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Abstract

What functions can Neural Processes represent? We analyze the representational capacity
of popular NP architectures: Conditional Neural Processes (CNPs), Attentive Neural Pro-
cesses (ANPs), Transformer Neural Processes (TNPs), and their latent variants. We prove
these architectures form a strict hierarchy. CNP-representable functions are exactly those
depending on finitely many expected features of the context distribution. ANPs strictly
generalize CNPs via query-dependent reweighting, enabling kernel smoothers. ConvCNPs
and ANPs are incomparable; each contains functions outside the other, separated by sta-
tionarity versus translation equivariance. TNPs with L self-attention layers capture L-hop
context interactions. For latent NPs, we show finite-dimensional latents provide coherent
sampling but do not circumvent encoder limitations; matching GP posterior distributions
requires latent dimension scaling with context size. These results provide a theoretical
foundation for architecture selection based on task structure.

1. Introduction

Neural Processes (Garnelo et al., 2018a,b) have emerged as a family of models for meta-learning
and few-shot prediction. By learning to map context sets to predictive distributions, NPs combine
the computational efficiency of neural networks with the uncertainty quantification traditionally
associated with Gaussian Processes (GPs).

Since their introduction, numerous architectural variants have been proposed including Conditional
Neural Processes (CNPs), Attentive Neural Processes (ANPs) (Kim et al., 2019), Convolutional
CNPs (Gordon et al., 2020), and Transformer Neural Processes (TNPs) (Nguyen and Grover, 2022).
Many have observed that these architectures exhibit different capabilities. ANPs outperform CNPs
on tasks requiring local adaptation, ConvCNPs excel on spatially structured stationary tasks, while
TNPs excel at tasks requiring global coherence, but the theoretical foundations explaining these
differences have been lacking.

In this paper, we answer a natural question: What functions can neural processes represent?

We provide a characterization of CNP-representable functions as those depending on finitely many
expected features of the empirical context distribution. We prove that ANPs strictly generalize
CNPs by enabling query-dependent reweighting, with an explicit construction showing that kernel
smoothers are ANP-representable but lie outside the CNP function class. We show that ConvCNPs
and ANPs are incomparable in the hierarchy with the separation governed by stationarity versus
translation equivariance. For TNPs, we establish that L layers of self-attention capture L-hop con-
text interactions, and prove matching upper and lower bounds: ©(y/klog(1/¢)) layers are necessary
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and sufficient to e-approximate GP posteriors, where x is the kernel matrix condition number. We
extend our analysis to latent NPs, showing that finite-dimensional latent variables provide coherent
function sampling but do not expand representational capacity beyond what the encoder permits.

2. Related Work

Neural Processes were introduced by Garnelo et al. (2018a) as a computationally efficient alterna-
tive to Gaussian Processes for meta-learning, with the latent variable extension following in Garnelo
et al. (2018b). Subsequent work has developed numerous architectural variants. Attentive Neural
Processes (Kim et al., 2019) replaced mean aggregation with cross-attention, allowing the con-
text representation to depend on the target location. Convolutional Conditional Neural Processes
(Gordon et al., 2020) introduced translation equivariance through convolutional aggregation, achiev-
ing strong performance on spatially structured tasks. Transformer Neural Processes (Nguyen and
Grover, 2022) applied self-attention to the context set before cross-attention, enabling context points
to exchange information. Practitioners have observed that these architectures exhibit qualitatively
different capabilities, but the theoretical foundations explaining these differences have been absent.
We provide the first rigorous characterization of the representational capacity of each architecture
class, proving they form a strict hierarchy.

The representation of functions over sets has been studied extensively in the deep learning literature.
Zaheer et al. (2017) established that permutation invariant functions can be represented by DeepSets
architectures with sum or mean aggregation, while follow up work by Wagstaff et al. (2019) proved
limitations that no continuous function with fixed-dimension aggregation can be injective on sets
of unbounded size. Our work extends these results to the predictive setting where outputs depend
on both the context set and a target location. The distinction is that Neural Processes must
produce query-dependent predictions, not just set-level summaries. We show that query-dependent
reweighting strictly expands representational capacity even when the aggregated dimension is held
fixed.

Gaussian Processes are standard for uncertainty quantification in regression, but exact inference
scales cubically in the number of observations. This has motivated extensive work on sparse ap-
proximations, including inducing point methods (Snelson and Ghahramani, 2005; Titsias, 2009),
random Fourier features (Rahimi and Recht, 2007), and structured kernel interpolation (Wilson
and Nickisch, 2015). Neural Processes take a different approach as they learn to amortize GP-like
inference through an encoder-decoder architecture trained across tasks. Our results characterize
when this amortization is possible. We prove that CNPs and ANPs cannot represent GP posteriors
regardless of encoder capacity (Theorems 6 and 12), while TNPs can approximate GP posteriors
with depth scaling as ©(y/klog(1/¢)) where & is the kernel matrix condition number (Theorem 15,
Proposition 14). This provides a precise sense in which TNPs succeed where simpler architectures
fail.

The representational capacity of transformer architectures has received significant recent attention.
Yun et al. (2020) proved that transformers are universal approximators of sequence-to-sequence
functions, while Pérez et al. (2021) established Turing completeness under suitable assumptions.
Our depth lower bound (Theorem 15) contributes to this literature by proving task-specific depth
requirements. Approximating GP posteriors requires (/x log(1/¢)) layers regardless of width. The
key insight is that linearization at yo = 0 reduces the Jacobian to a polynomial in the attention ma-
trix, enabling the application of classical approximation barriers. This technique may be applicable
to other regression tasks requiring matrix inversion.

Our depth lower bound relies on classical results from approximation theory, particularly polynomial
approximation of rational functions. The Chebyshev barrier for approximating 1/ on an interval
dates to the foundational work of Chebyshev and Markov; see Trefethen (2019) for a modern treat-
ment. The connection between iterative methods and polynomial approximation is well-established
in numerical linear algebra, where Chebyshev iteration achieves optimal convergence rates for linear
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systems (Golub and Van Loan, 2013). Our contribution is recognizing that transformer self-attention
layers implement polynomial iterations, and that the same barriers governing classical iterative meth-
ods govern neural network depth requirements. The matching upper bound (Proposition 14) shows
that the Chebyshev polynomial construction can be realized by appropriate choice of attention
weights.

Theoretical analysis of meta-learning has developed along several axes. Generalization bounds for
learning-to-learn were established by Baxter (2000), with subsequent refinements using PAC-Bayes
(Pentina and Lampert, 2014; Rothfuss et al., 2021) and information-theoretic (Jose and Simeone,
2021) techniques. These results bound how many tasks are needed for a meta-learner to generalize
to new tasks. Our work is complementary. We characterize what can be represented, not how fast it
can be learned. The expressiveness hierarchy we establish has implications for meta-learning theory.
A CNP cannot benefit from additional tasks if the target predictor lies outside its function class,
but a full sample complexity analysis for Neural Processes remains open.

3. Preliminaries

Let X C R% be the input space and Y C R% the output space. A context set is a finite collection
C = {(wi,y;)}7—, with 2; € X, y; € Y. The context space C = [J,—,(X x V)"/S, is the set of
all finite multisets, with C<x the restriction to size at most N. A predictive map F : C x X — ©
returns distribution parameters 6 € © given a context set C' and target location z;.

Conditional Neural Process (CNP). A CNP computes:

hi = hg(zi,yi) € RY (encode each context point) (1)
1 n

ro=— ; h; € R¢ (aggregate via mean) (2)

0 = gy(z,7c) €O (decode at target) (3)

where hg : X x Y — R< is the encoder and gy 1 X X R% — O is the decoder.

Attentive Neural Process (ANP). An ANP uses cross-attention from target to context:

exp(q(a) "k(zi, y:)/7) (@)
Soi_yexp(q(ee) Tk(xs, y;)/7)

ro(xe) = Zaz‘(l’t;c)v(ﬂ?i,yi) (5)

0 = gy (s, rc(21)) (6)

where ¢ : X — R% is the query network, k : X x Y — R% is the key network, and v : X x ) — R?
is the value network.

Oéi(SUt§C) =

Transformer Neural Process (TNP). A TNP applies self-attention to the context before cross-
attention:

exp(qs (RS ) Thy (A1) /1)

50 _ ) Ry ")
Y el ) TR ) )
(e ¢ 7 (=1
r =380 wn{Y 8)
j=1
for layers £ = 1,..., L, with BEO) = h(z;,y;). The final representation is then used in cross-attention

as in ANP.
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Convolutional Neural Process (ConvCNP). A ConvCNP replaces finite-dimensional aggre-
gation with functional convolutional channels. A non-negative filter w : R% — R_ and pointwise
encoder b : Y — R? produce:

n

pc(x) = Z w(x — x;) (density channel) (9)

se(z) = Z w(z — x;) h(y;) (signal channel) (10)
i=1

fo = ®(sc, po) (CNN processing) (11)

0 = g(fo(x), x4) (readout at target) (12)

where @ is a multi-layer CNN. A pure ConvCNP omits the CNN: § = g(sc(zt), po(xt), z:). We
distinguish between the pure convolutional aggregation and the subsequent CNN processing, as these
contribute qualitatively different representational capabilities.

The core question of representational capacity is basically: what information about the context can
reach the prediction? For CNPs, only the mean-aggregated encoding and context points are pro-
cessed independently. For ANPs, the query can reweight context points, but the weights factorize
but context points still don’t interact. ConvCNPs lift the finite-dimensional bottleneck via func-
tional representations, and the CNN enables context—context coupling, but only through translation-
equivariant operations. For TNPs, self-attention lets context points exchange information before
the prediction is made. This progression from no interaction, to query-mediated reweighting, to full
context-context coupling is what drives the hierarchy we establish.

4. Conditional Neural Processes

Definition 1 (h-Equivalence). For a fived encoder h : X x Y — R?, two context sets C,C" are
h-equivalent, written C ~y, C', if I%‘\ Z(a:,y)EC h(z,y) = ﬁ Z(m’y)ec, h(z,y).

Proposition 2 (Indistinguishability). A CNP with encoder h cannot distinguish h-equivalent
context sets: if C ~p C', then CNP(C, z;) = CNP(C’, x;) for all x; € X.

Theorem 3 (CNP Characterization). The class of d-representable predictive maps is exactly

the moment statistics class fﬁfgmem ={F : F(C,z) = ¢(+ >, ¢(xi,y:),3¢)} for continuous v :
XxY >R, p:REXX — 0.

Proposition 4 (Existence of Collisions). For any encoder h : X x Y — R¢ and any n >
d/(dy +dy), there exist distinct context sets C # C' with |C| = |C'| = n such that C ~p, C".

Example 5 (n = 2 Collision). Consider d, = d,, = 1 and encoder h(x,y) = (x,y) € R%. The
contexts C = {(0,1),(2,1)} and C' = {(0.5,0.5), (1.5, 1.5)} satisfy hc = hor = (1,1), yet for an RBF
kernel, k(0,2) # k(0.5,1.5), so the GP posterior means differ. This two-point collision reappears
in the ANP analysis (Theorem 12), where we show that even query-dependent reweighting cannot
resolve it.

Theorem 6 (GP Posterior is Not Finitely Representable). A predictive map F is (d,e)-
representable on C<, if there exist continuous h : X x Y — R? and g : R? x X — © such that

SUPcec., zex 1 (Ca) — g(ﬁ Y eyec M@ y),z)|| < €. Ezact representability corresponds to
e=0.

For any d and any n > d, the GP posterior mean u(z|C) = k(zy, Xo)K(Xe, Xo) " lyc is not
(d,0)-representable on C<,, for generic positive definite kernels k.

Theorem 7 (CNP Approximation Lower Bound). Let v denote a distribution over target
locations zy € X, context locations x1,...,x, € X be fized and let yo ~ N(0,K). For the GP
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posterior mean, any CNP with representation dimension d < n satisfies:

o By [ 1) — Al C)P dv(w) | d
Ko™ By [u@lOFdv(e)  © n

for any target distribution v such that the whitened kernel vectors {K‘l/Qk‘(xt,Xc)}th, have
isotropic second moment.

Example 8 (Linear Regression). Fuven ordinary least squares illustrates the bottle-
neck. With k-dimensional features + : X — RF  the OLS predictor F(C,z;) =
(@) Y(x) 1), (@), (ze)) requires encoding both the Gram matriz Y, ¥ ()¢ (z;) "
(k(k 4 1)/2 parameters) and the moment vector Y. y;i)(x;) (k parameters), giving d = k(k + 3)/2.
Since distinct Gram matrices generically yield distinct predictors, d = Q(k?) is also necessary.

The bound in Theorem 7 is sharp and achieved by the PCA encoder he = A*yc that projects onto
the top d principal components of the whitened weight covariance. For d < n, most GP posterior
structure is lost regardless of encoder sophistication. The isotropic second moment condition holds
whenever context and target locations are drawn i.i.d. from the same distribution and the kernel is
stationary (e.g. RBF); for non-isotropic targets the bound generalizes to Z?:dﬂ i/ Do, Ai where
Ai are the eigenvalues of Ey, [z, W,,]. Full proofs appear in Appendix A.

5. Attentive Neural Processes

The key difference in ANPs is that the representation r¢(z:) depends on the query location x; via
attention weights a;(z4; C) o< exp(q(x¢) "k(z4,v:)/7). Unlike CNP-equivalence, ANP-equivalence is
query-dependent: context sets equivalent at one query may be distinguishable at another.

Theorem 9 (ANPs Represent Kernel Smoothers). For any continuous kernel K : X x X —
R, the kernel smoother F(C,x) = 3 . K(x,x:)yi/ >, K(xy, x;) is ANP-representable to arbitrary
precision with value dimension d = d, + 1.

Proof sketch. Set v(z,y) = (y,1), k(z,y) = ¥(z), q(zt) = ¢(x), and choose ¢, so that
q(z¢) Tk(z,y;) ~ log K (x4, ;). Then the attention weights recover the normalized kernel weights,
and a linear decoder extracts the kernel smoother. The full construction and universal approximation
argument appear in Appendix B. O

Theorem 10 (ANP Characterization). A predictive map F is ANP-representable if and only
if F(C,xi) = G(Epz: [v(z,y)], 21) where PG (wi,y:) oc exp(s(zy, x4,1:)) for some continuous score
function s.

Corollary 11 (Strict Separation). -7:((3(%\)113 C f/(ff\)lp for all d.
Theorem 12 (GP Posterior Requires Context-Context Coupling). For generic positive

definite kernels, the GP posterior mean is not ANP-representable.

Proof sketch. The GP posterior weight w; = [k(x, X¢)K™1]; depends on the full Gram matrix,
coupling all context points. ANP attention weights factor as a; o< f(x, i, y;), depending only on
query-point pairs independently. The simplest counterexample has n = 2: the GP weight on y; is

k(zy, x1)k(2e, 22) — k(2y, x2)k(21, 22)
k(x1,21)k(x2, 22) — k(z1,22)?

w1 =

which depends on the inter-context kernel value k(z1,z2). No ANP attention weight a; o
exp(q(z¢) Tk(z1,y1)) can capture this coupling. See Appendix B for the general argument. O
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6. Transformer Neural Processes

6.1. Polynomial Computation via Self-Attention

We analyze TNPs under two structural assumptions that enable clean characterization: position-
based self-attention (attention weights depend only on input positions, not representations) and
residual connections. These are relaxed in Section 6.3. Full definitions appear in Appendix C.

Theorem 13 (Polynomial Representation). Under position-based attention with residual con-

nections, after L self-attention layers with scalar value weights Wy) = ayl, the representation matriz
satisfies HY) = pp (K)H©) where pp (K) = Hé’:l(I—l—agK) is a degree-L polynomial in the attention
matriz K.

Proof. By induction: H") = (I+ o K)HE-D = Hf:I(I + a/K)HO, O

6.2. Approximating GP Posteriors

The GP posterior involves K~!. Via the Neumann series K™ = 1~ 5> (I — K/\pax)™, this

max m=0
can be approximated by matrix polynomials. The truncation error is O(p” /Apin) where p = 1—1/x,
requiring L = O(klog(1/¢)) layers. The Chebyshev construction improves this to O(v/klog(1/¢)):

Proposition 14 (Chebyshev Upper Bound). There exist scalar value weights oy, ..., ar such
L
that || Hngl(IJragK) K < 2 (\/E71> .

Amin \ VE+1

The weights are the optimal Chebyshev iteration parameters ay = —2/(Amax + Amin + (Amax —
Amin) cos ) with 6, = (2¢ — 1)7/(2L). See Appendix C.3 for the full proof and idealized TNP

approximation construction.

6.3. Lower Bounds for Representation-Based Attention

The upper bound assumed position-based attention. We now show the Q(y/klog(1/¢e)) depth re-
quirement holds even for fully adaptive representation-based attention.

The key insight is that the GP posterior mean p(x¢|C) = k(z¢, X¢)K~yc is linear in y¢. Linearizing
the TNP at yo = 0 neutralizes adaptive routing: the Jacobian 0F/0yc|y.—o becomes a polynomial
in the base attention matrix (evaluated at yo = 0), regardless of how sophisticated the attention
mechanism.

Theorem 15 (TNP Depth Lower Bound). For any k > 1, there exists a family of context con-
figurations with kernel matrices satisfying k(K) = k such that any L-layer TNP with representation-
based self-attention achieving e-approzimation of K~ lyc must satisfy:

L> ﬁ -log (E)
4 €
for a universal constant ¢ > 0.

Proof sketch. The argument proceeds in four stages:

(1) Linearization. By Taylor expansion (Lemma 37 in Appendix D), e-approximation of the linear
target implies the Jacobian M (X) = 0F/0yc|y.—o satisfies | M(X) — K| < O(e).

(2) Polynomial structure. Differentiating through L self-attention layers shows M (X) is a matrix
polynomial of degree at most 2L in the attention matrix K|,.—o (Appendix D, Corollary 42).
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(8) Univariate reduction. We construct a family of kernel matrices {K;} (Lemma 45) where all
eigenvalues except the minimum are equal to 1, with condition number x. On this family, the
quadratic form v M (K;)v; reduces to a univariate polynomial in the minimum eigenvalue 1 (t).

(4) Chebyshev barrier. The target v/ K;'v; = 1/ui(t) must be approximated by a degree-2L
polynomial on [1/k,1]. The classical Chebyshev lower bound gives error at least Q(p?L) where
p=(vk—1)/(y/k+1). Solving for L yields the stated bound. O

The full proof, including the Jacobian evolution through representation-based attention layers, the
eigenvalue-controlled kernel family construction, and spectral analysis, appears in Appendix D.

Corollary 16 (Tight Characterization). For well-conditioned context geometries, L =
O(v/klog(l/e)) self-attention layers are both necessary and sufficient for e-accurate GP posterior
approximation.

Remark 17 (Multi-Head Attention). The analysis extends to multi-head attention. Lineariza-
tion at yo = 0 yields a Jacobian that is a sum of products of per-head attention matrices, and
approzimating K=t in any such form faces the same Chebyshev barrier. The ©(\/k) depth scaling
1s intrinsic to the condition number.

Theorem 18 (Dimension Scaling). To represent GP posterior predictions on contexts of size n:
(a) CNP and ANP require infinite d; (b) TNP requires d = O(n).

7. Convolutional Neural Processes

ConvCNPs replace finite-dimensional aggregation with functional convolutional representations.
Two structural properties distinguish them.

Proposition 19 (Translation Equivariance). Every ConvCNP satisfies F({(x;+7,v:)}, xe+7) =
F({(zs,yi)},x¢) for all T € Ré=

Proposition 20 (Injectivity). If w has non-vanishing Fourier transform and h is injective, then
the convolutional aggregation C — (sc(+), po(+)) is injective up to permutation on contexts with
distinct locations.

Thus ConvCNPs avoid the collision problem of Proposition 4, but at the cost that any non-
translation-equivariant predictive map lies outside the ConvCNP function class. Proofs appear
in Appendix E.

Proposition 21 (Pure ConvCNP Represents Stationary Kernel Smoothers). For
any continuous stationary kernel K, the Nadaraya-Watson estimator F(C,x;) = >, K(x; —
x3)yi/ >, K(xp — x;) is exactly representable by a pure ConvCNP. However, the GP posterior mean
is not representable by any pure ConvCNP (the same factorization barrier as ANPs applies).

CNN layers enable context—context coupling. On a regular grid, each CNN layer with resid-
ual connection implements a Toeplitz matrix iteration r(¥) = I+ Ag)r(e_l), analogous to the TNP
update but with Toeplitz structure.

Theorem 22 (ConvCNP Depth for GP Posteriors). On a regular grid with spacing 6, a Con-
vCNP with L CNN layers achieves GP posterior approzimation error O(By Byt ((vVE—1)/(v/k +
1)L + O(6), matching the Chebyshev convergence rate of TNPs.

A distinctive feature of ConvCNPs is the depth—support tradeoff: on periodic grids, all matrices
are circulant and simultaneously diagonalized by the DFT. With unrestricted filter support p = n,
a single CNN layer suffices (Proposition 55 in Appendix E). With restricted support, the required
product L - |p/2] is governed by the trigonometric approximation number of 1/K (w) (Theorem 56
in Appendix E), recovering the /x rate.
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Theorem 23 (ConvCNPs and ANPs Are Incomparable). Fanp € Fconvene (non-stationary
kernel smoothers violate translation equivariance) and Fcoonvene € Fanp (ConvCNPs with CNN
depth approzimate GP posteriors, which are not ANP-representable).

8. The Expressiveness Hierarchy

Theorem 24 (Expressiveness Hierarchy). For alld > 1 and L > 0:

(a) Attention branch: f((:(f\)lp C fg\)lp C ]:éll\}c}l;) C .7-'%21\’102 C---

=

(b) Convolutional branch: fé‘f\)lp C ]—"é?nvCNP - ‘Félo)nvCNP - ]:éi)HVCNP C---

= =

(¢) Incomparability: f/(ﬁl\)lp Z ]-'éﬁLVCNP and ]:éﬁszNp Z ]-‘X?IP for all L,d.

TNP (L layers) [ConvCNP (L CNN)}

TNP (L=1) ConvCNP (L=1)

incomparable

Pure ConvCNP

Figure 1. The expressiveness hierarchy of Neural Process architectures. Solid arrows denote strict inclusion
(©). The dashed line marks incomparability. For stationary kernels on regular grids, the ConvCNP branch
achieves the same Chebyshev convergence rate as the TNP branch.

The proof assembles the results from previous sections; the full argument appears in Appendix F.

9. Latent Neural Processes

Latent NPs augment the deterministic pathway with a global latent z ~ q(z|C), z € R*, yielding
p(yr| X7, C) = [ p(yr|Xr,2)q(2|C)dz. The encoder ¢(z|C) inherits the limitations of the underlying
architecture: if C' ~;, C” for alatent CNP, then ¢(z|C) = ¢(z|C") regardless of decoder expressiveness.
Thus the impossibility results for CNPs and ANPs lift directly to their latent variants.

Assuming an arbitrarily powerful encoder, the constraints of finite latent dimension remain:

Theorem 25 (Latent NP Cannot Represent GP Posterior). For a Gaussian latent NP
with latent dimension k and linear decoder: (a) Mean matching for all yo € R™ requires k > n.
(b) Covariance matching at m target points requires k > m. (c) Matching for arbitrary target
configurations requires k = oo.

Finite-dimensional latent NPs exactly represent the class of rank-k GPs: processes of the form
f(z) = a(z) "z + b(x) with z ~ N(m,S). For full-rank kernels, truncating the Mercer expansion
gives approximation error governed by the spectral tail > >k Aj, with rates depending on kernel
smoothness (exponential for RBF, polynomial for Matérn). Full proofs appear in Appendix G.
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10. Discussion

Table 1 summarizes our results. The analysis reveals that CNPs are limited to functions of finitely
many expected features; ANPs extend this to query-dependent reweightings but still factor across
context points; only TNPs can capture global structure via self-attention, with tight depth bounds
of ©(y/klog(1/e)). ConvCNPs and ANPs are incomparable, separated by stationarity versus trans-
lation equivariance.

Architecture Self-Attn/CNN Dim. d Latent k& Representable Functions
CNP — any — Mean statistics of context
ANP — any — Query-reweighted statistics
Pure ConvCNP — functional — Stationary kernel smoothers (exact)
ConvCNP (L CNN) L CNN layers functional — Stationary degree-L kernel poly.
TNP (L layers) L self-attn O(n) — Degree-L kernel polynomials
TNP (deep) O(vklogl) O(n) — e-approx GP posterior mean
Latent CNP — any any Coherent samples from mean stats
Latent ANP — any any Coherent samples, query-reweighted
Latent TNP O(vrlogl) O(n) >n e-approx GP posterior dist.

Table 1. Architecture capabilities. Latent variants add coherent sampling but do not circumvent encoder
limitations.

Our results provide an answer to a theoretical question open since Garnelo et al. (2018a) introduced
NPs regarding what functions these architectures can represent. The analysis reveals a hierarchy.
CNPs with mean aggregation are limited to functions of finitely many expected features of the
context distribution which is sufficient for low-dimensional parametric families but unable to capture
context-context interactions. ANPs extend this to query-dependent reweightings, enabling kernel
smoothers and local adaptation but still factoring across context points. Only TNPs with self-
attention can capture the global structure needed for GP posteriors, with depth requirements scaling
logarithmically in the kernel matrix condition number.

The CNP impossibility follows from a dimension-counting argument. the set of h-equivalent contexts
forms an (n — 1)d-dimensional subspace, so collisions are generic rather than exceptional. The ANP
impossibility is more subtle and stems from a factorization constraint because attention weights
a; < f(xy,x5,y;) decompose across context points, while GP posterior weights couple all points
through K—!. This coupling-versus-factorization distinction, visible even with just two context
points, is the fundamental reason self-attention is necessary. The TNP construction exploits the
Neumann series K1 = Z;OZO(I — K)™, which requires learning an appropriate normalization of
the kernel matrix, which is a hidden capacity requirement that may explain why TNPs benefit
from careful initialization in practice. Orthogonally to representational capacity, the validity of NP
predictions as stochastic processes is governed by conditioning consistency, where the gap for CNPs
vanishes as O(1/n?) in context size (Young, 2026a), while the quantitative cost of amortization
decomposes into label contamination, information bottleneck, and encoder sharing terms (Young,
2026b), with the bottleneck decay rates matching the spectral tail bounds of Corollary 66.

Several limitations warrant discussion. Our analysis characterizes representational capacity, not
learnability. A function being TNP-representable does not guarantee that gradient descent will find
the right parameters, and the sample complexity of learning within each function class remains open.
We also assume idealized attention with exact softmax and infinite precision; practical implemen-
tations with learned temperatures, finite precision, and approximate attention kernels may exhibit
different effective capacity. For standard kernels (e.g. RBF, Matérn), the condition number x(K)
typically grows with context size n, so the depth bound ©(y/klog(1/e)) implies that fixed-depth
TNPs face representational limitations on large contexts. This is an architectural insight, not a
limitation of the analysis as it quantifies the cost of approximating GP posteriors as context sets
grow.
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Convolutional CNPs (Gordon et al., 2020) replace finite-dimensional aggregation with functional
representations, sidestepping the dimension-counting arguments of Section 4. The picture is more
nuanced than a simple placement in the hierarchy. The pure ConvCNP (without CNN) sits at the
ANP level as its weights on context points factorize, enabling stationary kernel smoothers but not
GP posteriors. However, the full ConvCNP with CNN layers accesses TNP-level expressiveness for
stationary kernels on regular grids, achieving the same Chebyshev convergence rate (v/k—1)/(y/k+1)
per layer (Theorem 22). The structural difference is that CNN iterations are Toeplitz (constant
along diagonals), while TNP attention matrices are unconstrained. This makes ConvCNPs and
ANPs incomparable rather than nested as each contains functions outside the other (Theorem 23).
The cost of irregularity remains an open question.

We also offer some thoughts on practicalities. For few-shot regression on parametric families, CNPs
should suffice and attention adds complexity without benefit. For image completion and spatial
prediction requiring local adaptation, ANPs provide the right inductive bias. For tasks demanding
global coherence such as calibrated uncertainty in Bayesian optimization, consistent identity in
face completion, exact GP emulation, TNPs are necessary. For spatially structured tasks with
stationary kernels and approximately regular observation grids, which is common in environmental
monitoring and climate modeling, ConvCNPs offer an attractive middle ground with TNP-level
posterior approximation with the parameter efficiency and equivariance guarantees of convolutional
architectures.
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A. CNP Proofs

Proof of Theorem 3 (CNP Characterization). (=) If F € Fggment, then F(C,zy) =
(L3, ¥(wi, yi), x1). Setting h =1 and g = ¢ gives exact representation.

(<) If F is d-representable, then F(C,z;) = g(hc,z;) for some h,g. This is exactly the form of
F . with = h and ¢ = g. O
Proof of Proposition / (Ezistence of Collisions). Consider the map ® : (X x V)" — R? defined by
®(C) = 23" | h(zi,y;). The domain has dimension n(d, + dy); the codomain has dimension d.
When n(d; + dy) > d, the map cannot be injective, so distinct context sets can have identical
representations.

More explicitly, for fixed h-images (hi,...,h,) € (R?)", perturbations (di,...,5,) satisfying
>-;0; = 0 form a subspace of dimension (n — 1)d. Since h is continuous and maps from a higher-
dimensional space when n(d, + d,) > d, generic perturbations in (X x Y)" induce such mean-
preserving perturbations in the representation space. O

Proof of Theorem 6 (GP Posterior is Not Finitely Representable). The GP posterior mean depends
on the inverse Gram matrix K—!, which couples all context points. The weight on y; in the posterior
mean depends on all pairwise kernel values k(x;, x;) for j # i.

By Proposition 4, for any encoder h, there exist distinct context sets C,C’ with he = heor. We
construct C,C’ with identical mean encodings but different x-configurations, hence different Gram
matrices K(XC, Xc) 7& K(XC/, Xc/).

Specifically, with n = d + 1 context points, let C' have points {21, ...,Z4y1} in general position and
C' have points {z7,..., 7, } arranged so that hc = hc (possible by the null space argument) but
the pairwise distances differ.

For the same target z; and y-values, the GP posterior means differ:
(24|C) = k(xr, Xo)K(Xo, Xo) " Hye # ke, Xo)K(Xern, Xon) ™ yo = ] C).

Thus no CNP with representation dimension d can exactly represent the GP posterior on contexts
of size n > d. O

Proof of Theorem 7 (CNP Approzimation Lower Bound). We proceed in four steps.

Step 1: Reduction to linear encoders. Since the target u(x|C) = k(z¢, Xo)K lyc is linear in yo
and yo is Gaussian, the optimal encoder is linear. This follows from a standard result in Gaussian
rate-distortion theory: for jointly Gaussian (yc, T(yc)) with T linear, the minimum MSE estimator
of T(yc) given any function ¢(yc) compressed to d dimensions is achieved by a linear ¢ (see Berger
(1971) for example).

For fixed context locations, a CNP encoder h : X x J — R? reduces to ELC = L5 bily;) for
functions ¢; : R — R?. Linearity gives &i(y;) = a;y; for some a; € R?, so he = Ay for a matrix
A € Rixn,

Step 2: Whitening. Let z = K~1/2yc ~ N(0,1,,). Define:

Wy, = K V2k(2,, Xc) € R”
A= AK'? e R

Then pu(z4|C) = w,,z and he = Az
Step 8: Optimal reconstruction. For Gaussian z, the optimal predictor of 711;; z given Az is:

E[d/;zMz] =, P;z
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where P; = AT(AAT)~'A is the orthogonal projection onto the d-dimensional row space of A. The
MSE at target z; is:
Ellig,,z — 3, Pz2|*] = (I - Pg)i, ||*.

Step 4: Integrated error. Define the whitened weight matrix W € R™ ™ with columns Waty o evy Wax
for target points «7,...,z}, ~ v. The total MSE is:

Sola-

7= 1@~ P)WI[3.

This is minimized when Pj; projects onto the top d left singular vectors of W. If W has singular

values o1 > -+ > 0y, (with o; = 0 for i > rank(1)), the minimum error is >_"" ; ; 07 and the total

. . n
variance is Y., 07.

Under the isotropic second moment assumption:

for some o > 0. Thus the singular values of W satisfy o? ~ am/n for all i < n, giving:

Yican 0 _m—d_ d
n

O
Z?:l 022 n

We also record the linear regression example, which illustrates the representation requirements
concretely.

Proposition 26 (Linear Regression Requires d = O(k?)). Let F

be the class of linear
linear
predictors with k-dimensional features 1) : X — RF:

F(Cray) = (B(C), (1)), BIC —argmmz — (B,9(x:)))*.

Then:

(a) d= 7k(k2+3) suffices: FiB o pkk+3)/2)

hnear = Y moment

(b) d = Q(k?) is necessary for evact representation.
Proof. (a) The OLS solution is B(C) = (3=, ¥(x:)¥(x:) ")~ (>, vitb(w;)). Define the encoder:

h(z,y) = (vech((z)d(x) "),y - ¥(x)) € REFFD/ZHE

Then he = (Evec(Y, ¢¥(zi)v(z:)T), 2 3, yitb(2;)). The decoder can recover 3(C) by inverting the
(rescaled) Gram matrix and multiplying.

(b) The Gram matrix Y, 9 (z;)1(z;)" has k(k 4+ 1)/2 degrees of freedom (symmetric). Different
Gram matrices generically yield different predictors. Thus d > k(k + 1)/2 = Q(k?). O

B. ANP Proofs
Proof of Theorem 9 (ANPs Represent Kernel Smoothers). Set:

e Value: v(z,y) = (y,1) € Rl +!
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e Key: k(z,y) = ¥(x) (independent of y)
o Query: q(z¢) = ¢(a1)

Choose ¢, such that q(z;)"k(z;,vy;) = log K (x4, 2;). If log K admits a finite inner product de-
composition, this is achieved exactly. For general continuous K on a compact domain, universal
approximation (Hornik et al., 1989) gives networks ¢, v with |q(z;) T k(z;, y;) —log K (x4, z;)| < 6 for
any § > 0, yielding £(d)-approximation of the kernel smoother with €(§) — 0 as § — 0.

In the exact case, the attention weights are:

exp(log K (x4, z;)) _ K (x, x;)
yyexp(log K (ze,25)) 30, K(xe, z5)

ai(z;C) =

The representation is:

role) =3 ades C) 1) = (Sear )

Zi K(‘rtv :EZ) ’
A linear decoder extracts the first component, which is exactly the kernel smoother. O

Proof of Theorem 10 (ANP Characterization). (=) If F is ANP-representable, the attention mech-
anism gives exactly this form with s(z¢, 2,y) = q(x¢) "k(z,y)/T.

(<) Any such F' can be implemented by setting q(z;) " k(x,y) = s(z¢, z,y)-7 and using an appropriate
decoder G. O

Proof of Theorem 12 (GP Posterior Requires Context-Context Coupling). The GP posterior mean
is:

(x| C) = k(xe, Xo) K(Xo, Xo)  ye =Y wiles; C) yi
i=1

where w;(z4; C) = [k(z¢, Xo) K5

The weight w; depends on K~!, which couples all context points. Specifically, w; depends on
k(xj, xm) for j,m # 1.

ANP attention weights factor as:

_ f(wt;xiayi)
> f@e,xj,y;)

for some function f depending on query-key pairs independently. The weight on point ¢ depends
only on (z,z;,y;) and the normalizing constant, not on the relationships between other context
points.

(67} ($t§ C)

Explicit counterexample: Consider n = 2 context points. The GP weight on point 1 is:

k(xzy, x1)k(xe, 22) — k(2 x2)k(21, 22)
k’(.’L‘h.’lﬁl)k(CL‘Q,wz) — k($1,$2)2

w1 =

This depends on k(x1, x2), the kernel value between the two context points. No ANP attention weight
can capture this, as a; oc exp(q(x;) "k(x1,%1)) involves only the query-point-1 relationship. O
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C. TNP Assumptions and Upper Bound Proofs

C.1. Structural Assumptions

Assumption 1 (Position-Based Self-Attention). Fach self-attention layer uses attention
weights that depend only on input positions:

exp(gs (@) Tk (24) /7)
ZZL:1 exp(qs (i) Tk (2m)/T)

where gs, ks : X — R are position encoders. We denote the resulting attention matriz by K e
Rnxn; with [K}ZJ = 5”

© _
/Bij =

Remark 27. This assumption can be realized by: (i) using separate position-based attention heads,
(ii) concatenating fized positional encodings that dominate learned representations, or (i) archi-
tectural modifications that enforce position-based routing. The assumption decouples the “routing”
structure (which context points attend to which) from the “content” being routed (the value vectors),
enabling our polynomial analysis.

We impose position-based attention to enable clean polynomial analysis of the layer-wise updates.
This assumption is relaxed in Appendix D, where we show that the depth lower bound holds even for
fully adaptive representation-based attention.

Assumption 2 (Residual Connections). Self-attention layers use residual connections with
learnable value projections:

hl(?) = hgf—l) + Zﬁgf)Wéah;H)
j=1
where Wy) € R4 js the value projection matriz at layer (.

Assumption 3 (Kernel Matrix Conditioning). The kernel k is positive definite, and for context
sets of size n, the Gram matriz K has eigenvalues 0 < Apin < A1 < -+ < Ay < Apax- The condition
number is k = Amax/Amin -

Assumption 4 (Attention Approximates Normalized Kernel). The attention matriz K sat-
isfies K = D7'K where D = diag(K1) is the row-sum normalization. Realistically, the TNP must
learn position encoders qs, ks achieving this approximation, which is a nontrivial learning problem.

C.2. Matrix Form and Basic Lemmas

Lemma 28 (Matrix Form of Updates). Under Assumptions 1 and 2, the layer-C update is:
gO = gt=1) 4 KH(K_DWISZ)T
or in vectorized form:
vec(H®) = (Ind + W K) vec(H*~1)
where ® denotes the Kronecker product. For scalar value weights Wv(e) = aply:
H® = (1, + a,K)H,

Lemma 29 (One Layer Captures Kernel-Weighted Sums). Under Assumption 1, if the po-
sition encoders qs, ks satisfy qs(x) Tks(2') = Tlog K(z,2") + ¢ for some kernel K and constant c,
then:

K(l‘i7 l‘j)

Z?n:l K(I’H Im) .

Bij =
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After one self-attention layer with value function v : X x Y — R%:
(i, 2;) o
+ZZ K (21, ) v(@;, y5)-

Proof. Direct computation:

B = exp(gs (i) ks () /7) __explog K(zi,z;) +¢) Kz, 35)
Y exp(as(w) Ths (@) /T) X, exp(log K (4, am) +¢) 3, K(i, %)
The representation update follows from the definition. O

Proposition 30 (Gram Matrix Encoding). With representation dimension d > n and initial
encoding h(U)(:cj,yj) = (ej,y;) € R4y where e; s the j-th standard basis vector, one self-attention
layer can produce representations containing the i-th row of K:

hgl) = (e; + K., y; + (weighted sum of Y;))

where K;. = (Bits - -, Bin) is the i-th row of the attention matriz.

Proof. Set W = 1. Then hl(-l) h(o) +2 &Jh(o) = (e, 4i) + 225 Bij(es yj) = (e + K.,y +
Zj Bijvs)- O]

C.3. Polynomial Computation

Proof of Theorem 13 (Polynomial Representation). By induction. For L = 1: HY = I+
a K)H©) . Assuming the result for L — 1:

- L
HY = (14 a,K)HF Y = (14 arK) H I+ o, K)H® = H I+a/K)HO.

Expanding the product, the coefficient of K™ is the sum over all ways to choose m factors to
contribute ayK (and the remaining L —m factors to contribute I), which is exactly e, (aq, ..., ar).
O

Corollary 31 (Achievable Coefficient Space). The set of achievable coefficient vectors
(co,c1,...,cr) € REFL for polynomials Zi:o cm K™ representable by an L-layer TNP with scalar
value weights is:

Ar = {(eo(),e1(a),...,er(a)) : a € R}

where e = 1. This is an L-dimensional algebraic variety in RET, not all of REFL.

Proof. The map « +— (eg(«),...,er(@)) has image determined by Newton’s identities relating ele-
mentary symmetric polynomials to power sums. Since eg = 1 always, the image lies in the hyperplane
{co = 1}. Within this hyperplane, the image is the set of coefficient vectors of constant term 1 poly-
nomials with real roots (since [[,(1 4+ ayz) = )", emz™ has roots —1/ay). This is a proper subset
of RL. O

Remark 32 (Non-Scalar Value Matrices). With general quz) € R4 the achievable polynomial
space is larger but the analysis becomes representation-dependent. For a fized initial representation
HO and target polynommlp(f{), the question becomes whether there exist Wigl), RN WU(L) such that
L@+ KWISE)T)H(O) = p(K)H(O), This is generically solvable for polynomials of degree < L when
d is sufficiently large, but a complete characterization requires specifying H.
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C.4. Approximating the Kernel Matrix Inverse

Lemma 33 (Neumann Series). Let A € R™ " with spectral radius p(A) < 1. Then (I— A)~1 =
S _o A™, and the truncated series satisfies:

< A

=1 p(A)

Proof. Standard result from matrix analysis (Golub and Van Loan, 2013). The truncation error is
I(T= A)~ AL = (T = A) AL < =25 (A O

Proposition 34 (Inverse via Neumann Series). Under Assumption 3, setting A =1 —K/Apax:

(a) The eigenvalues of A lie in [0,1 —1/k], so p(A) =1—-1/k < 1.

() K'' = -(I-4) = jA™

Amax m=0
(¢) The truncated series gives:

1 L-1

A
max m=0

Proof. (a) If Kv = Av, then Av = (1 — A\/Apax)v. Since A € [Amin, Amax), the eigenvalues of A lie in
[0,1 — Amin/Amax] = [0,1 — 1/k].

(b) K = Amax(I — A), s0 K~ = L (I — A)~".

>\nlax
(¢) By Lemma 33: ||(I - A7t - an;lo A™| < A 1/'% = kpr. Dividing by Amax: K71 —
1 L

ST AT < 2 = H

Amax Amin

Amax

Proposition 35 (Idealized TNP Approximation of GP Posterior). Suppose a TNP archi-
tecture has access to:

(i) Position-based self-attention with attention matriz equal to the row-normalized kernel K =
D7 'K,

(it) The normalization constants Di; = 3, K(zi,x;) via the encoding,

(i4i) Scalar value weights a1, ..., ayr implementing the truncated Neumann series.

Then the GP posterior mean can be approzimated with error O(p* /Amin) where p=1—1/k.

This is an existence result. It establishes that the approxzimation lies within the representational
capacity of TNPs, but does not address whether gradient-based learning can find the required param-
eters.

Proof. By Proposition 34, the truncated Neumann series K~ = - Zm 0(I K/ Amax)™ satisfies
K- — Kil” < p*/Amin-

The approximation error in the posterior mean is:

e — pl = k(ze, Xo) (K™ =K yol < [[k(ze, Xo)| - 1K™ =K - flyell- H
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Corollary 36 (Depth Requirement). To achieve e-approxzimation of the GP posterior mean
uniformly over targets xy with ||k(xy, X¢)|| < By and observations ||yc|| < By, a TNP requires:

IOg(BkBy/(E)\min)) BkBy
=0 |kl
log(l/p) ioe 5)\min

self-attention layers, using log(1/p) =~ 1/ for large k.

Proof of Proposition 1/ (Chebyshev Upper Bound). Set

2 0, — (20— 1)m
)\max + )\min + (Amax - )\min) COS 95 , - 2L '

Ay = —

These are the optimal Chebyshev iteration parameters for inverting a matrix with spectrum in
[Amin, Amax]- Each ay is real and negative with ay € (—2/Amin, —2/Amax ), 80 the polynomial pr(\) =
[1,(1 + ag)) satisfies pr,(0) = 1 and has all roots —1/ay in [Amin, Amax]-

The residual polynomial r1,(A) = 1—X-py(A) is the degree-L polynomial vanishing at 0 that deviates
least from 1 on [Amin, Amax] in the sup-norm. Standard Chebyshev theory (Trefethen, 2019) gives
7L lloe < 20 where p = (/& —1)/(y/k + 1). The stated bound follows from |pz(K) — K~!|| =
K- lre (B < A - 20" O

D. TNP Lower Bound Proofs

D.1. Linearization

The GP posterior mean pu(z|C) = k(xy, Xo)K tyc is linear in yo. Any TNP approximating this
target must itself be approximately linear.

Lemma 37 (Linearization). Let F : C x X — R be a TNP achieving

sup |F(C,z) — k;(xt,Xc)Kflyc\ <e.
lycll<1

Assume F is twice continuously differentiable in yo with ||V§CF|| < Ly uniformly on |lyc] < 1.
Then:

OF L
el — k(zy, Xo)K 1| < 26 + 2.
ayC yo=0 2
Proof. Let M = 2& and T = k(x¢, X¢)K 1. For any unit vector u, Taylor expansion gives:

9yc lyc=0
F(0u) = F(0) 4+ 0 - Mu+ R(6)
where |R(5)| < £262 by the smoothness assumption.
The target satisfies T(du) := k(z¢, Xo)K 1 (0u) = 6 - Tu (exactly linear).
By the approximation hypothesis:

|F(du) — 6 -Tu| <e forall |0] <1.

Evaluating at 6 = 0: |F(0)| < e.

For ¢ # 0:
|F(0)+d-Mu+R(0) —6-Tu| <e

L
61 [Mu—Tul < & + [FO)] + |[R(5)| < 26+ -20%
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Setting § = 1:
L
|Mu — Tu| < 2+ 72

Since u was an arbitrary unit vector, ||M — T'|| < 2¢ + £2. O

Remark 38 (Smoothness of TNPs). The smoothness assumption holds for TNPs with standard
components. Specifically:

1. Softmax attention: [i; = exp(si;)/ D 1 exp(sik) is C° with derivatives bounded by functions
of the scores.

2. MLP layers with smooth activations (e.g. GELU, softplus, or sufficiently smooth approzima-
tions to ReLU) have bounded second derivatives on compact domains.

3. Compositions of C? functions with bounded derivatives remain C? with bounded derivatives.

For a TNP with L layers, representation dimension d, and weights bounded by Winax, the constant
Lo scales polynomially in these quantities. For the asymptotic depth bounds, we treat Lo as a fized
constant depending on the architecture but not on € or k.

D.2. Jacobian Evolution through Self-Attention

Definition 39 (Jacobian Matrix). At layer ¢, define the Jacobian matriz B € R™*" (suppress-
ing the representation dimension d) by

BY — on;
im aym o

Lemma 40 (Initial Jacobian). For an encoder h\®) (z;,y;) = a(xz;) + b(z;)y: + O(y?), the initial
Jacobian is diagonal:

B = 5,.b(z;).

m

Theorem 41 (Jacobian Evolution). Consider a self-attention layer with representation-based
attention:

n
BO = D 3 5 OW, R
where ,Bi(f) = SOftHlan(q(hgé_l))Tk(hg-g_l))/T).
Let K = 5(5)|yczo be the attention matriz evaluated at yo = 0. Then:

BWYW = p=1 L gw, BY-1 4 1) pt-1)

where TY is a matriz depending on X and network parameters, arising from attention gradients.

Proof. Differentiating the layer update with respect to y,,, and evaluating at yo = 0:

6h(€ 1)

m

on _ on{™Y 5y
e = g Za W, h; +Zﬁw g

At yo = 0, the third term becomes Z K”W B(K 1).
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For the attention gradient term, we use the softmax derivative:

0p; 0s; 0s;
o @;( 3 b 5’“)

where s;; = q(h;) Tk(h;)/T.
The score gradient is:

[“)sij - 1
OYm T |:(v

w2 g + a(hi) - (V)

T Oh;
OYym, .

OYm

A h<0) 5 aSi]‘
tyc =0, By o imb(24), s0 Bym

yo—o 18 nonzero only when m € {i,7}.

Collecting terms, the attention gradient contribution has the form I'» B¢—1 where I'“) depends on

K, query/key gradients, and initial representations—all functions of X alone. O

Corollary 42 (Polynomial Structure). After L self-attention layers, the Jacobian B =

oH®D) .
Dyo |yc=0 has the form:

BW) = Z CoK™ C1K™2 .. Cj,_1 K™ C,

mi,...,mE>0
my+-+mp <L

where each C; € R™*"™ depends on context locations X and network parameters, but not on observa-
tions yc .

In particular, BL) is a matriz polynomial in K of degree at most 2L. The factor of 2 arises because
the attention gradient terms I'“) involve quadratic products K”sz, contributing up to degree 2 per
layer when projected onto the eigenvalue-controlled family.

Proof. By induction on L. The base case L = 0 gives B(®) = Cy where [Co|im = dimb(x;) is diagonal.

For the inductive step, Theorem 41 gives:
BY = @ +1®)B Y L KW, B

where I'® depends only on X. If BV is a degree-(¢ — 1) polynomial in K, then B® is degree at
most £. O

D.3. Spectral Analysis

Definition 43 (Spectral Content). Let {v1,...,v,} be the eigenvectors of K with eigenvalues

w1 < oo < . For any vector u € R™, its spectral content is ¢ = (¢1, ..., ¢n) where u = Z; 1 €U

Lemma 44 (Quadratic Form Structure). Let M = Zi:o C, K™ be a commutative degree-
L matriz polynomial (i.e., Cp, commutes with K for all m). Let {vy,...,v,} be the orthonormal
eigenvectors of K with eigenvalues 1 < -+ < py,. Then for any eigenvector v;:

L
v;erj = Z (v;rC’mvj)pT,

m=0
a univariate polynomial in p; of degree at most L.

For the general (non-commutative) interleaved form of Corollary 42, the analogous reduction to a
univariate polynomial in a single eigenvalue requires restricting to kernel families where all but one
etgenvalue is constant, as in Lemma /5.
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Proof. Write K = 3", pipvgvy . Then K™ = 3, u oo/, so:
u K™y = Z i (u o).
k
For the full polynomial:
L L
w Mu = Z u' CK™u = Z ZMZ” cu' Cpug -vau.
m=0 m=0 k

Expanding C,, vy = Zj(v;rcmvk)vj:
uw Mu = Z u?(vaCmvk)(uij)(uTvk).

Setting Qx (1) = ZL (U;'—Cmv;g)uz1 gives the result. Each @), has degree at most L in puy, hence

m=0

total degree at most L. O

D.4. Eigenvalue-Controlled Kernel Family

Lemma 45 (Eigenvalue-Controlled Kernel Family). For any £ > 1 and n > 2, there exists a
family of positive definite matrices {K}iej0,1—1/x) such that:

(i) All row sums equal 1: K;1 =1, hence Dy = I and K, = K,
(ii) The minimum eigenvalue is pq(t) = 1/k+t € [1/k, 1]
(i4i) The minimum eigenvector vy is constant across the family, with vy 1 1
(iv) All other eigenvalues equal 1
(v) a=v] D; vy =1 for all t
Proof. Let {v1,...,v,_1} be any orthonormal set in 1+, and set v,, = 1/y/n. Define:
Ky = lvlvf + ivjv; =]+ (1 — 1> vlv;—.
K = K
Then K| is positive definite with eigenvalue 1/ for v; and eigenvalue 1 for vs, ..., v,.
Row sums: Kol =1+ (1/k — 1)vy(v{ 1) = 1 since v; L 1.
For t € [0,1 — 1/k], set K; = Ko +t-vyv; . Then:
e Kil=Kol+t-v(v]1)=1
o Kyvy = (1/k+t)uny

o Kiv; =v; forj>2

The minimum eigenvalue 1/k + ¢ remains below 1 for ¢ < 1 — 1/k, so v; remains the minimum
eigenvector throughout. O



Characterizing the Representational Capacity of Neural Processes 23

D.5. Reduction to Univariate Approximation

Lemma 46 (Reduction to Univariate Approximation). Let K; be the family from Lemma /5
with t € [fmin, tmax], and let M(X) be the Jacobian of an L-layer TNP evaluated at yo = 0. Then
there exists a univariate polynomial q of degree at most 2L such that:

virM(Kt)vl =q(t) for allt € [tmin, tmax)-

Proof. By Corollary 42, M is a sum of terms of the form CoK™1C} ---C}, with > m; < L, where
each C; depends on X but not on y¢.

For the family K; from Lemma 45, we have K; = K, (since D, = I) with eigenvalues ji;(t) = 1/k+t
and p; =1 for j > 2. The eigenvector v; is fixed across the family.

Consider any term CoK™*C;K["? - - - Cy. Expanding in the eigenbasis {v1,...,v,}:

’UIC()K?“CH s Ckvl = Z (UICOUjO)(U;)K;nlvjl) .

Jos-dk

( Vg 1Okvl)

Since KJ"v; = pitv;, each factor U]—'E,IK?H v, = p; 05, j;- The sum collapses to paths through
eigenvector indices.

For indices j > 2, we have p; = 1, contributing constant factors. Only paths passing through j =1
contribute powers of p(t). Therefore:

Kt U1 = Z Cm,“l Q(Ml (t))

where the coefficients ¢,,, depend on the matrices C; (hence on network parameters) but not on t.
The degree is at most 2L since each of the L layers contributes at most degree 2 due to the quadratic
attention gradient terms. O

D.6. Chebyshev Barrier
Theorem 47 (Chebyshev Lower Bound). For any degree-L polynomial p and any interval [a, b]
with 0 < a < b:

max
nEla,b]

() - ~| > 2
a u*a—f—bp

Vb/a=1 _ fr—1

where p = Part — VAT and k = b/a is the condition number.
a

Proof. This is a classical result from approximation theory. The optimal degree-L polynomial ap-
proximation to 1/u on [a, b] is achieved by appropriately shifted and scaled Chebyshev polynomials,
with the stated error bound. See Trefethen (2019). O

D.7. Spectral Relationship

Lemma 48 (Spectral Relationship). Let v = dpax/dmin where dpax = max; Dy and dpin =
min; D;;. Then:
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Proof. The matrix K = D~'K is similar to K = D~Y/2KD~1/2;
Dl/QKD71/2 — D*l/QKDfl/Q — K

Thus K and K share eigenvalues, and we analyze the latter via Rayleigh quotients.

Upper bound on £(K): For any unit vector w, setting u = D-1/2

w gives:

wKw  u Ku c Amin(K)  Amax(K)
’u)TIU o UTDU dmax ’ dmin

where the bounds follow from dpin||u]|? < u" Du < diax||u||?. Therefore:

)\max (K) /dmin
)\min (K)/dmax

R(K) < — 5 K(K).

Lower bound on £(K): Let vyax be the unit eigenvector of K with eigenvalue A\ ax(K). Evaluating
at w = DY 20

T
Amax(K) > vmaxKUmax _ Amax(K) > )\max(K).

- T T
UmaxDUmaX UmaxDvmaX

dmax

Let vmin be the unit eigenvector of K with eigenvalue iy (K). Evaluating at w = DY2y i

T
! UminKUmin Amin (K) )\min (K)
Amin(:[() >~ UT~ - < .

= —F <
Dvmin Umianmin dmin

Combining:

Corollary 49. When the row-sum ratio v = O(1), we have k(K) = O(x(K)). Consequently,

the depth requirement of O(\/k(K)log(1/e)) layers for TNP approzimation of GP posteriors is
equivalent to ©(/k(K)log(1/e)) in terms of the original kernel matriz condition number.

D.8. Target Quadratic Form

Lemma 50 (Target Quadratic Form). Let vy be the minimum eigenvector of K. The target

value satisfies:

_ o
v Kty = —
K1

where o = v D™y > 0 and py = )\min(f{).

Proof. Since K = DK, we have K~! = K~1D~!. Thus:

_ ~ 1 1 _ Q
v Koy =0/ K 'D oy = —o/ D71y = —
125} M1

where the second equality uses K lu = i’ul. Since D~ is positive diagonal and v; # 0, we have

a > 0. O
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D.9. Main Lower Bound

Proof of Theorem 15 (TNP Depth Lower Bound). Step 1: Linearization. By Lemma 37, there ex-
ists M (X) with || M(X)—K™| < 2e+Ly/2. For ¢ sufficiently small relative to the fixed architecture
constant Lo, this is O(e).

Step 2: Polynomial structure. By Corollary 42, M (X) has the form:
MX)= > Co(X)K™O(X): Cu(X)
mi,...,mp >0
my+-+mp <L

where each C;(X) depends on context locations and network parameters, but not on y¢.
Step 3: Restriction to controlled family. We use the family {K;} from Lemma 45 with pimin = 1/k
and piymax = 1. This family satisfies:

e Condition number x(K;) = k (ratio of largest to smallest eigenvalue is 1/(1/k) = k)

e Row-sum ratio v =1 (since Dy = I)

e Eigenvector coefficient a = v] D; vy = ||v1]|> = 1

Step 4: Univariate reduction. By Lemma 46, for this family:

of M(Kp)vr = g(pu(t))
where p;(t) = )\min(f(t) and ¢ is a polynomial of degree at most 2L.
Step 5: Target value. By Lemma, 50:

a(t) S5 0

pa(t) ~ pa(t)

Tre—1, _
vy Ky v =

Step 6: Chebyshev barrier. The approximation requirement ||[M — K; | < O(e) implies:

a(t
’q(/’dl) - :1)‘ < O(E) for all IS [/J/minvﬂmax]~

Since a(t) > ap and ¢ must approximate a(t)/p; > ao/p1, Theorem 47 gives:

ap 20 I
sup () — —|> ——F——-p
141 € [fmin sAmax) M1 Nmin(l + H)
where p = (v/k —1)/(v/k + 1).
Step 7: Solve for L. For the bound O(e) to hold:
20[0 L
———— - p" < 0O(e).
/~Lmin(1 + l‘ﬁ) pe= ( )

Taking logarithms:

1 cag
R L] G eI
IOg(l/p) 8Nmin(1 + H)

Using log(1/p) = log ﬁi = 2arctanh(1/y/k) =~ % for large x, and noting that ¢ has degree at

most 2L: . .
2L2§10g <Ca0>, hence Lz\fflog(cao>
€ €

for a constant ¢’ absorbing the pmin and (1 + k) factors into the logarithm. O
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D.10. Dimension Scaling

Proof of Theorem 18 (Dimension Scaling), part (c). The GP posterior mean at target x; is:

w(z|C) = sz 2; C)yi,  wiws; O) = [k(zs, Xo)K .

Encoding strategy: Use initial encoding h( ) = = (e;,yi, ;) € R*To+Hds wwhere e; is a one-hot index
vector.

After L self-attention layers: By Proposition 30 and the polynomial computation theorem,
representations can encode sufficient information about K and its powers to approximate K 'yc
via the Neumann series.

Cross-attention: With query-dependent attention weights a;(z;) o« k(z¢,x;), the cross-attention

output is:
= Z (07 (It)h,EL) .

If hEL) encodes the i-th component of K~1yc (call it 2;), then with a;(z;) = k(z¢, 2;)/ > k(ze, xj):

-1
T(l't) Z k(xth)Zz _ k(xt,XC)K Yyc

Z] k(xtvxj) Zj k(thj)

A decoder with access to »_; k(z¢,z;) (computable via an auxiliary attention head) recovers the
unnormalized posterior mean. O

E. ConvCNP Proofs

Proof of Proposition 19 (Translation Equivariance). The functional channels satisfy poyr(z+7) =
Yo w(r+T—2;—7) = pc(x), and identically for sc-. Convolution layers commute with translation:
for any filter ¢ and translated function f,(z) = f(z — 1), (¢ * f)(x) = (¢ x f)(z — 7). Pointwise
nonlinearities preserve this. By induction over CNN layers, foi (2 + 7) = o (z). O

Proof of Proposition 20 (Injectivity of Convolutional Aggregation). Step 1: Recover locations. Tak-
ing Fourier transforms, pc (&) = w(€) Y i, e 2™ %, Since w(£) # 0, we recover the characteristic

function of the discrete measure p = ), d,,, which determines {z1,...,z,} as a multiset.

Step 2: Recover values. Given the locations, sc(z;) = > i, w(z; — ;) h(y;) for j =1,...,n is the
linear system s = Wh with W, = w(x; — x;). For positive definite w (e.g. Gaussian) and distinct
x;, W is a positive definite Gram matrix, hence invertible. Injectivity of h then recovers y;. O
Proof of Proposition 21 (Pure ConvCNP Represents Stationary Kernel Smoothers). Set w = K
and h(y) = (y,1) € RW*L Then sc(w) = (3, K(we — @)y, 3, K(ze — i) and pe(ze) =
>_i K(x¢ — ;). The decoder g(s, p, xt) = 51.4,/54,+1 extracts the kernel smoother exactly. O

Proposition 51 (Pure ConvCNP Cannot Represent GP Posteriors). For generic positive
definite stationary kernels, the GP posterior mean is not representable by any pure ConvCNP.

Proof. A pure ConvCNP computes:

F(C,z _9<2 plee =) ] h(yi), pc (), xt) :

— Z]w Ty — T
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The weight a;(z¢) = w(x — )/ -, w(z¢ — ;) on context point ¢ depends only on the query-point
distance z; —x; and the set of all such distances {z;—z; }}1:1. It does not depend on the inter-context
distances {x; — ; } ;.

The GP posterior weight w;(x; C) = [k(x¢, Xc)K™1]; depends on the full Gram matrix K, which
couples all context points. The same two-point counterexample from Theorem 12 applies: the GP
weight on y; depends on k(z1,x3), which no factorized weight can capture. O

E.1. CNN Layers and Toeplitz Iteration

Proposition 52 (CNN Implements Toeplitz Iteration). Let context locations {x1,...,x,} lie
on a reqular grid with spacing 6, and let w = K for a stationary kernel K. A CNN layer with
residual connection and filter ¢y :

FO (@) = 7(@) + (60 7))
implements, at the context locations, the matriz update:
rl = (I4+ A,V

where [Ay)ij = 6% ¢y(x; — x;) is a Toeplitz matriz determined by the filter, up to boundary effects of
order O(0).

Proof. Evaluating the convolution at a context location x;:
(o % 7D () = /¢z((bi — &)Y () da

When #(~1) is concentrated near the context locations (which holds for localized w), the integral is
dominated by contributions from neighborhoods of each x;:

(G * 7V ) (@i) = ) dulwi — ) / FD() da' =y 6% delai — 25) 7D ().
j=1 B j=1

s(z5)

Since z; — z; depends only on the grid displacement i — j, the matrix [Ag];; = 8% pg(x; — xj) is
Toeplitz. O

Proof of Theorem 22 (ConvCNP Depth for GP Posteriors). On a regular grid, K is Toeplitz. The
Chebyshev iteration pr,(K) = Hé::l(I + ayK) uses parameters ay as in Proposition 14. Each factor
I+ /K is Toeplitz (the sum of identity and a scaled Toeplitz matrix), so each factor is implementable
by a single CNN layer with filter ¢¢(u) = ayK (u)/d% via Proposition 52.

The first error term is the Chebyshev approximation rate from Proposition 14. The O(¢) term
accounts for discretization of the convolution integral and boundary effects; both vanish as 6 — 0
for compactly supported contexts.

After L CNN layers, the representation at each context location x; encodes the i-th component of
pr(K)yc ~ K lyc. The readout step recovers the posterior mean p(x|C) = k(z¢, Xo)K lyc via
convolutional cross-attention with filter w = K. O

E.2. Depth—Support Tradeoff on Regular Grids

Definition 53 (Trigonometric Approximation Number). For a continuous function f :
[0,27] — R, define N:(f) as the minimum degree D such that there exists a trigonometric poly-

nomial t(w) = Z\jISD cje satisfying SUPe(0,2q] (W) — f(W)] <e.



Characterizing the Representational Capacity of Neural Processes 28

Lemma 54 (CNN Jacobian on Periodic Grids). Consider a ConvCNP on a periodic grid of
size n with L CNN layers, each with filter support at most p and residual connections:

O (z) = F7V (@) + o(de + 7D () + b)), L=1,..., L. (13)

Write the encoder as h(y) = h(0) + h'(0)y + O(y?). The Jacobian of the full ConvCNP output with

respect to yco, evaluated at yo = 0, is a circulant matriz that factors in the Fourier domain as:

L
J(k) = g(k) - [T (1 + de 7(R)) - 1/ (0) - dio(k), k=0,...,n—1,
(=1

where:

o w(k) is the DEF'T of the aggregation filter w,
o 74(k) is the DFT of ¢¢, a trigonometric polynomial of degree at most |p/2] in wy = 2wk/n,
e d; € R is the (spatially constant) activation derivative at layer £,

o (k) is the Fourier-domain readout transfer function.

Proof. We trace the Jacobian through the three stages of the ConvCNP: encoding/aggregation,
CNN processing, and readout.

Stage 1: Encoding and aggregation. The signal channel is s¢(x;) = Zj w(z;—x;) h(y;). Its Jacobian
with respect to y,, is:
Osc(zi)
OYm
At yo = 0, this becomes w(z; — ) - h'(0), the Toeplitz matrix W with entries W;,, = w(z; — 2.,),
scaled by h/(0). On the periodic grid, W is circulant with DFT @(k).

=w(z; — Tm) W (Ym)-

The density channel po(x;) =Y ; w(x; —x;) is independent of yo and hence contributes zero to the
Jacobian. Note that pc is constant across grid locations by translation invariance of the periodic
grid: po(x;) = po for all 4.

The constant component h(0) of the encoder contributes >, w(z; — x;) h(0), which is also inde-
pendent of yo and does not affect the Jacobian. Thus only the linear term h’(0)y in the encoder
expansion contributes.

Stage 2: CNN processing. At yo = 0, the signal channel vanishes (its yo-dependent part is zero)
and the density channel is the spatial constant pg. The CNN input is therefore spatially uniform at
yc = 0.

Consider the ¢-th layer (13). Its Jacobian with respect to its input, evaluated at yo = 0, is:
JO =1+ D,T,,

where T} is the circulant matrix of filter ¢, and D, = diag(c”’(¢¢ * 7~ () + be)|yo=0). Since the
input f(€*1)|yczo is spatially uniform (by induction the base case holds as shown above, and each
layer preserves spatial uniformity when the input is spatially uniform), the argument of ¢’ is the
same at every location. Thus Dy = d,I for a scalar dy € R.

The full CNN Jacobian is Jg = H@L:1(I + d¢Ty). Since each factor is circulant and products of
circulant matrices are circulant, Jg is circulant with DFT:

L
Jo(k) = [T+ de#e(k)).
(=1

Each 7¢(k) = 3, 1<|p/2) @e(md) e~2mikm/n g a trigonometric polynomial of degree at most |p/2].
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Stage 3: Readout. The readout g(7c(xt), po(xt), z¢) is evaluated at a single location. On the
periodic grid with stationary readout, the Jacobian of the readout with respect to the CNN output
is a circulant matrix with DFT §(k). (For the readout structure in Proposition 21, where g divides
by pc, (k) is the constant 1/pg.)

Composing the three stages by the chain rule gives the stated factorization. O

Proposition 55 (Full-Support Filters Trivialize the Problem). On a periodic grid of size n,
if each CNN filter has support p = n, then a single CNN layer (L = 1) suffices: there exist filter
coefficients ¢1 such that the ConvCNP Jacobian satisfies j(k:) = 1/ for all k, provided dy # 0,
K (0) # 0, and w(k) # 0 for all k.

Proof. By Lemma 54, the Jacobian at frequency k is J(k) = g(k) - (1+dy71(k)) - h/(0) - (k). Setting

J(k) = 1/Ar and solving:

A 1 1
f1(k) = d1<)\k ~g(k) - W (0) - (k) 1> '

This determines 71 (k) independently at each of the n frequencies. With p = n, the DFT ¢; —
(71(0),...,71(n — 1)) is a bijection on C", so ¢ exists and is unique. The solution is well-defined
provided d; # 0 (nonzero activation derivative at yo = 0, which holds for standard activations like
GELU or softplus evaluated at the uniform input), h’(0) # 0 (nontrivial encoder, which holds for
h(y) = (y,1) since h'(0) = (1,0)), and w(k) # 0 for all k& (which holds for positive definite filters
such as Gaussians, cf. Proposition 20). O

Theorem 56 (Depth—Support Tradeoff). Let K be a circulant positive definite matriz on a
periodic grid of size n with eigenvalues A\, = K (wg), where wy, = 2wk/n. Let n > 2L|p/2]. Any
ConvCNP with L CNN layers, each with filter support at most p, achieving e-approzimation of

K~ yc requires: A
L-[p/2] > Noe(c/K),

where ¢ = (G- h'(0) - W)~ absorbs the encoding and readout, and N is as in Definition 53.

Proof. Step 1: Linearization. The target T(yc) = K !yc is linear. By the same argument as
Lemma 37 (applied to the ConvCNP as a map R™ — R"), e-approximation of T implies that
the Jacobian M = OF/dyc|y.—o satisfies |[M — K| < O(e), where the constant absorbs the
smoothness bound Ls/2 which depends on the architecture but not on ¢ or .

Step 2: Fourier structure. By Lemma 54, M is circulant with DFT:
L
M (k) = g(k) - [0+ de 72 (k) - B(0) - i (k).
(=1

Define ¢(w) = Hszl (14-d; 7¢(w)), which is a trigonometric polynomial of degree at most D = L-|p/2].
Then M (k) = g(wg) - q(wk) - K/ (0) - w(wg).

Step 3:  Approximation requirement. Since M and K~! are both circulant, |M — K7 =
maxy |[M (k) — 1/Ag|. The approximation bound from Step 1 gives:

‘g(wk) ~q(wg) - W(0) - @ (wg) — /\ik <O(e) forallk=0,...,n—1.

Rearranging, the trigonometric polynomial r(w) = g(w) - h'(0) - w(w) - ¢(w) of degree at most D + Dy
(where Dy is the degree contribution from § and w, a fixed constant depending on the kernel and
readout) satisfies:

O(e) for all k.
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Step 4: From grid to uniform. The trigonometric polynomial r(w) — 1/K (w) has degree at most
D + Do + Dk, where Dy is the degree of the numerator of r(w)K(w) — 1 expressed as a ratio
of trigonometric polynomials. A trigonometric polynomial of degree N with |t(wy)| < O(e) at n
equispaced points satisfies ||t]|lc < O(e) provided n > 2N (since a trigonometric polynomial of
degree N is determined by 2N + 1 equispaced samples). The condition n > 2L|p/2| ensures this
(absorbing the fixed contribution Dy for n sufficiently large relative to Dy).

Thus r is a trigonometric polynomial of degree at most D 4 Dy that uniformly O(e)-approximates
1/K(w) on [0,2n]. By Definition 53, D + Dy > Np)(1/K). Since Dy is a fixed constant, D =
L-|p/2] > /\/’O(E)(l/f() — Dy, giving L - |p/2]| > NO(E)(C/K) as stated. O

Corollary 57 (Recovering the \/x Rate). Fiz filter support p = O(lx /), where Uy is the kernel
lengthscale. If the spectral density K( ) satisfies Koin < K( ) < Kopax With Kk = maX/Kmm, then:

In particular, for the filter support used in Theorem 22, the depth requirement matches the Chebyshev
upper bound up to the factor p.

Proof. The function 1/K (w) takes values in [1/Kmax; 1/Kmin]. By the substitution p = K(w),
approximating 1/K(w) in the trigonometric sense reduces to approximating 1/u on the interval
[Kmina Kmax]-

More precisely, let ¢(w) be any trigonometric polynomial satisfying [¢(w) — 1/K (w)| < & uniformly.
Define p(u) = t(K (1)) on any monotone branch of K. Then [p(u) — 1/pu| < € on [Kmin, Kmax)-
The degree of ¢ is at least the degree needed for p, which by the classical Chebyshev barrier (Theo-
rem 47) is Q(y/k log(1/¢)). (The substitution can increase degree by at most the factor [g/2], the
trigonometric degree of K itself, which is a fixed constant depending on the kernel support.)

Theorem 56 then gives L - |p/2] > Q(v/k log(1/¢)), yielding the stated bound. O

Remark 58 (Non-Grid Contexts). For irregular context locations, K is not circulant and the
Fourier diagonalization of Lemma 5/ breaks down as the CNN layers still produce Toeplitz (circulant)
Jacobians, but the target K=! is no longer circulant. The depth-support tradeoff ceases to apply in
its current form, and the relevant question becomes how well circulant matrices can approximate
the non-circulant iterates needed for K=1. This “circulant approzimation gap” depends on the
geometry of context point configurations in ways not captured by the condition number alone, and
its characterization remains open.

E.3. Incomparability with ANPs

Proof of Theorem 23 (ConvCNPs and ANPs Are Incomparable). Fanp € Fconvenp: Let o : X —
R, be non-constant and define the non-stationary kernel smoother:

o Zz o(xy)o(x;) K (x — x4) s
(Cro) = doio(we)o (i) K(ze — 2;) )

This is ANP-representable by Theorem 9 with non-stationary kernel K (z,2') = o(x)o(2') K (z —2').
However, F' is not translation equivariant: shifting all inputs by 7 replaces o(x;) with o(xz; + 7) #
o(z;) generically. Since every ConvCNP is translation equivariant (Proposition 19), F' ¢ FconveNp-

FconveNe € Fanp: For a stationary kernel, the GP posterior mean is translation equivariant
(K(z + 7,2' + 7) = K(x — «’) implies invariance of K under joint translation). By Theorem 22, a
ConvCNP with sufficient CNN depth approximates it to arbitrary precision on grid contexts. By
Theorem 12, it is not ANP-representable. O
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F. Hierarchy Proof

Proof of Theorem 24 (Expressiveness Hierarchy). Part (a): Attention branch.

fgll\)IP - fg\)lp: Set uniform attention weights «; = 1/n (achieved by constant query and key
functions).

édl\)IP Xgp Kernel smoothers are in F % ANP (Theorem 9) but not in }"CNP To see the latter, note

that a CNP computes F'(C, z;) = g(hc, x) where he is independent of a;. For the Gaussian kernel
smoother with n = 2 points, configurations C' = {(0,0), (1,1)} and ¢’ = {(0.25,0),(0.75,1)} can
satisfy ho = heo for appropriate h, yet the kernel smoother outputs differ: at ; = 0, configuration
C weights the points roughly equally while C” strongly favors the nearby point (0.25,0).

fgﬁp .7-"T1N‘Q An ANP is a TNP with L = 0 self-attention layers. With L = 1 and Wv(l) =0, we
recover ANDP.

fgﬁp # féll\}dp) : GP posteriors are in féjf\fg) for sufficient L (Proposition 35) but not in F ANP
(Theorem 12).

fq(:%g C ]-'%\I? ‘9 The inclusion follows by adding a layer with quLH) = 0. We prove strictness un-
der Assumptions 1 2 with scalar value weights; the global lower bound of Theorem 15 establishes the
corresponding result for representation-based attention at the coarser granularity of ©(y/klog(1/¢))
total layers.

An L-layer TNP with scalar value weights computes pr,(K)H(®) where py (z) = Hle(l +ayx). The
achievable set Pr, = {pr, : a1,...,ar € R} satisfies P, C Poly;, the space of polynomials of degree
at most L.

Let K have condition number x > 1 with eigenvalues in [Anpin, Amax). The GP posterior requires K1,
which acts as 1/ on each eigenspace. The minimax error for degree-L polynomial approximation
to 1/2 on [Amins Amax] 18

oL
E; = inf sup lp(z) —1/z| =© ( )

pePolyy, €A )‘min

min;Amax]

where p = (v/k — 1)/(v/k + 1); see Trefethen (2019). Since Pr, C Poly,:

inf K> E:.
inf p(K) - K| > B}
For the upper bound at depth L + 1, Proposition 14 provides explicit real parameters aq,...,ar41

such that pr1(K) = LH(I + oK) satisfies

2
[prs1(K) - K| < \ PL+1~

Combining bounds:

infL-layer HP<K> B K_lH > Ez

- > =0(pH > 1.
inf (14 1) tayer [[P(K) = K7~ CpEtt /Amin ()

Thus the GP posterior (restricted to accuracy e with E7 ;| < e < E}) lies in .7-"%\;;1 ) \.7:%\1?,

Part (b): Convolutional branch.

fé’f\)jp C ‘F((J?))nvCNP: Every CNP function is a pure ConvCNP function: set w = 1 (constant filter) to
recover mean aggregation sc(z;) = Y, h(y;) with pc(z¢) = n, giving F(C,z;) = g(£ 3, h(y:), 21).

Strictness: stationary kernel smoothers are in fé%)nvCNP (Proposition 21) but not in Fgf\)IP for any
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finite d, since the kernel smoother weight on y; depends on z; via K(x; — x;), which the query-
independent CNP representation cannot capture.

.Fg?nvCNP - .Félo)nvCNP: The inclusion follows by setting the CNN filter to zero. Strictness: consider
the one-hop kernel-weighted sum

4K£Et—£r7; -Kxi—:rj j
Py - DK Z_}){%_;) )3

which depends on inter-context distances K (z; — x;). A single CNN layer computes this (Proposi-
tion 52), but a pure ConvCNP cannot represent it: the weight on y; in the pure ConvCNP factors
as aj(xy) = w(xy —x;)/ Y, w(rs — 2, ), which is independent of all other context locations {z;};x;.
The one-hop sum assigns y; a weight proportional to ), K (x; — ;) K (x; — x;), which couples z; to
every other context point through the intermediate summation.

féﬁvaNP C féﬁ:‘}éNp: The same Chebyshev argument as in Part (a) applies. On regular grids, L
CNN layers compute Toeplitz polynomials of degree L in K (Proposition 52). The set of achievable
Toeplitz polynomials at degree L is contained in Poly;, so the minimax barrier E} applies. At
depth L+ 1, the Chebyshev construction of Theorem 22 achieves error Cp=*1 /A i, giving the same
separation ratio ©(p~t) > 1.

Part (c): Incomparability.

fg\)lp z f((:ﬁzvaNP : Non-stationary kernel smoothers are ANP-representable (Theorem 9) but not
ConvCNP-representable at any depth, since every ConvCNP is translation equivariant and non-
stationary kernel smoothers generically violate translation equivariance.

féﬁvaNP Z .FX?IP : For L > 1, ConvCNPs with CNN layers can approximate GP posteriors for

stationary kernels on regular grids (Theorem 22). GP posteriors are not ANP-representable (The-
orem 12). For L = 0, stationary kernel smoothers are exactly representable by pure ConvCNPs
(Proposition 21) but only approximately representable by ANPs (Theorem 9), giving a strict sepa-
ration in the exact representation sense. [

G. Latent NP Proofs

Proposition 59 (Encoder Bottleneck). For a latent CNP with encoder h : X x Y — Re, if
C~y,C' (z'.e., he = hcl), then:

q(2|C) = q(2|C") and hence p(yr|Xr,C) = p(yr|Xr,C")
for all target configurations X, regardless of decoder expressiveness.

Proof. The latent distribution depends on C only through r¢. If r¢ = r¢v, then ¢(2|C) = ¢q(2|C").
The predictive distribution p(yr|Xr,C) = [ p(yr|Xr,2)q(z|C)dz then coincides for C and C’. O

G.1. Mean Bottleneck

Assumption 5 (Gaussian Latent NP). The latent distribution is Gaussian: q(z|C) =
N(m(C),S(C)) withm :C — R* and S : C — R¥%*. The decoder is linear: f(z,2) = a(x)" 2+ b(x)
with a : X — R¥ and b: X — R.

Under this assumption, the predictive distribution at targets Xp = (a¢,,..., 2, ) is Gaussian with:
Elyr|Xr,Cl = A(X7)m(C) + b(X1) (14)
Cov(yr|Xr,C) = A(X1)S(C)A(X7)" +0°1 (15)

where A(X7) € R™** has rows a(zy,) " and b(Xr1) = (b(24,), ..., b(2s,,)) "
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Proof of Theorem 25, part (a) (Mean Bottleneck). Fix context locations X with n points in general
position for a universal kernel k. Define ¢(x;) = K~ 'k(X¢c,2¢) € R™, so the GP posterior mean is

¢($t)TyC~

Step 1: Construct target points with independent weight vectors. For a universal kernel, the vectors
{¢(x¢) : 74 € X} span R™. Choose n target points @y, , ...,z such that ® = [¢(xy,),...,¢(zs,)]" €
R™ ™ is invertible.

Step 2: Analyze the composite map. Define F : R¥ — R" by F(2) = (f(z4,,2),- .., f(74,,2)). The

matching condition requires:

F(9(Xe,y0)) = Py Vyc € R™.

Step 8: Dimension argument. Since ® is invertible, the map yc — ®Pyc is a bijection on R™. Thus
Fog:R" — R" is surjective.

The image of g : R" — R* has dimension at most min(n, k). For the composite F og to be surjective
onto R™, we need dim(im(g)) > n, hence k > n.

The stochastic case reduces to the deterministic case by considering the low-variance limit ¢(z|C) =
N(m(C),0%I) as 0 — 0. O

G.2. Covariance Bottleneck
Theorem 60 (Covariance Rank Bound). Under Assumption 5, the predictive covariance satis-

fies:
rank (Cov(yr|X7,C) — 0?I) < k

for any target configuration X and any context C.

Proof. From (15), Cov(yr|X7,C) — oI = A(X71)S(C)A(Xr)". This matrix has rank at most

min(m, k, rank(S(C))) < k. O
Theorem 61 (GP Posterior Covariance Rank). For a universal kernel k, the GP posterior
covariance matriz at m target points xy,, ..., x,, distinct from the context locations X¢o has rank m
generically.

Proof. The GP posterior covariance is:
Sr = Krr — Kre K 'Ker
where K1 = [k(xti,xtj )]” € Rmxm’ Kre = [k(xti,xj)}ij e R™*" and Kor = K,}rc

This is the Schur complement of K in the joint covariance matrix:
K Ker
Kre Krr)®
For a universal kernel, this joint matrix is positive definite when all n 4+ m points are distinct. The

Schur complement of a positive definite block in a positive definite matrix is positive definite. Thus
Y1 > 0, which implies rank(Xr) = m. O

Corollary 62 (Covariance Mismatch). A Gaussian latent NP with latent dimension k and linear
decoder cannot match the GP posterior covariance at m > k target points.

Proof. The GP posterior covariance (minus observation noise) has rank m by Theorem 61. The
latent NP predictive covariance (minus observation noise) has rank at most k& by Theorem 60. For
m > k, exact matching is impossible. O
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Proof of Theorem 25 (Latent NP Cannot Represent GP Posterior). Part (a) is proven above (Mean
Bottleneck). Part (b) is Corollary 62. Part (c) follows from (b) since we can choose arbitrarily many
target points. O

G.3. What Latent NPs Can Represent

Definition 63 (Finite-Rank GP). A GP has rank k if its covariance kernel admits the represen-
tation:

k
k(z,z') = Z Sijai(z)a; (') = a(z) " S a(z")
i,j=1
for some a : X — R and positive semidefinite S € R¥*k.

Theorem 64 (Latent NP Function Class). 4 Gaussian latent NP with latent dimension k and
linear decoder exactly represents the class of stochastic processes:

F0)

oot = 1f (@) =a(x) T 2+ b(x) 2~ N(m, S), a: X 5 RF b: X 5 R, meRF, §eRVF
where m and S may depend on the context C.
This is the class of GPs with rank at most k.

Proof. (=) A Gaussian latent NP with linear decoder f(x,z) = a(z)"z + b(x) and latent z|C ~
N(m(C), S(C)) induces:

Cov(f(z), f(@")|C) = a(z) " S(C)a(z")
which is a rank-k GP.
(<) Any rank-k GP with mean u(z) = a(z)Tm + b(z) and covariance k(zx,2’) = a(x)T Sa(z’) is
realized by setting the latent distribution to A'(m,S) and decoder to f(z,2) = a(x) "z + b(x). O

Corollary 65 (Representable Function Families). The class ]:l(gf?ent includes:

(a) Bayesian linear regression with k basis functions: f(x) = Z§=1 zjd;(x).

(b) GPs with degenerate (finite-rank) kernels.

(¢) Any k-parameter function family with linear parameter dependence and Gaussian parameter
posterior.

Corollary 66 (Spectral Decay Rates). For common kernels on [0,1]¢:

(a) RBF kernel: \j ~ e=<”’" | giving error O(e_clkz/d).
(b) Matérn-v kernel: Aj ~ j*(21/+d)/d} gu}zng error O(kf(m’)/d).

¢) Polynomial kernel of degree p: \; =0 for j > (P19), giving zero error for k > (P19).
Y d d

Remark 67 (Nonlinear Decoders). For nonlinear decoders f(x,z), the covariance structure is
more complex:

Cov(f (1, 2), f(zr, 2)|C) = B [f (w1, 2) f (w17, 2)] = B[ f (1, 2)[E: [ f (217, 2)]-

With sufficiently expressive f, the effective rank can exceed k. However, the mutual information
bound I(yr; C|X1) < I(2;C) < H(z) still constrains the total information about C that can flow
through a finite-dimensional latent. Formalizing this requires rate-distortion arguments beyond our
current scope.
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