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Abstract

In this paper, we propose a new solution to reward adaptation (RA) in reinforcement learning,
where the agent adapts to a target reward function based on one or more existing source
behaviors learned a priori under the same domain dynamics but different reward functions.
While learning the target behavior from scratch is possible, it is often inefficient given
the available source behaviors. Our work introduces a new approach to RA through the
manipulation of Q-functions. Assuming the target reward function is a known function of
the source reward functions, we compute bounds on the Q-function and present an iterative
process (akin to value iteration) to tighten these bounds. The iteration process is based on a
lite-model, which is assumed to be given or can be learned. The computed bounds enable
action pruning in the target domain before learning even starts. We refer to this method
as “Q-Manipulation” (Q-M). We formally prove that Q-M, under discrete domains and an
accurate lite-model, does not affect the optimality of the returned policy and show that it is
provably efficient in terms of sample complexity. Q-M is evaluated in a variety of synthetic
and simulation domains to demonstrate its effectiveness, generalizability, and practicality.

1 Introduction

Reinforcement Learning (RL) as described by [Watkins| (1989); |Sutton & Barto| (2018) represents a class of
learning methods that allow agents to learn from interacting with the environment. RL has demonstrated
great successes in various domains such as games like Chess in |(Campbell et al.| (2002), Go in [Silver et al.
(2016)), and Atari games in Mnih et al.| (2015)), logistics in [Yan et al. (2022)), biology in |Angermueller et al.
(2019)), and robotics in Kober et al.| (2013). However, applying RL to many real-world problems still suffers
from the issue of high sample complexity. Prior approaches have been proposed to alleviate the issue from
different perspectives, such as learning optimization, transfer learning, modular and hierarchical RL, and
offline RL. However, few methods provably improve sample complexity.

The problem of reward adaptation (RA) was first introduced and addressed by Barreto et al.| (2017 2020),
where the learning agent adapts to a target reward function given one or multiple existing behaviors learned
a priori (referred to as the source behaviors) under the same actions and transition dynamics but different
reward functions. RA has many useful applications, such as enabling a vehicle’s driving behavior from two
known behaviors (comfortable driving with passengers and fast driving for goods delivery) to a new target
behavior that combines comfort and speed, accommodating both passengers and goods. Featuring such a
special type of transfer learning, RA methods can benefit from an ever-growing repertoire of source behaviors
to create new and potentially more complex target behaviors. Learning the target behavior from scratch via
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model-free methods is possible but often ine cient given the available source behaviors, while model-based
methods must implement bookkeeping to merge sample information from di erent source behaviors since it
requires su cient samples for every part of the state space, which can be expensive. In this paper, we present
a new approach that takes the advantage of both sides while avoiding their limitations to bridge the gap for
RA. This lite-model o ers complimentary bene ts with respect to the previous work.

To better conceptualize the RA problem, consider a grid-world

as shown in Fig.[1, which is an expansion of the Dollar-Euro

domain described by Russell & Zimdars |(2003). In this domain,

the agent can move to any of its adjacent locations at any

step. The agent's initial location is colored in yellow, and the

terminal locations are colored pink or green, which correspond

to the source reward functions (i.e., collecting dollars and euros),

respectively. Visiting the terminal location with a single color

returns a reward of 20 under the corresponding reward function,

and visiting the terminal location with split colors returns a Figure 1: Dollar-Euro domain.
reward of 0.6 under both reward functions. A target domain may correspond to a reward function that
awards both dollars and euros.

RA is most e cient when the source and target domains feature reward functions that are correlated. For
example, an assumption was made in Successor Feature Q-Learning (SFQL) Barreto etlal. (2017; 2020) where
the reward functions are expressed as feature weights. An advantage of this assumption is that the source
behaviors can be evaluated easily under the target domain. SFQL can be viewed as combining the best
parts of the source behaviors to initialize learning. Consequently, SFQL may not work well for situations
where the target behavior di ers substantially from the source behaviors, such as in the Dollar-Euro domain.
Our proposed approach, on the other hand, represents a more general knowledge transfer method whose
e cacy does not rely on the similarity between the source and target behaviors. However, we do assume
that training of the source behaviors jointly covers the state space. Soft Q Bounding (SQB) Adamczyk et al.
(2024) establishes double sided bounds of the Q function to speed up learning by clipping overly optimistic or
pessimistic updates. When viewed as a method for RA, it relies on a given Q function computed from source
behaviors. Although the proposed bounds are related to Q-M bounds, the ways we are estimating and using
these bounds di er substantially.

Our approach to RA is referred to as Q-Manipulation (Q-M). In this paper, we focus on discrete Markov
Decision Processes (MDPs) for a theoretical treatment. Challenges in addressing continuous MDPs are
discussed in Section 5, with directions outlined for future work. Similar to prior work on RA, we assume
the relationship between the source reward functions and the target reward function is known, and in our
case, via what is referred to as a combination function. The intuition here is that we often have a good idea
about the functional relationship (potentially noisy) between the source and target reward functions, e.g.,
being linear in the Dollar-Euro domain. Based on such a relationship, Q-M computes an upper and lower
bound of the Q-function in the target domain via an iterative process similar to value iteration. This process
operates on a lite-model of the transition function that is assumed to be provided and is accurate. To learn
such a model accurately in practice when the model is not available, an assumption must be made that each
transition is experienced at least once, which is a less stringent requirement than that of value convergence of
RL. The output bounds enable us to prune actions before learning the target behavior, without a ecting
its optimality. In our evaluation, we empirically show that the e ectiveness of Q-M across simulated and
randomly generated domains, and also analyze its limitations. In general, Q-M operates under additional
computation and space requirements that are reasonable to implement in practice, with its bene ts to sample
complexity outweighing these costs. For a comprehensive comparison between Q-M and competing transfer
learning approaches, refer to Table 1.

Our core contributions are: We address the problem of reward adaptation (RA) via Q-Manipulation (Q-M)
in domains with discrete state and action spaces, and demonstrate that Q-M is provably e cient to sample
complexity due to action pruning, and represents a new approach to RA that supports more general knowledge
transfer than the previous work. We introduce two methods that both leverage a lite-model for capturing
neighboring-state information: 1) Q-Manipulation (Q-M), which modi es Bellman updates to compute
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upper and lower bounds on the target domain'sQ in a value-iteration style update and 2) Monotonic
Q-Manipulation (M-Q-M), which extends Q-M by incorporating source Q-functions for initializing the bounds
and then iteratively tighten them. We formally prove the correctness of both methods. Since optimal actions
are preserved , there is no negative transfer under the ideal setting of accurate lite-models and Q functions
(in the case of M-Q-M). We extensively evaluate Q-M against baselines under such an ideal setting and with
a more realistic setting where the lite-model and Q functions are learned to validate its e cacy and analyze
its limitations.We also investigate under linear, nonlinear, and imperfect combination functions. Results
conrm Q-M as a valuable approach for RA.

2 Related work

Transfer learning and multi-task learning have emerged as two central paradigms in RL for improving sample
e ciency and generalization. This section surveys existing approaches across these domains, with a focus on
how prior experience from one or more source tasks can be exploited to accelerate or stabilize learning the
target task.

Transfer Learning in Reinforcement Learning: The goal of transfer learning in RL is to utilize knowledge

gained from previously solved tasks (source tasks) to improve performance in a di erent, typically unseen
task (target task). Foundational surveys such as Taylor & Stone (2009); Wulfmeier et al. (2023) categorize
transfer techniques by how the knowledge is transferred, ranging from policies and value functions to learned
models and internal representations. According to the taxonomy of transfer reinforcement learning proposed
by Taylor & Stone (2009), reward adaptation belongs to transfer learning where the allowed task di erence
is R. Even though more general transfer methods can be applied to reward adaptation, such as Mann &
Choe (2013), these methods are often heuristic in nature due to the generic relationship between the source
and target domains. Within the category of reward adaptation in transfer RL, several relevant methods
have been proposed. Notably, SFQL and SQB represent recent e orts aimed at improving transfer e ciency
through the use of successor features (and w) and action-value bounds, respectively. Table 1 presents
a comprehensive comparison of three methods, detailing their key characteristics, including assumptions,
core strategies, and intended use cases to provide a clearer understanding of the purpose and design of each
approach.

Q-M (M-Q-M) SFQL Bar- SBQ Adamczyk et al.
reto et al (2024)
(2017)
Assumptions Source Domain Ri, 1°( j s;ja), Q- and w Initial Q
variants (M-Q-M only)
Target Domain f Wiarget NA
Strategy for transfer Action pruning Warm start Clipped Bellman update
Guaranteed improvement on sample e ciency Yes No No
Pre-Learning or Online Learning Pre-Learning Pre-Learning Online Learning
Modularity Yes Yes Yes
Robust against Negative Transfer Yes No No

Table 1: Comparative analysis of Q-M, SFQL and SQB for transfer learning given source domain Q-values,
target reward as combination of source reward R = f(R;) and lite-model T( js;a)

Multi-Task Reinforcement Learning (MTRL): MTRL addresses transfer from a di erent angle by

aiming to jointly learn across multiple tasks. Rather than assuming task isolation, MTRL leverages shared
experience across a distribution of tasks to improve generalization or reduce training time on each task
Vithayathil Varghese & Mahmoud (2020). Common methods involve parameter sharing at the level of
policy networks, value functions, or representation encoders. For example, D'Eramo et al. (2019) explores
decentralized training where multiple agents share parameters with a central model during training, facilitating
cross-task generalization. MTRL typically involves joint learning across tasks. Moreover, MTRL approaches
typically rely on strong assumptions about the alignment of tasks during training, such as tasks belonging to
the same distribution Taylor & Stone (2009). These assumptions are necessary for stable joint optimization
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but signi cantly limit robustness when attempting to generalize or transfer across structurally diverse or
highly heterogeneous tasks.

Despite their promise, existing transfer RL and MTRL methods often assume a high degree of behavioral
or reward similarity between source and target tasks. When this assumption does not hold, transferred
knowledge can mislead the learning process, a phenomenon known as negative transfer. To mitigate this,
some approaches investigate mechanisms for estimating or bounding task similarity prior to transfer, though
such measures are not always practical, reliable, or easy to compute Carroll & Seppi (2005); Taylor & Stone
(2009). The proposed approach to reward adaptation does not rely on this assumption and thus bridges an
important gap in transfer learning, o ering a complementary and robust strategy for leveraging prior task
knowledge across tasks, regardless of their similarity.

Other Related Paradigms: Several adjacent elds intersect with the goals of transfer in RL and RA.
Reward decomposition Russell & Zimdars (2003); Van Seijen et al. (2017) breaks down complex reward
signals into composable sub-rewards to simplify learning. Multi-objective RL Roijers et al. (2013); Vamplew
et al. (2011) optimizes policies that balance trade-o s among multiple prede ned objectives. Hierarchical
RL (HRL) Dietterich (1998); Bacon et al. (2017) structures learning around temporal abstraction, using
high-level policies to control low-level sub-policies. While conceptually related, these approaches often rely
on known task structure, explicit sub-goals, or carefully designed reward factorizations, which limit their
applicability to general transfer scenarios or in some cases they are only scaling up RL instead of e ective
transfer of knowledge.

3 Proposed approach

In this section, we start with a brief introduction to reinforcement learning (RL) before discussing reward
adaptation (RA) and formulating our approach.

3.1 Preliminaries

In RL, the task environment is modeled as an MDPM = ( S;A;T;R; ), where S is the state spaceA is the
action space,T:S A S! [0; 1] is the transition function, R: S A SIR is the reward function,
and is the discount factor. At every stept, the RL agent observes states; and takes an actiona; 2 A.
As a result, the agent progresses to state:.; according to the transition dynamics T ( jst; a;), and receives
a reward r;. The goal is to search for a policy that maximizes the expected cumulative reward. We use
:S 1A todenote a policy. The Q function of the optimal policy is denoted by Q , and de ned i%ﬁiq. 1.

To prepare us for later discussion, we also introduc® (Eq. L X —
2) to represent the Q function of the worst policy that min- Q (s;a)=max E o FtJSo, @
imizes the expected return. The following lemma establishes - = st
the connection between Q and a variant of Q : D
. — H ty ic -
Lemma 3.1. Qg(s;a)= Q g (s;a), whereQpg (s;a) denotes Q (s;a)=min E o FtSo; @

the Q function of the optimal policy under negative R or R.

In this paper, we consider RL with discrete state and action spaces and deterministic policies. Extending the
discussion to the continuous cases and stochastic policies will be future work. Proofs throughout the paper
are in the appendix.

3.1.1 Reward Adaptation (RA)

In RA, we consider only the adaptation of the reward function, and hence assume the same transition dynamics
(including terminal states), state, and action spaces for the source and target behaviors. Furthermore, the
source and target reward functions are assumed to be related, e.g., via successor features in Barreto et al.

may transfer knowledge to the target domain. Next, we provide the problem statement of RA under our
approach as follows:
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De nition 3.2. Reward Adaptation: RA is a problem to determine the optimal policy under a target reward
function R that is under a known functional relationship with the source reward functions speci ed as
follows:

R=f(R 1;R2;:::Ry) 3)
wheref is referred to as the combination function that relates rewards from the source and target domains.

The above de nition provides a general formulation of RA when no restriction is placed onf , equivalent

to that in Barreto et al. (2017) when each state is viewed as a unique feature. In practice, however, we
often restrict the form of f, such as assuming linearity. In such cases, the above formulation becomes less
expressive for rewards than Barreto et al. (2017) for RA problems. Wherf must be learned,f can also be
augmented with a noise component to accommodate for imperfect observations or function mappings (more
discussion later).

3.1.2 Provably E cient Transfer in Q-Learning

A central objective in transfer learning is to establish theoretical guarantees that knowledge transfer leads
to improved sample e ciency (Agarwal et al., 2023; Tirinzoni et al., 2020; Mann & Choe, 2013). However,
these results do not apply readily to reward adaptation, which has a more restrictive problem setting that
allows the analysis to be more targeted. In particular, in our approach, the e ciency of sample complexity
lies in action pruning. Using Theorem 7 from Qu & Wierman (2020), the sample complexity bound is given

by O % ; where jSj denotes the cardinality of the state spacejAj denotes the cardinality of the

action space,tnix is the mixing time of the underlying Markov chain induced by the policy, 2 (0;1) is
the discount factor, and " > 0 is the accuracy parameter. Q-M pruning strategy eliminates suboptimal
actions while ensuring that the optimal action is preserved, thereby yielding a reduced action se& A .
Furthermore, pruning may render some states of the original MDP unreachable, since transitions associated
with pruned actions are removed. This is equivalent to cutting down the state space since the theory applies
to space that is ergodic. Hence, action pruning directly impacts the jSjjAj )? term in the bound. While it is
not straightforward to theoretically establish changes to the mixing time of the MDP after pruning, as long
as the simpli ed transition structure leads to a mixing time that is not larger, sample e ciency will improve.
Together, these e ects would likely yield a polynomial reduction in sample complexity, as compared to the
original MDP. It is also worth noting that action pruning not only bene ts sample complexity but also regret.
Even though these are separate concepts in RL, they are often related: the theoretical regret bounds often
depend polynomially on the cardinality of the state and action space (Zhang et al. (2020); Bai et al. (2019)).

3.2 Q-Manipulation

In transfer learning, the source domains can pass information to the target domain to facilitate its learning.

In RA such as Barreto et al. (2017), for example, what is passed includes 1) successor features, which are
essentially discounted feature counts, and 2) source weights. The successor features of a source policy allow it
to be evaluated easily under any new task given its weights. In Q-M, we assume the following to be passed:
a) source reward function, and b) a lite-model of the environment (denoted byT'( js; a)), where the lite-model
captures neighboring information only. For example, the neighbors of a state after executing an action may be
represented as a small region around that state. Since the lite-model does not model the distribution of such
neighbors, learning it accurately only requires each transition to be visited at least once jointly while training
the source behaviors. While it is still a strong assumption, it simpli es such joint learning. Optimality of
Q-M is no longer guaranteed when this assumption fails. For the target domain, feature weights are assumed
in Barreto et al. (2017) and f is assumed in Q-M. Both may also be learned. From this perspective, Q-M is
comparable to Barreto et al. (2017) in terms of resource demands.

In Q-M, we iteratively re ne an upper and lower bound (UB and LB) of Qg . These steps are formalized
below:
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De nition 3.3 (Q-M Bellman Operators). The Bellman operators for UB and LB in Q-M are mappings
T :RSA IR ISA  that satisfy, respectively:

h i
(Tmax QRB)(s;@) = max  R(s;a;s)+ max QB (s%a) 4)
s02 T'(js;a) h al i
(Tmin Q2 )(s;@)= min R(s;a;89+ max QL (s%a) (5)
s02 T'(js;a) al

More speci cally, T(js;a) denotes 1-step reachable states from s;a. When T(js;a) is given, it can be
provided directly to the target domain. In practice, T( js;a) can be estimated via memorization while learning
the source behaviors. Such information can then be consolidated by the target domain. Optimality is no
longer guaranteed when such an assumption does not hold. A similar practice can be adopted for learning
the source reward functions when they are not available, which are combined vi& to compute the target
reward function used above (i.e.,R). When R; is subject to noise, it may be approximated by the mean
reward measured during source training. However, this approximation would also result in the loss of the
optimality guarantee (see Section B.3). With deterministic domains, the Q-M Bellman operators above are
exactly the operator in value iteration.

Note about lite-models: Zhuo & Kambhampati (2017) has explored the use of lite-models for planning. Lite
models are incomplete or approximate models of a domain: they provide limited or coarse-grained information
about the domain dynamics. While the lite-model considered in our work cannot be used directly for planning,
it can support reinforcement learning, opening up a new possibility for transfer learning.

Similar to value iteration, the UB and LB can be initialized arbitrarily, established by the following theorem.

Theorem 3.4 (Q-M Convergence). T :RISA IR ISA s a strict contraction such that the Q function
converges to a unique xed point for UB and LB, respectively, or more formally:

kKTa T Qski kQ a Q gki;8Qa;Qs 2RISA

kfk1 = sup, jf (x)j and hencekQa Q gki returns the maximum absolute di erence betweenQa (s; &) and
Qs (s;a) under any s; a above. Given that the Q values for UB and LB may be initialized arbitrarily, Next,
we demonstrate that the bounds are valid upon convergence. This is established by the following theorem:

Theorem 3.5. Given the standard Bellman operator T, Tnmin , and Tmax (discussed above), if the Q-functions
aresuchthat G Q o Q §B, then
QP Q« Q°

holds for allk 0. Thus, the xed points Q , Q'8 , and QU8 produced by the respective operators, satisfy
the same ordering in the limit as k ! 1.

3.2.1 Monotonic Q-Manipulation (M-Q-M)

We have shown that Q-M iteration process will converge to a xed UB and LB, respectively. However, the
updates are conservative in the sense that only the best or worst transitions are considered. This can lead to
loose bounds even when we start with tighter bounds as initialization, which is counterproductive. Next, we
consider new update rules to avoid the issue when we have a valid UB and LB to start with.

First, we formalize the new updates as follows:

Upper Bound (UB)

QiB(s;a)>Q [Initialization] (6)
h i
QB (s;a)=min  QYB(s;a); max R(s;a;s)+ max QYB(s%ad (7)
s92 T'(js;a) ao
Lower Bound (LB)
Qs <Q [Initialization] ®)
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h i
B (s;a)=max QLB (s;a); min  R(s;a;s%)+ max QLB (s%a) (9)
592 T'(js;a) a0

This update guarantees that the upper and lower bounds are monotonically non-increasing (for the upper
bound) and non-decreasing (for the lower bound). At every iteration, the bounds satisfy the condition:
Q' Q Q YB. The outermost max/min ensuresQ® Q  Q B throughout the iterative processes
via simple induction. When the source reward functions are noisy, it requires their min/ max noise to be
used in the updates. Similar to Q-M, whenR; is noisy, using mean reward may lead to inaccuracy due to
approximate R; as well as inaccurate source Q functions derived fronR;. In such cases the soundness of the
bounds cannot be guaranteed (refer to Section B.3). Next, before discussing the initializations, we show
that such processes converge to a xed point in M-Q-M.

De nition 3.6. (M-Q-M Bellman Operators) The min and max Bellman operator for UB and LB in M-Q-M
are mappings T : BBA IR ISA  that satisfy, respectively:
|

h i
(Tmin QPB)(si@)=min  QYB(s;a); max  R(s;a;s)+ max QY (s%a)
s92 T'(js;a) al
o
h i
(Tmax QK2 )(s;@) =max QLB (s;a); min  R(s;a;s%)+ max QLB (s%a)
s92 T'(js;a) a0

Since the theoretical results for the min and max operators are similar, we do not distinguish between them
below but provide separate proofs for them in the appendix.

Theorem 3.7 (M-Q-M Convergence). The iteration process introduced by the Bellman operator in M-Q-M
satis es o
KTQ TQ wiki KQ k Q wiki ;8Qk; Q1 2RISH

under the initialization assumption of Equation (6) and Equation (8) such that theQ function converges to a
xed point.

This process converges to a xed point, since the di erence between two consecutive iterations always
decreases. However, it turns out that the xed point may not necessarily be unique, as with value iteration.

Theorem 3.8. The Bellman operator in M-Q-M speci es only a non-strict contraction in general:

TQTE&  Q &

This result is interesting since it identi es another case where non-strict contraction results in a xed point
other than the identity map.

Corollary 3.9 (Non-uniqueness). The xed point of the iteration process in M-Q-M may not be unique.

In our evaluation, we observe that the xed point found by the M-Q-M iteration process depends on the
initialization. Another observation is that the Bellman operator in M-Q-M appears almost identical to that
in value iteration when the MDP is deterministic. In such cases, we observe that Q-M and M-Q-M often
results in zero-shot learning when the upper and lower bounds converge to Q

3.2.2 Initializing the Bounds

In order to use M-Q-M updates, the user must provide some correct bounds to start with. To relax such a
requirement, next, we show how high quality initialization can be automatically computed for restrictive
sets of problems. Computing such an initialization requires additional knowledge to be transferred from the
source to the target domains, which can be done by transferring the source domai@; and worst return
policy Q; values to the target domain.

A simple way to initialize the bounds would be to identify the most positive and negative rewards and
compute the sums of their geometric sequences via the discount factor, respectively. However, these bounds
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are likely to be too conservative to be useful since the iteration processes may converge undesirably due to
non-unique xed points. Intuitively, we would like the bounds to be tight initially to yield the best results.
However, computing bounds for the target behavior based on information from the source behaviors only is
not a trivial task. Next, we show situations where additional assumptions hold such that we can provide more
desirable initializations. In particular, we will show next how di erent forms of the combination function f in
Eg. 3 can a ect the initializations.

Linear Combination Function: First, we consider the case when the target reward function is a linear
function of the source reward functions. In such cases, if the agent maintains botl); 's and Q; 's while
learning the source behaviors, we propose the initializations as follows. Note tha@; can be obtained
conveniently while learning the source behaviors based on Lemma 3.1.

P
LemmaP3 10. When R = ,"1 GRi with ¢ 0, Fhe upper and lower bounds of), are, respectively,
5= 1, 6Q and Q® =max; ¢Q + ;GQ ,wherej2fl:ngni.

Nonlinear Combination Function: Handling a nonlinear combination is more complicated and deriving
tight bounds that are guaranteed to be correct is di cult. Instead, we propose approximate bounds for

a monotonically increasing and positive functionf as follows: QB = f(Qlej;QjRZJ;:::' R, J) and

Using the bounds above requires the agent to maintaierRij's (representing Q function with respect to
reward jRij). Since these bounds are approximate, they do not guarantee correctness for M-Q-M in general,
meaning that actions belonging to the optimal policy may be pruned. However, we show that they work well
in practice in our evaluation.

3.2.3 Noisy Combination Function

When the combination function is not known exactly but can be modeled with an additional noise component,
suchthat R = f (R1:::R,)+ N, and we know the range of the noise (i.e.Nmin and Npnax ). We can consider
such situations by augmenting theR (s; a; s") in Egs. 7 and 9 with Nmax and Nmin , respectively. We must also

t max

update the initialization of the bounds using QU8 = QUB + Njax  * and Q'8 = QB + Npin 117
where thax is the maximum steps in an episode. Note however that such modi cations will likely reduce the
e cacy of Q-M.

3.3 Action Pruning in Q-M:

If an action a's lower bound is higher than some other actior&'s upper bound under a states, then & can be
pruned for that state. This allows us to reduce the action space per each di erent state, which contributes to
faster convergence (refer to Sec. 3.1.2). For empirical purposes and to avoid numerical instability, we use
a threshold () and prune only if QY (s;a) Q YB(s;4) . When the source domain's Q values are
computed using value iteration with a stopping threshold , can be set to be 2 — to ensure that no
actions would be wrongly pruned. When the Q values are approximated (such as via Q learning) andis
unknown, setting would not be so straightforward and we delay its treatment to future work. When the
upper and lower bounds are sound, the optimal policies are preserved.

Theorem 3.11. [Optimality] For reward adaptation with Q variants, the optimal policies in the target domain
remain invariant under Q-M and M-Q-M (under their ideal settings discussed, respectively) when the upper
and lower bounds are initialized correctly.

4 Evaluation

4.1 Baselines

The primary objective here is to evaluate the performance of Q-M using target time to threshold Taylor
& Stone (2009) and analyze its bene ts and limitations. We compare Q-M against three methods: SFQL
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Barreto et al. (2017), a state-of-the-art approach for reward adaptation; SQB Adamczyk et al. (2024), which
clips the Bellman error using a prior Q-function to accelerate learning; and standard Q-Learning (QL) without
any knowledge transfer as a baseline. To initialize learning for SFQL, we evaluate the given source behaviors
in the target domain to compute a bootstrap Q-function as described in the generalized policy improvement
theorem in Barreto et al. (2017). Additional results for the running time taken by the Q-M iteration process
are reported in Sec. A.4.2. We keep the hyperparameters for Q-Learning the same across the di erent
methods (refer to Sec. A.4.1).

4.2 Evaluation Design

Since we are interested in demonstrating Q-M (short for Q-M/M-Q-M unless separately noted) as a more
robust knowledge transfer method than SFQL or SQB, we design the evaluation domains such that the target
behaviors are substantially di erent from the source behaviors in most of them (similar to the situation in
Dollar-Euro). Designing evaluations this way also provides an opportunity to study negative transfer in
transfer learning. Details on how the source and target behaviors are designed are in the appendix. For SFQL,
policy evaluation of the source behaviors, required to bootstrap target learning, is achieved via value iteration
on the target. To analyze the theoretical properties of Q-M, we assume access to accurate lite-models, reward
functions of the source behaviors, and Q-variants (only for M-Q-M and computed using value iteration). In
the appendix, we use memorization to estimate these from source domains and these variants have comparable
performance to their exact counterparts. For M-Q-M, we use the initializations described in Sec. 3.2.2.

One observation about Q-M is that the computation of UB and LB is a ected substantially by the stochastic
branching factor (SBF) of a domain, as evident in Egs. 4, 5, 7 and 9. SBF here is de ned as the maximum
number of next states reachable (or with a nonzero transition probability) from any state and action pair
Intuitively, the less stochastic the domain is, the more the Bellman updates in Q-M resemble that in value
iteration: Q-M updates in deterministic domains are exactly value iteration updates, resulting in zero-shot
learning. To demonstrate the in uence of SBF, for each evaluation domain, we test with a range of SBF values.
At the same time, the number of reachable states from a given state is allowed to vary and is randomly chosen
between 1 and a set SBF. We rst evaluate with gridworld domains where target R is a linear combination of
source rewards. We also visualize actions pruning in a chosen domain to illustrate its operation. To evaluate
the generality, evaluations are further conducted with autogenerated MDPs and with linear and non-linear
combination functions Finally, we study the e ectiveness of Q-M under noisy combination functions, which
analyzes the situations when the combination functions must be learned but noise can be bounded.

All evaluations are averaged over 30 runs. In the convergence plots, we indicate the mean with a solid line,
and the shaded region represents a 95% con dence interval. More details about the evaluation settings,
along with a detailed description of all the domains, including the design of source and target behaviors, are
reported in the appendix.

4.3 Gridworld and Linear Combination Function

In this evaluation, we compared Q-M and M-Q-M with the baselines in simulation domains that include
Racetrack, Dollar-Euro, and Frozen Lake domain with linear combination functions. The convergence plots
are shown in Fig. 2. In each sub gure, we show the SBF used (labeled at the top). We observe that M-Q-M
converges substantially faster than the baselines in all three domains. Depending on how many actions are
pruned under traditional Q-M, its performance lies between M-Q-M and QL. In Sec. 4.3.1, we show how
action pruning di ers between M-Q-M and Q-M, which results in such an e ect on convergence. However, as
expected, the performance of Q-M and M-Q-M are negatively impacted as SBF increases. An interesting
observation is the performance of SFQL. SFQL seems to struggle with these domains, especially racetrack
and frozen lake domains. Since the source behaviors di er much from the target behavior, knowledge transfer
in SFQL based on combining the source behaviors can actually misguide the learning process. It is worth
mentioning that SFQL eventually converged to the optimal policy after we allowed it to train with more
episodes. In addition, we also observe that Q-M in deterministic scenarios (leftmost sub gures when SBF
= 1) result in zero-shot learning: their iterative processes for computing UB and LB both converge toQy, .
Similar to SFQL, SQB also struggles in the racetrack and frozen lake domain. This result demonstrates that
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Q-M is indeed more robust against negative transfer, and thus represents a more general knowledge transfer
method that does not depend on the similarity between the source and target behaviors.

Figure 2: Convergence plots for Dollar Euro (top), Racetrack (mid), and Frozen Lake (bottom).

4.3.1 Analysis of Action Pruning

For gridworld domains (with 4 actions), to understand the states where actions are pruned, we plot heat-maps
(refer Fig. 3 for the Dollar Euro domain). In all three domains, we observe signi cant pruning around the
terminal states. In addition, we also observe that fewer actions are pruned as SBF increases. The following
color codes are used: initial state = yellow and goal states = green. We use di erent shades of blue to
illustrate how many actions are pruned in a state: the lighter the color, the fewer the actions remain. Upon
comparing Dollar-Euro domain's action pruning using M-Q-M and Q-M, we observe that Q-M results in
pruning fewer actions (as shown in the Fig. 3). The additional information used by M-Q-M is able to anchor
the values to better bounds than the unique xed point identi ed by Q-M, which results in more pruning
opportunities in M-Q-M. As the SBF increases, Q-M prunes out fewer actions, and so performance becomes
similar to QL. This trend is consistent across other domains as well.

4.4 Autogenerated MDP with Linear and Non Linear Combination Function

In order to test generalization beyond gridworld and linear combination function, we evaluated with auto-

generated MDP whereT is randomly generated in each run. The terminal states were held xed as well as
their terminal rewards. The convergence plots are presented in Fig. 4, averaged over 30 di erent MDPs.
Similarly, we can observe that M-Q-M performs the best in both domains. We also observe that when the
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