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Abstract

This paper presents a novel theoretical framework for understanding how diffusion
models can learn disentangled representations with commonly used weak
supervision such as partial labels and multiple views. Within this framework,
we establish identifiability conditions for diffusion models to disentangle latent
variable models with stochastic, non-invertible mixing processes. We also prove
finite-sample global convergence for diffusion models to disentangle independent
subspace models. To validate our theory, we conduct extensive disentanglement
experiments on subspace recovery in latent subspace Gaussian mixture models,
image colorization, denoising, and voice conversion for speech classification. Our
experiments show that training strategies inspired by our theory, such as style
guidance regularization, consistently enhance disentanglement performance.

1 Introduction

Extracting hidden structure from raw sensory data is fundamental to progress in multimodal
perception [1-5], scientific discovery [6—15], Al-assisted content creation [16—20], and many more.
Autonomous vehicles must localize objects and auditory events while suppressing background noise
to navigate safely in open-world conditions, and data-driven drug-discovery systems need to group
and recombine functionally related chemical components to propose therapies for emerging diseases.
Deep learning-based creative tools likewise hinge on isolating user-specified factors (e.g., speaker
style or lighting) while leaving other aspects untouched.

Many latent factors are disentangled in the sense that they vary independently. For example, speech
content persists regardless of the speaker, and object shape remains consistent under different lighting
conditions. This intuition inspires breakthroughs in linear [21] and non-linear [22] independent
component analysis (ICA), modern deep learning-based disentanglement [23, 24] and causal
representation learning [25]. However, an impossibility result shows that fully unsupervised
disentanglement is unattainable in general [26]. Recent work on disentanglement therefore relies on
weak labels [27, 28] or multi-view supervision [29, 30].

Applications such as video editing and drug discovery often require both latent factor extraction and
controlled synthesis of novel samples from the latent factors. Diffusion models (DMs) [31-33] based on
learning score functions [34] of probability distributions, excel at generation and power state-of-the-art
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editors and simulators [16, 17, 19]. However, standard DMs learn only the data marginal, encoding
latent factors implicitly. To control data generation using the latent structure, conditional DM (CDM)
inject side information into the score function [35-37] and achieve impressive empirical success in
disentanglement tasks such as voice conversion and image editing [38, 39, 20, 35, 36]. Yet a principled
understanding of when these models learn identifiably disentangled representations is still missing.

In our work, we broaden the disentanglement theory to diffusion models and provide the first
learning-theoretic framework for DM-based disentanglement, which poses unique challenges. First, a
sample from DM is generated by integrating a stochastic differential equation (SDE), so the generated
sample becomes a stochastic, non-invertible mapping of the latent variables. The lack of an analytic
inverse precludes the change-of-variables calculus and ICA-style arguments that underpin classical
disentanglement theory [26, 40]. Further, the extra uncertainty injected by the stochastic drift can
make it more difficult to leverage the commonly used weak supervision. We tackle these challenges by
(i) proposing notions of approximate disentanglement applicable to stochastic, non-invertible settings,
(i1) marrying information-regularised score matching with recent finite-sample analyses of score-based
models [41]. The resulting framework lays the groundwork for the following contributions:

1. We show that, under mild Lipschitz assumptions, DMs can recover approximately disentangled
representations of two latent factors (e.g., content and style), when given either partial supervision
or multi-view inputs. For independent subspace models, we further prove global convergence
in the finite-sample regime using gradient descent.

2. Building on the theory, we introduce a novel style-guided score matching loss that attains a global
optimum for the independent-subspace case and improves disentanglement in practice.

3. Extensive experiments on Gaussian mixture models, image editing, and voice conversion for
speech classification demonstrate that our theory-inspired training strategies consistently enhance
disentanglement quality and downstream classification accuracy.

The rest of this paper is organized as follows: In Section 2, we provide the background on diffusion mod-
els. Section 3 formalizes the problem of content-style disentanglement, and later in Section 4 we present
the main theoretical results and Section 5 details empirical evaluations on synthetic, image and speech
data, demonstrating and supporting the theoretical findings. Finally, Section 7 concludes the paper.

2 Background: diffusion models

Diffusion models (DMs) [31-33] approximate the pdf px =: pg of anr.v. X ~ pg via a two-stage
process: noising and denoising. In the noising stage, data is progressively corrupted using an SDE:

dXy=p(Xe,t)dt+£(t)dBy,  Xo~po, )]
where B; is a Brownian motion. We adopt the choices j1(X,t) :=—X; and £(t) = v/2, leading to the
Ornstein—Uhlenbeck (OU) process:
dXy=—Xdt+v2dB;, Xo~po, ©)
which converges to a standard Gaussian [42, 41]. Let p; denote the marginal of X; and py|, the
conditional pdf of X, given X;. In the denoising stage, the goal is to recover X from noisy versions
X,t > tp by simulating the time-reversed process X, :=Xp_;:
AX{ =[X{ +2Valogpr—o(X{)|dt+V2dB, X5 ~pr, 3)
which converges back to pg [43]. Since the score function V,logp;(X?) is unknown, DM learns a
score estimator sg: R x [0,T] — R%X by minimizing the score matching objective:
L(0):=Ey p, |50 (X1,t) — Vilogp (Xi) ||27
This objective is equivalent to a conditional score matching objective involving py|o:
2
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where NV, is standard Gaussian and o (t) := 1/1—exp(—2t). During inference, new samples are
generated by simulating an estimated SDE, with X§~ ~ pr and discretized time steps ¢ € [kn,(k+1)n]:

AX{ =[X{ +2s9(X 5, T —kn)]dt+v2dB;. 5)
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3 Content-style disentanglement

The task of content-style disentanglement can be formalized through a latent variable model (LVM).
For clarity, we refer to all random entities — scalars, vectors, or matrices — as random variables (.v.’s),
and focus on the continuous case. For any r.v. X, let px denote its probability density function (pdf).
We assume two latent factors: the content Z ~ p taking values in R?# and the style G ~ pg taking
values in R%¢ | which jointly generate an observable sample X € R%* through the noisy, non-invertible
and nonlinear transformation with an invertible mixing function f :R% x R — R%x

X=+/1-62f(Z,G)+0N, )

where ¢ is the noise level and NV is an independent, standard Gaussian noise. We assume that Z and G
are statistically independent, as is common in disentanglement [24, 44, 26] and ICA literature [21, 40].
Although exact independence between Z and G is assumed for clarity, our framework naturally
extends to settings where independence holds only approximately, as will be discussed subsequently.

This partition of latent factors arises in several settings. In controllable generation, Z encodes
persistent attributes (e.g., object identity) while G governs editable factors (e.g., pose or lighting).
In self-supervised learning (SSL), Z captures invariant content across views or modalities, and G
captures modality- or augmentation-specific variations. In the low-noise regime § — 0, our goal is
to recover the latent variables Z and G from observations of X. A common notion of recovery is
block identifiability [45-48, 29, 30], which ensures that subgroups of scalar latent variables can be
recovered up to an invertible transformation. However, exact block identifiability is not achievable
in the presence of noise J > 0 due to the non-invertibility of the mixing process, motivating a need for
approximate disentanglement. To this end, we propose two complementary criteria: (1) approximate
information-theoretic disentanglement and (2) editability.

(€,v)-disentanglement. To quantify how well the learned content and style representations are
separated and informative, we define an information-theoretic notion of approximate disentanglement.

Definition 3.1 ((¢,v)-disentanglement). Let (Z G ) be content and style encodings inferred from an
observed sample X. They are (e,v)-disentangled if, for some e,v >0, (i) [(Z;G) <e; (ii) [(Z,G;X) >
1(Z,G; X ) —v, where I(A; B) denotes the mutual information (MI) between r.v.’s A and B.

These conditions ensure that the learned latent factors are (i) nearly independent (as the true Z and G are),
and (ii) retain most of the information about the observed data X . The definition remains meaningful
evenas d —0and I(Z,G;X ) — oo, since it is based on a bounded difference in mutual information.

e-editability. In many applications, it is desirable to modify style while preserving content. This
motivates the following notion of editability based on conditional sample generation.

Definition 3.2. (c-editability) Let (Z ,G) be encodings inferred from X, and let G~ pa be an
independent style encoding. (Z,G) are e-editable if there exists a generative model q(- | Z,G")
such that the generated sample X ~ q(- | Z,G") satisfies Bz, dry (p)"(\zapfqz) < €, where
X:= V1—€e2X +¢€N is a smoothed version of X, and drv is the total variation distance.

This definition captures the ability to recombine content and style encodings to generate new
samples that are consistent with the original content. For example, in a facial image editing task, the
encoding Z may represent identity while G captures facial expression. By swapping G with a new
expression encoding G, we can generate a new image that preserves identity but alters the expression.
Deterministic decoders are allowed as a special case with g(-| Z ,(:?) =4 Fz.6 for some function f .

The notions of (e, v)-disentanglement and ¢’ -editability are complimentary but not equivalent. In
particular, disentanglement in the mutual information sense does not guarantee editability. The
following example illustrates this by constructing encodings that are perfectly disentangled (i.e.,
(0,0)-disentangled) yet fail the editability criterion due to a hidden ambiguity introduced during
recombination. The proof is provided in Appendix A.



Example 3.1. Suppose content Z ~N(0,1) and G ~N(0,1) are independent standard Gaussian
rv.’s and consider the noiseless setting with 6 = 0. Further, suppose pg(z.G)|z Z Pf(-2,G)|2-

Then we can choose the content/style encodings to be Z= Zsgn(G), G = G and the decoder
f(Z.,G)=f(Zsgn(G),G), where sgn(x) denotes the sign of x. Then (Z,G) are (0,0)-disentangled
but not e-editable for some € > 0.

Intuitively, the encoder flips the sign of the content variable depending on the style. This transformation
preserves both independence and informativeness, but causes ambiguity when recombining Z with

anew style &', since the decoder cannot distinguish whether the original sign should be restored. As
aresult, samples generated from new combinations do not match the original content distribution.

Weakly supervised disentanglement. When neither Z nor G is observed, disentanglement is in
general impossible for nonlinear mixing functions: the observable pdf px alone does not identify
whether the data is generated from a disentangled or entangled LVM [26]. We consider two practical
settings where side information is available to help resolve this ambiguity.

Definition 3.3 (Content disentanglement). Assume Eq. 6, and suppose a known style function
g:RI¥xX RIS s given such that g(f(z,G)) = G for all z. The goal of content disentanglement is

t0 learn encodings (Z,G) from X that are (¢,v)-disentangled and € -editable.

This setting appears in applications such as image editing and voice conversion [49, 38, 50]. For
example, in voice conversion, g(X) is a speaker embedding extracted from a pre-trained speaker
recognition model (e.g. speaker embeddings from ECAPA-TDNN, which achieves almost perfect
speaker verification error rate [51]). This assumption mirrors common practice in the voice conversion
literature and is not unique to our framework. In image editing, ¢(-) could represent learned text
embeddings of editing instructions.

Definition 3.4 (Multi-view disentanglement). Assume there are multiple views X' --- X"V, where
each X' is generated as X' =/1—062 f;(Z,G*)+6; N, 1 <i <ny, with i.i.d view-specific styles G'’s,
i.i.d standard Gaussian noise N*’s, view-specific noise levels §; s and invertible view-specific mixing
functions f; : R x RZi —R4X:. Then the task of multi-view disentanglement is to learn encodings
(Z,G") for all i such that (Z,G") are (¢,v)-disentangled and ¢'-editable.

This setting is prevalent in SSL (e.g., [52-58]). When f; = f; (e.g. multiple camera views), each X i
may correspond to a different augmentation. When f; differ (e.g., across sensory modalities), the views
may represent distinct but semantically aligned representations. For clarity, we focus on the unimodal
two-view case (ny = 2), which readily generalizes to multimodal scenarios with ny > 2. To facilitate
our theoretical analysis of DM-based disentanglement, we adopt the following mild assumptions,
which are common in the analysis of DMs [59, 42, 41].

Assumption 3.5. The sample X is sub-gaussian with second moment 0% dx .
Assumption 3.6. The score function of the sample pdf px is As-Lipschitz.

Assumption 3.5 ensures that sample values do not exhibit heavy tails, which could destabilize the
diffusion process. Assumption 3.6 ensures that the score function does not change too abruptly,
preventing discontinuities that could hinder accurate recovery of content and style during denoising.

4 Theory: diffusion model-based disentanglement

In this section, we first present our theoretical results for DM-based disentanglement, and then discuss
multi-view disentanglement, and finally provide results for disentanglement of independent subspaces.

4.1 Content disentanglement with diffusion models

Overview. This section analyzes the ability of DMs to achieve approximate disentanglement in the
content disentanglement task defined in Definition 3.3. First, we introduce a conditional DM trained
with a regularized score matching objective tailored for this task. Second, we show that this model
can learn content and style encodings (Z,() that are (e,v)-disentangled with arbitrarily small €,v
as the noise level § — 0. Finally, we discuss why such encodings may still fail to be ¢ -editable for
some € > 0. Formal proofs are provided in Appendix B.



(a) Content disentanglement (b) Multi-view disentanglement (ny =2)

Figure 1: Graphical model of diffusion-based disentanglement under different types of weak
supervision. Shaded nodes denote latent variables; clear nodes denote observed variables. Learnable
components are marked in red and orange, while the frozen component is shown in gray. Left: Content
disentanglement. The style encoder g(-) is known and fixed. The model learns a content encoder z4
and a score estimator sy to estimate the score of p X|2,60 thereby disentangle content Z from style.

Right: Multi-view disentanglement. Given paired views (X!, X?) sharing content Z, the model
learns to recover Z and style G'! of view 1 by estimating the score of p X|22,61 using sg.

The model architecture is illustrated in Figure 1a. Style is represented by a fixed encoder G:= 9(Xt,)s
where g(-) is assumed known. Content is learned through a trainable encoder yielding Z = z4 (X3, ).

To enable controllable generation, both 7 and G are fed as inputs to a conditional score estimator
59 : RIx xRz x R9¢ x [0,T] > R%x, which estimates the score of the conditional pdpr‘ZA o We
train this model using the following regularized score matching objective: hyperparameters y,p > 0:

N

Content information regularizer

LZ’p(97¢) ::Et7POPt0|0Pt\tU 56 (XtaZAvéat) +

Conditional score matching loss

where ()4 :=max{x,0}. The score matching loss encourages the model to match the conditional
score, while the regularizer limits the information that the content encoder can extract from the input,
preventing overfitting via direct copying. In practice, mutual information is often approximated using
tractable variational bounds [60-62], which serve as surrogates for the content information regularizer.
Using the above steup, we prove the following theorem.

Theorem 4.1. Suppose Assumption 3.5-3.6 hold, and (6*,¢™) be a minimizer of LY'* defined in Eq. 7
with p=I(Z;X)+C16,7y > Cy/T for some Cy,Cy > 0. Set tg = —log(1—6%)"/2 and Z := 24 (X).

Then for any 6 < min{ %,ﬁ }, the encodings (Z,G) = (24+ (X1, ),9(X1,)) are (¢,v)-disentangled

with e=C3As0% dx 8,v=C40% 62 for some constants C3,Cy > 0.

Intuition. Theorem 4.1 shows that under sub-gaussian tail assumptions and Lipschitz-continuous
scores, DM can achieve (e,v)-disentanglement with (e,r/) — 0 as the noise level § — 0. The rate at
which disentanglement improves depends inversely on the Lipschitz constant — higher sensitivity in
the score function slows disentanglement by amplifying noise-induced variations. The regularized
objective mitigates this trading off between predictive power and the amount of content information
retained in the content encoding Z.

Theorem 4.1 extends to cases where content and style are only approximately independent, i.e.,
I(Z;G) < ¢; for some €7 >0, by treating the dependency as a perturbation (Appendix B.7). Assump-
tion 3.5 can also be relaxed to bounded variances, as the proof relies on moment control. However, it is
important to note that approximate disentanglement in the MI sense does not imply editability. As illus-
trated in Example 3.1, the model may still leak style information into the content encoding. This limita-
tion, which we refer to as content distortion, prevents achieving vanishing €’-editability even as § — 0.

4.2 Multi-view disentanglement with diffusion models

Overview. This section analyzes the ability of DMs to achieve editability in the multi-view
disentanglement setting defined in Definition 3.4. We introduce a DM trained with a modified score
matching objective, analogous to the content disentanglement case. We then show that the learned



encodings (Z ,G’) are c-editable with ¢ — 0 as 6 — 0. Finally, we discuss how the result generalizes
to more than two views and non i.i.d styles, and what it reveals about the role of different types of
weak supervision. Full proofs are in Appendix C.
The model architecture is illustrated in Figure 1b. We define the encoders Z¢ := 24, (Xfo) and
G':= g4, (X], ) foreach view i. The score estimator s¢(X;,Z2,G t) is trained with the following loss:
2
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Lm(ev(b) ::Et,poptompt\o O'(t)

Conditional score matching loss

where ¢ = [¢z,¢¢]. The regularizer encourages G to encode only the style of X'!. Atinference time,
we sample from the estimated reverse process Eq. 5 but use the conditional score estimator to guide
generation. Under this setup, We prove the following theorem.

Theorem 4.2. Under Assumption 3.5-3.6 and additional regularity conditions (Assumption C.2-C.4).
Consider the two-view, unimodal setting with 61 =: 6 and 62 =0. Let (0% ,¢%,,0¢,) be a minimizer of

L and 7 = z4: (X1),G' = gy (X?) for each view i. Set to = —log(1—62)"/2 and the diffusion

step size n:=C} %for some constant C's > 0. Then for some constants Cg,C7 > 0: (i) I(ZA2 ;él) <
€]

CsAs0xdy0; (ii) the content encoding Z* and the style encoding G* are C7+/ /\Sag(dxé-editable.

Intuition. Theorem 4.2 establishes that in the multi-view setting, DMs can achieve (e, v)-
disentanglement and e-editability with vanishingly small €, even though v cannot be made arbitrarily
small. In other words, perfect separation of content and style is theoretically achievable in terms of
independence and editability, even if some information loss is unavoidable. The editability error
depends on the Lipschitz constant of the decoder, the intrinsic data variance, and the latent dimension-
ality—factors that all amplify sensitivity to noise. To mitigate this, we introduce a style information
regularizer, which suppresses content leakage into the style encoder. This prevents entanglement and
enables reliable "mix-and-match" generation. Without this regularization, residual content in the
style embedding can undermine both disentanglement and editing performance.

While Theorem 4.2 is stated for i.i.d. styles across views, it readily extends to nearly independent styles,
i.e., those satisfying I(G';G? | Z) < ¢; for some small ¢; (see Appendix C.4). Our framework also
handles more than two views and heterogeneous view-specific mixing functions. A key challenge arises
when content and style are highly correlated or when the sample size is small. In these settings, noise
can break delicate statistical dependencies, leading to spurious entanglement, especially under limited
data, which can mask the true latent structure further due to overfitting. These issues are not covered by
prior identifiability results [48, 29], which assume noiseless generation and invertible mixing functions.

4.3 Disentanglement of independent subspaces with diffusion models

Overview. This section considers a special case
of content disentanglement — when the underlying
distribution follows an independent subspace model
(ISM) [45-47, 63]. ISMs have served as a foundation
in classical disentanglement literature and are also sup-
ported empirically in recent self-supervised learning
studies [64], with applications in both discriminative
and generative disentanglement tasks [65, 66, 39, 50,
67]. Under the ISM setting, we prove that a carefully
constructed DM trained with gradient descent can Figure 2: Dual-encoder score network for
simultaneously achieve (e,v)-disentanglement and ¢’- content-style disentanglement of ISM.
editability even in the finite-sample setting — offering

stronger theoretical guarantees than those in the general content disentanglement case (Section 4.1).
We also outline how these results can be extended to the multi-view case in the discussion. Full proofs
are provided in Appendix D. To begin, we formally define an ISM below.

Definition 4.3. An independent subspace model (ISM) is an LVM defined by
ZNpZaGNpG7X:AZZ+AGG7 (9)
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where Ay € RIx*d2 A, € RIX*46 qre orthogonal matrices such that their column spaces are
orthogonal and span R¥* . That is, R(Az)*t = R(Ag) withdz +dg =dx, where R(A) is the column
space of matrix A. Let Xy denote the noisy version of X at time t in the diffusion process. Then we
define Z;:= A, Xy =:2(Xy), Gy ::AgXt =:19(Xy).

This model generalizes the setting in [41], which assumes Gaussian noise for G;. A key property of
ISMs is that the score function of the marginal p;(X;) is decomposable as shown below.
Lemma 4.4. Foranyt >0, the score of the pdf p;(X:) under the ISM satisfies

s*(X¢,t) :=Vlogp: (X)) = Az V 1ogpz, (2(Xt))+AaVlogpa, (9(Xt))-

Lemma 4.4 shows that for ISM, the score function is a linear combination of the score functions of
content and style. Motivated by Lemma 4.4, we propose a dual encoder network for learning s*(z,t),
as shown in Figure 2:

so(2,t) :=Us% (,t) + V2 (g(x),t) ;== UNN([,PE(t)]) + VNN([g(z),PE(t)]). (10)

where NN(-) denotes a two-layer ReLU neural net and PE(t) is a time position encoding. The first
branch of the dual network computes the content score s (X4,t) of the noisy sample X, while the
second branch computes the style score s (G,t) from the noisy style G;. The two scores are combined
to produce the final score function s¢(X;,t). Unlike earlier sections, sy here is unconditional. To train
this network, we use a regularized score matching loss:

* * 1
LQT(G):2Et,z§?(:c)”59(xvt)*s (th)||g+2)‘r]Et,ﬁ?(x)HVSG(g(x)vt)*s (Ivt)”§+ iLb,n(e)a (11)

Lo, n: score matching loss L, style guidance regularizer

Balancing loss

where A\, >0 is the style guidance weight and P}’ is the empirical pdf. The style guidance regularizer
encourages style separation by forcing the score network to explain part of the data using only style,
thereby implicitly discouraging it from encoding style information redundantly in the content
branch; The balancing loss, defined in Appendix D, helps prevent poor local minima. For general
latent variable models, this is a heuristic regularization rather than a formal MI minimization, and we
will add a clearer explanation and acknowledge. The following theorem analyzes training dynamics by
studying the gradient flow:

[U’V] = [_VULi\zT (€>7_VVL2T (9)]’ [9Z’9G] = [_VQZ Li\zr (6)’_v00 L?LT(Q)} (12)

Theorem 4.5. Under Assumption 3.5-3.6, for some to dependent onn and let min{dr,dg } — 0o, and
let the positional encoding PE(-) be bounded and linearly independent over t € [to,T']. Define Py to
be the projection matrix onto R(M), and o;(s) to be the i-th largest singular value of the operator s.

Then for some A, Eq. 12 converges to a critical point 0 := [0 206U ,V] such that with probability at

~ ~ 5/41003/4, .
least 1 —O(%) : 1) Encodings Z := Py X and G := g(X) are (O (W) ,O) -disentangled; 2)
zZ z
5 5 5 A d7/410g9/16n .
Let Zy,:=Z~+0(to) Ny, Then (Zy,,G) are O —— 73 -editable.
Tmln{adz (s}),o’dc (s)}n1/16

Intuition. Theorem 4.5 shows that for ISMs, a DM trained with gradient descent can recover
the content and style subspaces as the number of samples n — oco. This enables both approximate
(e,v)-disentanglement and €'-editability. A key component is the style guidance regularizer, which
encourages the model to separate content and style by encouraging the model to use the style
information during score matching. Importantly, the speed and quality of subspace recovery depend
on the strength of the signal in the score function. In particular, recovery is faster when the content and
style score functions have larger minimum singular value. This highlights a practical consideration:
well-separated or high-contrast latent factors lead to more reliable disentanglement, while near-
degenerate cases may require additional regularization or supervision.

Theorem 4.5 extends to the multi-view setting using the dual encoder network sg (X}, t) =
Usz(X2,t)+Vsa(X},t), where sz extracts content from the second view. In this case, we use
a content guidance loss L. ,, applied to (U,sz) instead of (V,s¢), to encourage reliance on content
information from the second view and suppress residual content in the style encoder s. Our bound
depends on the data dimension dx , but extensions to lower-dimensional latent representations are
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Figure 3: Disentanglement results on MNIST and CIFAR-10. Top: Disentanglement results on
MNIST. The content is the gray-scale digit image, and the style is the background color. Bottom:
Disentanglement results on CIFAR10. The content is the clean image and the style is the corruption
on the image. Both 3b-3c and 3f-3g suggest disentanglement is achieved with the style guidance loss.

Table 1: Quantitative results for image denoising and face editing on CelebA test sets for various
models. Conditional (cond.) InfoGAN and cond. 3-VAE stand for InfoGAN [69] and 8-VAE [70]
adapted to the content disentanglement setting by conditioning on the observed style variable. DDPM
stands for denoising diffusion probabilistic model (DDPM) [33].

Denoising Face Editing
LPIPS(}) SSIM(1) CLIPScore() LPIPS({)
cond. InfoGAN 0.83 0.16 0.24 0.39
cond. 8-VAE 0.57 0.17 0.25 0.37
DDPM (ours), A, =0 0.53 0.18 0.25 0.35
DDPM (ours), A, =0.03 0.47 0.19 0.26 0.30
DDPM (ours), A\, =0.3 0.35 0.23 0.26 0.32
DDPM (ours), A\, =3 0.33 0.24 0.26 0.38

possible via residual connections in the score network in Figure 2. While our focus is on unconditional
score matching, our results extend to conditional settings with appropriate corrections for cross terms.
Lastly, although our analysis assumes infinite-width two-layer ReLU networks, similar convergence
behavior may hold for deeper or finite-width networks [68].

5 Experiments

This section presents empirical evaluation of our theoretical framework by testing whether DMs can
achieve approximate disentanglement under settings in Section 4.1-4.3. We begin with synthetic
datasets generated from Gaussian mixture models (GMM), which instantiate the ISM framework from
Section 4.3 to validate guarantees in Theorem 4.5. We then move to more realistic settings using
standard image datasets. Specifically, we apply our DM-based disentanglement method to two tasks:
image colorization on MNIST [71] and image denoising on CIFAR10 [72]. Finally, we validate
Theorem 4.1-4.2 on a real-world speech task, voice conversion (VC) adaptation, by adopting the
DM-based VC framework from [38].

Implementation details. For the GMM dataset, we use a two-layer ReLU network consistent with
Theorem 4.5. For MNIST and CIFAR, we use a U-Net [73] architecture, following common DM
design [74]. We optimize a regularized score-matching objective, inspired by Eq. 11:
2
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where A, controls the style guidance weight. Note that we omit the balancing term for empirical
simplicity, and style guidance is applied by zeroing out content, equivalent to the style regularizer in

Eq. 11 when the input data has ISM structure.
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struction error when the style guidance Figure 4: GMM disentanglement results with the score

weight is sufficiently large, and the re- estimator in Eq. 10. The subspace recovery error (de-
sult is consistent across different noise fined in Appendix E. 1) is normalized between [0,1]. In four
schedulers. Moreover, since all score net- random trials, DM consistently recovers (error <0.1) the
works are wide, two-layer MLPs trained ~ correct content subspace and achieves disentanglement with
using gradient-based methods, these re-  Sufficiently large style guidance weight A, and sample size.
sults provide further support for Theo-

rem 4.5. Figure 4 also reveals a sublinear decay rate of the subspace recovery error as the sample size
increases, aligning with Theorem 4.5.

Image disentanglement results. Next, we validate our theoretical findings on image data from
MNIST and CIFAR-10. For MNIST, we perform colorization, treating digit shape as content and
background color as style. The results are visualized in Figure 3. Without regularization, the model
fails to disentangle these factors, simply copying the input (Figure 3b). With the proposed regularizer,
it successfully disentangles color from shape (Figure 3c¢). On CIFAR10, we test image denoising where
the content is the clean image and the style is an independent noise. In this setup, we introduce a random
color shift as the noise, though our approach can, in principle, be extended to other types of independent
noise. The results show similar improvements with regularization, consistent with Theorem 4.5. We
have further verified our theory on two more disentanglement tasks on the CelebA image dataset.
First, we perform denoising with the same setting as CIFAR 10 and compared our approach with two
standard baselines, infoGAN [69] and beta-VAE [70] adapted to the content disentanglement setting
by conditioning on the observed style variable. As shown in the first two columns of Table 1, we
observe the same trend as our previous experiments. Further, we perform face editing with gender as
the style variable. As shown in the last two columns of Table 1, our method is superior to the conditional
GAN baseline in terms of style transfer (CLIP score) and content preservation (LPIPS [75] score).
Additional examples and quantitative results using different regularization weights for multiple metrics
are provided in Appendix E.2.

Speech disentanglement results. Lastly, we
apply DM-based disentanglement to a real-
world application: voice conversion adapta-
tion (VCA). In this setup, the style corresponds
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ings is the content. We are also actively de-
veloping additional vision-domain multi-view
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several baselines, including no conversion, pitch shifting, and recent VCA models [65, 77]. Perfor-
mance improves as more target speakers are used during training, consistent with our theoretical
prediction of Theorem 4.1 that DMs can indeed achieve approximate disentanglement for speech data.
It also validates Theorem 4.2 by demonstrating that multi-style data enhances content-style disentan-
glement. Further, more speech metrics and additional experiments beyond emotion classification (e.g.,
Alzheimer detection [78], Amyotrophic Lateral Sclerosis severity [79]) are detailed in Appendix E.3.
Further, we also note that our current experiments focus on controlled settings aligned with the theory.
Extensions to large-scale experimentation are left as an exciting future avenue of research.

6 Related works

Diffusion model theory. Early theoretical works on DMs analyzed their ability to learn data distribu-
tions, under different assumptions like log-Sobelev inequality [59], bounded moments [80, 42] and
score approximation in L*° [81] and L?[59, 42] norms. Later works compared DMs with likelihood-
based models [82], and studied their capability to recover Gaussian mixtures [83-86], Ising models [87],
low-dimensional subspaces [4 1, 66, 88, 89] and manifold structures [90]. Recently, [91, 92] analyzed
the convergence of conditional DMs and the role of classifier-free guidance. Others have analyzed the
training [93-95] and sampling [95-97] dynamics of DMs.

Disentangled representation learning. Disentanglement is defined via factorized representa-
tion [98, 21-23], group equivariance [99] or approximate independence [100]. It underpins many
advances in self-supervised learning [52, 54, 101, 56], multimodal learning [ 102—104] and controllable
generation [49, 38, 35, 36, 105]. Theoretically, disentanglement traces back to independent component
analysis (ICA) [106], later extended to correlated factors [48, 29] and studied through the lens of mod-
ern SSL techniques such as data augmentation, contrastive loss [107] and self-distillation [108]. A key
result [26] shows that unsupervised disentanglement is impossible without additional inductive biases,
leading to weakly supervised methods using multiple views [29, 30], auxiliary labels [27, 109, 28],
temporal cues [110, 111] and isometric constraints [112]. Other works analyze the disentangling
capacity of (variational) auto-encoders [49, 113-116, 100, 117, 118].

7 Conclusion

We presented the first learning-theoretic framework for DM-based disentanglement, addressing un-
solved challenges of prior works that focused primarily on deterministic, invertible mixing processes.
Our framework introduces two notions of approximate disentanglement that generalize classical for-
mulations to stochastic, non-invertible settings and shows how DMs can achieve them with partial
labels or multi-view inputs. Moreover, in the special case of ISMs, we derive stronger guarantees,
including finite-sample global convergence for gradient-based training. Our experiments across several
domains, spanning Gaussian mixture recovery, image colorization, denoising, and voice conversion,
show that theory-guided training methods, such as style-guidance regularization, lead to improved dis-
entanglement and better downstream performance. Our framework lays the foundation for principled
disentanglement with DMs and future works on more complex latent structures and modalities.
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(b) If the contribution is primarily a new model architecture, the paper should describe
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5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instructions
to faithfully reproduce the main experimental results, as described in supplemental material?

Answer: [Yes]
Justification: Data and code will be released upon acceptance.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: All the training and test details are provided in the appendix.
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* The answer NA means that the paper does not include experiments.

» The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: We average results over multiple runs and report error bars or other statistical
significance metrics for the experiments.
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* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confidence
intervals, or statistical significance tests, at least for the experiments that support the
main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
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* The method for calculating the error bars should be explained (closed form formula, call
to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error of
the mean.

e It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the computer
resources (type of compute workers, memory, time of execution) needed to reproduce the
experiments?

Answer: [Yes]
Justification: The details about computation resources are provided in the appendix.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster, or
cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute than
the experiments reported in the paper (e.g., preliminary or failed experiments that didn’t
make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: The research is ethical according to the NeurIPS Code of Ethics in every respect.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

¢ If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special considera-
tion due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative societal
impacts of the work performed?

Answer: [NA]
Justification: The paper presents a foundational research not tied to particular applications.
Guidelines:

» The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is being
used as intended and functioning correctly, harms that could arise when the technology is
being used as intended but gives incorrect results, and harms following from (intentional
or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best faith
effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: All assets are fully licensed.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the pack-
age should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the license
of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of the
derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to the
asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]
Justification: All assets are well-documented.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as well
as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contri-
bution of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether such
risks were disclosed to the subjects, and whether Institutional Review Board (IRB) approvals
(or an equivalent approval/review based on the requirements of your country or institution)
were obtained?

Answer: [NA]
Justification: The paper has no such risk.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA|
Justification: LLMs are not used for non-standard purposes.
Guidelines:

* The answer NA means that the core method development in this research does not involve
LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.

25


https://neurips.cc/Conferences/2025/LLM

Contents

A

B

Proof of Example 3.1

Proof of Theorem 4.1

B.1 Mainproof . . . . . .. e e e e e e e e
B.2 ProofofLemmaB.2. .. .. ... ...
B.3 ProofofLemmaB.3. . ... ... ... ..
B4 ProofofLemmaB.4. ... . ... ... ..
B.5 ProofofLemmaB.5. . ... ... ... ...
B.6 Proofof LemmaB.6 . . ... ... ... ...

B.7 Extension to correlated content and style

Proof of Theorem 4.2

C.1 Mainproof . . . . . . . e e e e e e e e e
C.2 ProofofLemmaC.5. . .. . . . . . . . . e e e
C3 ProofofLemmaC.6. . . . . . . . . . . e e

C.4 Extension to correlated view-specificstyles . . . . . .. ... ... ... 0oL,

Proof of Theorem 4.5

D.I Mainproof . . . . . . . e e e e e e e
D.2 ProofofLemmad.4d . . . . . . ... e
D.3 Proofof TheoremD.2 . . . . . . . . . . . e
D4 Proofof TheoremD.3 . . . . . . . . . .. .
D5 ProofofLemmaD.5. . .. . ... ...
D.6 Proofof LemmaD.6. . . ... ... ... ...
D.7 ProofofLemmaD.7. . .. . . . . .. ..
D.8 Proofof LemmaD.8. . . . . . . . .. .. e
D9 ProofofLemmaD.4. . ... . ... ..
D.10 Proofof LemmaD.9. . . . . . .. ...
D.11 Proofof LemmaD.10 . . . . . . . . . .. . e

Experiment details

E.1 Latent subspace GMM disentanglement

E.2 Image disentanglement

E.3 Speech disentanglement

26

27

27
27
29
31
32
32
32
33

33
33
34
36
36

36
37
41
41
42
44
46
47
47
48
52
53



A Proof of Example 3.1

Example A.1. (Example 3.1, restated) Suppose content Z ~ N '(0,1) and G ~ N (0,1) are independent
standard Gaussian r.v.’s and consider the noiseless setting with 6 =0. Further, suppose py(z,a)|z

Pf(-z,a) z- Then we can choose the content/style encodings to be 7 = Zsgn(G), G = G and the

decoder f(Z,G) = f(Zsgn(G),R), where sgn(z) denotes the sign of x. Then (Z,G) are (0,0)-
disentangled but not e-editable for some ¢ > 0.

Proof. First of all, notice that Z~N (0,1) regardless of the value of G owing to the even symmetry
of the standard Gaussian distribution, which implies Z UG, or equivalently I( Z ;@) =0. Second,
by construction, f(Z,G) = f(ngnQ(G) G)=f(Z,G)=X, and thus I(Z2,G;X) — 1(Z,G;X) =

Therefore by definition, (Z,G) are (0, 0) dlsentangled However, for an i.i.d sample & ~ pg, the
conditional distribution Piz,anz = pr( z.6nz T pr(z anlz Z Pf(z,c)|z due to the fact that

sgn(G)sgn(G’) is a symmetric Bernoulli variable and py(z @)z # P (—z,c)| z- Therefore, (Z,G) is
not e-editable fore:dTv(pf(Z G’)|Z’pX\Z)>O' O

B Proof of Theorem 4.1

For clarity, we restate the theorem below.

Theorem B.1. Suppose Assumption 3.5-3.6 hold, and (6% ,¢*) be a minimizer of LY°° defined in Eq. 7
with p=1(Z;X)+C16,y > Cy /T for some C1,Cy > 0. Set to = —log(1—02)"/2 and Z := z4- (X).
Then for any 6 < mln{ 5,\/1} the encodings (Z,G) = (z4+ (X1, ),9(X1,)) are (e,v)-disentangled
with e=C3 )\ UXdX5 V= C’4UX52f0r some constants C3,Cy > 0.

B.1 Main proof

Our result relies crucially on the following lemma.

Lemma B.2. There exists (01,¢1) such that for

5<mln{ =—log(1—62)"/2 t; = —log(1—6)"/2,

e
the followings hold:
1. The followings hold for the MIs I (zg, (X1, );X),1(9(X4,); X) and I(z4 (X4, );9(Xe )| X):
(Z¢'1(Xt0)7 ) I(Z7 )+O()\dedx5),
I(9(X4,);X) =1(G;:X)+O0(Asox dx9),
(24, (X1, );9(X1o)|X) =1(Z;G| X) +O(Asox dx 0);
2. The conditional score matching loss satisfies

(140%6%)6%dx (e*T —e?'r) ((M;g)
Sor—tye@n—ner—n - °\7 )

Lo(601,01) <

First, we assume Lemma B.2 to be true and defer its proof to Section B.2. Therefore, by the property of
(61,61) and the optimality of (6*,¢*),
LP(0%,0%)=Le(0",07)+7(L(zp= (X4, ): X) —p)+
SLe(01,01) +7(I (29, (Xt ); X) = 1(Z: X)) +7(I(Z;X) —p)+
(1+0%0%)0dx
<—= = 4010 1(Z;X)—
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for some C; = O(As0xdx) and Cy := 1+ 0362 Since both L. and I(Z;X) are nonnegative, this

implies

(1+0%0%)0dx
2(T—ty)

(1+0%6°)ddx
2v(T'—ty)

I(z4- (X4, ); X) <I(Z;X)+ +C46.

Choose y= ;zr;Xt y and p= I(Z;X)+0(9), then we have

I(zp+ (X4):X) < I(Z;X) +C16,
where C1 =0O(A\soxdx).

Let h(X) :=— [, p(x)logp(z)dz denote the differential entropy of continuous random variable X.
Then by definition, we have

1(Z,G:X)=h(Z,G)—h(Z,G|X)
=h(Z)—h(Z|X)+h(G)—h(G|X)+1(Z;G|X)
=I1(Z:X)+1(G;X)+1(Z;G|X),

(X7, 2,G:X)=1(Z,G;:X)+1(X1;X|Z,G)
=hWZ,G)—h(Z,G)X)+I(X:X|2,G)
=1(Z:X)+1(G;:X)+1(Z;G|X)—I(Z:G)+I(X1: X | Z,G).

As aresult,
1(Z;G)=I(Z;X)+1(G;X)+ (ZG\ )+ I(X7; X |Zé) I(X7,2,G5X)
=I(Z;X)—1(Z:X)+1(G;:X) — 1(G; X )+1(Z;G|X) — I (Z;G| X )+
i) (i1) (i)
1(Z,GX)—1( X7, 2,G:X)+I(X1: X | Z,G) (14)

(iv) (v)

where terms (¢)(#4)(i4¢) can be upper bounded by item 1 as 3C4 6. To bound the term (iv), use the
definition I (Z,G;X):

1
1(Z,G;X)=h(X)—h(N)=h(X)— 51og(27re(52dx),
and apply the maximum entropy inequality on I (X7,z(X3,),G;X):
A 1 FA 2
I(X7,2(Xy,),GiX) 2h(X)—§log27reEH(eT—e_T)39* (XT,Z,G,T)—FeTXT—XH

Zh(X)—%log27rezT+1(1 e ?T)2 lim L.(0*,6%)

t1—T
1 1
>h(X)— 51og27rec252dx =I1(Z,G;X)— 7logCs.

The last inequality uses the optimality of (6*,¢*) and therefore sq(x,2,9,t)’s needs to achieve minimal
loss at any ¢ € [t1,T], which is upper-bounded by item 2 of Lemma B.2 as

Ca82dx (2T —c*) Cad%dx
lim L. < li - '
tl1m c(01,01) < 1%2(T t1)(e2h —1)(e2T—1) 2T (1—e 27)2

To bound term (v) of the RHS of Eq. 14, notice that (Z,() and X, are invertible, and thus
I(X7:X|Z,G)=1(X7:X|Xs,) =0

Combining the bounds and choose T":= Q(log%), we conclude that

A 1
I(z6(X1, )G < SlogCa+3C15=0(0%8” + Asoxdx8) =O(Asok dxd).
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B.2 Proof of Lemma B.2

To prove the lemma, we need the following technical lemmas, whose proofs are deferred to B.3, B.4
and B.5 respectively.

Lemma B.3. Suppose randomvariableY =a X + N ~ py, for independent random variables X ~px
and N ~ N (0,0%1,), where oc:=+/1—a2. Then, for any distribution q(x|z) with an L-Lipschitz score
Sfunction in x for any z € X, then the following inequality holds:

Y
]pryz(x,y,z)longI: ; <CLIo?(140>)E|| X ||>+0%d+o/E| X |2d],
for some constant C >0 independent of o, E|| X ||* and d.
LemmaB.4. For§<1/2and a:=+/1-042, the KL divergence between two Gaussian distributions
N (ap,0%1,) and./\/(éu,i—;]d) is upper-bounded as

o onefe( 1) )< (4 12)

Lemma B.5. Suppose random variableY =aX + N ~ py, for independent random variables X ~px
and N ~ N (0,0214), where a.:=+/1—02. Further, suppose px (x) >0 for any x € R? and the score
function of px is L-Lipschitz, then the following holds

max{ Dk, (px ||py ), Dx. (py [[px)} <CL(E| X [|*)'/25d,
for some constant C' > 0.

Assuming Lemma B.3-B.5, define X := f(Z,G) and choose t( := £log =53 . Then by the property of
the OU process,

Xto ZO[X—F(SN,&O,
where o := v/1—62. Next, since the mixing function f is invertible, we can write its inverse f~! :
Rex 5 R¥2 x RYG as f~1(x)=:[2(z),9(x)], where we call z: Rdx > R% the true content encoder

and g: R - R9S the true style encoder such that z(X ) = Z,g(X) =G. By Definition 3.3, we have
access to the true style encoder g(-). Set ¢4 such that z4, () = z(x). Further, define

q(z[2):==p.(x,,) x (2]2),

q(2):=pa(x,,)(2);
p(zlz): pZ\X( z|z),
p(z)=pz(2),
then by definition,
I(2(X4,);X) = 1(Z;X)

=Ep [DkL(q(Z|X)lq(Z)) - DxL(p(Z]X)||p(2))]

=Eq\ [Dk1(q(Z|X)||p(Z)) — Dxr(a(2)||p(2)) — Dxr(p(Z|X)||p(2))]

<E,x [Dkr(q(Z]X)||p(Z)) - Dki(p(Z]1X)||p(2))]

<Ep, Dxr(a(Z]X)[p(Z]X)),
where the first inequality uses the non-negativity of Dkr, and the second inequality uses the triangle
inequality of Dkr,: Dk (pl||lq) < Dkw(p||r) + Dkw(r||q) for any pdfs p,q,r. Further, by the data
processing inequality,
Epx Dxr(¢(2]1X)[|p(Z]1X))

=E,« Dxr(p=(x,) 1 x1|P2(x)1x)

<E,, Dxv(px,, | x|lPx|x)

_E log N (ylowyz,6%14,)

P TR D g (N (alay. 2Ty ) [px ()

px (@
=Epxx, (2108 f( >+O((dX+EHX||)62)
0 PX(ZJ)

~Drtpx 195+ By, o108 +O((dx +EJ X)),
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where the second-to-last equality uses Lemma B .4:
Ny|ox,6%1ay )

By @) N (z|ay,6%1ay)
N (yloag,©,62 1)
=Epyx,, (2.9) O p0 O +dxlog(1/a)
(y|a 7a21dX)
=0((dx +E[| X])6?). (15)

To proceed, notice further that

px (@)
Dxi(px|lpg)+E z,y)10g
(rxllpx) PX x4, (7,Y) PX(y)

=Dk1(px|lpx) +O(\soxdx9)
=0(M\sdx0x9), (16)

where the first equality uses Lemma B.3 with § < 1/+/dx, and the second inequality uses Lemma B.5.
Combining this with Eq. 15 yields

I(2(X4); X)—I(Z;X)=0(N\soxdx ) =C10,
where C :=O(\;0xdx). Using a similar strategy, we can prove that
I(G:X)—I(G;X)=0(Msoxdx ) =C18.
For the last MI I(Z;G| X)), define
a(z,9]2) :==pze x (2.9|2).p(2.9|7) :=pzc x (2.9]2),

and notice that
1(Z;G1X) -
=Epx [Dxw(a(Z,G1X)|lq(Z|1X)q(G| X)) — Dxr(p(Z,G|X)|[p(Z]| X)p(G|X))]
=Epx [Dxw(a(Z,G1X)|Ip(Z|X)p(G| X)) — Dkw(p(Z,G|X)|p(Z] X)p(G|X))]—
Epx [DxL(p(Z]X)la(Z] X))+ DxL(p(GX)[lq(G] X))]
<E,« [DkL(¢(Z,G|X)|[p(Z| X)p(G|X)) - Dxi(p(Z,G|X)|Ip(Z]| X)p(G|X))]
<E,x Dxi(4(Z,G|X)||p(Z,G| X))
<Ep\ DxL(px,, | x|[Px)x) =0(Asdx0x6)=C1d,

where we again apply non-negativity of Dky, on the first inequality and triangle inequality of Dkr, on
the second inequality. For the last equality, we combine Eq. 15 and Eq. 16.

1(Z;G)X)

To prove item 2, set 67 so that the score function

56, (Xt7zaé7t)

exp(— ) [(2,6)-X
1—exp(-2

t)

Then by setting t; := ;log 15, the loss L. becomes

1 /Te><p(—2?f)1€||f(27CAY')—X||2
Tt )y, (1—exp(—2t))?
Loy [ dr

Tt /etl 2(r—-1)2

icwl,m)( 1 1 >§ (icwhd»l)(e”—e%l)

2(T—t1) \e2i—1 e —1) = 2(T—ty)(e2h —1)(e2T—1)’

Lo(01,01)= dt

Further, notice that
Le(01,00):=E| f(2,G)-X|*
=E| f(2(Xt):9(Xeo)) = f(2(X),9(X))|I”
=E|| X;, — X|?
<Cy8%dx,
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where Cy := 1 + 6%0%. The second equality uses the definition of inverse functions so that
f(z(x),9(x))=z,Vz € Rx ., The last inequality uses the fact that

E|| X, — X [*=E[| X - X
=E]|| (oz—l)XJrNtH2
=(1=V1=02)E|| X || +E|| Ng, ||
§(54U§(dX+(52dx.
As aresult, item 2 follows from

0262dx(62T_62t1) < Cgéd)( -0 Mix
(T—t1) (et —1)(e2T —1) = 2(T —log(1—0)1/2) T

Le(61,¢1) < 5
with the choice of ¢; and ¢ and the fact that 0 < § < min{7'1}.

B.3 Proof of Lemma B.3

To begin, we make use the following lemma proved in Section B.6.

Lemma B.6. Suppose the score function s,(z|z):=V logq(x|z) of the probability density q(x|z) is
L-Lipschitz as a function of x, then the following inequality holds:

1og 1W12)

. Llly—a]®
o)

2

< (L2l + 54 (0al2) DIyl +

Set s4(x|2) :=V3logg(z|z), then by Lemma B.6,

. a(yl2)
P 2o 2108 o)

L
<Epxy 5.2 (L2 +l54(0al2) Dy =2+ 5 Epxy (o) ly =l

For the first term of the RHS, notice that

]pryz(m,y,Z)(LHx”+H5q(0d|z)”)”y—$H
S\/E(LHXH+||8q(0d|Z)||)2]E||Y—XH2

=\/E(LIIXII+|Isq(0dIZ)||)2\/(1—a)2E||XII2+o2d
<V2L2E[| X |2+C1\/(1—0)2E|| X |2 +02d
<CLL(0’E| X ||*+0/E[ X|2d),

where Cy :=2sup, E||s,(04|2)||? and C5 large enough. To bound the second term of the RHS, notice
that

L

L
5 [(1-aEIX [P +EV]?)

pry(w,y)Hy_x”Q: b)
L 2
< = (®E||X[*+d).

Combining the two terms yields

q\y|z
EpXYZ(z’y7Z)long$||Z§ SCL[02(1+(72)EHX”2+02d+0\/EHXH?d],

for some C' >0 large enough.

31



B.4 Proof of Lemma B.4

Use the formula for the KL divergence between Gaussians:
D (N (ap,0* 1) |IN (1/ e, (6/ @) 1))
52 - 2 1
:< i _1> dja dor—mal” o L
! o

(6/a) 2(6/a)?
e s 1
—*55 +T+dlogf

(> —a)s?

_plP =) dy (e O
- 2 R G P
(lpl2=d)s?  2d6>  (|ull*  d\ o
< - 262,
< 5 + 3 > +6 1)

B.5 Proof of Lemma B.5
By Jensen’s inequality,

Dxw(py|lpx)
Jox (@)N (y|az,0?15)dx
px(y)
px (2)N (y|ax,0?1y)
<E x ax,021y 1
>Epx ()N (ylaw,0214) ngx(y)J\/(xly/a,(U/a)QId)

bx (Jyj) +dloga

px(y)
px(x) o2d
px(y) 2
<CL(o’E| X |?+0%d+oVdE| X]]),

=E @)V (ylaw,0214)dz108

=Epx (@) N (ylaz,0212)108

SEpx @)V (ylaz,0212)108

for some C' >0, where the last inequality uses Lemma B.3.
Similarly, apply Jensen’s inequality and Lemma B.3,
px (x)
Jpx (YN (zlay,0?1a)dy
px(@N (ylz/a(0/a)*1a)

Dxr(px|lpy) =Epx (2)l0g

SEpx @) N wla/an(o/a)210108 ™ oS T AT
px(z)
px(y)
<CL(o’E| X |*+0%d+oVdE| X||).

=Epx @)N(yla/a(0/a)?14)108 +dloga

B.6 Proof of Lemma B.6
by the Lipschitz property of the score function of s, for any (z,y) € X2,

Llly—z|?
2
Llly—=|
.

q(ylz)
q(z|2)

log <[(sq(x|2),y—z) |+

<llsq([2)lly—=[I+
Apply the Lipschitz property of s, again,

q(ylz)

q(z[2)

Lily—z|?

1
og 3

< (L2l + 54 (0al2) DIy — [+
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B.7 Extension to correlated content and style

To extend Theorem 4.1 to correlated content and style, we can add an additional term to the right-hand
side of Eq. 14 Theorem 4.2 as

1(Z;G) = (i) + (i4) + (#17) + (iv) + (0) + 1(Z;G) < (i) + (i) + (i) + (iv) + (v) +e1,  (18)
where (i)-(v) are defined and bounded as in Appendix B.1.

C Proof of Theorem 4.2

For clarity, we restate the theorem below.

Theorem C.1. Under Assumption 3.5-3.6 and additional regularity conditions (Assumption C.2-C.4).
Consider the two-view, unimodal setting with 61 =: § and 62 = 0. Let (6*,¢%,0%) be a minimizer

of L, and 7' = zgy (X7), G = 9o (X?) for each view i. Set ty = —log(1 — 6212 and the
diffusion step size n := 05% for some constant Cs > 0. Then for some constants Cg,C7 > 0: (i)
e

I(ZQ;Gl) < CgAs0xd,6; (ii) the content encoding 72 and the style encoding G are Crv/ )\Sagcdxé—
editable.

C.1 Main proof

Let X' := fi(Z,G") = f(Z,G"), where the last equality assumes the unimodal setting. By the
invertibility of the mixing function, there exist functions z : R%* — R?%# such that z(X") = Z and
g:R¥x —R46 such that g(X*) =G?, i € {1,2}. To prove this theorem, we need additional assumptions
below.

Assumption C.2. Forany 0 € ©,¢ € ®, the estimated score function sg(x,z,9,t) is ﬁ-Lipschitz in
all arguments.

Assumption C.3. The style encoder g4, : RIx s RIG s Ag-Lipschitz in x € X and the content
encoder zy, : R4 — R is \,-Lipschitz. Further, there exists ¢1,c: € ®¢ such that z, ,(-) =z(-)
and g, ¢ (-)=9(-).

Assumption C.4. The mixing function f is \y-Lipschitz.

Assumption C.2 ensures the function class for the bottleneck and the score function are Lipschitz,
analogous to the setting in [41]. Assumption C.3 assumes that the content and style encoders are both
Lipschitz and the true content and style functions are realizable by the function classes ® ; and &
respectively. This is a mild assumption since the style and content encoders are assumed to be NNs and
common choices of neural architectures are either already Lipschitz or constrained to be so through
regularizations [119-121]. For Assumption C.4, note that the invertibility of fy is not strictly necessary
and can be relaxed to injectivity by partitioning the domain.

Again, we start by introducing a couple helpful lemmas and postponing their proofs to Section C.2 and
C3.

Lemma C.5. There exists (01,9z,1,0¢,1) such that for

1 1
5<min{

r — _loe(1—§2)1/2 — loe(1—8)1/2
2am}7 tO Og( 6) ’ tl Og( 6) )

the followings hold:
1. The followings hold for MIs I(GY;X?) and I(G;Z):
I(G?%X)=0(\soxdx3),
I(GH2)=0(\soxdx0);
2. The regularized score matching loss for the multi-view disentanglement in Eq. § satisfies

Ay (03024 2)0%dx (2T —e*) _ ( Ahgdx
2AT—t1) (2 —1)(e2T—1) T )

Lm (91 7¢1) S

where ¢1:=[¢pz1,0¢.1].

33



Lemma C.6. (Novikov’s condition) The following bound holds:

1 [Tt o
Eor xp o), exp (2/0 lso(X, "7, 2%,G" T =)=V logpr 4, (XE’HX1)||2dt> <00

Let z:R% — R? and g: R%* — R be the true content and style encoders defined in Section B.1,
and define X' := f(Z%,G"),i € {1,2,3}. By Definition 3.4, we have X? = X2. Further, define

X=X %17; to be a sample from the following estimated backward process:

AXTVC = (XN 2800 (X0, 2%, G T — k) dt+V2dB X0V ~prot € [k, (k+1)n).
(19)

We begin by proving item (i) of the theorem. To this end, we apply the first part of Lemma C.5 and data
processing inequality:

I(GY2%) <I(GYX?) =0(\oxdx ). (20)
Next, we prove item (ii). Then apply triangle inequality:

IEszZTV(pX,}1 \Z»P)"(23|Z) SEpszV(pthl |Z7Pf(21|Z)+]EpszV(PX21|Zap)”(23\z)~ (21)

(a) ()

To bound term (a), we check that Novikov’s condition holds by Lemma C.6, and apply Girsanov’s

theorem on the estimated backward process Eq. 19 with ¢; := —log(1 — 6)1/ 2 followed by data
processing inequality:

By, drv(px) 120521 2) SEpydov(pxg 1x1:P 501 x0)

=0 ((\/ dxn+oxnreVT/o+ \/W)
=0((Vaxn+o3mAe VT /6+\/A,ddx ),
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AT’

]EpszV(pthl z,pxqu)O( )\f)\gdg(dx(S) .

To bound the second term (b), applying data processing inequality, Pinsker’s inequality, triangle
inequality and data processing inequality again in that order,

where the last equality applies Lemma C.5. Setn:= we obtain

dTV(pX11‘Z;pX13|Z)
SdTV(p22é1‘Z»p22@3‘Z) SdTV(p22é1|Zap22‘zp(;1|z)+dTV(p22@2|Zap22é3|Z)

:dTv(PZzC;q‘Z»pzz‘ZP@|Z)+dTV(P22‘Zp@1|Z,P22|ZPC;~3)

S\/I(ZZ52(;1'Z)+\/I(G;Z)§ TOEXD) | 0/ Aoxdxd) =0/ Aaxdxd). @2)

where the last inequality uses Lemma C.5 and the last equality using the conditional independence
Xt x2?|z.

Combining the bounds on () (i), we obtain

Eyp,drv (px; |2+ 52)5) = O (\ [o%dx6+ \/)\Saxd;ﬁ) =0 (\/(AS+Ang)a§dX5) .

C.2 Proof of Lemma C.5

We start by proving item 1. By Definition 3.4, the styles of different views are independent, i.e.
G' 1L X? and thus I(G*;X?) =0. Choose parameters (61,4 z,1,¢¢,1) such that

for ()= f(2), 2p..(2)=2(x), goc, (@) =g(2).
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Further, define
q(9l2?):=par x2(9l2*),  p(gla?):=perx=(g2?),
q(gle’) ==par xi (glz), plglat):==perx(glh),
p(a'|2?):=pxi x2 (2 |2?),
and by a similar argument as in the proof of Lemma B.2 in Section B.2,
[(GYX?)=1(G"X?)~1(GYX?) <Ex2 D (a(gla?)|Ip(g2?)).-
Further, by data processing inequality,
przDKL(Q(g|x2)||p(9|$2))SEPXQDKL(pél’Xl\X2||pG1,X1\X2)
=Ex: Dxr.(p(z'2%)q(glz")Ip(z" 2*)p(glz"))
=E,., Dxv(a(glz")l[p(glz")), (23)
where the first equality uses the fact that (G',G") 1L X2| X! and thus
Perjxi x2(9let @) =alglz"), parixi x=(glzt @) =p(glz?).
Again by a similar argument as in Section B.2,
E, ., Dxw(q(glz")|[p(glz")) =O(Asoxdx 1)
—I(GY X)) =0(\oxdxy).
As aresult, by the chain rule of MI,
I(GY2,X%)=1(GY2)=1(GY; X)) +1(GY;Z|X?)
=I(GY;Z|X?)+0(\oxdx0)
=0(Asoxdx0), (24)

where the first inequality uses the conditional independence G' 1L x? | Z and the last equality uses the
conditional independence G 1L Z| X2 = X2. This concludes the proof of item 1.

(
(

To prove item 2, consider the score function of the form
52 A O f(Z22.G1 D f(Z.G1
o (X1.22.G1 ) SREDIZAGY) _ exp(-01(ZGY)
1—exp(—2t) 1—exp(—2t)

and set t1 := 3log 775, the loss L becomes

_ 1 [Texp(=20E||f(Z2.GM) - X"
Lm(¢91,<l51)—Ttl/t1 (—exp(=20))2 dt

_Em(917¢1)< r 1 )< Lo (01,61)(e*" =)

C2(T—t) \e21—1 e2T—1) 7 2(T—t;)(e2r —1)(e2T —1)"

By Assumption C.3,
Lyn(61,61):=E| f(2.G") - X" | =E||f(2,G") - f(2,G")|?
S/\f/\gHthO—XleS)\f/\g(0'§<52+2)52dx,
where the inequality uses the fact that
E|| X} —X|*=E[ o’ X' +aN'+sN. - X! |
=§'E| X2 +(1—6%)6%dx +6%dx
=((0% —1)62+2)6%dx.
Plugging this into Eq. 24 yields
Ay (0%0%42)62dx (2T —e?h
Lrn(ela(bl)g / g( X 22 X( 2T )
2(T—t1)(e?tr —1)(e2T—1)

[ AfA6dx
o(2%)

This proves item 2 of the lemma.
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C.3 Proof of Lemma C.6

First, by the equivalence of the forward and reverse process,

1 T—t,
Exl,(xz’ﬂtexp(z/o lse (Xy,2%,G1T—t) Vxlong—t(th’ﬂXl)llet)

T
Iso(X},2%,G t)—V logpy (X} | X 1)l%lt) (25)

t1
) ; (26)

where the second-to-last equality uses the closed-form formula of the conditional score function of an
OU process and o (t) :=+v/1—e~2t. Define A\:=2Xg (1+X.+);), and by Assumption C.2 again, we
have

Eexp< / H 259(X2, 22,00 1) 4ot NIH dt>

gEexP</ A2(||X§||2+Xt02+||X30||2+t2)+o—(t)2||N}ll2dt>
t1

1
=Ep 1 Bt pyjo-x1)exP (2

T
1 PO 2
=Ep 1 Bt pyo()x1)€XDP (/ 720(15)4 HU(t)Qse(thaZQ,Gl,t)+a(t)Nt1
ty

o(t)*
T T 12 2124 A2 +cf N4a®)? ) ar1)2 T y2,2
_ _ dt | Ngo 17+ 1| Vi 117+ [Vl A"t dt
SE A2 (2| X%+ X212 / / fo to dt /
~ eXp( ( ” ” +H H ) " O’() 0 0(t)4 + t 20(t)4

SEexp +

T2 X2+ X212+ (3+0)dx |lsupy, << N I12) | A2T3
~E 52 — 207 | =%

where the last inequality uses the fact that X is sub-gaussian while supy, <t<7 Vi, V1 <i < dx is
sub-gaussian [122, 41] and independent of X, and the second-to-last inequality uses the bounds

/T d¢ T T T
n o) To(t)t (I-em2h)2 o2

/T dt __ T T T
b o2 ot 1—e?h g

C.4 Extension to correlated view-specific styles

To extend Theorem 4.2 to correlated view-specific styles with I(G*;G?|Z) < ¢, we can replace every
step in the proof of Theorem 4.2 that involves the conditional independence X* 1l X?2|Z and thus
I(X1;:X?|Z)=0(e.g., Eq. 22 and Eq. 24) with

I(XYX2%2)<I(GYG?Z) <y,

by data processing inequality. The rest of the proof's follow as before.

D Proof of Theorem 4.5

For clarity, we restate the theorem below.

Theorem D.1. Under Assumption 3.5-3.6, for some ty dependent on n and let min{dr,dg} — oo,
and let the positional encoding PE(-) be bounded and linearly independent over t € [to,T]. Define Py
to be the projection matrix onto R(M), and c;(s) to be the i-th largest singular value of the operator s.
Then for some A, Eq. 12 converges to a critical point 0:=[07,0¢,U, V| such that with probability at

N N 5/4,  3/4

least 1 —O(%) : 1) Encodings Z := Py X and G := g(X) are (O <W> ,O> -disentangled; 2)
9/16,,

LT > -editable.

d7/410g
172, .
/ (Sz) UdG

Let Zy, = Z+0(tg) Ny, Then (Z;,,G) are O <

Tmin{o;
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D.1 Main proof

To prove the theorem, we need Lemma 4.4 proved in Section D.2 and the following theorems, whose
proofs are postponed to Section D.3-D.4. Note that in the proofs, we drop the subscript n and use the
population versions of the losses when n — co. In subsequent analysis, we use the following balancing
loss:

Loy =E||UTU ~Egp(0)3(,t) T8 ,) [PHNE |V TV =Epp (s (9(2) s (9(2) ) |1,

where U :=[U,V] and 3(z,t) :=[sz(z,t) T ,sq(z,t) "] T
Theorem D.2. For the linear subspace model in Definition 4.3 and the objective in Eq. 11 with n— oo,
then any minimizer (U*V*) of Eq. 11 satsify R(U*)=R(Az) and R(V*)=R(Ag).

Theorem D.3. Suppose min{n,dr,dg} — 0o, and the neural network weights are initialized by
standard Gaussians. Further, choose PE(-) such that PE(t)’s are bounded and linearly independent for
allt € [ty,T). Then for A\, =3, the system of gradient flow equations in Eq. 12 converges to a critical

point (U, V) such that R(U)=R(Az),R(V)=R(Ag).

Recall that the two branches of the dual encoder network s 7 and s & are defined as

dyg
1 . ,
SGZZ (x’t)::sZ(x7t)::THZG(Z2)J(Q(Zl)ﬂT[ZT,PE(tHT)-}-, (27)
VOH ;1
1 &
2).5(1),5T
s¢ (g.t) =156(g,t) = \/771295)” 657 T 19T PE(L)]T) . (28)
j=1

Further, define the neural tangent kernels (NTKs) [123] for the score functions sz and s as

Kz(xta' t") = Jyec(0,)52 (2, )" Jvec(0)52(x't),
Kg (l‘ 2 ! it ) JVec(@g)SG< ( )at)TJvec(@g)SG’(g(x/)7t/)av(xat7x/7t/) €X' x [t07T] X X x [t0>TL

where vec(6) denotes the flattened version of the parameter 6.

Fori.i.d samples [z1,---,2"], let the Hilbert space spanned by the NTKs KZ (x,t,-,)’sand Kg(z,t,,)’s
be Hi, and H, respectlvely Further, for any f(z,t) fto Sy K(x,t, 2’ t)e(2 , t)da'dt’ €
H e c(x,t) €ER? Y t, define the NTK norm as

1£llic:= (£ 8) i = B ooty TE (27 ) el 1), (29)
Further, define the subspace score matching losses as

Lz(U,Sz) ::Et,p,(x) ||USZ($,t)7AZ,S*Z(£L’,t) H2 :SEtVM(w)fz(IL’,t;U,Sz)
La(Visa) =Bt py o) Vs (9(2).t) = Aasg(x.t) | =By p, (o) e (2.:V.56),

and their empirical versions as

USZ Zéziﬂ USZ

VSG Zﬁg T VSG

We also need the following lemma proved in Section D.9.

LemmaD.4. (generalization error bound) Let min{dr,d } — 0o, and for i.i.d samples [x' -+ .z, let
the reproducing kernel Hilbert space (RKHS) spanned by the NTKs K 7 (x.t,-,-)’s and K (z,t,-,-)’s be
Hi, and Hc respectively, and denote Kz (1) := =Kz (x,t, ). Further, define the function classes
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Sz.USq,V as

N NS
o1(s%)d - -
Sz:={f=Y ciKzs|INEN,|flx<Cz %av[xl,“'va]E(Xx[tovT])N ;
i1 )‘min(Kz)
U::{U:|U||F§CZ Ul(s*z)dlz/Q},
N orl(sz;)dé;/2 N
= =N "¢;Kg 5 [VNEN, < T0GITCG gy @] € (X x[to, TN 5,
Soi=q 1= ciBoa N €Nl < Coy 5 “esy Mt anl € (¥ xlto )
wy g1/2
V::{V:||V||F<Cg\/01(sG)dG },
where o;(A) is the i-th largest singular value of the operator A. Then with probability at least 1 — O(%)
. d5log®
Lz(Usz)<  min  Ly(Usz)+0| 1) X221
(U,sz)EUXSz n

. d5log®
Lo(Via)<  min  Lo(Visg)+O| || X8 D
(V,SG)EVXSG n

Now we are ready to prove the Theorem 4.5. To this end, we first prove the following statements:

1. The population score matching loss satisfies: Lo(é) =0 (\/ dg{lzggn> ;

2. The subspace recovery errors are bounded by:
d5 log®n d5 log®n
Py—AzAL|3=0| | 55— Py —AgALll: =0 ).
|| U Z Z”F ng(sg)n ’ H Vv G GHF Uﬁc(S*G)n

First, by the universal approximation theorem of neural networks (e.g. [124]) and the Lipschitzness of
the true score functions, for C'z,C¢ large enough, s, € Sz and s, € Sg and therefore

(U73Zr§1€12XSZ Z( ’SZ) Z( szz) R

in  Lg(Visg)=La(Ag,ss)=0.
Wi, LeVise)=La(Aasc)

As aresult, we have with probability at least 1—O (1),
Lz(U,37)<e(n), Lg(V,3¢)<e(n),

d5 log3n . ..
where €(n) =0 ( \/ Xn> . Therefore, we prove item 1 by noticing

- . . [ d3 1og®
Lo(U,V,52.86) <2L7(U.8,)+2Lc(V.3¢) <2¢(n)=0 | 1/ X8
n

We proceed to prove item 2. Let Q7 € R%x %42 () ; € R4x X6 be orthogonal matrices such that
Proy= QZQ;vPR(V) =QcQ4,

then we have U3, := QZQ—'Z—Uéz and Vg := Qgnggc,

Then applying Lemma 7 of [41] yields with probability at least 1 —44,

P 3 7A AT 2< E(n)

H R(U) Z ZH = dz(S*Z)2
P —AcAL|I?< €(n) .
|| R(V) G GH = Oag (s* )2
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To prove (e,v)-disentanglement, define Z) := f1(Z):= Py AzZ and Z, := f»(G):= Py AgG. Then
by definition,

Z=Z+Z1=11(2)+f2(G).

Since Z I is a function of Z and G=G , we have the independence relations Z (i Gand Z 1L G |Z1,
and therefore by data processing inequality,

I(Z:G)<I(Z:Z1)

Pzz, (2:9)
=E, . log—=———
Pzz, (2:Y) pZ*(Z)pZL(y)
o pZH (Z_y)
s kBT )
:]E pZH (Z) long” (ny)
Prz, (%) p,(2) Psz, (%Y) pz,(2)
Pz (2) Pz (z—y)
=E,. .]og +E, . »)log———
P ) e T g ()
pZH (Z_y)
=-D % +E,.  (z2—y)log————
KL(pZHpZH) pZZH( , J) g pZ”(Z)
pZ|| (ny) - pZH (ny)
SErsa G087 STy T e s w087 T

=0y, sz, wlz= YY1+, ) I91°) =O(I P Ac 1 +]1Pu Acl?).

where the last inequality uses the nonnegativity of KL divergence and the second-to-last equality
combines Lemma B.6 with the fact that Z) = Py Az Z is a 1-Lipschitz function of Z and therefore

its score function along the column space of Py A is A\-Lipschitz. To upper bound || Py Ag )%, we
utilize item 2 by noticing that

1 e(n)
PrAgl?==(||Py—AzALI? K(U)—dg) < —— 2
| PuAc| 2(|| v —AzAz|*+rank(U) dz)_QUdZ(S*Z)Q,

where the last inequality uses the fact that rank(U') <dz. As aresult,

o 2 Hoe?/4
1z:¢)=o( Y ) o L oe )
Odg (SZ) Ody (SZ)TL
Further, we would like to bound the mutual information gap I(Z,G;X)—I(Z,G;X) by finding an

estimator of the sample X from (Z,G). To this end, we show that [Py, Py] is invertible with high
probability. This is the case since by item 2,

Pt Po—I, || <||Pr— Az AL||+|| Py — Ac AL =0 @
Py + Py —Lax || <|| Py — Az Az ||+ Py — AcAgll= 173

with high probability. Therefore, by matrix perturbation inequality,
logB/ in
oax [Py, Py])>1-0 (711/4 >0

for sufficiently large n. As aresult, we conclude there exists an f (Py X, Py X):= X that canreconstruct
PN 5/41003/4,
X and therefore preserve its information perfectly. Therefore, (Z,G) are (O <W> ,()> -
zZ z

disentangled.

To prove e-editability, choose tg := %logﬁ and ty := %loglfltS for some & >0 and let ¢(-| Zy, ,G) be
the pdf of the following estimated reverse diffusion process at time 7' —¢1:

AX; =X +254(X ). 26y G T —kn)]dt+V2d B X§~ ~pr.t€ [kn,(k+1)),
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where

e tx—Prz—Pyg
sg(w,2,g,t):= a(ItJ)Q Ve, (30)

For generated samples X ~ q(-| Z,,,G) and X' ~q(-| Zy,,G"), where G’ ~ p is an i.i.d sample of G,
we have

Ep,drv(px,,12:P57) SEp drv(px,, 1205 2) TEp, dv (P 2050 2)-
(1) (#4)

To bound (), notice that the score estimation error of sg- is

N, |

o(t)?

LC ::Et,zto,é,xt Sé(Xt,thé,t)—f—

dt

R ) 2
1 T€72tEHZtO+G*XH
T4 /n o(t):

(2T —¢2t1)

“ R 2
- IE)HP 2, + P —XH
ATt (e 1) | A e

zo(gl;EHPUZtOJFPVG—X‘f)

0 d;(/zlogg/gn n dx
Tmin{o3 (s3),05_(s5)}n/16 " Tnl/16 |’

. 3/8
where the last equality uses § := lilgl 7o~ and the fact that

N N 2
]EHPUZtO—&—PVG—XH

OR||(PyAz AL — Az AD) X ||*+2E||(Py Ag A — AcAL) X || +20 (t)?

d‘;{mlog?’/zn logg/sn
min{o] (s3),05.(s5)nt/2 nl/8

Further, using an argument similar to Section C.3, we can check that the Novikov’s condition holds for
sp, and using an argument similar to Section C.2, we can apply Girsanov’s theorem to show that

I —

Tmin{oqg, (s}),04s(s5)n7/32 ~ Tnl/32

Further, notice that
I(ZAtmé‘Z)
bz, |G¢Z(’2|gvz)
:Epztoc|z 08 pOA (2|Z)
Z4y|Z
PsN,, (2= f1(2)— f2(9))

2
= N O =
Pai0lz O Pra(g)+6Ny, (2= f1(2))

PN, (2= f1(2)— f2(9))
Pony, (2= f1(2))

1 .
<L 0(By o= AON0) [+ Epgi 1 ola) )
1 d5/4log3/4n d5/4
=O<z||PUAG||):O g | =0 s |
5 Pouy (5 EAEA
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where the inequality uses Lemma B.6. By Pinsker’s inequality and data processing inequality similar
to the proof of Theorem 4.2, we have

78
Cveof ax
drv(px,, 1205 2) =0 <0dz(s*z)1/2n1/16> .

d;/‘llogg/wn

Tmin{oy/*(s3),0,02 (sg) }n'/16

Combining the bounds on (7)(ii), we have Z;, and G are O ( ) -editable.

D.2 Proof of Lemma 4.4

Let J, f(z) € R%*42 denote the Jacobian matrix of vector function f : R4 +— R with respect to
vector z € R% . Use the change of variables formula for pdf on X, = A, 7, + AgG, we have

(@) =pz,6,(2(x).9(x))|det(Jo[2(2) " .g(2) ']T)]
=pz.6,(2(2),9(z))|det(A)|=pz,q, (2(2),9(2)),

where the last equality uses the fact that the matrix A=[Az,A¢] is orthogonal and thus |det(A4)|=1.
Further, by Definition 4.3, Z, 1L G;,¥¢>0since Z 1L G and A} N, 1L A, N; due to the orthogonality
of R(Az) and R(Ag). Therefore,

pi(x)=pz.c,(2(2),9(x)) =pz (2(z))pc, (9(x)).
Plugging this into the score of p;(X) and applying the chain rule yields

Vo logp () = J,2(x)V . logpz (2(x)) + Jo9(x)V glogpe (9(x))
=AzV. logpz(z(x))+AcV logpa(g(x)).

D.3 Proof of Theorem D.2

Let s3,(x):=V_logpz, (2(x)) and s&(g) := V glogpe, (g) and P4 be the projection matrix onto R(A),
then for any (s.,s¢,U,V),
Lo(sz,s¢,U,V)
=By, () | (Pag (Usz(2,t)+Vsag(),t) = Azsy (x,)) +(Pag (Usz (@) +Vsa(g(a,t)) — Aasg(g(a,)))|?
=By p, o) 1Pz (Usz () +Vsa(g(a,t) —Azsy(@,t)]|*+
|Pag (Usz(x,t)+Vsa(g(x),t)—Agsi(g(z),t)||?] > 0= Lo(sy,s6,42,4¢). (31)
To analyze the equality condition, notice by the fact that minimizing over a larger set leads to smaller
loss and the independence between Z; and G,
Et o (o) | Paz (Usz(x,t)+Vsa(g(x),t) = Azsy(x.t)|
>Ep p, (o) | Epy (o) [Az8% (2,0 Usz(2,8)+Vsa(g(),t)] - Azsy (a.0) ]
2Bt p, (0) |Epy () [Az87 (2,0 [Usz(2,t),Vsalg(a) )] - Azsy(.t)|
=Et p @) |Ep, () [Az5% (2,1)|Us z(2,t)] = Azsy (z.t)|%, (32)
with equality if and only if
Ep, (o) (5% (2.:t) = Pa, Vsa(g(x),t) s (g(x),t) " =0yt €[0,T]
=Ps,Vsa(g(z),t)=0,as.Vz,t.

by the orthogonality principle. As a result, the equality of Eq. 32 is achieved if and only if

Pa,Usz(zt)=Azsy(x,t), (33)
PAZVSG(g(‘T)ﬂf):(L (34)
PaUsz(x,t)+Vsa(g(x),t)=Agss(x),a8.,Ve,t. (35)

41



Now, we turn our attention to the regularizer L,. and notice that for any (sz,U) that satisfies Eq. 33-35,

Li(56,V) 2Bt p, ) IV 56 (9(2),t) = Vologpe () |* =By p, (o) [Us 2 (@,0) |
> By, (o) | Paz Usz(2,) | =By p o | Az8% (.0)]1%,
where both equalities are achieved if and only if
VIV =Esq(g,t)sa(gt)’
|PacUsz(z,t)||=0,as.,Va,t.

Finally, we shall show that for any (Az,Aq,s%,s¢ ), there exists some optimal solution (U,V,sz,sa)
such that

Usz=Azs,,Vsag=Aagsg, (36)
V'V =Esq(g.t)sa(gt) " ,Ly(sz,5¢,U,V)=0. (37)
To this end, consider the SVD of the operator Az s} (x,t)+Agsg(g(x),t) as

,t)

Vat, AZS*Z(xat)+AGSE(g(x)’t)[(I)Z’CI)G]{ >z OdZXdGH g(x§,t)]

Odgxdz

fz
G

fa(
s.t. Yz=diag(o1(sy), 04, (s%)), Lz =diag(o1(s5),0ds (S8&)),
o

(87
z,t
o] 1#2001=8| JET @) oot ) 1= 1y
Set U := @Zzlz/g,sz(x t) = El/2fz(:v ),V = (I>G21/2 Lz, t) = Engg(:c,t), we have
(U,V,sz,s¢) satisfies Eq. 36. Further, notice that
UTU=3/20L0,5) =5, =SV Efs(x,t) f2(xt) S =Esy(z,t)sz(x,t)",
UTV=xV?0los?=0=SEfs(2.t) fa(x,t) Sg? =Esz(xt)sa(g(x)t) ",
VTV =320l 0cod? =So =S Efa(gt) fo(9.:) TS =Esc(g.t)salot) -
Therefore, (U,V,sz,5¢) also satisfies Eq. 37.

D.4 Proof of Theorem D.3

Define matrices

Wiet):= :SZ(JIJJ,t)T SG(g(‘;),t)T} - L(fjjtf}’

Wix,t):=
(@) _O(dx+1)xdz7\/%WG(x,t)_

* — AZ AG — A
W=l | o)
5 i WH*(z,t) i
W*(x,t):= ,
( ) 0(dx+1)><dz7 WG Y t

N (z,t):=W (x,t)W (2,t) " ,N*(z,t):= W* ()W (z,t) ",
N(ax,t): =W (2, t)W (,t) T, N* (,8) ;= W* (@, t)W* () T
Further, define the direction of improvement of W (z,t)’s and W (x:,t)’s respectively as
Axt) =W (z,t)-W*(z,t)R,
A(z,t) =W (2,t)—W*(z,t)R,
R:i=  argmin  E; o [[|[W(2t) =W (z,t)R|?]

R:RTR=RRT=I4,

. « Ar .
= argin Et,pt(x) HW(.%,t)—W (x,t)R||2+?||Wg(1'7t)—WG(x,t)RgH2 ’
R:RTR=RRT=I,,,
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where for any matrices M, define M to be its first dz columns and Mg to be its (dz +1)-th through
d x -th columns.

For any set of matrices {C(y,t) } yey +e[0,r] and probability measures g;(y)’s, define random matrix C
as

C=C(yt) wp. p(t)a(y),
where p(t) is some fixed distribution of the diffusion time ¢. Further, define a blockwise representation

of C as
o[ 7}
Ci1 (11

where Cg is C deleting the last row and column.

For a pair of random matrices (C1,Cs), define

Ci1Co=Ci(y,t)Ca(y't) wp. p(t)ar(y)a:(y').
Next, let [A,B]| denote the bilinear form between random matrices (A ,B) weighted by the operator
K, and (A,B)x = [A,B]x be an inner product between random matrices A and B if K is positive
definite. Then we define the following bilinear forms between random matrices (A,B) with weight
operators Z, G and H, respectively as

(AB)z:=E; 4,(5)(A(y,1),B(y,1))
[ABlg:=Et 4,(4)[(A0(y,t), Bo(y:t)) +a11(y,t)bi1 (y,t)—
(a1(y.,t).b1(y,t)) —(az(yt).b2(y.t))],
[A. B3, :=E¢ g, () [{a1(y,0),01(y,1)) +{az(y,t),b2(y,1))].

It can be verified that (-,-)7 is indeed an inner product satisfying properties such as conjugate symmetry,
linearity in the first argument and positive definiteness, and therefore we can define the norm ||A||; :=
(A,A)z. In addition, it can be checked that [-,-]g and [-,-]3;, are conjugate symmetric and linear in the
first argument. An important relation we use repeatedly later is the fact that

2[C7C]H0+[C7C}g:[Cvc]QHoJrg:||CH%7 (38)
since

[C.Clano+g =2(lle1 |2+ lealD) +[IColl 7+ er1 12— lleallZ —lle2 7= ClIZ-

Under these definitions, we prove the following Lemma in Section D.5.
LemmaD.5. Let LA (W) := L (0) with \, =3, and W be an approximate critical point of L(W')
so that (N L(W), A"z <e|| A’ ||z for any random matrix A’. Then the following holds

[AA]ge s, (w) S |AAT]Z =3 N-N*|Z +el|A| £, (39)
where V2 f (W) denotes the Hessian operator of the functional f at W .

To proceed, we use the following lemma for random matrices analogous to Lemma 40 and 41 in [125]
and defer its proof to Section D.6.

LemmaD.6. IfE,x)[U(X)"Y (X)] is a positive semi-definite (PSD) matrix, then for independent,
identically distributed random variables X , X',

E|UX)UX)T -y (X)Y(X)T|?>
max{;EII(U(X)—Y(X))(U(X’)— (X)) 2(V2-DE|(U(X)— (X))U(X’)TIIQ}-

Further, we prove in Section D.7 the following lemma showing that gradient descent converges to a
local optimum of the objective L.

Lemma D.7. The gradient flow equation Eq. 12 converges in probability to a solution (U ,V,é z,0¢)
such that for some € > 0 and random matrix A’ (t):

(VLM (W),A")z <e,
[A/7A/]V2[~,)\T Z O
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To prove the theorem, first consider the singular value decomposition Et,pt(m)W* (z,t) TW (2,t) =
O f T, and by the definition of the direction of improvement,
R:= argmin |W-W*R|2
RRT=RTR=I;,
= argmax (W,W*R)r=  argmax <Et7pt(m)W*(x,t)TW(x7t)7R>
RRT=RTR=I4, RRT=RTR=I

= argmax (U@ Rf)=f,
RRT=RTR=I,,

dx

where the last equality holds since R’ :=® " R is orthogonal, | R};| <1 and

with equality iff R’ =1, . Asaresult,
]Et,pt(w) WT (.’I,‘,t)W* (Z‘,t)R:foT :Ept(m),tRTW*T('rat)w(xﬂf)
is PSD. Applying Lemma D.6 on U(X)=W*R and Y (X) =W yields
IAAT|Z-3[IN-N*|Z
<2|N-N*||7-3|N-N*||7=~|N-N*|2 <-2(vV2-1)| A|7 < -0.8]|A| 7.
Combining this with Lemma D.5 yields
[A.Algpa, <08 A7,
Therefore, we have the LHS to be positive only if || Az = 0. Set e =0 and applying Theorem D.2
yields R(U)=R(Az),R(V)=R(Ag).
D.5 Proof of Lemma D.5

Define L,(W):= [N,IN]Z, then it can be verified that

Lo(0)= %[N—N*,N—N*]‘;’{0 =:Lo(W),
Ly(0) = [N,N]Z 4+ [N,NJZ = Ly, (W) +\,. Ly, (W).

Define L, (W) := L,.(0)+\,L,(W), then we have
1

- - 1 - -
L2 (W) =2Lo(W)+ 5 Ly(W) + A L (W) = [N=N*N-NT3;, +

N.NJZ4A, L (W),
Then, consider the Fréchet derivative of L (W) along A (t), it can be shown that
(VLM (W),A)z=[N-N*" AW+ WA |25, + [N AW+ WA T|g+ (VL. (W),A)z
=[N-N* AW T+ WA o1 +[N* AW +WAT|G+\.(VL,(W),A)7
=[N-N* AW+ WA "o3,:6+2[N* N|g+\.(VL,(W),A)z, (40)
where the last equality uses the fact that [N* W*W T]g =[N* WW*T]; =0. To see this, notice that
IN*W*W g =(AATUATV+E; . (0)pe (o)™ () T 87 (2 t)s(w,t) ™ (2 t)
—Et7pt($)s*(x,t)TATUs*(x,t)—Et,pt(aj)s*(x,t TATAs(x,t)

=Tr(A(ATA=E, p, (o [s" (x,t)s™ (2,8)])U)+
Bt p, () [s" (x,t)T(Ept(m/’t) [s*(2/ t)s* (z' ) ] — AT A)s(z,t)] =0,

= —
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where the last inequality uses the fact that L,(W*) =0 and therefore
Ustur :Etypt(z)s*z(x,t)s}(ac,t)—r,
VIV =E, () 56(x:t)se(zt) .
Similarly, we can show that [N* WW* |5 =0.
Now, consider the Hessian of L along A by taking the Fréchet derivative of Eq. 40,
[AA]g:ir =[AW +WAT AW+ WA T3, | o+2[N-N" AA oy 16+
AN WAT +AW g+ [A Alg2 w)
= [AWT + WAT[Z4+2IN-N* AA o, 16 2N WAT AW g +2,[A,Alg27 v
where we use Eq. 38 in the last equality. For the first term of the right-hand side, by the choice of A,
[AWT+WAT|2=|N-N"+AAT|Z
=[|AAT[Z+2(N-N* AW ' +WAT)7—|[N-N*|Z
=[AATZ+2(VLY (W),A)7—4(N" N)g —2A (VL (W), A)7—||N-N*|Z.
For the second term,
[N=N* AA Ty 49 =[N=N" WA+ AW s, 16— [N-N"N-N"J3;;
= (VL (W),A)z—2(N*N)g—A (VL (W),A)z—[N-N*||Z. (41)
Combined with the fact that
N* WA +AW "5 =2[N* N]g,
we obtain
[AAlgeis, =[|AAT|Z+4(VLA (W),A) 2 3||N-N*[|3;
—4[N,N*Jg =4\ (VL (W), A) 7+ A [A Al a1 w)
<[|AAT|Z=3[N=N*|Z+4VLN (W),A) 1 =4\ (VL (W),A) 2+ A [A,Alga 1 w)
<[AATZ =3 N=N*|Z+4el| Al z =4\ (VL (W), A) 2+ A [A A2} (wys  (42)
where the first inequality uses the fact that
[IN.N*Jg=(UU T, AATY+Ey p, (o)ps (o) 8™ (2:8) T8™ (2 8)8(2,t) T2(2/ t) — 2B, p, () 5(2,t)U T As™ (2 )
= ||UTA—Et,pt(z)s(x,t)s* (z,t)"?>0,

and the second inequality uses the condition that W is an approximate critical point of LM (W). It
remains to bound the L, related terms. Define NZ :=W ;W 7, N¢:=W ;W /, and similarly NZ*
and N&*. Notice that

- 1
LT(W):[NG_N*vNG_N*}Ho+§[NG7NG]§
:[NG—NG*,NG—NG*]%O—Z[NG—NG*,NZ*]HU—I—[NZ*,NZ*]HO—F
x * 1 = 1- .
=[N -N% N“-N¢ ]Ho+§[NG»NG]Q:2LO(WG)+§Lb(WG):LO(WG)a

where the second-to-last equality uses the fact that
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where the second-to-last equality uses the independence of the content variable Z and the style variable
G and the last equality uses the property of the score function:

E,,s%(2)=E,, V.logpz (= /Vzpz )dz=V /pz )dz=0.
Therefore, we can apply Eq. 42 with A, =0 to obtain
A, A]L (W) — <AG7AG>E0(WG) (43)
<l AGAL|Z-3|NY~-N|Z+4(VL,(W),A)z. (44)
Plugging Eq. 43 into Eq. 42 yields
[A A w) STAATZHA N AGAL Iz =3(IN=N*[Z+A, [N = N“|12) +el| Al £
= AA|Z-3|N-N*|Z+¢[|All,

where the last equality uses the definition of N,N* A and A*. For example, for N, we have
2

AVA 2WoW/, A2
N =] | ot VE T N N (g - ) INCE
WGW TTWGWG
~ [N[2+3INC 2.

where in the last equality we set A, = 3.

D.6 Proof of Lemma D.6
First, let A(X):=U(X)—Y (X), by definition,
EAX)"UX)=EU(X)"U(X)-EY(X)"U(X)=EU(X)TA(X),
and
E|UX)UX)" =Y (X)Y(X)P=E|AX)UX) " +UX)AX) " -AX)AX) ">
Expanding the square norm,
EJIAX)U(X)T+U(X)AX) T —AX)AX) |2
—2E[AX)U(X) T2+ [EAX) TAX) |2 +2(EAX) TU(X),EU(X) T A(X))—
E(AX)U(X) +U(X)AX) T AX)AX)T)
—[EAGX) T AX)?+2(EAX) TU(X).EA(X) T A(X)) +2EAX) UX) >~
AEAX)TUX).EAX)TA(X))

Z%||EA(X)TA(X)||2+2(EU(X)TKEA(X)TA(X)>+
IVEU(X)T AGK) = = AXK)TAX)?
> IEAGO)T AP = SE(U/(X) -V (X)) U(X) -V (X)),
where the second equality uses the symmetry of EU(X) " A(X) the last inequality uses the PSD of
EU(X)TY (X).
Similarly,
ElUX)UX)" -Y(X)Y(X)"|?
=2E[AX)U(X') "2+ [[EAX) T AX)|*+2(|EAX) TU (X)]|*~
A{EAX)TU(X).EAX) T A(X))
=(2V2-2)E|UX)AX")T|*+(4-2V2)(EU(X) TY (X).EA(X) "A(X))+
IV2EU (X) "A(X) ~EA(X) "AX)|?
>(2V2-2)E|UX)AX") TP =2(V2-DE||(U(X)-Y(X))UX") ||,
where the last inequality uses the PSD of EU (X) "Y' (X).
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D.7 Proof of Lemma D.7

The proof relies on the following lemma.

Lemma D.8. Suppose the score network parameters are initialized randomly as 07(0),05(0) ~
N(0,I). Then as dg — oo, the NTKs K ; and K¢ converge to some kernels K, and K¢, fixed during
training. Further, define the minimal eigenvalues of operator K : X x [to,T] x X x [to,T]—R% as

Amin (K) := inf Et,t/’p(w)p(w/)v(x,t)TK(a:,t,x’,t’)v(x’,t’),
viE p(a lv(t,@)[2=1
then the minimal eigenvalues of K 3, and K, satisfy min{ Amin (K3 ),Amin (K&)} >0.

Define the random gradient of loss L with respect to random matrix Y with probability density ¢; as
VyL(Y)=Vy@ol(Y) wp. p(t)g ().
By the definition of the gradient flow equations in Eq. 12, we have
L(W)=(VwL,W)z
=— |V L(W)|> = Vv L(W) | =By p, Jo, 52V s, LOW) | =Bt p, Joo 56V s, LW,

where the first two terms of the RHS by the property of the gradient flow, vanishes if and only if the
gradients Viy L(W) and V', L(W) become 0. For the third term of the RHS, notice that

”Et,pt JGZ SZVSZE’(W) ”2
:Emt’,pt (x)pt/(m’)vsz(m,t)i(W)TJGZ sz (x7t)T']9zSZ(z/at/)st(x’,t’)E(W)
:Et,t',pt(a:)pt/(x’)vsz(w,t)E(W)TKZ(zvtaxlvtl)vsz(a;',t’)Z(W)
2 inK2) [ [9(010)9 0.0 LOW) P,

dHHOO

By Lemma D.8, Apin (K z) —— Amin (/}) >0 and thus the term vanishes if and only if

Ip(£)pe () Bt p, () Vs 2 o) LW [* =0,V 8.

Similarly, we can show that the gradient flow converges only if

PP () Et p, () Vscs (g().0y LOW) [* =0V 2.

For the second order condition, we use the well-known result that gradient descent (with small noise) is
able to escape saddle points almost surely [126].

D.8 Proof of Lemma D.8

Due to the symmetry in their forms, it suffices to prove the statement for sz and Kz and we omit the
subscript when the context is clear. Large of large number and the standard theory on neural tangent
kernel [123] yields

dHA)OO

K7 25 Bec(0) N (0.1) Tvec(0) 52 () T yec(o) 52 (2 ), (45)
which stays fixed during training.
Define Z:=[z " ,PE(t)] " and a(&):= (#) T %), . Later, we will slightly abuse the notation to represent
(z,t) when & appears in the true score functions. By definition,
2 - -
K(Z )(:c,t,x’,t/) :]EN(O»I)Jvec(G(;))SZ(x)TJ (G(Zz))sz(x/)

vec
:]EN(O,I)J (ng))ﬂ(;)a(ij)—rj )9(22)0,(@/)

vec vec(Q(ZQ)

=Eno,n(a(@) " @14,)(a(d)® 14, ) =Eno,nal@) " a(@)la,,
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where ® is the Kronecker product. Notice that by definition K (Z2) > 0. Similarly,

K(Zl) (x,t,2' 1) =Eno,1 Jvec(O(ZI))SZ (.%)TJ (9(21))82(53/)

:EN(O,I)Ja(aE)SZ(‘%)TJQ(Zl) a(j)TJ(,(Zm a(Z") Jyezrysz(Z')
=:(& 7 )Eno,n0y 8% (&,5)65 ",
=(& & )Enr0,1)S(&,7),

where we use the independence between (9(21) ,6(22)) to cancel out 9(21) ,and

1[MT5>0,010T7 >0],if i =7,
0, otherwise.

Sij(2,3) ;:{

By assumption, we have §(1)+7 T #’s are zero-mean Gaussians and thus

, , 11 i
Pr[g(l),JTi 2079(1),1753/ >0]=-+——arcsin <£Um~,> )
4 27 [zl

1

where we apply the formula for bivariate Gaussian variable (N1, N3): Pr[N; > 0,N, > 0] = 7 +

Cov(N1,N2)

arcsin(p) where p:= ATt

As aresult,

1 2 ~T~/
K(Zl)(a?,ail):zi~T ’[1—!— ar051n<” |||x~/)}ldz.

Notice that K (Zl) is a positive definite operator since for any finite set of distinct samples X:= [Z1,,%n)
with ¢; #1¢; for all ¢, , the matrix

_ 115
K::{Kz(l’i,:l?j)}ij - ZXTX@[dZ >—O,

where we use ||Z|| > 0 and PE(¢;)’s are linearly independent from the condition of the lemma, and

thus their Gram matrix X ' X > 0. Consequently, Kz = K (Zl) +K (ZQ) > 0 and therefore its minimal
eigenvalue is positive.

D.9 Proof of Lemma D.4

As dg,dr — 00, we have Kz = K7, K= K. First, we prove the following lemmas in Section D.10
and D.11 respectlvely

Lemma D.9. Suppose n > max{dz,dg}, and min{dr,dg} — oo, the following holds for the
empirical risk minimizer (§z,5¢,U,V') with probability at least 1 —2exp(—n):

ﬁZ(ﬁagU) :-Z/G(V7§V) :07

NS

5 91(s%)dy
< —_ 4 4L
||8Z||KZ <Cyz )\min(K*) 5
1/2

A o1(s5)dg
<(C, — T
3cllre <Ca Ao (K8

for some constant Cz,Cq > 0.

Lemma D.10. For the NTK of the estimated content and style score functions Kz and K defined in
Lemma D.7 and for any (x,t) € X X [to,T], the following holds:

3
1K @t )| < 5 (el -+ PEE)*)

3
1K (@.tz.t)]| < 5G]+ PEE)?).
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Then we make use of the following properties of sub-gaussian random variables from Lemma 16 of
[41].

Lemma D.11. Consider a probability density function p(x) < exp(—C||z||3/2) for z € R¢ and
constant C > 0. Let R be a fixed radius. Then the following holds

/ (2)d 2dmd/2
ple)der ————
]| >R CT'(d/2+1)
2drd/?
€T 2p rdr< ——m——
/|x|>R” () CT(d/241)

R 2exp(~CR?/2),
Riexp(—CR?/2).

N gl/2
Define pz :=Cy %, and without loss of generality, assume sup;¢,, 71/|[PE(?)|| <T'. To
\ i (K ;

prove lemma D.4, we first bound the Rademacher average of Sy as

n

Rn(SZ):Ee" sup ! Z<€i78Z(‘%i)>

sz€8z(EV )V

1 n dz
=—Ee sup E § €ij SijKZ z, > =—Een sup § SZ,]7§ €ij Kz zij
n ceCz (), — 1j=1 ceCz(zlin) Ky

2 2

n
> €iiKza

i=1

n
> €Kz

i=1

pz &z
S ; Ee" Z

Kz j=1

pz &z
<= Eer Z

j=1

Kz

=22 I bt (@) By Ky (1 ,8)es < 2 Zp t)p (2 Tr (K7 (3.37)).

Averaging over £" and applying Cauchy-Schwarz inequality, we can bound the Rademacher complexity
of the data-dependent function class Sz as

Bau R (S2) =Bz 22 | S p(t)pi () Te(K 2 (07 )

=1

pZOKZ

Et t,p, (2)pe () Tr (K 2 (2,7)) = N

— \/>
where CKZ = \/Et,t,pt(ac)pt(;C)Tr(KZ(x’x)) = O(dx)

To proceed, let the content subspace matrix and score function class learned by solving Eq. 12 given
training data [#1,---,2"] be U (") and Sz (Z'™) respectively, then by Lemma D.6, with probability
atleast 1 —2exp(— Q( )), the event

E: Sz( 1n)CSZ (46)

will occur, which implies with the same probability bound, the empirical risk minimizer over Sz (x1")
satisfies

Ly (U8 0250, 02 (#50,
2082)= s mmZ” 2) UglélsznZ” °2)

Therefore, let an empirical risk minimizer of Lz over Sz be U’ ,8',, then for any € >0, we can bound
the generalization error probability as

Pr[LZ(U z)>  min (U,sZ)+e}
(U,sz)EUXSz
<P P '8, 47
<Pr(£)+ r[ 2(U"37)> (Uszr?elgxé'z (U’SZ)JFE} “n
<Pr|L '8 2 -0 .
(220 )2 | min | Lo(sz)+e| +20xm(-0m)
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Next, since the squared loss £ is not Lipschitz with respect to =, we apply a truncation argument on
L . To this end, define the truncated version of L as

L%um(UySZ) 3:Et,pte(x?t;U7SZ)]1H2H§R

for some radius R > 0. Similarly we can define its empirical version as L'f"™. Then L admits the
following decomposition:

Lz(f]/,glz) —Lz(Az,S*Z)
=LY (U',8) = L5 (Az,53)+ Lz (U,32) = LG (U 8)+ L§"™ (Az,5%) — Lz(Az,s)
<SLE"(U'37) = LE"(Az,55)+Lz(U.57) - LE™(U' ,37)
(2) (#1)

To bound (%), notice that for s ; € Sz, with balanced weight U €U,

[0(z",t' ;U5 2) o< r—L(2,t;:U,52) 1|2 <r|

< sup sup  [l(2,t;U,52) Lz <R]
?EGX,tE[to,T](U,Sz)EUXSZ

< sup sup  2([[Usz(z,t)|*+ sz (@) ) L0 <r
TzEX tE€[to, T](U,sz)EUXSz

= sup sup  2|[Usz(2,t)|* Lz <r+2X2(R*+T7)
TE€X,tE[to, TI(U,s2)EUXS7

—(39% Amin () +2)2)(R*+T?) =: B,
where the second-to-last inequality uses the Lipschitz property of s7; :
Is% @)1 Loy <n S AZNEI° Loy <r S AL (RPHT?), (48)
where the last inequality uses Lemma D.10 as follows:

[Usz(xt)[| <|Ullllsz (2t

dz
<pzV Amin(Kz) Z<52,jaKZ,x,t,j>%{Z
j=1 (49)

<pzV Amin(Kz)|I52] K, ||KZ7-T¢||KZ

3 -
<PV Aunin(K2) | Kz (2t )| < p o Amin(Kz) 2]

Using Eq. 48-49, we can show that
[Usz(&)—Azsy(Z) |12 <rl S IUsz () Loy <rll+ A28 (E) L0 <kl

<(p%1/3Amin(K%)/2+Xs)V R2+T2.

Let Mrune :=2(p% /3 min (K5)/2+Xs) vV R2+T? and use the inequality for max{|s|,|t|} <\,

|s2 — 2| < 2)\|s—t],
we deduce that
[0@"5U" ') =&V, 2) [ L < < Ane | U7 (8°) = Az (2°) | = [[U s 2(2") — Azs7 ("),
and thus £(7%;U,s z) is @ Agunc-Lipschitz function of ||Usz(Z") — Azs%(Z")||. Denote

USZZZ{USZ:UEU,SZ ESZ},
LoUSZ (") :={(L(Z" U,s52),L(Z"U,52)):Usy €USy},
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and apply the standard generalization bound for Lipschitz function on L' (see, e.g., Theorem 9.1 of
[127]) to conclude that with probability at least 1—,

(i) <2Ezn R (CoUS 7 (37)) +§ 8log(1/6)

n
AVR*+T?\ B [8log(1/6
<2\ rune ERn(USz)JrE il 8log(1/4)
vn 2 n
P%Cr, +ANVREFT? B [8log(1/5)
§2)\lrunc +7
vn 2 n

Aspz (R?+T2) 1 p2 2y, [logl/d AsdzT*R? 22, [1081/9
_of 2Pz FHTT) T —o 202Ny 4, TR 2B
O( g AT | =0 T A TR

where the second inequality uses triangle inequality within the definition of Rademacher complexity
followed by the bound in Eq. 48, and the third inequality uses the contraction principle of Rademacher
complexity [127].

To bound (%), notice that

(i) =By p, (o) 2 (2,150 8 ) 1> R
2By p, ) (10737 (0.) 2+ 5% (2.0 [2) L
<2y gy o) 10782 (@ )24 A2 2l +42) | 1oy

3
< 2By py () [zﬂé/\min(Kz)dz(lle%IIPE(t)2)+/\§(/\3|le|2+152)} Ljz|> R

3
(304 min (K24 DD Lo+ B X267+ S IPEOI ) Lo

Ug(dx27dx/2+1Rdx
I(dx/2+1)
/\2(T3—t8)) oy 25/

?S>(T—to) T(dx/2+1)

= (3p % min(K2)dz+2X\2)\?) exp(—R?/20%)+

R4 ~2exp(—R?/20%)

3
(2p4ZAmiH<Kz)dzEt||PE(t>2+

:O <A§T20§(d§(2_dX/2+l
I'(dx/2+1)

Rix exp(—R2/2U§<)> .
where the second-to-last inequality uses Eq. 48 and the last inequality applies Eq. 49.

Take R:=O(y/dxlogd x +1ogn) such that (i) < ’\ziifTQ, and then combining (¢) and (4¢) yields with
probability at least 1 —4,

L0 8)~L(Az,55) <O (” V;%gl/‘swifﬂogn)). (50)

Setting 6 := % and combining Eq. 47 and Eq. 50 yields with probability at least 1 — O( ) ,

1
n

y 51,3
Lz(U,8z)=Lz(Az,s7) <0 <1+\\/ﬁlf@(d§(/2+logn)> =0 W

Combining this bound with Eq. 47 yields the desired bound. And similarly, we can prove the bound for
Sa.
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D.10 Proof of Lemma D.9
As dg,dr — 00, we have Kz = K7, ,Kg= K. By the optimality of 57 and 5¢ and Theorem D.3, we
have Usy(a' 1)) = Agsy(zt 1),

Via(g(a')t") = Agsg(9(a) 1),

1< o o JR
EZéz(ﬂcl,tz)§Z($’,t’):UTU, (51)

1 L .
= salglah)t)sa(g(a’) )=V TV Vi=1mn.
n 4
The first two equalities immediately yield
Lz(Usv)=La(V.év)=

To prove the last two inequalities in the lemma, let E; [f(z,t)] := 23" | f(2%,t"). Then Eq. 51
implies that

Es, | Azsy(a.0)]
=E;, Tr(5(x, t)UTU§Z(x,t)):TY(IEﬁ 2(2,t)5 ) (x,t)U )
. . . . . 2
=Tr(Ep, 5z (x,t)8 5 (x,)Es, 32(x,0)35 (2,)) = |Ep, 82(2,0)3% (x,1)|* > (Ep, |32 (z.1)]*)”,
Let X, (s):=E;, s(z,t)s(z,t) " and \;(M) be the i-th eigenvalue of the matrix M, then we have

Ep, 132(20)| /B, | Azsy (w:0)[2= /By, |53 (2.0)]1

(53)
= D 120 (53 llopdz-
Further, suppose §7 (&) =13"" | K4 (#,2")cz(&') and define
Kz(@@hal) - Kgz(@ha")
Kz=| b ezi=lez (@) ez (@]
Kz @) - Ky(3"3")
then we have
2
1 cLK2éy, 1 L | ,
—é K < ZZ2 _ _ K, (33 ~J
1521k, =~z Kzz < W o) MH(KZ);; 2(3,3 ez (i)
) ) 12053,z
=———FE; 132(D)|? < ——==Ep, [152(@)I* <
M) 18I < ey o 82D < T3 )
It remains to prove the concentration of the operator norm ||Zn($*Z)||Op around ||Xo(s%) Hop =

[3(5%)llop- To this end, we use the assumptions that s (z,¢) is As-Lipschitz and (z,?) is sub-gaussian

with sub- gaussmn norm at most 02dz + T? to conclude that s} (z,t) is sub-gaussian with sub-
gaussian norm at most \s (0% dz+72). Then Theorem 4.7.1 of [128] yields with probability at least

1—2exp(—u),
« " r+u r+u
IIEn(Sz)E(Sz)IIOpSC<\/ —+ )IIE( Z)lops (54)
where M is the stable rank of 3(s3,). As aresult, with probability at least 1 —2exp(—n),
- RIS o oty
ZllKy < - =CZ\ N ey
Z )\mm(Kz)l/2 /\min(KZ)
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where Cz :=1+CY/2(\/r+1+7r+1)"/2 suffices.

Finally, using a similar argument we can show that

Ul(sc)d1/2

5 <C
||SG||KG— G )\mln(Ké;)

with probability at least 1 —2exp(—n).

D.11 Proof of Lemma D.10

As dp,dr — 00, we have Kz = K, ,Kg =K. By definition of the NTKSs,

1K 7 (.8 ]| = EMO,I)Ha(x,t)H?IdZ+§||az||21dz
= EN(O,I)|‘Q(I¢)H2+
1 & 1) 1T
= dilfm@ZEN(OI) T @ o (©; )++*||$H
<| lim *ZEN«)I) et )++f||mu2 dz =12 +f|\ =32,
- dH—HXJ H 2

Similarly, we can prove the bound for K.

Table 2: Quantitative results for image disentanglement on MNIST and CIFAR10 test sets. MSE,
PSNR and SSIM stands for mean squared error, peak signal-to-noise ratio and structural similarity
respectively between the generated and target samples. LPIPS [75] is a perceptual metric based on
features from deep image classifiers. The results are averaged over two random trials.
MNIST CIFAR10
MSE(}) PSNR(1) SSIM(t) LPIPS()) MSE(}) PSNR(1) SSIM(t) LPIPS({)

0191001 52102 0421004 0301002 0441003 35102  0.05t000 0.6210.01
0.07+0.04 96123 0531006 0.18+0.04 0.351002 44+01  0.0510.00 0.6110.02
0.01t0.00 16.0403 0.66+000 0.1to00 0.181006  7-3+04  0.0610.00 0.53+0.02
0.011000 17.3103 0.661001 0.11000 0.11i1001 9.3:02 0.071000 0.49+0.00

> > > >
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E Experiment details

E.1 Latent subspace GMM disentanglement

For the synthetic disentanglement experiment, we choose the subspace dimension tobe dz =dg =5
and sample the content variable via Z ~ 2N (u? 0814, )+ 1N (1% 0814, ) and the style variable via
G~ 3N (S 0814, )+ 2N (1§ 0814, ), where 59 =0.1. In this way, we generate i.i.d 4000 samples
for training.

We follow the network architecture shown in Figure 2 with

dp = 512. For the time embedding PE(-), we opt for a Table 10: The default noise sched-
Gaussian Fourier projection layer to encode temporal in-  yle hyperparameters for the synthetic

formation between (0,1] defined as: data experiments. Continuous time (t €
sin(2701) [1075,1]) is used in the expression.
PE(t):|: w2 Qt:|7
COb( m ) Name | a(t) a2(t)
where  ~ N (0512,90007512). We train the models for VE _owl_ orar _222‘)%,5_5199,
10,000 steps with an Adam [131] optimizer with learning ZI;P © a2 11*670_'1t;5_;);2 )
rate 10~° and batch size equal to the entire training set. Sub-V/ C (1=e e Zgin(t )
VP (cosine) | ez~ =sin(z) l1—e =sin(3)
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Figure 6: More image colorization results on MNIST

To ensure convergence, we pretrained the speaker score

network 3¢ We experiment with various noise schedulers,

including the variance exploding (VE), vanilla variance preserving (VP) [33], sub-VP [74] and cosine
VP [132]. The detailed schedule hyperparameters are listed in Table 10 and are chosen based on rules
of thumbs in [133, 74]. To evaluate the subspace recovery, we use the subspace recovery error defined
as:

1
AUV, AzAG)= 51— (1P —Pac e+ P —Pagl}). 55)
whose range is [0,1].

E.2 Image disentanglement

For all experiments, we use a Gaussian Fourier projection layer to encode temporal information between
(0,1]. Further, the U-Net architecture used as the score function for MNIST and CIFAR10 are shown in
Table 3 and Table 4 respectively. To capture the content information of the image, we use the 16 x 16
feature map from a pretrained vit-small-patch16-224-dino variant of the DINO model [56]. The
feature map is then resampled to the same size as the image.

For both datasets, we train the DM using an Adam optimizer [131] with a batch size of 128 and a
learning rate 10~ for 50 epochs. A VE schedule is used during conditional score matching. During
inference, we use probability flow [74] with 500 steps to perform sampling. For the CIFAR10 denoising
experiment, we feed a all-zero matrix as the noise map. All models are implemented in Pytorch [134]
on two A5000 GPUs. The training time is approximately an hour for both datasets and the inference is
approximately 10 seconds for 64 samples.
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Figure 7: More image denoising results on CIFAR10

Full quantitative results on MNIST and CIFAR10 are shown in Table 2. And more examples are shown
in Figure 6 for MNIST and Figure 7 for CIFAR10.
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Table 3: U-Net score network used in the MNIST colorization experiment. The input is 9 x 28 x 28
created by stacking the image, the projected and resized DINO feature map to 3 x 28 x 28 and the
background color vector broadcasted to 3 x 28 x 28. a-+b denotes that component a accepts hidden
embedding from the previous layer and component b accepts the time embedding, and the outputs of a
and b are added with proper broadcasting. “Conv2d” refers to 2-D convolutional layer, “GroupNorm”
stands for group normalization layer, and “ConvTrans2d” stands for 2-D transposed convolutional
layer.

MNIST U-Net

384 x 3 x1x1 Conv2d with stride 1 (DINO projection layer)
9% 32 x 3 x3 Conv2d with stride 2 + 1024 x 32 Linear

GroupNorm with 4 groups
Swish activation

32 %64 x 3 x 3 Conv2d with stride 2 + 1024 x 64 Linear

GroupNorm with 32 groups
Swish activation

64 x 128 x 3 x 3 Conv2d with stride 2 + 1024 x 128 Linear

GroupNorm with 32 groups
Swish activation

128 x 256 x 3 x 3 Conv2d with stride 2 + 1024 x 256 Linear

GroupNorm with 32 groups
Swish activation

256 x 128 x 4 x 4 ConvTrans2d with stride 2 + 1024 x 128 Linear

GroupNorm with 32 groups
Swish activation

256 x 64 x 4 x 4 ConvTrans2d with stride 2 + 1024 x 64 Linear

GroupNorm with 32 groups
Swish activation

128 x 32 x4 x 4 ConvTrans2d with stride 2 + 1024 x 32 Linear

GroupNorm with 32 groups
Swish activation

64 x 3 x 3 x 3 ConvTrans2d with stride 1

E.3 Speech disentanglement

The dataset statistics are shown in Table 5. The overall results for realistic datasets are shown in Table 6

For the IEMOCAP dataset, we use a system available on SpeechBrain [135] that finetunes on the
wav2vec 2.0 backbone [136] with a multi-layer perceptron classifier (MLP) [137]. The classifier is
trained using Adam optimizer for 30 epochs with a batch size of 4 and a learning rate of 10~ for the
MLP and the 10~° learning rate for wav2vec 2.0 weights. The system is then evaluated using the
standard classification accuracy metric and 5-fold cross validation [76, 138]. For each fold, we use all
8 speakers from the training set as target speakers.

On the ALS and ADReSS, we use whisper-medium [129] features, as they have shown to be the most
effective for speech impairment classification [139]. To avoid unfair comparison, We concatenate
hidden representations over all layers of the whisper-medium encoder rather than selecting a particular
layer and perform mean pooling over the frame-level features. For both datasets, we follow the standard
splits used in previous works [79] to have no overlaps between speaker in the training and test sets. And
for both datasets, we use the 15 most frequent speakers from the training set as target speakers for the
VC to achieve maximize conversion quality via better speaker representation.
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Table 4: U-Net score network used in the CIFAR10 denoising experiment. The inputis 12 x 32 x 32
created by stacking the image, the projected and resized DINO feature map to 3 x 32 x 32 and the
noise map broadcasted to 3 X 32 x 32. A dual encoder with separate U-Nets for the content and the
style variables is used and a+ b+ c denotes that component a accepts the content embedding from the
previous layer, component b accepts the previous style embedding and c accepts the time embedding.
Further, the outputs of a,c and the outputs of b,c are added separately with proper broadcasting. a+b
here denotes that a accepts the previous content embedding, b accepts the previous style embedding
and the two outputs are added.

CIFAR10 U-Net

384 x6x1x1 Conv2d with stride 1 (DINO projection layer)
6x32x3x3+3x32x3x3 Conv2d with stride 2 + 1024 x 32 Linear

GroupNorm with 4 groups
Swish activation

32x64x3x3+32x64x3x3Conv2d with stride 2 + 1024 x 64 Linear

GroupNorm with 32 groups
Swish activation

64x 128 x3x 3+ 64 x 128 x 3 x 3 Conv2d with stride 2 + 1024 x 128 Linear

GroupNorm with 32 groups
Swish activation

128 x 256 x 3 x 3+128 x 256 x 3 x 3 Conv2d with stride 2 + 1024 x 256 Linear

GroupNorm with 32 groups
Swish activation

256 x 128 x4 x 44256 x 128 x 4 x 4 ConvTrans2d with stride 2 + 1024 x 128 Linear

GroupNorm with 32 groups
Swish activation

256 X 64 x 4 x 44256 x 64 x 4 x 4 ConvTrans2d with stride 2 + 1024 x 64 Linear

GroupNorm with 32 groups
Swish activation

128 x 32 x4 x4+128 x 32 x 4 x 4 ConvTrans2d with stride 2 + 1024 x 32 Linear

GroupNorm with 32 groups
Swish activation

64 x 3x3x34+64x3x3x3 ConvTrans2d with stride 1

Table 5: Datasets and VC-adapted classifiers used during realistic data experiments

| 1V Feature Classifier #Classifiers Reference vC | DM-based Reference
IEMOCAP | 4  wav2vec 2.0 base MLP 8 [76] TriAAN-VC No [77]
ADReSS 2 whisper-medium SVM 15 [78] KNN-VC No [65]
ALS-TDI 5 whisper-medium SVM 15 [79] Diff-VC Yes [38]

We apply the VCs in mostly a zero-shot, plug-and-play fashion, and leave finetuning to specific datasets
for future works. For the Diff-VC, we use the publicly available score network and vocoder checkpoints
trained on LibriTTS and adopt the original inference hyperparameter settings for all experiments.
Similarly, we use the pretrained models and for other VC models. Further, we use a maximum of 120
second speech from the target speaker to compute the target speaker embedding for all models except
KNN-VC, where we use all the target speech as the pool for nearest neighbor search. We also compare
VC adaptation with common data augmentation technique such as pitch shifting, where we shift the
pitch of all the speech utterances to equally spaced pitch levels over the F'0 range of the training speech
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Table 6: Overall results on realistic datasets. All metrics are between 0-100. A: single (average); B:
single (best); MV: majority vote; SMV: soft majority vote.

Impairment Emotion
VC type ALS-TDL F11 ADReSS, F11 IEMOCAP, Acc. (5-fold)t
| A B MV SMV A B MV SMV A B MV  SMV
No VC 549 549 549 549 706 706 706 706 715 715 715 715

Pitch shifting | 55.8 603 57.6 615 712 771 77.1 688 60.6 551 61.1 6l1.1
KNN-VC 558 61.7 648 499 715 792 792 833 704 693 714 715
TriAAN-VC | 55.7 60.7 61.7 533 724 750 77.1 833 651 641 668 672
Dift-VC 470 512 503 492 656 694 667 708 87.0 943 965 972

Table 7: Emotion recognition results on IEMOCAP. 8§ speakers in the training set of each fold are
used as target speakers. WER stands for word error rate computed using the whisper-large-v2
model [129] and lower is better. MOS stands for mean opinion score computed using UTMOS [130]
and higher is better.

VCiype | Votingtype | Accuracy WER (J) MOS (1)
| 1 2 3 4 5 Awg
No VC | - 726 766 689 689 703 715 90 23
single (best) | 640 653 574 577 586 606
| single(avg) | 613 621 502 489 530 55.1
Pitchshifting | = iority | 612 653 585 57.8 625 611 0% 1.3
soft majority | 60.8 654 57.8 575 615 6.1
single (best) | 71.2 754 683 719 69.1 704
. single (avg) | 69.6 72.6 67.0 699 674 693
KNN-VC majority | 70.3 756 685 728 700 714 8 1.6
soft majority | 70.3 76.1 685 728 699 71.5
single (best) | 65.5 669 630 675 626 65.1
. X single (avg) | 64.6 663 61.1 656 63.1 64.1
TAAAN-VC | iority | 669 690 639 679 665 668 100 1.9
soft majority | 66.6 69.9 63.6 688 67.0 67.2
single (avg) | 87.0 88.3 86.2 87.6 86.1 87.0
oo single (best) | 944 948 942 952 929 943
Diff-VC majority | 97.5 967 952 981 949 965  22° 25
soft majority | 97.7 97.6 963 987 95.6 972

data with levels equal to the number of target speakers and train separate classifiers for each level as in
the case of using VC adaptation.

For ALS severity classification as shown in Table 6, KNN-VC achieves the best performance among
the VCs, reaching 65% macro-F1 with 15 target speakers and hard majority voting, compared to
54.9% when training without VC adaptation and 61.7% with pitch shifting. For cognitive impairment
detection as shown in Table 6, TriAAN-VC performed the best followed by the KNN-VC method, both
achieved 83.3% macro-F1 with soft majority voting, which is 12.7% better than methods without VC
adaptation and 14.5% and 6.2% better than the pitch shifting adaptation using hard and soft majority
voting respectively. On IEMOCAP, we found that Diff-VC performs the best, reaching an average of
97.2% accuracy, which is 25.7% better than the no-VC classifier and 36.1% than the pitch shifting
adaptation. Though a phenomenon out of the scope of predictions by our theory, we hypothesized
that such “specialization” of the VC methods is due to the different level of generalization ability of
different VCs to latent variables other than the speaker identity, such as recording conditions and health
conditions of the speaker. For instance, Diff-VC does not perform well on ALS compared to KNN-VC,
probably due to the domain mismatch between the health conditions of its training set, which contains
little pathological speech, compared to KNN-VC which uses the WavLM representation trained on
much larger speech dataset with diverse speech.
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Table 8: Alzheimer detection results on ADReSS

VC type | Votingtype | Precision Recall ~Fl  Accuracy
No VC ‘ - ‘ 71.4 70.8  70.6 70.8
single (avg) 71.8 714 714 71.2
. e single (best) 77.1 771 771 77.1
Pitch shifting | " . ity 77.1 771 771 771
soft majority 68.8 68.8  68.7 68.8
single (avg) 71.8 715 714 71.5
: single (best) 80.0 79.2  79.1 79.2
KNN-VC majority 794 792 791 792
soft majority 83.6 833 833 83.3
single (avg) 72.5 724 724 72.4
. single (best) 75.2 75.0 750 75.0
TAAAN-VC | = jority 775 771 770 771
soft majority 83.3 833 833 83.3
single (avg) 65.7 654 654 65.6
oo single (best) 69.4 694 694 69.4
Diff-VC majority 67 667 667 667
soft majority 72.2 70.8 704 70.8

Table 9: ALS severity classification results on ALS-TDI with a whisper-medium+SVM classifier

VC type | Voting type | Precisiont Recallf FIt
No VC \ - | 598 537 549
single (avg.) 60.5 54.1 55.8

. . single (best) 67.4 577 603
Pitch shifting | - - ority 730 549 576
soft majority 68.4 59.0 61.5

single (avg.) 58.5 54.6 55.8

. single (best) 65.7 59.5 61.7
KNN-VC majority 67.9 629 648
soft majority 51.1 49.6 49.9

single (avg.) 60.2 54.5 55.7

. X single (best) 68.0 58.2 60.7
TAAAN-VC | jority 69.9 591 617
soft majority 54.1 52.8 53.3

single (avg.) 48.2 47.0 47.0

ey single (best) 53.0 51.0 512
Diff-VC majority 498 509 503
soft majority 50.1 48.8 49.2

As to the advantage of hard vs. soft voting, we observe different trends across different datasets and
VC methods. On ALS-TDI, hard voting works better than soft voting by 8.4% and 16% for the best
two methods Diff-VC and KNN-VC, though worse by 3.9% and 1.3% for pitch shifting and Diff-VC.
On IEMOCAP, the gap between soft and hard voting is negligible, with soft majority voting shows a
0.1%-0.7% edge over hard majority voting across VC methods. On ADReSS, we found soft voting
methods to be better than hard voting for all the VC methods by 4.1% — 6.2%, while worse for the pitch
shifting method by 8.3% (68.8% vs. 77.1%). Since soft voting uses a random classifier for voting,
it tends to perform well when the model is “confidently” correct and “hesitantly” wrong, as it puts
more weights on confident classifiers than hesitant ones. This suggests that the average confidence
score estimated in terms of the classifier posteriors on incorrect examples will be high for classifier

59



ensembles that perform well with hard voting than soft voting. Table 7 8 9 show the complete results
for the realistic dataset experiments.
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