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Abstract

Learning disentangled causal representations is a challenging problem that has
gained significant attention recently due to its implications for extracting mean-
ingful information for downstream tasks. In this work, we define a new notion
of causal disentanglement from the perspective of independent causal mecha-
nisms. We propose ICM-VAE, a framework for learning causally disentangled
representations supervised by causally related observed labels. We model causal
mechanisms using learnable flow-based diffeomorphic functions to map noise
variables to latent causal variables. Further, to promote the disentanglement of
causal factors, we propose a causal disentanglement prior that utilizes the known
causal structure to encourage learning a causally factorized distribution in the latent
space. Under relatively mild conditions, we provide theoretical results showing the
identifiability of causal factors and mechanisms up to permutation and elementwise
reparameterization. We empirically demonstrate that our framework induces highly
disentangled causal factors, improves interventional robustness, and is compatible
with counterfactual generation.

1 Introduction

Disentangled representation learning aims to learn meaningful and compact representations that
capture semantic aspects of data by structurally disentangling the factors of variation [1]. Such
representations have been shown to offer useful properties such as better interpretability, robustness
to distribution shifts, efficient out-of-distribution sampling, and fairness [2]. However, disentangled
representation learning typically assumes that the underlying factors are independent, which is
unrealistic in practice. The factors generating the data can contain correlations or even causal
relationships that are disregarded when factors are assumed to be independent. Further, a generative
model learning from an independent prior assumes that all combinations of the latent factors are
equally likely to appear in the training data. Thus, disentangling the factors would yield a sub-optimal
likelihood since the assumed support could be well outside the support of the training data.

Recently, there has been a growing interest in bridging causality [3] and representation learn-
ing [1]. The goal of causal representation learning is to map unstructured low-level data
to high-level abstract causal variables of interest [4]. The key assumption is that high-
dimensional observations are generated from a set of underlying low-dimensional causally re-
lated factors of variation. Causal representations also adhere to the principle of independent
causal mechanisms (ICM) [5], which states that the mechanisms that generate each causal
variable are independent such that a change in one mechanism does not affect another [6, 7].
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prior, we theoretically show the identifiability of the learned causal factors and mechanisms up to
permutation and elementwise parameterization. (4) We experimentally validate our method and show
that our model can almost perfectly disentangle the causal factors, improve interventional robustness,
and generate consistent counterfactual instances in the weakly supervised setting.

2 Preliminaries

Let X C R denote the support of the observed data = assumed to be generated from latent factors of
variation z with domain Z C R™, where n < d. We assume x can be decomposed as z = g(z) + ¢
where ¢ ~ N(0, 021) are mutually independent noise terms for reconstruction. Let g : Z — X be
the decoder (or mixing) that maps the factors to the data space.

Identifiability. The goal of learning a useful representation that recovers the true underlying data-
generating factors is closely tied to the problem of blind source separation (BSS) and independent
component analysis (ICA) [8, 9, 10]. Provably showing that a learning algorithm achieves this goal
up to tolerable ambiguities under certain conditions is formalized as the identifiability of a model. In
this section, we use the notion of ~-equivalence from [11] to formulate identifiability.

Definition 1. Let ~ be an equivalence relation on 6. We say that the generative model is ~-identifiable
if
po(x) = ps(xz) = O ~0 (1)

If two different choices of model parameter 6 and 6 lead to the same marginal density py(x),
this implies that they are equal and pg(x, 2) = py(z, 2), pe(2) = ps(2), and py(z|x) = ps(z|z).
However, [11] showed that it is impossible to achieve marginal density equivalence py(z) = py(z)
with an unconditional prior pg(z). Since the VAE is unidentifiable without some form of additional
restriction on the function class of the mixing function or auxiliary information, [11] proposed a
theory of identifiability using a conditionally factorial prior. In iVAE [11], each factor z; is assumed to
have a univariate exponential family distribution given the conditioning variable u, where a function A
determines the natural parameters of the distribution. The general PDF of the conditional distribution
proposed by [11] is defined as follows:

k
pra(zlu) = [ [ po(zilu) = [ [ hizi) exp | D Tij(zi) i (w) — vi(u) )
i i j=1
where h;(2;) is the base measure, T; : Z — R* and T; = (Tia,- -, T ) are the sufficient statistics,
Ai(u) = (A (), ..., Aik(u)) are the corresponding natural parameters, k is the dimension of each

sufficient statistic, and the remaining term v; (u) acts as a normalizing constant. A prior conditioned
on auxiliary information v« can guarantee that the joint densities py(z, 2) = p;(z, 2) are equivalent up



to some equivalence class. The following two definitions from [11] describe the conditions necessary
to achieve the identifiability of a learned model up to linear transformation and block permutation
indeterminacies, respectively.

Definition 2. Let ~ be an equivalence relation on 0, X = g(Z), and X = §(Z). We say that 0 and

0 are linearly-equivalent if and only if there exists an invertible matrix A € R™ "% and vectors

b,c € R™ such that Vo € X, T(g~(x)) = AT (5~ (x)) + b and ATA(u) + ¢ = A(u). We denote
this equivalence as 6 ~ 4 0.

Definition 3 (Permutation equivalence). We say 6 and 6 are permutation-equivalent, denoted 6 ~ p 0,
if and only if P is permutation matrix that has block-permutation structure respecting 'T. That is,
there exist n invertible k x k matrices A1, . . ., Ay, and an n-permutation w such that for all z € R™,
Pz = [Z‘n-(l)A{; Zﬂ(z)Ag, . ,Zﬂ.(n)AZ]T

Linear equivalence indicates the true representation is a linear transformation of the learned repre-
sentation and only guarantees the learned representation captures the true representation. In general,
linear-equivalent identifiability does not guarantee that the factors of variation are disentangled since
the linear transformation can mix up the variables (i.e. one component of g~ ! corresponds to multiple
components of §~1). Permutation equivalence implies that the i-th factor z; of one representation
corresponds to a unique factor in another representation, given the permutation 7. To truly disentangle
factors of variation, we must ensure that each coordinate of the learned representation is equal to the
scaled and shifted coordinate of the ground truth up to some permutation. To this end, we define the
notion of disentanglement similar to [12] as follows.

Definition 4 (Permutation Disentanglement). Given some ground-truth model, a learned model 0 is
said to be disentangled if 0 and 0 are permutation-equivalent.

3 Causal Mechanism Equivalence

In causal representation learning, we assume that the underlying factors z are causally related
and described by a latent structural causal model with unknown causal mechanisms. Although
the existing notions of disentanglement may be suitable for independent factors of variation [11],
they fail to capture important information in a causal model where the factors are causally related.
As formulated in Def. 2 and Def. 3, linear or permutation equivalent identifiability [11] cannot
capture the causal mechanisms accurately or distinguish the mechanisms afflicted to factors. For a
counterexample to the definitions, see Appendix B.2. The framework of iVAE captures identifiability
in the sense that the joint distributions of the latent variables of two different models are equivalent.
However, for a causally factorized model, we have that pg(z) = p;(2) does not imply pg(2i|zpa,) =
Pg(%i|2pa,). That is, the ground-truth causal factors and the learned causal factors should entail the
same causal conditional mechanisms, where the minimal conditioning set is the set of causal parents.
Based on the intuition that causal models are described by mechanisms, we define a new notion of
disentanglement that takes into account conditional distributions of causal variables under the Markov
factorization. The new causal conditional equivalence preserves information about the independent
causal mechanisms (ICM), which is a unique formulation for a causal model and important for
performing correct interventions. The following two definitions describe the conditions necessary to
satisfy causal mechanism equivalence.

Definition 5 (Causal Mechanism Permutation Equivalence). Let ~ be an equivalence relation
between 6 and 0, X = g(Z), and X = §(Z2). If the factors z are causally related, we say that 0 is
causal mechanism permutation equivalent to 0 if and only if:

1. There exists a permutation matrix P such that I = P - J where I and J are indices of z and
2, respectively.

2. Given an equivalelice pair (i,j), i.e., P;; # 0, from this permutation matrix, one has
Ti(zil2pa,) = DijTj(2j|2pa,), V2i € 2;,VZ; € Z;, where Dy; is a scaling coefficient.

3. Foralli,j € {1,...,n}, we have the mechanism equivalence X;(2pa,, u) = Dij)\j(zpaj ,u),
where D is a diagonal scaling matrix.
Definition 6 (Causal Disentanglement). Given some ground-truth model 0, a learned model 0 is said
to be causally disentangled if 6 and 0 are causal mechanism permutation-equivalent.
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Figure 2: Architecture of ICM-VAE Framework, which contains two main components: (i) Structural
Causal Flow (SCF), and (ii) Causal Disentanglement Prior.

4 Proposed Framework

We design a framework to achieve causal disentanglement. We propose ICM-VAE, a VAE-based
framework based on the independent causal mechanisms (ICM) principle that achieves disentangle-
ment of causal mechanisms. Figure 2 shows the overall architecture of our proposed framework.

Structural Causal Flow. Rather than assuming the limiting linear causal graphical model (CGM),
as done in [13], we consider causal mechanisms to be complex nonlinear functions. Diverging
from the strictly additive noise model assumption, we propose to parameterize causal mechanisms
with a more general diffeomorphic' function. Flow-based models [14] are often quite expressive
in low-dimensional settings, which makes them desirable for learning complex distributions due to
efficient and exact evaluation of densities. We parameterize the causal mechanisms with a conditional
flow, which we refer to as the latent structural causal flow (SCF), that learns to map the independent
noise distribution to a distribution over causal variables. This module is inspired by the causal
autoregressive flow proposed by [15]. This type of model is more realistic and general to better
capture the complex distribution over the latent causal variables compared to simple linear mappings
and leads to counterfactual identifiability [16]. The SCF, denoted as fRF, is the reduced form (RF) of
a nonlinear SCM function that conceptually maps noise variables € to causal variables z as follows

z = ¥ (e) 3)

where fRF : £ — Z is derived from the recursive substitution of causal mechanisms f; in topological
order of the causal graph as follows

zi = fi(€:; 2pa, )s Vie{l,...,n} 4)

realized as a function of the noise term and parent variables. The noise encoding ¢; is exactly the
SCM noise variable corresponding to the causal variable z;.

Assuming that the causal structure is known as apriori in the form of a binary adjacency matrix
obtained via an off-the-shelf causal discovery algorithm, such as the PC algorithm [17], we outline a
flow-based procedure. In order to implement a diffeomorphic function fRF, we need to ensure that
it is bijective and has a differentiable inverse. Flow-based models satisfy both these requirements.
Specifically, this flow is implemented as an affine autoregressive flow, where we derive each causal
variable one at a time in topological order such that each variable is dependent only on a subset of
previously derived variables (i.e. parents). Thus, the change of variables can be computed quite
easily for exact and efficient likelihood estimation. Let’s take the pendulum example in Figure
1 to illustrate. The causal structure is z; — 23,24 and 2o — 23, z4. Then, the SCF would be
fRF : (61,62,63,64) = (21 = f1(€1)722 = f2(€2)723 = f3(€3,21722),z4 = f4(64721,22)), where
zi = fRF(€is €pa,) = fil€is 2pa,) and each f; are affine diffeomorphic transformations of the form

2i = fi(€i; 2pa,) = exp(a;) - €; + by (5)

where a; = 71 (2pa,) and b; = 72(2pa, ) are the slope and offset parameters of the affine transformation,
respectively, learned via neural networks r; and ro that capture information about the causal parents.

'A diffeomorphism is a differentiable bijection with a differentiable inverse.



Since the Jacobian of the function will be triangular by construction and the slope parameter is
learned for each variable, the slope is equivalent to the diagonal elements of the Jacobian matrix as

follows
-1
B

where €p,, denotes the noise terms assomated with the parents of causal variable z;. The structural
causal flow can easily be generalized to multivariate scenarios by masking groups of latent codes
corresponding to each causal variable.

Generative Model. To achieve an identifiable model, we leverage auxiliary information as a weak
supervision signal [11]. Let v € R™ be the auxiliary observed labels corresponding to the causally
related ground-truth factors with support &/ C R™. We assume that the decoder g is diffeomorphic
onto its image. Several prior works [18, 11, 12], assume that the nonlinear mixing function mapping
Z to X is a diffeomorphism. Consider the pendulum system from Figure 1 consisting of a light
source, a pendulum, and a shadow. Given only the image, it is completely certain that we can identify
where each object appears in the image. So, we find it reasonable to assume a diffeomorphic mixing
function g for our exploration. Let § = (g, T, X, G*) be the parameters of the conditional generative
model defined as follows
po(z, €, z|u) = po(zle, 2)po (e, z|u) @)
where
po(le; z) = po(x|2) = pe(r — g(2)) ®)
If we assume that the distribution over the noise £ is Gaussian with infinitesimal variance, we can
model non-noisy observations as a special case of Eq. 8. The prior distribution in the generative
model is given by
po(e, z[u) = p(€)pe(2[u) ©)
where we choose p(e) as a standard Gaussian base distribution and p(z|u) is assumed to be condition-
ally factorial. However, the conditional prior in Eq. (2) cannot properly capture causal mechanisms
for causally related factors. We next define a causally factorized prior suitable to achieve causal
disentanglement.

Causal Disentanglement Prior. We aim to use a structured prior and perform conditioning in the
latent space, similar to previous work on nonlinear ICA [11], to enforce z to be a disentangled causal
representation. However, for a model incorporating causal structure, the form of the conditional
prior in Eq. (2) needs to be modified and generalized to causally factorized distributions. To enforce
the disentanglement of z, we parameterize the prior distribution to learn a mapping from w to z.
That is, since the goal of causal disentanglement is to map each latent/mechanism to exactly one
corresponding ground-truth factor/mechanism, we can explicitly incorporate this into the prior. Using
u as our observational labels, we parameterize the factorized causal conditionals with a conditional
flow between u and z to establish a bijective relationship. The goal is for the distribution over the
causal variables to tend towards the learned prior. The prior over z is defined as follows

—1
Z|u Hp9 Zzlzpa 7ul HP uz ]
'L

Po(2i|2pa,, wi) = hz(Zz) exp(T i(zi‘zpai) i(GF © z,u;) — Yi(2,u)) (1)
where A\;(G? © z,u;) is the estimated parameter vector of the prior obtained via mechanism \;, G?
is the ith column of the adjacency matrix of the causal graph of z, h;(z) is the base measure, and
T;(z) = (2, 2?) is the sufficient statistic. The prior induces a causal factorization of z with causal
conditionals pg(zi|zpai , u;), where u; is introduced as a weak supervision signal for identifiability.
Eq. (10) is reminiscent of temporal priors that define a distribution over a latent variable conditioned
on the variable at a previous time step [19]. In our case, we view the causal factors as derived
autoregressively. With a slight abuse of notation, we define A(z, u) to be the concatenation of all
Ai(G? ® z,u;). The function A(z, u) outputs the natural parameter vector for the causally factorized
distribution. We further require A : Z x U — Z to learn a bijective map between v and learned
representation z to encourage disentanglement of the causal mechanisms. In practice, we choose
p(u) from a location-scale family such as Gaussian. The mechanism A; is defined as the following
diffeomorphic map:

uzazpa ) (10)

Ai(ui; zpa,) = exp(c;) - u; + d; (12)
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Figure 3: (Pendulum and Flow) Counterfactually generated images after intervening on causal factor
21, 22, 23, and z4, individually, and propagating causal effects.
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where ¢; = s1(2pa,) and d; = s2(2pa, ) are the slope and offset parameters of the flow, respectively,
learned via neural networks. To obtain a causally factorized conditional prior over z, we map the
base distribution p(u), which is known beforehand, to a distribution over z.

Learning Objective. Putting all the components together, ICM-VAE consists of a stochastic encoder
44 (€, 2|z, u), a decoder pg(xle, z), and diffeomorphic causal transformations f;(-; €). All components
are learnable and implemented as neural networks. Formally, we optimize the following variational
lower bound:

logpe(l‘, u) > Ee,zwqd)(e,z\z,u) [logpg(mk) + logpg(x\z) - 6{10g q¢,(€‘l’, u) + 1Og Q¢(Z|J?, u)

—logp(e) — logpe(ZIU)}]
(13)
where [ is the latent bottleneck parameter. We train the model by minimizing the negative of the
ELBO loss and learn to map low-level pixel data to noise variables and map the noise variable

distribution to a distribution over the causal variables. For a detailed derivation of the ELBO, see
Appendix B.3.

5 Identifiability Analysis

The causally factorized prior in Eq. (10) induces disentanglement of causal mechanisms. Theorem
1 extends the identifiability theorem of [11] to show causal mechanism equivalence identifiability
when we have a causal model. We note that the causal mechanism disentanglement implies the
disentanglement of causal factors. For a full proof of Theorem 1, see Appendix B.1.

Theorem 1 (Identifiability of ICM-VAE). Suppose that we observe data sampled from a generative
model defined according to (7)-(11) with two sets of model parameters § = (g, T, \,G*) and

0= (g, T, A, éz) Suppose the following assumptions hold

1. The set {x € X|¢¢(x) = 0} has measure zero, where ¢¢ is the characteristic function of the
density p¢ defined in Eq. (8).

2. The decoder g is diffeomorphic onto its image.

3. The sufficient statistics T; are diffeomorphic.

4. [Sufficient Variability] There exists nk + 1 distinct points ug, . . . , Ung such that the matrix
L = (M%pa,,» u)) = A(2(0), U(0))s - - MZpag,,p,y» Unk)) — A2(0), woy)) (14

of size nk x nk is invertible, the ground-truth function X is affected sufficiently strongly by
each individual label u; and previously derived variables zy,,, and Vi, )\i(zpai, u;) # 0.

Then 0 and 6 are causal mechanism permutation-equivalent, and the model 0 is causally disentangled.



Figure 4: (CausalCircuit) Counterfactually generated samples as a result of intervening on z;. Observe
that the robot arm moves and turns on the blue, green, or red lights, which causally affect other lights.

6 Experimental Evaluation

We run experiments on the Pendulum, Flow, and Table 1: Causal Disentanglement
CausalCircuit datasets, each consisting of four
continuous-valued causal variables, and evaluate

Dataset Model D C IRS

disentanglement, completeness, interventional ~ Pendulum f{,‘/’\f 8)1123 8‘32? g'g‘;g
robustness, and counterfactual generation. CausalVAE 0.885 0.539 0.817
. . . . SCM-VAE 0.764 0.475 0.829
Discussion. Our experiments show that learning ICM-VAE (Ours) 0.997 0.882 0.869
dlffeomorphlc causal mechanisms anc'i'mc.orpo- Flow 5VAE 0.308 0332 0.452
rating the causal structure to learn a bijective A iVAE 0.730 0.481 0.674
to estimate the parameters of the causally fac- CausalVAE — 0.819  0.522  0.707
ved distributi enificantly i th SCM-VAE 0.854 0.483 0.811
torized distribution significantly improves the ICM-VAE (Ours) 0.988 0.598 0.893
isentanglement and interventional r n
disentanglement and interventiona ol?ust ess CausalCircuit B-VAE 0.692 0.442  0.982
of learned causal factors compared with base- iVAE 0.745 0.541 0.992
lines, as shown in Table 1. Consistent with our Causal VAE 0.886  0.625 0.994

SCM-VAE 0.867 0.652 0.993

intuition, iVAE fails to disentangle the causal ICM-VAE (Ours) 0.982 0.689 0.999

factors. The results indicate that ICM-VAE dis-
entangles the causal factors and mechanisms almost perfectly. A high DCI disentanglement score
indicates a permutation matrix mapping the latent factors to ground-truth generative factors in an ideal
one-to-one mapping [20, 21]. Further, our model improves the interventional robustness [22] of the
representation, where interventions on ground-truth factors map to interventions on the corresponding
learned factors. We also show counterfactually generated results of intervening on learned latent fac-
tors. Figure 4 shows the CausalCircuit system and the result of intervening on the robot arm factor and
propagating causal effects. We observe that the red light also turns on as the robot arm interacts with
the blue or green lights. On the other hand, when the arm interacts with the red light, only the red light
turns on and the other lights remain off. We observe a similar phenomenon in the Pendulum and Water
Flow systems in Figure 3. Our code is available at https://github. com/Akomand/ICM-VAE.

7 Conclusion

In this work, we propose a framework for causal representation learning under supervision from
labels. We model causal mechanisms as learned flow-based diffeomorphic transformations from
noise to causal variables. We propose the notion of causal mechanism disentanglement for causal
models and a causal disentanglement prior, which causally factorizes the learned distribution over
causal variables. We also theoretically show the identifiability of the learned causal factors up to
permutation and elementwise reparameterization. We experimentally validate our method and show
that our model almost perfectly disentangles the causal factors, improves interventional robustness,
and generates consistent counterfactual instances. We focus on causally disentangled representations
with a known causal structure. Future work includes incorporating causal discovery methods when
the causal graph is unknown and exploring identifiability results given only partially observed labels.
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Appendices

A Background

Structural Causal Model. In this work, we assume z is described by a structural causal model
(SCM), which is formally defined by a tuple M = (Z, &, F), where Z is the domain of the set of

n endogenous causal variables z = {z1, ..., z,}, £ is the domain of the set of n exogenous noise
variables € = {ey, ..., €, }, which is learned as an intermediate latent variable, and F' = {f1,..., fn}
is a collection of n independent causal mechanisms of the form

Zi = fi(eiyzpai) (15)

where Vi, f; 1 & % [] jepa, Z; — Z; are causal mechanisms that determine each causal variable as a
function of the parents and noise, zp,, are the parents of causal variable z;; and a probability measure
pe(e) = pg, (€1)pe,(€2) ... pe, (€n), which admits a product distribution. An SCM where the
exogenous noise variables are jointly independent (no hidden confounders) is known as a Markovian
model, which is the setting we assume for the purposes of this work. We depict the causal structure
of z by a causal directed acyclic graph (DAG) G* with adjacency matrix G* € {0, 1}"*"™.

B Theory

B.1 Restatement and Proof of Theorem 1

Definition 7 (Minimal Sufficient Statistic [12]). Given a parameterized distribution in the exponential
family, we say its sufficient statistic T; is minimal when there exists no v # 0 such that vI'T;(z) is
constant for all z € Z.

Definition 8 (Permutation-Scaling Matrix [12]). A matrix is permutation-scaling if every row or
column contains exactly one non-zero element.

Lemma 1 ([12]). A sufficient statistic T : Z — R* is minimal if and only if there exist 2(0)5 - - -1 2(k)
belonging to the support of Z such that the following k-dimensional vectors are linearly independent:
T(Z(l)) — T(Z(())), ey T(Z(k)> — T(Z(O)) (16)

Definition 9. A conditional sufficient statistic T(z|y) : Z x Y — R¥ describes the sufficient statistics
of the conditional distribution of z induced as a result of conditioning on variable y.

Definition 10. For all i,j € {1,...,n}, if Ti(2i|2a,) and Ti(zj|zpaj) are causal permutation-
equivalent, then z; and z; are permutation-equivalent.

We adapt the theory from [12] and [11] and propose the following theorem for identifiability.

Theorem 1 (Identifiability of ICM-VAE). Suppose that we observe data sampled from a generative
model defined according to (7)-(11) with two sets of model parameters 0 = (g, T, X\, G%) and

6 = (g, T, A, éz) Suppose the following assumptions hold

1. The set {x € X|p¢(x) = 0} has measure zero, where ¢¢ is the characteristic function of the
density p¢ defined in Eq. (8).

2. The decoder g is diffeomorphic onto its image.

3. The sufficient statistics 'T; are diffeomorphic.

4. [Sufficient Variability] There exists nk + 1 distinct points ug, . . . , Unk such that the matrix
L = (A(Zpa(l) s U(l)) — )\(Z(O), U(O)), ceey A(Zl’“(nk) s u(nk)) — )\(Z(O); U(O))) (17)

of size nk x nk is invertible, the ground-truth function X is affected sufficiently strongly by
each individual label w; and previously derived variables zpa,, and Vi, Xi(2pa,, i) 7 0.

Then 0 and 6 are causal mechanism permutation-equivalent, and the model 0 is causally disentangled.
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Proof. In order to show that the set of parameters 0 is identifiable up to permutation, we break down
the proof into five main steps.

Step 1 (Equality of Denoised Distributions). Firstly, we show that we can transform the equality of
observed data distributions into a statement about the equality of noiseless distributions. Suppose we

have two sets of parameters 6 and 6 such that their marginal distributions are equivalent as follows:
po(z|u) = py(zlu) (18)

for all pairs (2, u). Let g~! = soa~! be the encoding of causal factors z, where a~! is the encoding
of the noise variables e. Then, we have the following

1

/pT,A(Z\U)pg(éEI )dZ—/pT s (zlu)pg (x]2) dz (19)
z z

/ proa(zlu)pe(z — g(2)) dz =
Z

[ patGhipe(a - ita) a: 20)
[ peate @l det Jy @ete ~2) dr = [ py 67 @) det Sy @pela ) da
X X

(21)

| rrnsn@neo—a)do = [ pas, @pea—a) da 22)
(P A g0 * Pe) (@) = (P 5 5.0 * Pe) (@) (23)
Flprag.ul(W)de(w) = Flpg 5 5 ol (w)de (w) (24)
Flpragul(w) = }—[p'i‘,j\,g,a](w) (25)

PT X gu = pTA,gﬁ (26)

where F is the Fourier transform. Eq. (24) and Eq. (26) use the fact that the Fourier transform is
invertible and Eq. (25) is an application of the fact that the Fourier transform of a convolution is the
product of their Fourier transforms. Thus, we have shown that if the distributions with added noise
are the same, then the noise-free distributions must also be the same over all possible values (x, u)
within the support.

Step 2 (Linear relationship). Definev = §7tog: Z — Z. By replacing Eq. (26) with the
exponential form of the conditional prior from Eq. (10), we obtain the following:

pr.a(z[u) = pg 5 (2[u) 27)
pralg” ! (@)u) det Jy-1 (2) = pg 5 (57" (@) ]u) det Jy-1 (2) (28)
Hh ) exp ZTJ 1 Ypa, (x)))\i7j(zpai,ui) - wi(zpai,ui)] det Jy-1(x) =

(29)

H hi(?]; ) exp ZTZ i Ipa, (x))j‘i,j(v(zpai)v u;) — &i(zpaiv W)l det Jg-1 (x)
i=1

Taking the logarithm of both sides of Eq. (29) yields the following

log det Jy—1(z) + > _loghi(g; (x)) + Z T ;( oo () Ai.j (2pa, ) — Pi(2pa, )

k
= logdet Jg—1 () + Z log hi(3;(2)) + ) T, (37 ()| gpar (2))Xi g (0(2pa, ) w)
- =

— ¥i(2pa, , i)
(30)

11



Let ug, ..., un; be the points provided by assumption 4 and define AX(zpa, u) = A(2pa,u) —
A(z0, up). The notation zp, indicates that each causal variable in z is derived from its parents. We
substitute each of the u, in the above equation to obtain nk + 1 distinct equations. Using ug as a
pivot, we subtract the first equation for ug from the remaining nk equations to obtain

MAS 1,...,71](}7 T(gil(x))TAA Zpa,,aué Zdjz Zpawuf ¢i(207u0)

=T(57" (x))TAA(v(Zpaz)vuf) - Ziﬁi(zpaw ug) — i(20, o)
L 31)

Now, let L be the full-rank matrix described in the sufficient variability assumption (assumption 4),
and L the matrix defined with respect to A. Note that L is not guaranteed to be full-rank. Regrouping
all normalizing constants 1 into a term by = d(zpa ,1 20, U up) and letting b be the vector of all by
forall £ € {1,...,nk}, we obtain the following:

LTT(g™!(z)) = L™T(5" (2)) +b (32)

Since L is assumed to be invertible, we can multiply by the inverse of L on both sides to obtain the
following

T(g!(v) = AT(§"(x)) + ¢ (33)
where A = (LT)~'L and ¢ = (LT)~'b.

Step 3 (Invertibility of A). We show that A is an invertible matrix. By Lemma 1, we have that the
minimality of sufficient statistic T; implies that the following set of vectors is linearly independent:

T;(z") — T (), ... T (z™) — Ty(21?) (34)
Define
20 =[O O crr (35)
Foralli € {1,...,n}andp € {1,...,k}, define the vectors
2P = [Z§0)7~-~ 1(0)17 1(p)a © 2O e RY (36)
Now, for 1 <p < kandi € {1,...,n}, we consider the following difference
T(:0)) - () = A=) - T(:0)] G7)

where the LHS is a vector filled with zeros except for the block corresponding to T';(2; > l)) T(Zz( 0))'
Define

AT = [T(:00) = T(=) .. T() = T(=)] G
and . . A .

AT = [T(z0)) = T(z0) . T(z"D) — T(2)] (39)

Then, we have that the columns of both these are linearly independent and all rows are filled with
zeros except the block of rows {(i — 1)k + 1,...,ik}. So, writing Eq. (37) in matrix form and
grouping all components, we have the following

ATD . ATM] = A[ATD . ATM)] (40)

Thus, we have a block diagonal matrix of size nk x nk. Since each block is invertible,
[ATM ... AT™)] must be invertible. This implies that A must be invertible. Thus, Eq. (33)
and the 1nvert1b111ty of A imply that 6 ~ 4 0.

Step 4 (Linear relationship of natural parameters). In addition to showing the linear relationship
between the sufficient statistic, we also show the linear relationship linking A and A. Define

v=g"log: Z— Z. That is, there exists a diffeomorphism between the learned and ground-truth

factors. We rewrite Eq. (30) as follows:

T(g " ()" A(zpas u) = T(gil(x))Tj‘(U(zpa)au) + K (zpa;s u) +7(2) (41)
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where we combine all terms depending only on z into v and those depending only on w into x. Now,
we can rewrite the above as follows using the linear relationship between sufficient statistics:

T(gil(z))TAT)‘(zpaa u) + " A(zpa, u) = T(gil(l’))Tj\(U(zpa)v u) + K(2pa, u) +7(2)  (42)

TG ()" A" A(zpar u) = TG ()" M(0(zpa), 1) + R(zpas 1) +7(2) (43)
where K absorbs all u-dependent terms. We can simplify this equality to the following:
T(g_l(x))T(AT)‘<Zpa7 u) — 5\(U(Zpa)a u)) = k(zpa; u) +7(2) (44)
TG (@) (A" Azpar 1) = A(0(2pa) s w)) = A(zpa, w) + (57" () (45)
Taking the finite difference between distinct values z and Z yields
[T(2) = T(2)]" (A" Azpa, u) = Av(zpa)sw) = (57" (@) = (57" (@) (46)
Now, we can construct an invertible matrix [AT() ... AT(™)] such that
AT® AT (AT X (2pa, u) — X(v(zpa), w)) = [AyD Ay ™) 47
Due to this invertibility, we can simplify the above to obtain
AT X(zpa,u) +7 = X(v(zpa), u) (48)
where
v =—[AT® . AT TIA,D Ay (49)

We can rewrite this as follows to yield the equivalence of A and A
AT X (zpa, w) + 7 = A(v(2pa), 1) (50)

Step 5 (Permutation Equivalence). To show that A is a permutation-scaling matrix, we have to
show that any two columns cannot have nonzero entries on the same row.

* If G* is fixed, we are done since the trivial permutation always holds. Since the decoder is
assumed to be diffeomorphic, there is a point-wise nonlinearity between each corresponding
factor of the representation. Thus, a bijective mapping establishes a component-wise
reparameterization (scaling) and trivial permutation.

 If G* is learned, then for a learned sparse graph G7 if the following holds
(G?) = G* (51)
then we still achieve permutation equivalence by permuting the causal graph.

We conclude that A must be a causal permutation-scaling matrix. Since A captures the causal
dependencies between factors of z, we have that the following must be true

Ti(zi|zpai) = AijTj(Zj‘Zpaj) (52)

Thus, T, T and A, X must be causal mechanism permutation-equivalent, respectively, and z is

causally disentangled. Therefore, z is disentangled, and we have that § ~p 6, where P = Ais a
permutation-scaling matrix.

B.2 Traditional disentanglement cannot guarantee independent causal mechanisms
equivalence

In this section, we provide a counterexample to show that the traditional notion of disentanglement
cannot capture the equivalence of causal mechanisms. For example, consider the running example of
the Pendulum system. We have four causal factors that are causally related. Let z denote the true
factors of variation and 2 denote the learned factors, where each z; and Z; correspond to the same
causal variable. For the sake of simplicity, suppose we have a linear SCM:
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Ground-truth SCM

z1 =6 ~N(0,1)
29 = €2 ~ N(0,1)
23 = az1 + bz + €3
z4 =cz1 +dzo + €4

a2
a2

Learned SCM
21 =6 ~N(0,1)
29 = é, ~ N(0,1)
23 = bél —+ aég —+ €3
Zy =dzZ1 + 2y + €4
Marginal
21 ~N(0,1) 21 ~N(0,1)
29 ~ N(0,1) 2o ~ N(0,1)
z5 ~ N(0,Va?+b% +1?) 23 ~ N (0, Vb + a? 4+ 12)
z4 ~ N0,V 2+ d? + 12) 2y ~ N(0, vV d? + 2 + 12)

Observe that the causal mechanisms learned are different than the true causal mechanisms. In the
linear case, for simplicity, we swap the coefficients. We have the following equivalent marginal
distribution for true and learned factors:

p(2) = p(21)p(22)p(23]21, 22)p(24|21, 22) = p(21)p(22)p(23]21, 22)p(24]21, 22) = p(2)

However, traditional disentanglement does not imply an equivalence of all the individual causal
mechanisms of the true and learned factors. In the above example, the true SCM consists of different
mechanisms than the learned SCM, but both yield the same marginal distribution. This example
violates the causal mechanism permutation equivalence and causal disentanglement but satisfies
traditional disentanglement. We claim that learning a model that achieves equivalence of causal
mechanisms from the perspective of the ICM principle better captures disentanglement in the causal
setting.

B.3 Derivation of ICM-VAE ELBO

We aim to push the variational posterior distribution g4 (€, z|z, w) to the true joint posterior distribution
po(€, z|x, u). Formally, the goal is to minimize the KL divergence as follows:
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D(Q¢<6, Z|$7u)7p9(€7z‘$a u)) =

//q¢, (&, 2|z, u) log =—————= gp(c,2[7,v) de dz

po(€, z|x, u)

= //q¢(e,z|m,u) log 9o (€, 2|2, wpy (2, u) de dz

p0(67z,u7x)

(€, 2|z, u)

://q¢(e,z|z,u){logp9(z,u)Jr]oqu”i’} de dz

p9(€7 Z,U,.’E)

= //q¢(e72|x,u) log po(z,u) + q4(€, 2|z, u) log d¢

= log po(x, u) //q¢ €, z|x,u) log =———"—= 9s(6 2, )

LACECDN
p9(67 Z? u7 x)

de dz

po(€, 2, u, x)

de dz

~ logpo(z,u) + / / 4o (e, 2|, ) log —— 28L& 210 W)

po(x|e, z,u)pg(e, z,u)

= log po(z,u) + Ec g, (e,2)2,u) {log

qe(€, 2|z, u
po(€, z,u)

— log pg(ze, 2, u)]

= 1ng9(££, U) + ’D((Lﬁ(ﬁa Z|$, U)Hpa(G, Z|u)) - ]Ee,z~q¢(e,z\:c,u) |:10gp9(1’|6, Z, u)}

So, we have the following:

D<q¢(67 z|x7u)\|p9(e, levu)) = logpg(;v,u) + D(q¢(€7 Z‘mvu)Hp@(@Z‘u))

_Ee,zwq(i)(e,z\z,u) |:10gp9 ([L‘|67 Z, ’U,):|

Rearranging, we can simply the objective to the following:

log po (2, 4) = Dl (e, 21, 0) [po (e 212, 1)) = B o e )| 0w D0 ], 2,10

This implies that

—D(qy(e, 2|z, u)l|pa (e, 2[u))

log po(z,u) — D(qp (€, 2|z, u)|[po(e, 2|2, u)) < logpe(x,u)

Putting everything together yields the following evidence lower bound (ELBO)

Likelihood

KL Term

logpg(x, U) > Ee,zm/qd,(e,z\x,u) |:1ng9($|€’ 2 u):| - D(q¢(€7 Z‘Ia u)||p9(67 2, u))
—_———

Evidence

Evidence Lower Bound (ELBO)

Now, since € and z are related by a diffeomorphism, we can simplify the objective as follows.

lng9($7 U) > Ee,z~q¢(e,z|w,u) |:10gp9 (I‘G, 2 u) - D(Q¢(€|I, u)HpQ(E))

obtained by the following derivation
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log pg(x,u) >

B qs(€, 2|z, u)
]Ee,zwqd)(e,z\z,u) |:10gp9 (.’I}|6, 2, ’U,):| Ee¢z~q¢(e,z|x,u) [lOg Do (6, Z) :| (66)
r q4(€, 2|z, u)}
=E¢ .~ €,z|lz,u 1 ] -1 67
e,2~vas (e,2lau) | 108 Po (e, 2, u) —log vo(e,2) (67)
= Ee,z~q¢ (e,2z|z,u) 10gp9 (.13‘6, Z) - IOg Q¢(€, Z|$7 U’) + Ingg(G, Z):| (68)

= Ec 2ngy(e,2)e,u) | 10 po(z]€) + log pe(x]2) — log gy (€, 2|7, u) + log pe(e) + logpe(zlu)} (69)

= Ee 2ngy(c,zlz.0) | l0g po(x]€) +1og po(x|2) — log gg(e|z, u) —log qg(z]x, u) 0
) (70)

+1og po(€) + log pa(z|u) |

C Additional Experimental Details

C.1 Dataset Details

Pendulum. The Pendulum dataset [13] is a synthetic dataset that consists of 7K images with
resolution 96 x 96 x 4 generated by 4 ground-truth causal variables: u; = pendulum angle, us =
light position, ug = shadow length, and u4 = shadow position, which are continuous values. Each
causal variable is determined from the following process with nonlinear functions. The causal graph
is shown in Figure Sa.

s
Uy ~ U(—45,45), 9 = Uy * %

T
ug ~ U(60, 145); (Z):ug*%
z =104+ 9.5sin6

y=10—9.5cos@

—0.5—(10.5—-10tang) —0.5— (y —ztang) )

uz = max(3,

tan ¢ tan ¢
~ max(3, (—=10.5+y) 4+ (10 — x) tan ¢ ‘)
tan ¢
cos )
= max(3, 9.5m + 9.5sin 9')

= 1(—0.5 — (10.5 — 10tan ¢) n —-0.5—(y— xtan(b))

2 tan ¢ tan ¢
_ 1((—11‘5 —y)+ (10 +z) tanqS)

2 tan ¢

—11 +4.75cos 0

= 1 4.75sin6
tan o + (10 +4.75sin0)

Flow. The Flow dataset [13] is a synthetic dataset that consists of 8K images with resolution
96 x 96 x 4 generated by 4 ground-truth causal variables: «; = ball radius, uy = water height, ug =
hole position, and w4 = water flow, which are continuous values. The causal graph is shown in
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(a) Pendulum (b) Water Flow (c) CausalCircuit

Figure 5: Causal Graphs of Datasets

Figure 5b.

Causal Circuit. The Causal Circuit dataset is a new dataset created by [23] to explore research in
causal representation learning. The dataset consists of 512 x 512 x 3 resolution images generated by
4 ground-truth latent causal variables: robot arm position, red light intensity, green light intensity,
and blue light intensity. The images show a robot arm interacting with a system of buttons and lights.
The data is rendered using an open-source physics engine. The original dataset consists of pairs
of images before and after an intervention has taken place. For the purposes of this work, we only
utilize observational data of either the before or after system. The data is generated according to the
following process:

vgp = 0.2+ 0.6 * clip(ug + us + bg,0,1)
vg =0.24 0.6 x bg

vg =024 0.6xbp

ug ~ Beta(5vg, 5 * (1 — vR))

us ~ Beta(5vg, 5 * (1 — vg))

ug ~ Beta(5vp, 5 * (1 — vp))

uyp ~ U(O, 1)

where by, bg, and bp are the pressed state of buttons that depends on how far the button is touched
from the center, u; is the robot arm position, and us, us3, and u4 are the intensities of the blue, green,
and red lights, respectively. The causal graph is shown in Figure Sc. From this generative process, we
selectively choose only images for which the causal graph is satisfied (the robot arm’s position and
the downstream effects). For example, the robot arm appearing over the green button, green button lit
up, and red button lit up is consistent with the assumption that the robot arm position causes changes
in which buttons light up according to the causal graph. The filtered dataset consists of roughly 35K
training samples and 10K testing samples.

C.2 Implementation details

For all experiments, we maximize the following ELBO with a bottleneck parameter 3, which controls
the degree to which the latent representation is causally factorized.

IOgPG(x; u) > Ee,zwqd)(e,z\z,u) |:10gp9(£l}|6) + logpg(x\z) - 6{10g q(b(e‘xa u) + 1Og Q¢(Z|J?, U)

—logp(e) — 10gp9(2|u)}}
(71)

For the Pendulum dataset, we linearly increase the 3 parameter throughout training from 0 to a final
value of 1 and set a learning rate of 0.001. We use roughly 6K samples for training and 1K samples
for testing and train for 8 - 10 steps using a batch size of 64. We use a Gaussian encoder and decoder
with mean and variance computed by fully connected neural networks.

For the Flow dataset, we linearly increase the 3 parameter throughout training from 0 to a final value
of 1 and set a learning rate of 0.001. We use roughly 6K samples for training and 2K for testing and
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train for 8 - 10 steps using a batch size of 64. We use a Gaussian encoder and decoder with mean
and variance computed by fully connected neural networks.

For the CausalCircuit dataset, we linearly increase 3 from 0 to a final value of 0.05 and set a learning
rate of 0.001. We use roughly 35K samples for training and 10K samples for testing and train for
3.5 - 10* steps using a batch size of 100. We use a convolutional neural network architecture with 6
layers and ReL.U activation followed by a fully connected layer to estimate the mean and variance.
The noise level for the variance of the Gaussian distribution of the conditional prior is controlled by
o2 € {0.01,0.00001}.

SCF. The structural causal flow and X are implemented as an affine form autoregressive transformation
with the slope and offset computed by fully connected three-layer neural networks with 100 unit
hidden layers and ReL U activation. We set the dimension of each causal variable to 4 for all datasets.

Baselines. We compare ICM-VAE with four baselines: two acausal and two causal.

B-VAE [24] is an unsupervised disentanglement method that aims to promote disentanglement in
the latent space by encouraging the latent representation to be more factorized. However, 5-VAE is
unable to effectively disentangle the factors of variation to a high degree, which is consistent with the
claim from [2] that unsupervised disentanglement is not possible without additional inductive biases.

iVAE [11] unifies nonlinear ICA and the VAE to develop a framework for learning identifiable
representations using auxiliary information in the form of a conditionally factorial prior. However,
the framework of iVAE assumes independent factors of variation, which is often an impractical
assumption. Due to this assumption, iVAE is unable to disentangle causally related factors.

CausalVAE [13] and SCM-VAE [25] extended the iVAE framework for causally related factors of
variation. Causal VAE utilizes a prior that still assumes mutual independence of the factors of variation.
Further, Causal VAE assumes a simple linear SCM, which is unrealistic in practice. SCM-VAE builds
on this work and consists of a post-nonlinear additive noise SCM and a label-specific causal prior.
However, the causal prior proposed still does not induce a causal factorization of latent factors. Thus,
Causal VAE and SCM-VAE are also unable to properly disentangle the causal factors.

We note that none of the identifiability results from baselines focus on causal mechanism equivalence.
Our proposed prior encourages a causally factorized latent space, which induces a mechanism
equivalence and causal disentanglement.

Evaluation Metrics. The DCI metric [20] quantifies the degree to which ground-truth factors and
learned latents are in one-to-one correspondence. We compute the DCI disentanglement (D) and
completeness (C) scores, which are based on a feature importance matrix quantifying the degree
to which each latent code is important for predicting each ground truth causal factor. The feature
importance matrix is computed using gradient-boosted trees (GBT). The informativeness (/) score is
the prediction error in the latent factors predicting the ground-truth generative factors and is constant
(I = 0) throughout all datasets and models, so we omit it for brevity. We train models with 3 random
seeds and select the median DCI score to report. It is often important that we achieve the robustness
of groups of features in the latent variable with respect to interventions on groups of generative
factors. To evaluate how changes in the generative factors affect the latent factors, we compute the
interventional robustness score (IRS) [22], which is similar to an R? value.

Compute. We run our experiments on an Ubuntu 20.04 workstation with eight NVIDIA Tesla
V100-SXM2 GPUs with 32GB RAM.

C.3 Counterfactual Generation
Following [3], the process for obtaining counterfactual predictions consists of three steps

1. Abduction: given an observation x, we infer the distribution over the latent variable € via
€ = a~1(x). In the context of ICM-VAE, we have that z = g~ !(z) = f#F (e).

2. Action: substitute the values of 2 with values based on the counterfactual query 2., o
3. Prediction: using the modified model and the value of z, compute (decode to) the value of

x, the consequence of the counterfactual.
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D Related Work

Recently, [2] showed that it is impossible to learn a disentangled representation in an unsupervised
manner without some form of inductive bias. Notably, [26] proved that models with an independent
prior are not identifiable. Further, [27] showed that most existing disentanglement methods, such as
B-VAE [24], fail to disentangle factors when correlations exist in the data. However, results from
large-scale empirical studies [27, 18] have indicated that weak supervision in the form of labels or
contrastive data can effectively disentangle correlated or causal factors.

Several modeling paradigms have been recently employed to learn causal representations in the
weakly supervised setting by introducing auxiliary information into the data-generating process [8].
Previous work has focused on using supervised labels as auxiliary information to learn disentangled
causal representations [11, 13, 25]. Our work builds upon the ideas presented in iVAE [11] and causal
variants [13, 25] and extends them to consider a principled view of causal disentanglement in the
label supervised setting. [13] proposed a causal masking layer based on [28] and [29] and is limited
to linear SCMs. [25] extended this setting to a nonlinear setting and proposed a causal prior. Both
works proposed relatively simplistic models to learn causal mechanisms under the strictly additive
noise assumption and do not, from an empirical or theoretical perspective, focus on disentanglement.
[23] extended [18] to learn causal representations when interventional data is available as pre and
post-intervened views, [19] focused on learning causal representations in the temporal setting, and
[30] showed identifiability of causal representations in self-supervised learning. Although interesting,
studying causal representations in the presence of interventional data can often be an infeasible
assumption in practice. Thus, learning robust causal representations from only observational data
is desirable. [31] explored the notion of identifiability through independent mechanism analysis.
However, they studied an alternative to nonlinear ICA to achieve identifiability. We propose a causal
mechanism equivalence definition of identifiability extending upon the iVAE framework to learn
mechanism identifiable causal representations.

E Limitations

We acknowledge that causal discovery is also an important component of causal representation
learning. However, developing a causal discovery procedure for general nonlinear causal models,
as described in this work, without assuming a simplified form (such as additive noise), is still an
open problem [32, 33, 34]. We leave the extension of our work to incorporate causal discovery into
the learning process, with and without interventional data, as future work. Another limitation of
our current work is that the results only hold for continuous-valued ground-truth variables. We look
to extend our framework to be compatible with discrete-valued variables. Further, the DCI metric,
although suitable for evaluating disentanglement of causal representations [23], may need to be
extended to more robustly incorporate the notion of causal disentanglement. We leave the exploration
of such metrics as future work. For this work, we assume labels for all causal variables are observed.
Another direction for future work is exploring the extent to which causal disentanglement is still
possible when labels are only partially observed.
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