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Abstract. In open quantum systems, the quantum Zeno effect consists in
frequent applications of a given quantum operation, e.g., a measurement,
used to restrict the time evolution (due, for example, to decoherence) to
states that are invariant under the quantum operation. In an abstract
setting, the Zeno sequence is an alternating concatenation of a contrac-
tion operator (quantum operation) and a Cy-contraction semigroup (time
evolution) on a Banach space. In this paper, we prove the optimal conver-
gence rate O(%) of the Zeno sequence by proving explicit error bounds.
For that, we derive a new Chernoff-type y/n-Lemma, which we believe to
be of independent interest. Moreover, we generalize the convergence result
for the Zeno effect in two directions: We weaken the assumptions on the
generator, inducing the Zeno dynamics generated by an unbounded gen-
erator, and we improve the convergence to the uniform topology. Finally,
we provide a large class of examples arising from our assumptions.
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1. Introduction

In its original form, the quantum Zeno effect is defined for closed finite quan-
tum systems. Misra and Sudarshan predicted that “an unstable particle which
is continuously observed to see whether it decays will never be found to decay!”
[30, Abst.]. In a more general setup, frequent measurements enable a change
in the time evolution and convergence to the so-called Zeno dynamics. Exper-
imentally, the Zeno effect is verified for instance in [14,24]. In addition to its
theoretical value, the quantum Zeno effect is used in error correction schemes
to suppress decoherence in open quantum systems [1,3,15,23,29]. The idea is
to frequently measure the quantum state and thereby force the evolution to
remain within the code space. With an appropriate measurement, one can even
decouple the system from its environment [5,12] and show that appropriate-
ly encoded states can be protected from decoherence with arbitrary accuracy
[7,9]. Moreover, the quantum Zeno effect has been used in commercial atomic
magnetometers [26].

Introduced by Beskow and Nilsson [4] and later named by Misra and
Sudarshan after the Greek philosopher Zeno of Elea, the quantum Zeno effect
in its simplest form can be stated as follows: given a projective measurement
P and a unitary time evolution generated by a Hamiltonian H acting on a
finite-dimensional Hilbert space H [30]: For n — oo

(Pe%H>” ., (itPHP (1)

Since the seminal works [4,30], the result was extended in many different
directions (overviews can be found in [13,24,35]). Recently, the convergence in
Eq. (1) was proven in the strong topology for unbounded Hamiltonian under
the weak assumption that PH P is the generator of a Cyp-semigroup [11]. Earlier
approaches used the so-called asymptotic Zeno condition [10,30,35], which
assumes (1 — P)e' P and Pe' (1 — P) to be Lipschitz continuous at t = 0.
This condition is natural in the sense that it is related to the boundedness
of the first moment of the Hamiltonian in the initial state and is efficiently
verifiable in practice. With the works [1,5,31], the quantum Zeno effect was
generalized to open and infinite-dimensional quantum systems equipped with
general quantum operations and uniformly continuous time evolutions. Note
that in open quantum systems, we are dealing with operators acting on the
Banach space 77 (H) of trace class operators. More recently, Becker, Datta, and
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Salzmann generalized the Zeno effect further and interpreted the Zeno sequence
as a product formula consisting of a contraction M (quantum operation) and
a Cp-contraction semigroup (quantum time evolution) on an abstract Banach
space. Under a condition of uniform power convergence of the power sequence
{M"}en toward a projection P and boundedness of ML and LM, they proved
a quantitative bound on the convergence rate [2]:

|(3e#2)" 0 = PP pa|| = 0 (wk (ol + liCal)) . @

for n — oo and all z € D(L). However, the optimality of (2) was left open.

Main contributions In this paper, we achieve the optimal convergence rate
O(n~1) of the Zeno sequence consistent with the finite-dimensional case [5] by
providing an explicit bound which recently attracted interest in finite closed
quantum systems [19, Theorem 1]. Moreover, we generalize the results of [2]
in two complementary directions:

In Theorem 5.1, we assume a special case of the uniform power conver-
gence assumption on M, that is || M™—P|| < ¢™ for some ¢ € (0, 1), and weaken
the assumption on the semigroup to the uniform asymptotic Zeno condition
inherited from the unitary setting of [35]: for ¢ — 0

[(1 = P)e*P||_ =0(t) and |Pe'“(1-P)|_ =O().

Therefore, we prove the convergence of a non-trivial Zeno sequence in open
quantum systems to a Zeno dynamics described by a possibly unbounded gen-
erator.
Second, Theorem 6.1 is stated under slightly weaker assumptions as Theorem
3 in [2] and improves the result to the optimal convergence rate and to the
uniform topology.

In order to achieve these results, we prove a modified Chernoff \/n-Lemma
in Lemma 4.2, find a quantitative convergence rate for exp (nP(e%tL —1)P)P-
exp(tPLP)P as n — oo, where PLP is possibly unbounded, and prove the
upper semicontinuity of parts of the spectrum of Me** under tight assump-
tions.

Organization of the paper In Sect. 2, we provide a short recap on bounded and
unbounded operator theory. We expose our main results in Sect. 3. Section 4
deals with the modified Chernoff \/n-Lemma and some of its implications as
regards to Trotter—Kato’s product formula. Then, we prove our main theorems
under the weakest possible assumptions on the Cp-semigroup in Sect. 5, and
under the weakest possible assumptions on M in Sect. 6. Our results are il-
lustrated by three large classes of examples in finite- and infinite-dimensional
quantum systems in Sect. 7. Finally, we discuss some remaining open questions
in Sect. 8.

INote that we found an inconsistency in the proof of [40, Lemma 2.1] (see [41]), which
slightly reduces the convergence rate found in Eq. (2) (more details are given in Sect. 4).
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2. Preliminaries

Let (X,] - ||) be a Banach space and (B(X), || - |lo) be the associated space of
bounded linear operators over C equipped with the operator norm, i.e., ||C||
1= SUP, e 2\ {0} %, and the identity 1 € B(X). By a slight abuse of notation,
we extend all densely defined and bounded operators by the bounded linear ex-
tension theorem to bounded operators on X' [27, Theorem 2.7-11]. A sequence
(Cr)ken C B(X) converges uniformly to C' € B(X) if limy o0 [|Ck — Clloc =0
and strongly if limy_,« ||Crz—Cx|| = 0 for all x € X. The integral over bound-
ed vector-valued maps, e.g., [a,b] — X or [a,b] — B(X) with a < b, is defined
by the Bochner integral, which satisfies the triangle inequality, is invariant un-
der linear transformations and satisfies the fundamental theorem of calculus if
the map is continuously differentiable [22, Sect. 3.7-8, 28, Sect. A.1-2].

We define the resolvent set of C' € B(X) by p(C):={z € C | (» —
C) bijective} and its spectrum by o(C):=C\p(C). Then, we define the re-
solvent of C' by R(z,C):=(z — C)~! for all z € p(C). Note that the resolvent
is continuous in z [25, Theorem 3.11] and thereby uniformly bounded on com-
pact intervals. A point A\ € o(C) is called isolated if there is a neighborhood
V C C of A such that V N o(C) = A. The spectrum is separated by a curve
I': I — p(C) if 6(C) = 01 U o, the subsects o1, o2 have disjoint neighbor-
hoods Vi, Vs, and the curve is simple, closed, rectifiable?, and encloses one
of the neighborhoods without intersecting V; and V5 [25, Sects. III, 6.4]. This
definition can be generalized to a finite sum of subsets separated by curves.
An example for a simple, closed, and rectifiable curve is the parametrization
of the boundary of a complex ball around the origin with radius . We denote
the open ball by D,. and its boundary by 9D,..

We define the spectral projection P € B(X) with respect to a separated
subset of o(C) enclosed by a curve I' via the holomorphic functional calculus
[36, Theorem 2.3.1-3]

1

=5 FR(Z,C’)dz. (3)

As the name suggests, P € B(X) satisfies the projection property, P? = P. We
denote the complementary projection 1 — P by PL. If I" encloses the isolated
one-point subset {A\} C o(C), then CP = AP + N with the quasinilpotent
operator 36, Theorem 2.3.5]

=5 (z=ANR(z,C)dz € B(X). (4)
i Jr

1

A quasinilpotent operator N € B(X) is characterized by lim,, o, [|[N"|& = 0.

The time evolution in the Zeno sequence is described by a Cy-contraction
semigroup [8, Definition 5.1]. A family of operators (T3);>0 C B(X) is called
a Cp-semigroup if the family satisfies the semigroup properties, namely: (i)
T,Ts = Ty for all ¢, > 0, (ii) Tp = 1, and (iii) ¢t — T is strongly continuous

2A simple, closed, and rectifiable curve is continuous, has finite length, joins up, and does
not cross itself.
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in 0. The generator of a Cy-semigroup is a possibly unbounded operator defined
by taking the strong derivative in 0, that is

Lx:= lim Tz ==

hl0 h
forallaz € D(L):={x € X | t — Tia differentiable} and is denoted by (£, D(L))
(cf. [8, Ch. IL.1]). Since the generator defines the Cy-semigroup uniquely, we
denote it by (e'*);>0, although the series representation of the exponential is
not well defined (cf. [25, Sects. IX, 1]). A semigroup is called contractive if
SupPss |le“|loe < 1. Note that the linear combination and concatenation of
two unbounded operators (K, D(K)) and (£, D(L)) is defined on D(K + L) =
D(K)ND(L) and D(KL) = L~HD(K)) (cf. [25, Sects. 111, 5.1]). The following
lemma summarizes some properties of Cp-semigroups which are used in this
work:

Lemma 2.1 ([8, Lemma I1.1.3]). Let (£,D(L)) be the generator of the Cp-
semigroup (€'X);>o defined on X. Then, the following properties hold:
(1) If v € D(L), then etz € D(L) and
%etﬁx =efLa = Letra forallt > 0.
(2) For everyt >0 and x € X, one has

¢
/ e™“xdr € D(L).
0
(8) For every t >0, one has

t
etﬁx—xzﬁ/ eFadr  forallz e X
0

t
:/ eELxdr  if x € D(L).
0

Additionally, a general integral formulation for the difference of two semi-
groups is discussed in the following lemma (cf. [8, Cor. IIL.1.7]).

Lemma 2.2 (Integral equation for semigroups). Let (£, D(L)) and (K,D(K))
be the generators of two Cy-semigroups on a Banach space X and t > 0.
Assume D(L) C D(K) and [0,t] > s — X (K — L£)e=£x is continuous for
all . € D(L). Then, for all x € D(L)

t
ey — ety = / R (K = L) et xds.
0

Proof. Assume z € D(L). In the first part, we follow the proof of Corollary
II1.1.7 in [8]. By definition, the vector-valued maps [0,t] > s — e**z and
[0,{] > s + e(!=9)£g are continuously differentiable and D(L) is invariant
under the second map. Then, Lemma B.16 in [8] shows

agelee(tfs)[lx _ ele(]C _ )C)e(tfs)ﬁx.
S
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By assumption, the above derivative is continuous in s € [0,t], so that the
fundamental theorem of calculus proves the integral equation. O

Corollary 2.3. Let (£,D(L)) be the generator of a Cy-semigroup on a Banach
space X, t > 0, and A € B(X). Then, the unbounded operator K = L + A
defined on (L + A, D(L)) is the generator of a Co-semigroup. If additionally
the semigroup t v e'* is quasi-contractive, i.e., ||[et* | < e for a w € R,
then

ete+) e < et (el Al — 1),
Proof. By Theorem 13.2.1 and the corollary afterward in [22], the operator (L+
A, D(L)) is the generator of a quasi-contractive Co-semigroup, i.e., [|e!(£T4) ||

< et with @ = w + || A so. Moreover, [0,1] > s — X Ae'=*)£ 1 is continuous
by [8, Lemma B.15] so that Lemma 2.2 shows

t
Het(ﬁ—&-A) _etLH 7/ ‘
o 0

— (et 1),

A

t
DAL s < et al, [ el s
oo 0

3. Main Results

In this section, we list the main results achieved in the paper. Since the quan-
tum Zeno effect consists of a contraction operator M € B(X) (e.g., measure-
ment) and a Cp-semigroup (e.g., quantum time evolution), the assumptions on
the contraction operator and on the Cy-semigroup influence each other. We
first start with weak assumptions on the semigroup and stronger assumption
on the contraction operator:

Theorem I (stated as Theorem 5.1 in main text). Let (£, D(L)) be the gener-
ator of a Cy-contraction semigroup on X, M € B(X) a contraction, and P a
projection satisfying

[M" = P, <" (5)

for 6 € (0,1) and all n € N. Moreover, assume there is b > 0 so that for all
t>0

|Pe“Pt||  <tb and |Pte'“P|_ <tb. (6)

If (PLP,D(LP)) is the generator of a Cy-semigroup, then for any t > 0 and
all z € D((LP)?)

c(t,b)

n

H (Meig)n . etP,CPPxH < (lzll + |1 £Pz| + ||(LP)?x||) + 6™ ||z|

for some constant c(t,b) > 0 depending on t and b, but independent of n .
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Remark. Note that the assumption on M is a special case of the so-called -
niform power convergence assumption (q.v. Eq. 9) and the assumption (6) on
the Cy-semigroup is a generalization of the uniform asymptotic Zeno condition
which implies the convergence in the case of a unitary evolution frequently
measured by a projective measurement [35, Sect. 3.1]. Note that in that spe-
cific case, [11] recently managed to remove the asymptotic Zeno condition.
Moreover, the assumption that (PLP,D(LP)) is a generator can be relaxed
to the assumption that PLP is closeable and its closure defines a generator
(q.v. remark after Lemma 5.6). The famous Generation Theorem by Hille and
Yosida provides a sufficient condition under which PLP is a generator [8,
Theorem 3.5-3.8].

The following example confirms the optimality of the achieved conver-
gence rate.

Ezample 1. Let {|1),]2),|3)} be an orthonormal basis of R* and § € (0,1). We
define,

L:=[1)(2| and M:=|1){1| + §|3)(3].
Then, P = [1)(1|, (1 — P)M = §]3)(3|, ML = LM, and £L* = 0 = LP,
|M™— P||s < 6™. Using these properties, Ment = M+ L and for ¢ € [0, 00)

(Me%ﬁ)” - (M v tc)
n
¢
=6"[3)(3| + [1)(1] + g|1><2l
= ((1 = P)M)" ' + Pe'PEF 'pe.
n

Therefore,

+ n

H (MeWL:) — PetPEP

which shows the optimality of our convergence rate in Theorem 5.1.

= max{%,é"},
oo

Beyond the proven asymptotics, we find explicit error bounds in Lem-
mas 5.2, 5.5, and 5.6, which simplify if £ is bounded to the following explicit
convergence bound depending on the generator £, the projection P, the spec-
tral gap ¢, and the time ¢:

Proposition 3.1. Let £ € B(X) be the generator of a contractive uniformly
continuous semigroup and M € B(X) a contraction satisfying

[M" = P, < 6"

for a projection P € B(X), 6 € (0,1), and all n € N. Then, for allt > 0 and
n €N,

b 2
[(vreke)" —ererp| <ol (cﬁ 1+ +cp>) 2L,
S n 2 n

g, 20 B3t Llloocy
L S S
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where cy:=||1 — P||o and €’ = SUP4e(o,4] le3PEP | oo -

Note that the above proposition can be easily extended to the case of
an unbounded generator with the assumption that LM and ML are densely
defined and bounded. Another advantage of our setup is the freedom it provides
for choosing the Banach space X, which allows us to treat open quantum
systems (X = T (H) the trace class operators over a Hilbert space) and closed
quantum systems (X = H a Hilbert space) on the same footing. In the case
of finite-dimensional closed quantum systems, Proposition 3.1 reduces to the
following bound, which was independently proven in [19, Theorem 1] (up to a
change of the numerical constant in the quadratic term from g to 2):

Corollary 3.2. Let H be a Hilbert space, H € B(H) be a Hermitian operator,
and P € B(H) a Hermitian projection. Then,

. n . 1 5
—itH __ _—itPHP < = 2,2 2
[(pesim)" —emernrp| <2 (s + 3 mie,)

To achieve the bound above, one inserts § = 0 and £ = ¢H in Proposi-
tion 3.1. Note that PH P is Hermitian and |[e**"# |, =1 for all s > 0.

Next, we consider convergence rates under a slight weakening of the con-
dition on the map M:

Corollary 3.3. Let (L£,D(L)) be the generator of a Cy-contraction semigroup
on X and M € B(X) a contraction satisfying

|M™ - Pl <¢co"

for some projection P, § € (0,1), ¢ > 0 and alln € N. Moreover, assume there
is b > 0 so that

HPet’CPLHOo <tb and HPLewPHoo < tb.
If (PLP,D(LP)) is the generator of a Co-semigroup, then there exists a con-
stant ¢ > 0 and ng € N so that é™0=:6 < 1 and for all x € D((LP)?)
H (M"of;%ﬁ) z— etPLPPxH < % (lz]| + 1£Pz] + ||(LP)2a) + " |12 .

The above corollary follows by the choice ng such that ¢6"° < 1 and
applying Theorem I to M:=M™"°. A more physically motivated result treating
the same generalization as the corollary above is provided in the next result:

Proposition IT (stated as Proposition 5.7 in main text). Let (£, D(L)) be the
generator of a Cy-contraction semigroup on X and M € B(X) a contraction
such that

|M"™ =P, <" (7)

for some projection P, 6 € (0,1) and ¢ > 0. Moreover, we assume that there
is b > 0 so that

|Pet“Pr||  <tb, ||[M*Te™ — M| <tb, and ||PTe"“P|_ <tb

(8)
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where M+ = (1 — P)M. If (PLP,D(LP)) generates a Co-semigroup, then
there is an € > 0 such that for allt > 0, n € N satisfying t € [0,ne], 6 € (,1),
and x € D((LP)?)

|(pe7e)" & — PP Pal | < W (lll + Pz + ||(£P)2z]))

+e2(,0 — 6)0" [l
for some constants c1,co > 0 depending on t, b, the difference & — 8, and ¢.

As in Proposition 3.1, we also get a more explicit bound in the case of
bounded generators in the following proposition:

Proposition 3.4 Let L € B(X) be the generator of a contractive uniformly
continuous semigroup and M € B(X) a contraction satisfying

|M™ — P <é&"

for a projection P € B(X), 6 € (0,1), ¢ > 1, and all n € N. Then, there is
€ > 0 such that for allt > 0, n € N satisfying t € [0,ne], and § € (6,1)

tepllLllos  cp (1 + )L +) 2ILI%

ety -erere] <

n 2 n
~ L 6tepeliLlo
2¢ = 20 e 5%

+ =——0" + -
0—9 1-6 n

where ¢p:=||1 — Pl|» and eb = SUP,c(0,4] le5PEP | o .

Finally, we extend the assumption on M (q.v. Egs. 5, 7) to the uniform
power convergence introduced in [2]. Let {Pj,)\j};’:l be a set of projections
satisfying P; P, = 1;—,FP; and associated eigenvalues on the unit circle dID;.
Then, M is called uniformly power convergent with rate 6 € (0,1) if M™ —
ijl A} Pj = O(6") uniformly for n — co. To prove our result in this case,
we also need to assume that ML and LPs with Pg::Z'jjzl P; are densely
defined and bounded (cf. [2]) and P; is a contraction for all j € {1,...,J,X}:

Theorem III (stated as Theorem 6.1 in main text). Let (£, D(L)) be the gen-
erator of a Cy-contraction semigroup on X and M € B(X) a contraction
satisfying the following uniform power convergence: There is ¢ > 0 so that

J
M™ =N NPl <ésn (9)
=1 .
for a set of projections { P; }3]:1 satisfying Pj Py, = 1;=1 P}, eigenvalues {\; }37:1

C 0Dy, and a rate 6 € (0,1). For Ps:= ijl P;, we assume that ML and
LPs; are densely defined and bounded by b > 0 and ||Pj||oc = 1 for all j €
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{1,...,J,%}. Then, there is an € > 0 such that for allm € N, t > 0 salisfying
t € [0,ne], and & € (4,1)

J
t2\" Z tP;LP; ‘ n
(Men ) — )\?6 J JP7 < Z—‘FCQ(S’”,

Jj=1 I

for some constants c1,co > 0 depending on all involved parameters except from
n.

In comparison with Theorem 3 in [2], Theorem 6.1 achieves the optimal
convergence rate and is formulated in the uniform topology under slightly
weaker assumptions on the generator.

Remark A natural way to weaken the above assumption is to assume that the
power converges is in the strong topology (cf. [2, Theorem 2]).

4. Chernoff /n-Lemma and Trotter—Kato’s Product Formula

In the previous works [2,31], Chernoff’s \/n-Lemma [6, Lemma 2|, which we
restate here, is used as a proof technique to approximate the Zeno product by
a semigroup (q.v. Eq. 13).

Lemma 4.1 (Chernoff \/n-Lemma). Let C' € B(X) be a contraction. Then,
(et(cfl))tzo 18 a uniformly continuous contraction semigroup and for all x €
X

HC’"m — e"(c_l)xH <Vn|(C—1)x|.

Remark In Lemma 2.1 in [40], the dependence on n is improved to n3. This is
crucial in the proof of the convergence rate in [2, Lemmas 5.4-5.5]. Unfortu-
nately, we found an inconsistency in the proof of [40, Lemma 2.1], i.e., Inequal-
ity 2.3 is not justified. An update and more Chernoff bounds can be found in
[41]. Following the proof by Becker, Datta, and Salzmann, one can achieve a

convergence rate of order ﬁ in the bounded generator case [2, Theorem 1]

and of order % in the unbounded generator case [2, Theorem 3.

In the case of the quantum Zeno effect (see Lemmas 5.5 and 6.4) for
bounded generators, the contraction C'is a vector-valued map ¢t — C(t) on X

satisfying [|C(2) — 1||cc = O(n™!). By Chernoff’s /n-Lemma
1 1
o (Ly — e (CGH-D < —
H () —e oV

here we chose the bounded generator case for the sake of simplicity. Never-
theless, the argument can be extended to unbounded generator as well (see
Lemmas 5.5, 6.4, and C.1). Next, we prove a modified bound, which allows us
to achieve the optimal rate in the quantum Zeno effect.
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Lemma 4.2 (Modified Chernoff Lemma). Let C' € B(X) be a contraction and
n € N. Then, (et(c_]l))tzo is a contraction semigroup and for all x € X

H (C” - e”(c_l)) xH < g [(C—1)%z||.

Remark At first glance, this seems to be worse than the original Chernoff /n-
Lemmas in [6]. However, if C'is a vector-valued map satisfying [|C(1) — 1| =
O(n~1), then the modified Chernoff lemma gives

1

HC(}I)R _en(e(z)-1)

<lleth 1L =0 @)

‘ o0

which is the key idea to prove the optimal convergence rate of the quantum
Zeno effect for bounded generators and contractions M satisfying the uniform
power convergence (q.v. Lemma 5.5).

Proof of Lemma 4.2 Similar to Chernoff’s proof [6, Lemma 2], (et(cfl))tzo is
a contraction semigroup. We define Cy:=(1 — )1 +¢tC = 1 4+ ¢(C — 1) for
t € [0,1], which itself is a contraction as a convex combination of contractions,
and we use the fundamental theorem of calculus so that

cr — (€D 4l < Lo Opel-Om(E-D) ,
o |0t
/ HCn 1,(1=t)n(C— 1)” (1= C)(1 — Cy)a dt

which proves the lemma. ]

dt

<§](C—]l)

In [6, p. 241], Chernoff proves the convergence of Trotter’s product formu-
la by approximating the product using the Chernoff \/n-Lemma. For bounded
generators, Chernoff’s proof gives a convergence rate of order n-e. Following
his proof and using our modified Chernoff Lemma, we achieve the well-known
optimal convergence rate of order n=! [20, Theorem 2.11, 32, p. 1-2]:

Proposition 4.3 ([6, Theorem 1]). Let F' : R>¢ — B(X) be a continuously dif-
ferentiable function (in the uniform topology) satisfying sup,er_, [[F(t)[lco <
1. Assume that F(0) = 1 and denote the derivative at t = 0 by L € B(X).
Then, for allt >0

1P (£)" =]l < ln (F () = 1) ], + 5 | (F (£) - D%
Proof The case t = 0 is clear. For ¢t > 0, applying Lemma 4.2, we get

IF (£)" -], < | et e

(r(8)1) _ e

t

Py - (7))

+

o

n
< 2P -1+

oo
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For the second term above, we apply Lemma 2.2:
1
en(F(%)—Il) 7 / esn(F(%)—]l) (0 (F () — 1) — L) =20
[o'e) 0

<ln(FG)—1) -t

ds

o0

t
where we use ||[F(L)||o <1 and that e"FG)=1 g a contraction semigroup.
O

Applying the proposition to the case of Trotter’s product formula, we
achieve the well-known optimal convergence rate for bounded generators on
Banach spaces [20, Theorem 2.11, 32, p. 1-2]:

Corollary 4.4 ([20, Theorem 2.11)). Let £y and Ly be bounded generators of
two uniformly continuous contraction semigroups. Then, for n — oo

H(e%‘:le%&)n*eﬁl“z2 —o(1).
00 n

Proof We define F(L):= enfient for which

|=

F(ly—1=ev5 (e%£2—1)+e%£1f1

(eiﬂ1 — ]1) (6%’62 — ]l) tenfr 1 4enfr—1

1
1
‘ ‘/ €"£1£1d7'1
0 o]
and

1 1
Hn (e%‘c’l —_ :[]_) —_ EIH = ’ / / Tle%ﬁlﬁdeQdTl
o0 0 0

1
In (F(2) = 1) = £1 = L], < — (ILale 12l + 2 L2112 + 201212

n

3

holds. Moreover,

SRS

1
< Ll
n

1
enkr — JIH
(o]

2

1
<o

S

and the statement follows from Proposition 4.3. O

5. Strongly Continuous Zeno Dynamics

We proceed with the statement and proof of our first main result, namely
Theorem 5.1, which we restate here for the sake of clarity of conciseness:

Theorem 5.1 Let (£,D(L)) be the generator of a Cy-contraction semigroup on
X, M € B(X) a contraction, and P a projection satisfying

[M" =P, < 6" (10)

for d € (0,1) and all n € N. Moreover, assume there is b > 0 so that for all
t>0

|Pe“P*||  <tb and |Pre'“P|_ <tb. (11)
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If (PLP,D(LP)) is the generator of a Cy-semigroup, then for any t > 0 and
all z € D((LP)?)

c(t,b)

H (Me%[:)n . etPLPPzH < (l=ll + [ £Pz|| + |(£P)?z|)) + 6™ |||

for a constant ¢(t,b) > 0 depending on t and b, but independent of n .

5.1. Proof of Theorem 5.1

We assume for the sake of simplicity that t = 1 and split our proof into three
parts:

[(retea v < [ st

n

T — (Pe%£P>an (12)

n 1
+ H (PB%EP) g — P 1P p, (13)

Lr
+ enP(en —]l)PPx _ ePﬁPPx

(14)

for all x € D((LP)?).

Upper bound on Equation (12) The following lemma uses similar proof strate-
gies as Lemma 3 in [5] and extends the result to infinite dimensions in the
strong topology.

Lemma 5.2 Let (L, D(L)) be the generator of a Cy-contraction semigroup on
X and M € B(X) a contraction satisfying the assumptions in Theorem 5.1.
Then, for all x € X

n n b 1b(24b)(6—d"
H (Me%[:) T — (PE%LP) xH <"+ -+ *Me% Iz -
non 1-9
The proof of the above lemma relies on a counting method: More precisely,
we need to count the number of transitions in a binary sequence. This is

related to the urn problem, where k indistinguishable balls are placed in [
distinguishable urns [37, Chapter 1.9]. Then, there are

k—1
15
(321 (15)
possibilities to distribute the balls so that each urn contains at least one ball.

Definition 5.3 Let S = {A, B}, j,n,k € N, and n > 1. We define

Sni:={s € S™ | A appears k times in s}
N(j,n,k):=#{s € Sp | s includes j transitions AB or BA}.

In words, N(j,n,k) counts the number of sequences consisting of k A’s
and n — k B’s with the restriction that A changes to B or vice versa j times.
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Ezample 2 Let S = {A, B}, n =4, and k = 2. Then,

N(0,n, k) = #0 =0
N(1,n,k) = #{AABB, BBAA}
N(2,n,k) = #{ABBA, BAAB}
N(3,n,k) = #{ABAB, BABA} =2

Lemma 5.4 Let S ={A,B} and n,k,j € N with k <n. Then,

Q(n—k—l) (k—l) Zf] -9/ -1

-1 -1
N(G.n,k) = 22 (5N (00)) g =21
lrefom) if j=0

for j €{0,....,2min{k,n — k} — log—y}. Otherwise N(j,n,k) = 0.

Proof If j > 2min{n — k,k} — log—p, then N(j,n,k) = 0 by Definition 5.3.
Next we assume that j = 0, the only possible sequences are A™ (k = n) and
B™ (k = 0) so that N(0,n,k) = lyeqo,n}- In the following, we assume that
1 <j <2min{n — k,k} — lak=p, then there is a s € S, so that s includes
exactly j transitions AB or BA so that N(j,n,k) > 0. In the odd case j = 21—1
for I € {1,...,min{k,n — k}}, the element s is constructed by [ blocks of A’s
and [ blocks of B’s:

—~ —~ —
s=A..AB..BA..AB AB..BA..AB..B,
—— = =
1 2 l

1 -1 l
~ —~ —~
s=B..BA..AB..BA BA..AB..BA..A

Identifying these blocks with distinguishable urns and the elements A and B
with indistinguishable balls (q.v. Eq. 15), the task is to count the possibilities
of placing k A’s in [ urns and vice versa n —k B’s in [ urns with the additional
assumption that each urn must contain at least one A or one B. By chang-
ing the roles of A and B, we get twice the number of possible combinations.
Therefore, one of the Twelvefold Ways [37, Chapter 1.9] shows

N(j7n,k):2<n;k1_1> (’;_11)

In the even case j = 2l for I € {1,...,min{k,n—k} —log—y }, we argue similarly
to the odd case. The only difference is that s is constructed by [ + 1 blocks of
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A’s and [ blocks of B’s or vice versa:

1 -1 l
— = — = —~
s=A.AB..BA..AB . . AB..BA.AB..BA. A,
— = = =
1 2 l +1
1 -1 l
—~ = ~ = —~ =
s=B..BA..AB..BB AA..AB..BA..AB..B
N~ S~—~— S~—~— S~—~—
1 2 l +1

Then, the Twelvefold Ways [37, Chap. 1.9] proves the statement by

. n—k—1\/k—-1 n—k—1\/k—-1
sonn = ("2 C0) )0
n—2(nm—-k—-1\/k-1
= — . |:|
o
With the help of this counting method, we are ready to prove Lemma 5.2.

In what follows, we identify the couple (A, B) with the product AB by slight
abuse of notations.

Proof of Lemma 5.2 Assume w.lo.g. P # 0, then MP = PM = P because
for alln € N

|P = PM|loc < [(M™ = P)M|los +||P = M" o < 6" + 46" (16)
and [|P||, < 1 holds by a similar argument because for all n € N
[Plloc < [IM"[loo + [P = M"[loo <146 (17)

The main idea is to split M = P + M+ with M*:=P+M and order the terms
after expanding the following polynomial appropriately. Let A:= M Lent and
B:=Pen’ so that

((p+ML)e%£)" :B"+§ Y os4AT (18)

k=1s€Sn i

where elements in S,, ;, are identified with sequences of concatenated operators
and denoted by s. Then, we partition summands by the number of transitions
from A to B or vice versa and use

<d—.

Al <6 and |AB]| = HMJ-PJ_E%EPM€%L ’
oo n

The number of summands with j transitions is equal to N(j,n,k) given by
Lemma 5.4 for j € {1,...,m} and m:=2min{k,n — k} — lap—y,. Then, the
inequality above shows
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=1
n—-117%] 20-1
kb(n—20) (n—k—1\(k—=1\ (b
+};;6 nl -1 -1 n

Sln—1 —
(1) 2 21—2 21—2

— 2
n — = (-1
Z]-1
sno b2HD) 0 o L b
- n  1-¢ 12
=0
n, 10(2+0)(0—0") 2
< _ - .
=0 1-0 €

L

In (1) above, we used the upper bound (}) < %4 to show

n—k—1\/k—-1 - n2=2
-1 I—1) — (1—-1)12
Additionally, we increase the upper index to [ 5 | and upper-bound
b(n — 21)
nl
Applying the assumptions again to

n 1 n n—1 1
(Pe%L) T — (PeﬁﬁP) T = (Pe%LP) Pen“ply
finishes the lemma:

(et~ (peter)'a] < (L4 LHEE DO

2+ <2+0.

O

Remark By the counting method introduced above, we can approximate
(Mew£)™ by (Pew£P)", which is independent of M=, In the previous works
[2,31], the operators considered in similar proof steps as Eqs. (13) and (14)
depended on M.

Upper bound on Eq. (13): In the next step, we apply our modified Chernoff
Lemma 4.2:

Lemma 5.5 Let (L, D(L)) be the generator of a Cy-contraction semigroup on
X and P € B(X) be a projection. Assume that both operators satisfy the same
assumption as in Theorem 5.1. Then, for all x € D((LP)?)

(Perep) "o — enPe 0P py | < % (0 | + b £P2| + || (LP)?=]]) -
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Proof The proof relies on the modified Chernoff Lemma (q.v. Lemma 4.2)
applied to the contraction C’(%) = Pew£P on PX. Then, for all z € X

2
<3| (e -2)P) s,
2
Moreover, the asymptotic Zeno condition (11) and the continuity of the norm
imply

H PenﬁP x—e"P(eiﬁ_ﬂ)PPx

HPL,CPQ:H = hm HPl hLPJ:H < b||x||

for all z € D(LP). Hence, P LP is a bounded operator with |[PLLP| < b.
Next, given x € D(LP), the Cy-semigroup properties (q.v. Lemma 2.1) imply

(P (eiﬁ ~1) P

n

1
= HP (e# - 11) P/ e “(1 — P+ P)LPxdn
0

1
< HP (e%’c — ]l) P/ eTlEPEdeﬁ
0

1
+2/ |Pestept| am||PEep| el
0 oo

Note that fol e £PLPx belongs to D(£) by Lemma 2.1, but not necessarily
to D(LP). However, for all x € D((LP)?)

(P (e%L — ]l

b2
n + = |a

H — ]l P/ EPﬁPJIdTl

< HP e%L—]l / €%LP[,P.'L‘d7'1
0

b2
+ = Jal) +||Perept| P
n [eS)

1
<=

1 1
P/ eTZEE/ e LPLPxdr dry
n 0 0

L2 ||$|| + = HﬁPfUII
<= (b2 |z]| + b || LPz| + ||(LP)?z]|),
which proves Lemma 5.5. O

Remark As regards to the convergence rate of the quantum Zeno effect, Lemma
5.5 constitutes our main improvement compared to the work [2]. The modified
Chernoff lemma allows to improve the convergence rate to n=!.

Upper bound on Eq. (14): Finally, we prove an upper bound on Equation (14),
which can be interpreted as a modified Dunford—-Segal approximation [18].
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Lemma 5.6 Let (£, D(L)) be the generator of a Cy-contraction semigroup on
X and P € B(X) be a projection. Assume that both operators satisfy the as-
sumptions of Theorem 5.1. Then, for all x € D((LP)?)

b
< o (8 flall + [|(£P)2])

enp(e}@ﬂf]l)PPas — ePEP Py

sPLPPHOO < 0.

with eb:= SUPgel0,1] e

Proof The proof relies on the integral equation for semigroups from Lem-
ma 2.2. We start by proving the continuity of

[0,1] 3 5 —e’PEP P (nP(e%£ -1)P - PEP) =P ~1)P py.
(19)

Since for all s € [0,1] and z € D(LP)

1 1 hL
P )P prp. o posnP(en—1)P P(e"” — IL)Pw
h—0 h
hL 1 1
= lim Pl -1)P h_ DP jonp(ent—1)Pp, _ PLPe P =P py

the vector-valued function defined in Equation (19) is equal to
—espﬁPPe(l_s)"P(e%L_l)P (nP(eiﬁ - 1)P — PEP) T

and, thereby, well defined and continuous in s. Therefore, Lemma 2.2 gives for
all x € D(LP)

1
enP(enﬁfll)PPm _ o PLPp,
1 . .
= —/ *PLP pe(1=s)nP(en“~1)P (nP(eﬁL —-1)P— PEP) xds.
0

Moreover, for all = € D((LP)?)

1

nP(en* —1)Px — PLPx = P/ en*LPrdry — PLPx

fp/ / e LP)%xdrdr,  (20)

+ P/ et pPLLPrdr.
0

Finally, we use sup ¢ 1 lesPEP P||o < oo, which holds by the princi-
ple of uniform boundedness (q.v. proof of Proposition 4.3), the property that

1
(eS"P(e”L’l)P)SzO is a contraction, and the upper bounds || PLLP||« < b and
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| Pes“ PL|o < sbso that

‘en

for all z € D((LP)?) and €’ = supeo.1] le*F 47 Plloo- O

P(e%Lf]l)PPm _ (PLPp,

< || (nPiete ~ 1P - PeP) ] as

b
(&
< o (Pllzll + 1(£P)=]))

The above approximation of e’%F by enPen =P s similar to the
Dunford—Segal approximation, which would be given by exp (n(exp(%PLP)
—1)): for the generator (K, D(K)) of a bounded Cy-semigroup, Gomilko and

Tomilov proved [18, Corollary 1.4]

I

for all z € D(K?) and B::suptzo e ||oo- In our case, it is not clear whether
(e3P£P) <0 is uniformly bounded.

G N P A T
n

Remark The specificity of the last step stems from the fact that (£,D(L))
is unbounded. In the previous works [2,31], a similar step exits but in both
papers £ was assumed to be bounded. Moreover, Equation (20) is the only
step in the proof of Theorem 5.1, which deals with the operator PLP. If PLP
is closable, PLPx = PLPx for all z € D(LP) so that it is enough to ask
for the closure of PLP to define a generator. The same reasoning works for
Proposition 5.7 and Corollary 3.3.

End of the proof of Theorem 5.1: We combine Lemmas 5.2, 5.5, and 5.6 to
prove Theorem 5.1.

Proof of Theorem 5.1 Let x € D((LP)?). Then,

H <Me%£>n:r - ePﬁPP;rH < (5" + % + %We%) llz]] (Lemma 5.2)

b o (2 el blEPe) + [(£PPa])  (Lemma 5.5)

5
+ 571 (b2 [l + H([ZP)217H> (Lemma 5.6).
Redefining £ by t£ and b by tb, we achieve
| (arei) " =P Pl < S (ol + 1£Pal + 2PPo) + 5" o]

with an appropriate constant ¢ > 0 and e’ = supeo, 1€*7 4 || oo- O

Remark The upper bound in Theorem 5.1 can be formulated for all z €
D(LP). For this, one must stop at an earlier stage of the proof and express
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the error terms by appropriate integrals. One possible bound would be the
following:

I (Me%L) e |

non 1-6

(Lemma 5.2)

1 S
o <b2 lzl| + b | L2 + HP/ / Le™ 5 PL Padr dry
0 0

(Lemma 5.5)
5.2. Proof of Proposition 3.1 and Corollary 3.2
Proof of Proposition 3.1 Since ||P|loc < 1 (17) and t ~ e** is a uniformly
continuous contraction semigroup, the generator is defined on X and bounded,
ie., [[£|loc < 00, so that

)

b 1,1
+ = (b2 | + 2 HP/ / mLe " FPLPxdrydr
2n 0 0

(Lemma 5.6).

|Pe(1 = P)||. = |[P(e — 1)(1 - P)||_ < H‘C/o eSE(1 — P)ds

oo

<L cp-

where ¢,:=||1 — P||s < 2. Then, we simplify the bounds found in Lemma 5.2,
5.5, and 5.6 to

n 1 20 B b 1
H (meve)" — ePﬁPPHOO <64 <b+ 5"+ 5+ 5 Il + 1N
ehp? e 9
e
e L

where ¢ = SUPsefo,4 lesP£P|| . By redefining £ by tL, b by tb, and using
b < [ Llloocp,

ot (1) 0+6)\ elepz
2 n

H(Meiﬁyl _ etPLPPH < cpt”/v‘”oo +
oo n

5 95 e3tlLlecs
L T

which proves the statement. O

Proof of Corollary 3.2 In closed quantum systems X = H equipped with the
operator norm induced by the scalar product, which shows ||U|e = 1 for
all unitaries U € B(H). Particularly, eb = SUP,¢o,4 lesPEP || = 1 because
|Plloc = 1 is equivalent to P = PT [36, Theorem 2.1.9] so that PHP is
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Hermitian. Moreover, P = PT implies (1 — P)" = (1 — P) which shows ¢, =
|1 — Pl < 1. Finally, the choice M = P implies § = 0 which proves the
corollary by inserting the constants into Proposition 3.1. O

5.3. Proof of Proposition 5.7

In this subsection, we weaken the assumptions (10) on the contraction M at
the cost of stronger assumptions on the Cp-semigroup. For that, we combine
techniques from holomorphic functional calculus with the semicontinuity of
the spectrum of M perturbed by the semigroup under certain conditions. We
refer to Appendix A for details on the tools needed to prove the main result
of this section.

Proposition 5.7 Let (£, D(L)) be the generator of a Cy-contraction semigroup
on X and M € B(X) a contraction such that

|M™ - P <é&o” (21)
for some projection P, 6 € (0,1) and é > 0. Moreover, we assume that there
is b > 0 so that

|Pe“PH|| _ <tb, |M*e— M| <tb, and |PreP| _<tb
(22)
where M+ = (1 — P)M. If (PLP,D(LP)) generates a Co-semigroup, then

there is € > 0 such that for allt > 0, n € N satisfying t € [0,ne], 6 € (4,1),
and x € D((LP)?)

H (Me%[:)nx - 6tP£PPxH < Cl(t’b;f(s) (llz]| + [ILPz| + |[(LP)*=|)

+ (8,0 — 6)" |||,
for some constants ¢1,co > 0 depending on t, b, the difference 6 — 6, and .

The only difference to the proof of Theorem 5.1 is summarized in the
question: How can we upper-bound ||(MLew%)¥||o for all k € {1,...,n} with
the weaker assumption (21) on M? For that, we replace the argument in the
proof of Lemma 5.2, which only works for the case ¢ = 1.

Proof Since the bounds found in Lemmas 5.5 and 5.6 are independent of the
value of ¢, it is enough to improve Lemma 5.2:

ety st < (et o (peter) |

+ 2 (02 ol + bIcPal + | PPa]) - (Lemma 5.5)

+ el;i <b2 ||l + H(CP)QxH) (Lemma 5.6)
2n ’
with et = SUD,e(0,4] esPEP|| o < oo. Since the assumption (21) on M is a

special case of the uniform power convergence (q.v. Eq. (26)), Proposition B.1
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shows the equivalence of the uniform power convergence of M to the spectral
gap assumption, that is

o(M) c DgsU{1},

where the quasinilpotent operator corresponding to the eigenvalue 1 vanish-
es. Therefore, the eigenprojection P w.r.t. 1 satisfies MP = PM = P and
the curve v : [0,27] — ©C,¢ ~ &€ encloses the spectrum of M+:=M P+
(q.v. Fig. 1). Together with the second bound in (22), Lemma A.2 shows that
there exists € > 0 so that the spectrum of M+e% can be separated by ~ for all
s € [0, ¢]. Therefore, the holomorphic functional calculus (q.v. Proposition A.1)
shows for all ¢t € [0, ne], k € N

(MJ‘e%£>k = L f sz(z,MJ‘e%)dz. (23)

2mi J,

Let t > 0, n € N so that ¢t € [0, ne]. By the principle of stability of bounded
invertibility [25, Theorem 1V.2.21], R(z, M+e**) is well defined and bounded
for all z € v and s € [0, €]. More explicitly, using the second Neumann series
for the resolvent [25, p. 67], we have

|R(z, M*e*5)|| = ||R(z, M) i (M*e*s — M) R(z, MH))”
p=0 00
< HR(z,Ml)HwZ (sb||R(z, M5 )" (24)
p=0
2+ 262

L _.

where we have applied the assumption (22) and the following upper bound on
s (q.v. Eq. 50):

1
2

s<e< (1452 (1 +sup || R(z, MY)||° >_
2b zey e

1 “2y—1 -
< (148 (sup||R(Z>ML)Hm> ’

zEy

to compute the geometric series. Combining Eqgs. (23) and (24) shows for all
ke{l,..,n}

. Nkl 1 . -
H (ML65L> ” < —}1{ 2|1 HR(Z,MLeWL)H dz < cpdf. (25)
00 2w ~ 00
Next, we define A:=M=Len’ and B:=Pe«~ and expand
(Mete)" = (PMete 4 Mteti) = (B + A)".

The above n'® power can be expanded in terms of sequences of the form

A..AB...BA...AB... or B..BA..AB..BA..
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FiGURE 1. .

Similar to Lemma 5.2, we can upper-bound every sequence w.r.t. the number
of transitions AB or BA using the assumptions (22) on the Cy-semigroup as
well as the inequality (25). The only difference to the proof of Lemma 5.2 is
the constant ¢y in the inequality so that

Jretey - (pese) | < S5 ()

k=1 j=1
é n lb02(2 + bC2)~(6 — (5")6%027
n o n 1-6

< CQS” +

where m:=2min{k,n — k} — log—y. Then, for all z € D((LP)?) and an ap-
propriate ¢; > 0

| (ae58) @ = L7 Paf| < L (laf) + 1£Px] + [[(CP)])) + 26" ]

Proof of Proposition 3.4 Similar to Proposition 3.1,

b 2
[ (peie)" — erer < oy Tl Cllee | Gt AN+ ) 2L)E
n 2 n
25 egtcpc2‘|ﬁ‘|oo

1-96 n

-~ $2
where b = SUP,eo,q Il€ oo and c2:=sup,¢, | R(z, MJ-)HOO 31322 (see Eq.

(24)). The constant ¢z can be bounded with the help of the first von Neumann
series [25, p. 37] and the geometric series:

sPLP H

2 +26° L —(k L k sk
1+252225HRZM )H —2sup|\kzoz EED (MR o < 2= 25 0

2
5—36
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so that

b 2
T o P (1+) 0+4) g,

|(ares)” - ererr

- n 2 n
_ Gf«cp:ﬁ”l:Hoo
+ ~2C S” + 25 _ e -6

0—0 1-9 n
which finishes the proof of the proposition. 0

6. Uniform Power Convergence with Finitely Many Eigenvalues

In this section, we weaken the assumption on M to the uniform power conver-
gence assumption (q.v. Eq. 26), that is we allow for finitely many eigenvalues
{)\j}le and associated projections {Pj}'j]:1 satisfying Pj P, = 1= F;. Simi-
lar to Theorem 3 in [2], we strengthen the assumptions on the Cp-semigroup to
ML and L Py, being densely defined and bounded by b > 0, where Ps:= ijl P;.
Under those assumptions, we can prove the Zeno convergence in the uniform
topology:

Theorem 6.1 Let (L£,D(L)) be the generator of a Cy-contraction semigroup
on X and M € B(X) a contraction satisfying the following uniform power
convergence: There is ¢ > 0 so that

J
M™ =N "NP|| <ésn (26)
Jj=1 o

for a set of projections { P; }3-]:1 satisfying Pj Py = 1;=1P;, eigenvalues {/\j}j]ﬂ -
0Dy, and a rate 6 € (0,1). For szzz;.jzl P;, we assume that ML and
LPs; are densely defined and bounded by b > 0 and ||Pj||oc = 1 for all j €
{1,...,J,X}. Then, there is an € > 0 such that for alln € N, t > 0 satisfying
t €[0,n€, and & € (6,1)

J
tr\" tP;LP 2! N
(Men ) =Y AP R < e,

j=1 I

for some constants c1,co > 0 depending on all involved parameters except from
n.

6.1. Proof of Theorem 6.1

Similar to the papers [31] and [2], we use the holomorphic functional calculus to
separate the spectrum of the contraction Me!* appearing in the Zeno sequence.
In contrast to [2] where the Cy-semigroup is approximated by a sequence of
uniformly continuous semigroups, we instead crucially rely upon the uniform
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continuity of the perturbed contraction to recover the optimal convergence
rate. We upper-bound the following terms:

(Meiﬁ)n — EJ: )\;.Letpjﬁp’ P; < H(Meﬁﬁ)n — (PEMefﬁ.PZ)n‘ (27)
j=1

‘ oo

o)

+

(PsMercps)” EJ: n(EGO=RGD) p ()
7 (28)
2‘]: iy Pyt ))P( )7Z>\n tP£P7P

a (297

where the definitions of the perturbed spectral projection Pj(%) and the Cher-
noff contraction C;(£) are postponed to Lemma 6.4.

Approzimation of the Perturbed Spectral Projection In the following result, we
consider an operator A uniformly perturbed by a vector-valued map ¢ — B(t)
in the following way:

t— A+ tB(t).

Under certain assumptions on the perturbation controlled by ¢, we construct
the associated perturbed spectral projection for which we obtain an approxi-
mation bound (cf. [2, Lemma 5.3]). The key tools are the holomorphic func-
tional calculus and the semicontinuity of the spectrum under uniform pertur-
bations. The statements are summarized in Proposition A.1 and Lemma A.2.

Lemma 6.2 Let A € B(X), t — B(t) be a vector-valued map on B(X) which is
uniformly continuous att = 0 with sup;>q | B(t)|l < b, and T : [0,27] — p(A)
be a curve separating o(A). Then, there exists an € > 0 so that for allt € [0, €]

P(t A+tB(t))dz
(0F=gr: § R A+15()
defines a projection with ||P(t)|| < % and derivative at t = 0 given by
. P(t) -
P':=lim ————~= A
tim OO L 7{ R(: VR(z, A)dz. (30)

with ||P']|ee < R?;‘Fl. The zeroth-order approzimation of t — P(t) can be
controlled by

tRbd|T|

P(t) — Plleo < 31
IP(t) ~ Pl < =5 (31)
and the first-order approzimation by
tR |F|
[P(t) = P —tP'| < (t*d + [|B(t) = B(0)l|.) - (32)

Above |T'| denotes the length of the curve I', P abbreviates the unperturbed spec-
2
tral projection P(0), R:=sup,cr ||R(2, 4)|lcc < 00, and d = Rinf,cp %
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Proof Since t — B(t) is uniformly continuous at ¢t = 0, the vector-valued map
t — A+ tB(t) is uniformly continuous as well. Then, Lemma A.2 states that
there exists an € > 0 such that (A + tB(t)) is separated by I' for all ¢ € [0, ¢]
and Proposition A.1 shows that

1
Pt)=— ¢ R(z,A+1tB(t))d
defines a projection on X for all ¢t € [0,€]. Let Ri=sup,p ||R(z, A)|c < o0,
then using the same steps as in Eq. (24), we have that for all n € T’

2+ 2|22
|Rn, A+ tB(6)]., < Rin 2270 _

i
zer 14 222 (33)

Therefore, the perturbed resolvent is uniformly bounded. To prove the explicit
representation of the derivative and the quantitative approximation, we follow
the ideas of [2, Lemma 5.2-5.3]:

P(t);P(O) _ t;ﬂ ( j{ R(z, A+ tB(t))dz — fr R(z,A)dz)
1

=— ¢ R(z2,A+tB(t))B(t)R(z, A)dz,
27 Jp

which uses the second resolvent identity, i.e., R(z, A+ tB(t))tB(t)R(z, A) =
R(z,A) — R(z, A+tB(t)) for all z € I" and ¢ € [0, €] and proves Equation (30)
by Lebesgue’s dominated convergence theorem [22, Theorem 3.7.9]. Moreover,
the above equation proves Eq. (31). Finally,

1P(t) P —tP| < - é(R(z, A tB() — R(z, A)B(t)R(=, A)d=
+ % ]gR(z,A) (B(t) ~ BO) Rz, A)iz|
<t ?{R(z,AJrtB(t))tB(t)R(z,A)B(t)R(z,A)dz
2 || )1 oo
o éR(z,A) (B(®) ~ BO)) Az, A)dz|
< B (w2a 1 1B - BO)L)
(34)
where |I'| denotes the length of the curve I'. O

Now, we are ready to prove Theorem 6.1.
Upper bound on Equation (27):

Lemma 6.3 Let (£, D(L)) be the generator of a Cy-contraction semigroup on
X and M € B(X) a contraction with the same assumption as in Theorem 6.1
and cp:=||1 — Ps||so. Then, there is an €1 > 0 and co > 0 so that for allt >0
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and n € N satisfying t € [0, neq]

H (Me#)n - (PEMe%ﬁPE)n < epdm 4 %b

_’_l theyca(2 + tbcpfg)(g —m)
n 1-9
Proof As in the proof of Proposition 5.7, B.1 shows that the uniform power
convergence assumption (26), that is ||M”fz;.]=1 A!Pjlloc < 6™ foralln € N,
is equivalent to the spectral gap assumption (q.v. Appx. B),
O'(M) c Dsu {)\1, ooy )\J}7

with corresponding quasinilpotent operators being zero. Therefore, the curve
v :[0,27] — C,p — 6e, with § € (d,1), encloses the spectrum of ML:=M P& =
Ps M, where Py, = Z;]:l Pj and Pg =1 — Py (q.v. Fig. 2). By Lemma 2.1

thbc,,CQ .

||MJ'65£—MLHOO=S < scpb

o0

1
Mt / e Ldr
0

with ¢,:=||Ps||oc. Therefore, M1e*s converges uniformly to M+ for s | 0.
Hence, Lemma A.2 shows that there exists an €; > 0 such that the spectrum
of M+e** can be separated by v for all s € [0,¢;]. Therefore, we can apply
the holomorphic functional calculus (Proposition A.1) to conclude that for all
t € [0, ne]
1otr\” 1 k 1,
(M en ) = —j{z R(z,M~en)dz,
27 J,

. . 52
where k € {1,..,n}. By Equation (24) and with ca:=sup,¢., [ R(z, ML)HOO%,

’ dz < czgk.
o

t k-1 1 t
‘(MJ‘enc) H < 2—% 2|1 HR(Z,MJ‘e?)
e} ™ Yy

Moreover, by the assumptions ||Ps|lcc = 1, |ML||oo < b, |LPs]lee < b, and
Lemma 2.1

|MPge*PgM|| _ <tb and ||MPgePsM|_ < tcyb.

By the same expansion of (Me#£)" = (PyMen“ + M*ew)" as in the proof
of Proposition 5.7,

the,ca (2 + theyea) (5—5")
t n ¢ n - 1 2 2
H (Meﬁﬁ) - (PgMezﬁ) H < 0™ 4 = P P 2tbepes
oo n 1-9
Finally, Lemma 2.1 shows

tbe,

HPEMefiﬁ(ﬂ —PE)H
n

1
PgMﬁ/ e"vE(1 — Py)dr
0

t
[e%} n 00

so that

b 1 thepea(2 + thepez) (S — 5”)

2tbc,c
e etz

ety - ronsten) <

n ' n 1-6
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FIGURE 2. .

which finishes the proof. O

Upper bound on Eq. (28) As in Lemma 5.5, we apply the modified Chernoff
Lemma (4.2) to upper-bound the second term (28). However, our proof strat-
egy includes two crucial improvements compared to Theorem 3 in [2]. Firstly,
we show that the spectrum of the perturbed contraction is upper semicontin-
uous under certain assumptions on M and the Cp-semigroup. Therefore, we
can use the holomorphic functional calculus and apply the modified Chernoff
Lemma with respect to each eigenvalue separately, which allows us to achieve
the optimal convergence as in Lemma 5.5.

Lemma 6.4 Let (£, D(L)) be the generator of a Cy-contraction semigroup on
X and M € B(X) a contraction satisfying the same assumption as in The-
orem 6.1. Then, there is an es > 0, and a Jl > 0 so that for all t > 0 and
n € N satisfying t € [0, nes]

J -~
(PEMB%EPE) — Z )\;}en(cj(%)ipj(%))]?j(i) < ietdl

n n

Jj=1 oo

where C'j(%)::XjPj(%)PEMe%EPEPj(%) and PEIZ Z;‘le Pj.

Proof By Proposition B.1, the uniform power convergence (26) shows that
the P;’s are the eigenprojections of M so that PeM = MPy = Z}I=1 A Pj
and the spectrum o(Ps M) consists of J isolated eigenvalues on the unit circle
separated by the curves I'; : [0,27] — C,¢ — \; + re’® (q.v. Sect. 2 and

Fig. 3) with radius
A=A }
r=minq{ ———— ;. 35
i#j { 3 (85)
Note that we use the curve interchangeably with its image and denote the

formal sum of all curves around the eigenvalues {\; }3]:1 by I'. In the following,
we define the vector-valued function:

1
s+ PsM + sB(s):=PsM + SPZME/ eSTE Pedr (36)
0

= Py Me*“ Ps .



Vol. 24 (2023) Optimal Convergence Rate in the Quantum Zeno effect 1645

FIGURE 3. .

Since ML is bounded, the defined vector-valued map converges in the
uniform topology to PsM. Moreover, Lemma 2.1 shows that s — B(s) is
uniformly bounded and continuous in s = 0 because

2

11
|1B(s) — B(0)||,, = s PZME/ / 112 L Podrydr || < 3% (37)
o Jo

oo

where we have used the assumption ||Ps|/s < 1. Then, we can apply Lem-
ma 6.2 which shows that there exists an e > 0 such that for all s € [0, €3]

1
Pj(s):= 5 é R(z, PeM + sB(s))dz

defines the perturbed spectral projection w.r.t. A;. Next, let ¢ > 0, n € N such
that ¢t € [0,nes]. By Lemma 6.2 and Equation (37), the perturbed spectral
projection can be approximated by

t 1 t t
||PJ(%) — PJHOO S ﬁij (dj — 2> r S Eijdjr::ﬁvj (38)
2
|2i&) — By = LR, < SR, (39)

— R 24202 | 1
where Rj:=sup_cp, [|R(z, PeM)|oo, dj:=R;inf.cr, oz T 3, and we use

that |T'j| = 2nr. Note that the defined d; is not exactly the d in Lemma 6.2.
Moreover, note that [|[Pj(%)|ec < djr and |[Pj|loc < R3br. By the spectral
decomposition,

(Podrertrs)” = > (P () Pedet e Pop, (£)" (40)

Jj=1

Next, we aim at applying the modified Chernoff Lemma 4.2 to C;(£):=); P;(%)
PZMe%LPEPj(%) for all j € {1,..,J}, which has to be adapted since it is no
longer clear that ||C;(L)[| = 1. We start by bounding the difference in norm
between C;(-) and P;(+). By the fundamental theorem of calculus and the

z i
n n
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facts || Pj($)lloe < djr, [PeML]oc <, [l ]loe < 1, [Aj| =1

1
Ies6) - Pl < & |nimcrenre / e%ﬂpzpj@)ds

o0

+HP )P MP;(L .
< Ebd?ﬁ + HXij(E)PZMPj(E) —Pi(L).. - (41)

In the next step, we focus on the second term and prove a higher-order approx-
imation then needed because in Lemma 6.5 we will reuse this calculation. In
the following calculation, we use the bounds from above, in particular Equa-
tions (38) and (39). Moreover, we use the product rule for derivatives, which
shows P; = P; P} + P;P; by %Pj (s) = %Pj(s)2 (cf. [31, Lemma 3)).

I\ P3G PEMP( ) =P ()
= (B G) = Py = 52P)) PeMB ()|

PiPi(3) + PPZMP( )= Pi(3)

n

o

‘ o0

t
P (Pj(fl) - P - nP}> H

t
+ 1P (Pi()) — 7))

t2 2122 72

(42)

o0

t
+‘Pj+n(PjPa{+Pij)—Pj(fl)

‘ o0

t2 2722 52 t2 212 t2 31,2 2
< ﬁij rod; + QEij rd; + ﬁij d;r
t2
< ER?dejT (dj?“ + RjT + 2)

Combining Egs. (41), (42), and £ < €3 shows

oo T

t t2
HCJ(%) _PJ(%)H < gbd??g'i‘ﬁR?bgdjT (djT"f‘RJT—’-?)
t t
< ﬁbdjr (djr + e2R3b (djr + Rjr +2)) =iw; (43)

In Eqgs. (38) and (44), we have proven that |[P;j(L) — Pj|| < Lu;, [|C;(L) —
P;i()|l < fwj and note that || Pjlle =1, P;(5:)C;(5) = Ci (1) P5(7) = C5(%)

holds by definition. Then, we can apply the approximate version of the modified
Chernoff Lemma C.1 to C;(£). This shows

2,,,2
< tﬁet@j"‘wj) < l
- 2n -n
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Combining Eqs. (40) and (44) and writing out the constants v; and w; gives

(Rontetrs)" = S (@ (-2 gy )

3 ()" - e (OG- gy )|

<J max (5

Jje{l,...J}

< Zet(w +2w;)
n

Finally, we define di = maxXje(1,... s} V5 + 2w;, which finishes the proof. O

......

Upper bound on Eq. (29):

Lemma 6.5 Let (L, D(L)) be the generator of a Cy-contraction semigroup on
X and M € B(X) a contraction with the same assumption as in Theorem 6.1.
Then, there exists a constant dy > 0 such that

J J

S e n(CG=-PiG) p Pi(L)— S AretPiEPipy

j=1 Jj=1

J id P,
< Lotde o || stPiLP;

S — &
n s€[0,1]

o0

oo

Proof For ease of notation, we absorb the time parameter t into the generator
L and b. In order to prove the convergence of the generator, Equation (42)
proves:

I (C5(L) — Py(L)) — PoLPy| < 'x]

1
Pj(%)PEME/ en“PgPj(L)ds — P,LP;
J0

[ee]

1
+ —R3b’d;r (d;r + Ry + 2),
n

where R;:= sup.cr, [[R(2, PeM)|[oc, dj:=R;inf.cr, 113} :z + %, and r is the
radius of the curves I'; defined in Equation (35). Then, we apply Lemmas 2.1

and 6.2 on the first term:

|

X Pj( L )PEMLZ/ e “PsPi(L)dr — P,LP;

o0

% )\ Pj( PZMC/ / 7'16 Tn LPZP( )dTadT
+ || AjPj(£)Pe MLPsPj(+) — P,LP;|
1
< o VA +[[(Pi() = Py) PeMLPS P (), + 1PL (P () = By) |

<lb2dr< dr+Rdr+R>
n

where we used Equation (38) in the last step and the assumption that ML
and LPs are bounded by b and all the inequalities discussed before Equation
(43). In combination with Lemma 2.2
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(@) -m(w)) Z epien

oo

=GB ED| e () - B () - Bemll

oo

< max HeSPJLPJH
s€[0,1]

1 1
S ; SIEH%XI] HesP]‘l:PJ Hoo @wzb2djr (RJQ (dj’l‘ —+ Rj’l‘ —+ 2) + idjr + Rjdjr + RJ>

for all j € {1,..J} and where w; is defined in Equation (43). With one more
application of Equation (38), this shows

J

n 7 o PyLP; J i
;)\" ( ) P( ))Pj(i)—;)\jepﬂﬁpﬂPj Sgetdz Srél[%’i HestPLP H

where we choose dy > 0 appropriately and redefine £ by t£ and b by bt. 0O

End of the Proof of Theorem 6.1 Finally, we combine the upper bounds
found in the lemmas in order to finish the proof of Theorem 6.1.

Proof of Theorem 6.1 Lemmas 6.3, 6.4, and 6.5 show for all ¢ € [0, ne] with
e:=min{ey, ez}

<Me%£> Z AetPEPip < pdn % tTlL)CpCQ(Q + tlbcp?)(é 6" JETI

o0

(Lemma 6.3)
+ ietd}

n

(Lemma 6.4)

J 44
—I-—etdz max ’
n s€[0,1]

(Lemma 6.5).

estPJLP]

For an appropriate constant ¢; > 0, we finish the proof of Theorem 6.1. 0

7. Examples

In this section, we present two classes of examples, which illustrate the range
of applicability of our results. In the examples, we denote by p,o quantum
states.

Ezample 3 (Finite-dimensional quantum systems). We choose X = B(H) to
be the algebra of linear operators over a finite-dimensional Hilbert space H
endowed with the trace norm ||z|; = tr|z|, M : B(H) — B(H) a quantum
channel, i.e., a completely positive, trace preserving linear map, and £ the gen-
erator of a semigroup of quantum channels over B(H), also known as a quan-
tum dynamical semigroup. In finite dimension, it is know that every quantum
channel is a contraction [38, Cor. 3.40], the spectrum includes the eigenvalue
1 [39, Theorem 3], and every linear operator in finite dimension has a discrete
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spectrum. Moreover, the nilpotent part of a quantum channel is zero [21, Lem-
ma A.1]. Therefore, there exist 6 € (0,1), ¢ > 0, and a set of eigenvalues and
projections {\;, P;}7_, such that for all n € N

J
Mnx—Z/\ij.T S 5(5" ||.Z‘H1
j=1 )
Note that the assumptions on the semigroup are satisfied due to the finite-

ness of the system and the contraction property of the P; must be assumed
additionally.

In the following example class, we calculate § directly.

Ezample 4 (Power convergence via strong data processing inequalities). As
in Example 3, we define X = B(H) endowed with the trace norm |z,
M : B(H) — B(H) a quantum channel, and £ the generator of a quantum
dynamical semigroup. Here, we further assume the existence of a projection
P : B(H) — N onto a subalgebra N' C B(H) with M P = PM and such that
the following strong data processing inequality holds for some Se (0,1): for all
states p € &,

D(M(p)[|M o P(p)) < 6 D(pl|P(p)), (45)

where we recall that the relative entropy between two quantum states, i.e., pos-
itive, trace-one operators on H, is defined as D(pllo) := tr[plogp — ploga],
whenever supp(p) C supp(o). Equation (45) was recently shown to hold under
a certain detailed balance condition for M in [16]: There exists a full-rank state
o such that for any two x,y € B(H),

trlo x* M*(y)] = tr[o M*(z*)y].

Here, z*, resp. M*, denotes the adjoint of x w.r.t. the inner product on H,
resp. the adjoint of M w.r.t. the Hilbert—Schmidt inner product on B(H). In
finite dimensions, the quantity sup, D(p[|P(p)) < oo is called the Pimsner-
Popa index of P [33]. Using Pinsker’s inequality, we see that the assumption
of Theorem 6.1 is satisfied: for all x = 2* € B(H) with ||z||; < 1 and decompo-
sition x = x4 — x_ into positive and negative parts and corresponding states
pt = i /tr[z],
[(M™ =M™ o P)(z)|lx < trloy][[(M™ =M™ o P)(p1)ll1
+trfz_][(M™ — M™ o P)(p-)Ilx

=|lzl1v2 max D(M"(p)||[M" o P(p))2
pE{prp-1}

< V2 sup D(p|| P(p)): 63 =6 .
P

Then, we can apply Proposition 3.4 which proves that there is an € > 0 such
that for all n € N, ¢ € [0, ne], and § € (4,1)

n Helo 5 serlela
[(vete)" - arerp| :o<€ +5;s%)

n n
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for n — oo.

Ezample 5 (Infinite-dimensional quantum systems and unbounded generators).
Here, we pick H = L?(R), denote by I the identity operator on H, let o be a
quantum state on H and M a generalized depolarizing channel of depolarizing
parameter p € (%, 1) and fixed point o

M(p) :== (1= p)p +ptr(p)o. (46)

It is clear by convexity that M satisfies the uniform strong power convergence
with projection P(p) = tr(p) o and parameter § = 2(1 — p) < 1,

M (p) = P(p)lly = (1 =p) lp = tr(p) ol <201 =p) el -

Let £ be a generator of a Cy-contraction semigroup such that o € D(L). For
example, let H be the Fock space spanned by the Fock basis {|0), [1),2), ...},
a and a' be the annihilation and creation operator defined by a|0) = 0, a|j) =
Vili—1) forall j € N>y, and af|j) = /7 + 1|j+1) for all j € N>q. Then, define
e (p):=e~ " pe™ where H = a'a+ § (H = —A + 2?) is the Hamiltonian of
the harmonic oscillator as in [2] and

1 1
o = (10001 + [1)(L] + [2)(21) + 5 (10X (1] + [1)(0]).-
Then, we have that for all ¢ > 0:

I(L = P)e"“Plli—1 = S [tr()| [l (o) = olls < t[L(o)lr - (47)

Moreover, by duality and the unitality of the maps 2" we have that
1Pe(1 = P)ll—1 = [[(L = P)* e P*[loooo
= sup [tr(oy)|[|(1 - P)(I)[| =0, (48)
llyll<1

Therefore, the assumptions of Theorem 5.1 are satisfied and we find the con-
vergence rate O(n~1). Interestingly, this answers a conjecture of [2, Ex. 3, 5]
for the Hamiltonian evolution generated by the one-dimensional harmonic os-
cillator. There, the authors had numerically guessed the optimal rate which
we prove here. However, their analytic bounds could only provide a decay of
order O(n~%) (q.v. remark after Lemma 4.1) and for a restriction of H to a

finite-dimensional stable subspace, which effectively assumed the boundedness
of the generator.

The depolarizing noise considered in the previous example is artificial. In
an infinite-dimensional bosonic system, a more natural model of noise is the
photon loss channel, which we consider in the next example.

Ezample 6 (Bosonic beam splitter). We define the bosonic one-mode system
by the algebra generated by the creation and annihilation operators a* and a
which satisfy the canonical commutation relation (CCR):

[a,a"] = 1.
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The associated Fock basis {|0),]1),]2),...} is orthonormal and defined by

a’lj) =+vj+1j+1) and alj)=+/jlj — 1)

where the vacuum state |0) satisfies a|0) = 0. The Fock basis spans a Hilbert
space called Fock space on which the operators from the CCR algebra are de-
fined. A bosonic quantum state is a semidefinite operator in the CCR algebra
with trace 1. A bosonic 2-mode system is defined by the CCR, algebra gener-
ated by {a, b, a*, b*}, which satisfy, additionally to the canonical commutation
relation, [a,b] = 0. Next, we consider the quantum beam splitter for \ € [0,1)

My (y):=tra[Ury ® aUy],

where tro denotes the partial trace over the second register, Uy:=
ela"b=ba)arcos(vVA) g environment state o, and y an element in the CCR al-
gebra generated by {a*,a}. Moreover, P(y):=tr[y]o defines a projection which
satisfies PMy = M, P = P with the adjoint P*(x) = tr[oz]L.

In order to establish, for example, the uniform power convergence of
Theorem 5.1 in the topology of the trace distance, we would need to consider
a convergence in the form of [|[M{(p) — o|[1 — 0 in the limit of large n and
uniformly in the initial state p. Such property is notoriously hard to prove even
in the classical setting [34]. Instead, we will consider a different metric on the
set of quantum states which turns out to be more easy to work with.

We write By for the linear space of all N-bounded operators, where
N = a'a corresponds to the photon number operator. That is the vector space
of linear operators X on L?(R) such that for any [¢) € dom(N), [#) € dom(X)
and there are some positive constants a, b such that

I XD < al NI + bl -
We define the Bosonic Lipschitz constant of a X € By as [17]

IVX|? = sup [(¥]la, X]|o)* + [(¥[a", X]lo)[*,
[¥):1#)
where the suppremum is over all pure states [¢), |¢) € dom(N) of norm 1. By
duality, we then define the Bosonic Wasserstein norm of a linear functional f
over By with f(1) =0 as
Ifllw, = sup |F(X)].
v x|I<1
where the supremum is over all N-bounded, self-adjoint operators X. We then
choose our Banach space X’ as the closure of the set of such linear functionals
such that || f||w, < oco. In particular, whenever f = f,_, is defined in terms of
the difference between two quantum states p,o as f,—o(X) =tr((p—0)X), we

denote the Wasserstein distance associated with the norm ||.||w, as (see also
[17]):

Wi(p, o) = [lfp—ollw, -

These definitions extend the classical Lipschitz constant ||V f|| := sup,cpe |V f(2)]
of a real, continuously differentiable function f of 2 variables as well as the
dual Wasserstein distance over probability measures on R2.



1652 T. Mébus and C. Rouzé Ann. Henri Poincaré

In order to relate the Wasserstein distance to the statistically more mean-
ingful trace distance, we seek for an upper bound on the trace distance in terms
of W7. By duality of both metrics, this amounts to finding an upper bound on
the Lipschitz constant ||VX|| of any bounded operator X in terms of its oper-
ator norm || X||~. However, a bound of that sort does not exist (as classically,
one can easily think of bounded observables which are not smooth). In the
classical setting, the problem can be handled by first smoothing the function
f, e.g., by convolving it with a Gaussian density g. In that case, one proves
that there exists a finite constant C' > 0 such that ||V (f * g)|| < C/||f]/c- In
analogy with the classical setting, we can prove that for any two states p1, p2
and A € [0,1) (see also [17, Proposition 6.4]),

[Mx(p1 = p2)lly < CWilpy, p2), (49)

where C? := (|[[a, o]|[§ + [|[a*, o] )AL = A)~".
With a slight abuse of notations, we also write My (f) for foBj. It remains
to prove the uniform power convergence. Proposition 6.2 from [17] gives
IMA(H)llw, = sup [f o MY (X))
IvVXi<1
M3 (X)
= s If (s ) VM5O
Ivx<1 VM3 (X)) A

= sup |fF(X)VA

Ivxj<t
= V| fllw,

The uniform power convergence follows by P(f)(X) = foP*(X) = tr(c X) f(1)
= 0. Moreover, the asymptotic Zeno condition (11) is satisfied if o € D(L) so
that Theorem 5.1 is applicable.

As illustrated here, our asymptotic Zeno condition is easily verifiable
and provides a rich class of examples. More examples for which our optimal
convergence rate holds can be found in [2].

8. Discussion and Open Questions

In this paper, we proved the optimal convergence rate of the quantum Zeno
effect in two results: Theorem 5.1 focuses on weakening the assumptions of the
Cy-semigroup to the so-called asymptotic Zeno condition. Hence, Theorem 5.1
allows strongly continuous Zeno dynamics which is novel for open systems. In
Theorem 6.1 instead, we weaken the assumption on M to the uniform pow-
er convergence as in [2, Theorem 3]. Additionally, we presented an example
which shows the optimality of the achieved convergence rate. This brings up
the question whether our assumptions are optimal and how the assumption on
the contraction correlates with the assumption on the Cy-semigroup. For ex-
ample, is it possible to weaken the uniform power convergence in Theorem 5.1
or Proposition 5.7 to finitely many eigenvalues on the unit circle without as-
suming stronger assumption on the semigroup? Following our proof strategy
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(q.v. Lemma 5.2), this question is related to the conjecture of a generalized
version of Trotter’s product formula for finitely many projections under certain
assumptions on the generator,

n
J

J

1 1.\ ? 1
S APt | e =Y (LPert) a =0(n<||m|+||cx||+c%cn)).
j=1

j=1

Another line of generalization would be to weaken the assumption on M to
the strong topology as in Theorem 2 in [2]. There, the authors assume that
M™ converges to P in the strong topology and that the semigroup is uni-
formly continuous. It would be interesting to know whether an extension to
Cy-semigroups is possible. Finally, another important line of generalization
would be to extend our results to time-dependent semigroups as in [31].
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Appendix A. Holomorphic Functional Calculus and
Semicontinuous Spectra
In this section, we introduce the holomorphic functional calculus and consid-

er some continuity properties of the spectrum of perturbed operators. These
two methods are used in Proposition 5.7 and Theorem 6.1 in the main text.
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Let’s start with the holomorphic functional: To be precise, the holomorphic
functional calculus defines f(A) for A € B(X) and a function f : C — C
holomorphic on a neighborhood of o(A) in such a way that, if the spectrum is
separated into two sets, then the functions restricted to the separated subsets
can be treated independently. This in turn is used to define spectral projec-
tions of A. More details on this topic can be found in Section 2.3 of [36]. We
use the holomorphic functional calculus to introduce an integral representa-
tion of f(A) for a holomorphic function f, as well as its associated spectral
projections:

Proposition A.1 (Holomorphic Functional Calculus [36, Theorem 2.3.1-3]).
Let A € B(X), T :[0,2n] — C be a curve around o(A), and f be a func-
tion that is holomorphic in the neighborhood of o(A). Then,

1
A)=—o R(z, A)d
f(A)=5 § FRG. A
s independent of I'. If a subset & of the spectrum is separated by a curve T,
the spectral projection w.r.t. the enclosed subset is defined as

1
P:=— ¢ R(z,A)dz
r

27
and satisfies P2 = P and PA = AP. If ¢ = {\o} is an isolated eigenvalue,
the following nilpotent operator
1
N:=— —Xo)R(z, A)d
3 = MR A

satisfies NP = PN = N and AP = AP + N.

In our case, M has finitely many isolated eigenvalues on the unit circle.
However, if the semigroup perturbs those eigenvalues, the following lemma
states a condition under which the separation of the spectrum is maintained.

Lemma A.2 (Semicontinuous Spectra [25, Sect. IV.3.1]). Let b > 0 and M :
R>¢ — B(X) be a vector-valued function which satisfies

M (t) — M(0)]|. < tb.

Moreover, assume that o(M(0)) = o1 U oy is a disjoint union separated by a
curve 7y : [0,27] — p(M(0)). For e > 0 satisfying

loo

X -3
e < o inf(1+[2[*) 7" (1 +sup |R(z, M(O)|%, ] (50)
2b z€v zE€y

the spectrum of o(M(t)) is separated by ~y for all t € [0, €].

Proof Firstly, we show that Equation (50) is well defined—i.e., the value € > 0
exists. The compactness of the image of v and the continuity of the resolvent
(25, Theorem II.1.5] show that sup,.., [[R(z, M(0))|l < oo and € > 0 exist-
s. Then, we can apply Theorem 3.16 from [25, Sect. IV], which proves the
lemma. 0

Remark 1t is possible to generalize the lemma above to uniformly continuous
vector-valued maps. This case, however, we loose the explicit bound on e.
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Appendix B. Spectral Gap Assumption

In the proofs of Proposition 5.7 and Theorem 6.1, we use the equivalence [2,
Prop. 3.1] of the uniform power convergence and the spectral gap assump-
tion with corresponding quasinilpotent operators being zero, that is there are
eigenvalues {\;}7_, C dD; and a gap ¢ € (0,1) so that

o(M) C DsU{\;}]_,.

Moreover, the quasinilpotent operators are assumed to be zero, that is

1

= éj(z A R(z, M)dz = 0

for T; : [0,27) 3 ¢ — Aj + gming e, {|Ae — A, 1 — e (q.v. Eq. 4).
Additionally, the projections defined in the uniform power convergence are
equal to the spectral projections

1
= 5 f}x. R(z,M)dz
J
for all j € {1,...,J} (q.v. Eq. 3). Since N; = 0, P;,M = MP; = \;P; [36,
Theorem 2.3.5]. The equivalence between the uniform power convergence and
the spectral gap assumption with corresponding quasinilpotent operators being
zero is given in [2, Proposition 3.1].

Proposition B.1 ([2, Proposition 3.1]). Let M € B(X) be a contraction, J € N,
6 €(0,1), and {\}J_, C dD;. Then, the following statements are equivalent:

J

(1) The contraction M satisfies the spectral gap assumption w.r.t. {\;}i_q,

the gap &, and the corresponding quasinilpotent operators being zero.
(2) There are projections {Pj}}]:p d €(0,1) and é > 0 such that MP; = \; P}
forall j ={1,....,J} and

J
M™M= "Xrp|l < e

Jj=1 oo

(3) There are contractions {C;}7_; so that lim, o || M™ — Z;’:l A Cjlle =
0.

If any of the conditions above holds true, C; = P; and Pj are the eigenprojec-
tors w.r.t. to the eigenvalue \;.

Appendix C. Approximate Modified Chernoff \/n Lemma

Lemma C.1 (Approximate Modified Chernoff Lemma). Let € > 0, P € B(X)
a projection with |Pllec = 1, and [0,¢] 3 t — P(t) € B(X), [0,¢] > t —
C(t) € B(X) be two vector-valued maps with the properties P(t)*> = P(t),
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for some v,w >0 and all t € [0,€]. Then, for alln € N with L € [0, ]

Pt)C(t) = C(t)P(t) = C(t), ||P(t) — Plleo < tv, and ||C(t) — P(t)|leo < tw

1
n

HC(}L)H _ MCG-P) p(Ly

n VTw 2 w vTw
< 5¢ + H(C(%) - P(1) H < —et,
Proof Similar to the proof of Lemma 4.2, we define Cy(1):=P (1) +¢(C(L) —
P(+)) fort € [0,1] and n € N and we use the fundamental theorem of calculus
so that
2 1yn <1*””(°‘(%)”’(%)))H
n LOS/O a(ct(;) e @

< n/lt
0
[(P(E) = C(2))?|| dt
"1
<nled-r@y [ ez

L=tn[eGH-PCO| 4

1 1
’Ct(%)n_leu—wnm(;)—P<;))H

oo

STLH(C(%) —P(%))2H /1 tevttw o (1—t)w gy
o Jo

(51)
= Zetr(e) - P27
< w—26”+“’.
- 2n
In the fourth inequality (51), we used
I = 1P+ PG = P eC) —PEDIL
< (14 [1PG) = Pl +tlloG) = PG
n
< (1 N v+ tw)
n
S ev+tw
which proves the lemma. O
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