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Abstract

We study the problem of recovering an unknown
di; X do rank-r matrix from m random linear
measurements. Convex methods achieve the op-
timal sample complexity m = Q(r(dy + d2)) but
are computationally expensive. Non-convex ap-
proaches, while more computationally efficient,
often require suboptimal sample complexity m =
Q(r%(dy + ds)). A recent advance achieves m =
Q(rd,) for a fast non-convex approach but relies
on the restrictive assumption of positive semidef-
inite (PSD) matrices and suffers from slow con-
vergence in ill-conditioned settings. Bridging this
gap, we show that Riemannian gradient descent
(RGD) achieves both optimal sample complexity
and computational efficiency without requiring the
PSD assumption. Specifically, for Gaussian mea-
surements, RGD exactly recovers the low-rank
matrix with m = Q(r(d; + dz2)), matching the
information-theoretic lower bound, and converges
linearly to the global minimum with an arbitrarily
small convergence rate.

1 INTRODUCTION

In this work, we study the problem of recovering an un-

known matrix X, € R%*% from its random linear mea-

surements b := A(X,) € R™, where the linear operator

A :R%xd2 5 R™ 5 defined as
1

Here, A; € R%*42 are measurement matrices, (-, -) is the

standard inner product in R4 xd2 and m < dids, making

i=1,2,....,m. (1)
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the problem inherently underdetermined. To overcome this
challenge, we assume that X, has rank r, effectively reduc-
ing the degrees of freedom in the matrix to 7(dy + da — 7).
Under this assumption, exact recovery of X, becomes the-
oretically feasible when the number of measurements m
scales on the order of this degree of freedom. This prob-
lem, known as low-rank matrix recovery problem, lies at the
intersection of theoretical and applied mathematics, with
profound implications across machine learning, signal pro-
cessing, and statistics. It encompasses several classical prob-
lems, such as matrix completion [[Candes and Tao, 2010,
Gross} 2011} Sun and Luo} 2016], phase retrieval [[Candes
et al.| 2013]], and quantum state tomography [Hsu et al.,
2024], among others [Chi et al.|,2019]. The core challenge
lies in recovering X, using as few measurements m as
possible, ideally matching the information-theoretic lower
bound of (r(dy + do — 1)), while ensuring that the recov-
ery method remains computationally efficient, operating in
polynomial time as problem dimensions grow.

A prominent line of research focuses on convex relax-
ation methods, where the low-rank matrix is represented
in R%1*42 and the nuclear norm || - ||, is used as a convex
surrogate for the rank function. For applications such as
matrix sensing [Recht et al.| |2010], matrix completion [Can{
des and Tao|, 2010, [Gross, 2011, and blind deconvolution
and demixing [Jung et al., 2017], it has been shown that
this approach can achieve exact recovery with m scaling
as Q(r(dy + da)), up to logarithmic factors, matching the
information-theoretically optimal sample complexity. How-
ever, these convex methods are computationally demanding,
as they require optimization in the entire space R%* *92 and
the low-rank structure of the solution is not easily exploited.

To address these computational challenges, non-convex
approaches have gained prominence. Factorization-based
methods address this by representing the low-rank matrix
as LRT, where L € R%*" and R € R%*" This reduces
the number of optimization variables to r(d; + ds), signifi-
cantly fewer than the d; ds variables in convex approaches.
Simple algorithms such as gradient descent and alternat-
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ing minimization, when initialized appropriately, have been
shown to converge linearly to the global minimum under
suitable assumptions on 4 and X, [Jain et al] 2013 [Tu
et al., 2016} |Chen et al., 2020, |Sun and Luo, 2016, [Tong
et al.,|2021}, |Charisopoulos et al.| 2021} [Zilber and Nadler],
2022]. Another class of non-convex methods leverages man-
ifold optimization, eliminating redundancy in the factoriza-
tion parametrization either by representing factors on quo-
tient Riemannian manifolds [Keshavan et al.| 2009} [Huang
et al., 2017, Zheng et al., 2025]] or by optimizing directly
on the Riemannian manifold of rank-r matrices embedded
in R4 %42 [Weij et al., 2016, |Cai and Weil, 2024, [Hsu et al.,
2024]. These methods are often more efficient and have also
been proven to converge linearly to X, with the spectral ini-
tialization under appropriate conditions. However, a critical
limitation of fast non-convex approaches is their suboptimal
sample complexity, typically requiring m = Q(r2(d; +dz))
or higher, which scales quadratically with r. Iterative Hard
Thresholding (IHT) [Tanner and Wei, [2013} Tu et al., 2016]]
achieves m = Q(r(d; + da)), but its computational cost is
higher than the aforementioned fast non-convex methods
due to repeated r-truncated singular value decompositions
(SVD) on full matrices, which incur larger constant fac-
tors compared to matrix multiplication (MM) of the same
computational order.

The feasibility of simultaneously achieving optimal sample
complexity and low computational cost remains an open
research question. Recently, [Stoger and Zhu|[2025]] made
progress in this direction for the special case of low-rank
positive semidefinite (PSD) matrix sensing. By assuming
Gaussian measurement matrices and representing the PSD
matrix as LLT, the authors demonstrated that factorized
gradient descent can recover X, with sample complexity
m = Q(rd;). However, their approach suffers from slow
convergence for ill-conditioned matrices due to the depen-
dence of the step size on the condition number of X,. More-
over, extending these results to the more general case of
non-PSD matrix recovery introduces additional challenges,
particularly in balancing the factors L and R without ex-
plicit regularization [Chen et al.| [2020].

In this paper, we present a theoretical result showing that
Riemannian gradient descent (RGD) [Wei et al., [2016]
achieves both optimal sample complexity and low com-
putational cost for recovering rectangular low-rank matrices.
Specifically, we prove that RGD can recover a rank-r matrix
with optimal sample complexity m = Q(r(d; + dz2)) when
A is a Gaussian measurement operator, achieving an arbi-
trarily small convergence rate. Unlike factorized gradient
descent, our approach eliminates the need for additional
regularization terms, simplifying both the theoretical anal-
ysis and the practical implementation. Furthermore, RGD
is computationally efficient, as it parameterizes matrices
on the Riemannian manifold with only ©(r(d; + dz)) vari-
ables. By reducing the sample complexity from quadratic to

linear dependence on 7, our work bridges the gap between
optimal sample complexity and computational efficiency,
establishing RGD as a state-of-the-art method for low-rank
matrix recovery. Table[I] provides a summary of the sample
complexity m and computational efficiency for represen-
tative non-convex methods in low-rank matrix sensing (all
quantities are stated up to order O(-)). The per-iteration
computational cost consists of two parts: (1) the common
cost of applying .A*.A (dominated by matrix multiplication,
MM), and (2) method-specific cost highlighted in Table T}
It may include extra MM and complex operations like QR
decomposition, matrix inversion, and SVD.

The rest of the paper is organized as follows. In Section 2]
we formulate the non-convex optimization problem for low-
rank matrix recovery, describe the Riemannian gradient
descent algorithm, and present our main theoretical result,
Theorem|[I] Section [3|provides the proof of the main theo-
rem, with the Restricted Isometry Property (RIP) and the
decoupling technique as key tools. Most technical details
are deferred to the Appendix. Finally, we conclude with
a discussion of potential directions for future research in
Section

2 ALGORITHMS AND RESULTS

In this section, we first formulate low-rank matrix recovery
as a non-convex optimization problem on the Riemannian
manifold of all rank-r matrices embedded in R% %92, We
then describe the Riemannian gradient descent algorithm
for solving this optimization problem. Finally, we present
our main theoretical result.

2.1 ALGORITHMS

To recover the rank-r matrix X, € R% %% from its mea-
surement b = A(X,), we solve the constrained least-
squares problem:

. 1 2
cn LX) =g Ib - A

s.t.  rank(X) =r.

@3]

Solving (2)) is challenging due to the non-convexity intro-
duced by the low-rank constraint. A common approach to
overcome this is to use matrix factorization, parametrizing
the low-rank matrix as X = LRT with L € R"*" R ¢
R92*"_ This leads to the following optimization problem:

i L(LR™). 3
LeR9 XIEIEEWQXT ( ) ( )

However, the factorization X = LRT is redundant and
non-unique. Specifically, X = (LQ)(RQ~T)T for any



Table 1: Comparison of Non-Convex Methods for Low-Rank Matrix Sensing (d; = ds).

Method ‘ m ‘ Iterations ‘ Extra Cost/Iter
SVP [Jain et al.;[2010], NIHT [[Tanner and Weil,[2013]] dir log(1/¢) d3r (SVD)
RGD [Wei et al| 2016] dir?rk? | log(1/e) | &2 (MM) + di72(QR) +  (SVD)
Scaled GD [Tong et al.,[2021]] dir’k? | log(1/e) d3r (MM) + 73 (Inversion)
Factorized GD (PSD only) [Stoger and Zhu, [2025]] dirk® | K% log(1/e) dir (MM)
RGD (this paper) R dyrK? log(1/¢) d?r (MM) + d;7%(QR) + > (SVD)

invertible 7 x 7 matrix Q. This invariance causes the crit-
ical points of £ to be unbounded and not isolated in pa-
rameter space, leading to potential optimization difficul-
ties. To address this issue, some works simply assume that
L = R to recover PSD matrices [Stoger and Zhu, [2025]],
while others introduce an imbalance regularization term
| LT L — RT R|| r to the loss function in (3) [Tu et al., 2016,
Ge et al., |2017]]. Despite these approaches, the factoriza-
tion LR can still lead to an ill-conditioned Hessian. To
analyze this, assume A is random and E[.A* A] = . This as-
sumption holds in many common low-rank matrix recovery
problems, such as Gaussian matrix sensing, matrix com-
pletion, and quantum state tomography. We then consider
the behavior of the expected loss function in (E]) which
is E[C(LRT)] = §||LRT — X,||%. The Hessian of E[L]
with respect to (w.r.t.) L and R is given by:
T [ )

V%LR)(E[»C(LRT)]) = (R If)T(X) Idl (LTL) ® Id2 )
where ¢ = I, ® (LR” — X,) + (R ® L)K(4>") and
K (42:7) s the commutation matrix [Von Rosenl [1988].

The condition number of the Hessian depends on those of L
and R, which slows convergence and ties the convergence
rate to the condition number of X, . To mitigate this, various
approaches have been proposed, including preconditioning
in parameter space by the inversion of the block diagonal
of V%L,R) (E[L(LR™))) [Tong et al., 2021], optimization
on quotient Riemannian manifolds [Keshavan et al., 2009,
Huang et al.l 2017, Zheng et al., 2025], and on the Rieman-
nian manifold of rank-r matrices embedded in R4 *?2 [Wej
et al., 2016, |Ca1 and Wei, 2024} |Hsu et al., 2024].

We consider the optimization over the embedded Rieman-
nian manifold of rank-r matrices, which offers several
advantages. First, the manifold representation is intrinsic,
eliminating redundancy and the need for regularization in
factorization-based methods. Second, the embedded mani-
fold lies in R4 %92 where the expected loss function simpli-
fies to E[£(X)] = 3||X — X, || and the expected Hessian
becomes Z, with a perfect condition number. This ensures
fast convergence. Third, the operator A acting on matrices
in R4 %42 g well-studied, with benign properties such as
RIP that can simplify analysis. In contrast, its behavior in
the parameter space is less understood, requiring additional
work to generalize these properties [Tong et al.,[2021},|Stoger
and Zhul, 2025]].

LetM, = {X € R4*% : rank(X) = r} be the embedded
manifold of all rank-r matrices in R %% For X € M,.,
given its compact singular value decomposition (SVD) of
X = UXVT7, the tangent space at X is

Tx ={UR"+LV":LeR"" ReR>"}.

The orthogonal projection P, : R%*92 — Tx has the
closed-form expression

Pr(Z)=UUTZ +zvVvT —vUuTZvVT.

Then the constrained least-squares problem () becomes
minxem, £(X). We solve it using Riemannian gradient
descent (RGD) [Absil et al.; 2008, |Vandereycken, 2013]]:

Xit1 = Hr( Xy — pPry, A" (A(Xy) = 1)), VE €N, (4)

where:

* H,(-) is the hard thresholding operator and serves as
a retraction, which is defined via the r-truncated SVD
H.(Z) :=;_, o;u;v] provided the SVD of Z =
Zi O’iui’UiT with 01 2 g2 Z teey,

* u is the step size, and

* Prx, A*(A(X:) — b) is the Riemannian gradient of
L(X) at Xt.

The computational cost per iteration of () is low. Aside
from applying A and A*, the most expensive operations
are H, and Pr,,. Since X, can be stored in a compact
SVD form as X; = UtZ]tV;T, computing Pt requires
only O(r) matrix-vector products. Besides, in (4), H.,. is
applied to a matrix W, in T x,, which has rank at most 2r.
As shown in [Wei et al.,|[2016]], H,.(W;) can be efficiently
computed using two QR decompositions of a tall matrix of
width 7, one SVD of a 2r x 2r matrix, and a few matrix-
vector products. Thus, the per-iteration computational cost
of RGD is of the same order as that of gradient descent
based on factorization or the quotient Riemannian manifolds.
Moreover, RGD achieves a more favorable convergence rate
that is independent of the condition number of the ground
truth matrix and can be arbitrarily small. This results in
fewer iterations to reach the target accuracy, as demonstrated
in our theoretical results.

Due to the non-convexity of the problem, we also need a
good initialization X. We use the spectral initialization out-
lined in [Jain et al.; 2013]]. We initialize X as H,-(A*(b)),



where A* : R™ — R%X42 5 the adjoint operator of A.
Spectral initialization is a natural and common choice since
E[A*(b)] = X, and the operator H, extracts the rank-r
structure.

We summarize our algorithm in Algorithm [} For simplicity,
we denote T, and Py, as Tx, and Pt X, 0 respectively.

Algorithm 1: Riemannian Gradient Descent (RGD) for
Low-Rank Matrix Recovery

Input: Measurement operator A : R4 %% — R™,
observations b € R™, step size u > 0
Stage 1 (Spectral Initialization): Define the
initialization X € R%1 %2 ag

Xo = Hr(A*(D)).

Stage 2 (Iteration): for ¢ = 0,1,2,... do

Wi = X, — pPr, A" (A(Xy) — b),
Xt+1 - HT(Wt)

2.2 MAIN RESULT

The main result of this paper provides a recovery guarantee
for Algorithm[I] with optimal sample complexity. We first
define the condition number of X, as

X,
Omin (X*) ,

where || - || is the spectral norm (also called 2-norm) for ma-
trices, and oin (X4) := 0,-(X4) is the smallest non-zero
singular value of X, . We call .4 a Gaussian measurement
operator when the measurement matrices {A;}7", in (I)
have i.i.d. entries drawn from A/ (0, 1). Our main theorem is
stated as follows:

Theorem 1. Let A be a Gaussian measurement operator.
Let X, € R4*% pe q rank-r matrix and b = A(X,) €
R™. Let { X }+en be the sequence generated by Algorithm
with step size i = 1. Then, for any p € (0, 1), there exists
a constant C depending only on p such that: if the number
of measurements m satisfies

m > Or*r(dy + do),

with probability at least 1 — 7 exp(—(dy + d2)), it holds for
all iterations t > 0 that

||Xt - X*HF S @ptarnin (X*) . (5)

The proof of the theorem is deferred to Section 3} Our result
attains optimal sample complexity and high computational
efficiency. The key advantages of our approach are:

¢ The constant C' in Theorem [I| depends only on the
convergence rate p, which allows our result to achieve
optimal sample complexity m = Q(x?r(d; + da)).
Importantly, this result does not require the positive
semidefinite (PSD) assumption on X, which is a key
limitation in [Stoger and Zhu, 2025]]. Their work relies
on the PSD structure to derive a sample complexity of
m = Q(k?rd,), restricting its applicability to PSD ma-
trices. By contrast, our approach applies to general rect-
angular matrices, significantly broadening the scope of
problems that can be addressed. This generality, com-
bined with optimal sample complexity, underscores the
versatility and strength of our method.

* The convergence rate p in Theorem can be
made arbitrarily small by choosing a sufficiently
large C. Thus, our method achieves e-accuracy for
[X: — Xi|[r in O (log (Vromin (Xi)e™!)) iter-
ations. In contrast, the step size in [Stoger and
Zhul, 2025] is O((k||X,|l2)~ 1), leading to a con-
vergence rate of 1 — O(k™2). This results in
0] (/{2 log (\/Famin (X,) 5’1)) iterations to achieve
e-accuracy for ||L;LT — X,||r, where L, LT corre-
sponds to X in our setting. Our method is significantly
more efficient, particularly for ill-conditioned matrices.

3 THEORETICAL ANALYSIS

In this section, we prove Theorem |l We begin by intro-
ducing the Restricted Isometry Property (RIP), which is
commonly used in prior analyses. Next, we highlight the
primary theoretical challenge that introduces the r? term
in the sample complexity. To address this issue, we present
the key decoupling technique, inspired by [Stoger and Zhul,
2025]]. Following this, we provide the necessary supporting
lemmas and conclude with the proof of the main theorem
based on these results.

3.1 RESTRICTED ISOMETRY PROPERTY

The Restricted Isometry Property (RIP) is a fundamental
tool in the analysis of low-rank matrix recovery problems,
particularly under random Gaussian measurements. This
property ensures that a measurement operator approximately
preserves the geometry of low-rank matrices, which is cru-
cial for analyzing the performance of various recovery al-
gorithms. We introduce the definition and properties of the
Restricted Isometry Property (RIP), which plays a crucial
role in our analysis.

Definition 1. The linear measurement operator A
RAxd> _y R™ satisfies the Restricted Isometry Property



(RIP) of rank r with RIP-constant 6, € (0, 1) if it holds that

(1=6)1Z]F < A2)]5 < (1 +6,) 1 Z]%,
vV Z € Rhixd2 . rank(Z) <r.

The RIP is a uniform result, as it holds for all low-rank
matrices rather than just specific matrices of interest, such
as X; — X,. The RIP is widely used in the theoretical
analysis of matrix sensing problems. If m = Q(r(d; +ds)),
then the measurement operator A satisfies the RIP of order
r with high probability. The results from [[Candes and Plan,
2011}, Lemma 3.1] and [Stoger and Zhu, 2025 Lemma 2.2]
directly extend to rectangular matrices:

Lemma 1. Let A : R4*% — R™ be a Gaussian mea-
surement operator as described above. Then, A satisfies the
RIP of rank-r with constant d.. satisfying 6, = 0 < 1 with
probability 1 — € when

m > C6 2 (r(dy + da) +log (2671)) ,

where C' > 0 is a universal constant. In particular, with
probability at least 1 —exp(—(d1 +d2)), A satisfies the RIP
of rank r and constant § provided m > C5~2r(dy + da).

The following properties of the RIP will be used throughout
our proofs. The mapping Z : R4 %% — R4 >4 represents
the identity.

Lemma 2. Let A : R4*42 — R™ be g linear measurement
operator satisfying the RIP with ro and RIP constant 6, for
any ro < 3r. Then, the following statements hold:

1. Let V. € R%2%"" pe any matrix with orthonormal
columns, i.e., V'V = I. Then, for any matrix Z €
R&* 42 satisfying rank(Z) < r, it holds that

(Z—AA)(Z)Vp < brsarllZllp- (6)
In particular, if we take ' = 1, then we have
I(Z = A"A) (Z2)], < bri2ll Z]|F- )

2. Letx € R% be such that ||x||o = 1, and let y € R be
such that ||yl||2 = 1. Define the orthogonal projection
operators

Pryr(Z) := <a:yT, Z> zy”,
Pi‘yT(Z) =7 — <:l:yT7 Z> xy’.

Then, for any matrix Z € R“*% gatisfying

rank(Z) < r, we have
| (A(zy") , A(Payr(2)))] < 6r12ll Z]lp. - B

3. Let X € R“*% pe q matrix of rank r. Then, it holds
that

Sup [(Prx = Prx A"AP1x) (Z)| p < 2. 9)
Z||r=1

4. Let Z € R%"*% pe q matrix of rank at most r. Then,

[Pryx ANAZ = Pry )(Z)ll F

10
< (T = Pr) (D) p. O

The proof is in Appendix [B]

3.2 LIMITATIONS OF RIP-BASED ANALYSIS

Before presenting our proof, we first highlight why uniform
results based solely on the RIP are insufficient for achieving
optimal sample complexity. A standard RIP-based analysis
[Wei et al., [2016] typically yields a sample complexity that
scales as r? rather than r. They show that a sufficiently
small yet O(1) RIP constant, requiring m = Q(r(dy +da)),
ensures

|Pr, (T — A*A) (X, — Xo)||p < | X — Xe||p. (A1)

This inequality guarantees linear convergence of { X }¢>r
to X, in Frobenius norm for some 7" € N whenever X
satisfies

||XT - X*”F < Umin(X*)- (12)

To achieve this, they simply take 7" = 0 and use spectral ini-
tialization, which only achieve || X7 — X, |2 < omin(X)
with m = Q(r(dy + da)x?). They use || X7 — X,||r <
V2r|| X7 — X,||2 and require a RIP constant scaling as
O(1/4/7) to ensure (12)), which in turn necessitates a sam-
ple complexity of (r?).

Alternatively, one could analyze convergence in the 2-norm,
which would require a 2-norm counterpart of (TT)):

[Pr. (T = A"A) (X = X))l < [ Xu = Xifl2. (13)

However, deriving (T3) is challenging. Attempting to prove
(13), we may consider proving a uniform result such as
|Pr, (Z —A*A) (Ay)]l, < ||A¢]]2 for all possible 27-
rank matrices Ay, but it is highly likely to fail with Q(r) in
sample complexity. Indeed, [[Stoger and Zhu,, 2025]] provides
a related negative result:

1 7’2d1
su IT-AA) ()|, > —=|Z )
L TN @), > g5zl

Although their setting differs slightly from ours, this result
underscores the difficulty of establishing uniform 2-norm
bounds analogous to RIP.

Instead of relying on the uniform results, we leverage the
fact that { X}, is a discrete sequence and approach (13)
directly. However, since { X}, is generated by A and
is thus dependent on it, the absence of a uniform result
necessitates techniques to decouple them. One common
way is resampling [Candes et al., 2015]], but it increases
the sample complexity. Inspired by [Stoger and Zhu} 2025]],
we used a delicate decoupling technique, which will be
elaborated in the following section.



3.3 KEY DECOUPLING TECHNIQUE

Define A; := X, — X;. As illustrated in the previous
section, the key is to control || (A*A — Z) (A¢)||,. We first
recall a typical method to control the 2-norm of a general
random matrix M € Rd1xdz [Vershynin, 2018]]. Define
Si1 .= {a: €R?: ||, = 1} and S := Sh—1 x S~
We can construct an e-net N} € S“~! and an e-net N, €
S%~1 withe = , and let

N =N x Ny €eS. (14)

It is well known that the size of e-net for S~ can be smaller
than (2)%, so || < 1241742 Then we have:

M|, = sup [(zy", M)]

(z,y)€S

< sup ny M>’+

S sup _[(zy”, M),

4 (z,y)€S

which imples
IMll, <2 sup [(zy”, M)].
(= y)EN

Substituting M = (A* A —Z)(A;), we turn to estimate
SUP (g yyen | (2Y", (A"A=T) (Ay))].

For any (x,y) € N, we have

[{zy” (A" A-T)(A,))]
< {zy”, (A A —T) (Pyyr At)) |

+ ’<wyT (A*A - T) (P;yTAt)>‘ .

The first term on the right-hand side is smaller than

O(\/@)IIAA\Q by (7 in Lemmaif RIP is satis-

fied, and the second one equals to

I:= ;i(Ai,myTMP:yT(Ai),At) .

5)

We define

A(m y) PJ_ ( ) — A, — <a:yT,Ai>CDyT~ (16)

Using the rotation invariance property of Gaussian ran-
dom variables, {Agw’y)}zl are stochastically indepen-
dent of {(A Z,acyT>}m . If A, is independent of
{{A;,zy")}" .- itis not difficult to deal with it.

Lemma 3. For any (z,y) € N and Z independent of

{<A1,:cy >} 'il, it holds with probability at least 1 —
2 exp(—8(dy + dz)) that

[(zy™, (A" A) (Payr (2)))]

Wi ),

, are inde-

. Then, for all x > O,
$2/2),
Payr (2)))]

Proof. Under the assumption, {<Ai, a:yT> }:’;

pendent of {<77ij (Ai), Z> }:i

with probability at least 1 — 2 exp (—
[(y", (A" A) (

The inequahty follows from the fact that, conditioning on
{<7)in (Ai)7 Z> ;11’ 27; <wyT7 Al> <P$yT (AZ)’ Z>
is a Gaussian varlable with mean 0 and variance

Dot < ; > Then it holds directly from the
tail probablhty of Gaussian random variables. Choose
x = 4+/d; + dg, and the failure probability is at most
2exp (—8(dy + d2)). O

We assume that Z has a rank less than 2r here, since all
the matrices we care about in this section have rank less
than 2r. If we rely solely on RIP, we can bound this term

as O(y/ %Tﬂlz)) | Z]|2 using . In contrast, this lemma

converts it into the right-hand side of (17)), and we can elimi-

nate the factor r and bound the term as O(4/ %) | Z||2
using (7).

However, we can not take Z = A, since the { X}, is
generated by A and thus dependent on {(A;,zy”)}" .

To relieve the statistical dependence between {Xt}teN
and {<Al,a:y >} _,» the central idea is to introduce

a virtual sequence {Xt(my)} en that is independent

of {(A;,zy”)}" to approximate the real sequence
Xiften -

To this end, we construct a modified measurement operator
Ay : Rdixdz _ Rm+1 that is statistically independent
of {{A;,zy")} to approximate A as follows:

1 (x,y)
m Aq, ’ zZ ’
[A(w»y)(z)]i = \/H<T >
(zy", Z),

The first m terms are Gaussian random measurements of
P, (Z) and independent of {(A;,zy” b, by
and the m + 1-th term is introduced to collect the mforma—
tion of P, (Z) deterministically. From this construction,
EAL, yA@y) = E(Payr + Par AAPL 1) = T =
EA*A, which means A7, A(z,y) approximates A* A well
in terms of expectation. For more properties of A .y and

its relationship with A, see Lemma|[I3]in the Appendix.

for i € [m],
fori =m+ 1.

Finally we define the virtual sequence {Xt(my) ten to be
the sequence generated by Algorithm [I] with input data



A(wﬂ) and A(w7y) (X

Hr (Azkw,y)‘A(mvy) (X*) ) ’

«) as follows: for t = 0,
X(()w,y) —

and, for ¢ > 0,
_ Xt(amy)
~ P Ala,y)

Wt(m»y)
(z,y)

A,y (X5 = X,

Xt(fly) = HT(Wt(wﬂ))a

where Tﬁ“”” is the tangent space of the manifold M, at
XY,

Consequently, {Xt(m’y) Fren 18
{(Ai,zy")}" and approximates {X,},.y. The
stochastic independence properties and approximation
properties inherent in the construction of the virtual se-
quence significantly benefit the analysis. A straightforward
analysis yields a corollary of Lemma [3] specified for our

independent  of

virtual sequence {X "% },cn. For simplicity, we denote

[m]={1,...,m}and [m] —1={0,...,m —1}.
Lemma 4. With probability at least 1 —2 exp(—2(d1 +d3)),
it holds that
o et 5
S o (x5,
(x,y) € Nin @]) andt € [1201Fd2] 1,

(18)

Proof. Notice that X, — X ¥ is independent of
{(A;, zyT)}™,, so we can take Z = X, — X ™Y for
any ¢t and (x,y) in Lemma 3| l We simply take a union
bound, and then (T8) is satisfied with probability at least 1 —
2|N|Texp(—8(d1 + dz)) 2 1-— 2€Xp(—2(d1 + dg)) O

Using Lemma [ we can finally get an estimation of

[(A*A = T) (X — Xi)|ly:

Lemma 5. Let N be in . Let {Xt(w’y)}teN be the vir-
tual sequence constructed for (x,y) € N. Assume that A
satisfies RIP of rank 6r, and let § = dg, < 1. Assume that
(18) holds. Then we have

vt e 1207 -1, [[(ATA - I) (X = X

<ollXe = Xilly+or sup | X - X0V
(z,y)eN F

a9

where oy = 16/ 21 t82) 4 95 and gy = 46+16,/ Dt

Its proof is deferred to Appendix [C] When A is Gaussian
measurement operator, § = O(%) with high proba-
bility from Lemmal[l} so o1 and o5 can become arbitrarily

close to 0 as m increases. This result approaches (13), with
an additional error term arising from the distance between
the real and virtual sequences. Consequently, we are going
to control both the distances from X; to X, and from X;
to X™¥) at initialization and demonstrate that these dis-
tances contract during the iterations. Although is not
uniform and holds for at most 7" steps, it enables @I) with
T = O(lnr), allowing convergence analysis in [Wei et al.,
2016] available with m = Q(k%r(dy + d2)) .

3.4 PROOF OF THE MAIN THEOREM

In this section, we provide of proof of Theorem [} The
proof is divided into three phases: the initialization, the
first T" steps to meet | X7 — Xy ||rp < omin(X,) in (12),
and the subsequence steps where the linear convergence
in Frobenius norm is guaranteed [Wei et al.| 2016]. For
simplicity, we denote for ¢ € N:

E, =|X; — X,.|l+ sup

HXt—Xt(z’y)H . (20)
(z,y)eEN F

Phase I: Initialization. We show in Lemma [6] (whose
proof is in Appendix [D) that £, can be small with high
probability provided m = Q(k?r(dy + dz)) . This is a non-
PSD version of [Stoger and Zhu} 2025 Lemma 4.1].

Lemma 6. Let ¢y > 0 be arbitrarily given. Then there exists
a constant C' > 0 such that when m > Ck?r(dy +dsz), with
probability at least 1 — 4 exp(—(dy + dz)), it holds that:

EO S Clamin(X*)y (21)
where Ey is defined in (20).

Phase II: Contraction in 2-norm in the first 7' steps.
Using and (I9), we estimate F; by induction starting
from (21).

Lemma 7. Let ¢i be an absolute constant such that ¢; €
(0,0.001). Assume that A satisfies RIP of rank 6r, and let
6 = dgr < icl. Assume that and hold. Then
there exists a constant C' > 0 depending on cy only such
that when m > Cr>r(dy + d),

E; < (1000¢1) c10min (Xy), V t e 120742 (22)
This lemma is critical, and its proof differs significantly from
the parallel one for factorized gradient descent in [Stoger|
and Zhu| [2025]]. Specifically, the gradient is projected onto
the tangent space of X, requiring careful analysis of the pro-
jection operator, as detailed in Lemma|[TT]in the Appendix.
Additionally, our algorithm incorporates a hard-thresholding
operator after the gradient descent step, for which Lemma
is necessary to bound the error introduced by thresholding.
The detailed proof is provided in Appendix

By choosing ¢; sufficiently small and T = O(Inr),
Lemmaimplies 1 X1 — Xillp < V2 || X — X4l <
VorEr <« O’min(X*).



Phase III: Contraction in Frobenius norm in the subse-
quent steps. With || X7 — X, || p < omin(X,), we can
directly apply the result from [Wei et al.l [2016]] to estab-
lish the convergence of X to X, in Frobenius norm with
m = Q(r%r(d; + dz)). For completeness, we introduce the
following lemma (whose proof is in Appendix [E).

Lemma 8 ([Wei et al.,|2016])). Let ¢y be an arbitrary con-
stant that satisfies 0 < 6¢co < 1. Assume that the measure-
ment operator A satisfies the RIP of rank 6r with constant
Or < Co. Assume that

|1 X7 — Xi|lF < c20min (Xx) (23)

for some T € N. Then it holds for all t > T that

1X: — Xullp < (6c2) ™" | X — Xo|| .
Combining these three phases, we can give the proof of

Theorem[I}

Proof of Theorem[I} Recall that p € (0,1) is the target
convergence rate, and we have denoted Ey = || Xy —

X [l2 4 sup (g yyen 1 X0 — X ™Y || p. We define the con-

a1
1 - 2
stants c; = p/6, c1 = min{ 55, 5000, € 2} < 1,

and 6 = min{cs, 5;¢1}.

The proof relies on the following events:

* A satisfies RIP of rank 6 with dg, < ¢. By Lemmal[I}
this event holds with probability at least 1 —exp(—(d1+
ds)) provided that m > C'k?r(d; + da).

* The inequality holds. By Lemma[4] this occurs
with probability at least 1 — 2 exp(—2(d; + d2)).

* The initial error satisfies Ey < ¢10min(Xy), i.e., €I)
holds. By Lemmal6] this is true with probability at least
1-— 46Xp(—<d1 + dg)) when m > C”Ii%‘(dl + dg)

Applying a union bound, the probability that all these three
events occur simultaneously is at least 1 — 7exp(—(d; +

dz)).

Assuming these events hold, we proceed with the proof.
Combining the RIP, (I8), and (ZI)), it follows from Lemmal7]
that for all ¢ € [12%17d2],

1X: — Xullr < V2r|| X — X, |2 < V2rpt Ey

(24)
S \/ﬂpiclamin(X*) S @ptgmin(X*)a

where p; = 1000c; < p < 1, and the number of measure-
ments satisfies m > C""'k?r(dy + dz).

Let T = In(2r) < 12%1+92_ A straightforward calculation

shows that

'in2r+mme 4 L 1

2 Co C1 c1 <e Cc2

= 2 < _42In— In2 <1 .
mar a2 g SR T

This implies v/27rp! ¢10min(X+) < €20min (X, ), which en-
sures that (23] holds. Using this result and the RIP, Lemma|g]
guarantees that fort > T,

1X: — Xullr < o7 X7 — X[ (25)
Combining (24) for t € [T

the convergence result (3).

| and 25) for ¢t > T, we obtain

To conclude, we determine the number of measurements
required by taking the maximum of the conditions on m
throughout the proof:

m > Cr?r(dy + dy),
where C' = max{C’,C",C""}. O

4 EXPERIMENT

In this section, we evaluate the performance of the Rieman-
nian Gradient Descent (RGD) algorithm, as described in Al-
gorithm([T] on Gaussian matrix sensing problems. We present
phase transition diagrams to illustrate the relationship be-
tween sample complexity m and the rank r or condition
number x of X, . Furthermore, we compare the efficiency
of RGD with factorized gradient descent (GD) methods in
ill-conditioned settings.

Phase Transition Diagram We study the phase transition
behavior of RGD by systematically varying the rank r and
the number of measurements m in Gaussian matrix sens-
ing problems, with fixed dimensions (d; = 60, do = 80)
and condition number k = 2. For each (r,m) pair, we
perform 20 independent trials. A trial is considered suc-
cessful if w < 1072 after N = 100 iterations.
This setup allows us to empirically estimate the success rate
as a function of m and r. Figure [I] (left) reveals a sharp
phase transition, where the minimal sample complexity m
required for successful recovery increases linearly with the
rank r. We further examine how the condition number x
affects the sample complexity m. Keeping the dimensions
fixed as before and setting the rank r = 10, we vary « from
1 to 280. The nearly horizontal boundary in Fig. [T] (right)
indicates that increasing the condition number « has little
effect on the sample complexity m required for successful
recovery. Explaining this empirical insensitivity may require
new theoretical insights.

Comparison with Factorized GD We also compare
the convergence speed of RGD and factorized GD in ill-
conditioned settings. We use square matrices (d; = ds =
80), rank r = 15, m = 13200, and condition number
K = 20. Stepsizes are set to ;. = 1 for RGD, and p = 0.9
(empirically optimal) and ¢ = 1 for GD. The ground truth
X, is PSD, following [Stoger and Zhu, 2025]]. As shown
in Fig.[2] RGD is stable and converges rapidly, while GD
becomes unstable at larger stepsizes.
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Figure 1: Phase transition diagrams for Gaussian matrix sensing: (left) m vs. r; (right) m vs. .

Black indicates failure; white indicates success.
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Figure 2: Error versus time for RGD and factorized GD. GD
with a large stepsize (u = 1, blue) oscillates, while RGD
(dashed) is stable and efficient. GD with the empirically
optimal stepsize (1 = 0.9, red) is also shown.

S CONCLUSION AND OPEN PROBLEMS

In this work, we proved that the Riemannian gradient de-
scent algorithm with spectral initialization can recover a
rank-r matrix X, of size d; x do using O(r(d; + d2)k?)
Gaussian measurements, which is optimal among fast non-
convex methods. Furthermore, its convergence rate is inde-
pendent of x, making it computationally efficient even when
X, is ill-conditioned.

Convex approaches based on nuclear norm minimization
need only Q(r(d; + dz)) samples in the matrix sensing sce-
nario, while our result is suboptimal by a factor of k2. As a
local search algorithm operating on the rank- matrix man-
ifold, our RGD method’s performance naturally depends
on the geometric properties at the solution point X, . Ex-
isting analyses of the embedded manifold’s local geometry
(e.g., Lemma 5 in [Luo and Trillos, 2022]]) demonstrate that
the curvature at X, scales with the condition number k.
This relationship is further evidenced in our two lemmas in
Appendix [A.3] which show x-dependence in tangent space
perturbations. This dependence on « is a common feature
of fast non-convex methods, as shown in Table[I] Interest-
ingly, our experiment result suggests that m might decouple
from x, opening pathways for future research into improved
initialization strategies or refined geometric analyses.

Moreover, the proof relies on a decoupling technique that
critically depends on the rotational invariance of Gaussian
random variables, posing an interesting and challenging
direction for future research to establish optimal sample
complexity in other settings, such as matrix completion and
quantum state tomography.
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A  PRELIMINARY THEOREMS AND LEMMAS

In this section, we present some preliminary theorems and lemmas, which are fundamental and will be frequently used in
our proofs.

A.1 SUPPORTING THEOREMS

We begin with Weyl’s inequality, which is useful for estimating the singular values of a perturbed matrix.

Theorem 2 (Weyl’s inequality). Let A, B € R4*9 be two matrices with singular values o1(A) > aa(A) > -+ >
Omin{dy,do} (A) and 01(B) > 02(B) > -+ > Owin{dy,do} (B). Then for any i € [min{dy, dy}] it holds that:

|l0i(A) = 0i(B)| < [|A = B2

The following Bernstein inequality helps control the tail probabilities of certain random events.

Theorem 3 ([[Vershynin, 2018, Theorem 2.8.1], Bernstein’s inequality). Let X, ..., Xy be independent, mean-zero,
sub-exponential random variables. Then, for every t > 0, we have
al 2 t
P Xi| >ty <2exp [—cmin( ~ 5 >], (26)
{ 72:; } > st HXinl max; ”Xi”wl
where || - ||, is the sub-exponential norm and ¢ > 0 is an absolute constant.

A.2 PERTURBATION BOUNDS FOR EIGENSPACE

For a matrix Z € R4 %% with SVD Z = UzX » VZT, weletUz , € R X" be the matrix consisting of the first  columns
of Uz,andUgz, | € RA1%(d1=7) pe the matrix consisting of the remaining d; — r columns. The matrices Vz , and Vz ,. |
are defined similarly. The matrix 3z ;. is an 7 x r diagonal matrix consisting of the first r singular values of 3 z. The
singular values of Z are ordered such that their magnitudes are decreasing, i.e., 01(Z) > 02(Z) > ... > Omin{d,,ds} (Z)-
For simplicity, we use U; to denote Uz, , Uy ;- to denote Uz, ., and U, ,. to denote Uz, .. Other notations are simplified
similarly.

The following lemma bounds the perturbation of the subspace spanned by the first r singular vectors of Z; in terms of the
spectral gap of Z; and the perturbation on the matrix itself:

*This work is partially supported by Hong Kong Research Grant Council GRFs 16307023 and 16306124.
"Main contributor.
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Lemma 9 ([Wedin, 1972], Non-symmetric version of Davis-Kahan inequality). Let Z; and Zy € R™*% be two matrices
with singular value decompositions

21‘ 0 ‘/lTr
Zy=[U, Uy, | { o ElrL:| {VF;L ,

and

S, 0 vy,
Z = Z A = r T 7 " ’
2=Zi+ A= Uz Uspi] [ 0 EQ,T,J [VQ,TT,L

respectively. If 6..(Z1) > o,41(Z1) and

12, — Zolls < (1 - ¢1§> (01(22) — 0r11(21). @)

then

VE(JUT Al +IAViL)

maX{HU;“LUl’THF ’ HVQTTLV”HF} = 0r(Z1) — or11(Z1)

The following lemma bounds the distance between two matrices after applying the thresholding operator H,., assuming they
are sufficiently close. To use this result, we first provide a lower bound on the spectral gap of Z; and show that it is large
enough compared to both || Z; — Z3]|2 and 0, (Z1).

Lemma 10. Let Zy and Z satisfy the same conditions as in Lemmal[9] Assume further that the spectral gap is large enough
such that 1
s:=0.(2Z1) = 0r41(Z1) > ;UT+1(Zl)
0
for some constant cy > 0. Then, there exist constants C1 and Cs depending only on cy and satisfying C7 < Cy < 6¢g + 10

such that
HHT’(ZI) - HT(Z2)||2 < (UT(ZI) - UT+1(Z1)),

and

1#:(Z2) = o (Z2) 1 < C (121 — 22) Vi
<202 (|21 — Zs|p -

p + UL, (21 - Z5)],.)

Proof. Recall that we have defined
s = O'T(Zl) — Ur+1(Zl).

By Weyl’s inequality (see Theorem [2)) and (27), it follows that
0r (Za) = 0r41(Z2) > 0, (Z1) — 0v41 (Z1) = 2/ 21 — Zofla > (V2 - 1)s.

Therefore, for ¢ = 1,2, the rank-r approximation Z; , = H,(Z;) is uniquely defined, as o,.(Z;) > o,41(Z;). Moreover,
by Weyl’s inequality and (27), we have

07:1(Z2)| <l (Z0)] + (L= 1/V2)s < (o +1 — 1/V2)s.

Letc:=cp+1—-1/ V2, noting that ¢ > ¢y. We then derive the following estimate:

VZ1, — Zoyll2 < |21, — Z1l2 + | Z1 — Z2||2 + || Z2 — Za 1|2
< ori1(Z0)| + o1 (Z2)| + (1= 1/V2) (lor (Z1)] = |ovsa (Z1)])
< (2c+1-1/V2)s,
—_—
Cy

(28)

where the constant 'y satisfies C; < 2¢qg + 3.

Let Zy, = Uy, 21, V', and Z; , = Uz, %, V;, be the SVDs of Z; and Z,, respectively. Since

||Z1,r - Z2,TH2F < ||(Z1,r - ZQ,T)‘/I||2F = ||(Z1,r - Z2,7‘)‘/1,7‘ %‘ + H(Zl,r - Z2,r)‘/1,r,J_||%‘;




taking the square root of both sides and using Va2 + b2 < |a| + |b|, we obtain
||Zl,r - Z2,T‘HF < ||(Zl,r - ZQ,T)‘/LTHF + H(Zl,r - Z2,r)‘fl,r,L||F- (29)

We now estimate the two terms on the right-hand side separately.

¢ For the first term, we have:

|| (Zl,r - Z2,7‘)‘/1,7‘

r=(Z1—Z2,)Vi,|F
<(Z1 = Z2)Viyllr + [(Z2 — Z2r)Vi || F

=(Z1 = Zo)Vipllp + U2 1 B0 1 Vi Vil p

@ V2|0, 11(25)]
st Z - Z) Vi,
M r @ = lom 201 ) 1122~ 22 Vsl
V2|0,41(Z
- lov41(22)] i 1UL (20 - 22)]),

lov (Z1)| = |ory1 (21
< (14+V2e) (21 = Zo) Vil p + V2 UL, (21 - Zo)| ..

where step (a) follows from

U2, 182,01 Vit 1 Vil < 0011 (Z2) [ Valy, 1 Vil

and Lemma

* For the second term, we further split it into two parts:

”(Zlﬂ“ - Z2A,T)VI,T,J-||F < ||U1:,:r(Zl,r - Z2,T)V1,T,J_HF + HUE’I“,J_(ZIJA - Z2,7’)V1,T,J-||F
<UL (2 = Zoy) | + UYL Zoo Vi 1

The last term is estimated as:

U, 1 Z2, Vi i llr = UL, U2 v 20, Vi Vi e
<UL, 1 U2 2 B2l VS Vi Ll r
= |UY, Uz, B0, Vol 2l Ve Vi Ll P
@

= UL, L Zo w2V . Vil r
= U}, (Zoy — Z10) |21V, Vil P
< ||ZZ,7‘ - Zl,rH2||V2Tr,LV1,T‘

b —
(S) V2(2c + 15 L/V2)s (||(Zl = Z) Vigllp +||UL, (21 - Z2)HF)

= \/5(20—&— 1-— 1/\/5) (H(Zl ) Vl.,rHF + HUlqu (Z, - Z2)HF) )

F

where step (a) uses || V5!, Vi, 1llr = [V, | Vi, | [Chen et al} 2021, Lemma 2.5], and step (b) follows from .

Combining these estimates, we obtain
121 = Zoslle < Co (22 = 22) Vil + |[UE, (21— 22)] )

where Cy = v/2(2¢ +1 — 1/v/2) + (1 4+ v/2¢) < 6¢y + 10 is a constant. O



A.3 BOUNDS ON THE DISTANCE BETWEEN PROJECTIONS

We introduce key lemmas used in the convergence analysis of the RGD algorithm, which have been stated and proved
in [Wei et al., 2016]]. The following result bounds the projection distance between the singular vector subspaces of two
matrices:

Lemma 11. Let X; and X be two rank-r matrices with compact SVDs X; = UtZ]tVtT and X = UXVT respectively.

1. The distance between the projection matrices of their singular vector subspaces satisfies the following bounds:

1%, - X| | X: = Xl
juws —vvr), < XXy vy, < X,
V21X, - X| V2| X, - X||
|U0F —UUT | < == Vi vV < S

2. Let Pr, and Pt be the projection operators onto the tangent spaces of the rank-r matrix manifold at X, and X,
respectively. Then, the following bounds hold:

2|1 X — X, 2V2 | X — X||p
sup [|(Pr, =Pr) Zll, < — 5~ and  sup |(Pr, —Pr)Z|p < :
1Z]l2=1 2 Omin(X) 1Z|2=1 F Omin(X)

Proof. We prove only the second assertion, as the first assertion is identical to [Wei et al, 2016, Lemma 4.2].

By the definition of P, and Py, we have
(Pr, = Pr)Z = (UUZ+ zV,V," —U0,U}/ ZzV,V,") - (UU"Z+ zvVv"T —UU"ZvVT)
= Ul -vvhz(1-vvih)+ (I -vuh)z (vt -vvT).

Taking the spectral norm on both sides yields:

21X, — X
sup |[(Pr, = P1) Z||, < |UUS —=UU" |2 + [V VT = VVT|; < 20X = X,
1Z]2=1 Tenin(X)

Similarly, taking the Frobenius norm on both sides gives:

22X, — X
sup ||(Pr, = Pr) Zllp < |[UU —UU"||p + ViV, = VVT|r < 1 X le.
1Z]2=1 Umin(X)

The following lemma provides second-order information about M,., the smooth manifold of all rank-r matrices.

Lemma 12 ([Wei et al., 2016]], Lemma 4.1). Let X; € M, with compact SVD X; = UtEtVtT, and let T, denote the
tangent space of M. at X,. Let X € M, be another rank-r matrix. Then, the following inequalities hold:

_
Umin(X)

2
1 X — X[

I(Z =Pr) X < 1 X = Xl | X = Xl p < 1% — X1,

_
Omin (X)

1
_ < -
H(I PTt)XH2 — Umin(X)

Proof. By the definition of the projection operators Pr, and P, we have:
Z-Pr)X=(Pr—Pr)X
v -u U)X (1-vivhH+(I-vU") X (Vv -V
= (Uu” -uUul) X (1-v,v)")
(vt -uUl) (X - X)) (I-WVVT).

Taking the spectral and Frobenius norms on both sides and applying Lemma [IT|completes the proof. O



B PROOF IN RESTRICTED ISOMETRY PROPERTY

For completeness, we provide the proof and relevant references regarding the properties of the Restricted Isometry Property

(RIP) in this section.

Proof of Lemma[2] Assertions 1, 2, and 4 follow directly from a non-symmetric version of [Stoger and Zhul 2025 Lemma

2.4] and [Wei et al.,[2016, Lemma 4.4].

We now prove Assertion 3. Consider the following chain of inequalities:

sup [|(Pry — Prx A" AP ) (2)]|p 2 sup [(Pry — ProA"APry) (2), Z)|

1zl r=1 1Z]lr=1

= sw [[Pry(Z )% — AP (Z)]]5

< sup Oy |Pry(Z)|5 < b2,
1Z] =1

where:

* Step (a) follows because Pr,, — Pr, A* APt is a self-adjoint operator, and the operator norm is expressed in its

variational form.

* Step (b) holds because P, (Z) has rank at most 2r, and RIP applies.

This completes the proof of Assertion 3.

C PROOFS IN DECOUPLING TECHNIQUE

The following lemma describes the properties of the operator A, .y and its relationship with A. It follows directly from the

definition of A4 ).

Lemma 13. For any matrix Z € R4* %, the following properties hold:
(Afz ) A@) (Payr(2)) = Payr (2),
(Aia ) (Payr (2)) = (A A) (Payr(2)) = (A(ay") A (P (2)) ) 2y
(A A= Ay A ) (2) = (A" A= Py (2) + (wy”, A A (Pl (2)) ) 2"

Proof. We prove each assertion separately.

First assertion: By the definition of A; (5,,), we have <Ai (@,y)s Payr (Z )> = 0. Consequently,

(A A ) (Payr Z i@y) Payr(2)) Ai@y) + (2y", Z)2y" = (29", Z) 2y

This establishes the first assertion.

Second assertion: For the orthogonal projection Pin (Z), we observe that
) 1 m
(A Aem) (Payr(2) = =3 (Aiay) Payr(2)) Aiany + (23" Payr (2)) 2y”
i=1

m

= % Em: <Ai,<m,y>> Pin(Z)> Ai(ay) = % > <Ai, P;yT(Z)> A (ay)

i=1 i=1

= %i<Ai,P;‘yT > - %i< )> (zy”, A;) zy”

i=1 i=1

(30)



This proves the second assertion.
Third assertion: For the difference A*A — Af%y)A(w,y), we decompose Z as Z = Ppyr Z + P;-yT Z. Then,
(Ao Awy) = DZ = (Al g Awy) = 1) (Payr Z + Pyyr Z)
(a) (‘A(m y)“4 (zy) — )P:i rZ
QU A-D)(PL:2) ~ (Aley")  A(PL(2)) ) wy”
= (A A=T)(Z ~ Payr Z) — (A(ay") , A(PLr(2)) ) 2y,

where (a) follows from the first assertion and (b) follows from the second assertion. Rearranging terms completes the proof
of the third assertion. O

Now we can prove Lemma which bounds ||(A*A — Z) (X, — X)||, using the virtual sequence {Xt(wy) Hen.

Proof of Lemma[3] Let A; := X, — X; and Aff’y) =X, — Xt(m’y). From the construction of the net A/, we have

|(A*"A—-T) (A, = sup (oy", (A A-T)(Ay))| <2 sup [(zy”,(A*A-1T)(Ay))].
(z,y)eS?1—1xSd2—1 (z,y)eEN

For every (z,y) € N, applying the triangle inequality yields

(zy”, (A A-T)(A))]

y” (A" A—T) (Agwy))>’

s0)
)

(
y" (A A-T) (AP

<

< # (o a-m (4 - a) )
< |2y (A A-T) +|[a-o) (A - )|
2|

<[ (o4 (i () o a0 (7)) - i

F

where (a) follows from in Lemma[2] which is a consequence of RIP of .A. We now estimate the first two terms in the last
line.

¢ Second term: The second term can be bounded as
(2", (A A=) (Payr (A7Y)))]
= [(ey" (A A= D)2y (ay" A7) = | ([ Ay - 1) (=0 A

@
<ol(e" A <olarla <8 s flac-aF? sslad,,
.,y

where (a) follows from the definition of the RIP property.
¢ First term: Under the assumption that @) holds, the first term can be estimated as

(o074 (s (7))
(), =5y far],

d d (z (a) d d
§4/1+ QHA(P:Z,T ) H 1+ do
2r(d ds) d d
[2r(di +d2) 1A, +8 [di+da ’At_A(:c,y)H :
(wyGN F

dy +d di +d (z,
<8 1+ QHAtHF g T HAt_ y)H
m (wy)EN



where (a) follows from the RIP property of A, rank(P;‘yT (A,Emy))) < 2r+2,and 1 + 2,12 < 2, and (b) follows
from rank(A;) < 2r.

Combining all the estimated terms and taking the supreme over (x,y) € N, we obtain the final bound:

2r(d d d d z,
I(A*A—T) (A, < [ 26 +16 2r(di +d) A, + (26 +25 + 16y 2% HAt—A( y>H
m m (my)EN

This completes the proof. 0

D PROOF OF INITIALIZATION

The proof of Lemma@ follows a structure similar to that of [Stoger and Zhul 2025 Lemma 4.1].

Proof of Lemmal6] To prove this lemma, we establish the following two inequalities:
1
||X* - XO||2 S iclamin(X*)y (31)

and

X0~ X5Y|| < Jeromn(X.), ¥ (@,y) €N (32)

1
2

First, from Lemma|[l] with probability at least 1 — exp(—(d; + d2)), the operator A satisfies RIP of rank 6r with dg, = 0
when m > ¢o ’Qr(dl + ds), where c is a universal constant. This implies that, with the same probability, A satisfies RIP of

rank 6r with constant § = 4/ %Wjd@. We choose m > cr(dy + da) to ensure that 6 < 1.
Then, we have

[(A"A) (X)) = Xully <2 sup Zw (A;, X.) A - X,y
(z.y)eN T

m

1
=2 sup — (A, X)) 2T Ay — 2T X, y) .
(@y)en M ;( ’ )

The expectation can be computed as E(A;, X*>:1:TA1-y = :cTX*y. From [Vershynin, 2018, we have
(A, Xo)2" Aiyllg, < (AL X |, 2" Asylly, < K[ XlF,

where K is a universal constant, and therefore the centered version satisfies

(A, X )2 Ay — 2" Xoylly, < K| Xdlp.
Applying Bernstein’s inequality, we obtain:

2
P >t| <2exp | —C'min %,Lt .
1 X7 1 X+le

Setting t = C”'(y/9t%  dikda ) X || the probability is less than 2 exp(—C”C’(dy + d2)) for a fixed pair (z,y).

Taking a union bound over all (x,y) € N, we obtain
di+dy  dy+d
<O TEE G B X
m m

with probability at least 1 — 2 exp((In 12— C"C")(d; +dz)). We choose C” sufficiently large such that In 12 — C""C" < —4,
ensuring a high success probability. Consequently, with probability at least 1 — 2 exp (—4(d; + ds)),

dy +d dy +d di +d di +d
A (%) = Xl < 207( T2 4 B2 x < 207 [ 202 4 B2 g, (X,

m
1

m Z (<Ai> X,) mTAiy - mTX*y)
=1

sup

el 2 (s X 2t Ay — 2T Xoy)
xT,Y)E

| m

=1




We choose a proper constant C; and let m > Cyx2r(d; + dz) to make the constant before oy,;, (X ) less than or equal to
min{{c1, 15}, and then we obtain

X S |
(A A) (X.) = Xl < min { Ger, 16 }omin(X). )
This, together with Weyl’s inequality, implies that the spectral gap for (A*A) (X)) satisfies:
4
s1:= 0 (A™A) (X)) = o1 (A" A) (X)) 2 pomin(X) > 0. (34)

As aresult, X = H,(A*A(X,)) is uniquely defined. Using the best rank-r approximation property of X, we obtain

1 X = Xolly < [| X = (A"A) (X Iy + [[(ATA) (Xo) = Xoll,
<2[| X = (A"A) (X, -

Thus, combining it with (33), we obtain (3T).
From Lemma[13] we have

(A A= Ay A ) (X0) = (29", X) (A A=T) (ay”) + (oy”, A A (PL2(2)) )2y, (35
Therefore,

H (A*A N Azm,y)A(m»y)) (X4)

S IXula (A A=) (wy") |12 + | (A (2y7) . A (Phr (X))
=11 + Is.

(36)

From (7) in LemmalZ] it follows that

cr(dl + dg)

m

I < ||X*||2 0 < ’fo'min(X*)

To estimate I, we use
<.A (wyT> LA (7?L )> %i wy A < Pij (X*)> .

Here, 31" | (xy”, A;) <Ai, Pi‘yT (X *)> is a sum of m independent sub-exponential random variables with mean zero

due to the rotation invariance of the Gaussian measure. Each term has a sub-exponential norm K || X, || , with constant K.
Applying Bernstein’s inequality, we obtain that for each fixed (x, y), with probability at least 1 — exp(—4(d; + d2)),

B = [{A(y™) A (Phyr (X)) < canomin (X.) V7 ( [irds & ;da) ,

where c5 is a constant depending only on K. Taking a union bound over all (x,y) € N and combining I; and I, we obtain
that, with probability at least 1 — exp(—(d; + d2)),

di+d di+d
2§03H0m1n(X*)W<\/ 1;; 2+ 1:7; 2>7 V(xz,y) €EN. 37)

By choosing a proper Cy and letting m > Cor?r(dy + da), implies
4(1 —1//2)
5

H (A*A N Azﬂm»y)A(mvy)) (X4)

(A= Ay A (X0, < Ouin(X.) < (1-1/v2)s1, (38)

where in the last inequality we have used (34). Furthermore, by using (34) and (33)), we obtain
o1 (ATA(XL))

cp i = ——mmm—= g
S1

<1

m\.&‘o‘»—t



Applying Lemma|l0[to Z; := A* A(X,) and Z5 := A} | A, . (X,) and noticing that Xo = H,.(Z1) and x\@y) —
(z,y)” (z,y) 0
H,(Z3), we obtain
10 = XV 2 <16 || (A4 = ALy A ) (X0

(39)
< hKomin (X&) VT (\/ i + d + i + d2) ,
m m

where we have used in the last inequality, and

1 X0 = X5 |1
<16 (1A A = Ay 4 A ) (X2) Vil + UL (A"A = Al 4y A ) (X))

(@)
< 16[(zy", XO| [(AA=T) (2y") Vi ||, +16[(2y", X[ [UL, (A"A=T) (2y")|| (40)
+16| (A (y") A (Phyr (X)) )| oy Vaslle +16|{ A (wy") , A (Phye (X)) )| 1UT, @y " |1

(b) /
< 64ckomin (X)) VT < di + do + i + d2> ,
m m

where (a) follows from (35), and (b) follows from (6) and (8) in Lemmal} [|Uy,,[]2 < 1, and [|[Vi ,[|2 < 1. We choose a
proper constant C% > Cy and let m > C4x%r(dy + do) to ensure that the last term in 1@) is not greater than %O’min(X*)

and thus (32).

Throughout the proof, we have imposed several lower bounds on m. We then take their maximum, i.e., m > C' /<;2r(d1 +da)
with C' = max{e, C1, C4}, to complete the proof. O

E PROOFS IN CONVERGENCE ANALYSIS

This section presents the proof of Lemma([7} a key result in our analysis. Unlike the corresponding argument for factorized
gradient descent in [Stoger and Zhu, |2025], our proof requires analyzing the projection of the gradient onto the tangent
space of X, which relies on Lemma [IT)and Lemma[I2} Additionally, the use of a hard-thresholding operator after the
gradient step introduces errors that are bounded using Lemma [10]

Proof of Lemma(7] From the assumption of this lemma,

1
01<—1000, 41)

and we have A satisfies RIP of rank 67 with 1
0= 56r < ﬂcl < 1. (42)

Besides, (19) holds with this & for ¢ < T' < 12%1+d2,

We prove this theorem by induction. The assumption of this lemma gives Ey < ¢10min(Xx). Assume that
EO S Clgnlin(X*)a El S (100001)Clamin(X*)a Tty Et S (100001)tclo—min(X*)'
We will need to show that Ey 1 < (1000c; )t ey omin(Xy), ie.,

X1 = Xella+ sup 1 Xiei = X0 |r < e1(100061)  omin(X.).
(z,y)€

For this purpose, we estimate || X1 — X2 and sup g o) enr [[ X1 — Xt(fly) || =, respectively. Notice that the inductive
assumption E; < (1000¢1 )t c1omin (X4 ) implies

1X; — X, |2 < c1omin(X,)  and supN||Xt — XY || g < e10min(X,). (43)
(z,y)e



Estimate || X; 1 — X.||2. We first compute |W; — X, ||2. By decomposing X, — X onto T; and T;-, we obtain

Wi — X, |2

= (T = Pr, A"A) (Xs — X4)ll,

<|(Z =Pr,) (Xs = X))o+ [[Pr, (I = A" A) (X — Xo)[o
(a) 1

2 *
S (X0 1X: — X, |5+ [|Pr, (T — A*A) (X, — X)),

b) 2r(dy +d di+d .
2 (e +3 (162Dt ) o5 I1X: — X, ||, +12 644/ 202 th ng
mn m ) @yen F

3 2r(dy +d 1 di +d .
< (Ber v asy /TR e (e 4asy /BT p X - x|
2 m 2 m (a:y)eN F

where (a) follows from Lemma|12} and (b) from in Lemma 9] the first equation in (#3), and sup z,—; [|Pr, Z|, <
3. We choose a proper constant C’ and let m > C’k?r(d; + d2) to make the coefficients before || X; — X, ||2 and

SUD (4 ) A’ HXt — Xt(m’y) HF above are both smaller than 2¢;. Then we have:

W&Wﬂﬁﬂﬁo&xﬂﬁpr&X?MH>SQ%MX& (44)
(@, y)EN F

where in the last inequality we used the fact that 2c; < 1 and the inductive assumption. This, together with Weyl’s inequality,
implies that o,.,(W;) > (1 — ¢1)0min(Xs) > c10min(Xy) > op11(Wy) and

s:=0,(Wy) —or:1(Wi) > (1 — 2¢1)0min(Xy) > 0, (45)

i.e., the spectral gap of W, is positive. Then, X1 = H,.(W,) is uniquely defined, which is the best rank-r approximation
to W;. Therefore,

[ X1 — Xilly <[ X1 = Wil + W = Xof], < 2([Wh — X,

46
< dey <||Xt ~ X, + sup HXf _ X“’*”H ) (46)
(z,y)EN

where in the last inequality we have used (@4).

Estimate | X, — Xt(+’1y) |p. Since X ;11 = H,(W;) and Xt(ff_’ly) ’H,,(Wt(w’y)), applying Lemma we can upper

bound | X1 — XY || by || W, — W, Y| . We first bound ||[W; — W ™¥)|| 1 by
W, = WY ||
= [(Xi = Pr,A"A(X, = X)) = (X[ = Proeay Aly g Ay (XY = X))
<N = Pr)XEY e+ 1P, (X0 = AA = X2 = X5V 4+ A AXY - X)) v @7)

+ ||7>T,, (A*A — A’(kmyy)A(w,y))(Xt(w’y) - X*)”F + ||(PTt - PTEE@))A?m,y)A(w,y)(Xt(w’y) - X*)”F
=1 + I + I3+ 1.

We estimate the four terms respectively.

* Bounding [;. I; is a second-order term about || X; — Xt(w’y) || . Indeed, Lemmaimplies

1

H<—
Jmin(‘Xt( ,y))

IN

1X: — XY)2. (48)

We need to derive a lower bound for o, (X;) and a,nil,(Xt(w7y

)) respectively. From Weyl’s inequality and the
inductive assumption (@3), we have

Umln(Xt) > Umm( ) ||Xt X*HQ 2 Umin(X*) - Clamin(X*) Z (1 - Cl)Umin(X*)



and

O—mln(X(:my)) > Unnn Xt - HXt X(w y)H 1 - QCl)O'mm(X )
Plugging it in (@8) gives
1
I < HX z,y H X (937'!!) <92 X _X(937'y) ;
L= (1 _201)Jmin(X - ” b t ”F - Cl” ¢ t ”F

—1-

where we have used the inductive assumption ([@3) in the second inequality and (@T) in the last inequality.

* Bounding I>. We estimate I by projecting X; — X t(w’y) onto T; and T} respectively as follows:
Iy = ||Pr,(Z — A" A)( X, = X))
< [Pr (T = A APr, (X = XV)|p + [Pr, (2 = A AT = Pr) (X = X))

(a)
< G| X0 — X7V 4 03, (T — Pr,) (X — X5V |

®) Sl X 7X($7y) 5 1 X, X(wfy) 2
< 2rH t t HF+ 3r (z,y) t t

Omin (X 7y) F
(©) O3
< (% o ) 1X: = X

(d)
< 21| X — XY,

where:

step (a) follows from the properties 3 and 4 of RIP in Lemma[2]
step (b) follows from Lemmalm

step (c) follows from the inductive assumption @) and (49),
step (d) follows from ¢; < and 0 < ;e

10()()

* Bounding I5. For I3, we denote A, := X; — X, and A(m’y) X(m’y) X,. Then, I3 is estimated as follows:

= ||Pr, (A" A = Al A (XY — X))

(a) -
< ||Pr (A" A — T)(@y”, AT )y || + [[(A (2yT) , APLr (AT ) Pr, (xy ") F
< HPTf(A*A—I)@yT,AEm’y)ﬂyTHF + [(A(zy") , A(Payr A(m V)|

T (A A - I) (zy”, ATV )2y |

|
(P 525y s

=) ||2 (I\Pn (A" A= D)Pray’|p + [Pr,(AA)Z ~ Pr)zy" | )

r(dy + d [dy +d o)
8 1+ 2)||At”2+8 1+ ds HAt_A( y)H )
m (wy)EN

) d +d
(8 ! 2) + 0oy +53r> A,

+

NS

di +d P

+(8 1+ 2 +52T+53r sup HA — A y)H
(z,y)EN

(d) r(dy +ds) 1
S <8 T + Ecl A,

di +d 1
4sy/ —c1 | sup HAt - A(m’y)H

m 12 (my GN

where:

(49)

(50)

(5D

(52)



step (a) follows form (30) in Lemma|[13]

step (b) follows from (T8) in Lemmaf]

step (c) from ||A®Y) |, < HAtHQ Ay - APY |5 and Lemma
step (d) from g, < d3, < § < 01 by assumption ([@2).

We further denote the upper bound for I5 in the last inequality as I}, that is

2r(dy +d) | 1 di+d 1
Ler= (82t ) LA+ (82 2 L) s |a—a@E|
m 12 m 12 (x,y)EN

* Bounding 1. We estimate I, as in the following:

Iy < |(Pr, = Priewn ) A"AXL™Y = X |i + [Pr, (A" A = Ay A ) (XY = X1
+ [P (A" A = Ay ) A ) (XY = X5

(@ N
< [(Pr, = Prea A AX™Y = X,) | ¢ + 213
< [(Pr, = Prew (A A= D)X = X)l|e + | (Pr, = Prow ) (XY = X.) | ¢+ 21

® 42 (= . (=) (=) :
< oy XX (A=A s +1AF) + 214
(© 4
< 1\_/; (I A= D) (AFD) | + | AF2) + 21
4¢11 Al . . (@.9) , (53)
< g (1Al 1A= AFYp 4 [(AA=D) Al + (A" A= DA = AFY) ) + 214
(d)
= 4[61 ( 16 M+25> 1A
1—2¢; c1 m

44/2 di+d x
+ V2a 1446+ 164/ =2 4+ 5,05 | A — APV || p + 214
1—2¢ m

© 500 2 (dy +do) 1
< avax 2D 1416y A2) L L) A
V2x 755 ( + m T 500 ) Al

0 d1+d2 1 (z,) ,
4V2 X — 1+1 — A — A 21
+ f><499><< + 164/ +200> allAy =AY || p + 215,

where:
step (a) follows from ||Pre.4) (A" A — A7, y)A(wyy))(Xt(w’y) — X, )||F and be estimated similarly as in |i
step (b) follows from Lemma [TT]

step (c) follows from (@3) and @9),
step (d) follows from Lemmaand [(A* A -T)(A: — Agw’y))Hg < Orpal|Ay —
step (e) follows from § < ¢; < 1000

We choose a proper constant C”” and let m > C” k?r(d; + d2) to make the coefficients before || A; — Aﬁ“’) |F and || A2
in the last term of are both smaller than 2¢;, and those in the last term (excluding 21%) of are smaller than 8c;. As
aresult, I3 < I§ < 2¢;1Ey, and I, < 8c1 Ey + 215 < 12¢1 Fy. Besides, we have I; < 2¢; E; by and Iy < 2¢1 E; by
(5T). Substituting all these in (@7) gives:

(W, — WY < (2-3+12)c, <||Xt—X*|2 ( supNHXt .y H ) < c10min(Xs), (54)
ERS

where we use 18¢; < 1 and the inductive assumption (@3) in the last inequality.



To estimate || X; 11 — X t(f’ly) |l =, we check the validity of Lemma|10} First, from and ,

W, = Wy < |W, = WY | <

O (W) — o (W) € (1= 1V,

Second, we define ¢ := ljz—écl, and we have o,.11(W;) < ¢ps by . Then all conditions in Lemma |10| are met, and
therefore it implies that: there exists a constant Cs that is only related to c¢; such that
T x, 6 xT
1Xii1 = XTI < 2G| We = WYl p < 25— +10)[We = WY

(55)

< 996¢; | [ X — X.ll, + sup th X(‘”’y)H
(z,y)EN

where we use (54) in the last inequality. Summing up (53)) and (@6) gives

1Xep1 — Xullo+ sup [ Xosr — X0 |l p < 10001 (| X, — Xull2 + sup [ X — XY 5)
(z,y)EN (z,y)EN (56)

< 61(100001)t+10'min(X*)7

where in the last inequality we have used (@3) and @T).
Throughout the proof, we have imposed two lower bounds on m. We then take their maximum, i.e., m > C /<;2r(d1 + do)
with C' = max{C’, C"}, to complete the proof. O

For completeness, we also include the proof of Lemma [§] which was established in prior work given the initialization
H,-(A*(b)) [Wei et al. 2016, Theorem 2.2]. We slightly modify the proof and show that whenever | X1 — X, ||r is
sufficiently small, RGD will converge linearly to X,.

Proof of Lemma The proof follows the same structure as [Wei et al., 2016, Theorem 2.2]. Since X1 = H,.(W;) is the
best rank-r approximation to Wy, we have

[ X1 — Xillp < [ X1 = Wil p + [We = Xl p < 2([W2 = X
Substituting W; = X; + Pr, A* A (X, — X;) into the above inequality yields:

[ Xi41 = Xul[p < 2[[(Z = Pr, A"A) (Xo = Xo) |
<2((Z = Pr) (X = Xo)llp +2|[Pr, (I = AZA) (Xs = Xo) | o

(@) 2 )
S (X0 X — X3 + 2| Pr, (I — A A) Pr, (X, — Xo)| o
+2[[Pr, (I = A A) (I = Pr) (X, = X
(b) 2 )
= Omin(X,) | X — X7 + 2020 || X — Xt p + 263, || Xs — Xi|l
| X% — Xillr
S <20M + 402 ||X* — Xt”F?

where (a) follows from Lemma and (b) follows from Lemma and the inequalities 0o, < 3, < dg, < Ca.

Define
[ Xy — Xi||r

Omin (X*)

By the condition (23)), we have yp < 6¢2 < 1. The remainder of the proof proceeds by induction. Assume y;, < 6¢o for
k=T,T+1,...,t. Then, we have

Y =2 + 4cs.

1X: — Xullp < (6c2) 7| X7y — Xo|lp < |1 X7 — Xl < c20min(Xa).

Therefore, ;41 < 6¢o. By induction, we conclude that y; < 6¢o forallt > T'. O
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