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Abstract

We study cost-aware cascading bandits, where a learner selects an ordered subset
of options, tests them sequentially until the first success, and pays the costs of
all tested options. In this problem, regret comes from both testing inefficient
options and placing options in a suboptimal order, but existing analyses do not
separate these effects for inefficient options and therefore yield an inverse-square
dependence on the gap ¢; — 6;. We develop a regret decomposition based on
intermediate policies that reorder the remaining suffix and remove inefficient
options one position at a time. This allows us to quantify the incremental regret
incurred when each option is tested. As a consequence, we show that the regret of
CC-UCB admits a problem-dependent bound of O(3_; ¢, /., <1 108 T/ (c; — 0;)) up
to additive terms and a problem-independent bound of order O(L+/T). We further
prove that the minimax regret is bounded from below by Q(v/LT) by reducing
standard multi-armed bandits to a special case of the model. Finally, we propose
CC-UCBvV2, which removes the need to specify a positive lower bound on costs
and handles zero-cost options by separating empirically zero-cost options from the
others. Numerical experiments show the effect of misspecified cost lower bounds
and demonstrate that the proposed modification can reduce regret in representative
instances involving zero or misspecified costs.

1 Introduction

Cost-aware cascading bandits (CCB) constitute a class of problems that capture a common mathe-
matical structure arising in applications such as communication systems and healthcare [Zhou et al.
[2018]]. One motivating example is mobility management in wireless communication. In cellular
handover under extreme mobility, neighboring cells are measured sequentially, and the serving cell
faces a trade-off between taking more measurements and executing a timely handover|L1 et al.| [2020].
Motivated by this structure, prior work models handover target selection as a sequential examination
of candidate base stations from a neighbor cell list: a user equipment examines the recommended
candidates in order and selects the first one that satisfies the handover condition Wang et al.|[2019].

In this abstraction, each candidate base station corresponds to an option i € [L] in our model. Testing
base station ¢ at round ¢ means checking whether it satisfies the connection or handover condition,
represented by a Bernoulli outcome X; ; € {0, 1} with success probability 6;. This test also incurs a
random time, signaling, or energy cost Y; ; with mean ¢;. Thus, each option is characterized by its
success probability 6; and expected cost ¢;, and its efficiency is p; := 6;/c; when ¢; > 0.

A related motivation comes from dynamic treatment allocation, where treatment effects can be
modeled as Bernoulli outcomes and risks or burdens as costs |Zhou et al.| [2018]]. The sequential
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Table 1: Problem-dependent and problem-independent regret bounds for CCB with L options.

Paper Bound Problem Independent  Problem Dependent

Zhou et al|[2018] Upper none O(X <1 Ci(ciigiof)?)]k )
Zhou et al|[2018] Lower none Q(X:i:p’_<1 %)

Ours Upper O(LVT) Theorem O, <1 Cl‘?ﬁ' OT, ) Theorem
Ours Lower Q(v/LT) Theorem none

T This upper bound ignores terms that do not depend on 7.
* d(0;; ¢;) is the KL divergence of Bernoulli distributions with means, 6; and ¢;.

testing-and-stopping structure in CCB further abstracts settings where candidate interventions are
tried until a satisfactory outcome is achieved.

Abstracting these scenarios, at each round ¢, the learner selects an ordered subset [; =
(Le(1), ..., It (|I;])) of options and tests them sequentially. The process terminates once a suc-
cess is observed, so the subset of actually tested options, denoted by I;, is random. The reward is
defined as the success indicator minus the total incurred cost:

IT¢| 12|
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Hence, the learner must decide not only which options to test but also the order in which to test them.

From a theoretical perspective, CCB integrates two well-studied extensions of the multi-armed bandit
(MAB) problem: bandits with costs Ding et al.|[2013]], | Xia et al|[2015]] and cascading feedback
Kveton et al.|[2015ab]]. It thereby provides a unified framework for settings where decisions incur
costs and feedback is revealed sequentially until stopping. Given its generality, quantifying the
intrinsic difficulty of this problem is of fundamental importance.

Despite its practical importance, theoretical understanding of CCB remains limited. One major
difficulty lies in the fact that the ordering of options directly affects performance. We evaluate the
performance of a learning algorithm by comparing its expected cumulative reward to that of an
optimal offline policy, I* that knows the true parameters in advance,

T
> (re(I*) = ro(1h)
t=1

We call Ry the regret. CC-UCB [Zhou et al.|[2018] is based on the UCB algorithm for MAB problems.
Specifically, it orders options according to the ratio between an upper confidence bound of the success
probability 6; and a lower confidence bound of the expected cost ¢;. This promotes options with
high efficiency p; or high uncertainty to earlier positions, balancing exploration and exploitation.
The regret in this setting arises from two sources: (i) selecting inefficient options that should not be
tested, and (ii) misordering the options. Existing analyses cannot split these two sources for the case
of inefficient options, which leads to a regret bound with an inverse-square dependence on the gap
C; — 91

Rr=E 2)

In this work, we show that the regret of CC-UCB admits a problem-dependent bound of
O(Zie[L]: 0;/ci<1 M) (Theorem . This improves the bound of |Zhou et al.| [2018]], which

ci—0;
is of order O(Zie[ L]:0; Jes <1 %) Moreover, our bound matches the regret lower bound of
Zhou et al.|[2018]] in its dependence on the inefficiency gap ¢; — 6;, up to constants and lower-order

terms. Indeed, their regret lower bound contains (Zz C[L]6: jes <1 %) , where d(6;; ¢;)

is the Bernoulli KL divergence. In the small-gap regime, d(6;; ¢;) = O((c; — 6;)?), so this regret

lower bound scales as Q(3_;c(71.6, /e;<1 %). Furthermore, we show that the regret of CC-UCB

admits a problem-independent bound of order O(L+/T) (Theorem , and by considering the special
case where all options always succeed, which reduces the problem to a standard MAB problem, we

prove that the minimax regret is bounded from below by ©(v/LT') (Theorem . These results are
summarized in Table



To obtain these results, we use an intermediate-policy decomposition that quantifies the regret caused
by testing each option. At round ¢, the learner selects an ordered subset I;. If the option at position
i is less efficient than the one at position 7 + 1, swapping them yields a policy I; whose expected
reward improves by

i—1
Ey[re(I)] = Eo[re(1)] = | [ (1 = 0;) (Or,i+1)C1.() — 1,641 01,5)) - 3)
j=1

Directly comparing I; with the optimal offline policy is challenging due to the cascading structure.
Instead, we construct intermediate policies It(i) that agree with I; up to position ¢ — 1, reorder
the remaining suffix optimally, and remove inefficient options from that suffix. By sequentially
comparing It(i) and It(H_l)
each option is tested.

i i PI (i
B0 = (I ) < B Tio Henco KL ()T DAL DU} (1 - P:))

+Ee[1{T7, 00, Y er, iy — Or, ) 1L (4) € [L] \ [L7]}. “)

, we decompose the total regret into incremental differences incurred when

The first term measures the loss from testing I; (i) before a more efficient remaining optimal option; as
I,(7) is sampled, this efficiency gap shrinks and the misordering regret diminishes. The decomposition
also separates this loss from the regret of testing inefficient options.

We also propose a modified algorithm that does not require prior knowledge of a positive lower
bound on the expected costs. CC-UCB assumes a known positive lower bound on the expected costs,
which is often unavailable in practice. Our algorithm removes this assumption while preserving
a problem-independent regret guarantee. Moreover, when distinguishing between zero-cost and
nonzero-cost options, we show that simply checking whether a positive cost has ever been observed is
more sample-efficient than relying only on confidence intervals. Numerical experiments demonstrate
that this approach achieves smaller regret in representative instances involving zero or misspecified
costs.

2 Related Literature

The MAB problem Robbins| [1952] is a fundamental model for the trade-off between exploration
and exploitation: a learner sequentially selects one of K arms with unknown reward distributions to
maximize cumulative reward. Performance is typically evaluated by regret against an optimal policy
that knows the true reward distributions. The UCB algorithm Auer et al.|[2002] is a representative

method whose regret admits a problem-dependent bound of O(_; A, loAgiT) and a problem-

independent bound of order O(\/ KT), where A; is the gap between the reward expectation of
arm ¢ and that of the optimal arm. [Lai and Robbins| [[1985]] established an information-theoretic
regret lower bound showing that, in the Bernoulli case, any uniformly good policy must incur regret
Q0 ia,>0 %), where 1/* = max; p; and d(u;; p*) is the KL divergence between Bernoulli
distributions with means y; and p*. For problem-independent regret, |Auer et al.| [1995]] showed that
the minimax regret is bounded from below by Q(v KT).

In many applications, pulling an arm incurs a cost, so the learner must maximize reward under
resource constraints |Ding et al.|[2013]], Xia et al.|[2015]]. Badanidiyuru et al. considered multiple
types of costs and showed that, when the total budget is B, the regret admits an upper bound of

O(V K B), while a matching lower bound of Q(+/ K B) also holds Badanidiyuru et al.| [2013].

In bandits with multiple plays, the learner presents multiple options simultaneously |/Anantharam et al.
[1987]); UCB-based algorithms have also been shown to be effective in this setting [Chen et al.|[2013]].
Extensions that incorporate exploration costs into this setting have also been studied |Xia et al.| [2016].

Cascading bandits (CB) |[Kveton et al.| [[2015albl] model sequential user behavior observed in applica-
tions such as online advertising and web search. For example, in web search, users examine presented
items in order and stop once they find a satisfactory result. Unlike bandits with multiple plays, where
feedback is observed for all presented items, CB provides only partial and stochastic feedback, and
the presentation order directly affects which feedback is observed. In the standard CB setting, there



are L items with attraction probabilities w, ..., w, and the learner recommends an ordered list
of K items. After reindexing the items so that wy > --- > wy, the optimal list consists of the top
K items, and A, g = wg — w, denotes the gap between a suboptimal item e > K and the K-th
best item. UCB-based algorithms have also been proposed for this setting Kveton et al.|[2015b]],

achieving regret of order O(Zf: K41 legg ). For a hard instance with K optimal items of attraction

probability p and L. — K suboptimal items of attraction probability p — A, [Kveton et al.|[2015b]
also established an information-theoretic regret lower bound Q((L — K) %). Vial et al.
[2022] proposed a Bernstein-type algorithm whose regret admits a bound of order O(\/ﬁ ). They
also showed that the minimax regret is bounded from below by Q(\/LT) for the same setting.

Cost-aware cascading bandits (CCB) Zhou et al.| [2018]] extend this framework by incorporating both
costs and cascading feedback. This model captures a general structure that appears in applications
such as network routing and medical decision-making, and has also been studied from a more
application-oriented perspective Cheng et al.|[2022]. Although CC-UCB has been proposed for this
problem, its theoretical analysis remains incomplete. In particular, the regret caused by misordering
the options has not been sufficiently characterized. While analyses for CB can partially quantify the
effect of incorrect ordering, these arguments cannot be directly extended to CCB. This is because, in
standard CB, the expected reward depends only on the set of presented items and not on their order,
although the order affects the observed feedback. In contrast, in CCB, the order influences not only
the feedback but also the expected reward itself. Therefore, quantifying the reward difference induced
by misordering is a central challenge in the theoretical analysis of this problem.

3 Problem Setting

In this work, we consider a stochastic bandit problem with L options. At each round ¢, when option
i € [L] is selected, its outcome X; ; € {0, 1} is drawn independently from a Bernoulli distribution
with parameter 6;, and its cost Y; ; € [0, 1] is drawn independently from a distribution with mean c;.
When ¢; > 0, we define the efficiency of option i as p; := 6;/¢;. The analysis of the original CC-
UCB algorithm is carried out under a positive lower bound on the expected costs, so all efficiencies
are finite in that section. Zero-cost options are handled separately in Section[5.2] where we use an
extended-real definition of efficiency. Without loss of generality, whenever efficiencies are used for
an algorithmic or analytical statement, we reindex the option set in descending order of efficiency, so
that

p1L 2> p2 2 2 PL, (5)

with ties broken arbitrarily. Throughout the paper, option indices refer to this reindexed order.

At round ¢, the learning agent selects an ordered subset of options I; = (I;(1), I;(2), ..., L;(|1]))
from the set [L], and sequentially tests the options according to this order. The process terminates
once a success is observed. Let I, denote the ordered subset of options that are actually tested at
round t. For any i € [|I,|], we have I, (i) = I,(i).

The reward obtained at round ¢ is defined as the success indicator minus the total incurred cost. That
is,

|| |Z:]
re=1—=J100=X5,000) =D Vi (©6)
i=1 i=1
Equivalently, the reward can be written as
[Ii] (k-1
T = Z H (1= X1,6).) (Xlt(k),t - th(k),t)- )
k=1 \j=1

We evaluate an algorithm by comparing its performance to that of always selecting the optimal
ordered subset I* that maximizes the expected reward. The performance gap is measured by the
regret, defined as

Rr=E

> (reI*) = re(1)) ®)
t=1




From Theorem 1 of|Zhou et al.|[2018]], the optimal policy I* is given by the ordered subset consisting
of all options with efficiency at least 1, arranged in descending order of efficiency. Let L* denote the
number of such options.

4 Analysis of CC-UCB

This section analyzes the original CC-UCB algorithm under the positive-cost assumption stated below.
The zero-cost case is treated separately in Section[5.2] We define the following three events. Two of
them are related to the sequential testing process, and the third concerns estimation errors of sample
means.

Definition 1 (Reachability event). For 1 < k < |I;

, define

Ri(k) = {Xr,1): =0, X1, =0, ..., Xr,q—1)+ = 0}. )
This event means that the learner reaches and tests the k-th option.
Definition 2 (Testing event). For each option i, define

Tiv={€L}N{X;, =0 Vje st I (j)<I7'(i)}. (10)
This event means that all options placed before i have failed, so option i is actually tested.

Definition 3 (Error event). At time t, define the error event & as

. PN [1.5logt . [1.5logt
St = {EIZ S [L}, |9i,t — 01| > Nl)tg or |Cj ¢ — Ci| > Ni,tg }, (11)

where N; 4 is the number of observations of option i up to time t. On &, all estimates are sufficiently
close to their true values.

4.1 Cost-Aware Cascading UCB (CC-UCB)

CC-UCB follows the standard UCB framework, balancing exploration and exploitation by optimisti-
cally estimating each option’s efficiency.

4.1.1 Main Algorithmic Components

CC-UCB (Algorithm maintains, for each option ¢ € [L], the number of observations N; ;, the

empirical success probability éi,t, and the empirical expected cost ¢; ;. The algorithm first initializes
these quantities by testing each option once. At each subsequent round ¢, it computes the confidence

radius
[1.5logt
it = . 12
Ut N, (12)

Throughout the paper, we use the exploration constant 1.5, the smallest value allowed by the original
analysis of |Zhou et al.|[2018] for radii of the form \/alogt/N; ;. The algorithm then constructs an
upper confidence bound on the success probability and a lower confidence bound on the expected
cost as

Uiy = 050 + wig, Li; = max{¢; — U, €} (13)

The constant € > 0 ensures that the denominator is bounded away from zero. The algorithm then
includes option ¢ in the candidate set if its optimistic efficiency ratio satisfies

Ui
= >, 14
Ly — (1

After constructing the candidate set, CC-UCB orders the selected options in descending order of
Ui/ L;,. The learner then tests the options sequentially according to this order and stops immediately
once a success is observed. Only actually tested options are observed and updated using (X, ¢, Y; ¢);
untested options remain unchanged. Thus, CC-UCB follows an optimistic principle: it favors options
whose success probability may be large and whose cost may be small, while respecting the assumption
that all costs are uniformly bounded below by e.



4.1.2 Assumption and Theoretical Guarantees

For the input instance of CC-UCB, we make the following assumption:

Assumption 1. There exists a known constant € > 0 such that ¢; > € for all options i € [L].

Under this assumption, the following regret bounds hold.

Theorem 1. Assume additionally that 0; < 1 for all options i € [L]. The regret of CC-UCB satisfies

72log T
Rr< Y c-—ge- +0(1). (15)

i€[L], % <1

Here, the O(1) term may depend on the problem instance but not on the horizon T.

This additional condition is used only in the problem-dependent analysis, where we invoke Lemma 3
of Zhou et al.|[2018] to control the number of times optimal options are misordered. That lemma
requires every option to be reached with positive probability when preceded by other options, which
is ensured by #; < 1 for all ¢. This condition is implicit in the corresponding argument of Zhou et al.
[2018].

Theorem 2. For sufficiently large T, the regret of CC-UCB satisfies
Ry < O(LVT). (16)

Proof sketch. The detailed proofs are provided in Appendix [D] We summarize the main argument
in three steps.

Good-event reduction. The proof first separates the regret on the confidence failure event £; from the
regret on the good event &;. Standard UCB concentration bounds imply that the total contribution of
&; is only O(1), so the main task is to control the regret under &;.

Per-round decomposition. On the good event, the list I; selected by CC-UCB contains every option in
the optimal offline policy I*. To compare CC-UCB’s ordered list with I*, we repeatedly sort suffixes
and delete inefficient options. The adjacent-swap calculation in Appendix [D]yields

Pk
+ > B TnwmeH ene — O0na)- a7

1<i<|I,|
I()e[L]\[L"]

[I¢]—1
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The first term is the loss from placing an option before a more efficient optimal option that appears
later in the list. The second term is the loss from including inefficient options with p; < 1.

Summing the per-round bound. The confidence intervals determine how often each term in the above
decomposition can contribute to regret. Once option ¢ has been sampled enough times, the optimistic
ratio U; /L, ; is accurate enough to prevent large efficiency mistakes involving . For an inefficient
option i, this gives at most O(log T'/(¢; — 6;)?) tests on the good event, hence O(log T'/(c; — 6;))
regret after multiplying by the per-test loss ¢; — ;. The same threshold controls the regret from
misordering inefficient options. Misorderings among optimal options contribute only instance-
dependent constants, because sufficiently many observations separate each optimal option from the
more efficient optimal options above it. Combining these contributions proves Theorem I}

For Theorem[2] we use the same decomposition but truncate every gap-dependent count at 7". Terms of
the form min{O(log T'//A?), T} A are at most O (/T log T'). Summing these gap-free contributions

over the L options yields O(Lv/T).

Theorem 3. For any algorithm, there exists a CCB instance such that
Ry > Q(VLT). (18)
Equivalently, the minimax regret is bounded from below by Q(+/LT).



Proof. Consider the subclass of instances in which #; = 1 for every option 4 and the costs are
Bernoulli random variables. Since every tested option succeeds, each round stops after the first option
in the chosen list. The remaining options in the list are neither tested nor observed. The learner’s
decision is therefore equivalent to choosing one option and receiving reward 1 —Y; ;. This is exactly a

standard stochastic MAB problem with arm means 1 — ¢;. The minimax regret lower bound Q(v/'LT')
for MAB problems [Auer et al., [1995]] therefore applies to this subclass, and hence also to CCB. [

5 Extension of CC-UCB

5.1 Motivation for CC-UCBv2

CC-UCB assumes that the expected cost of every option is lower bounded by a known constant € > 0.
This simplifies the ordering rule and analysis but can be restrictive: if the supplied lower bound
exceeds an option’s true cost, its efficiency may be underestimated, leading to suboptimal selection.

5.2 CC-UCBv2: Handling Zero and Near-Zero Costs

CC-UCBV2 (Algorithm [2) modifies the ordering rule of CC-UCB so that the algorithm remains

well-defined even when some options may have zero expected cost. Options with ¢; = 6; = 0 never

produce a success and incur no cost, so they do not affect the reward and can be ignored in the

analysis. For the remaining options, we use the following extended-real definition of efficiency:

piimd e if ¢; > 0, (19)
+oo, ife; =0A0; > 0.

Ratios involving +o0 are interpreted in the extended-real sense: if p; < +oo, then p;/(+00) = 0.

As in CC-UCB, the algorithm maintains N; 4, 8; ;, and ¢; ; for each option ¢, and initializes them by
testing each option once. At round ¢, it computes

1.5logt
Ni: '

Ui ¢ = Ui = éi,t + ¢, L;; = max{¢; —u;.,0}. (20)

Unlike CC-UCB, the lower confidence bound on the cost is not truncated by a positive constant.
Therefore, the ratio U; 4 / L;; may be undefined when L; ; = 0. To handle this case, CC-UCBv2
includes option ¢ in the candidate set if either

Li,t =0 and Ui,t > 0, (21)
or U
Li; >0 and L“ > 1. (22)

it
After selecting the candidate options, the theoretical version of CC-UCBvV2 partitions them into two
groups:

IL:O,t = {Z el;: Liﬂg = O}, (23)
and

Insor={i€l;:L;t >0} (24)

The first group, whose optimistic efficiency ratio is not well-defined, is ordered in descending order
of U; ;. The second group has L; ; > 0 and is ordered in descending order of U; ;/L; ;. The final
ordered list is obtained by concatenating these two groups:

It = It—o 4| Ir>0,t- (25)

The learner then tests the options in this order and stops upon the first success. This modification
removes the need for prior knowledge of a positive cost lower bound while preserving the optimistic
ordering principle whenever the efficiency ratio is well-defined.

A useful implementation refinement, CC-UCBv2-EZ, further splits I7,—o ; by whether the empirical
cost is still zero. It places options with ¢;; = 0 before options with ¢;; > 0. This refinement



is not needed for the regret guarantee below, but positive-cost options are expected to leave the
empirical-zero group after only a small number of tests, whereas truly zero-cost options can remain
there without increasing cost. To see this, fix an option with ¢; > 0. While ¢;; = 0, all cost
observations of option i so far have been zero. For any cost distribution supported on [0, 1] with
mean ¢;, we have ¢; = E[Y;] < P(Y; > 0); hence each additional test produces a nonzero cost with
probability at least ¢; and removes the option from the empirical-zero group. Thus the number of tests
made while ¢; ; = 0 is stochastically dominated by a geometric waiting time with success probability
¢;, and

T
1
E|Y E1{Ti }1{é; = 0} | < o (26)
t=1

Thus positive-cost options leave the empirical-zero group quickly in expectation, whereas truly
zero-cost options can remain there without incurring additional cost.

5.2.1 Theoretical Guarantees and Performance

The theorem below is stated for the conservative ordering rule of CC-UCBvV2. This is the version
for which we prove the regret guarantee. Its regret admits a problem-independent bound of order
O(L\/T). CC-UCBV2-EZ is an implementation refinement that keeps the same conservative ordering
structure but separates empirically zero-cost options earlier in the list.

Theorem 4. Let L' := |{i € [L] : ¢; = 0,0; > 0} be the number of options with infinite efficiency.
For sufficiently large T, the regret of the conservative CC-UCBV2 ordering rule satisfies

Ry < O(LVT). 27)

Proof. The detailed proof is given in Appendix [E} we summarize the main modification. With the
extended-real efficiency convention above, the adjacent-swap argument used for CC-UCB still gives
the same per-round decomposition. If a zero-cost option with positive success probability appears
after a positive-cost option, the efficiency-gap factor 1 — p;/p; is equal to one, so the corresponding
swap loss is bounded by the coarse loss ¢;. Lemma/[l|controls how long such misorderings can occur:
in the zero-cost case, the relevant threshold is 6 log t/c?, which prevents a zero-cost option from
remaining after a positive-cost option once L; ; > 0.

Thus the proof of Theorem [2]applies to all finite-efficiency options. The infinite-efficiency options
are optimal and have no more efficient option above them, so they do not contribute to either the
misordering terms or the suboptimal-option term. Summing the same gap-free bounds gives the

stated O(L\/T) regret upper bound. O

6 Numerical Experiment

We conduct numerical experiments to compare CC-UCB, the conservative CC-UCBV2 ordering rule,
and its empirical-zero refinement CC-UCBvV2-EZ. Prior work on CCB has evaluated the effect of
system parameters and conducted experiments using real-world click-log data [Zhou et al.| |2018]].
Our experiments instead focus on isolating phenomena that are directly tied to the theoretical and
algorithmic questions studied in this paper: misspecified lower bounds on costs and zero-cost options.
For each option i, the success probability and cost are assumed to follow Bernoulli distributions
with parameters 6; and ¢;, respectively. We set 7' = 200,000 and report the average results over 100
independent simulations. Curves show mean cumulative regret, and error bars show one empirical
standard deviation across runs. All experiments are lightweight CPU-based simulations reproducible
on a standard laptop or desktop. Here, CC-UCBv2 denotes the conservative ordering rule analyzed in
Theorem ] whereas CC-UCBv2-EZ denotes the empirical-zero implementation refinement described
in Section[3.2

We first demonstrate that the proposed CC-UCBv2 variants outperform CC-UCB when the
positive lower bound supplied to CC-UCB is misspecified. Consider the instance with 8 =
{0.9,0.9,0.9,0.9,0.9,0.9} and ¢ = {0.7,0.6,0.5,0.4,0.3,0.2}, and set ¢ = 0.35 for CC-UCB,
which violates the assumed lower bound. The results are shown in Figure[I] The regret of CC-UCB
grows linearly, since it fails to correctly distinguish between options 1 and 2.



Second, we show that CC-UCBv2-EZ can reduce regret in representative instances involving zero-cost
options. Consider the instance 8 = {0.5,0.6,0.7,0.8,0.9,0.5} and ¢ = {0.1,0.1,0.1,0.1,0.1,0.0}.
As shown in Figure[2} CC-UCBV2-EZ achieves lower regret than the original CC-UCBv2 algorithm.

We also report a supplementary experiment on the effect of specifying a positive lower bound on
costs in Appendix [A]
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Figure 1: Algorithms under a misspecified Figure 2: CC-UCBv2, and CC-UCBV2-EZ
cost lower bound. with a zero-cost option.

7 Limitations

Our results leave several limitations. First, there remains a gap between the problem-independent
upper bound and the lower bound on the minimax regret. The current upper-bound analysis controls
the maximum number of times each option is sampled. This ignores the fact that, under cascading
feedback, options placed deeper in the list are tested less frequently because earlier successes stop
the testing process. Exploiting this position-dependent observation structure may be necessary to
tighten the bound.

Second, our upper-bound analysis is based on UCB-type confidence intervals. Sharper bounds may
be possible with variance-adaptive confidence intervals, such as Bernstein-type bounds, as suggested
by related work on cascading bandits [Vial et al.| 2022]]. However, in CCB the learner must estimate
both success probabilities and costs, and these two quantities enter the ordering rule through a ratio.
This makes a direct Bernstein-style extension technically nontrivial.

Third, the numerical experiments are intended to illustrate representative phenomena, such as mis-
specified lower bounds on costs and the behavior of zero-cost options, rather than to provide an
exhaustive empirical comparison.

Finally, the broader impact of this work depends on the application in which sequential testing is
deployed. In high-stakes domains, deployment should validate the modeling assumptions and cost
definitions, since misuse could amplify decision errors.

8 Conclusion

In this paper, we develop a regret decomposition for the CCB problem that separates the regret
caused by testing inefficient options from the regret caused by misordering options. This yields
a problem-dependent bound on the regret with an improved dependence on the inefficiency gap
¢; — 0;, as well as a problem-independent bound for CC-UCB. In addition, by considering instances
consisting only of options with §; = 1, for which the problem reduces to a standard MAB setting, we
show that the minimax regret is bounded from below.

We further remove the assumption € > 0 on the expected cost and distinguish zero-cost from nonzero-
cost options by detecting whether the empirical cost has ever been observed to be nonzero. We
validate the effectiveness of this approach through numerical experiments.
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A Additional Numerical Experiment

Zhou et al.|[2018]] experimentally showed that incorporating a positive lower bound on expected
costs can improve regret. Here we include two representative instances illustrating that the empirical
effect of this lower bound can depend on the instance. We consider 6 = {0.8,0.7,0.6,0.5,0.4,0.3},
¢ = {0.55,0.55,0.55,0.55,0.55,0.55} with e = 0.5, and 8 = {0.9,0.9,0.9,0.9,0.9,0.9}, ¢ =
{0.7,0.6,0.5,0.4,0.3,0.2} with ¢ = 0.19. In the former case, Figure shows that specifying e
reduces regret, whereas in the latter case, Figure [3b|shows that it increases regret. These results are
intended only as an empirical observation; we do not provide a theoretical characterization of when
specifying such a lower bound is beneficial.

1600
— cc-uce — cc-ucs

1400{ ——— CC-UCBV2-EZ 6001 CC-UCBV2-EZ

-
N}
o
S

1000

Cumulative Regret
©
8
Cumulative Regret

0.0 255 5.0 75 100 125 150 175  20.0 0.0 255 5.0 75 100 125 150 175  20.0
Rounds led4 Rounds le4

(a) Specifying e reduces the regret of CC-UCB. (b) Specitying € increases the regret of CC-UCB.

Figure 3: Supplementary experiment on specifying a positive cost lower bound.

B Algorithms

This section presents the detailed descriptions of the algorithms analyzed in this paper: CC-UCB and
CC-UCBV2. Both algorithms follow the upper confidence bound (UCB) paradigm and adaptively
select and order options to balance exploration and exploitation in the cost-aware cascading bandits
setting. In both algorithms, the confidence radius uses the fixed constant 1.5, the smallest value
allowed by the theoretical analysis of Zhou et al.|[2018]]. In the usual notation w; ; = y/alogt/N; ;,
this corresponds to setting the exploration constant to o = 1.5.

11



Algorithm 1 Cost-aware Cascading UCB (CC-UCB)

Require: ¢ > 0
1: Initialization: test each option i € [L] once; observe (X, 1,Y; 1) and set

2: Nig 1, 0;1 + Xy, Gi1 + Yin
3: fort=2,3,... do
4: I+ 0
5 for:=1,2,...,Ldo
. - 1.5logt
: U; —_—
ot Nit
7 Uiﬂg — éi,t + Uit
8: L’i,t — max{éi’t — Ui t, 6}
U.
9: if —“* > 1 then
it
10: It — It U {’L}
11: end if
12: end for U
13: Sort options in I; in descending order of bt
it
4. I« 0
15: fork=1,2,...,|;| do
16: test option I (k); observe (Xr, k)., Y7,(k),¢)
17: j[; — jt U {[f(k)}
18: ifXIt(k),t =1 then
19: break
20: end if
21: end for
22: foralli € I; do
23: Ni,t+1 — Ni,t +1
5 Niibis+ X4
24: Oi 41 & ——F——
2,t+1 ]AVi7t+1
5s. P - NiCiy+Yis
: i t41 —
ni Nit+1
26: end for
27: foralli ¢ I;do R
28: Nit41 < Nig, 01 < ity Cipg1 — Ciy
29: end for
30: end for

> Confidence radius
> Upper confidence bound on 6;

> Lower confidence bound on ¢;

> Include options with % >1

i,t

> Efficiency-based ordering

> Stop on first success

> Update success probability estimate

> Update cost estimate

> No update for untested options

12



Algorithm 2 CC-UCBv2 — Conservative Ordering (Well-Defined for Zero-Cost Options)

1
2
3
4
5

6:

18:
19:
20:
21:
22:

23:
24:
25:
26:
27:
28:
29:

30:

31:

32:
33:
34:
35:

36

. Initialization: test each option ¢ € [L] once; observe (X; 1,Y; 1) and set
: Nii <1, 0;1 ¢ X1, Giq < Yin.
cfort=23,... do
I+ 0
fori:=1,2,...,Ldo
1.5logt
it <
it Nit
Ui + éi,t + Uy
L;+ < max{¢: — u;4, 0} > No lower bound on cost
if (Liy =0 A Uiy >0) V (Liy >0 A 722 > 1) then
I + L U{i} > More flexible inclusion criterion
end if
end for
(Conservative Ordering:) Partition /; into two disjoint sets:
I+ {iel,:L;; =0} > Undefined ratio group
Itso<{iel;: Ly >0} > Well-defined ratio group
Sort options in I7,—¢ in descending order of U; ; > By success probability
Sort options in I~ in descending order of bt > By efficiency ratio
it
Re-define I; as the concatenation:
Iy < [Ir=o] || [{>0] > Hierarchical ordering

I, <0
fork=1,2,...,|;| do
test option I (k); observe (X7, k)¢, Y7,(k),¢)
I + L, U{L,(k)}
ifXIt(k),t =1 then
break
end if
end for
foralli € I; do
Nit41 + Nip+1
N0t + Xt
Ni i1
NiCir+Yis
Nit+1

0it41

Cit+1

end for
foralli ¢ I, do
Nit41 < Nig, 0441 < ity Cipg1 — Ciyg
end for
: end for

13



C Auxiliary Lemmas

Lemma 1 (Threshold for misordering). For option i and j € [(i — 1) A L*], define n;; , by

Mpasi= { S ifej = 0and p; # pi 28)
6(1+p;)% logt

otherwise.
(pj—pi)*c?

Forany j € [(i — 1) A L*], if the event &, holds at time t and 1,4t < Nit < nj 4 then no option
more efficient than j can appear after i under the ordering rule of CC-UCB, or under CC-UCBv2
when zero-cost options are allowed.

Proof. Tt suffices to consider options j that are more efficient than ¢. First suppose that ¢; > 0. Since
the event &; holds, if option j is placed after ¢, then

Ui U‘t} {Uit 9‘}
14 Ui it q )Y Y (29)
{Li,t T L) T L g
0; + 2u; 0
Sl{ci—QumgO u wzj} (30)
' ci72ui7t Cj
1 1 )21
zl{NM Smax{ﬁ 02gt76( +03) 202gt}} (3D
i (pj—pi)?c
6(1 )2 logt
:1{Ni,té(+pj);§}- (32)
(pj — pi)?c;

Thus the desired threshold holds when ¢; > 0.

Now suppose that option j has zero expected cost. Under the CC-UCBvV2 ordering rule, such an
option is placed before any positive-cost option whose lower confidence bound on the cost is positive.
Therefore, if j is placed after ¢, then L; ; = 0. On &,

1{Li,t = 0} S 1{61‘ — 2’11,1"15 S 0} (33)
logt
_1 {Nu < Lo } (34)

Hence a zero-cost option j can appear after i only when N, ; < 6logt/c? = nj; ;.

Therefore, if nj_1: < N; ¢+ < nj; ¢, then no option more efficient than j can appear after ¢. O

Lemma 2 (Selection of a suboptimal option). If the event £, holds at time t, then for any suboptimal
option 1, if

241ogt
Nit > ———, 35
= (35)
it follows that i ¢ I,.
Proof. The event that a suboptimal option ¢ is included in I; satisfies
WH{U; s > Lt} <1{0; +2u;r > ¢; — 2u; 4}
241ogt
<1TIN,; <————>. 36
{ ’t_(ci—ei)z} GO
Thus, this event is contained in an event depending only on the number of observations N; ; up to

time ¢. Therefore, if & holds and the number of times option 7 has been observed exceeds (24170(5;2,

then we have U, ; < L;, which implies ¢ ¢ I;.

Lemma 3 (Lemma 3 of [Kveton et al|[2014])). Let Ay > --- > Ak be a sequence of K positive
numbers. Then,

1 & 1 1 2
E E — )<=
i ~ Bk) A2 AR A2 A1A2 P Ak <Ag Ai1> =~ Ak 37)

14



Proof. First, we rewrite the expression as
K-1
1 1 1 Ap—Appr 1
A A — = _— . 38
1A2+z k(N a ) > g, )

Next, by the assumption, we have Ay > Ay for all k < K. Therefore,

—1
A — A LA — A 1
k . Bl Z Sk Bk L (39)
= A7 CARAR AK
K—1
1 1 1 2 1 2
= -_—— )t —— < — 40)
2 (Akﬂ Ak) Ak Ax A Ak (
This completes the proof. O
Lemma 4. Let
T1>Tp > 2> Ty >0, 41
and let a,b > 0. Define
0 ifi=0,
- 42
b {min{;z,b} ifi #0. (“42)
Then,
n—1
Z( —1‘14_1 it Tn n—zxz i — i 1 <2\/7 43)
i=1
Proof. Since (x;)™_, is nonincreasing, the sequence (a/z?)"_; is nondecreasing. Hence,
0=ty <ty <---<t, <bh (44)

‘We bound the left-hand side as
ix-(t-—t- 1)<§n:\/a7ti_ti*1 (45)
i=1 ; i=1 Vi

where we used the fact that ¢; < a/x?, and thus z; < \/a/\/%;.

Now note that the function f(¢) = t~'/2 is decreasing on (0, 00). Therefore, for each interval
[ti—1,ti],

1 ol
(ti —ti—1) < — dt. (46)
\/E ti—1 \/Z
Summing over ¢ = 1,...,n, we obtain
Z\f Lo l_f/ dt = 2vab (47)
\[

Combining the above inequalities yields
sz (ti —ti—1) < 2Vab. (48)
This completes the proof. O
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D Proof of Theorems I and 2

Lemma 5 (Good-event per-round regret). Suppose the options are indexed so that p1 > ps > -+ >
pr- For j € [(i — 1) A L*], define

Nji¢ = 2 . (49)
R
On the good event &,

L i—1AL™ 0

Bufr(I7)] - Z ({7 ] Z H{nj 166 < Nig <mjighe (1 - p2>
i=1 j=1 j
+ Y BT (e —6)). (50)
i€[LI\[L*]

Proof. We first bound the loss from moving one option to its correct position in the efficiency order.
Moving I;(%) from position 7 to position j is a sequence of adjacent swaps. For the r-th swap, the
sample-path reward difference is

r—1
6r = 1{R¢(i)} (H(l — Xe(Le(i + Q)))> (Yt(It(i))Xt(It(i +7)) = Ye(Le(i + T))Xt(It(i)))-
=1
' (51
Taking conditional expectation gives
r—1
Ei[6,] = B [L{R()H [T (1 = 01,0600 (100001, i50) — €1, 01 3))- (52)
g=1

Thus the loss from moving an item is the sum of these adjacent-swap losses.

We now define the intermediate policies used in the telescoping argument. For an ordered list
I = (I(1),...,I(|1])), let OptSuffix,(I) be the ordered list obtained from the suffix (1(i), I(: +
1),...,I(]I])) by first removing all options with efficiency strictly smaller than one, and then sorting
the remaining options in descending order of efficiency, with ties broken according to the fixed global
ordering. Foreachi =1,...,|I;| 4+ 1, define

17 = (I,(1), ..., I,(i — 1)) || OptSuffix, (L), (53)

where || denotes concatenation. By convention,

LY = (1), . (L)), b

1)

Thus, on the good event &, we have I t( = I* because all optimal options are included in I; and the

whole list is reordered optimally after removing inefficient options. Also, It(utHl) = I;.

For each ¢, the policies It(i) and [, t(i'H) have the same prefix up to position 2 — 1. Hence their reward
difference can occur only when the process reaches position i in the original list, namely on R;(%).
Equivalently, for option I, () this is the testing event 77, ;) ;.

The transition from It(Hl) to It(l) consists of moving the original option I;(4) into the optimally
sorted suffix and, if pr,(;y < 1, removing it from the suffix. The loss from the moving operation is
the sum of the adjacent-swap losses above. The removing operation is needed only when the moved
option is inefficient. If the moved option is deleted after being moved behind positions 7 + 1, .. ., 7,
then the exact improvement from this deletion is

EUHR(@)] JT (1= 00004y = Open, ULV @) e IV [y 59)
b=i+1

16



Indeed, after reaching the deleted option, keeping it would contribute expected single-option expected
reward 0 i1 @)~ C gy and the product is the probability that all options placed before it after

the swaps fail. Since the product is at most one, the deletion improvement is upper bounded by the
second term in the display below. Therefore, the preceding adjacent-swap calculation gives

E/[(r(1}") - (I“*”))]

< ]Et 1{Rt Z H I(7+1)(b))(91t(i+1)(a)CIt(i-H)(i) - Clt(71+1)(a)01t(i+1)(i))
a=t+1 b=1+1
B[R0y ) = Oy ) UETV ) € LIV (7]} (56)
For the swap term, use
Pri iy
Ui @ i @i @ = O e {1 Py ) oD

aRIOF

and note that the largest efficiency among the options passed by I, 18 Py i1 py- Since

Z H 1“*”(1;))91,(”1)(&) <1

a=1+1b=1+1

we obtain

pIt(z)
< E1{T. . _ Pn@
B < B {Tna})en g 7,608 Dotz < Pk )
+ Eo[1{Tr,iy.e Y(er, iy — O1,6)) H{Le(4) € [L]\ [L7]}- (58)

This also covers the case j = 1.

By Lemma |1} as option I;(¢) is sampled more often, the possible optimal options that can be
misordered after it shrink according to the thresholds n; 1, (;),¢- Hence

I.(i)—1AL*™
PI,(i
(38) < Z Ee[1{T7, ), HUmj—1.1,0)6 < N1, (i)t < 151, 6) 6 Y21, () (1 - Z())
j=1 ’
+ Ee[1{T1, 5 Y er, i) — Or,0)) 1 Le (i) € [L]\ [L7]}. (59

On &, the set I; contains all optimal options, so [* = I(l) Also, if & N {ny,iy—1iars < Ni, i)t}
holds, then no optimal option more efficient than I; (i) can appear after I; (7). A telescoping sum over
the suffix-sorting sequence therefore yields

Be[r(I7)] — Ee[r(1:)] (60)
[Te]—1 It (i)—1AL" PLG)
Z ({7, (i), }] Z 11,60 < Nr,i)t < M51,6) 4 YOI, () (1 - p;)
P =
+ > BT (enm — Onam)- (61)

Ty () e[LN\[L~]

Finally, reindex the sum over positions in I; as a sum over option indices and extend it to all ¢ € [L].
If option ¢ is not included in I, then 7; + does not occur, so the extension adds zero terms. This gives

(30). O

Lemma 6 (Bad-event per-round regret). The cumulative regret contribution on the bad events satisfies
. 472 9
ZEt (I*) = r(I)]1{&}] <2 L+ = L. (62)
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Proof. At each round, the regret is at most 2L. Therefore,

ZEt ) —r(L)1{&} <E Z|Et (" —r It))]|1{5t}]
<E[2L) 1{&}] : (63)
t=1
By Lemma 2 of Zhou et al.|[2018], E[>./_, 1{&}] < (1 + 472 /3) L, which proves (62). O

Proof. Reindex the options in descending order of efficiency, so that p; > p2 > --- > pr. We first
isolate the regret on the good and bad events. By the tower property,

T
E[Y (r(I") = ()] (64)
. T
ZEt —r(1))]] (65)
T
=E Z]Et (I*) —r(I))1{&}| +E ZEt (I*) —rIt))]l{Et}]. (66)

Applying Lemmas [5|and [6]to the two terms gives

T L i—1AL™*
60 <E[S S EMTA Y Lngii < N < nyodes (1 - p) 1)
t=

1i=1 j=1 j

+E [Z Z Ei[1{Ti¢}](ci — 0:)1{&E}| +2 (1 + 47;) L?. (67)

t=1ie[L]\[L"]

It remains to rewrite the first term in a form that separates adjacent efficiency gaps. Since
Hnjvie <Nig <mjaeh = UNig <mjiel — H{Nig <mjvist,

summation by parts yields the common bound

T
E[> (r(I*) = r(1))] (68)
t=1
L T i—1AL*
S E[SUTY S (N < npid) - N < o)) e (1—p) 1{6)
i=1 | t=1 j=1 j
T 47.‘_2
+E[Y YT} (e — 00)1{E} +2(1+) % (69)
) 3
t=14e[L]\[L*]

:ZE[_ SOUT ) (N < m3s) = 1V < mynad)es (1 2) 1480

j=1 t=1 J

T
+E[Y VT e — 6)1{E) +z(1+43 >L2 (70)

XT: T 1 {Niy < njis} (ci <1 - p) —c (1 S >) 1{&,}

Py Pj+1
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L T
+ ZE Z Tt JU{Niy < ni—1ar i} (1 S > 1{&}]
i=1 Lt=1 Pi—1AL*
d 5 472
+EIY YT HTod (e —09)1{&}| +2 <1 + 3> 2 (71)

t=1ie[L]\[L~]
We now derive the two regret bounds from (7T).
Case 1: Problem-dependent bound We split into three contributions: misordering optimal

options, misordering suboptimal options, and selecting suboptimal options. The suboptimal terms are
simpler, so we bound them first.

Misordering suboptimal options. Fix ¢ € [L] \ [L*]. Since n;;, < nj; 7,

i_mf_lE li T Ny < i) <Ci (1 B p) o <1 : ’”’)) 1{&}]

j=1 t=1 p] p]+1
T o )
+ED T} 1 Niy < nicinre ke (1 o ) 1{&}] (72)
t=1 Pi—1AL*
i—IAL*—1 [ T _ _ )
< Y E|SUTAUN < i) («:i <1 - ”1) . <1 _~ )> 1{E)
j=1 t=1 Pj Pj+1
T o
+E Z Tt }1{Nit < ni_ian-ir}ici (1 - : ) 1{&5}] (73)
=1 Pi—1AL*
Moreover,
T —
E Z T} 1{Nis < nj,i,T}l{gt}] < N,
t=1

because [V; ; increases by one whenever option 1 is tested, and option ¢ is tested at most once at each
round. Therefore,

i—1IAL*—1

@< 3 <C_ <1m) e <1 pi )> 6(1+ p;)*log T
o Pj Pi+1 (pj — pi)° 2
; 6(1 i 2logT
T <1_ Pi > ( + pi 1/\L) 20g (74)
Pi—1AL* (pi—l/\L* — pi) C;
i—1AL*—1
; ; 24log T
< 3 (a0 n) ()
= Pj Pj+1 (1 _ &) 2
Pj H
i 241log T .
Yo <1 R > SCh (o pj > 1forj < L*) (75)
Pi—1AL* (1_ Pi ) Ci
Pi—1AL* v
48log T
< m (*.- Lemmal[3)) (76)
Pi—1AL*
48logT 48log T
ogT og 77

- (lfpz)cl o Cifgi '

Selecting suboptimal options. From Lemma 2] the number of observations of the suboptimal option

i under &, is bounded from above by (2645’5;_)2 . Hence,

T

SR T e —oEy| < Y 2Ael (78)

. . C; ei
i€ [L]\[L*] t=1 1€ [L]\[L*]
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Misordering optimal options. For each optimal option ¢, define

L
L Hj:l(l - ‘gj) (79)
e R
1 )2(1 log 2
Gji :max{n:G( +0;) (ngg o8 )Zg }7 (80)
(pj = pi)*c; 2
and
2 1 5
Mo —16L( —|—1+log2+3(2+log 3+ 2log3)). (81)
We also define the closest strictly more efficient optimal option above ¢. Let
Si={je[L]|pj—p:i>0,j<i}, (82)
e minj€si(pj - pi)v if S; 7& g,
AZ min = {07 lf Sl _ Q, (83)

and let idx; in be the maximum index satisfying pidx; i, — Pi = Qé,min When A iy > 0.

Here we use the additional condition #; < 1 for all options, which ensures that the reachability
probabilities appearing in Lemma 3 of Zhou et al.|[2018]] are positive. The proof of that lemma then
shows that, for any optimal option 4,

T -
_ 2
E lz T{ES{N;  <nj_1iu}| < G144+ 2 + 7o. (84)
t=1 _ ‘
The same argument extends to any j < ¢ — 1:
a | 2
E|Y HEI{Ni <njis}| <G+ 2t - (85)
t=1 i i

Therefore the optimal-option misordering term in (71) satisfies

L* i—1AL*—1 T
Z Z E Z 1{7;,t}1{Ni7t S nj7i,t} (Ci (1 — pl) — C; (1 — p)) 1{515}
=1 Py Pji+1
+ ZE lz Tt} U{Nip < niiar i} (1 S > 1{5t}] (86)
=1 Pi—1AL*
idX;, min— . 9
S R RS EN
i€[L"] Pj Pj+1 p;
A min>0
2
+ idX;, min,? + = + 87
Z < < Pidx;, mm) (Cd pz 770) &7

1€[L™]
Aj min>0

idx;, min—

)

< 35 (e p) e )
)
)

1€[L™] J
Cidxi minsi + Z (p +770) (88)
Z

Ay min>0
i€[L™]

£ 3 (= (-2)
i€[L] Pldxl ,min S

A1 min>0

idX;, min—
’ ( pi )) 48(log (j.; +1og2)
2

<28 (s
i€[L"] = Pj+1

. * . Pi 2
(1-5)
A7L.min>0 p

20



i 48(lo idX; min % + log 2
s ( ( P )> (10g Gidx; min 2 g2)
Pidx; min pi ) 2p;

1€[L7] i, mi 1-—
A7€[r[l,n>0 ( Pidx; min
+ Y ( + 770) (.- (80) and p; > 1 for j < L*) (89)
i€[L*] p’
A’L tn|n>0
e 48(log G . +log 2)
< Z <Ci <1 _ p’) S <1 P )) g 1dx1-,mm2,z g
e — 1z Pj+1 _ Pi 2.
Al (1 P.f) D
; 48(log ¢; Xi min,d T log 2
+Z<< ppz ))(gﬁd,,Qg)
idX; min i
Allen[,ﬁ,>0 , (1 - pidxpi‘min) C%pi
+ ) e ( + no) (90)
1€[L*] p’
Ai min>0
96(lo i Xtmini+10 2 2
< Z og Gia : 82) + Z ¢ (2 +770) (.- Lemmal|3)). 91)
di (1= ) en e NP
A min>0 émin A min>0

Combining the three bounds (91)), (77), and (78) in (71)), we obtain
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Case 2: Problem-independent bound For the problem-independent bound, we truncate each
threshold at the horizon. Since N; ; < T,
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Substituting this bound into (71} gives

L i—1AL*—1
Pi pi . [6(1+p;)?logT }
(71) < 1—— ) —¢|(1- min{ —————— T
- 2} 2 < ( pg) ( pj+1>> { (pj — pi)?c?

=1 j=1
i . [6(1+ pi—iar+)?logT }
+ G| 1— min T
; ' ( pil/\L*) { (pz IAL* — P1)2 ?
a 5 e
+ED > YTidei—0)1{E} | +2 <1 + 3> L? (96)

t=1ie[L)\[L*]
L i—1 —1
i i . 24 1log T
<> z ((1-2) —ei (1= L) Yo § 2T 7
p it Pj P+ (1= 2)%

21



L
Pi . 24logT
JrZCi (1 ‘ >m1n{(1_pi)202,T

i=1 Pi—1nL* Picinr’

_ A2 . *
VE[S Y 4T 001E) r2 (1480 oz iR n)

t=14e[L]\[L*]
cH)

< 2L\/24T log T
_ 472
+E Z > YTieh(ei — 0)1{E}| +2 <1+§) L?> (. Lemmald) (98)

t=1 ie[L]\[L*)
) - 472
< 2L+/24T log T + Z Elz {7} (e — 0:)1{&} 2 (1 + 3 ) L2 (99)

ie[L\[L*]  Lt=1
< 2L+\/24TlogT
241ogT 472
+ Z min {( O% 2 T} (i —6;)+2 (1 + ;’r) L? (. Lemma (100)

i€[LI\[L*]

4 2
< 2L\/24T1og T + (L — L*)\/24T log T + 2 <1+§) L? (101)

O

E Proof of Theorems 4

Proof. In this proof, we reindex the option set in descending order of efficiency, so that p; > ps >
- > pr. Also, L' is the number of options whose efficiency is oo. We show that the inequality
still applies when the option set [L] contains zero-cost options.

Recall that, for CC-UCBV2, we define
Zi if ¢;
P el (102)
400, ifc;=0AN0; >0,

so zero-cost options with positive success probability have efficiency +o0o. Throughout this proof,
ratios involving 4oco are interpreted in the extended-real sense: if p; < +o0, then p;/(+00) = 0.
Options with ¢; = 6; = 0 never produce a success and incur no cost, so including or ordering them
does not change the expected reward of any list. We therefore ignore these options in the proof; if
they remain in the algorithmic list, they do not contribute to regret. It remains to consider the case

where the options passed by I t(H'l) (7) include such a zero-cost option. In this case, the efficiency-gap
expression used in is equal to one for that passed option, and we use the following coarse bound
on the swap loss:
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This is exactly the value of the first term in (58) when the maximum is attained by a zero-cost option

with efficiency +o0o. Therefore, the same per-round decomposition used in Appendix [D| remains
valid for CC-UCBV2.

Also, we redefine n ; ; as in Lemmal|T}

, ,
Nyagi= ife; =Oand p; 7 i, (106)

6(14p;)2 log ¢ .
64+p;) logt  herwise.
(pj—pi)ic;

Lemma |1| then implies that, on &, if nj_1,4:¢ < Niy < nj ¢, no option more efficient than j
can appear after ¢ under the CC-UCBv2 ordering rule. This includes the case ¢; = 0, where the
threshold 6 log t/c? prevents a zero-cost option from being misordered after a positive-cost option
once L; ¢ > 0.

We now repeat the problem-independent summation argument from Appendix [D| but only over
finite-efficiency options. This restriction is valid because the first L’ options have efficiency +oo:
they are optimal, and no more efficient option can be misordered after them. This gives

T
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract and introduction state the theoretical bounds, the CC-UCBv2
extension, and the scope of the numerical experiments. These claims are supported by the
stated theorems, proofs in the appendix, and experiments in the numerical section.

Guidelines:

e The answer [N/A| means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A or
[N/A] answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The paper includes a separate Limitations section. It discusses the remaining
gap between upper and lower bounds, the limitations of UCB-style confidence intervals, and
the illustrative scope of the numerical experiments, which focus on phenomena tied to the
theoretical and algorithmic questions of the paper.

Guidelines:

* The answer [N/A] means that the paper has no limitation while the answer means
that the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate “Limitations” section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.
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* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: The assumptions are stated in the problem setting and algorithm sections, and
each theorem is accompanied by either a proof sketch in the main text or a full proof in
the appendix. The auxiliary lemmas used in the proofs are stated and referenced in the
appendix.

Guidelines:

» The answer [N/A] means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: The numerical experiments section specifies the bandit instances, horizon,
number of independent simulations, and compared algorithms. The anonymized supple-
mentary code includes a reproduction notebook and README with the environment and
commands needed to regenerate the reported figures.

Guidelines:

* The answer [N/A] means that the paper does not include experiments.

* If the paper includes experiments, a answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

* If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
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be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We provide anonymized supplementary code with independent implementa-
tions of the algorithms and a notebook for reproducing the reported simulation figures. The
supplementary README specifies the required environment, commands, and output files.

Guidelines:

* The answer [N/A] means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://neurips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not

be possible, so is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//neurips.cc/public/guides/CodeSubmissionPolicy) for more details.

 The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyperpa-
rameters, how they were chosen, type of optimizer) necessary to understand the results?

Answer: [Yes]
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Justification: The numerical experiments section specifies the Bernoulli instances, horizons,
number of independent simulations, compared algorithms, and values of the lower-bound
parameter used by CC-UCB. The supplementary code provides the exact reproduction
notebook and implementation details.

Guidelines:

* The answer [N/A] means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: The numerical experiments section states that curves show the mean cumulative
regret over independent simulations and error bars show one empirical standard deviation
across runs. The supplementary reproduction code computes these quantities directly from
the independent simulation runs.

Guidelines:

* The answer [N/A] means that the paper does not include experiments.

* The authors should answer [Yes] if the results are accompanied by error bars, confidence
intervals, or statistical significance tests, at least for the experiments that support the
main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g., negative
error rates).

* If error bars are reported in tables or plots, the authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: The numerical experiments section states that all experiments are lightweight
CPU-based simulations and require no GPU or specialized hardware. It also specifies the
horizon and number of independent simulations used for each reported figure.

Guidelines:

» The answer [N/A] means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.
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9.

10.

11.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]

Justification: The work is a theoretical and simulation-based study and does not involve
human subjects, private data, scraped data, or high-risk model release. The supplementary
code is anonymized for review.

Guidelines:
e The answer [N/A] means that the authors have not reviewed the NeurIPS Code of
Ethics.
e If the authors answer , they should explain the special circumstances that require a

deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: The Limitations section discusses possible broader impacts of cost-aware
sequential testing, including potential cost reductions in applied systems and risks from
using the model in high-stakes domains without validating assumptions. The paper is
primarily theoretical and does not deploy a system or use sensitive data.

Guidelines:

* The answer [N/A] means that there is no societal impact of the work performed.

o If the authors answer [N/A] or , they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate Deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

 The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pre-trained language models,
image generators, or scraped datasets)?

Answer: [N/A]
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Justification: This paper poses no such risks.
Guidelines:

* The answer [N/A] means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [N/A]
Justification: We implement CC-UCB ourselves based on the algorithm described in prior

work, which is cited in the paper. We do not reuse or redistribute existing code, datasets, or
other assets from that work.

Guidelines:

* The answer [N/A] means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

o If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
13. New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: The released supplementary code is documented with a README, dependency
file, reproduction notebook, helper script, and license. It is anonymized for review and
contains no datasets, models, or human-subject data.

Guidelines:

* The answer [N/A] means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

» At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
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14.

15.

16.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [N/A]
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

» The answer [N/A] means that the paper does not involve crowdsourcing nor research

with human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [N/A]
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer [N/A] means that the paper does not involve crowdsourcing nor research

with human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigor, or originality of the research, declaration is not required.

Answer: [N/A]

Justification: LLMs are not used as part of the core methodology, theoretical results,
algorithms, or experiments. Any writing or editing assistance does not affect the scientific
content or originality of the research.

Guidelines:

* The answer [N/A] means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy in the NeurIPS handbook for what should or should not
be described.
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