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ABSTRACT

Despite a large corpus of recent work on scaling up Gaussian processes, a stubborn
trade-off between computational speed, prediction and uncertainty quantification
accuracy, and customizability persists. This is because the vast majority of existing
methodologies exploit various levels of approximations that lower accuracy and
limit the flexibility of kernel and noise-model designs — an unacceptable drawback
at a time when expressive non-stationary kernels are on the rise in many fields.
Here, we propose a methodology we term gp2Scale that scales exact Gaussian
processes to more than 10 million data points without relying on inducing points,
kernel interpolation, or neighborhood-based approximations, and instead leverag-
ing the existing capabilities of a GP: its kernel design. Highly flexible, compactly
supported, and non-stationary kernels lead to the identification of naturally oc-
curring sparse structure in the covariance matrix, which is then exploited for the
calculations of the linear system solution and the log-determinant for training. We
demonstrate our method’s functionality on several real-world datasets and compare
it with state-of-the-art approximation algorithms. Although we show superior
approximation performance in many cases, the method’s real power lies in its
agnosticism toward arbitrary GP customizations — core kernel design, noise, and
mean functions — and the type of input space, making it optimally suited for
modern Gaussian process applications.

1 INTRODUCTION

Gaussian process (GP) regression is a general-purpose tool for stochastic function approxima-
tion from data. A GP is characterized by a prior normal distribution p(f) over function values
f = [f(x1), f(x2), ..., f(x|D|)]

T that is defined by a mean m = [m(x1), ...,m(x|D|)]
T , we as-

sume zero mean without loss of generality, and a covariance K = Cov(f, f),K ∈ R|D|×|D|.
The function f(x) is considered the ground-truth and data-generating function. Data D =
{xi, yi} ∀i = {0, 1, 2, 3, ..., |D|} is thought of to have been generated through the functional re-
lationship yi = f(xi) + ϵ(xi), where ϵ(xi) is normally distributed noise. We will refer to the set of
all xi as X, and the vector of all measurements yi as y. Training a GP involves evaluating the log
marginal likelihood p(y), which requires calculating a linear system solution Ka = y, for a vector
a, and the log-determinant log(|K|). Both calculations scale O(|D|3), which has led to the widely
held belief that GPs can only be applied to moderately sized datasets of <10000 points (Williams
and Rasmussen, 2006). In addition, storing the covariance matrix scales at O(|D|2), which is often
even more problematic than the time scaling because it imposes a hard limit on a given computing
architecture.

The fundamental problem of scaling Gaussian processes (GPs) stems from the widely held view
that the covariance matrix is inherently dense. Sparsity is entirely derived from the chosen kernel
function; even if many function values f are uncorrelated (Cov(fi, fj) = 0), most kernel functions
would be unable to assign a zero covariance, rendering the covariance matrix dense by construction.
Existing kernels that are compactly supported, and therefore able to return zero, can do so only in
a stationary and purely distance-related manner, which limits accuracy; this is often referred to as

1



054
055
056
057
058
059
060
061
062
063
064
065
066
067
068
069
070
071
072
073
074
075
076
077
078
079
080
081
082
083
084
085
086
087
088
089
090
091
092
093
094
095
096
097
098
099
100
101
102
103
104
105
106
107

Under review as a conference paper at ICLR 2026

covariance tapering (Furrer et al., 2006; Kaufman et al., 2008). The missing scalability of Gaussian
processes comes down to a model misspecification problem; providing kernels with non-stationary
compact support allows the GP to discover naturally occurring sparsity in the dataset; sparse linear
algebra then leads to more favorable scaling — a methodology we call gp2Scale.

This basic principle has been applied before in (Noack et al., 2023) to demonstrate a proof-of-concept
run on a 5-million-point climate dataset. However, that early work only focused on one particular
kernel design, did not address comparisons to other scalable GP methodologies, and did not offer a
comprehensive software framework. In this paper, we officially announce gp2Scale as a methodology
and software to scale exact GPs to millions of data points. We also extend the methodology in (Noack
et al., 2023) by defining a new class of compactly supported non-stationary kernels and performing
rigorous comparisons to several state-of-the-art approximation methods. To set expectations: we
do not expect that our exact GP will be as fast as some of the approximate methods, and we will
require more computing power — after all, we are running an exact GP — but we will show that
large-scale exact GPs are feasible and lead to competitive or better accuracy while preserving the
natural flexibility of a standard GP.

gp2Scale, in a nutshell, has three components: (1) A flexible non-stationary compactly-supported
kernel function that allows natural sparsity to be discovered — not induced like in most approximate
methods, (2) a distributed-computation framework that allows quick computation of the covariance
matrix, and (3) a customized block-Metropolis-Hastings Markov-chain Monte Carlo (BMH-MCMC)
that allows quick convergence, natural regularization, and user-friendliness.

2 RELATED WORK

Past work in this field can be divided into two branches: exact and approximate methods. This
distinction is driven by whether the full dataset and the associated covariances are considered or
not; of course, any numerical procedure is approximate by nature, but numerical approximations are
considered to lie within the exact GP category. The most notable work on exact GPs was done in
(Wang et al., 2019), where the authors scaled exact GPs to over 1 million data points by avoiding the
log-determinant entirely and instead taking advantage of fast conjugate-gradient iterations on GPUs
to calculate the gradient of the log marginal likelihood for a local optimization. The method may be
sub-optimal for non-standard kernels with many hyperparameters because, one, the gradient for each
hyperparameter has to be computed, which will consume time, and two, for those kernels, the log
marginal likelihood is strongly non-convex, exhibiting many local optima that render a purely local
optimization ineffective.

The vast majority of work on GP scalability has focused on finding approximate solutions. Two broad
families have emerged: inducing-point methods, which introduce a smaller set of points to represent
the latent function, and local approximation methods, which exploit neighborhood structures for
reduced computation.

Inducing-point methods introduce M ≪ |D| pseudo-inputs Z to construct a lower-rank approximation
of the covariance matrix. Formally, one may approximate f by conditioning on u = f(Z), where
u ∼ N (0,K(Z,Z)). A common approach is to exploit the relationship f ≈ K(X,Z)K(Z,Z)−1u.
Within this framework, Sparse Variational Gaussian Processes (SVGP, (Hensman et al., 2013)) stand
out for their flexibility, as they can be trained by maximizing the Evidence Lower Bound (ELBO),
thereby accommodating a wide range of kernels. Sparse Gaussian Process Regression (SGPR,
(Snelson and Ghahramani, 2005)) likewise employs inducing points, but optimizes the marginal
likelihood directly. SVGP with Contour Integral Quadrature (SVGP-CIQ, (Pleiss, 2020)) improves
matrix inversion for Matérn kernels through numerical contour integration, but hinges on this kernel
class; while (Luo et al., 2022) extends the sparsification methodology to a fully Bayesian additive
setting (SAGP). Scalable Kernel Interpolation (SKI, (Wilson and Nickisch, 2015; Wilson et al., 2015))
and its extension, Kernel Interpolation for Scalable Structured GPs (KISS-GP, (Wilson and Nickisch,
2015)), arrange inducing points on grids to exploit structured kernel matrices and enable efficient
matrix-vector multiplications.

Local approximation strategies such as Nearest-Neighbor Gaussian Processes (NNGP, (Datta et al.,
2016)), Variational Nearest Neighbor Gaussian Processes (VNNGP, (Wu et al., 2022)), and the
Vecchia approximation (Vecchia, 1988; Katzfuss and Guinness, 2021) approach the covariance
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structure by examining local subsets of the data, thereby reducing both computational cost and
memory demand. In comparison to inducing-point-style methods, local approximation strategies
utilize sparse precision matrices rather than sparsity in the covariance matrix and take advantage of
selective conditioning on a set of neighboring points.

Selecting the most informative subset of these methods for comparison benefits from considering
factors such as scalability, flexibility, approximation accuracy, and implementation complexity. SVGP,
despite its reliance on variational inference, is well-established as a general-purpose inducing-point
method that gracefully handles unstructured data and multiple likelihoods. SGPR, though occasionally
tighter in its regression-specific marginal likelihood optimization, offers fewer advantages in broader
GP applications. SVGP-CIQ, with its reliance on Matérn kernels, does not match SVGP’s broader
kernel compatibility. SKI emerges as a particularly strong representative of structured interpolation
because it efficiently handles moderately-sized datasets without overly restrictive assumptions, apart
from its dimension. Among local approaches, NNGP remains the canonical nearest-neighbor strategy
for large-scale spatial data, offering significant computational gains by localizing predictions. VNNGP
combines the inducing-point method from SVGP with sparsification of the covariance matrix, similar
to NNGP. Vecchia’s sequential factorization covers a wide range of spatial-data scenarios and remains
tractable if the data can be sorted or grouped logically.

In light of these considerations, we compare four methods to our proposed gp2Scale that collectively
capture the essential design principles in GP scalability: SVGP as a general variational inducing-point
framework, VNNGP as a paradigmatic hybrid method, taking advantage of inducing points and a
notion of locality, SKI as a structured interpolation approach that is quick across low-dimensional
datasets, and Vecchia as a flexible local approximation leveraging conditional independence. These
four approaches span the core strategies — variational approximations, local factorizations, and
kernel interpolation — while retaining broad applicability and interpretability for large-scale Gaussian
process inference.

Contributions In this work, we propose gp2Scale: a new class of non-stationary compactly
supported kernels that, together with HPC distributed computing and a tailored block-MCMC, allows
us to scale exact GPs to millions of data points, preserving a GP’s original accuracy and flexibility. We
extend the framework to non-Euclidean input domains and provide comprehensive comparisons with
state-of-the-art approximation methods across mid- and large-scale benchmarks. The core premise is
that the GP covariance matrix is not naturally dense, but it is destined to be due to traditional kernel
designs. Giving non-stationary kernels extra flexibility and compact support will allow the training to
uncover sparse structure in the data, which translates into a sparse covariance matrix K, which in
turn, leads to faster linear solves and log-determinant calculations, all while the GP stays exact and
maintains all of its natural flexibility regarding noise and kernel functions. In particular, since the
method is based on flexible non-stationary kernels, it is agnostic to user-defined kernel designs or
abstract input spaces.

3 BACKGROUND

We consider a Gaussian prior p(f) = N (m,K), where m = m(xi) ∀i is the prior mean and
K = k(xi, xj). k(xi, xj) is the kernel or covariance function. We further consider, without loss of
generality, a normal likelihood p(y|f) = N (f,V), where V is some noise matrix. Following Bayes’
theorem, the log marginal likelihood can be derived as

log(p(y|ϕ)) ∝ −1

2
(y − m(ϕ))T (K(ϕ) + V(ϕ))−1(y − m(ϕ))− 1

2
ln(|K(ϕ) + V(ϕ)|), (1)

where ϕ is a set of hyperparameters. Going forward, we can ignore the prior mean m = m(xi) and
the noise matrix V without loss of generality. Training a GP means sampling from or maximizing
log(p(y|ϕ)) with respect to the hyperparameters ϕ. The problem of interest arises from the fact that
K ∈ R|D|×|D|, where |D| is the size (cardinality) of the dataset. The prior covariance matrix K has
to be stored and inverted (or, equivalently, a linear system solved). This leads to O(|D|2) storage
complexity and O(|D|3) time complexity. In addition, calculating log(|K|) also scales approximately
with complexity O(|D|3).
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Once hyperparameters are found, the posterior probability f(x∗) = f∗ can be calculated as

p(f∗|y) = N
(
m(x∗) + k(X, x∗)T K−1(y − m), k(x∗, x∗)− k(X, x∗)T K−1k(X, x∗)

)
, (2)

where X is the matrix containing all xi ∀i ∈ {1, 2, ..., |D|}. If K−1 was stored during training, this is
a quick operation, but this is rarely the case because the inversion is generally avoided due to accrued
inaccuracies. Otherwise, this operation will also require solving a linear system.

Both the unfavorable storage and time complexity of training and prediction traditionally limit the
application of GPs to medium-sized datasets. While approximation methods exist and are often
applied, they typically affect the GP’s accuracy and, worse still, limit its customization flexibility —
arbitrary non-stationary kernels and heteroscedastic parametric noise models.

4 METHOD

To recap, the core idea motivating the proposed method gp2Scale is that GPs may well scale to
large datasets if the kernel design is customized to allow the discovery of a sparse covariance matrix.
Therefore, the kernel has to possess the ability to return zero when two function values are deemed
independent. This can be achieved through compact support of the kernel functions. In the stationary
case, this is commonly referred to as covariance tapering in the literature (Zhang and Du, 2008;
Kaufman et al., 2008; Furrer et al., 2006) and has been widely criticized for excluding far-field
interactions — those unrelated to the proximity of data points under some distance measure. In
stationary datasets lacking far-field dependencies, covariance tapering is a clever and efficient method
to scale GPs while maintaining exactness. Recently, non-stationary kernels have gained popularity,
offering flexible ways to encode distance-unrelated (including far-field) dependencies. Following this
logic, if we can equip a GP with a flexible, non-stationary, compactly supported kernel, we recover a
sparse covariance matrix while accurately modeling far-field interactions, thereby enabling accurate
predictions and uncertainty quantification. In the following, we introduce a set of kernels that possess
the required properties: flexibility, non-stationarity, and compact support.

4.1 WENDLAND-STYLE KERNELS VIA THE PRODUCT OF KERNELS

Wendland kernels (Wendland, 1995) are a particularly prominent class of stationary, compactly
supported kernels. In our implementation and in the experiments, we will heavily rely on the
particular Wendland kernel

kW(xi, xj ; r0) =


(
1− ∥xi−xj∥

r0

)8
(
35

(
∥xi−xj∥

r0

)3

+ 25
(

∥xi−xj∥
r0

)2

+
8∥xi−xj∥

r0
+ 1

)
if ∥xi − xj∥2 < r0,

0 otherwise,
(3)

and small variations thereof, where r0 is the radius of support, and || · || is the Euclidean norm. Since
any product of symmetric positive semi-definite functions — the core property all kernels have to be
endowed with — is symmetric and positive semi-definite, we can freely formulate kernels of the type

k(xi, xj) = knonstat(xi, xj)kW(xi, xj) (4)
with arbitrary knonstat to define non-stationary compactly supported kernels. This particular kernel,
however, will mute non-local interactions outside of kW ’s support.

4.2 A NON-STATIONARY WENDLAND KERNEL VIA CONVOLUTION

To derive a non-stationary extension of the stationary Wendland kernel (3), we take advantage of the
fact that the convolution of two kernels

kc(xi, xj) =

∫
Rn

k(xi, x)k(xj , x)dx (5)

results in a valid kernel (Paciorek and Schervish, 2006; Risser and Turek, 2020; Higdon et al., 2022).
We can use this fact to propose the kernel

k(xi, xj) = σs(xi)σs(xj)
|Σ(xi)|1/4 |Σ(xj)|1/4∣∣∣Σ(xi)+Σ(xj)

2

∣∣∣1/2 kW (Q(xi, xj)) , (6)
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where σs is the non-constant signal standard deviation, Σ(x) is the anisotropic non-constant length
scale as a function on the input set, kW is a Wendland kernel (for instance the one defined in 3), and

Q(xi, xj)
2 = (xi − xj)

⊤
(

Σ(xi)+Σ(xj)
2

)−1

(xi − xj). Although Q(xi, xj) is not a valid distance
metric (it violates the triangle inequality), this kernel is positive semi-definite, as demonstrated by
Paciorek and Schervish (2006). This construction yields a highly flexible kernel, although non-local
interactions are still neglected outside of the support of kW .

4.3 THE BUMP-FUNCTION KERNEL

To include far-field interactions, we take advantage of so-called bump functions

b(x, xi) =

{
a exp

{
β
[
1− (1− |x− xi|2/r2)−1

]}
if |x− xi|2 < r

0 else, (7)

where a is the amplitude, β is an optional shape parameter, and r is the bump function radius. The
bump function is not a valid kernel. However, k(xi, xj) = g(xi)g(xj), is indeed a valid kernel for
any function g (including bump functions, see proof in Appendix 1) and a convenient way to create
non-stationary kernels with flexible signal variances when combined by-product with a stationary
kernel (Noack and Sethian, 2022). If we now consider g to be the bump function in Equation (7),
we recover a non-stationary and compactly supported kernel. This kernel lacks flexibility because
b(xi)b(xj) yields a rank 1 Gram matrix (for any g or b) and can therefore only turn data points “on”
or “off”; it also can inadvertently turn off covariances along the diagonal when pairs of points are
located outside of the support of any bump functions, leading to nonphysical behavior in which a
data point is not correlated with itself. Both issues can be avoided by considering the sum

k(xi, xj) = g(xi)g(xj) + σ2
skW(xi, xj), (8)

where local interactions are now preserved, and the associated Gram matrix has full rank. To
flexibly model far-field interactions, we define g(x) =

∑P
p b(x, xp) which means g(xi)g(xj) =∑P

pq b(x, xp) b(x, xq). Far-field interactions are still rank 1 and can only enable or disable covariances
for data points with respect to all other points (see Appendix C.1). Higher-order interactions, however,
can be modeled by considering

∑U
u gu(xi)gu(xj), which has rank≤ U . The implementation of those

adaptations results in the kernel

k(xi, xj) = kcore(xi, xj)
( U∑

u

gu(xi)gu(xj) + kW(xi, xj)
)
, (9)

where we included the optional product with an arbitrary user-defined domain-customized core kernel
kcore. This is the first kernel in the class that can flexibly model far-field interactions, since the bump
functions can be located anywhere in the input space. It also allows for higher-order interactions for
U > 1: a point set A might be correlated with a point set B but not with a point set C, while B and C
are highly correlated. We included a graphical illustration of the covariance matrix for this kernel in
Appendix C.1. The shape, amplitudes, and radii of the bump functions can be held constant or be
defined parametrically over the input domain, allowing control over the number of hyperparameters.
The positions of the bump functions can be trained or fixed to a grid or to a subset of data point
locations. An alternative option is to use clustering and position bumps at cluster centers.

4.4 COLLAPSING BUMPS INTO DELTAS

The introduced bump-function-style non-stationary kernels enable far-field interactions as defined
via the collective support of the bumps. While this is intuitive, it may lack flexibility and alter the
covariance structure imposed by kcore because of the bump function’s smooth shape. In those cases,
we may collapse the radii in Equation 7 to zero, which effectively results in deltas δ(x, xi) = 1 if x =
xi and 0 otherwise. This allows us to consider distance-unrelated non-stationary interactions very
flexibly. More specifically, the kernel

kd(xi, xj) =

|D|∑
p

gp(xi)gp(xj), (10)
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where gp(x) =
∑Q

q δ(x, xq) defines a non-stationary and compactly supported kernel in which,
in principle, each data point can choose to have non-zero covariances with an arbitrary set of
other points. For numerical stability, this kernel can be added to a Matérn kernel — to make the
covariance matrix diagonally dominant if needed by downstream solvers — and multiplied by any
user-specified domain-motivated core kernel. In this case, we obtain, similar to (9), k(xi, xj) =

kcore(kW +
∑|D|

p gp(xi)gp(xj)). The large number of terms in the two sums might worry some
readers about the required hyperparameters for this kernel, but rules for how to choose the positions
of the deltas can often be encoded parametrically with very few hyperparameters. For example, one
can mimic a flexible nearest-neighbor approach by introducing one additional hyperparameter: the
radius of the neighbors, or the number of neighbors (which may vary as a function of the input space).
Overall, using deltas instead of bumps allows for a mask that leaves the core kernel unchanged within
the support, while effectively maximizing sparsity. On the flip side, differentiability is lost.

4.5 AN EXTENSION FOR SMALL LENGTH SCALES IN kcore

The kernel in Equation (9) enables us to use bump functions as a type of mask that activates
covariances specified by the non-stationary, locally interacting core kernel kcore. If the length scales
of that core kernel are comparably small, far-field interactions will be muted. Separating local
and far-field interactions via k(xi, xj) = kcore1kW + kcore2

∑
p gp(xi)gp(xj) will allow far-field

interaction to remain active, even for small kcore1 length scales. kcore1 and kcore2 , in this case, may
only differ by their respective hyperparameters. An example kernel of this kind can be found in
Appendix C.2. This kernel circumvents the problem of muted far-field covariances by tying the
bump-function kernel to a globally supported kcore2 , which is, however, only active within the support
of the bump functions. This allows the influence of the bump functions to have a truly non-local
component.

4.6 DISTRIBUTED COMPUTING AND BLOCK MCMC

With the class of flexible non-stationary and compactly supported kernels in place, the remaining
building blocks of the gp2Scale framework are the distributed-computing framework and the block-
MCMC. Although both building blocks are crucial, they are much less involved compared to the
kernel designs, which are the core methodological advancement. Since we are calculating the
covariance matrix of an exact Gaussian process (GP), we need to distribute that calculation across
as many nodes (ideally GPUs) as possible. The dataset is divided into equally-sized square blocks,
which are then sent to the distributed workers for processing. There, the covariance matrix for pairs
of blocks is computed and returned in sparse COO format, thereby reducing communication load.
The matrix is assembled and cast to CSR format on the host node, where the solutions to K−1y
and log(|K|) are subsequently computed. See Appendix B.7 for details. Assuming that the kernel
identified a sufficiently sparse structure, both operations are very fast (see appendix B.6). This
makes the O(|D|2) scaling of the computation of the covariance matrix the most costly part. Note
that one might mistakenly assume that only non-zero elements of the covariance matrix need to be
computed, which would lead to better scaling. However, non-zero elements are not predetermined
but a result of the kernel evaluation, so all covariance matrix entries must be computed. Due to the
trivially parallelizable covariance matrix computation, given sufficient resources, this calculation can
be reduced to complexity O(1). Given the nature of the hyperparameters and their independence,
they can be sampled in separate blocks during MCMC, potentially leading to faster convergence.
However, evaluating each MCMC block requires an additional solve and a log-likelihood evaluation.

5 EXPERIMENTS AND RESULTS

In what follows, we compare the approximation performance of gp2Scale to state-of-the-art imple-
mentations of SVGP, VNNGP, SKI, and the Vecchia approximation. Since we are comparing an
exact GP with approximations, the needed computing resources are vastly different, and comparing
computing times and needed architecture is therefore meaningless. However, we report computational
details in the Appendix for the benefit of the reader and future users. gp2Scale is implemented
and available to users as part of the open-source (anonymous) Python package (anonimized).
We report the performance scores as means and standard deviations of ten independent runs for

6
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Figure 1: Approximation performance of VNNGP, SVGP, SKI, Vecchia, gp2Scale, and a base regular
GP for comparison, which is, in most examples we consider, computationally prohibitive. The ground
truth is depicted in blue; red dots represent the training data, and the posterior mean is shown in
black. VNNGP, SVGP, and SKI oversmooth and cannot adequately recover local oscillations. The
Vecchia approximation shows some local oscillation, although degraded. gp2Scale best preserves
local variations and sharp transitions, and offers reliable uncertainty quantification (UQ) very similar
to the base regular GP. Note that for all figures the posterior standard deviation of p(f) is displayed, not
of p(y), leading to vanishingly small uncertainties for the regular GP and gp2Scale, which is expected
given the dense data distribution. The competing methods are clearly overestimating the uncertainty.
The noise, in this example, is homoscedastic and constant across the tested methodologies.

all computational experiments except for the final production run on ten million data points due to
computational constraints. We present the RMSE and the CRPS for the evaluation of prediction and
uncertainty quantification abilities of the proposed algorithm. The results of the best-performing code
are highlighted in bold. All run scripts, training, and test data can be found in the shared repository
(shared at time of publication).

5.1 A 1-DIMENSIONAL SYNTHETIC FUNCTION

We want to start our computational experiments with the 1-dimensional synthetic function

f1(x) = sin(5x) + cos(20x) + 2(x− 0.4)2 cos(400x)

for easy visual inspection of the solutions. In gp2Scale, we used the kernel in Equation 6. At 2000
training data points, this example can be computed with a standard base-GP with Matèrn ν = 3/2 for
comparison. The result is shown in Figure 1. We also implemented the kernel for gp2Scale in SVGP,
but the default Adam optimizer failed to find a high-quality solution. The most striking takeaway
from this simple test is that all approximate methods smooth out local characteristics of the complex
and non-stationary test function (see Table 1). The implementation details for the competing methods
can be found in the appendix and the shared repository.

Table 1: 1-Dim. Synthetic Experiment.

Name SVGP VNNGP SKI Vecchia Base GP gp2Scale w/(6)

RMSE 0.19±5.4e-4 0.20±8.9e-5 0.19±1.3e-4 0.20±0.025 0.109±4.4e-4 0.107±9.0e-5
CRPS 0.11±3.7e-4 0.21±1.6e-5 0.11±2.4e-4 0.11±0.013 0.07±11.7e-5 0.06±14.9e-5
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5.2 TOPOGRAPHY

In this example, we train a GP regressor on 20,000 data points representing the United States’
topography. The test set comprises 5000 randomly chosen data points. While still low-dimensional,
this dataset is challenging due to its high degree of non-stationarity. The dense sampling leads to
the identification of substantial sparsity in the covariance matrix. The non-stationarity in the data
requires the use of a customized kernel. Since gp2Scale is agnostic to the core user-defined kernel
design, we observe superior performance using kernel (6) and (9) (see Table 2). The implementation
details for the competing methods can be found in the appendix and the shared repository.

Table 2: Topography.

Name SVGP VNNGP SKI Vecchia gp2Scale w/(6) gp2Scale w/(9)

RMSE 266.5 ± 2.1 236.0 ± 0.1 206.3 ± 0.1 150.0±0.2 136.3±0.17 136.1±1.03
CRPS 148.0 ± 3.0 175.5 ± 0.1 117.3 ± 0.3 78.4±0.10 63.8±0.81 74.6±2.96

5.3 8-DIMENSIONAL CALIFORNIA HOUSING DATASET

This dataset comprises 20,000 data points in eight dimensions, along with their corresponding
labels, which are housing prices from California (https://www.dcc.fc.up.pt/~ltorgo/
Regression/cal_housing.html). The test data set contains 640 points. The complexity
of this dataset lies in the fact that the high-dimensional space induces data scarcity, making the
discovery of naturally occurring sparsity in the covariance structure more difficult. gp2Scale was
executed using kernel (3) with axially-anisotropic distances (Automated Relevance Determination,
ARD (Williams and Rasmussen, 1995)) and performed competitively (see Table3) nonetheless. SKI
used an additive kernel because the dataset’s dimensionality exceeds the recommended value of 4
(Wilson and Nickisch, 2015). The implementation details for the competing methods are available in
the appendix and the shared repository.

Table 3: 8-Dim. CA Housing.

Name SVGP VNNGP SKI Vecchia gp2Scale w/(3)

RMSE 0.60 ± 3.0e-4 0.66 ± 4.0e-4 0.71 ± 1.9e-4 0.60±0.15 0.49±2.6e-3
CRPS 0.35 ± 1.1e-4 0.41 ± 1.9e-4 0.50 ± 2.6e-4 0.31±0.10 0.27±9.5e-3

5.4 60,000 MNIST HANDWRITTEN DIGITS

For this test, we extracted 70,000 handwritten digits from the MNIST dataset
(http://yann.lecun.com/exdb/mnist/), provided as 28 by 28 pixel arrays, and randomly di-
vided the set into 60,000 training samples and 10,000 test samples. For simplicity, we turn this
classification problem into a regression problem of the function f(x) = Pr(y = 5). The labels
are then 1 if the digit value is 5 and 0 otherwise. Although this is somewhat of a departure from
common practice, treating this as a regression problem of a probability despite it being a multi-class
classification, highlights the scalability and agnosticism to the input set of the proposed methodology.
As a performance measure, we are using the well-established Brier score. For this test, we skipped
Vecchia because it would have taken a substantial revamp of the existing package to work with this
dataset. The Vecchia R package (https://github.com/katzfuss-group/GPvecchia) is tailored for spatial
statistics. The combination of variational inference, inducing points, and a notion of neighboring
points led to poor performance for VNNGP. SVGP performed competitively. SKI cannot be applied
to this example due to the size of the 28× 28-dimensional local grid. gp2Scale is an exact GP, which
means there are no restrictions on the type of input space. For the gp2Scale run, we used the kernel
kWkd — the product of kernels (3) and (10). For all runs, we used the l1 norm as the distance metric.
Distances are well-known to collapse to a narrow range in high-dimensional spaces; it is therefore
important to plot the distributions of the pairwise distances and set sampling ranges appropriately.
See Table 4 for the results.

8

https://www.dcc.fc.up.pt/~ltorgo/Regression/cal_housing.html
https://www.dcc.fc.up.pt/~ltorgo/Regression/cal_housing.html


432
433
434
435
436
437
438
439
440
441
442
443
444
445
446
447
448
449
450
451
452
453
454
455
456
457
458
459
460
461
462
463
464
465
466
467
468
469
470
471
472
473
474
475
476
477
478
479
480
481
482
483
484
485

Under review as a conference paper at ICLR 2026

Table 4: MNIST Dataset.

Name SVGP VNNGP SKI Vecchia gp2Scale w/kWkd

BRIER 0.033 ± 2.8e-5 0.052 ± 2.9e-3 NA NA 0.018±0.002

5.5 3-DIMENSIONAL TEMPERATURE DATASET WITH 10 MILLION POINTS

The last example is particularly tailored to show the scaling potential of gp2Scale. The training dataset
comprises 10 million measured temperatures across the United States, spanning approximately 10
years (Menne et al., 2012). We ran this experiment on 1024 A100 GPUs on NERSC’s Perlmutter
supercomputing system. Within the available computing time, we managed to run circa 500 MCMC
iterations on a 1-million-data-point representative subset of the data and 100 MCMC iterations on
the full dataset, leading to a well-performing but not yet optimal model; however, we obtained
competitive results, beating the best competitor (Vecchia) by a slight margin nonetheless. This test
unequivocally shows that truly massive exact GPs are possible. One MCMC iteration took 477
seconds to complete. From this, we can deduce that a full run from scratch might take about a week
of runtime. Although this might sound like a long time, it is in line with the training times of some
large neural networks or LLMs. When a highly customizable exact GP is needed for a large data set,
gp2Scale can deliver superior performance when computing time and resources are available. The
results are summarized in Table 5. For this dataset, we are only reporting the RMSE of one execution
due to computing resource limitations.

Table 5: 3-Dim. Temperatures.

Name SVGP VNNGP SKI Vecchia gp2Scale w/(3)

RMSE 5.90 5.21 NA 2.8602 2.8509

6 DISCUSSION AND CONCLUSION

In this manuscript, we propose a new methodology, termed gp2Scale, for scaling exact Gaussian
process regression up to (and possibly beyond) 10 million data points. We have shown that the
method behaves competitively compared to state-of-the-art approximation methods. At the core
of the methodology lies the assumption that GPs are not naturally dense, but rather that standard
kernels impose density on the covariance matrix, resulting in the well-known scaling challenges.
Flexible, non-stationary, and compactly supported kernels instead allow the GP to discover naturally
occurring sparsity. This stands in contrast to the competing approximate methods in which sparsity
in the covariance or the precision matrix is induced through user-based choices, such as the number
of inducing points or neighbors. The main advantage of our method is that the GP remains exact,
allowing for superior prediction performance in many cases, but more importantly, imposes absolutely
no restrictions on user-required GP customizations. The proposed kernels can all be viewed as masks,
enabling sparsity to be discovered, given a user-defined "core" kernel.

However, we see gp2Scale not as a blanket solution but as a part of a practitioner’s arsenal when
tackling large-scale GPs. We acknowledge that approximate methods perform remarkably well in
certain situations at low computational cost. The Vecchia approximation, for instance, was hard to
compete with for the California Housing dataset. The dataset is relatively high-dimensional, making
the data points scarce, which in turn leads to difficulty discovering naturally occurring sparsity in the
covariance structure. In addition to this scarcity, non-stationarity plays only a minor role, limiting the
value of our methodology. VNNGP can be seen as a special case of variational inducing points of
Vecchia and shows mixed performance. SVGP often oversmooths, which leads to subpar performance.
SKI had similar issues in our tests.

As a summary of our tests, we recommend approximate methods when time and hardware availability
are an issue. For simple functions, inducing point methods are hard to beat, while in a spatial context
without significant non-stationarity, Vecchia approximations stood out. gp2Scale is best used for
sophisticated, highly customizable GPs on densely sampled, non-stationary functions.
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A USED THEOREMS

Theorem 1. Let k(x1, x2) be a valid kernel, then f(x1)f(x2)k(x1, x2) is also a valid kernel. Here,
f(x) is an arbitrary function over the input set.

Proof. Since k is a valid kernel,
∑N

i

∑N
j ci cj k(xi, xj) ≥ 0 ∀N, x ∈ RN , c ∈ RN

⇒
∑N

i

∑N
j fi fj ci cj k(xi, xj) ≥ 0 ∀N, x ∈ RN , c ∈ RN f ∈ RN

⇒
∑N

i

∑N
j ci cj f(xi) f(xj) k(xi, xj) ≥ 0 ∀N, x ∈ RN

B CODES, COMPUTING ARCHITECTURE AND COMPUTE TIMES

We used PyTorch implementations for SVGP(https://docs.gpytorch.ai/en/
latest/variational.html) and SKI(https://docs.gpytorch.ai/en/v1.6.
0/examples/02_Scalable_Exact_GPs/KISSGP_Regression.html), and the VN-
NGP implementation following the example of GPyTorch (https://docs.gpytorch.ai/en/
v1.13/examples/04_Variational_and_Approximate_GPs/VNNGP.html). The
Vecchia R package we used for the first two tests can be found here https://cran.r-project.
org/web/packages/GpGp/index.html. All other Vecchia tests were run with code found
here https://github.com/katzfuss-group/scaledVecchia/tree/master.
gp2Scale is implemented as part of the (anonymous) open-source Python package. SVGP, SKI, and
VNNGP were all trained with the Adam optimizer. Vecchia and gp2Scale are trained via MCMC.
While this might lead to some discrepancies in method comparisons, these mechanisms are baked
into the software packages, and the observed performance differences are unlikely to be caused by
them. If this were the case, it should be seen as a strength of methods compatible with MCMC.

B.1 1-DIM. SYNTHETIC

The SVGP, SKI, and VNNGP for the one-dimensional test were run on the T4 GPU on Google Colab,
which is equipped with an Intel Xeon CPU with two vCPUs (virtual CPUs) and 13GB of RAM,
and one T4 GPU. SVGP was run with 10 inducing points, VNNGP used 2000 inducing points (full
training dataset) and 50 neighbors, and SKI used 20 local grid points. The Vecchia approximation
code was run on a single core of a local 24-core node with 128 GB of shared RAM. Total run time
was 14 seconds (11.4 seconds for training and 2.6 seconds for predictions at the test points). We used
the default settings of 30 conditioning points per data point. gp2Scale was run on a single-node Intel
Core i9-9900KF CPU. The computation time for all methods was on the order of minutes.

B.2 TOPOGRAPHY

The SVGP, SKI, and VNNGP for the topography test were run on the T4 GPU on Google Colab,
which is equipped with an Intel Xeon CPU with two vCPUs (virtual CPUs) and 13GB of RAM, and
one T4 GPU. SVGP was run with 100 inducing points, VNNGP used 20,000 inducing points (full
training dataset) and 50 neighbors, and SKI used 30 local grid points per dimension. Vecchia ran on a
single core of a local 24-core node with 128 GB of shared RAM. Total run time was 494 seconds (442
seconds for training and 52 seconds for predictions at the test points). We used the default settings of
30 conditioning points per data point. gp2Scale was run on 15 A100 GPUs and ran in about 1 hour.
The approximate methods ran in about 15 minutes each.

B.3 8-DIM. CA HOUSING

The SVGP, SKI, and VNNGP for the housing test were run on the T4 GPU on Google Colab, which
is equipped with an Intel Xeon CPU with two vCPUs (virtual CPUs) and 13GB of RAM, and one
T4 GPU. The approximate methods ran in 30 minutes to about an hour. SVGP was run with 100
inducing points; VNNGP used 20,000 inducing points (full training dataset) and 50 neighbors; and
SKI used 30 local grid points per dimension (an additive kernel due to the dimensionality). Vecchia
ran on a single core of a local 24-core node with 128 GB of shared RAM. Total run time was 349
seconds (334 seconds for training and 15 seconds for predictions at the test points). We used the
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default settings of 30 conditioning points per data point. gp2Scale was run on 15 A100 GPUs and ran
in about 1-4 hours (based on the number of MCMC iterations).

B.4 MNIST DATASET

The SVGP, SKI, and VNNGP for the MNIST test were run on a dedicated NERSC Perlmutter node,
which is equipped with an Intel 2x AMD EPYC 7763 CPU. The approximation codes did not utilize
the GPU. The approximate methods ran in about 2 hours. SVGP used 500 inducing points. A larger
number decreased prediction accuracy. VNNGP used 20,000 inducing points (a third of the dataset)
and 1,000 neighbors, where decreasing the number of inducing points resulted in the method reverting
to mean prediction. gp2Scale was run on 15 A100 GPUs and ran in about 1-4 hours (based on the
number of MCMC iterations).

B.5 3-DIM. TEMPERATURES.

The SVGP, SKI, and VNNGP for the 3-Dim.-Temperatures test were run on a dedicated NERSC
Perlmutter node, which is equipped with an Intel 2x AMD EPYC 7763 CPU. The approximation
codes did not utilize the GPU. SVGP ran in about 4 hours. SVGP was run with 300 inducing points
(larger numbers exceeded RAM threshold). SKI did run out of memory even with only 4 grid points
per dimension. VNNGP used 10,000 inducing points with 1,000 neighbors, and took approximately
2 hours. Vecchia ran on a single core of a local 104-core node with 1 TB of shared RAM. Total run
time was 5.2 hours (5.2 hours for training and less than one minute for predictions at the test points).
We used 10 conditioning points per data point to minimize computational time. gp2Scale was run on
1024 A100 GPUs, which led to an execution time of about 477 seconds per MCMC iteration. We
expect a full run to use about 1000 MCMC iterations. This is because the hyperparameters have
physical meaning and can be initialized quite close to their final values.

B.6 COMPUTE TIMES ACROSS DIFFERENT PROBLEM SIZES

Computing times of one MCMC iteration (covariance calculation, MINRES solve, and log-det calcu-
lation) for the kernel in eq. 9 and a generic synthetic dataset on 16 A100 GPUs. This demonstrates
that, if sufficient sparsity is discovered, the calculation of the covariance matrix is the most expensive
operation of the compute pipeline, especially as problem size increases.

Dataset Size Sparsity Covariance MINRES LOGDET Total

50000 2.01E-05 1.11905 0.00666 0.92695 2.05560

50000 4.02E-05 1.10673 0.05059 1.09341 2.25396

50000 2.66E-04 1.13132 0.08509 0.96690 2.19455

100000 1.21E-05 2.03161 0.06763 0.97226 3.07747

100000 7.15E-05 2.03520 0.03350 0.92840 3.01514

100000 9.50E-05 2.02798 0.10975 0.98395 3.14211

200000 6.92E-06 10.1834 0.01366 0.92315 11.1279

200000 9.75E-05 10.2132 0.01185 0.92963 11.1715

200000 6.40E-04 10.9462 6.97306 6.97306 18.9802

B.7 DISTRIBUTED COMPUTING PIPELINE

The distributed-computing pipeline is shown in Figure 3.
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1
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Dataset divided into 
equal chunks

Dataset divided 
into equal chunks

1,1 1,2 1,3 1,4

2,2 2,3 2,4

3,3 3,4

4,4

Send to DASK worker

Figure 2: Compute pipeline. The dataset is divided into approximately equal chunks. Those chunks
are sent to (DASK) compute workers, which calculate a dense square block of the covariance matrix.
The block will be cast to sparse COO format before being shipped back to the host, where all blocks
will be collected and assembled into the full sparse covariance matrix. This simple pipeline allows us
to calculate truly massive covariance matrices in a reasonable amount of time. The kernels presented
in this paper allow the discovery of sparsity in the covariance matrix, enabling downstream operations
to be comparably cheap.
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C MORE INFORMATION ON KERNELS

C.1 COVARIANCE MATRIX ILLUSTRATION

Figure 3: Graphical illustration of the covariance matrix for a one-dimensional problem using kernel
(9) for U = 1 and kcore = 1, In particular, the far-field term g(xi)g(xj) has rank 1 and therefore the
associated interactions can only be turned “on” or “off” which is highlighted by a box pattern in the
covariance matrix

C.2 COMBINATION KERNEL

Here, we create a combination kernel from the core kernel

kcore(xi, xj) = σ(xi)σ(xj)
|Σ(xi)|1/4 |Σ(xj)|1/4∣∣∣Σ(xi)+Σ(xj)

2

∣∣∣1/2 kM (Q(xi, xj)) , (11)

where kM is any kernel of the Matérn class. Combining this kernel as shown in Equation 9 will lead
to a vanishingly small influence of the bump functions. Instead

k(xi, xj) =
1

2
σ(xi)σ(xj)

( |Σ(xi)|1/4 |Σ(xj)|1/4∣∣∣Σ(xi)+Σ(xj)
2

∣∣∣1/2 kW(Q(xi, xj))+

|Φ(xi)|1/4 |Φ(xj)|1/4∣∣∣Φ(xi)+Φ(xj)
2

∣∣∣1/2 kM(P (xi, xj))
∑
a

ga(xi)g
a(xj)

)
, (12)

where P is the equivalent of Q but with potentially different hyperparameters, and Φ is equivalent to
Σ defined in Equation (6), will allow both terms to stay influential.
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C.3 INTUITION ON THE NUMBER OF BUMP FUNCTIONS

Kernel (9) has a practical shortcoming: the choice of the number of terms in the sums. More specifi-
cally, the far-field kernel

∑U
u gu(xi)gu(xj), where gu(x) =

∑P
p bu(x, xp) needs the specification

of U and P . For intuition, imagine dividing the dataset into many subsets. Now, one might group
the subsets by the covariances of their data; subset pairs with large cross-covariances are grouped
together. P can now be interpreted as the number of subsets in each group, and U as the total number
of those groups. U = 1 leads to a rank-1 far-field term, which means data-subsets that are within
support will see the same covariance contribution. U = 1 excludes far-field effects entirely. U = 2
creates small groups of data subsets that co-vary similarly. If a third area covaries, the covariance
structure can be achieved by summing over u. Furthermore, P controls sparsity: as P approaches
|D|, the size of the dataset, sparsity disappears. U controls the rank of the far-field Gram matrix:
if we need to approximate complicated functions or many orthogonal modes, we have to increase
P . We want to remind the reader that GP training should start with all bumps disabled; they will be
enabled only when a beneficial impact on the log marginal likelihood is detected.
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