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Abstract

The basic question of delineating those sta-
tistical problems that are solvable without
making any assumptions on the underlying
data distribution has long animated statistics
and learning theory. This paper character-
izes when a convex M-estimation or stochas-
tic optimization problem is solvable in such
an assumption-free setting, providing a pre-
cise dividing line between solvable and un-
solvable problems. The conditions we iden-
tify show that Lipschitz continuity of the loss
being minimized is not necessary for distribu-
tion free minimization, and they are also dis-
tinct from classical characterizations of learn-
ability in machine learning.

1 INTRODUCTION

Consider a general convex M-estimation problem,
where for a population distribution P on a set Z and
a convex loss £,(#) measuring the performance of a
parameter # on example z, we wish to minimize the
population loss

Le(6) = Erltz(0) = [ L.0)PE) (1)
over 6 belonging to a convex parameter space © in Eu-
clidean space. We are interested in truly distribution
free minimization of this population loss, meaning that
we would like to be able to (asymptotically) minimize
Lp given i.i.d. observations Z; drawn from P without
making any assumptions on the distribution P. By
this, we mean we know essentially the bare minimum
from a statistical perspective: only (i) the loss ¢, (ii)
the set Z, and (iii) the parameter space ©. Our main
contribution will be to delineate those situations in
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which minimizing the loss (1) is possible from those in
which it is not.

To do so, we require a bit more formality. For each
z € Z, the loss £, : R — RU {+0c} is closed convex
and proper, and to avoid trivialities, we assume that
£,(0) < oo for all § € int©® and is measurable in z.
Defining the minimal loss L}(0) := infgpeo Lp(6) and
letting P(Z) be the collection of (Borel) probability
measures on Z, we give conditions under which the
minimazx optimization risk for the loss £,

M, (£, 2,0) ==inf sup Epn [Lp(én(zy))fm)(@)},
0n PEP(Z)
(2)

approaches 0 as n grows—meaning M-estimation (op-
timization) is possible—or, conversely, is bounded
away from 0. The definition (2) takes an infimum over
measurable estimators é\n : 2" — O and supremum
over distributions P generating Z7" = (Z1,...,2Z,) £
P. Crucially, in the minimax risk (2), the loss ¢ and
sets Z and O are fixed, so any lower bound holds not
because we may construct a worst-case function but
because of properties the instance at hand actually
enforces. This makes clear the sense in which we con-
sider an estimator distribution free: it must achieve
small excess risk Lp () — L} uniformly over sampling
distributions P for a given triple (¢, Z, O).

If the loss ¢, is Lipschitz for each z € Z with the
same Lipschitz constant M, then stochastic gradient
algorithms (Nemirovski et al., 2009) achieve
M d?n(@). 3)
n
These guarantees are tight in that there exist
sets Z and M-Lipschitz convex losses ¢ for which
Mm, (¢, Z2,0) > CM\/%“(@), where ¢ > 0 is a numerical
constant (Raginsky and Rakhlin, 2011; Agarwal et al.,
2012). In contrast to these “classic” lower bounds,
which find worst-case losses and sets Z to demonstrate
tight convergence results, we provide a precise divid-
ing line, based on the properties of the particular loss ¢
and its behavior on the space Z x O, for the separation

lm <M, (¢, Z,0) >0 versus lim M, (¢, Z,0) = 0.

M (4, Z,0) <
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(In the generality we consider here, there is no hope of
getting a convergence rate, as we will show.)

We will give the dividing lines separating these cases
both when © is compact and when it is unbounded.
In the compact case, our main results show that the
following condition very nearly provides this division:

Condition 1: For each compact subset ©g C int O,
the functions ¢,(-) restricted to ©¢ are uniformly
Lipschitz: there exists M = M(©¢) < oo such that
for each z € Z, the function ¢,(-) is M-Lipschitz
continuous on ©g.

If the condition holds, then lim, 9,(¢, Z,0) = O:
there exist estimators that can solve the minimization
problem with vanishing risk uniformly over all P. If it
fails, then excepting some trivialities about achievable
minimizers that we elucidate, no estimation or opti-
mization procedure can achieve excess risk tending to
zero uniformly over distributions P on Z.

Questions of truly distribution free inference date back
at least to Bahadur and Savage’s work on the impossi-
bility of nonparametric inference of a mean (1956). A
thread of such work stretches through today; for ex-
ample, Donoho (1988) shows that two-sided confidence
statements, i.e., of the form “with 95% confidence, the
underlying distribution P has KL-divergence from the
uniform between 1 and 3” are generally impossible.
More recently, conformal prediction methods perform
predictive inference without making any assumptions
on the underlying distribution (e.g. Vovk et al., 2005;
Vovk, 2013). At the most basic level, conformal predic-
tion methods leverage the ability to robustly estimate
quantiles to provide (marginal) confidence statements
on the predictions of even completely black-box mod-
els (Lei, 2014; Lei and Wasserman, 2014; Lei et al.,
2018; Barber et al., 2021). This renewed focus on as-
sumption free inference motivates the questions we in-
vestigate in M-estimation.

Work on wuniversal consistency in nonparametric re-
gression, beginning with Cover and Hart (1967), asks
related questions to ours. There, the data is z = (z,y),
and one wishes to estimate f*(z) :=E[Y | X = z]. An
estimator f, based on (X, Y, % P is consistent
if Bl fn(Xnt1) — f*(Xns1)|] = 0 as n — oo when-
ever E[|Y|] < co. Cover and Hart (1967) and Stone
(1977) show that k-nearest neighbor classifiers, where
k = k, — oo but k,/n — 0, are consistent for (re-
spectively) classification and regression. In distinction
from our setting, however, these results are pointwise
(not uniform in the distribution P), as uniform guar-
antees are impossible without making additional as-
sumptions on the regression function f*. See also the
books of Devroye et al. (1996); Gyorfi et al. (2002).

In theoretical machine learning, researchers studying
learnability investigate problems similar to ours (Vap-
nik, 1998). For prediction problems with data z =
(z,y) € X x Y, one seeks a hypothesis h : X x Y — Y
to minimize Lp(h) := Ep[¢(h(X),Y)] for a loss £. A
problem is learnable for the class H if

inf supEp |Lp(hp,) — inf Lp(h)| —0, (4)
noP heH

where % p, is a function of the empirical distribution
P,; this coincides with convergence of the minimax
risk (2). Early work considered particular losses ¢; in
the case of binary classification, where Y = {£1} and
0(g,y) = 1{§ # y}, learnability (2) holds if and only
if H has finite VC-dimension, which in turn coincides
with the uniform convergence that sup,cq, |Lp, (h) —
Lp(h)] — 0 (see Anthony and Bartlet (1999, Ch. 19)
or Alon et al. (1997)). Shalev-Shwartz et al. (2010)
generalize these results to show that when the loss
L(h(x),y) is uniformly bounded, a class H is learn-
able (4) if and only if there exist leave-one-out stable
procedures asymptotically performing empirical risk
minimization, i.e., E[Lp, (hp,) — infrey Lp, (h)] — 0
uniformly in P.

Condition 1 gives distinct conditions from this prior
work. We dedicate the remainder of the paper to
demonstrating the ways in which Condition 1 describes
when M-estimation is possible and impossible. Sec-
tion 2 provides the main results, with Sec. 2.2 address-
ing the case when O is a compact set. In Section 2.3,
we present Theorem 3, which precisely characterizes
when the minimax risk for M-estimation and optimiza-
tion can tend to zero when © may be noncompact (pro-
viding a Condition 2). Perhaps surprisingly, given the
upper and lower bounds using Lipschitz constants (3),
these results make clear that global Lipschitz continu-
ity of the losses £, is neither sufficient nor necessary
for distribution-free minimization.

The negative results in Theorem 3 apply to traditional
cases of “robust” estimation, such as the absolute loss
£,(0) = |0 — z|, corresponding to estimating a median.
Thus, we briefly consider the problem of finding sta-
tionary points of Lp instead of points for which the
excess loss Lp(#) — L% is small in Section 3, which re-
lates more closely to questions of quantile prediction.
We do not characterize the separations in minimax
risk, instead giving a convergence result that applies
to both differentiable and non-differentiable functions,
showing that M-estimation, as we have defined it, nec-
essarily differs from obtaining stationary points. Our
discussion (see Section 4) builds out of these differ-
ences, providing open questions and identifying alter-
natives to the choice (2) of optimality criterion.
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Notation We use 1, to denote a point mass at the
point z. For a convex function f, df(0y) denotes the
subdifferential of f at x, meaning those vectors g for
which f(0) > f(6) + (g9,y — 6p) for all 6. We let
By = {v | |lv]l, < 1} be the ¢3 ball (in dimension
that is clear from context), while S¥~! = {v € R? |
v, = 1} denotes the sphere. We let R = R U {400}
and R = RU{—o0} denote the extended up (or down)
reals. For any set A C Z, we let P(A) denote the
collection of Borel probability distributions on A. We
also let [f], := max{f,0}.

2 MINIMAX BOUNDS ON RISK

To make rigorous that Condition 1 neatly divides solv-
able versus unsolvable problems, we present prelimi-
nary definitions to avoid minutiae, then provide formal
minimax lower bounds in Sections 2.2 and 2.3.

2.1 Restricting to achievable minimizers

We shall restrict analysis in the minimax lower bounds
to what we term achievable minimizers, roughly mean-
ing those points in © that could plausibly minimize
Lp(0) = Ep[lz(0)] for some P on Z. This restricts
little; in Appendix A, where we enumerate properties
of and provide technical detail on the achievable min-
imizers, we also see that there are points in the set
of achievable minimizers with smaller risk than those
outside the set. We also warn the reader that this
section simply helps us avoid pathologies; it might be
skipped on a first reading.

In the one-dimensional case, the intuition is simple.
Assuming temporarily that £ is differentiable, we only
consider points # for which there exist z* and 2z~ satis-
fying £/, (#) > 0 and ¢/ _(#) < 0. Then immediately, ¢
minimizes Lp for a distribution P = p1,+ 4+ (1—p)1,-
for some appropriate p € (0,1): we cannot eliminate
the possibility that # minimizes Lp for some P without
observing data. Because derivatives of convex func-
tions are monotonic, if ¢, () < 0 for all z € Z, then
for any distribution P, there necessarily exists a mini-
mizer 0*(P) of Lp(0) = Ep[lz(0)] with 6*(P) > 6, and
similarly when ¢,(0) > 0 for all z. We consequently
define the minimal and maximal plausible values

Omin = Onin((, Z,0) = inf {9 | sup £(6) > o}

Bnax = Omax(£, Z,0) = sup {9 | inf £,(0) < 0},
0cO z€Z
where if the set defining 6., is empty we take the
right endpoint 6, = sup{f € O} and similarly
Omax = inf{f € O} in the complementary case. (We
take extrema over points for which the ¢, (0) exists;
Appendix A shows the differentiability is immaterial.)

It is possible that 02 < Omin, but this trivializes the
problem, as any 6* € [fmax, Omin] minimizes Lp simul-
taneously for all distributions P; see Lemma A.1l in
Appendix A. Thus, define

®ach = [emina emax}v (6)

passing tacitly to the extended reals when © is un-
bounded to allow sets of the form [a,00] or [—o0,b]
(cf. Hiriart-Urruty and Lemaréchal, 1993a, Appendix
A.2). Intuitively, because L'5(0) > 0 for 6 > pax and
L’n(0) < 0 for 6 < Oy for all P, restricting analysis
to the set O,q, changes nothing.

When © C R? for general d > 1, we require a
number of technical conditions extending the con-
dition (5). We defer formal definitions to Ap-
pendix A.2, instead focusing here on a sufficient con-
dition that mirrors condition (5). Recall the di-
rectional derivative (Hiriart-Urruty and Lemaréchal,
1993a, Def. VI.1.1.1) of a convex function f at the
point 6 € dom f in the direction v,
fO+1tv) — f(0) »

Df(0;v) == lim ————————= =

10 t sup{g,v)

g€0f(0)

where the limit always exists, Df(8;v) is convex and
positively homogeneous in v, and the equality (%) holds
if 0f(0) # 0. If f is differentiable at 6, then Df(0;v) =
(Vf(8),v). We now propose the following definition.

Definition 2.1. A point 0 is achievable if for each
ve S,

there exists z € Z with Dl.(6;v) > 0.

Typical losses in statistics and machine learning satisfy
these achievability conditions; an example may help.

Example 1 (Generalized linear models):  Consider
a GLM for predicting y € Y C R from z € X C R¢
with pg(y | ) = exp(y(z,8) — A0 | z))h(y), where h
is a carrier and A is the log-partition function (Brown,
1986; Wainwright and Jordan, 2008). Then because

VA@O |z) =EglY | X = 2] -z

(where Ey denotes expectation under pg), the log loss
Ly 4 (0) is C* and satisfies VI, ,(8) = z(Eg[Y | 2] — ).
As Eg[Y | z] € int Conv(Y), so long as X contains
some linearly independent set of d points, the condi-
tion in Definition 2.1 holds for all § € R%. &

When © C R¢ for general d > 1, we require a technical
extension to the condition (5):

Definition 2.2. A set C C © is directable if for each
e > 0, there is a compact conver C. satisfying C' C
C. C © and a collection of points {z;}%_, C Z such
that
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(i) supgec, dist(0,C) <€, and

(i1) there exists § > 0 for which

U U 0(Lq +Te) (6) > 6B.

QeP({zi}k_,) 0€C.

Implicit in the Definition 2.2 is that 9(Lg +1e) is non-
empty. In the one-dimensional case, for each 6 € int O,
the point {0} is directable whenever there are z*, 2~
such that ¢/, (f) > 0 and ¢,_(0) < 0, so that this
generalizes the sets defining the extreme plausible val-
ues (5). Intuitively, a directable set means that in
an arbitrarily small neighborhood of the set, we can
“place” a subgradient in any direction v € S%1:
there exist 6 and @ for which du € 0Lg(6). Ap-
pendix A.2 provides several sufficient characterizations
for directability to show that such sets are a typical
phenomenon.

We move to the definition of the achievable set in the
general d-dimensional case, which we perform by con-
sidering the outer construction of closed convex sets as
intersections of half-spaces. To that end, for v € R?
and t € R, define the half space Hy == {6 | (v,60) <
t]|v]l,}, and call the pair (v,t) € R? xR unconstraining
if
H,;NC #0 for all directable C' C ©.

That is, H,; has non-trivial intersection with all di-
rectable sets C'. Call the collection of such pairs U.
When O is compact, any unconstraining half space
H, ; satisfies

Lo (Hye NO) = L5 (O) (7)

for all @ € Pgisc, because argmingcg Lg(#) is a non-
empty compact convex set; see Lemma A.3 in Ap-
pendix A.2. In fact, equality (7) extends to any (Borel)
probability measure P for which the loss £, is inte-
grable; see also Lemma A.5 in Appendix A.2. More
generally, whenever @ is such that argmingcg Lg(0)
exists and is compact, the equality (7) holds for all
(v,t) €U.

Noting that v = 0 allows H,; = R?, we may then
define the achievable set

@ach = m H’u,t~ (8)

(v, t)eU

Clearly, O, C © as © is closed convex, and in one
dimension, the half-spaces Hq; = (—oo,t] and H_q; =
[t,00) show that definitions (6) and (8) coincide; see
also Lemma A.2 in Section A.

The next example highlights why, even in statistical or
other optimization scenarios, we may wish to consider

settings in which the achievable points (Definition 2.1)
are not dense.

Example 2 (Robust losses for location): Consider
estimating a location via a robust loss £,(8) = ||0 — z||
for © = R, where z € Z C R? and |-|| is a norm on

R?. Even if Z is discrete (e.g., taking values with
integer coordinates), if Z covers enough space that
Conv(Z) = RY, then because # = z uniquely mini-
mizes £,(0) for each z, the set of unconstraining half-
spaces in the definition (8) consists of {Hg}ier, SO
Oach = R4 O

We provide further discussion of ©,q, and its prop-
erties in Appendix A, but for now, content ourselves
with noting that ©,., contains all achievable points
(which, as in the case of GLMs, consists of all points
0). We therefore make the following standing assump-
tion without further comment and with essentially no
loss of generality except that we could replace © in
each theorem with O,4,.

Assumption 1. The achievable set coincides with O,
that is, ©® = O,cp.

2.2 The minimax bounds: compact domains

With these administrivia out of the way, we move to
delineating when distribution free minimization is pos-
sible in the case that © is a compact convex set. We
will prove more careful results than bounds on the gen-
eral minimax risk (2). For many of our lower bounds,
we need only consider discrete distributions, so letting
the set Paisc(Z) be the collection of finitely supported
probability distributions on Z, define

M(¢,2,0):=inf sup Epa[Lp(0n(Z]))~Lp(O)].
0n PEPyisc(2)

We also slightly refine the risk (2) to make the results
sensible. Let Py(Z) be the set of Borel probability
measures for which Lp(6) = Ep[z(0)] is well-defined,
meaning that

Ep [[£z(9)]] < oo for 0 € int ©

Ep [[—62(9)}+] < oo for 0 e 0.
Thus we may have Lp(f) = +oo, but Lp(0) > —o0
and infgce Lp(#) < oo, and Lp is convex, proper, and

lower semicontinuous (Shapiro et al., 2014, Ch. 7.2.4).
Then we use the refinement

mmz@=mfm>m{w@wm—%@ﬂ
0, PEPi(Z)

of the minimax risk (2). Clearly 9, > Jtlow.

‘We have our first two main theorems.
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Theorem 1. Let Assumption 1 hold and © be com-
pact. If Condition 1 fails, then

lm MY (¢, Z,0) > 0.

By considering estimators §n obtained by averaging n
steps of the stochastic subgradient method over ©,,
where ©,, C © are somewhat carefully chosen subsets
(depending on Z and ¢) satisfying ©,, T O, we can also
show a converse achievability result.

Theorem 2. If Condition 1 holds, then

Hm M, (¢, Z,0) = 0.

This result provides no rate of convergence, which
must generally depend on the structure of ¢: without
extra assumptions on ¢, the rate may be arbitrarily
slow, even in one-dimensional cases with finite Z, as
the next result shows.

Proposition 1. Let Z = {0,1} and © =[0,1]. Then
there exists a numerical constant ¢ > 0 such that for
any conlinuous increasing rate function r : [1,00) —
R, there exists a loss £ satisfying Condition 1 with
Lipschitz constant M ([e, 1—¢]) < r~1(r(1)/€) such that

Mo, 2,0) > ¢ -1

We divide the proofs of the results into several parts,
which we defer, providing an outline in Section 2.4.
We provide relevant background on convexity in Sec-
tion C.1 of the Appendix. We separate the argu-
ments for Theorem 1 in the one-dimensional case that
© C R, as the convex analytic details simplify consid-
erably, though the intuition for the constructions re-
mains consistent in the higher-dimensional cases; see
Section C.2.1. Section C.2.2 contains the proof of The-
orem 1 in the d-dimensional case. We provide the proof
of achievability (Theorem 2) in Section C.3, showing
its essential sharpness (Proposition 1) in Section C.4.

Before continuing, however, we present two examples
to help delineate Theorems 1 and 2.

Example 3 (Log loss minimization): For z € Z =
{0,1} and 6 € © := [0, 1], consider

0.(6) = 2log =+ (1— 2)1

2(0) = zlog 5 z)log 7—.

The loss £, (0) is Lipschitz in 6 over any compact subset
interior to [0, 1], though it fails to be Lipschitz at the
boundaries. Nonetheless, ¢ satisfies Condition 1, so
Theorem 2 shows that minimization of E[¢z(0)] over
0 € [0,1] is possible.

The log loss for estimating multinomials similarly sat-
isfies Condition 1: for z € Z = {1,...,k} and © =
{6 e RE"1 | (1,0) < 1}, the losses

k—1
‘ 1 1
0.(0) = ; 1{z = j}log 0 +1{z=k}log e

are Lipschitz on any convex compact subsets interior

to ©. &

Example 4 (Squared loss minimization): Consider
the parameter space © = [0,1] and sample space
Z = R, and take the loss £.(f) = 3(0 — z)?. Then
sup, |[¢,(0)] = sup, |0 — z| = oo for each 6, and
Theorem 1 shows that distribution free minimiza-
tion is impossible. Conversely, if Z is bounded then
sup, |¢,(0)] < oo and distribution-free minimization is
possible, which highlights how the interplay between
the triplet (¢, Z,0) determines solvability. &

2.3 The minimax bounds: unbounded
domains

Now we consider the case that © is unbounded, and
we continue to make the standing Assumption 1 that
© consists of achievable minimizers (8). The limit-
ing minimax behavior in this case depends essentially
on whether simultaneously for all finitely supported
distributions @, there exist compact sets attaining
near minimizers. In particular, recalling L’é)(@) =
infgee Lg(#), the relevant conditions become the fol-
lowing.

Condition 2: In addition to Condition 1, for all
€ > 0, there exists a compact ©y C © such that

Jnf [Lo(0) — Lp(©)] < e (10)

for all @ € Paisc(Z).

In the one-dimensional case, a simpler criterion is suffi-
cient: that for all € > 0, there exists a compact ©g C ©
such that

Jnf [£:(0) — €:(©)] < ¢ (1)

for all z € Z. (See Lemma C.9 in Section C.5.) While
this simplification does not appear to extend to higher
dimensions, we have the following characterization.

Theorem 3. Let Assumption 1 hold. If Condition 2
fails, then
lim MV (¢, Z,0) > 0.

We have the complementary result as well.
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Proposition 2. If Condition 2 holds, then
lim9M,, (¢, Z,0) = 0.

We provide the proof of the one-dimensional case of
Theorem 3 in Section C.5, demonstrating the exten-
sion to the higher dimensional case in Section C.6.
Given Theorem 2, Proposition 2 admits a relatively
simple proof once we demonstrate that Condition 2 im-
mediately extends from the collection Pgjsc to the well-
defined distributions P, defined by the condition (9),
which we provide in Section C.7. Before giving the
proofs, it is instructive to consider two examples, high-
lighting the ways that finite Lipschitz constants are
neither necessary nor sufficient for minimization to be
possible.

Example 5: Consider the sample space Z = {—1,1}
and exponential loss £, (0) = ¢*. While ¢ is C*°, none
of its derivatives are Lipschitz on R. Nonetheless, it is
clear that for any 0 < € < 1, we have

L(t)=e=10 +e

inf
6] <log L

By Proposition 2 M, (¢, Z,R) - 0 as n — co. <

On the other hand, the absolute loss is globally Lips-
chitz, and yet its minimax risk over R is infinite:

Example 6 (Median and quantile estimation): Con-
sider the sample space Z = R and, for a fixed a €
(0,1), the a-quantile losses

C0)=a([0 -z, —[-2],)+0-a) ([ -0, —[2],)

where the subtraction guarantees that Lp(6) is well-
defined (9) for all distributions P on R. Calculating
left and right derivatives,

DiLp(0) =P(Z<0)—(1-a)
D_Lp(f)=P(Z <) —(1-a),
so that if 8* is a (1 — «)-quantile of Z, i.e., satis-
fies P(Z < 0*) < 1—a < P(Z < 6*), we obtain
D_Lp(6*) < 0 < DyLp(6*). Nonetheless, Condi-

tion 2 fails: consider a compact interval [tg,t;]. As
£,(0) is minimized at § = z, for z > t; we obtain

elgtfl O0) = =(1-a)[z—t],,

which tends to +00 as z — 0o, contradicting (11).

In this case, a more direct argument yields that
MOV = 400, which we include only for its simplic-
ity. Let 2y < 21 be arbitrary and to be chosen, and
for 0 < 6 < a (also to be chosen) define the two-point
distributions

Ph=(1—-a+d)1, +(a—0)1,
P=(1-a—-00l,+(a+)1,,.

Then P, has unique (1 — a)-quantile 6} = zy, while
Py has unique (1 — «)-quantile 67 = z;. Recalling the
bound (13), a quick calculation yields dopt(Lp,, Lp,) >
g|21 — Zo|, SO

ow 6 n n
MR, R) 2 Slz1 — 20l (1= 1P = Plllay)-

Set 0 = 5o, s0 || = Pllpy < 0P = Pillpy <
nd = 1. Then taking |21 — 20| — oo gives MOV = +o0.

<

In Section 3, we revisit this example in the context of
finding stationary points.

2.4 Proof outlines

Each of our lower bounds follows a standard recipe of
reducing optimization to a problem of testing between
two distributions (Agarwal et al., 2012; Duchi, 2018;
Wainwright, 2019), but because the losses have no par-
ticular form except that they cannot be uniformly Lip-
schitz, we must carefully construct the distributions P
so that optimizing well implies testing between two
statistically indistinguishable distributions. For two
convex functions, define the optimization “distance”

o (for J2) = inf max{ fo(6) — i, f1(6) = F7}. (12)

Then (Duchi, 2018, Eq. (5.2.3)) for any two (finitely
supported) distributions Py and P; on Z,

9:)’{1?“’(&27 9) > dopt(LPO’LP1)(1 - ”P()n - PInHTV)

(13)
Our lower bound proofs thus pursue competing goals:
to construct well-separated losses Lp, and Lp, while
the distributions Py, P; generating them are too close
to distinguish. We give an overview of the construc-
tions here, leaving details to the proofs in Section C.

N | =

Let us focus for now on the case that Condi-
tion 1 fails, so that there are points 6y € int®
with arbitrarily large gradient magnitude My, =
SUDPc z SUPgear, (6,) 19112+ Let 20 € Z and g € 9L, ()
be one of these arbitrarily large gradients, defining the
normalized version v = g/ ||g||,. Then because of the
standing Assumption 1, taking ¢t = (v, 6y) + « for some
constant a > 0, the half-space {0 | (v,0) > t} contains
what we term a directable set C (e.g., a finitely sup-
ported distribution @ defining a compact set 6*(Q) of
minimizers, as in Definition 2.2 and Lemma A.3; see
Fig. 3). Take this point 6y and the direction v, and
let @ be the finitely supported distribution so that Lg
satisfies the inclusion in Definition 2.2; as Figure 1
illustrates, we have effectively “placed” a desired gra-
dient at some distance from 6.
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Constructing the lower bound. At
the point 6o, £.(6o) has arbitrarily large gradient

Figure 1.

g in the direction v. The sublevel set Lo(f) <

L§ + ¢, contained in the halfspace {0 | (v,6) > t}
strictly separated from 6y, has a point with gradient
VLg(0) =—v.

To optimize L¢ to accuracy better than some constant
¢, one must produce 6 satisfying (v, 8) > ¢, as Figure 1
evidences. On the other hand, defining the mixture
distribution

P1 = <1—1>Q+1120
n n

that “hides” the observation zy by giving it small prob-
ability, to optimize the corresponding loss Lp, (6) =
(1—1)Lq(0)+ 2., (8) to accuracy better than a con-
stant, we must have (v,0) < t, as otherwise, the loss
L., (0) must grow arbitrarily. More precisely, at any 6
with (v,6) > t we have £,,(0) > £.,(60) + ||g]5 (v, 0 —
6o). The rightmost term is now larger than ||g|, o by
construction, so we can make it arbitrarily large by
choosing ||g|, to be large. In particular, we see that

dopt(LQa LP1) >c

for a constant ¢ > 0. Now that we have ||Q — P || <
1 we need an upper bound on ||Q™ — Py*|1 to ap-
ply inequality (13). The next lemma (whose standard
proof we provide for completeness in Appendix B.2)
allows precise control over such mixtures.

Lemma 2.1. Let Py and Py be distributions satisfying
||P0 — Pl”TV S - Then

HP(?_PF”TVS \/1_(1_7)2”-

In particular, if Py, and Py, are sequences of distri-
butions with ||Pon — Piynllpy < a/n, where a < oo,
then

lim sup Hngn — anHTv <V1-—e 29,
n
Because [|Q" — P*|lpy < 1-(1-1/n)>» —
V1 — e~2, inequality (13) then implies

Mev (¢, 2,0) > = (1 —V1- e—2) .

-2

Section C.2 makes each of these steps rigorous for the
compact case. In the case where © is unbounded,
we require a bit more care to generate the separated
losses, which we obtain not by making an arbitrarily
large gradient but instead by placing the directable set
arbitrarily far away from any given 6y. See Section C.5
for the details.

3 ATTAINING STATIONARY
POINTS

In many M-estimation problems, instead of minimizing
the loss Lp, we instead seek (near) stationary points
of Lp over © = R. This has many motivations, includ-
ing in non-convex problems Nesterov (2012); Lee et al.
(2016); Arjevani et al. (2023); Bubeck and Mikulincer
(2020), where attaining strong minimization guaran-
tees is impossible, as well as recent work that con-
nects “gradient equilibrium” to various desiderata in
prediction problems Angelopoulos et al. (2025), in-
cluding online sequence calibration Foster and Vohra
(1998); Foster and Hart (2021) and conformal predic-
tion Gibbs and Candés (2021); Angelopoulos et al.
(2023). The simplest motivating example comes by re-
visiting Example 6 on quantile estimation, where The-
orem 3 shows that minimizing the loss without any
assumptions is impossible.

Example 7 (Quantile estimation, Example 6 revis-
ited):  For the losses (4(0,2) = a0 — 2], + (1 —

a) [z — 0], we see that if

—€ S D,LP(Q) and D+Lp(0) S €,
then evidently
l—-a—e<P(Z<0) and P(Z<0)<1—a+e,

so that finding a nearly stationary point—one with
small left and right derivatives—implies an accurate
quantile estimate. As we shall see in the sequel, any
empirical minimizer §,, = argmin, Lp, (0) (i.e., empiri-
cal quantile) satisfies max{D+Lp(§n), fD_Lp(é\n)} <
0O(1)/+/n with high probability, so that

P(Zn+1§9n)21—af%
0, 0
P(Zpya < ) <1—a+ 20

where Z, 41 is an independent draw from P. This
contrasts strongly with the impossibility result for loss
minimization in Example 6. &

In this section, we expand this example to consider 1-
dimensional Lipschitz convex losses. We view these re-
sults as essentially preliminaries and (hopefully) start-
ing points for future work. We will not provide funda-
mental lower bounds, instead treating these results as



Distribution Free M-estimation

evidence (see also Angelopoulos et al.’s discussion (An-
gelopoulos et al., 2025)) that there are significant dif-
ferences between finding (near) stationary points and
even asymptotically minimizing convex losses.

3.1 The definition of stationarity

When the space © is unbounded, Condition 2 and The-
orem 3 show that “typically” lim, °V(¢, Z,0) > 0,
meaning that distribution free estimation is impossi-
ble. Accordingly, we modify the goals to seek station-
ary points of Lp. If L were differentiable and had
minimizers, a natural metric for stationarity would be
the derivative magnitude

er(0) == |L'(0)].

This is not quite satisfactory, because (as in the quan-
tile example 7) we frequently seek stationary points of
non-differentiable losses, and additionally, it is possi-
ble that L has no (finite) minimizer. Accordingly, we
give an expanded definition for error, which coincides
when L is differentiable and has attained minimizers,
but allows moving beyond these cases. As a first at-
tempt to address non-differentiability, we might mimic
Example 7 to define

€ (0) == [max{-D; L(0),D_L(0)}], -
For example, when L(0) = ||, then 6y = 6, = 0,
and D4 L(0) = 1 while D_L(0) = —1, and €(8) =0
if and only if # = 0; more generally, if 6* minimizes
L, then we know that D_L(*) < 0 < D, L(6*) and
e (60*) = 0. When minimizers of L may not exist, we
incorporate a correction subtracting off the minimal
possible subgradient magnitude, defining

e1(0) = hmax{D+ LO)LD-LO}, —igf il {lgl}

(14)
In the case that L is differentiable and has a minimizer,
we simply have €1, () = |L/(0)|. Figure 2 shows the
help of the correction term (14).

Figure 2. The function L decreases out to oo, but
points to the right are nearly stationary, approach-
ing the asymptotically shallowest slope infg |L'(6)].

A few properties of €7, show that it provides a natural
measure of non-stationarity.

Lemma 3.1. Let L : R — R be closed convex. The
stationarity error (14) satisfies

(i) If 0 € OL(0), then e () = 0.

(i) If 0 & OL(A) and argmin L is non-empty, then
€r, (9) > 0.

(1) If argmin L is empty, then either DL L(A) < 0
and D_L(0) < 0 for all & or D_L(6) > 0 and
D4 L(0) > 0 for all 0. In either case, the choice
s = —sign(D_L(0)) yields

lim €.(0) =0.

0—s-00

See Appendix D.1 for a proof.

3.2 Achieving stationarity

When the loss ¢ is always (globally) Lipschitz, empir-
ical risk minimizers are sufficient to achieve station-
arity according to the measure (14), even when losses
are non-differentiable (see Appendix D.2 for a proof).

Proposition 3. Assume that £,(-) is M-Lipschitz
for all z € Z. Then any empirical minimizer 6 €
argming Lp, (0) satisfies

N 2
P (eLP(G) > t) < 2exp <—27;L\t42) fort>0.

As an immediate consequence of Proposition 3
~ e nt? 2T M

E [ep(@n)] <2 / - dt = .
€P( TL) — 0 eXp 2M2 \/ﬁ

Let us consider this in the context of Example 7: for
the quantile loss,

erp(@)=max{(1—a) — P(Z <0),P(Z<0)—(1-a)}.
So with probability at least 1 — 2exp(—t2/2),

n) 2 1—a— =,
P(Zpiy < 6) < l—a+ £

In this particular case, the quantile satisfies a slightly
sharper guarantee (Duchi, 2025, Proposition 2), but
Proposition 3 holds for general Lipschitz functions.

4 DISCUSSION

This paper has developed the conditions that pro-
vide a concrete line between those cases in which
distribution-free minimization of convex losses is
asymptotically possible and when, conversely, it is not.
Here, we situate some of the results relative to the sta-
tistical and machine learning literatures while enumer-
ating several open questions.

In classical (stochastic) optimization and machine
learning, uniform convergence guarantees (Devroye
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et al., 1996; Wainwright, 2019; Bartlett and Mendel-
son, 2002) of the form supyeg |Lp, () — Lp(0)] — 0
(in probability or otherwise) provide a frequent tool
for demonstrating the convergence of the empirical risk
minimizer 0, = argmingcg Lp,(6). As we mention
in the introduction, they are sometimes equivalent to
the convergence M,, — 0 of the minimax risk (Alon
et al., 1997; Vapnik, 1998; Anthony and Bartlet, 1999;
Shalev-Shwartz et al., 2010).

Condition 1 shows that even when © is compact, these
are unnecessary for estimation, and we can even have
supgee |Lp, (0) — Lp(#)| = co with probability 1 while
Lp(an) — L%. Indeed, in Example 3, let p = P(Z =
1). Then whenever p= 1" 1{Z; =1} # p,

sup |Lp, (0)—Lp(f)| = sup |(p, —p)log 1Z5| = oo.

6¢[0,1] 0€(0,1]

If p is irrational this occurs at all n, while Theorem 2
shows that there exists 6,, achieving Lp(6,) — Lp =
op(1). In the unbounded case, Example 5 makes clear
that no form of global Lipschitz continuity (and simi-
larly, no uniform convergence) is necessary for conver-
gence of an estimator. Nonetheless, it would be inter-
esting to understand whether the existence of stable
estimators (say, that change little upon substituting a
single observation Z;) is necessary and sufficient for ¢
to be minimizable, as is the case for bounded functions
in machine learning problems (Shalev-Shwartz et al.,
2010). It also remains unclear whether Condition 1
is equivalent to the consistency of particular types of
regularization.

Section 3 implicitly raises the question of whether
our choice of minimax risk (2) via the excess loss
Lp(0)—L% is the right one. In some problems, station-
ary points may be more interesting (and achievable)
than loss minimizers. In another vein, our character-
izations are loss specific but do not address questions
of adapting to the underlying distribution P (cf. Chat-
terjee et al. (2016)): are instance-specific guarantees,
i.e., depending on ¢, P, and O, possible? Relatedly,
if instead of the minimax risk (2) we consider a game
where we choose an estimator @L for each n, then na-

iid
ture chooses P and we observe Z; ~ P, we ask whether
for some v > 0 the risk measure

inf sup limsupn” - Epn [Lp(@L(Z{L)) —L}} (15)
6 P n

converges. Super-efficiency theory (van der Vaart,
1997) shows that estimators may improve upon classi-
cal statistical efficiency bounds only at a measure-zero
set of parameters to provide insights into the limit (15)
in these cases; extending it to general loss minimiza-
tion problems would be a major achievement.

We could instead ask for convergence of §n to the
solution set ©*(P) := argmingcg Lp(#). When ©
is compact, the empirical risk minimizer @1 satis-
fies dist(f,, ©*(P))“3 0 for any P, but this conver-
gence is pointwise (Shapiro et al., 2014, Thm. 5.4).
Even for Lipschitz functions on a compact set, uni-
form guarantees are impossible: consider minimizing
£,(0) = |9 — z|, and take the two distributions Py =
1+5 10—1— 91, and P, = 155 10—1—1%‘511. Then because
90 = argmln Lp, =0 and #; = argmin Lp, =1, an es-
sentially standard minimax calculation (Wainwright,
2019, Ch. 14) gives

mf max ]Epn“@ (Z1)

, 11—
nf max, —0i|] = 31

P+ o0s(D)n).
where the final inequality uses Pinsker’s inequality
and Dkl (PO HPI ) = ’I?,Dkl (P()”Pl) while Dkl (Po ||P1) =
log 112 = 26%(1 + o(1)) as § — 0. Take § < 1/n to
obtaln that the minimax parameter estimation risk is
as bad as predicting 6 = 0: max;c o1} Ep,[|0n — 0] >

%—0( ). Any characterization of estimable parameters
in a distribution free sense requires care, as certainly

Condition 1 is insufficient.

We identify one more important open question.
First, we include Section 3 only to contrast the
(in)achievability results present in the rest of the pa-
per. Providing a characterization of the losses for
which it is possible to attain stationary points in a
distribution free sense remains a challenging. Cer-
tainly, uniform Lipschitz continuity of the losses (as
Proposition 3 assumes) is unnecessary: if £,(-) has
Lipschitz derivatives on_compact subsets of ©, then
any estimator with Lp(6,,) — L% — 0 guarantees that
L'»(6,) — 0. Indeed, if Lp(f) — L% < e, then be-
cause a function with M-Lipschitz derivative satis-
fies |Lp(0 +t) — Lp(0) — Lp(0)t] < Mt?/2, taking
t = —L's(0)/M yields
L/(a)Q

2M

That is, necessarily L'() < v/2Me. So, for example,
the exponential loss in Example 5 admits estimators

satisfying L/ (9 ) — 0, though it is certainly not Lip-
schitz. We leave such extensions to future work.

Lp(@+1t) < Lp(9) —
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1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
Yes.

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
Yes.

(¢) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. Not Applicable — purely
theoretical.

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. Yes.

(b) Complete proofs of all theoretical results.
Yes.

(c) Clear explanations of any assumptions. Yes.

3. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed to
reproduce the main experimental results (ei-
ther in the supplemental material or as a
URL). Not Applicable — purely theoretical.

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). Not
Applicable — purely theoretical.

(¢) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). Not Applicable — purely the-
oretical.

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster,
or cloud provider). Not Applicable — purely
theoretical.

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses ex-
isting assets. Not Applicable — purely theo-
retical.

(b) The license information of the assets, if ap-
plicable. Not Applicable — purely theoretical.

(c) New assets either in the supplemental mate-
rial or as a URL, if applicable. Not Applica-
ble — purely theoretical.

(d) Information about consent from data
providers/curators. Not Applicable — purely
theoretical.

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. Not Applicable — purely the-
oretical.

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to par-
ticipants and screenshots. Not Applicable —
purely theoretical.

(b) Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable. Not Applica-
ble — purely theoretical.

(¢) The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation. Not Applicable — purely
theoretical.
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Distribution Free M-estimation:
Supplementary Materials

A PROPERTIES OF THE SET OF ACHIEVABLE MINIMIZERS

With the definitions of directional derivatives and associated calculus rules in Section C.1, we can provide more
perspective on the achievable set (8).

A.1 The one-dimensional achievable set

The cleanest results follow in the one-dimensional case, as the achievable set (6) admits many different charac-
terizations. To do so, we first argue that so long as © has an interior, the extreme points (5) satisfy

Omin = inf {9 €0 | sug Dil,(0) > O} and Opax = sup {49 €0 | 122 D_¢,(0) < 0} . (16)

z€ z
We show the left equality, as the right is similar. Let § € int © be any point for which sup,cz D4£,(6) > 0. Then
there exists z € Z for which D1 £,(f) > 0, and because £,(-) is a.e. differentiable on its domain, for all e > 0
there exists 6 € [0, 6 + €] for which ¢,(8") > D,¢.(6) by Lemmas C.1 and C.2, so the claimed equality holds if
there exists 6 € int © satisfying D4 ¢.(0) > 0 for some z € Z. If, on the other hand, sup,.z D1 ¢,(6) < 0 for all
0 € int ©, then the monotonicity of Dy and ¢ show that 6, = sup{f € O} as desired. We therefore use the
characterization (16) for Oy, and Oyax.

While the definition (8) of ©,., appears complex, the next two lemmas show how it captures the sets of plausible
minimizers of Lp(f) in ways that depend only on the loss ¢ and potential data Z, irrespective of P. In the
lemmas, we recall that P, denotes the set (9) of Borel probabilities for which Lp is well defined on § € ©. All
finitely supported measures P immediately belong to Py, and moreover, minimizers of Lp in © are attained. If
© is compact, this is standard. Otherwise, the extended reals address the issue, so that (e.g.) if sup©® = +o0
and limg_,oc L(#) = infgco L(0), we say oo € argmingcg L(0).

Lemma A.1. Simultaneously for each probability distribution P € Py, that is, for which Lp is well-defined on
O, the following hold:

(i) If Omin > Omax, then Onax < 6% < O implies that 0* minimizes Lp(0) over 8§ € ©. In particular, all

functions £.(-) are constant and minimized on [Omax, Omin]-
If O, is non-empty, we additionally have

(i) Oacn intersects the minimizers of Lp(0), that is, argming.g Ep[¢z(0)] N Oaen # 0.

(i) For any point 6y € ©, the projection proje__ (o) = argmingce_ {(0 — 60)?} satisfies Lp(proje_, (0o)) <
Lp(6o).

(iv) If Oach is non-singleton, then

(17)

Oucn = cl {9 € O | there exist zo, 21 € Z with 0l (0) NR>o # 0 and } .

9L, (0) NRog # 0

We prove the lemma in Appendix B.5.

We can write ©,q, more directly in terms of minimizers of Lp. Let A(¢, Z,0) be the collection of closed convex
sets C' C [—o0, 00| for which for all distributions P on Z,

C Nargmin Lp(60) # 0.
[2C]
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Figure 3. A directable set constructed as the sublevel set of the function £(0) = %0% + #3. The gradients point

out of the sublevel set {6 | 367 + 63 < ¢} and have norm [|V£(6)||, bounded away from 0.

We then have the following result, whose proof we provide in Appendix B.6, and which makes formal that the
definitions (6) and (8) are equivalent.

Lemma A.2. Assume O,ep s non-empty. Then viewed as a subset of the extended reals [—oo, 0], it satisfies

Oach = [ |{C € AL, 2,0)}.

That is, Oacn is the smallest closed convex set C' satisfying C' N argming.g Lp(0) # 0 for all P. In summary,
Lemmas A.1 and A.2 show that it is no loss of generality to restrict attention to the set (8) of achievable
minimizers: completely independently of the distribution P on Z, we can always improve the expected loss Lp
by projecting a point onto © .

A.2 Characterizations of directable sets

In this section we give a few sufficient characterizations for directability to show that such sets are a typical
phenomenon. The first condition is that any time a loss attains its minimizers on a compact set, the set of
minimizers is directable. See Figure 3 for an illustration.

Lemma A.3. Let Q be finitely supported and assume 6*(Q) = argmingecg Lg(0) is compact. Then 0*(Q) is
directable.

This lemma is an immediate consequence of Proposition 4 to come in Section C.1.3.

We can also more directly analogize the condition (5). Recall the directional derivative (Hiriart-Urruty and
Lemaréchal, 1993a, Def. VI.1.1.1) of a convex function f at the point 6 € dom f in the direction v,

o)t L SO SO ) - J6)
R

where the limit always exists, Df(6;v) is convex and positively homogeneous in v, and the equality (x) holds if
af(0) # 0. If f is differentiable at 6, then Df(6;v) = (Vf(),v). We recall our Definition 2.1 that a point 6 is
achievable if for each v € S¥1,

there exists z € Z with DZ,(8;v) > 0.

The next lemma shows that achievable points are also directable (see Appendix B.1 for proof).

Lemma A.4. If 0 € int © is achievable (Definition 2.1), then {0} is directable (Definition 2.2). In the Defini-
tion 2.2, we may take the set C. = {0} for all e > 0.
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A.3 Characterizations of the achievable set in d > 1 dimensions

When © C R? for d > 1, the characterizations of the achievable set (8) are not quite so elegant as those for
the one-dimensional case, so instead we simply record a few results and extensions to the set. As a trivial
remark, note that if 0y & ©,q,, then for each finitely supported distribution @, there is § € ©,4, for which
Lg(0) < Lg(bh), so in that sense, there is no reason to include points in © \ ©,¢p in estimation.

As a preliminary result, we note that the condition that the halfspaces are unconstraining (7) extends to any
probability measure so long as the loss £, is appropriately integrable.

Lemma A.5. Let Py contain the well-defined probability measures (9) and © be compact. Then equality (7)
holds for all P € Py.

See Appendix B.7 for a proof. In brief, we see that the restriction to finitely supported measures is of no real
import.

We also provide a few equivalent characterizations of achievability, assuming the density of achievable points (Def-
inition 2.1). For a vector 6y, define the set of eliminatable points

E(0o,¢) ={0 | DL,(0p;0 — 6y) > 0 for all z € Z}
= () {01 DL(60;0 — 6) = 0}, (18)

z€EZ

which is a convex cone of points that necessarily have loss at least that of 6y, as
£,(0) > £,(6p) + Dl.(6;0 — 0p).

If a point 8 € E(6p, ) for some 0y # 0, then a priori 6 is sub-optimal (relative to 6y) for any probability
distribution P on Z, and Lp(6p) < Lp(0). In fact, that a point 8y eliminates no points in © is equivalent to its
achievability (see Appendix B.8):

Lemma A.6. If © N E(by,¢) = {6} for some 0y € int O, then Definition 2.1 holds at 6y. Conversely, if the
inequality in Definition 2.1 holds at 0 € int ©, then 0 & E(0y,¢) for all 6y € int © with 6y # 6.

As a consequence, if each 6 € int O is achievable (Definition 2.1), then no points may be summarily eliminated
as sub-optimal from O, and ©,., = O.
An alternative to the characterizations above is to define the set
doming(0g) :={0 € © | £.(0) < £,(0y) for all z € Z} = ﬂ {0€0©|£.(0) <L.(00)}
zEZ

of points that uniformly dominate 6y, meaning that 6 € domin,(6y) achieves smaller loss on all examples z € Z.
The set doming(6y) is closed convex, as it is the intersection of closed convex sets. When the only point 6 that
uniformly dominates 6, is always 6y itself, then it turns out that all points in the interior of © are achievable
(Definition 2.1):

Lemma A.7. Assume that doming(6g) = {0} for each 0y € int ©. Then for each 6 € int© and v € S*1, there
exists z € Z such that
D{,(6;v) > D_£,(6;v) > 0.

Conversely, if 0y € int © is achievable (Definition 2.1), then doming(6y) = {60 }.
See Appendix B.9 for a proof.

Recalling Example 1, we see what we view as the prototypical case: the set of achievable points (Definition 2.1)
is dense in int ©. When this occurs, the somewhat complicated seeming achievable set (8) coincides with the
closure of any of the following sets:

(i) the admissible points 6 € O, i.e., those belonging to the set defined in (8).
(ii) the points 6 that are not eliminatable (18), that is, & E(6p,¢) for any 6y € int ©.

(iii) the set of un-dominated points 6 € 0, i.e., those for which domin,(0) = {6}.
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A.4 Further comments on solvability without Assumption 1

In this section we highlight the fact that in the pathological cases where © # ©,.,, then Conditions 1 and 2
may not correctly determine if an instance is solvable. In fact, we can construct counterexamples where our
conditions fail to be the correct criteria.

Example 8: Let Q be the set of rational numbers, take Z = [0,1]\ @ x Q, and © = [0, 2]. Consider the losses
indexed by z = (r,q) via

1 1 1

For this triplet (Z,0,¢) Condition 1 fails, as the smallest Lipschitz constant at each § < 1 is 400, but 6 =1
trivially minimizes each loss £,. <

We can also recreate the same phenomenon beyond one dimension.
Example 9: Once again take Z =[0,1]\ Q@ x Q, and © = {# € R?: ||0||, < 1}, with losses

1

bral6) Ir —q

1615 -

Evidently, Condition 1 fails once again, but # = 0 trivially minimizes each loss £,. In this case, every directable
set (Definition 2.2) contains {0}, so the achievable set (8) is {0}. ¢

As we discuss in the second half of Section 2.1, for general d > 1, achievable minimizers (Definition 2.1) provide the
cleanest description of solvable problems. The more elaborate Definition 2.2 addresses issues in higher dimensions
that arise because there is no natural ordering in R?, so gradients are only monotonic in one direction at a time.
Lemma A .4 indicates that the achievable set (8) includes the convex hull of these achievable points. Even further,
in the case of GLMs or the case of location-type losses, it is the convex hull of achievable points.

B TECHNICAL PROOFS

B.1 Proof of Lemma A.4

We first perform a compactness argument when 6 € int © that refines the positivity condition in Definition 2.1.
Because 92, (0) is compact for 6 € int ©, v — D£,(0;v) is convex and bounded on compacts, and so is continuous.
Thus, for each v, for the z satisfying Definition 2.1, there is ¢ = €(v) > 0 such that

D¢, (0;u) > 0.

m
lu—vll,<ellull,=1

The sets {v + ¢(v) int B} N S?~! form an open cover of S¥~!, from which we can abstract a finite subcover, and
indexing by v1,...,vk and the associated z1, ..., 2K, we obtain

inf maxD{,,(f;v) =min inf maxD/¢, (f;u) > minmax inf Df,,(0;u) > 0.
vesd-1 i<K I<K fu—v; ||, <e isK JSKASK Jlu—vjll;<e

Written differently, we have the following strengthening of Definition 2.1.

Lemma B.1. Let 6 € int © satisfy Definition 2.1. Then there exists a finite k € N, set {z1,...,2,} C Z, and
c = c(0) > 0 such that for each v € S™1, there is z; for which

D¢, (0;v) > c. (19)

The next result provides a theorem of alternatives, in the vein of Farkas’ lemma.

Lemma B.2. Let A € R™*" be a matriz with rows al ,...,al and uw € R™ a vector. Then precisely one of the
following two alternatives holds:

(a) There exists X\ € RT, (A, 1) =1 for which ATX\ =u
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(b) There exists a vector v for which (a; —u,v) > 0 for each i.
Proof By homogeneity, part (b) is equivalent to there existing v, ||v[|, < 1, for which (a; — u,v) > 0. Let
A={XeRT, (A1) =1}. Then

e T (AT ~ T (AT
sup inf v* (A" X —w) = inf sup v* (A" X —u)
veEBD AEA AEA yeBy

by standard min-max duality with bilinear functions. So if condition (a) holds for some A, then ob-
viously infiea sup,ep, vV (ATA — w) < sup,ep, v (ATA. — u) = 0, while if condition (b) held, we
would have infyep vT (ATA — u) = min;(a; — u,v) > 0, a contradiction. Conversely, if (a) fails, then
SUpP, g v (AT —u) = HAT)\ — uH2 > 0, and as A is compact, infycp HAT)\ — uH2 > 0. The value of the game
is thus positive, and so sup,¢g, min;(a; — u,v) >0, i.e., (b) holds. O

Combining Lemma B.1 and Lemma B.2 will allow us to prove Lemma A.4. Take the set {2;}¥_; that Lemma B.1
guarantees, so that there is a ¢ > 0 such that for each v € S?~! there exists i and g; € 8621.( ) satisfying

<gi7 U> > c.

We will show that for 0 < ¢ < ¢, there is a solution to Y .-, \;g; = tu with X\ = 0, (1, \) = 1, which is evidently
equivalent to Lemma B.1. Take t < ¢, which in turn implies

(g; — tu,v) > c—1t> 0.
In particular, for any v € S¢~!, there exist indices i and j for which
(9; —tu,v) >0 and (g; —tu,—v) >0 ie. (g; —tu,v) <O0.

That is, for any v € S,
ma’?(gi —tu,v) >0 and m<1]r€1<g — tu,v) < 0.

Lemma B.2 thus demonstrates that Y_." | A\;g; = tu with X = 0, (1,A) = 1 has a solution.

B.2 Proof of Lemma 2.1

Recall the squared Hellinger distance dhel (P,Q) =5 f (VdP — /dQ)?. The Hellinger and variation distances
satisfy Le Cam’s inequalities (Tsybakov, 2009, Lemma 2.3)

dpor(P, Q) < 1P = Qllpy < dnet(P,Q)y/2 — diy (P, Q)
for any P, Q, and the Hellinger distance tensorizes via d? (P, Q") = 1—(1—dZ.,(P,Q))". For the first statement,

12§~ Py < duea(Py {2 — 2y (P PP)

= /1= (1= @2y (Po, P)"y 1+ (1 — d2y(Po, Pr))"

<VI-0=—9)/1+ 10—y =+1-(1—7)

Taking P = Py, and Q = P; ,, and setting v = = yields

n ” a 2n
1B = Plallpy <4/1-(1-5)

Take n — oo.

B.3 Proof of Lemma C.3

We prove the results about M, . We know that M, = inf.czD_¢.(f) by Lemma C.1, part (i). We will

demonstrate that for all ¢ > 0, M < My, If My, , = —o0, then for any M < oo, there exists z € Z such that

D_¢.(0) < —M, and the monotonicity of § — D_/,(6) (Lemma C.1, part (iii)) implies M, < D_¢.(0) < —M.

As M was arbitrary, we have M, = —oo. If My, , > —oo, then for any € > 0, there exists z such that
D _£.(0+1) < My, +e Forthis z, My <D_£.(0) <D_{.(0+1) < My, + ¢, proving the monotonicity. The

monotonicity of M‘;' is similar.
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B.4 Proof of Lemma C.18

We first demonstrate that it is no loss of generality to assume that the losses ¢, are nonnegative. Because point
masses 1, € Paisc(Z) trivially, we see that Condition 2 implies that £5(©) > —oo for all z € Z, as £5(0g) > —c0
by propriety of the losses. Now we show that we may reduce to the case that the losses are non-negative. Define
the rescaled losses ¢, = £, — £x(6y), so that £, >0 on Oy, {, is still z-measurable, and

0,(0)> —€ forallf € O,z c Z.

Condition 2 includes Condition 1, so for any 6y € int ©, there is a Lipschitz constant My such that M, >
sup, .{llglly | g € 9€.(0o)}. Thus, assuming w.l.o.g. that 6y € Og by increasing the compact set O if necessary,
for any gg € 9¢,(6y) we have the lower bound

£.(0) > £.(600) + (90,0 — Oo) > L.(00) — Mo |6 — 6o,
S0
Then —oo < Ep[€% ()] < 0o, and so for any 6y € O, § € O, and any P € Py(2),

Lp(6o) = Lp(0) = Ep [(2(60) — £7(©0)] —Ep [(2(0) — £7(S0)]
=Ep [(7(00)] —Ep [(2(9)].

Adding an additional € > 0, we see it is no loss of generality to assume that the losses are nonnegative, £, > 0.

With the w.l.o.g. nonnegativity assumption, we can show the extension to Borel measures from discrete. Recall

that functions f,, epi-converge to f, denoted f, = f, if whenever 6,, — 6,
liminf f,(6,) > f(9)
and for each 6, there exists a sequence ,, — 6 such that

limsup f,,(0,) < f(0).

n— oo

Shapiro et al. (2014, Thm. 7.49) shows that Lp, & Lp with probability 1 for all P € P,, and moreover, for any
compact Oy, they also show (Shapiro et al., 2014, Thm. 5.4) that L (©9) — Lp(©p) with probability 1. As
Condition 2 holds, let € > 0 be arbitrary and assume Oy satisfies L) (0p) < L (0) + € for all discrete Q. Then
taking P, to be the empirical distribution of {Z;} , drawn ii.d. P, which is discrete, we may assume that we
have .

Lp, = Lp and L} (©9) = L (O0)

for compact ©g. Because Lp is lower semicontinuous and bounded below (by the w.l.o.g. assumption that
£, > 0), there exists § € © such that L}(0) < Lp(#) + €. For this 0, epi-convergence implies there exists a
sequence 0, — 6, 0,, € O, for which limsup,, Lp, (6,) < Lp(#). Thus

(@) (i
LH(0g) = li,rl;[lL;)n(@O) < limsup Lp (©) + € <limsup Lp, (0,) +¢ < Lp(0) +¢,

n

where inequality (¢) follows by Condition 2 and inequality (i7) by Lp, X Lp. By assumption, Lp(0) < Lp(0)+e,
SO

L5(00) < Lp(0) + 2¢.

B.5 Proof of Lemma A.1

We recall a few results on differentiability and closedness of stochastic optimization functionals Bertsekas (1973);
Shapiro et al. (2014). When P € Py, the probability distributions making Lp well-defined over ©, 6 — Lp(6)
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is closed convex whenever ¢,(-) is closed convex for each z € Z, and moreover, we can interchange directional
differentiation and integration (see, e.g., Bertsekas (1973) or (Shapiro et al., 2014, Thm. 7.52)):

D, Lp(0) = / D, £.(0)dP(z) and D_Lp(6) = / D_0.(0)dP().
Recalling the definition (16) of O, and O,y in terms of directional derivatives, we have
Omin = inf {9 €0 |supDil.(0) > 0} and 0. = sup {9 €0 | ing D_¢.(0) < 0} )
zEZ zE

Thus, the swapping of integration and directional differentiation implies

Dy Lp(Omax) = / DL, (Bmax)dP(2) 2 / Jim D, £.(6)dP(2) > 0.

max

>0
where equality (%) follows from Lemma C.1. Similarly,
D_Lp(Omin) <O0.
If Oax = Omin, these equalities imply that 0* = 6,.x = Omin minimizes Lp, and as the choice of P was

arbitrary, this implies part (i) in that case. For 6 < 6Ouin, we have sup,cz D, f.(6) < 0, while § > Opax
implies inf,cz D_¢,(#) > 0. In particular, 0 < D_£,(0) < D, ¢.(0) < 0 for all z, that is, ¢,(0) = 0 for any
Omax < 0 < Omin, completing the proof of part (i) once we recognize that

D+€z(0max) < 0= D—éz(e) = D+€z(9) < D—éz(emin)

for Omax < 0 < Opmin-

Now we consider the cases that Omin < Omax. Let ©*(P) = argmingcg Lp(6); because Lp is closed convex, its
minimizers are attained (once we allow extended reals). We consider the left endpoint 6y, as the arguments
for the right endpoint are similar, and wish to show that [@min, 00] N ©*(P) # 0. If Oy, = inf{f € O}, there is
nothing to show, so assume instead that Oy, > inf{f € ©}, whence —00 < Lp(fmin) < 00. Then for 6 < O,
assuming Lp(#) < oo, we have sup,cz D+£,(6) <0, and applying Lemma C.2,

Omin
inf Lp(0) < Lp(0mim) = Lp(0) + / D, Lp(t)dt < Lp(6).
0coO 0 ——

<0

Performing the same argument for 0,,,,, we see that if 0 & [fimin, Omax], then

Lp(0) > inf Lp(0
)2, inf  Le(®),

yielding parts (ii) and (iii) of the lemma.
Finally, we turn to the last claim (iv). Let
0" = {9 € O] inf D_£,(0) < 0,sup Dy L, (0) > 0}
zEZ 2EZ

denote the variant of the set on the right side of the claimed equality (17) whose closure we have not taken.
When Onin < Omax, for any 6 € (Omin, Omax) there exist zg, 2z such that D¢, (6) > 0 and D_¢,,(f) < 0, so
int ©,., C ©*. For the converse, observe that because ©,., has interior, ©* is non-empty. It is also an interval
(though it may be empty): if §y < 6; and for each i € {0,1}, there exists 2z satisfying D_¢_-(6;) <0 and
D.f_+(0;) > 0, then for 6y < 6 < 6;, the monotonicity of subgradients (Lemma C.1, part (ii)) imi)lies that

D, (6) <O<D_£,(01) <0 and Dyl . (0) > Dyl 1 (6) >0,

so that 8§ € ©*. If § € ©*, then clearly 6,y < 0 < Onax by construction, implying cl ©* C ©,.
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B.6 Proof of Lemma A.2

Let C* = N{C € A(¢, Z,0)} be the set on the right side of the equality in Lemma A.2. We first show that
Oach C C*. Assume w.lo.g. that O, # 0 and let 8 € Ouen. If O, = {6}, then part (i) of Lemma A.1
gives that 0 € C*. Tt is straightforward to see that if § € intO,.,, then § € C for each C € A(¢, Z,0).
Indeed, by definition (8), there exist 2™ and 2~ € Z such that D;£,+(0) > 0 and D_¢,-(f) < 0. Set p to
solve pD4£,+(0) + (1 —p)D_¢,-(0) = 0, and then define the distribution P = p1,+ + (1 — p)1,-. Evidently, 0
minimizes Lp. Because C* is closed, it must therefore contain ¢l ©,¢,.

Suppose 0 € Ouch = [Omin, Omax), and w.l.o.g. assume 6 < Op,.x. Then by part (ii) of Lemma A.1, sup{6’ €
argmin Lp} > O, > 6 for all distributions P. The closed set C' = [Opin, 0] thus belongs to A(¢, Z,0), and
6 ¢ C. We have shown ©¢_, C (C*)°, that is, C* C O,en as desired.

B.7 Proof of Lemma A.5

If Py contains well-defined probability measures, then standard consistency results for stochastic approxima-
tion (Shapiro et al., 2014, Thm. 5.4) show that if P, denotes the empirical measure for Z; i P, then whenever

So(Lp) = argmingcg Lp(6) is non-empty and bounded, then
Ly (0)*% L1(©) and Lj (ONH,y)“S L (0N Hyy).

In particular, if H, ; is unconstraining for all finitely supported measures, then for all e > 0, there exists a finitely
supported measure ) such that

|Lp(H, N ©) = Liy(H, ;N O)| < e and |L5(©) — L5 (©)| < e.

In particular,
Lp(Hyi1O) = Lp(0)] < 2

for all € > 0, that is, Lp(H,; N ©) = L}H(0O).
B.8 Proof of Lemma A.6
Let E(6p,¢) N © = {0y}, which is equivalent to the condition that
O C (E(Ay,?) \ {00})° = {0 | there exists z € Z s.t. DL, (0y; 0 — 0y) < 0} .

For each 6, € ©, there exists z € Z for which D£,(0y; 6, — 69) < 0. As a consequence, because for any v € Sé-1
we may take 61 = 0y + tv € © for some ¢t > 0, there exists z for which D¢, (6y;v) = %Déz(éo; 61 — 6y) < 0. For
this z, we obtain

0>DCl(0p;v) = sup (g,v)=— inf (g, —v)=—D_t,(0p;—v),
9€0L-(60) 9€DL-(60)

i.e., D_£,(0p; —v) > 0. So Dl,(fp; —v) > D_¢.(6p; —v) > 0, and as v € S¥~! was arbitrary (so we may as well
have chosen —v), we see that for any v € S?~!, there exists z € Z for which D/, (6y; v) > 0. That is, Definition 2.1
holds at 6.

For the converse, assume that 6 € int © satisfies Definition 2.1. Then for 6y € int©, 6y # 0, setting v =
(6o —0)/ 1|0 — 6|5, there exists z for which DZ.(0;v) > 0. The function h(t) = £.(t6p + (1 — t)f) satisfies

Oh(t) = [D_L.(t0y + (1 — £)0; 0 — 0), DL, (t0y + (1 — 1)0; 60 — 0)]

and that Oh(t) is increasing (or at least non-decreasing) in ¢ (see (Hiriart-Urruty and Lemaréchal, 1993a,
Ch. V1.2.3)). In particular, D_¢,(6¢; 600 — 6) > D£,(0; 0y — 6) > 0. Rewriting this,

0< D_éz(eo,eo—e): inf <g’90—9> = — sup <g;0—90> :—sz(90,9—90)
g€dL-(00) g€l (00)

That is, DZ.(60;0 — 60) < 0, and 8 & E (6o, ¢) for any 6y # 6, 6y € int ©.
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B.9 Proof of Lemma A.7

For each pair 6y,0; € © with 6; # 0y, there exists z such that £,(61) > £.(0y). Written differently, for each
6 € int © and cach v € S¢~! and ¢ > 0 such that § — tv € ©, there exists z such that
£,(0) — £,(60 — tv)
t

> 0.

Because /¢, is subdifferentiable at 6 € int O, £,(0 — tv) > £,(0) — t{g,v) for each g € 9¢,(0), that is, t{g,v) >

£,(0) — £.(0 — tv). Rearranging the preceding display,

2,(0) —£.(0 —tv)
t

(g,v) > >0 for all g € 0¢,(0),

and so D_£.(0;v) = infycay, (9)(9,v) > 0.

For the converse, let 0 satisfy Definition 2.1 and 6 # 6y, 6 € ©. Then for v = (6 — 6y)/ ||0 — b]|,, we take a z
for which D¢, (0y;v) > 0, and then

1
0.(8) = £.(60) + 16 — Boll, - / DL, (80 + £(6 — 8o); ) dt = £.(60) + |0 — 8]l DL (B0; v).
0

>D2. (00;v)>0

So 6 & doming(6y).

C PROOFS OF THE MAIN RESULTS
We prove our main theorems here.

C.1 Background on convex functions

We begin with a few preliminary observations on convex functions, which will be useful throughout the proofs
of our results and other development; we defer proofs to appendices.

C.1.1 Omne-dimensional first-order behavior

In the case that © C R, convex functions admit substantial structure that we can leverage (e.g., Hiriart-Urruty
and Lemaréchal, 1993a, Ch. 1), including extensions of derivatives and subgradients to the extended real line
[—00, 00]. Recalling the shorthand R = R U {400}, let f : R — R be a (proper) closed convex function. Then
we may define the left and right derivatives (Hiriart-Urruty and Lemaréchal, 1993a, Thm. 1.4.1.1)

o0 i LD =IO _ 1040 10) o0m
o SO=t) =)  fO—1t) - f(O)
D_f(0) = ltlTHOl = = 21;18 = . (20b)

The following lemma (Hiriart-Urruty and Lemaréchal, 1993a, Ch. 1.4) characterizes these quantities everywhere
on dom f and relates D4 to the subdifferential of f.

Lemma C.1. Let f : R — R be closed convexr. Then f is continuous on its domain dom f = {§ € R | f(8) < oo},
and the following properties hold.

(i) If 0 € intdom f, Of(0) = [D_f(0),D1 f(0)] is a non-empty compact interval.
(i) The subdifferential Of and directional derivatives D1 are monotone: for 6y < 01,
go € 0f(00) and g1 € Of(01) implies go < g1

and
D_f(o) < D4 f(6o) < D_f(61) <Dy f(01).
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(i1i) The directional derivatives are continuous in that for 6y € int dom f,
L D_f(0) = Jim D4 f(0) =D_f(6) and Jim D, f(0) = lim D_f(6) = D4 f(6o).
(iv) If 0o is the left endpoint of dom f, Dy f(6) = limgyosup{g € 0f(0o + 1)} and the defining equality (20a)
holds in R. (Respectively, the right endpoint and (20b) in R).
(v) On each [6y,01] C dom f, f is M = max{—D_f(0p), D4 f(01)}-Lipschitz on [0y, 01].

A convex f is differentiable almost everywhere on the interior of its domain, and if f is defined on an interval,
it has an integral form (Hiriart-Urruty and Lemaréchal, 1993a, Remark 1.4.2.5):

Lemma C.2. If f is closed convex and [0y,61] C dom f, then f(01) — f(60) = 0001 Dy f(t)dt = ;Ll D_f(t)dt,
and for almost all 0 € (6o,61), D4 f(0) = f'(6) = D_f(6).
We may reformulate Condition 1 more precisely in terms of the Lipschitz constants of the losses £,. Define the
signed local Lipschitz constants at each 6 € © by

M =sup{ge€dl,(0)|z€ Z} and M, =inf{ge dl,(0) |z € Z} (21)

The monotonicity properties of subdifferentials more or less immediately implies that the Lipschitz constants
MQi are monotone (see Appendix B.3):

Lemma C.3. The function M, is non-decreasing in 6, and M; is non-decreasing in 6.

In view of Lemma C.3, the signed Lipschitz constants (21) define the local Lipschitz constant
My = max{M,", —M, } = max{|M,|,|M, |},

and Condition 1 holds if and only if My < co on int ©.

C.1.2 Multi-dimensional first-order behavior

For © C R? with d > 1, convex functions admit similar monotonicity and continuity properties of the subdiffer-
ential to the one-dimensional case. Let f : R? — R be closed convex. If § € int dom f, then the subdifferential
0f(0) is a non-empty compact convex set (Hiriart-Urruty and Lemaréchal, 1993a, Ch. VI.1). Recalling the

directional derivative Df (6;v) = limg o {OHI=TO " e define
SO —t) = f(0) »
D_f(6;0) = lim "~ = inf (g, v),
f(6;v) = lim — ok g:v)

where equality (x) holds so long as 9f(6) is non-empty (Hiriart-Urruty and Lemaréchal, 1993a, Ch. VI1.2.3). We
can analogize Lemmas C.1 and C.2 in the multi-dimensional case as well (cf. Hiriart-Urruty and Lemaréchal,
1993a, Ch. VI):

Lemma C.4. Let f : R? = R be closed convex and proper. Then it is continuous on the interior of its domain
dom f = {0 € R? | f(0) < oo}, and the following hold.
(i) On each compact set O C intdom f, f is Lipschitz with constant

M(@o) ‘= sup sup ||9||2
0€00 gedf(0)

(ii) The subdifferentials are monotone in that whenever 0f(6y) and df(61) are non-empty,
g: € 0f(0;) implies (g1 — go,01 — o) = 0.

(i4i) The subdifferential mapping is outer semicontinuous: if 8y € intdom f, then for each ¢ > 0 there exists
6 > 0 such that
|6 —boll, < 0 implies Of(0) C Of(6y) + €Bo.
In view of Lemma C.4, we can thus generally define the local Lipschitz constants

My = sup{|lgll, | = € 2,9 € DL(0)}, (22)

which coincide with the one-dimensional case (21).
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C.1.3 Minimizers, conjugacy, and coercivity

Let f : R — R be closed convex. Recall that f is coercive if lim g o0 f(#) = 00, which implies that all
sublevel sets {6 | f(0) < ¢} are convex and compact. For closed convex f, coercivity relates to “derivatives of f
at infinity,” which in turn connect to the existence of minimizing sets. To develop this idea, fix 6y € dom f, and
recall (Hiriart-Urruty and Lemaréchal, 1993a, Def. IV.3.2.3) the recession function

fi(v) = lim %(f(eo +tv) — £(6p)) = sup f(6o + tv) — f(6o)

t—00 >0 t

)

which is positively homogeneous, closed convex in v, and independent of the choice 6y. Similarly, for a convex
set C, any 0y € C defines the recession cone (Hiriart-Urruty and Lemaréchal, 1993a, Def. I11.2.2.2)

Coo ={v| 0y +tv e fort >0},
which again is independent of the choice 6.

Coercivity and the positivity of recession functions coincide for closed convex f:

Lemma C.5. Let f: RY — R be closed convex. Then f is coercive if and only if f'.(v) > 0 for all v # 0, that
18, it is coercive on each line.

Proof If f is coercive, it is clear that f/_(v) > 0 for all v € S¢~1. For the converse, assume that f._ (v) > 0
for all v € S¥L. If f were not coercive, then for some ¢ < oo the sublevel set S := {0 | f(6) < c} must
be unbounded, and as this set is closed convex, it must thus have a recession direction v € So, with v # 0
(cf. (Hiriart-Urruty and Lemaréchal, 1993a, Proposition 111.2.2.3)). But then f(6y + tv) < ¢ for all ¢ implies
sup;sq f(fo +tv) < cand so f. (v) =0, a contradiction. O

Whenever f* = infy f(0) > —oo, for € > 0 let
Se(f) =1011(0) < f"+¢}

denote its e-sub-optimality set, which is always closed convex, and it is non-empty for € > 0. Then Lemma C.5
immediately implies the following equivalence result.

Lemma C.6. Let f : RY — R be proper closed convex. Then So(f) = argmin f is compact and non-empty if
and only if f is coercive if and only if fi_(v) > 0 for each v # 0.

Optimality and subdifferentials connect via convex conjugates, including in cases where f may take on infinite
values (Hiriart-Urruty and Lemaréchal, 1993b, Ch. X). Recall the conjugate f*(v) := supy{(v,0) — f(0)}. If
f:R? = R is closed convex, then

v e df(f) if and only if 0 € 9f*(v) if and only if f(0) + f*(v) = (6,v), (23)

and so

argmin {7(0) = (v,0)} = 0f"(v).

The equality (23) extends the subdifferential to arbitrary closed convex f, so we take it as the definition of 9f.
Recalling the support function o¢(v) = supgec(v,0) of a set C, we also have (Rockafellar, 1970, Thm. 13.3)
that

Taom £+ (v) = f5, (v),
and therefore 0 € int dom f* if and only if f/ (v) > 0 for each v # 0 (cf. (Rockafellar, 1970, Thm. 13.1)). Thus,
when f is coercive, or, equivalently, the set of minimizers So(f) := {0 | f(0) = f*} is compact (Lemma C.6), f* is
finite in a neighborhood of 0, and then 9 f*(v) is the usual subdifferential for v near 0. The outer semi-continuity

of the sub-differential of finite convex functions (Lemma C.4, part (iii)) implies that for any € > 0 there therefore
exists § > 0 such that 0f*(v) C 0f*(0) + €B if ||v|, < 6.

As a consequence of these calculations, whenever f is coercive, for each € > 0 there exists § > 0 such that

U 0f* () € So(f) + B.

llvll,<é

Inverting this inclusion, we obtain the following proposition.
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Proposition 4. Let f : R? = R be a closed conver function and assume that So(f) = argmin f is compact.
Then for all € > 0, there exists § > 0 such that

U are) >B.

0€So(f)+eB

Nothing in Proposition 4 assumes that dom f = R?, so that it allows for constraints. Most saliently for us, let
Io(#) = 0 for 6 € © and +oo denote the convex indicator of the set ©. Then Lg + Ig is closed convex for any
finitely supported Q. In particular, Lemma A.3 follows as an immediate consequence of Proposition 4, where
the conclusion that 9(Lg + Ig)(#) is non-empty is one of the results.

C.2 Proof of Theorem 1

We follow the outline in Section 2.4 to prove Theorem 1 here.

C.2.1 Proof of Theorem 1: the one-dimensional case

Constructing well-separated functions. Without loss of generality (by symmetry), consider the case that
the lower Lipschitz constant (21) satisfies M, = —oo for some § € int©. Choose #y € int® and § > 0
to satisfy 6o < 6o +J < 6, so that My = M, s = —oo by Lemma C.3. We first “place” the gradients
and minimizers (recall Fig. 1). By Assumption 1 that minimizers are achievable, there exists z* such that
Dil.+(0p) = sup{0L.+(00)} > 0 and D4+ (0y) < DyLl.+ (6 + 6) < co. We use the shorthands a = ¢/, (6p) > 0
and b = £/, (0o + ) > 0 for some strictly positive elements of the subdifferentials 9¢.+(6y) and 9¢.+(6p + 0),
noting that we may treat them as constants—they do not depend on the sample size n or any other distribution
or sample-dependent quantities.

For any M < oo, there exists zj; such that
Dil.,, (0g+0) < —M.

Now, define the point distributions
1 1
PO = 1Z+ and Pl = 17? 1Z++?121\/1'

With these choices, observe that there is a subderivative L', (60) € OLp, (o) satisfying
LIPO(HO) = Z’z‘f’ (90) =a>0.
Similarly, for e = #,

L (80 + ) = €. (B0 +8) + € [£1,, (69 + ) — £, (6 +6)]
<(1—¢€)b—eM.

As M was arbitrary, we may choose M = n?, so that L, (o + 6) < —n/2 for large n.

From these calculations (and recall Fig. 1), we see that for all t > 0,

Lpo(eo + t) — L}:—’o > Lpo(e() —l—t) — Lpo(eo) > at while

Ly (o + 8~ 1) = Ly, > Lp, (9o +3 — 1) — L, (6 +8) > 5.

So at least one of the population losses Lp, or Lp, must be nontrivially larger than its infimum, and in particular,

and/2  and <
a+n/2 2a+n "

dopt( Ly, Lp,) > inf max {at, %(5 - t)} - ad. (24)
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The testing guarantee. With the optimization separation (24), we can now get the desired lower bound. By
Lemma 2.1, for € = 25, || Py — Pi|1 < € and so

175 = Py < VT= (- = 200,

That 91°% is non-increasing in n thus gives minimax lower bound

Mov (e, 2,0) > dopt(Lpy, Lp,)
n ’ ? — 2

" n ad
(1= = Plllpy) > >

valid for all n. Of course, as we note in the beginning of the proof, § > 0 is fixed and independent of n, as is
a= f/2+ (69) > 0.

C.2.2 Proof of Theorem 1: the general case

We follow the outline of the proof of the one-dimensional case and that present in Section 2.4. We find two
well-separated finitely supported losses by “placing” gradients in directions that most separate the functions
according to the optimization distance (12). When Condition 1 fails, the definition (22) of the Lipschitz constant
My shows that there is some compact set ©g C int © for which supycg, Mo = +0o. Taking a subsequence if
necessary, we may find a convergent sequence 6,, — 6y € O satisfying lim,, My, = +o00. In particular, we have
a point 6y where for each € > 0,

sup  sup sup ||g|ly = +o0.
2€Z ||0—060]|,<e g€dL.(0)

Then for any € > 0 and m < oo, we may find z;, and 6, with ||6,,, — 6o||, < € satisfying

sup |lgll, =m
9€dL.x (61n)

m

(if [|gll, > m, we may simply increase m 1 ||gl|,, so assuming equality is no loss of generality). Because 9/, (0,,)
is compact, the supremum is attained at some vector g, € 0. (0,,), and without loss of generality, again
moving to a subsequence if necessary, we assume that vy, = g/ [|gm|, — v € STL.

We use this direction and the directability assumptions in the definition (8) of the achievable set to construct losses
whose gradients point in opposite directions, exactly as in the one-dimensional case and in the “gradient placing”
construction in Figure 1 and Sec. 2.4. The following technical lemma, whose proof we defer to Section C.2.3,
provides the key.

Lemma C.7. Let Assumption 1 hold and 0y € int ©. Then for all v € S¥=1 there exist ag > 0 and By > 0 such
that, there exists a convex compact set K C © such that (v,0y) +ag < infgc (v,0), and for each u € ST, there
exists a finitely supported distribution @) such that

Bu € OLg(0) for some 8 € K and 8 > fo.

In particular, the point 0 may be taken of the form 6 = y+av—+v, where (vi,v) =0, |vi |, < O%D, ag < a< O%O,
and B > fo.

Lemma C.7 guarantees that we can find a finitely supported distribution @) with
01=60p+av+wv;, and — Bu, € 0Lg(b1),
where v is finite, (v, ,v) =0, and a > g > 0, 8 > By > 0. Therefore
Lo(0) > Lo(61) = Blom,0 — 01).

Assume that m is large enough that [v,, — v||, < € consider the point 6 = 2(6,, + 61) halfway between 6; and
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Om. If (0,v,,) < (0,v,,), we have
Lo(8) > Lo(61) — B{um, 0 — 01) > Lo(61) — B(vm,0 — 61)

= L0(0h) ~ 5 (o, O — )

= La(0) 2 (0,00 02) — 5 (o 0,00 — 01) — 2 (w00 — )
_L pa B B

= Lq(61) + 5 +2<vm—v,av+vL)—2<vm,6m—90)

> LQ(61)+ /87& _ ﬁ(OéG—‘y-;”UJ_HQ) _ %

_ LQ(91)+ B(O‘_a‘s_e(l—i_ ”vJ-HZ))

2

by our choice #; = #p+av+v, and because ||[v|l, = 1 and ||0,,, — ||, < €. On the other hand, if (8, v,) > (0, vy,,),
then we use ||gm |, = m to obtain

Ez:‘n (9) > gz:‘n (em) + m<gm/m7 60— 9m> =

2

)+ (v, 00+ 01) + (1, B — )

Om) + = (a1 =€) — e(1+ [[uL],)-

(
(
z¥ (Qm) + @<vm791 - 9m>
(
( 2

2 ‘gz;*n
With these choices, assume € > 0 is small enough that a(1—¢€) —e(1+|lvL[],) > § and define the two probability
distributions

1 1
Py = <1 — ) Q+ ﬁlzfn and P = Q.

n

Then

Ba
4
Consider the converse case that (v,,,0) > (v,,,0). Because Q is finitely supported and the losses are proper,

Lg > —oo. So if (v, 0) > (vm, 0), then

Lp,(0) > Lp, + - it (0, 0) < (v, 0).

1 1 mao

Lp,(0) = (1 - n> Lq(0) + %6%(9) > <1 - n) o+ %g%(am) + o

> Ly, (0) + 22 (1 - ;) (L) — La(bm)

Because (@ has finite support, it is Lipschitz in any compact neighborhood of 6y, and so Lg, — Lg(6,,) is uniformly
bounded for all m. The choice of m < co was otherwise arbitrary, so we may take it large enough that

Lpy(0) > Ly +1 if (0, 0) > (v, 0).

Combining the two calculations, we see that for any 6,
* * . 6@
Lp,(0) + Lp,(0) — Ly, — Lp, > min 7,1 .

That is, for some (problem-dependent) constant ¢ > 0, independent of the sample size n, we have constructed
Py and P; so that
dopt<LP07 LP1) Z C)

while Lemma 2.1 yields

[P = P lpy < (14 0,(1)V1—e 11 4et = /1—e 2

The reduction from optimization to testing (13) then gives the theorem.
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C.2.3 Proof of Lemma C.7

Let 0y € int©®, v € S¥~! and t = (v,60). Then H,, N O and HY ;N © are each convex sets with interiors.

Assume for the sake of contradiction that for all ag > 0 with H ;. , Nint© # () and all directable sets C', there
is § € C with (0,v) <t+ ag. Then
Hv,t—i—ao nc # @

for all directable sets C, and so (v,t + ag) € U, that is, the pair (v, + ag) is unconstraining. Because Hy ;N
int © # (), we have Hy, ¢4, N O C O, contradicting Assumption 1. Thus there exists some ap > 0 and directable
set C such that C C Hy ;.

By the Definition 2.2 of directability, for all € > 0 there exists a compact convex C,. between C and O, i.e.,
C C C. C O, with dist(,C) < e for all § € C,, and a finite collection {z;}X_, and By > 0 such that

U U 9(Lq +16) (6) > BoB.

QEP({z; fle) 0ecC.

Because ag > 0, we can certainly take e small enough that C' + B C HY and taking K = C, proves the

ttag/2
first statement of the lemma. Every element of © N HS t+ao/2 has the form 6y + av + v, for some a > «ap/2

and (vy,v) = 0. That we may take ||v, ||, bounded and assume a < aio follows because C. is compact, so that
decreasing o does not change the conclusions of the lemma.

C.3 Proof of Theorem 2

If M = supgeg Mp < 00, the result is trivial: the output @n the average of n steps of the stochastic subgradient

method achieves risk
Mdiam(O)

vn
with an appropriate stepsize Nemirovski et al. (2009). We now handle the case that the Lipschitz constants (22)
can explode on the boundaries, so that supgeg Mo = 00, while Condition 1 holds.

E[Lp(0,) — L] < O(1) (25)

We first argue that no loss can decrease too much on a compact set.

Lemma C.8. Let £:int© — R be conver, by € int ©, and My = supgepq(s,) l9lly < 00. Then

(0) = (60) — Mo |6 — o[, -
Proof The one-dimensional convex function h(t) := £(t0 + (1 —t)0y) satisfies h(1) = h(0) + fol K (t)dt, because
it is a.e. differentiable, and h/(t) = D€(6y + (0 — 0y); 0 — Oy) at all points where the derivative exists. Because

the directional derivative is monotone, so that D¢(0 + tv;v) > D{(8;v) for all t > 0, and |D€(6p;v)| < My ||v]|,,
we therefore have

1 1
ze(eo)+/ Dz(eo;e—eo)dtze(eo)—/ Mo 16 — 8ol dt = £(86) — Mo |16 — o]l
0 0

as desired. 0

Let 6y € int ©, and let My, = sup,¢z ||00.(6o)||, be the Lipschitz constant (22). Fix 6 € ©, let v = § — 6, and
define 6, = 0y + tv for t € [0,1). Then Lemma C.8 shows that

0:(0) > £-(6:) — My, - (1 = 1) [|6 = ol -
Defining the “star” interior of © for ¢ € [0, 1] by

Os5 == {0y +t(0—0,) | 0<t<1-45,0€ 0} = Conv{b, (180}
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we see immediately that int © D O3 and Oy is compact convex. Then for any § € [0,1] and 0 € ©, we obtain

> AN . ]
2,(0) > 9/1255 £,(0") — My, diam(O)

Without providing any concrete analytical bounds (which depend on the structure of ©), it is apparent that for
any distribution P on Z,
e}en@f(; Lp(9) < 1nf Lp(0) + 6 My,diam(0).
In particular, letting M(©s) = supyee, Mo and performing the stochastic gradient method for n steps on the
set O; gives
M (O;)diam(O)
\/ﬁ )

via the bound (25). Take 6 = J,, — 0 slowly enough that the right side tends to zero.

E [LP(@,) - L;} < 5 My, diam(0) +

C.4 Proof of Proposition 1

Without loss of generality we assume (1) = 1, as otherwise we apply the same argument to the normalized rate
function 7(x) = r(x)/r(1). The rate function has a continuous increasing inverse 7! : [1,00) — [1,00), and we
define the losses £, : [0,1] — R for z € {0,1} by

0,(0) =0+ z/l r(1/t)dt
0

where we define ¢1(0) = +o00. The convexity of ¢, follows immediately, as

z

— _ /
(0)=1—2r"%(1/6) and ¢/() = 7z (r~1)(1/6) >0
(where we tacitly use that (r—!)’ exists almost everywhere). For § € (0,1/2) let us now define distributions
PO = 10 and P(; = (1 — 5) 10 + 511.

Under Py we have Lp,(0) = 6, which satisfies Lp,(0) = infoco,1] Lp,(0) = 0, while under P

Lpé —9—|—(5/ 1/1‘

has minimizer 65 = ﬁ.

We lower bound the optimization distance via

dopt(LPmLPa) = Oeu[éfl] (LPO (9) + LP& (6) -0- LP& (95)) .

Evidently 65/, minimizes Lp,(0) + Lp;(0), so that

1 2 1 1/r(1/6) -
dopt(LP07LP5) > 5 <’I"(2/5) — m +5/1/T(2/5) r 1(1/x)dx>
1 2 1 1 1 1,
=2 (r(?/é) R <r<1/5> - r@/@)) T <1/5>>)
1
= 2 (2/5)

-1

where we have again used that = is increasing. Choosing § = %L and applying Lemma 2.1, we obtain

O (17\/17672).

4r(2n)

1—Vi—e=2

Set the numerical constant ¢ = 1
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C.5 Proof of Theorem 3: the one-dimensional case

We begin with a few preliminary results before moving to the proof proper of Theorem 3 when © C R. Through-
out, we assume Condition 1 holds, because otherwise, Theorem 1 gives the result. First, we show the equivalence
between the conditions (10) and (11).

Lemma C.9. Assume that inf © = —oco. Then the following two statements are equivalent:

(1) For all € > 0, there exists t > —oo such that infg>,[Lo(0) — LZ?] < e for all Q € Paisc(Z).
(it) For all € > 0, there exists t > —oo such that infg>¢ [€,(0) — €3] <€ for all z € Z.
Proof Clearly (i) implies (ii). For the converse, let tg > —oo satisfy infg>y, £,(0) < €% + ¢, and consider any

distribution P for which Lp is well-defined (9). Let 6*(P) € argmin, Lp(6), where we tacitly let 6*(P) be in the
extended reals [—oo, 00]. If % = 0*(P) < to, then

Epllz(to)] = Lp(07) + Ep [(z(to) — £2(67)]
so by assumption (11), the claim (i) holds:

C(to) — 05 < e if D4lo(to) >0

£ (to) — £.(07) < {0 if D4, (tg) < 0.

This gives Ep[lz(t9)] < Lp(6*) + € as desired. O

C.5.1 Eliminating infinite losses

We begin the proof of Theorem 3 (when d = 1) by eliminating issues that arise if losses can take on infinite (or
asymptotically infinite) values, showing that 9°% = 400 in these cases.

Lemma C.10. If there exists z € Z such that (%(0) = —oo, then MOV (¢, Z,0) = +o0.

Proof Let z be such that ¢£(0) = —oco, and take any 6y € int © at which ¢, is differentiable (this occurs for
a.e. By). Because ¢, is proper, w.l.o.g., we may assume lim;|_ o, £,(t) = —oo, and so ¢, (6y) > 0 for all 6,. Now,
let 61 > 6y, and find z; such that D¢, (61) < 0, which exists by Assumption 1; let 8 solve —3¢,(6y) € 9L, (01),
so that 8 > 0. Then

€2, (0) + BL.(0) > £, (01) — BLL(00)(0 — 01) + BL=(60) + 8L, (60) (0 — o)
= L., (01) + BL=(00) + BL.(60) (01 — O0) > L2, (61) + BL.(6o).

Thus
i%f [£,,(0)+ BL.(0)] > £.,(01) + BL,(0) > —o0,

and so defining the probability distributions

1 p
Py=1, and P, = ——1, + ——1,
’ PT84+ 8
we obtain
dOPt(LPov LP1) = +o0.
Using the shorthand ¢ = 1 — ﬁ = %, we have ||Py— Pillpy < 1 — €, and Lemma 2.1 implies
[P — PPy < V1 —€2" < 1. Inequality (13) shows that 9°V(4, Z,0) = +oc. O

Lemma C.11. Let Condition 1 hold. If for some 0y € int © we have

sup [£=(fo) — £3(8)] = oo,
z€Z

then MOV (4, Z,0) = +oo0.

The proof of this result in the general case is no more complex than in the one-dimensional case, so we simply
refer to Lemma C.15.
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Figure 4. Choosing losses whose minima always are to the right. The loss £., has fixed positive derivative at
0o, while £.,, {.,, ... cannot be minimized except by taking 6 > 6.

C.5.2 Planting solutions
Having shown by Lemma C.11 that unless for all 8 € int ©,

sup[£. (6) — £2(0)] < o, (26)
z€EZ

the minimax risk is infinite, we now consider the case that Condition 2 fails while inequality (26) holds. As a

consequence of inequality (26), all loss functions ¢, necessarily grow (or at least cannot decrease) as the parameter

|0] — oc:

Lemma C.12. Let inequality (26) hold for all 6 € int ©. Then

li Dy/l.(0) <0 and lim inf D_£.(0) > 0.
o Sy D4t 0) 0 and iy L B-6(0)

Proof  We prove the left claim; the right is similar. Assume for the sake of contradiction
sup,cz D4+0,(0) > a > 0 for all § € R. Then fixing 6y € intO, let § = 6y — ¢ for some (arbitrarily
large) ¢ > 0. Choose z such that D;¢.(f) > a/2. Then £.(6y) > (.(0) + %, and taking ¢ T co would contradict
that sup,[£,(6y) — €5(©)] < 0. O

We leverage this lemma and the assumption (26) to place solutions, as in our outline in Section 2.4. Assume
without loss of generality that © is unbounded above, and as Condition 2 fails, we see that there exists ¢ > 0
such that for any sequence 0,,, there exists z, € Z for which

O (0 +0°) =05 >c (27)

(where we have used Lemma C.9). Figure 4 captures the basic idea: these loss functions ¢, “move right” so
that even for 6, — oo, we always have £., (6,,) —£; (©) > ¢, but the minimum of the loss £, is static. We then
make it so testing between the case that the loss is £, or incorporates a bit of £, is hard.
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By the assumption that © is achievable, there exists a constant g > 0 and zg and 6y such that
D,KZO(G()) 2 g.

Because 6 — D_/,(0) is non-decreasing, for all 8y < 6,, — co Lemma C.12 shows that for any > 0, we may
take N large enough that 6,, > N implies

> > 1 i > —
D_:(62) > D_t,(6) > g and inf inf D_(+(6) > =5,

while the failure of Condition 2 guarantees there exists z, € Z for which D_¢, (6,,) < 0 and inequality (27)
holds.

Define the probability distributions
1 1
Py=1, and Pp:=(1——-)1, +—-1,.
n n

By inspection (and ignoring the measure-zero sets of non-differentiable points, which are unimportant for this
argument), we see that

1
L’Pl(a)z—<1—n)5+sz2‘; for 6 > 6,

and so 6 > 6,, + n? implies

0 n?
Lp,(9) = L, (60,) +/ Lip, (t)dt > Lp, (6,) +/ dt = Lp, (0a) + Z-
0 0

n

Similarly, § < ,, +n? implies Lp,(0) > L}, (©) + ¢ by assumption (27). We therefore obtain

dopt(Lpy, Lp,) > min {c, %}

Y]

Cc

for all large n. The minimax bound (13) thus implies

ow c 13 n
M(L, Z,0) > 5(1 — 15" = Pillpv) -
Applying Lemma 2.1 shows that ||P5 — P{*||; < (1+0(1))v1 — e~2, giving the theorem in the one-dimensional
case.

C.6 Proof of Theorem 3: the d-dimensional case

We first perform a reduction to simplify our calculations by modifying Condition 2 to a similar condition that
will turn out to be equivalent, but which leverages halfspaces to more easily take advantage of convexity. To
state the condition, let

Hyp =100, v) <t|vll,}

be the closed halfspace indexed by the direction v/ ||v||, (where if v = 0 then obviously H,; = R%). Consider
the following alternative version of Condition 2:

Condition 2’: For all € > 0, there exists a ¢t < oo such that
Lp(HyyNO) — Lp(0) <e

for each direction v and all P € Pyis.(Z).

Because any compact convex set ©g coincides with the intersection of all closed halfspaces containing it, Con-
dition 2’ is weaker than Condition 2. Convexity, however, means that Condition 2’ implies 2, making them
equivalent:
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Lemma C.13. Let L :R? = R be closed convez, t < 0o, € > 0, and assume that
L*(H,; NO) < L*(O) +¢€

for each v € R, Then
L*(tB2N©O) < L*(O) +e.

Proof Recall the sub-optimality sets S.(L) = {6 € © | L(0) < L*(©) + ¢}, which are closed convex. The
condition that L*(H, ;N ©O) < L*(0) + € implies that H,; N © N S, # 0 for each v. The set ©; :== O N, H, is
compact convex. So if S. N O; = ), there necessarily exists a hyperplane strictly separating ©; from S, meaning
a vector u € S for which

inf (u,0) > sup (u, 0).

oes. 0cO,

But we know by assumption that H, ;N O NS, # 0, which contradicts this inequality. O

Thus, if Condition 2’ holds, then for each € > 0, there exists a finite ¢ such that the compact set ©; = tBoNO© C ©
satisfies infpece, [Lp(0) — Lp(O)] < € for all P € Paisc(Z£). As a consequence, if Condition 2 fails (equivalently,
2’ fails), we have the half-space analogue of the condition (27) in the one-dimensional case: there exists a ¢ > 0
such that for all ¢ < 0o, there is some v € S¥~! and a Q € Pgisc(Z) such that

. > 7 '
0el§?,ftm(—) Lq(0) > L5(0) +-¢ (28)

This characterization will be central to our lower bounds, and for the remainder of the proof, we assume that
Condition 1 holds (because if it fails, Theorem 1 gives the result). The remainder of the proof mimics the strategy
we use in the one-dimensional case.

C.6.1 Eliminating infinite losses

As in Sec. C.6, we first eliminate cases in which the losses ¢, may tend to —oo in any way. We first eliminate
the case that £5(©) = —oco for some z € Z as a triviality, as in Lemma C.10.

Lemma C.14. If there exists z € Z such that £5(©) = —oo, then

MY (¢, Z,0) = +oo.

Proof Let z be such that ¢5(©) = —o0, 6y € int O, and use the shorthand V¢,(6y) € 0¢.(6p). We now
place gradients (recall Fig. 1) to guarantee that a particular mixture distribution has finite loss. For v =
Ve.(60)/1|VL.(60)ly, Lemma C.7 guarantees that there is a finitely supported distribution @ and g > 0 for
which a point 6; of the form 6y := 0y + tv + v, for some ¢t > 0 and (v,v,) = 0 satisfies

—BVL,(6) € OLg(601).
We then obtain

Lo(8) + BL:(0) = Lo(81) + (—BVL:(00),0 — 1) + BL(80) + B(VL-(6o), 6 — o)
= Lq(6h) +B1VL(60) |, + B (60)

by the choice of v. In particular,

inf L (0) + BL=(0) = Lq(61) + 5¢-(60) > —oc,

while L (©) < oo and £%(©) = —oo, and for any compact subset ©g C ©, properness of £, guarantees £;(6g) >

—00. Defining p = the distributions

1
EwCE

1
Py=1, and P, = m@“r%lz :pQ+(1_p)1z
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yield losses for which, evidently,
dopt(Lpo, Lpl) = +o00.

As in the proof of Lemma C.10, taking ¢ = % yields [P — Pilpy < 1 — ¢ so Lemma 2.1 implies
||P6L - PlnHTV < m < 1. Thus m%w = +4-00. 0

Lemma C.15. Let Condition 1 hold. If for some 6y € int © we have

sup [£- (60) — £5(0)] = oo,
z€Z

then MOV (4, Z,0) = +oo0.

Proof Lemma C.14 allows us to assume that ££(©) > —oo for each z € Z (otherwise, MY = +o0 in any case).
By Condition 1, there exists My < oo such that 9¢,(0y) C MyBs for each z € Z. Lemma C.7 thus guarantees
that there exist constants ag, 8y > 0 such that for any z € Z and any V{,(0y) € 9¢.(6p), there is a finitely
supported distribution @ and point of the form 6; = 6 + tv+ v, for the direction v = V£,(0)/ ||V¢.(6o)|, and
some o <t < O%U for which

—BV&(GO) S 8LQ(01) for a 8 > Bp.

(In Figure 1, this corresponds to the choice 81 = 6y + tv + vy for v = V£, (6y)/ || VL.(60)|l5, though in this case
V,(6p) is bounded for all z, while the value £,(6y) — €% may be arbitrary.)

Choose p = ﬁ, so that fp — (1 —p) = and so

B
pENCE
pLq(0) + (1 —p)L.(0)

2 plLa(®h) + (~BVL(00), 0~ 62)] + (1~ p) [(=(00) + (VL-(00),0 — o)

W pLo(01) + (1= p)La(B0) + p(—BVL(8), 0 — 00) + tpB VL. (Bo) ||, + (1 — p) (VL. (6o), 0 — Oo)
B

=pLq(01) + (1 = p)L=(6o) + tpB VL= (60)l], — mm(eo), 0 —6o).

Here, inequality (i) follows from the first-order convexity condition, while inequality (i¢) uses the definition of
0.

Define the two point distributions
P() =1, and P1 = (]. —p)lz +pQ

Bo
2+Bo
the first order condition for convexity implies

Letting v = % for shorthand, noting that v > regardless of the choice of z, we find that for any
0)3

VLo (6y) € Lo (0

LPI (9) > pLQ(el) + (1 —p)fz(90> - ’Y(sz(a()), 0 — 00>
> Lp,(00) +p(VLq(0o), 01 — 00) — v(VL.(00),0 — o)
2pM0

> Lp, (6o) — o

- ’Y<V€z(90); 0 — 90>,

where the final inequality follows via Cauchy-Schwarz.
We now demonstrate the separation in optimization distance (12). By the preceding display, for any ¢ > 0
. 2My
Lp (0) < Lp, (6p) + ¢ implies —y(VL,(00),0 —0y) < c+ -
0

Because the choice of z € Z was arbitrary, we may assume that for any K < oo, we choose z so that £,(0y) —
£(©) > K. Then

0,(0) <€+ K/2 implies ¢,(0) < {,(00) — K/2 so —

K
> > (Ve.(6p),0 — o).
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Setting ¢ = 2K 2My hep yields that for any large enough (but finite) K, we can choose distributions Py and
2 (e 77)

P; on Z for which

dopt(Lp,, Lp,) > min {v,1} - % > rnin{2 foﬁo , 1} . g
while
[Po = Pillpy <p= S
1+8/2 = 24+ f
Applying Lemma 2.1, ||P§ — P{*|lpyv < v/1 — (1 —p)?" < 1. Take K arbitrarily large. O

C.6.2 Planting solutions

We now turn to analogies of the arguments in Section C.5.2 that allow us to show separation in population losses
by planting solutions appropriately. The first step in this development is to show that, so long as inf, ¢5(0) >
—00, all loss functions must eventually grow away from any 6y € int ©, as in Lemma C.12. To state the result,
recall the left derivative D_ f(6;v) == inf {{g,v) | g € 8f(0)} from Section C.1.2.

Lemma C.16. Let Condition 1 hold and assume lim,, MV (¢, Z,0) < oo. Then for any compact set Oy C int O,

liminf  inf  inf inf D_¢, 9;ﬂ > 0.
t—o0 ||0]|,>t,0€0 2EZ 0o€B 16 — o],

Proof Because it is the supremum of closed convex functions, the function

0(0) == sup[l.(0) — £.(©)*]

zEZ

is closed convex. By Lemma C.15, £(fy) < oo for any 6y € int ©, and as any convex function is continuous on
the interior of its domain (Hiriart-Urruty and Lemaréchal, 1993a, Ch. V), the function £ is evidently continuous
on B. It therefore attains its infimum and supremum on ©g, whence supy, ¢ £(6p) < 0.

For the sake of contradiction, assume that the limit infimum in the lemma statement is —2¢, where ¢ > 0. Then
there is some finite ¢ > 0, 6 € O satisfying dist(6, ©g) > ¢, and 6y € O and z € Z for which

D_¢,(0;v) < —c,
where we defined v = (0 — 6y)/ ||6 — 6o]|, for shorthand. The monotonicity of (sub)gradients then implies
D_¢, (uf + (1 —u)bp;v) < D_L,(0;v) < —c for u € [0,1].

For any convex f and 6y € intdom f, we have the integral form (Hiriart-Urruty and Lemaréchal, 1993a,
Thm. VI.2.3.4)

£(6) = F(80) + / Df (6 + £(6 — 80); 6 — Bo)dt = f(8o) + / D_ (B0 + (6 — 60): 6 — By)dt.

Applying this to £, we see £,(0) = £,(0y) + fol D_€.(0p + u(0 — bp);v)du - ||§g — 0|, < £.(00) — ct. For t large

enough, this contradicts that supy g, sup, (- (0o) — £;] < oco. O

Because integration and directional differentiation commute for closed convex functions Bertsekas (1973), we
may replace the infimum over z € Z with an infimum over P € Pyis.(Z), so that

0—26

liminf  inf inf inf D_Lp |6 70 >0 (29)
=00 |0]|,>t,0€0 PEPiec(Z) 00€O0 160 — 6ol

for any compact Og C int ©.

Now we provide an analogue of Lemma C.7 that allows us to plant solutions more carefully, constructing a finitely
supported distribution Q) such that Lz is coercive and its minimum belongs to a compact set. This construction
mimics the distinct point 6y in the one-dimensional case (Fig. 4 and ¢,, there), but requires more care.
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Lemma C.17. Let 0y € int ©. There exists a finitely supported distribution Q and values v > 0 and b < co such

that 0
DL~ (6; _0> >
? ( ||0_90H2
whenever 6 € O, ||6 — 6yl|, > b.

Proof Let & = {e;,—e;}¢_; be the collection of standard basis vectors and their negations. Use Lemma C.7
to find a convex compact set K C © such that for each u € &, there exsists a finitely supported distribution @,
and scalar o, > 0 such that

ayu € 0Lg, (0,) for some 8, € K.

Thus for each u € &,
Lq,(0) = Lq,(0u) = cu(f — Ou, u)
By Lemma C.14, we see that w.l.o.g. we may assume Ly, (©) = 0, and so we also have Lq, (0) — Lq, (6u) >
—Lg,(6,). We obtain
1 1
2 Z(LQu (0) — Lq, (0u)) = 2 Z {ou(0 — 0w, u) vV —Lq, (6u)} -

ueé ueé

Letting o, = minyeg o, > 0, we see that once a, minyeg |0 — 64|, > 2d maxy,ce L, (6u),

1 1
— - > —a, i - - .
54 > (Lo, (0) = Lo, (04)) = 5q % otk 116 — 61l —max Lo, (6u) >0

ueé
In particular, Lz grows at least linearly outside of a neighborhood of K for Q = % Yoweu Qu- As
dist(fp, K) < oo, this linear growth also applies far from 6y, which implies the lemma. O

C.6.3 The optimization separation and testing lower bound

With Lemma C.17 in hand, we can now construct hard instances extending the construction in the one-
dimensional case (Fig. 4) to the full-dimensional setting. Let @Q be the finitely supported distribution Lemma C.17
promises with the attendant growth constant v > 0, and let 0 < § < 1 be a value to be chosen. Fix 6 € int O,
and for § € RY, define the direction vg(0) == (0 — )/ ||0 — 6o ||,. Because Condition 2’ fails, we may take t < oo
large enough that it satisfies the following four conditions:

(i) There exists v with [|v]], = 1 and Q € Paisc(Z) for which

Ly (H, N 0) > Ly(0) +c.

(ii) For any 0 € © satisfying (v,6) > £,
DL (6:0(8)) > 7.

(iii) For any 6 € © satisfying (v,6) > £,

DLp (8;v0(0)) > —gl for all P € Pyisc(Z).

n

The conditions may appear to be circular, as parts (ii) and (iii) repose on the direction v in part (i), but this
is not truly an issue. We may satisfy the requirement (ii) via Lemma C.17, so long as t is large, because
0[], > £ certainly implies (v,0) > £. To satisfy the requirement (iii), we similarly use Lemma C.16 (actually,
the remark (29) following the lemma). Satisfying requirement (iv) is trivial; we may always simply take ¢ larger
in the other parts, and the failure of Condition 2’ is sufficient to guarantee (i).
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With these four requirements satisfied, consider the two distributions

0

P()C:Q and P1::< n

>Q+5Q

n
Let 01 be any vector satisfying (v,01) > t, and let 6; /5 be the point at which the line segment [uf; + (1 — u)6o]
crosses the hyperplane (v, 0) = ¢/2, that is, at u = m. Then u < %, and the directions v (61) = vo(61/2) =
vo(uby /2 4+ (1 —u)byp) for all u € [0,1]. Using the shorthand 6, = uf; 2 + (1 — u)f; and computing directional
derivatives, we see that u € [0,1] implies

DLp, (0u; vo(01)) = (1 - 2) DLq(0u;vo(61)) + %DLQ(‘%;UO(GI)) > o (1 - 6) o

n/) 2n’

where the inequality follows from the assumptions (ii) and (iii) on ¢. Thus
Lp,(61) = Lp, (01)2) + ||61 — 01 2], /01 DLp, ((1—u)1/2 + uby;v0(61)) du
> L, (0172) + [0~ 01, 5
> Lp, (61/2) + L o

2 2n
where the final step uses the choice (iv) that ¢ > 45%.

2 LP1 (01/2) + c,

Performing a similar calculation, we see that if (v,60;) < ¢, then
Lpy(0) = Lq(0) = LG(©) + ¢ = Lp, () + ¢

by assumption (i). Taking the contrapositive, we see that if Lp, (6) < ¢, then necessarily

(0,v) < t, implying
that Lp,(8) > L, (©) + ¢, while if Lp, () < L%, (©) + ¢, then (6,v) > t and L, (0) > L}, (©)

+ ¢. That is,
dopt(LPm LPl) > c.

Computing the variation distance between the probability distributions is straightforward: we observe that

1P — Py < VI — (1= 8/n)"\/1+ (1—/n)" = /1—e%.

Thus, for any é > 0 and large enough n, we may choose Py and P; so that

m&wwgae)zéﬂi?;ﬁfﬁ(1—\qur%)zg(y—v1—eﬂﬂ.

Take | 0 and recognize that 9" is non-increasing in n.

C.7 Proof of Proposition 2

As a first step, we must show that Condition 2 extends so that inequality (10) actually holds for all P € Py(Z2),
where Py(Z) denotes the well-defined probabilities (9).

Lemma C.18. Let Condition 2 hold. Then for all € > 0, there is a compact Oy C O such that

sup  L5H(©o) — L5(0) <e. (30)
QEP(Z)

See Appendix B.4 for a proof of this result.
Now let € > 0 and ©g C © be a compact convex set for which infpee,[Lq(f) — L5 (O)] < € for all Q € Pi(2), as

Lemma C.18 promises. Then Theorem 2 shows that there exists an estimator ) taking values in ©y and some
N < oo such that n > N implies

sup Epn [Lp(0(2})) - Lp(©0)] <.
PeP,

Of course, L} (0©) < L% (0g) + €, so M, (¢, Z,0) < 2e.
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D Proofs of results related to stationary points

D.1 Proof of Lemma 3.1

Part (i) is immediate. For claim (ii), note that dL(#) = [a, b], where a and b satisfy either —oco < a < b < o0,
a = —00, or b = 4+00. Considering each of the cases, it becomes apparent that we need only consider the case
that @ > 0 (as the b < 0 case is similar), so w.l.o.g. we assume a > 0, yielding D_L(#) = inf L(0) > 0, so
€r, (0) > 0.

For the final claim, note that if argmin L = (), then necessarily L is strictly monotone (as otherwise, it would have
a stationary point and hence a minimizer), yielding the one-sidedness of Dy L or D_L. Because D4 L and D_L
are monotone non-decreasing, then considering the case that D L < 0, the ordering in part (iii) of Lemma C.1
gives that D_L < 0 as well, and

lim Dy L(A) = lim D_L(#) =supD;L(0) = sup{g € OL(#)} <O0.
60— 00 60— 00 0 g.,0
That is, limg_ye0 €1 () = limp_ 0o =D+ L(6) — limp_, o (—D 4 L(6)) = 0.

D.2 Proof of Proposition 3

Let L = Lp for shorthand when convenient. We first give the argument assuming that argmin L = [y, 6] is
non-empty, then extend it to the case that it is empty. Fixing ¢ > 0, consider the event that e (6) > t. For

-~

simplicity and without loss of generality, let us assume that D_L(6) > ¢t. Define
0, :=inf {0 | D_L(0) >t} =sup{6 | D_L(0) < t},

where the equality follows from Lemma C.1, part (iii), as 6 < 6; implies D_L(f) < ¢t and D_L(#;) =
limgyg, D—L(6) = limgqg, D4 L(8) < t. We also observe that Dy L(6;) = limg 9, D+ L(#) > ¢, again by Lemma C.1.

Combining the observation that D,L(é\) >t and D_L(6;) < t imply 0 > 0, with the preceding derivations, we

~

see that 8 € argmin Lp_ implies Dy Lp (0;) <D_Lp () <0, so

P(D_L(B) > t) <P(DyLp, (8) < 0) =P(DyLp, (0) ~ Dy Lp(8) < ~Dy Lp(6)

nt?
<P(D+Lp,(0:) =Dy Lp(6h) < —t) <exp (_QM?) ,

because D Lp, (0) = 23"  Dilz (0) (cf. Bertsekas (1973)), where we have applied a Hoeffding bound. A

T n

completely parallel calculation gives that
~ nt?
P(DiL(B) < —t) Sexp (-5
20 < -t) e (- 5773
for any t > 0.

Lastly, we address the case that argmin L = (). Without loss of generality, assume that DL > 0, so that L
is increasing, and D_L(—o0) = limy_,_ o D_L(0) satisfies D_L(—o0) = infy 4{g € OL(§)} > 0 and e (0) =
D_L(#) —D_L(—o0). If § = —o0, then €1,(f) = 0, so we assume now that € is finite. Consider the event that

~ ~

er(0) > t,1.e., D_L(A) > D_L(—o0) +t. As above, defining
0, = inf {0 | D_L(0) — D_L(—o00) > t} ,

we have D L(0;) >t + D_L(—00) > t, and 8 > 6;. Then D_Lp, (;) < D_Lp, (8) < 0, while

~

P (D_L( ) > D_L(—c0) +t) <P(D,Lp, (6;) <0)

t2
=P(D,Lp,(0;) =D Lp(;) < —DyLp(6;)) <exp (_ 2T]L\42> .
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