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Abstract—Differentiable model predictive control (MPC) en-
ables the integration of control and learning by embedding
optimization structure within end-to-end training pipelines. To
ensure the maximal performance of these pipelines, both the
models and the solvers must reside on the GPU. While GPU-based
solvers have shown to scale well in past work, they largely remain
limited to unconstrained problems, restricting their applicability.
In this work, we introduce a differentiable, GPU-accelerated,
nonlinear MPC framework that can handle state and input
constraints via the Alternating Direction Method of Multipliers
(ADMM). The method builds on a sequential quadratic program-
ming (SQP) formulation and leverages GPU-optimized linear
system solvers for scalability. We demonstrate our approach on
drone obstacle avoidance, reinforcement learning, and humanoid
imitation learning tasks.

I. INTRODUCTION

Differentiable optimization enables the infusion of optimiza-
tion into learning pipelines, improving data efficiency and
enforcing known structure and constraints. For example, differ-
entiable model predictive control (MPC) unlocks optimization-
based policies that have found many applications ranging from
parameter estimation, to planning, to reinforcement learning
(RL) and imitation learning (IL) [1]-[7].

Despite these successes, the scalability of such approaches
remains a key challenge due to the lack of efficient imple-
mentations of GPU-based solvers. This challenge is driven
by a number of factors including: the sequential nature of
optimal control solvers (e.g., leveraging sequential-in-time
Riccati recursions), the need to handle structured-sparse linear
systems, and historically poor GPU support for sparse matrix
factorization. Therefore, approaches that handle general con-
straints and are differentiable only run on the CPU [8], while
existing differentiable MPC solvers on the GPU are limited to
unconstrained or box-constrained problems [7], [9], [10].

To address this challenge, we develop a differentiable, GPU-
based solver that supports pointwise state and input inequality
constraints, slack variables, costs with across-time couplings,
and implicit dynamics. We provide this solver as a JAX-
native library with a CUDA-native linear-solve backend that
exploits parallelism across time steps and batched problem
instances. We showcase the solver on control, RL, and IL
tasks, demonstrating improvements over state-of-the-art GPU
(mpc.pytorch [7]) and CPU (acados [8]) solvers.
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II. DIFFERENTIABLE MODEL PREDICTIVE CONTROL

Model Predictive Control (MPC) is a control scheme that
operates in a receding-horizon fashion. At each control step,
it solves an optimal control problem (OCP), executes the first
action, and repeats the process from the next state. In this
work, we consider OCP of the following form, where z; €
R™ and u; € R™= are states and control inputs, & € R™ are
slack variables, and the binary parameter J; € {0, 1} toggles
the use of slacks:
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This formulation includes three features that go beyond
what most solvers support, yet are essential in practice. First,
the cost admits cross-time couplings (e.g., control-rate penal-
ties ||u+1 —u¢||?) that promote smooth trajectories and protect
actuators. Second, the dynamics constraints accommodate
implicit integrators, which are necessary for systems with stiff
dynamics. Third, slack variables ensure recursive feasibility of
the receding-horizon scheme. Finally, assuming that costs and
constraints (¢, f, g, h) depend on parameters 6 € R?, solutions
to OCP also depend on 6. We refer to this as OCPy.

A differentiable MPC solver aims to not only solve OCPy,
but also compute the sensitivities (gradients) of the solution
with respect to the parameters (weights) 6. This enables
easy integration of the solver into machine learning pipelines.
Traditionally, solving OCPy for a set value of 6 is referred to
as the forward pass, while leveraging sensistivities to update
0 is referred to as the backward pass.

III. FORWARD PASS: SOLVING OCPy VIA SQP-ADMM

We solve OCPy via sequential quadratic programming
(SQP) [11, Chapter 18], as outlined in Algorithm 1. We
describe our implementation of this approach next.

A. Convexification: Approximating OCPy as a QP

With a slight abuse of notations, we denote the variables as
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Algorithm 1 SQP-ADMM (Forward Pass)

Algorithm 2 ADMM for solving QP

Inputs: Tolerance €, Max iterations, linesearch parameters
Initial guess: (z,y)

1: while not converged do
2: QP < Convexify OCP II-A
3 (at,y") « Solve QP via ADMM 111-B
4 (z,y) + Linesearch(zhy% z,y) I-C
5. Convergence Check I-C
6: Return: Solution (z,y)

At each SQP iteration, we quadratize the objective and
linearize the constraints, yielding the quadratic program (QP)

QP: ?ng 12" Pr+q'a (2a)
st. Cxr=¢, G<Gx<G. (2b)

P > 0 and ¢ are the Hessian and gradient of the costs (la),
Cz = c include the linearized dynamics (1b) and initial-
state equality constraints (1c), and Gz stacks the linearized
inequalities (1d) with shifted bounds G, G.

B. Solving QP via ADMM (Algorithm 2)

We solve QP using the 0SQP ADMM scheme [12], tailored to
the block-sparse (P, C, Q) structure of QP. We use ADMM
as it can quickly solve problems to moderate precision and
can be warm started with infeasible initial guesses. First, we
introduce slack variables z and rewrite QP as
{nil% %xTPx +q'z st. Ax—2=0, z€[l,ul, ()

with A=[C G]",i=[c G]",u=[c G] .

ADMM solves this problem in three steps: a primal, slack,
and dual update. At an optimal solution (z, z) of QP, the KKT
conditions state that there exists a multiplier y such that

Pr4+q+ATy=0, Az —2=0, z € [l,u], Y€ Ny (2).

Thus, we define the primal and dual residuals

Tprim = Ax — %, Tdual = Px+ q+ AT% “4)
and terminate when:
”Tprim”oo < Eabs T Erel maX{HA:EHOO ) ||Z||oo}7 &)
||rdual||oo S Eabs T Erel maX{HP.ﬁHOO ) | ATy| oo ! ||q||c>o}

We use the hyperparameter selection rule in OSQP [12]. We
partition all the variables into equality and inequality blocks
(e.g., (zy,24), diag(psI, pgl)). All matrix-vector products ex-
ploit the block-sparse, stage-decoupled structure of (P, C, G).
E.g., since the equality slack satisfies zy = c after the first
iteration, we eliminate it entirely and parallelize the remaining
operations over time steps. Finally, we avoid enlarging the QP
by handling slack variables via the smooth projection of [13].

The computational bottleneck of Algorithm 2 is the linear
system solve in the primal update (6). To accelerate it, we pro-
vide a CUDA-native backend designed to exploit parallelism
across both time steps and across batched problem instances
through the use of cuDSS [14].

1: Inputs: P,q,A,l,u,0,p, o € (0,2)
2: Initial guess: z°, 20,70, 20,40
3: while not converged do
4:  (Primal update):
(ZFHL L) arg min {%ZZ‘TPff +q i+ Zhz — z*||?
T,z

+L|Z—2F 4 p)? st AT =2} (6)

5. (Slack update):
P e @ittt 4 (1 - a)at, (7a)
L T (a2F T + (1= )2 + p71yF). (7b)

6: (Dual update):

k+

Yy 4 p(aFF T 4 (1 — @) — 2 (8)

Update the residuals (7prim, 'dual) = (4)
: Check for convergence with (5)
9:  Update the stepsize parameter p

C. Linesearch and Convergence Check

We use a standard backtracking linesearch as described in
[11, Algorithm 18.3]. We terminate SQP-ADMM once the first-
order optimality conditions are sufficiently satisfied as follows

V() +yf V() +y, Vo) < e )
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||xi+1 - CELHOO S €cy (11)

where [|g(2)|s,[4,5) denotes the maximum componentwise
violation of the inequality bounds, and ¢, > 0 is a tolerance.

IV. BACKWARD PASS: COMPUTING SENSITIVITIES

We compute solution sensitivities of OCPy via the implicit
function theorem, solving a linear system with the converged
solution’s active inequality and equality constraints rather than
differentiating through unrolled solver iterations.

At convergence of SQP-ADMM, the primal-dual variables
(z,y) satisfy the KKT conditions of OCPy:

V&g (33) + y}rvfg (x) + y;activeVAge,active(x) - 0, (12a)
fo(z) =0, (12b)
Ag@,active(x) =0, (12¢)

where we define Agy(2) = min{go(z) — g, 99 — 9o(2)}, and
note that active constraints satisfy Agp acive(2) = 0, and the
inactive constraints satisfy Agg inaciive(z) > 0. In practice, we
identify active constraints as those satisfying

|§0,i‘ if Agg.i(z) = o, — 90.i(T),
Age,i($) § Eabs T Erel .
‘ 9o ‘ otherwise.

We can compactly write the KKT conditions (12) as
F((x,4)(6).0) = 0.

From (13), we compute sensitivities using the implicit function
theorem as in [7], [8], [10].
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Vector-Jacobian Product (VJP): In machine learning appli-
cations, one typically uses the gradient of a function L (e.g.,
a loss or reward) of the solution z to OCPy. Such gradients
are more efficiently computed using the VJP

oct __oFT([OF] I3
a0 ~ a0 \|ow] |0])

Computing (14) involves solving the linear system [2£] [] =
[8} with the sparsity structure [g—g] = [: 3].

(14)

V. REINFORCEMENT LEARNING & IMITATION LEARNING

Our MPC solver can be used as a differentiable policy class
for reinforcement learning (RL) and imitation learning (IL):

H

RL: méiX E ZR(.’Et,’]Tg(.’Et))‘| , Tyl :Sim(xt,ﬂe(xt)),
t=1

IL: min E [II(to, - .., ar) — 7 (zo)|?] »

where 7§ () is the control input solution of OCPyp, Sim is
a differentiable simulator, and (4, ..., 4ur) is demonstration
data from an expert policy. Compared to black-box neural net-
works, this MPC policy class leverages the structure of optimal
control. Its inductive biases allow zero-shot generalizations to
new problem instances, e.g., without the need to train a policy
over multiple tasks if only the reference tracking cost changes,
see [10]. Moreover, the solver is tailored to the GPU, so it
supports using larger batch sizes and expressive models.

VI. RESULTS & DISCUSSION

We compare DiffMPC with two differentiable MPC
solvers: the PyTorch-based iLQR solver mpc.pytorch [7]
and the C-based solver acados [8]. mpc.pytorch can
handle control bounds only, while DiffMPC and acados
handle state and control constraints. We conduct the evalua-
tion on constrained optimization, reinforcement learning, and
imitation learning tasks.'

A. Constrained Optimization

We demonstrate state and control constraint support, with a
6-DoF drone obstacle avoidance task with three circular obsta-
cles in the (z,y) plane, initial and final state constraints, and
control box constraints. We test across five noisy initial states
(~ N(0,0.05)), two warm-start strategies (above-obstacle arc
and straight line), and two time resolutions (At € {1.0,0.25},
N = 50s/At), using RK4 integration. Di £ fMPC uses {4, 8}
iterations per MPC solve. As shown in Figure 1, the drone
avoids the obstacles reaching the target with a terminal error
of 0.084 (line init) to 0.106 (arc init), and near-zero constraint
violations (< 1.3% obstacle-radius penetration).

I'We collect results on a NVIDIA GeForce RTX 5090 GPU and a 12th Gen
Intel(R) Core(TM) i9-12900K CPU with Ubuntu 22.04 and CUDA 13.0.
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Fig. 1. Drone obstacle avoidance problem: Closed-loop trajectories initialized
with 5 random initial conditions (faint lines) and 2 initial guesses (arc and
line) (At=1.0 sec., 8 max. SQP iterations).
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Fig. 2. Linear-System RL Problem: Mean solve time (seconds) per solver at
batch size B = 256 and problem dimensions n; = 8 and n,, = 4, averaged
over planning horizons N € {30,40,50} and 10 repeated random seeds.
Error bars denote 95% confidence intervals over seeds. Annotations indicate
the relative slowdown factor with respect to DiffMPC (1.0X).

B. Reinforcement Learning

We consider the RL formulation in [10] for linear-quadratic
optimal control problems with box inequality constraints. The
discretized linear dynamics are z;11 = Ax: + Bus + b for
t=20,...,7 — 1, with z; € R", u; € R™, and control
bounds ||ut|lco < Umax, With Umax € {1,10}. The dynamics
matrices are randomized as A = I + 0.1 AA, vec(AA) ~
N(0,1), with eigenvalues clipped to |[A(A4)] € (0,0.99];
vec(B) ~ N(0,I); b ~ N(0,107%1); and initial conditions
xg ~ N(0,25I). The stage cost is quadratic, c¢f(z) = " Qx
with @ = diag(6), c*(u) = ||ul|3, and the RL reward is
R(z,u) = —(||z||3 + ||u||3). The learned parameters are
0 = diag(Q). Nominally, we use the state-control dimensions
(ng,ny) = (8,4), a planning horizon T' = 40, an episode
length H = 50, and batch sizes B = 64. Then, we vary
each parameter independently. Statistics are computed over
ten independent runs per configuration.

The GPU advantage of DiffMPC increases with the batch
size and the problem size. mpc.pytorch is out-performed
by the other solvers, with Dif fMPC outperforming it by 4-5x
at larger batch sizes (Figure 2). acados is the fastest method
for single problem instances, and scales well on the CPU to
larger problems and batch sizes thanks to its use of efficient
linear algebra routines and parallelization across CPU cores.
Dif fMPC, thanks to leveraging GPU parallelization, the time-
induced sparsity of the problem, and cuDSS for solving the
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Fig. 3. Linear-system RL: Mean solve time (seconds), averaged over 10 random seeds, as a function of batch size (left), planning horizon (center), and
state + control dimension (right) for wmaez = 1, 10, demonstrating that at scale D1 £fMPC can provide order-of-magnitude improvements.
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Fig. 4. Imitation learning on SRB balancing: (a) weight recovery and (b) imitation loss over gradient steps for Di £ fMPC across 20 random initializations.
Solid lines show the median; dashed lines show the best run. Right: Closed-loop balancing in MuJoCo with MPC weights learned via imitation learning
showing an (c) initial perturbed state and an (d) equilibrium state reached using recovered weights.

primal problems in the ADMM loop, outperforms acados for
larger problems and batch sizes. In particular, for the more
computationaly intensive backward pass, DiffMPC is able
to acheive order-of-magnitude speedups at large batch sizes
and horizons. As shown in Fig. 3, the forward-pass crossover
occurs between batches 64 and 128. The highest speedups are
achieved in the batch sweeps (Horizon = 40, dim = 12,
Umae = 1), with the forward pass peaking at ~2.3x (batch
256) and the backward pass reaching ~24x at batch 1024.

C. Imitation Learning for Legged Robotics

We address the problem of recovering unknown cost weights
w* € R'2 from expert demonstrations of a humanoid robot
performing a standing-balance task. As expert and student
policies, we use an MPC using Single Rigid Body (SRB)
centroidal dynamics, friction-cone box constraints, with the
state * € R'2 (CoM position, ZYX Euler angles, linear
and angular velocities), and the control u € RS representing
ground reaction forces. We consider the Unitree G1 humanoid.

Following the imitation -learning paradigm, we collect a
dataset D = {(23, u2® 39100 of expert demonstrations

Uy N -1 oo
Die Zk 0||uk xo ;W) —

and use the imitation loss £(w) =
uz(z) H2 The weight recovery quality is measured by the rnodel

loss || — w*||2. We minimize £ with respect to logw using
the Adam optimizer from Nj,j;s = 20 random initializations
(wo ~ U(0.5, 12.0), per dimension).

Figure 4 summarizes the results. At step 1000, the median
weight-recovery error is || — w*|2 = 0.59, with 19 of 20
runs finishing below 1.0 and the best reaching 0.080. The
median imitation loss reaches 1.4 x 10~%, with the best run at
3.4x1075. The training traces cluster tightly and descend early
(Fig. 4), suggesting that gradients through the GPU-batched
KKT system are consistent across initializations. Figure 4 (far
right and center right) shows the start and end of a single MPC
solve from a perturbed initial state under closed-loop whole-
body control via MuJoCo XLA [15], as a first step toward a
full-locomotion pipeline running entirely on the GPU.

VII. CONCLUSION AND FUTURE WORK

This paper presents a new JAX-based, GPU-accelerated,
differentiable optimization framework for model predictive
control. Our framework leverages the use of ADMM to handle
state and control constraints while efficiently scaling to the
requirements of learning-based methods like RL and IL. In
future work we aim to extend our work to support alternative
linear system solver backends (e.g., [16], [17]), deploy the
solver onto physical robots, and open-source the code.
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