonal to W, 2;) for each sequence.
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Figure 4: Visualizing the effect of token selection on margin size in (£,-SVM) for Example 1. The
first plot illustrates the largest class margin, indicating the optimality of tokens X717 and Xs;. In
subsequent plots, as different tokens are used, the class margin (light blue shaded area) decreases,
reflecting suboptimal class separation.

1.2 Synthetic Data Experiment

We describe the setup of the experiments for /,-AttGD and ¢,,-JointGD and their results.

{,-AttGD Experiment. To measure the directional distance between W™ ((£,-AttSVM) solution)
and W (k) (output of £, -AttGD), we use a directional Bregman divergence, defined for W,V € R4*4
as Dy (W/[IWlp.p, V/IIVIpp). We compare the (¢,-AttSVM) solution with the ¢, optimization
path for all p, ¢ € {1.75, 2, 3} for synthetically generated data. The experiment is repeated 100 times,
and the average directional Bregman divergence is reported. A closer look at one sample trial is also
provided.

The dataset (X;,Y;, z;)?_; used for the experiment is generated randomly: X; and z; are sampled
from the unit sphere, and Y; is uniformly sampled from {41}. Additionally, v is randomly selected
from the unit sphere. We use n = 6 samples, T' = 8 tokens per sample, and d = 10 dimensions per
token, fulfilling the overparameterized condition for the £,-AttSVM problem to be almost always
feasible.

The model parameter is initialized near the origin, and it is trained using Algorithms £,,-AttGD
with p = 1.75,2, and 3, and a learning rate of 0.1. Training lasted for 1, 500 epochs for p = 1.75,
2,000 epochs for p = 2, and 20, 000 epochs for p = 3. Gradients are normalized to accelerate
convergence without altering results significantly. We refer to the parameter histories as the ¢; 75, {2,
and /3 optimization paths. We compute the chosen tokens (c;)7; for the (¢,-AttSVM) problem by
selecting the token with the highest softmax probability for each sample. This process is repeated for
p=1.75,2, and 3.

Figure 5 shows the directional Bregman divergence between the (¢,,-AttSVM) solution and the ¢,
optimization path for each pair p,q € {1.75,2,3}. In Figure 5a, the divergence converges to 0
only for the (¢,-AttSVM) (p = 1.75) solution, indicating that the ¢, 75 path does not converge to
the p = 2 or 3 solutions. The shrinking standard deviation shows consistent behavior. Similarly,
Figures 5b and 5c show the divergence converging to 0 for the corresponding (¢,,-AttSVM) solution,
demonstrating that the £, optimization path converges to the (£,-AttSVM) solution, with the direction
of convergence changing with p.
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Figure 5: Average directional Bregman divergence between the (a) ¢ 75, (b) £2, and (c) ¢3 optimiza-
tion paths and the (/,-AttSVM) solutions for p = 1.75, 2, and 3 at each training iteration from 100
trials. The shaded area represents the standard deviation of the directional Bregman divergence.

4 4
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(a) £1.75 Optimization Path (b) ¢2 Optimization Path (c) £3 Optimization Path

Figure 6: Direction of change of two entries of W updated by £,,-AttGD with p = 1.75, p = 2, and
p = 3 for one trial, shown in (a), (b), and (c). Each axis represents a different entry. The orange line
shows the direction of (¢,-AttSVM).

Using this same synthetic data, we can also observe the convergence in direction for one of the
trials directly by plotting how two of the entries of W change during training simultaneously and
plotting it on a Cartesian graph, then showing that the path it follows converges to the direction of
the (£,-AttSVM) solution. As we can see in Figure 6, each of the £,, optimization paths follows the
direction of the corresponding (¢,-AttSVM) solution.

£,-JointGD Experiment. We use the data from the following to train a model using ¢,-JointGD
for p = 1.75,2, and 3.

Example 2. Letn =2, T =3, d=2. Lety; = 1, yo = —1. Let:

X1 —54 24 Xo 0.8 —4.4
Xl = <X12> = ( 2.8 4.2 > ) and XQ = (XQQ) = (—22 —08> . (39)
X3 2.6 —0.2 Xo3 1.8 0.2

Let z1 = Xq1, 22 = Xo1.

We use learning rates 0.1 and we trained the model for 1,500 epochs for when p = 1.75, 2,000
epochs for p = 2, and 20, 000 epochs for p = 3. As it was done in the previous experiment, we
obtain the parameter history for each p, and compute the optimal token for the (¢,-AttSVM) and
£,-SVM problems.

The comparison between the iterates and the SVM solutions in Figure 7 shows that the iterates of W
and v converge to the £,-AttSVM and /,,-SVM directions, respectively, for each of p = 1.75,2, and
3. These convergence are similar to Theorem 5, as in both this experiment and that theorem, we get
that the iterates converge to the SVM problem solutions. In addition to these iterates, we record the
evolution of the average softmax probability of the optimal token, along with the average logistic
probability of the model, which we define tobe 1/n > | 1/(1 + e Yies ).

As we can see in Figure 8, each of the average softmax probability converges to 1, indicating that the
attention mechanism produces a softmax probability vector that converges to a one-hot vector for the
different /,-JointGD training. Furthermore, the average logistic probability also converges to 1,

indicating that the model’s prediction converges to a 100% accuracy.
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Figure 7: Iterates of the W and v parameters of the model as they are trained using /¢,,-JointGD for
p = 1.75,2, and 3, along with the corresponding £,-AttSVM and ¢,-SVM directions.

1.0 o~ 1.0 s 1.01 -
0.9 / - L:o?tlstlc PF:obt; 0.9 K 09 ﬁr
0.8 | ltmax Fron. 0.8 0.8

iED 0.7 iED 0.7 iED 0.7 /

a 0.6 a 0.6 a 0.6
0.5 0.5 —— Logistic Prob. 0.5 —— Logistic Prob.
0.4 0.4 Softmax Prob. 0.4 Softmax Prob.
0-3 0 50 100 03 0 50 100 0 50 100

Iter. Iter. Iter.

(a) £1.75 Probabilties (b) ¢5 Probabilties (c) £3 Probabilties

Figure 8: Softmax probability evolution of the optimal token and logistic probability evolution for
p=1.75,2, and 3.

1.3 Additional Real Experiments

We collect the training weights from the resulting models trained by ¢, ; mirror descent and the
gradient descent and plot a histogram of their absolute values in Figure 9. Specifically, we take the
histogram of the weights responsible for determining the softmax within the model and the value
matrices. The figures shows us that the resulting model that was trained using ¢; ; mirror descent is
sparser than the one trained using gradient descent, which could hint at a potential explanation as to
why /1 1 mirror descent can outperform the standard gradient descent algorithm when it is used to
train attention-based models.

Finally, the following figures show the full attention maps.
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Figure 9: Histogram of the absolute values of the Wg, Wg, and Wy, components of transformer
models trained with /1 ; and ¢5-MD on the Stanford Large Movie Review Dataset. Only large
parameters (> 0.06) are shown, with the maximum magnitude component marked by a red dot. The
£1.1-MD model has 18, 206 components in W, 13,964 in W, and 7, 643 in Wy, with magnitudes
> 0.06, while the /,-MD model has 27,224 in W, 14,654 in Wy, and 10, 127 in Wy, with such
magnitudes. These results imply that the ¢; ;-MD algorithm yields sparser parameters and that it
would have a stronger token selection ability.
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Figure 10: The attention map generated by the resulting models that were trained using ¢1 1 mirror
descent and gradient descent for five sample sentences. For three out of five of the sample sentences,
the model trained using ¢; ; mirror descent selects the optimal token better than the model trained

using gradient descent.
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