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Abstract

We study the problem of non-stationary Lipschitz bandits, where the number of
actions is infinite and the reward function, satisfying a Lipschitz assumption, can
change arbitrarily over time. We design an algorithm that adaptively tracks the
recently introduced notion of significant shifts, defined by large deviations of
the cumulative reward function. To detect such reward changes, our algorithm
leverages a hierarchical discretization of the action space. Without requiring any
prior knowledge of the non-stationarity, our algorithm achieves a minimax-optimal

dynamic regret bound of O(L'/3T2/3), where L is the number of significant shifts
and T the horizon. This result provides the first optimal guarantee in this setting.

1 Introduction

Many practical applications involve decision-making over a continuous space of actions (or arms)
where the environment evolves over time. For example, in dynamic pricing, the space of possible
prices is inherently continuous, and market dynamics may shift abruptly. In such a setting, it is both
natural and crucial to leverage smoothness in the reward function to generalize across similar actions,
while also remaining adaptive to temporal changes. However, most existing works on non-stationary
bandits focus on discrete action spaces and overlook the structure present in continuous domains.

The non-stationary bandit problem extends the classical stochastic multi-armed bandit setting [Slivkins
et al., 2019, Lattimore and Szepesvari, 2020] by allowing the mean reward functions to change over
time. Over the past two decades, several frameworks have been proposed to quantify non-stationarity.
Common approaches quantify the number of changes Lz of any arm’s mean reward over 7" rounds
[Auer et al., 2002b, Garivier and Moulines, 2011], or their total variation Vi in the reward functions
[Besbes et al., 2014, Cheung et al., 2019]. Algorithms that are built upon these approaches achieve

dynamic regret bounds of order v/ LT or V%/ 312/3 respectively. Importantly, they all assume prior
knowledge of the degree of non-stationarity Ly or V. It remained an open question whether such
rates could be achieved without knowing L1 or Vi, until a line of work answered this affirmatively
[Auer et al., 2019a,b, Chen et al., 2019, Wei and Luo, 2021].

Recent works have introduced more refined measures of non-stationarity. In fact, the standard metrics
L~ and Vr can be overly pessimistic: both of them may be arbitrarily large even when the best arm
remains unchanged. To address this, Abbasi-Yadkori et al. [2023] designed an algorithm that tracks
the number of times the best arm changes over T rounds, S7, and showed that it achieves /S71" for
the dynamic regret, adaptively'. The important work of Suk and Kpotufe [2022] proposed a finer
notion of non-stationarity called significant shifts, which identifies only changes that meaningfully

'In all our work, "adaptively" should be understood the same as "without knowledge of the non-stationarity".
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affect regret through large aggregate differences in reward. In the K-armed bandit setting, their

algorithm achieves the optimal rate of v/ LT where Ly is the number of significant shifts over T
rounds, with L < L.

In this work, we extend the ideas of Suk and Kpotufe [2022] to the setting of Lipschitz bandits, where
the arm space is continuous (typically the interval [0, 1]) and the reward functions satisfy a Lipschitz
condition at each round. Despite the maturity of research in both non-stationary and Lipschitz bandits
individually, their intersection remains unexplored. Our work is the first one to tackle the problem of
non-stationary Lipschitz bandits.

1.1 Outline and contributions

In this work, we answer the following question positively: Can we design an algorithm that adaptively
achieves the minimax-optimal rate in non-stationary Lipschitz bandits? We argue that non-stationary
Lipschitz bandits pose unique and fundamental challenges that go beyond a simple combination of
non-stationarity and Lipschitz continuity. We highlight two central challenges addressed in this paper.

Discretization level. In the stationary Lipschitz bandit setting, a common approach is to discretize the
continuous arm space into a finite set of bins, thereby allowing the application of standard multi-armed
bandit algorithms [Kleinberg, 2004]. When the time horizon T is known, the discretization level
can be carefully calibrated, typically using O(7"*/3) bins. This choice reflects the optimal balance
between discretization error and the regret incurred by running a bandit algorithm over the discretized
arms, leading to the minimax-optimal regret of O(TQ/ 3). In the non-stationary setting, however,
the durations of the time intervals during which the mean reward remains stable are unknown and
not rigorously defined. Thus, direct horizon-dependent tuning becomes infeasible. This raises a
key question: how to adaptively adjust the discretization level to match the unknown degree of
non-stationarity in the environment?

Forced exploration via restarts and replays. In non-stationary bandits, detecting changes in the
reward distribution requires frequent exploration of suboptimal arms. In the K -armed bandit setting,
this is often handled through periodic restarts, where all K arms are re-explored to detect shifts of the
reward function. In the continuous setting, this strategy is significantly harder: not only must we
decide when to restart, but also at what resolution to discretize the arm space during such restarts.
Finer discretization enables more precise detection of changes but significantly increases the cost of
exploration. Balancing this trade-off is a central technical challenge tackled in our work.

This paper is organized as follows. In Section 2, we formally introduce the problem setting, and
present our algorithm, MDBE, in Section 3. Our main results are stated in Section 4, followed by a
high-level proof sketch of its regret analysis in Section 5. For completeness, the full pseudocode of
MDBE is provided in Appendix B, and all detailed regret proofs can be found in Appendix D.

1.2 Related Work

Non-stationary bandits beyond K-armed. A growing body of work has extended non-stationary
bandit models beyond the classical K-armed setting. These include linear and generalized linear
bandits [Russac et al., 2019, Faury et al., 2021], contextual bandits [Suk and Kpotufe, 2021], convex
bandits [Zhao et al., 2021, Wang, 2023, Liu et al., 2025], kernelized bandits [Hong et al., 2023,
Iwazaki and Takeno, 2025, Cai and Scarlett, 2025], and more structured problems [Seznec et al., 2020,
Vernade et al., 2020, Azizi et al., 2022]. Some works further explore temporal regularity assumptions,
such as smooth or slowly varying reward functions [Slivkins and Upfal, 2008, Krishnamurthy and
Gopalan, 2021, Jia et al., 2023]. Across these settings, non-stationarity is typically quantified using
either the number of global changes L or the total variation V7.

Bandits with infinite arms. In Lipschitz bandits [Agrawal, 1995], the infinite arm space is tackled
via discretization strategies, either fixed or adaptive, that exploit the Lipschitz continuity of the reward
function [Kleinberg, 2004, Kleinberg et al., 2008, Bubeck et al., 2011b,a, Magureanu et al., 2014].
More recently, adversarial formulations have been studied, where the goal is to minimize the regret in
hindsight [Podimata and Slivkins, 2021, Kang et al., 2023b]. These differ fundamentally from our
focus on dynamic regret in a stochastic setting. A separate line of work investigates infinite-armed
bandits in the so-called reservoir model, where arm means are drawn independently from a fixed
distribution [Wang et al., 2008, Carpentier and Valko, 2015, De Heide et al., 2021, Kim et al., 2022,



2024]. Unlike Lipschitz bandits, these models assume no structural relationship between arms and
therefore do not exploit similarity across them. Hence, direct comparisons to our setting do not apply.
The only work we are aware of that addresses the problem of non-stationary Lipschitz bandits is
Kang et al. [2023a], who propose a zooming-like algorithm to tune a generalized bandit framework.
However, their formulation of non-stationary Lipschitz bandits is tailored to their specific setting and
does not achieve optimal theoretical guarantees.

Tracking significant shifts. The idea of tracking significant shifts was first introduced in the K -armed
setting by Suk and Kpotufe [2022], and has since been extended to contextual bandits [Suk and
Kpotufe, 2023], preference-based settings [Suk and Agarwal, 2023, Buening and Saha, 2023, Suk and
Agarwal, 2024], and smooth non-stationary models with temporal structure [Suk, 2024].

The works closest to ours are Suk and Kpotufe [2023] and Suk and Kim [2025], both extending the
framework of tracking significant shifts beyond the classical K -armed setting. The former considers
contextual bandits where rewards are Lipschitz in the context space, but with a finite number of arms.
After discretizing the context space, their algorithm effectively reduces to a finite-arm bandit problem
at each context, allowing the use of techniques from the K -armed setting [Suk and Kpotufe, 2022]
without requiring discretization of the arm space. The latter studies infinite-armed bandits under a
reservoir model, where arms are independently drawn from a fixed distribution. While this shares the
challenge of choosing from infinitely many arms, their setting assumes no regularity across arms.
Therefore, their techniques and guarantees are not applicable to our setting.

1.3 Notations

For any integer n, we write [n] = {1,...,n}. For a filtration (F;);, we denote the conditional
expectation by E; [] = E [-| F¢] (the underlying filtration will be clear from context). For real
numbers a and b, we write @ V b = max{a, b} and a A b = min{a, b}.

2 Problem setting

Without loss of generality, we assume that the arm space is the unit interval [0, 1].> An oblivious
adversary selects a sequence of T' mean reward functions (p;)7_,, where each p; : [0,1] — [0, 1]
satisfies the following Lipschitz condition:

Assumption 1 (Lipschitz mean rewards p;). Vo, 2’ € [0,1], |pe(x) — pe(2')] < |z —2'|.

At each round ¢ € [T], an algorithm 7 selects an arm z; € [0, 1] and observes a stochastic reward
Yi(x:) € [0, 1] independent from the past (arms and observations) and satisfying E [Y;(x:) | z: = x] =
(). The objective is to minimize the dynamic regret

Z sup i (z Z ()

— zEX

defined as the difference between the cumulatwe gain of the algorithm and that of the dynamic
benchmark oracle, which, at each round, knows the reward function ;. In this paper, we design an
algorithm and provide a bound on its expected dynamic regret E[R(m, T)], where the expectation is
taken with respect to the randomness of the interactions between the algorithm and the environment.
We denote the instantaneous gap between two arms 2’ and x as 6;(a’, x) = ps(a’) — p (), and the

instantaneous regret of arm 2 as 6; () = maxgre(o,1] pe(x") — ¢ (2), so that R(7, T) = Zle Ot ().

2.1 Significant regret and significant shifts

We now introduce the notion of significant regret for an arm x € [0, 1].

Definition 1 (Significant regret of an arm x). An arm x € X incurs significant regret on interval
[s1, 8] if its cumulative regret on this interval is lower bounded as

Z& ) > log(T)(s2 — 51)*/°.

té]

We call such arm an unsafe arm on interval [s1, s2|, and otherwise we call it safe on this interval.

’Extensions to arbitrary metric spaces and other Lipschitz constants are discussed in Appendix G.



The right hand side of Definition 1 corresponds to the minimax-optimal regret for a stationary Lipschitz
bandit over horizon ss — s1, and thus captures the level of regret that is statistically detectable.
Conversely, if no such interval exists where arm x incurs significant regret, then its cumulative regret
over the entire horizon must remain small. A significant shift occurs when all arms become unsafe,
i.e. when each arm has incurred significant regret over some interval.

Definition 2 (Significant shift, significant phase). Let 7o = 1. Fori > 1, we define the i"" significant
shift as the smallest round 1; €]1;_1,T)| such that for all arm x € X, there exists an interval
[s1,82] C [Ti—1, 7:] on which arm x incurs significant regret (Definition 1). For all i, we call [1;, T;11]
a significant phase, and we denote by L1 the (unknown) number of significant phases.

This definition implies that tracking significant shifts amounts to detecting intervals where the regret
exceeds what would be expected in a stationary Lipschitz environment.

2.2 Comparison with other non-stationary metrics.

The notion of significant shifts provides a refined perspective compared to classical metrics such as
the number of global changes Lp = 3:11 I{3z € [0,1] : pet1(x) # pe(x)}, the total variation

T—
Ve = Y0 maxgeio | (@) — ()
Sp = 23:11 I {argmaxxe[o,l] pi+1(T) # argmax, o 1 ut(x)} . Unlike these metrics, L1 is robust

, and the number of best-arm changes over I' rounds,

to benign transformations. For instance, if each p is shifted by the same constant across all z, then
Ly and Vi may scale linearly with T', while Ly = 0. Similarly, S7 may count frequent changes in
the optimal arm due to small fluctuations, even if the overall impact is negligible. In contrast, Ly
captures only statistically meaningful shifts and satisfies ET < Sy < L.

For example, consider a recommendation system with a continuous pool of content (e.g. movies),
indexed by « € [0, 1], where nearby values of « correspond to similar content types. Suppose there
exist two regions of high and comparable user preference, centred around z; = 0.3 and x5 = 0.7.
Imagine a scenario where preferences near x; remain stable over time (e.g. a timeless classic),
while preferences near x5 undergo very frequent changes (e.g. a trending topic that evolves daily).
In this case, an algorithm that consistently recommends content near x; would incur little to no
regret, even though the underlying reward function changes frequently in other regions. From a
global perspective, the number of changes or the total variation in mean reward could be as large as
Ly = Vp = O(T). An algorithm that relies solely on such metrics would unnecessarily restart its
estimates too frequently, as it would overestimate the effective difficulty of the problem. This leads to
both theoretical sub-optimality and practical inefficiency. However, such changes do not constitute a
significant shift, as the latter captures only changes that are statistically consequential to learning,
rather than indiscriminately counting all shifts in the environment.

3 Algorithm MDBE: Multi-Depth Bin Elimination

We now present the key ideas leading to the design of our algorithm, before detailing each one of
them®. At a high level, our goal is to detect significant changes in the aggregate gaps Zfisl 5¢(2’, x)

between pairs of arms over time intervals. This quantity lower bounds the dynamic regret Zf;l 0 ()
over this interval, meaning that large changes in these aggregate gaps are indicative of large dynamic
regret. However, directly monitoring such changes for all possible pairs of arms is infeasible in a
continuous action space. To address this, we adopt a discretization strategy and instead monitor
aggregate gaps between pairs of bins B, B’ (i.e., subintervals of [0, 1]) in the form >332 _ 6;(B’, B).

Our algorithm operates in stable episodes, each split into blocks of doubling length with varying
discretization levels. Within each block, a variant of the Successive Elimination algorithm removes
empirically suboptimal regions. Since discarded bins may become optimal later, we use the replay
mechanism of Suk and Kpotufe [2022] to revisit them and avoid missing promising regions. A
key challenge is selecting the right discretization level for each replay. Our sampling procedure
guarantees sufficient exploration at different scales, while a carefully designed bin eviction mechanism
progressively eliminates regions that appear suboptimal based on empirical evidence.

3The full pseudo-code of Multi-Depth Bin Elimination (MDBE) can be found in Appendix B.



Discretization. To estimate the reward function at multiple discretization levels, we use a recursive
dyadic partitioning of the space, described below.

Definition 3 (Depth and Dyadic tree). 7; denotes the partition of [0, 1] into 2% bins of size 1/2%
each. We say that d is the corresponding depth of this discretization. We define the dyadic tree
T = {Ta}aen as the hierarchy of nested partitions of [0, 1] at all possible depth d € N. For any
bin B € Ty, we denote by Children(B,d') the set of children of bin B at depth d' > d, and
Parent(B, d") the unique parent bin of B at depth d’' < d. In particular we have d’ < d < d =
VB’ € Children(B,d'), B' C B C Parent(B, d").

For any bin B € 7, we define the mean reward of bin B at round ¢ € [17] as

m(®) = [ (i,

where |B| = 1/2¢ denotes the width of bin B € 7;. We define the instantaneous relative regret
between two bins B, B’ € Ty as 6;(B’, B) = ut(B’") — u(B), and introduce its empirical estimate,
to be formalized later, as 0;(B’, B) = [i;(B’) — [i;(B). We also define the instantaneous regret
of abin B € Ty as §,(B) = maxpgre, i (B') — ue(B). For simplicity, we use the same notation
ut(B), 6:(B) and p(x), d:(x) to denote the mean and regret for bins and arms, respectively. The
distinction should be clear from context.

Episodes and blocks. The algorithm proceeds in episodes, indexed by [ € N, with episode [
starting at round ¢; (with tg = 1). Each episode is divided into blocks, where the m™ block lasts
for 8 rounds. Within the m™ block, the action space [0, 1] is discretized into 2™ = (8™)'/3 bins,
corresponding to the mh depth 7,,. We denote the block interval by [77 1, 77 m+1[, and maintain a
set BrasTer(m) C T, of safe bins at depth m (referred to as the MASTER set). A significant shift
is detected when ByasTer (m) = 0, meaning all bins at depth m have been evicted. In such cases,
the block (and thus the episode) ends prematurely. Otherwise, a block ends naturally after 8™ rounds.

Algorithm 1 Routine procedure for one block

Input: Starting round of the block 7 p,.
ByasTer(m) < T // Initialize MASTER set with all bins at depth m
Schedule replays for t = 74, + 1,...,71,m + 8™ — 1 and d € [m — 1] according to (1);
fort =7 p,,...,71,m +8™ —1do
if Enter replay at depth d then

| Dy < Dy U{d}; // Activate depth d for replay
if Exit replay at depth d then
L Dy «+ D\ {d}; // Deactivate depth d after replay ends

Choose x; using Sampling scheme (Algorithm 2);

Update mean estimates and evict bins using (*);

if ByASTER (m) = () then

L Break; terminate episode [ <— [ + 1, restart from block m < 1 ; // Shift detected

Change block: m < m + 1, 7 ;i1 < T1,m + 8™ // 1f BumasTer(m) # 0

At each round ¢ € [T, MDBE maintains a set of active depths D; C N. For each active depth d € Dy,
the algorithm maintains a set of active bins B;(d) C Ty, which are those not yet evicted based on
their observed performance. If d is not active, i.e. d ¢ Dy, then B;(d) = 0.

Replays. To detect non-stationarity at different scales, the algorithm performs replays at various
depths. Each block [7; 1, 7.m 1] always initiates a replay at depth m by setting ByiasTer(m) < Tm.
Additionally, replays may be triggered for all rounds s = 7, +1,..., 7, + 8" — 1 at coarser
depths d < m with probability

84 d
psd = | ——1{s —7m = 0[87]} . ¢))

S — Tli,m

Each replay at depth d runs for 8¢ rounds, unless it is interrupted by the end of the current block. At
the beginning of such a replay, the set of active bins at each active depth d € D, is reset to contain



all bins at that depth: B,(d) < 7, for all d € D;. When the replay at depth d concludes, depth d
is simply removed from the set of active depths Dy, but any other active depths may continue their
replays independently. Thanks to this design, multiple replays at different depths can overlap in time,
allowing the algorithm to monitor for potential significant shifts at multiple scales simultaneously
(Algorithm 1).

Sampling scheme. At each round, the algorithm selects an action using a hierarchical, top-down
sampling procedure from the minimum active depth dy(t) = min D; down to the deepest active depth
that contains an active bin (Algorithm 2). Remark that if D; = {m}, then B;(m) = ByasTrr(m).
In this case, the sampling procedure reduces to selecting a bin uniformly from ByasTrr(m), and
subsequently sampling an action from the chosen bin (see Figure 1).

Algorithm 2 Sampling scheme

Input: Round ¢, active depths D;, active bins (B:(d))4ep, -

Compute do(t) = min Dy ; // Identify the minimum active depth
Bparent ~ U(Bi(do(t)))s // Sample a parent bin at depth dy(t)
for d € Sort(D;) \ {do(t)} do
if Children(Bpayent, d) N Bi(d) = 0; // No active child bin found
then
xy ~ U(Bparent); // Sample uniformly from current bin
Return z;;
else
Bchila ~ U(Children(Bparent, d) N B(d)); // Sample an active child bin
Bparent < Behild; // Continue to the selected node

Bin eviction criterion. Our algorithm aims to identify and eliminate arms that incur significant
regret, as defined in Definition 1. However, since the algorithm only relies on bin estimates d;(B), we
introduce a notion of significant regret for bins to make localized decisions.

Definition 4 (Significant regret for a bin). We say a bin B € T, incurs significant regret on interval

[817 82] UC
S 6(B) > 31og(T) (52 — s

t=S]

We call such bin an unsafe bin on this interval, and otherwise we call it safe on this interval.

The right-hand side of the inequality corresponds to the rate of the minimax regret of a 2¢-armed
bandit over interval [s1, s3]. Intuitively, this threshold captures whether the cumulative sub-optimality
of the bin is statistically significant over [s1, s2]. Importantly, we will later show that if a bin meets
this threshold, then all arms within the bin also suffer significant regret in the sense of Definition 1
(see Proposition 1). We emphasize that the notion of significant shifts (Definition 2) is defined
independently of any depth (and thus independently of the depth used by the algorithm).

To estimate the mean reward of a bin B, we use the following importance-weighted estimator:

Yi(xe)
P(l‘t €eB ‘ Ft—l)
where F; is the natural filtration generated by the algorithm. Under uniform sampling within bin
B, [1;(B) is an unbiased estimate of y;(B). In particular, during a replay at depth d, the algorithm

leverages these estimates to potentially evict bins across active depths d’ > d that appear suboptimal:
over some [sy, s3] of length at most 87 (d is active), bin B is evicted if

s2_ 4(82 - 81)
z : 5 B/ B 1 T _ 2d 4d S
B’Eéﬁ?fz](d) i(B',B) > colog(T)y/(s2 — 1)20 V 47+ 2d ’ )

t:sl

VB e T ju(B)= 1{z, € B}, @)

where ¢y is a positive universal constant*, and Bis, ,s,)(d) denotes the set of bins that remain active
throughout interval [s1, s3]. Importantly, when a bin B € Ty is evicted based on this criterion, it is

4An exact value of ¢y can be derived from the analysis.



immediately removed from the current set of active bins B;, and also permanently removed from the
global MASTER set ByiasTer(m). In addition, all children of B in the dyadic tree are evicted as
well. As a result, no future arms will be sampled from the entire region corresponding to B and its
descendants in 7 until a new replay is scheduled. The next proposition establishes that the eviction
rule (%) is sound: evicted bins indeed correspond to areas where all arms suffer significant regret.

Proposition 1 (Significant regret of a bin implies significant regret of an action). Ifa bin B € Ty
incurs significant regret on an interval [s1, $3] with sg — 51 < 8 then every point x € B also incurs
significant regret over [s1, $3].

Figure 1: Example of sampling with m = 4; active bins are in blue. Left: At time ¢1, depths 3 and m
are active. A sample path may select bin B3 3 uniformly at random (u.a.r.) at depth 3, then B,, ¢
u.a.r. among its active children, then arm z; u.a.r. in By, ¢ (red path). Center: Att; + 1, a replay
starts at depth 1. A path may go through By 1 — B3> — By, 4, selecting z; in B, 4 (red path).
Alternatively, B o could be chosen; with no active children, x; is sampled directly from it (green
choice). Right: Att, + 9, depth 1 exits replay. Bin has been Bs 5 eliminated during the replay, and a
path may select B3 1 — By, 1, then ; in B, ; (red path).

4 Main results

We establish the fundamental limits for the non-stationary Lipschitz bandit problem, and prove that
our algorithm MDBE achieves minimax optimal dynamic regret. We first derive a lower bound on the
dynamic regret, expressed in terms of both the number of significant shifts L1 and the total variation
V. To the best of our knowledge, this is the first lower bound for non-stationary Lipschitz bandits.
Theorem 1 (Lower bound on the dynamic regret). Let &y, (7, L) denote the class of non-stationary
Lipschitz bandit environments over the arm space [0, 1] with at most Ly < L significant shifts. There
exists a numerical constant c; > 0 such that for any algorithm T,
sup B, [R(r,T)] > e LY*T%3.

KEELip(T,L)
Similarly, for the class SLip(T, V') with at most Vi <V total variation, there exists a numerical
constant co > 0 such that for any algorithm T,

sup  E, [R(m,T)] > co (T2/3 + V1/4T3/4) .
NEELip(T,V)

To give intuition whether the optimal rate (’)(I~/1/ 372/3) is achievable, consider an oracle algorithm

Toracle With access to the exact times of the significant shifts {7; iL:TO. The optimal algorithm partitions
the horizon into L7 phases and, within each phase, runs a minimax-optimal bandit algorithm (e.g.
UCB [Auer et al., 2002a]) using a discretization of (7,41 — Ti)l/ 3 arms. This oracle algorithm suffers

regret at most Coracle (Ti+1 — Ti)Q/ 3 per phase, where coracle > 0 is a numerical constant, yielding
Ly
2/3 71/372/3
E [R(ﬂ'oraclevT)] < Coracle Z(Ti—‘ﬂ - 7-71) / < CoracleLT/ T / .
i=0

However, this oracle relies on complete knowledge of 7;’s. In contrast, our algorithm MDBE is fully
adaptive. Theorem 2 proves that it achieves minimax optimal regret, up to poly-logarithmic factors.



Theorem 2 (Adaptive upper bound on dynamic regret). Let pp € ELip(T, iT) be a Lipschitz

bandit environment with L unknown significant shifts {; (1)} %, There exists a numerical constant
¢1 > 0 such that the expected dynamic regret of MDBE satisfies

Lt
E, [R(myse, T)] < & log?(T) Z (i (p) — i1 () .

In particular, this yields the worst-case upper bound
E, [R(mypse, T)] < O(FT/BT2/3) .
Therefore, MDBE is minimax optimal for the number significant shifts L up to poly-log factors.

Since Ly < S < Ly, Theorem 2 achieves minimax optimal rates of O(S:IF/ T72/3) and (’)(L%F/ 372/3),
without requiring prior knowledge of St or Ly, respectively. The bound provided by Theorem 2 can
be significantly sharper when L < Sp. The following result further shows that Theorem 2 also
recovers the optimal rate in terms of the total variation V. The proof is deferred to Appendix D.

Remark 1 (Beyond 1-Lipschitz bandits). Minimax optimality of Theorem 2 extends beyond Lipschitz
bandits with Lipschitz constant 1. In particular, for (k,)-Holder bandits we can show that
the minimax optimal rate (up to polylogarithmic factors) can be adapted as E [R(myppe, T)] <

R R SR . L = N
@ (T 1428 [P 1528 ) where the minimax optimality is with respect to T, Lt and Holder constants
k and ) jointly. The necessary modifications to our setting and algorithm are detailed in Appendix G.

Corollary 1 (Regret bound in terms of total variation V7). Ler p € Evip (T, Vi) be any Lipschitz
bandit environment with total variation Vir. There exists a numerical constant ¢o > 0 such that the
expected dynamic regret of MDBE satisfies:

E,. [R(mumse, T)] < &2 log?(T) (T2/3 n VT1/4T3/4) .

Therefore, MDBE is minimax optimal for the total variation Vi up to poly-log factors.

5 Proof intuition of Theorem 2

A natural question is whether one could directly apply the MASTER procedure of Wei and Luo [2021]
using a discretization of the arm space as the base algorithm. However, such a direct application
would not be possible in our setting, for the following reasons. The MASTER procedure is specifically
designed to detect and adapt to changes in the mean reward functions j;, whereas our goal is to
handle significant shifts, defined in terms of cumulative reward gaps y, 6. This distinction is crucial:
the quantity ), d; is inherently more stable than the instantaneous mean rewards, as it captures
suboptimality over time, even when the underlying reward functions change smoothly or gradually.
As a result, the detection problem in our setting is more subtle and requires finer control over the
accumulation of regret. Therefore, even when discretizing the arm space with replays at different
depths, the analysis of Wei and Luo [2021] would not achieve the desired dependence on L.

We further emphasize that our analysis goes beyond a straightforward adaptation of the techniques
developed for the K-armed setting by Suk and Kpotufe [2022]. In their setting, the algorithm
maintains a set of safe arms and applies a variant of Successive Elimination [Even-Dar et al., 2006] by
uniformly sampling from the current set and progressively eliminating arms identified as suboptimal.
Roughly speaking, to detect changes of magnitude A, they schedule replays of duration d = K/AZ?,
during which all K arms are re-sampled and their estimates updated. However, such a replay scheme
is infeasible in our infinite-arm setting. If we were to discretize the arm space into 2™ bins at each
replay, reliably detecting a shift of magnitude A would require roughly 2™ /A? rounds, resulting
in a prohibitive regret cost. To circumvent this issue, our algorithm schedules replays at different
discretization scales. By leveraging the hierarchical structure of the dyadic tree T, we update estimates
of the gaps at multiple depths simultaneously. We exploit the key observation that each sample x;
provides information not only for its bin at depth d, but also for all its child bins at depths d’ > d.
Through systematic aggregation of information across these nested bins, our multi-scale estimation
strategy allows the algorithm to detect significant shifts efficiently at different resolutions, while
avoiding the prohibitive sample complexity associated with naive discretization.



We begin by highlighting the technical challenges that arise when estimating these cumulative gaps,
in particular how they differ from estimating changes in the mean reward itself (Section 5.1). We then
present the high-level ideas for bounding the dynamic regret in two scenarios: (i) when the process
is in a stable block, and no significant shift is detected, we show that the replays do not increases
the regret excessively (Section 5.2); and (i7) when a significant shift does occur, we show that the
algorithm responds appropriately (Section 5.3). The proofs are provided in Appendix D.

5.1 Estimating the reward gaps

The continuous arm space setting presents key technical challenges. These difficulties are specific to
our framework and are not addressed in existing work on non-stationary bandits, and we believe these
challenges are of independent interest and may be relevant beyond our specific setting.

The main challenge in this setting lies in estimating a continuous, non-stationary mean reward function
without prior knowledge of the magnitude of distributional shifts, or, equivalently, the discretization
level and time scale at which such shifts become detectable. Coarse discretization is essential to
rapidly detect large shifts, while finer discretization is required to capture smaller yet statistically
significant changes. This motivates the multi-scale replay framework of MDBE in which each scale
contributes adaptively based on the magnitude of the underlying shift.

Bias in mean reward estimation. Our algorithm actively prunes bins at different depths, meaning
that for a given bin B € Ty, its sub-bins B’ C B at deeper depths d’ > d may be evicted. As a result,
the empirical mean reward fi;(B) can be biased, since arms x; are only drawn from non-evicted
sub-bins. Leveraging Assumption 1, we control this bias, which decays as

4
27.
Thus, the bias in estimating the gap Y ;2 6:(B', B) of bins at depth d scales as (s3 — s1)/2%.

Vt € [T], Vd € Dy, VB, B' € Bi(d), ‘EH [St(B’,B)} —§,(B',B)| < 3)

Concentration of mean reward estimates. Due to the martingale property of (&,(B’, B)), we can
tightly control its deviation from its conditional expectation. Recall that our hierarchical sampling
scheme (Algorithm 2) ensures that the algorithm selects an active bin at the minimum active depth
do(t) and recursively samples from child bins at finer active depths. This choice guarantees that

1
vVt € [T], Vd € Dy, VB € Bi(d), P(x; € B'| Fi_1) > 5
This ensures that all active bins at any depth d are sampled with at least uniform probability, allowing

us to control the variance of the inverse weighted estimates at all scales and to derive the following
high-probability bound.

Proposition 2 (Concentration event). Let &1 be the following event: for all intervals [s1, 3], depths

de ﬂfisl Dt, and bins B, BI € 8[51752](d)7 we have
< c1log(T)y/(s2 — s1)24 v 44, )

S2 S2
S (BB - Ei {&(BQB)}
where ¢y is a positive numerical constant. Then & holds with probability at least 1 — 1/T3.

t=s1 t=s1

Unlike in classical finite-armed bandits [Suk and Kpotufe, 2022, 2023, Suk and Agarwal, 2023],
uniform sampling only holds strictly at depth dy(¢). This subtle distinction plays a critical role in the
analysis. Thanks to both the bias control (3) and the concentration control (4), we can ensure that bins
are only evicted when truly unsafe, despite the complexity introduced by the hierarchical sampling.

5.2 Regret within a block without significant shift

Assume, for the sake of clarity, that no significant shift occurs during the block [7; ., 77 m+1[. When
only the replay at depth m is active, i.e. D; = {m}, the algorithm effectively runs a Successive
Elimination strategy at depth m: at each round, it selects a bin uniformly at random from the set
of safe bins ByasTer (), samples an arm z; from this bin, and eliminates bins that are deemed
unsafe at this depth. In this regime, since the discretization level at depth m is tuned to the block
length 75 ;11 — 7y,m, classical results indicate that the regret incurred within the block is of order
(8")2/3 = 4™ (up to logarithmic factors).



It remains to control the regret from replays across different scales. A key difficulty is that such
replays may overlap, making it delicate to control the cumulative regret contribution at each depth
simultaneously. A crucial property leveraged in the analysis is that our importance-weighted estimator
(2) allows each sampled arm x; to update the mean estimates /i (B) for all bins B containing x;. This
multi-scale update property ensures that replays at any given depth d contribute information not only
at that level but also propagate to finer depths d’ > d. In particular, we leverage Proposition 1, which
guarantees that if a bin is identified as unsafe at any depth d, then all arms it contains are suboptimal.

Our proof strategy is to quantify the contribution of each replay at depth d independently. Since each
such replay lasts at most 8 rounds, and arms are always selected from the set of safe bins B;(d) at
that depth (otherwise they would have been evicted under the concentration event &), the regret
contribution of each replay can be upper bounded by (8%)%/% = 4%, Thanks to the well-calibrated

replay scheduling probability (1), there are roughly v 8™~ replays at depth d that are scheduled
during a block, so overall we can show that the aggregate regret from all replays across depths d < m
remains bounded by 4™, thus matching the regret incurred by the main replay at depth m.

5.3 Detecting significant shifts

When a significant shift 7; occurs within a block 7y, 77 m+1[, the primary challenge is that the shift
is initially undetected, potentially causing the algorithm to suffer large regret if it continues exploiting
outdated information. In particular, such regret can accumulate if a bin that was previously evicted
(due to being deemed unsafe) becomes optimal after the shift, while the algorithm keeps ignoring it.
More precisely, detecting a shift of magnitude A at depth d requires a replay of length approximately
24 /A2, Undetected shifts of this magnitude are tolerable at this resolution over a period of duration D
as long as AD < 47, By carefully calibrating the probability of scheduling replays at each depth (see
(1)), we guarantee that replays at depth d occur frequently enough to ensure, with high probability,
the timely detection of shifts of size A before their contribution to regret becomes significant.

6 Conclusion

We studied the previously unexplored problem of non-stationary Lipschitz bandits. We introduced
MDBE, a novel algorithm that leverages a hierarchical discretization of the action space to exploit the

Lipschitz structure of the evolving reward function. We established a lower bound of O(L;/ 12/ 3)
on the expected dynamic regret and showed that MDBE achieves this rate adaptively.

While our work is mainly theoretical, we also analyze the computational worst-case complexity of
MDBE in Appendix H and show its empirical performance on a synthetic example in Appendix I.
Developing computationally efficient algorithms with strong empirical performance that do not require
prior knowledge of the non-stationarity [Gerogiannis et al., 2025a,b] remains an open problem. Future
work could extend the significant shift detection framework to other structured bandit models such as
convex or linear bandits.

Broader impacts

This work is mainly theoretical and contributes to the analysis of algorithms for sequential-decision
making under uncertainty. Our generic setting and algorithms have broad potential use; practitioners
will therefore need to specifically address possible social impacts with respect to the relevant
application.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: Our algorithm is provided in Section 3 and its corresponding bounds are
provided in Section 4.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims made
in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It s fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We acknowledge in Section 6 that our work is mainly theoretical and does not
consider numerical performances in depth.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* Ifapplicable, the authors should discuss possible limitations of their approach to address
problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an important
role in developing norms that preserve the integrity of the community. Reviewers will
be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: Theoretical results are stated in Section 4, and all complete proofs can be found
in Appendix.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: The code is provided in a Github repository.
Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived well
by the reviewers: Making the paper reproducible is important, regardless of whether
the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all

submissions to provide some reasonable avenue for reproducibility, which may depend

on the nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct the
dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case authors
are welcome to describe the particular way they provide for reproducibility. In the
case of closed-source models, it may be that access to the model is limited in some
way (e.g., to registered users), but it should be possible for other researchers to have
some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instructions
to faithfully reproduce the main experimental results, as described in supplemental material?

Answer: [Yes]

Justification: The code is available at https://github.com/nguyenicolas/NS_
Lipschitz_Bandits.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run
to reproduce the results. See the NeurIPS code and data submission guidelines
(https://nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: The details are available in Appendix I.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Error bars can be found in Appendix 1.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confidence
intervals, or statistical significance tests, at least for the experiments that support the
main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)
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8.

10.

* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error of
the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

 For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

e If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the computer
resources (type of compute workers, memory, time of execution) needed to reproduce the
experiments?

Answer: [Yes]
Justification: No particular computer resource is needed to run the experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: We have reviewed the NeurIPS Code of Ethics and confirm that our paper
adheres to its principles.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

o If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special
consideration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: Societal impacts of our work are discussed in the broader impact section.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

o If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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12.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: Our paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: Our paper does not use existing assets.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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« If this information is not available online, the authors are encouraged to reach out to the
asset’s creators.

13. New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: Our paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
14. Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: Our paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main
contribution of the paper involves human subjects, then as much detail as possible
should be included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: Our paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
» The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage

19



Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: We only use LLM for writing purposes.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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Appendix

A Notations

We present in Table 1 a compilation of used notations in our paper.

Notation Description
T Time horizon.
Ly Number of arm changes in T rounds: Ly = tT:_ll 1{3z € [0,1], pe1(z) # pe(z)}.
St Number of best-arm changes in T rounds: St = ZtT;ll 1{argmax, p¢41 () # argmax, u(z)}.
Vr Total variation in 7" rounds: Vp = ZtT;ll maxgeo,1] [fe+1(x) — pue ()]
Ly Number of significant shifts in 7" rounds (see Definition 2).
T Dyadic tree, i.e. hierarchical partition of [0, 1] (see Definition 3).
Ta Partition of [0, 1] into 2¢ bins of size 1/2¢ each.
Parent(B, d) Unique parent of bin B in 7.
Children(B, d) Children (set of bins) of bin B at depth d.
[ti, tia] Episode [. An episode terminates when a significant shift is detected.
[Tlm,,, Tl7m+1[ Block m within episode /; if uninterrupted, its duration is 7; y,4+1 — 71, = 8™.
M, Maximum number of blocks during one episode: M; = [logg(7(t;+1 — t;) + 1) — 1].
D, Set of active depths at round .
do(t) Minimum active depth at round ¢: dy(t) = min D;.
Bi(d) Set of active bins at depth d at time ¢.
B, 551(d) Bins at depth d active at all time in [s1, s2].
ByiasTeRr(m) MASTER set of block m: Byaster(m) € Tom.-
Ry q Replay trigger variable: R; 4 = 1 indicates a replay at depth d starts at time ¢.
RepLAY (¢, d) Replay initiated at round ¢ at depth d (see Definition 6).
{B((jl), cee B((fd)} Ordered bins in 7; (see Definition 5).
&1 Concentration event (see Proposition 2).
E(Tim) Event defined in Proposition 10.
Tt Arm selected at round ¢ by the algorithm.
xf Last safe arm in phase ¢ (see Definition 7).
; = xg fort € [m, 7iq1].
0 (x) Instantaneous regret at round ¢ of arm x: 0;(x) = max,e(o,1) k¢ () — pe ().
Bia Bin selected at depth d: x; € By 4.
Bﬁ d Bin at depth d containing xf (see Definition 8).
B, B} ;= B! fort € [r, 7y,
lhﬁf Last bin of block 75, 71,m+1[ in BmasTer(m) (see Definition 10).
5:(B) Instantaneous regret at round ¢ of bin B: if B € Ty, §;(B) = maxp e, pt(B) — e (B).
7% (B), 87 11(B)] 4 bad segment of bin B (see Definition 12).
5%(B) Approximate midpoint of bad segment [s]"; (B), 5" 1 (B)] (see Definition 12).
st,m(B) Bad round of bin B (see Definition 13).
M(s,d, B) Last round where bin B is active during RepLAY (s, d) (see Definition 11).
K(P,Q) Kullback-Leibler divergence between two distributions IP and Q.
kl(p,q) Kullback-Leibler divergence between two Bernoulli with parameters p and g.

Table 1: Summary of notations.
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B Full pseudo-code of MDBE

Algorithm: MDBE: Multi-Depth Bin Elimination
Input. horizon T', Lipschitz constant.

Init. [ < 1,¢ < 1; // Global initialization
while ¢ < T do

(K)m <+ 1,7 m < t; // Init first block of episode I

if t =7, + 8" then // Check if current block has ended

m<+< m+1; // Change block

ByasTer(m) < Tms // Reset MASTER set to full bin set at depth m

Dy < {m}; // Activate only the current depth m

Ti,m <t // Update block start time

StoreActive[m][tstart] < Ti,m; // Record start time of this replay

fors=7,,+1,...,71,m + 8" do // Schedule replays in this block

ford=0,...,m—1do
if s — 71, = 0[89] then

| Sample R, 4 ~ Ber(/89/(s — 7i,m)):

else

L Rsq=0; // No replay triggered at depth d in round s
ford=0,....,m—1do
StoreActive[d][tstart] < 0, StoreActive[d][tena] < 05 // Initialize variable

| Bi(d) 0 // Initialize set of active bins
ford=0,...,m—1do // Check which replays are triggered in this round
if R; 4 = 1 then // If a replay at depth d is triggered
Dy < DU {d}; // Add this depth to current active depths
StoreActive[d][tstart] < t; // Store replay start time
StoreActive[d][tena] < t + 8%; // Store replay end time
Bi(d) < Ta; // Activate all bins at this new active depth
for d € D; do // Check if any active replays are ending
if StoreActive[d][tena] = ¢ then
Dy «+ D\ {d}; // Deactivate this depth
Bi(d) + 0; // Deactivate its bins
do(t) < min Dy; // Identify the minimum active depth
Bparent ~ U(Bi(do(t)))s // Sample a bin from active bins at depth dy(t)
for d € Sort(D; \ {do(t)})do // Go trough the active depths, from shallowest
to deepest
if Children(Bparent, d) N Bi(d) = O then // No active children at this depth
L x¢ ~ U(Bparent); // Sample arm uniformly from current bin
else
Behila ~ U(Children(Bparent, d) N Bi(d)) ; // Sample active child bin
L Bparent — Bchild; // Move to child bin
for d € D; do

for B € B;(d) do
if J[s1, 2] C [StoreActive[d][tstart], ] such that (x) holds for some active bin B’ €
B:(d) then
for d’ € [d,m] N D, do
L Bi(d') < Bi(d')\Uprer, .prcp{B’}: // Evict bins at active depths

Briaster (m) <= Byvaster(m) N Bi(m); // Update MASTER set
if ByasTeR (M) = 0 then // A significant shift is detected
Tl,m+1 —t+ 1;
| [« 1+ 1and Restart from (%); // Change episode
| t+t+1;
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C Proof of Proposition 1

Let d be any fixed depth, and let B € 7T be a bin that incurs significant regret over an interval [sy, sa].
Let z € B be any action within this bin. For each round ¢, define B} ; = argmaxp ¢, p1t(B’) as
the best bin at depth d at round ¢, and let z; , € By ; be any action contained in it.

To relate the regret of bin B with respect to B; ; to the regret of any action x € B with respect to
x; 4> we discretize the bin-level regret at depth d as follows:

1 1
|Bl . ueB;d(’”(“) — e )+ ()
1
- g7 L) = ) = )
S (B g e = el et
1

1Bl s e (u) = pe()|du — g ()

2
< 5d + 64(xf 4,x) by Assumption 1.

Summing over the interval [sy, s3], we obtain:

S2 S2 2
> 6u(B)=>_ 6u(Bi4 B) < Z 044, ) + (52 = s1). )
t=s1 t=s1 t=s1

By assumption, bin B incurs significant regret over [s1, s2|; that is, from Definition 4,
s2
> 6u(B) > 3log(T)/(s2 — s1)2¢. (6)
t=s1

Substituting (6) into (5), we get a lower bound on the cumulative regret of action x with respect to

* .,
Ty

2
S 6l ) > Blo(T) (52— 51)2 = o (52— 51)
t= S1
2d (59 — 81)1/3
o . 2/3 N 2 1
= (82 81) <3lOg(T) (32 _ 81)1/3 2 2d

2d 59— s1)Y/3
> (s2— s1)%/? (3 log(T) (2 —s)1 210g(T)(22d1)> )

for horizon T satisfying log(T") > 1.

Now, since s5 — s1 < 84, it follows that
2d
(53 — 51)1/3
which implies the above expression is at least:
log(T)(s2 — s1)%/%.

> 1,

Therefore

Z 5:(B) > 3log(T)\/(s2 — 51)2¢ = log(T)(sy — 51)%/3 < i S¢ (g5 7) < i: 0(x)

t= S1 t:sl t:sl

i.e. action x incurs significant regret on interval [s, s3], as per Definition 1.
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D Proof of the upper bound of MDBE (Theorem 2)

Before giving the proof, we introduce a few definitions and notations that will be useful. A full
summary of notations used in the proof can be found in Appendix A.

Definition 5 (Bin ordering). For each depth d € N, we partition the bins of Ty by ordering them as
d

T.={BW,..., B

Definition 6 (Replay(s, d)). Replay(s,d) denotes a replay at depth d starting at round s.

Remark 2 (Eviction time). A bin B € 7T is said to be evicted at round t if it is evicted at the end of
round t, in the sense that B € By(d) and B ¢ By+1(d).

D.1 Bias of the mean estimates

One challenge arising from our discretization scheme is that the importance-weighted estimate defined
in (2) is inherently biased. This bias comes from the fact that our algorithm selectively samples arms
x; only from active bins, while evicting bins at different depths over time.

Proposition 3 (Sampling bias). For all round t, any active depth d € Dy, and any active bin
B € B(d) at this depth, the bias in the mean estimate for bin B is bounded as

[Et—1 [:(B)] — pe(B)] < 22d

Moreover, the cumulative bias in the gap estimates between any pair of active bins at depth d over an

interval is bounded as:
ZJE, 1[&3 B] Z&B B)

t=s1 t=s1

V[SlaSQ Vd € ﬂ Df7 VB B (= B[Sl sa] (82 — 81) .

t=s1

Proof of Proposition 3. We begin with the first claim. Let d € D, be an active depth, and let
B € B;(d) be an active bin at this depth. For all round ¢, by the definition of the estimator, we have
for all B € Ty,

N Y (l“t)
B =
'ut( ) ]P)(:Et €B ‘ ]:t—l)
Taking the conditional expectation with respect to F;_1 yields:

Eo_ [fe(B)] = / (s (o)

where f;_1 denotes the density of z; given F;_; and z; € B.

1{z; € B} .

From Assumption 1, for all bin B € 7T; and any « € B, we have:

1 1
e(B) - ()] = W/M’”(“) — () du| < |m/ueB () — pu(@) du < |B| =

Using this, we can bound the estimation bias:

Bt [e(B)] — pu(B)| =

/ () o ()t g (B)
< / 1e(w) = 12(B)| fo1 () du

For the second statement, let B’ also belong to B;(d). Applying the triangle inequality and the
previous bound, we can control the bias in the gap estimate:

(i1 (8B B)] = 0B, B)| = [Euoa [ia(B)] = ju(B) = Eeor [ua(B)] + u(B)|
< |Et71 [,ut(B/)] - lfft(Bl)‘ + |Et71 [/Jt(B)] - /u‘t(B)|

1 1 4
< 2 rins 2 =54
Summing this inequality over the interval [51, 9] estabhshes the second claim. O

24



D.2 Concentration of the mean estimates

Our sampling scheme (Algorithm 2) is carefully constructed to ensure that the estimated gap between
any two active bins at any active depth concentrates around its conditional expectation, especially by
controlling its cumulative variance. Our result relies on this following inequality.

Lemma 1 (Beygelzimer et al. [2011]). Let (X:); be a real-valued martingale difference sequence
adapted to the natural filtration F; = 0(X1, ..., Xy), such that E [X; | F;—1] = 0. Suppose that

X; < R almost surely and that 25:1 Ei—1 [X?] < Vi. Then forall § € (0,1), with probability at

least 1 — 9,
! 1 1
ZXiS(e—l) Vi log 5 + Rlog 5) ]
i=1

Proposition 2 (Concentration Event). Let £; be the following event: for all intervals [s1, s2|, depths

d € V;2,, Dy, and bins B, B’ € B, ,,)(d), we have
< cylog(T)y/ (59 — 51)24 Vv 44 @)

So S2
S (BB - Eis {&(B’,B)}
where c; is a positive numerical constant. Then & holds with probability at least 1 — 1/T°.

t=s1 t=s1

Proof of Proposition 2. For all depth d and pair of bins B, B’ € 7, define the martingale difference
sequence (M), = (&(B’,B) —Ei_1 [&(B’, B)D , adapted to the natural filtration (F3);>1 =
. >

(o(wt, Yt(xt)))tzr

Lower Bound on Sampling Probability. Let B, € B;(d) be any active bin at depth d at round ¢.
We distinguish two cases:

Case 1: d = dy(t). By construction, arms are sampled uniformly at depth dq(t), implying

1 1
P(xteBdlftfl):mZﬁ.

Case 2: d # dy(t). The replay scheduling ensures that at round ¢, a replay at depth d can only be
triggered if t — 77, = 0[8¢]. This implies that no replay at shallower depth scheduled before ¢ can
still be active at round ¢. Thus, when a replay is scheduled at round ¢ at depth d, either d = dy(t), or
all replays at depth d’ < d have also been scheduled at time ¢. No bin has been evicted at these depths
before round ¢, so all bins at depth d are children of active bins at any depth d’ < d such that d’ € D;.
This ensures there exists a path of active bins from any bin B up to depth d(¢).

Using induction, we now show that

Vd' € Dy, P(zy € By | Fiq) > 1/2¢ . (8)

The base case at d(¢) is already established. Assuming the claim holds at depth d. For a deeper
depth d’ > d and any B’ € B;(d') with B’ C By, we have

]P(fEt S B/ ‘ -thl) = P($t S B/ | Tt S Bd,ftfl)]P)(l't S Bd | ./T'.tfl)

1 1
> —
~ |B:(d’) N Children(By, d")| 2¢
2¢ 1
= 5@ 5
1
= ﬁ .

Bound on each M. Recall the definition of 6,;(B’, B),

Yt(Tt)

5,(B'.B) =
«(B', B) P(x; € B'| Fi_1)

o€ B -5 V@) g0, € By,

(.’Et €eB ‘ ftfl)
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Using the lower bound (8) and the fact that rewards lie in [0, 1], we have:

‘St(B’,B) “E, [&(B’,B)” < gd+1,
Bound on the variance. First, remark that
~ ~ 2 ~
E, . [(&(B’,B) —E,, [543’,3)]) } <E,, [53(3’,3)] .

Applying the definition and the lower bound (8), we have
. 2 1
E,_ [52 B’,B} <. _gdtl
t—1 t( ) —(1/2d)2 2d
where we use the fact that the probability that z; belong to B, or B/, is upper bounded by 1/ 24,

Final concentration bound. Applying Lemma 1 over any interval [s1, so| for a fixed depth d and for
any pair of bins B, B’ € T;, we get that with probability at least 1 — 4,

<(e—1) <\/(52 — 51)2%+1 log (;) 4 24 og G)) .

Taking an union bound over all possible choices of rounds s1, s5 (there are T2 choices), all possible
choices of depths (there are at most m depths, where m < log(7")), and all possible choices of pair of

i 8t(B,7B) - i Ei 1 [St(B/,B):|

t=s1 t=s1

bins B (there are at most Zi?lg:sl(T) (2™)% < T choices of pairing), we have with probability at least
1 —6T31og(T),

V[s1,82], Vd € () Dy, VB', B € By(d),

t=s1
So S2 1 1
Iy l _ Iy ! < (e — _ d+1 - d+1 - )
t;l 5.(B', B) t;Et_l 0:(B. B)]| < (e 1)( (52 — 51)2%+ log <5) + 2% Jog <5>>
Choosing § = 1/T7 and ¢; = 7(e — 1)/2 concludes the proof. O

We summarize the bias and concentration control of mean estimates in the following statement.

Corollary 2 (Bias and Concentration Control). On event &, for all intervals [s1, s2), all depths
de V2, Dy, andall B, B' € By, 4,)(d),

< c1log(T)y/ (52 — 51)27 V 49+ 4(sy — 51) /27 .
N——

Bias

i 6:(B',B) — Z 5:(B', B)

t=s1 t=s1

Concentration

Proof of Corollary 2. This follows immediately by combining the concentration event (Proposition 2)
with the bias control result from Proposition 3. O

D.3 Properties of the eviction scheme of MDBE
We show that, under the concentration event &1, if a bin is evicted by MDBE, then all arms within that
bin must have incurred significant regret.

Proposition 4. On event &1, if a bin B € Ty is evicted at some round t > T, ,,, then for all arm
x € B, there exists an interval [s1, s2| with s1 > Ty, and so = t such that x has incurred significant
regret on this interval.
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Proof of Proposition 4. Assume B € T, has been evicted at a round ¢. By design of MDBE, there
exists an interval [s1, so] with s1 > 7 ,,, and s = ¢, such that

s2
d ¢ ﬂ Dy, 3Bparent € Bisy,s,](d’) s.t. B € Bparent and Bparens is evicted at round ¢,

t=s1

which means that there exists a bin B’ € B, ,,)(d’) such that

4(82 — 81) .

52
Z 5t(B/7Bparcnt) > Cp IOg(T)\/(SQ — 81)2‘1, Vi 4d’ + 2(1/

t:sl

On the concentration event £1, we have by Corollary 2, on interval [s1, s2],

: , 4(s9 — s
Z 51(B', Byarent) Z 51(B', Byarent) — c1 log(T) (\/(52 —6)2¢ v 4d) _ %

t=s1 t=s1

and therefore by eviction criteria (x) we have

; ; 4(s9 — s
Z 8+(B’, Bparent) > colog(T) <\/(32 —51)24" v 4d ) + %

t= S1
, , 4(s9 — s
— ¢y log(T) (\/(52 —51)2¢ \/4d> — %

> 3log(T) /(2 — 1)2¢ v 47,

for co satisfying ¢ > 3 + ¢;. Since ) ;2 . 8¢(B', Bparent) < > 12 s ¢ (Bparent ), this implies that
Bparent, incurs significant regret on [s1, so] (Definition 4). Since x € Bpayent. it also implies that
incurs significant regret (Definition 1) by Proposition 1. O

We now present a complementary result showing that bins which are not evicted must exhibit low
relative cumulative regret.

Proposition 5 (Safe bins have low relative regret). On concentration event &£, ¥ [s1, $2],Vd €
figl Dy, VB, B" € B, s,)(d), if both B and B’ are not evicted during this interval, then

81782

8(s2 — 1)

Z 5:(B,B") < (co + ¢1)1og(T)y/ (52 — 81)29 v 44 + 53 ,

tbl

where co and cq are the positive numerical constants defined respectively in (x) and Corollary 2.

Proof of Proposition 5. If B and B’ are not evicted on [sy, s2], then for all B” € B, ,,)(d), the
eviction condition does not hold, i.e. we have

4(sy — s
Zdt (B",B’) < cglog(T) (52731)251\/4d+%.
t= S1
In particular, for B” = B, we get
82
. 4(s9 — s
> 6B, B') < colog(T)y/(s2 — 51)24 v 44 + %

t:sl

By Corollary 2, the true cumulative gap satisfies

S92 S2 N 4 _
3 6(B.B) < S 8i(B,B') + erlog(T)y/ (s2 — 51)29 v 4 + %
t=s1 t=s1

8(sg — s
< (co + ¢1)1og(T)y/ (s2 — 51)27 v 49 + %
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D.4 Relating episode and significant shifts

We show that, with high probability, a new episode begins only if a significant shift occurs within
it. This ensures a correspondence between episodes [t;, t;+1] and significant phases [, 7;11[. In
particular, each significant phase overlaps with at most two episodes.

Proposition 6. On concentration event &, for each episode [t;,t; 1], there exists at least one
significant shift ; € [ti, ti41].

Proof of Proposition 6. Let 1) m, Ti,m+1] be the block during which episode [t;, ;11 terminates.
By the design of MDBE, the episode ends whenever ByasTer(m) = 0 at the end of this block. Thus,
by the eviction condition (*), we have:

S2

Vo € X, 3[s1,82) C [T, Timsr[, Id € (1) Do, AB € By, 4y (d) with z € B, 3B’ € By, 4,)(d) s.t.

5=81

4(32 — 51)-

S2
Zét(B’,B) > colog(T)4/(s2 — 51)2¢ Vv 44 + 5

t=s1

Since we are on event &1, by Corollary 2,

Y N 4(s9 — s
ST G(B.B) < Y 6i(B'B) +enlog(T)y/(s2 — s1)20 v e 1 %

t:.Sl t:sl
NS G.(B.B)> S 5,(B.B log(T pdy g A2 =51
— Y 6u(B',B)> Y (B, B) — c1log(T)/(s2 — 51)2¢ v T
t=s1 t=s1
— Zét B B( )) (Ofcl)log( )\/(52751>2d\/4d Z310g(T) (52751>2d7
t=s1

where we used Bg(z) to denote the bin at depth d containing arm z.

This implies that bin B,(x) incurs significant regret on interval [s1, s3] (by Definition 4). Then, by
Proposition 1, the arm 2 € B also incurs significant regret on [s1, s2] (Definition 1).

Thus, every episode contains at least one significant shift. O

D.5 Regret decomposition and discretion within one block

We first introduce important definitions used throughout the regret analysis.

Definition 7 (Last safe arm mg). For each significant phase |1;, T;11], we define xg as the last safe
arm (Definition 1), with ties broken arbitrarily. For all t € [1;, T;11], we define 1:2 = :cg

Definition 8 (Last safe bin Bf’ ) We denote by Bg 4 € Ta the unique bin at depth d containing xf
Forallt € [1;,Ti+1[, we define Bf@ = nyd.

Definition 9 (Bin By 4). For each roundt, let By 4 € Tq denote the unique bin at depth d containing
the arm x; played at time t: x; € By q.

Note that B; 4 may not belong to the active set 5,(d).

Decomposing dynamic regret into relative regrets. We begin from the definition of the expected
dynamic regret:

E [ 7TMDBE7 Z sup ,ut

1;E€

Z,Ut xt

T
= lz Mm] :

which decomposes as

1M
&
&,
_|_
=

Z (St(l't)‘| =
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where m§ is deterministic. The first term can be bounded using the definition of x? :

T f/T Ti+1 ZT
S o) =D diad) <D log(T) (rigr — )
t=1 =0 t=7; =0

The difficulty lies in upper bounding the second sum E {Zt S (ah, xt)} . Without loss of generality,

there are T total episodes, and by convention we set t; = T + 1 if only [ — 1 episodes occur by round
t. Summing over episodes gives

T ti41
Z5t Ifaxt‘| < Z lz&(xg,zt)] )

t=t;

We further decompose each episode [t;, t;+1[ into blocks. Let M; = [logg(7(t;41 — t) + 1) — 1]
be the maximum number of block within this episode. For notational convenience, we can extend
Ti,m = ti+1 — 1 for m > M. Then,

tig1 ‘| M; Ti,m+1—1

ZE{Z&xt,zt <ZE Z Z 5tzt,xt

t=t; m=0 t=T7;m

Discretization trick within each block. Within each block [77 1, 7.m+1[, We relate the regret

0t (x§7 x¢) to the regret of their corresponding parent bins at depth m, introducing a discretization
bias of order 1/2™:

Tl,m4+1—1 Tl,m4+1—1
Z 5t($§795t) = Z Mt(l”g) — ()
t=T1,m t=Ti,m
Ti,m+1—1 Ti,m+1—1
= > pe(xf) — pe(BY ) + > pe(BY ) — pue(e)
t=T1,m t=T1,m

The first term captures the cumulative discretization error over one block [7y 1, 7 m+1[ at depth m,
and by Assumption 1, it is upper bounded as

Tl,m41—1 Tim41—1 1
> pe(af) — e (B§ ) < > e () — pe(BE,,)| < Q*m(Tl,mH — Tim) < 4™
t=T1,m t=Ti,m

For the second term, by design of our sampling scheme (Algorithm 2), if B, ,, is active, then
conditionally on By ,,, = B we have z; ~ U(B). Otherwise, x; is sampled uniformly from one of its
active parent at higher depth (that has no active child), and conditionally on B; ,,, = B we also have
xy ~ U(B), and therefore in both cases, V¢, E [u¢(x¢) | B = B] = p(B). This yields

Ti,m41—1 [Tt mg1—1
E| Y (B} ,) — ()| =E > pe(BY ) = 11e(Brm)
t=Ti,m L t=Ti,m
[Tt mg1—1
=E Z 5t t ms Bt m)
t= TlL,m
Putting this together,

M; Ti,m+1—1

M,
S ahe E[z
m=0

m=0 t=7;m

M; Ti,m+1—1

+E > Y 6Bl Bim)| - O

m=0 t=7;m
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Upper bounding the bias. Using the definition of M;, we upper bound the bias over one episode:
=Y -

Summing over all episodes ylelds

4Mf+1 1

< 6E [(z&l+1 - tl)2/3] :

M;
ZIE lz 4’"] <6Z]E{tl+1—tl 2/3} (10)

Summary of regret decomposmon. So far, we have shown that expected dynamic regret is upper
bounded as

Ly

T
E [R(mupge, T')] < log(T') Z(Tiﬂ - Ti)2/3 +6 ZE {(tl+1 - tl)2/3}
i=0 =1

M; Ti,m+1—1

T
F2E D D WlBi Bun)
=1

m=0 t=7;m

Using the fact that event £; holds with probability at least 1 — 1/7" (Proposition 2), and the fact that
rewards are bounded in [0, 1], we get

Lr

T
T2
E [R(mwpee, T')] < log(T') Z(Tiﬂ — )3+ 6ZE [1{51} (tit1 — tl)g/g] + Gﬁ
i=0 1=1

M; Ti,m+1—1

+ZE ]l{gl}z Z 615 tmvBtm) +£2

T3
m=0 t=T7; m
Lt T
—1og(T) > (ri1 = 7)** + 6> E [1{€1} (tiy1 — )]
=0 =1

M; Ti,m+1—1

+ZE Har > Y 6B, Bim) +%. (11)

m=0 t=7;m

It remains to bound the terms

T
SOE[1{En} (tir — )]
and .

M; Ti,m4+1—1

ZE ]1{51}2 Z 0e( tm7Btm)

m=0 t=7;m
We first focus on the latter term. We introduce the following useful definition.

Definition 10 (Last bin in ByasTer (m): Bj2s). We denote by B! € Ty, the last bin (with
ties broken arbitrarily) at depth m within block [Tl’m, Ti,m+1[ that belongs to BvasTrr (M)

Then we decompose the last sum of (11), and condition on F,

M; Ti,m+1—1

> > 6Bl Bim)

m=0 t=7;m

using a tower rule,

l,m

[ M; Ti,m+1—1 M; Ti,m+1—1
last l t
=E Y Y aBEL B +E|Y. Y 6B, B
m=0 t=T; m m=0 t=7;m
M, Ti,m41—1 M, Ti,m+1—1
last l t
“E Y E| 3 AL B |[Fa || +E B Y BB Fa,
m=0 t=Ti,m m=0 t=T1,m
(12)
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where we recall we defined the filtration (F});>1 as F; = o({xs, Ys(x5)}.Z}), with by convention F;
being the trivial sigma algebra. For the next two subsections, we focus on the conditional expectations

Tl,7n+171
(A)=E [H{&} > 0B, Bum) | Fr
t:Tl,m
and
T, m+1—1
(B)=E [1{&1} Y (B, B | Fr |
t=T1,m

and our goal is to show that these terms are upper-bounded almost surely by a term of order of 4.

We conclude this subsection by noting two important observations:

* At the start of each block 7 ,,, all previous observations are discarded.

* Replays within block [7; ,,, 71, m+1] are scheduled at 7y ,, independently of observations
prior to that round. Thus, for t € [T}, Ty m+1[ and d < m, Ry 4 is F-, , -measurable.

D.6 Upper bounding (A)

The term > _," i LS, (Bllaﬁf, Bi.,m) captures the cumulative regret between any bin that is deemed

safe by the algorithm and the bin B; ,, selected by the algorithm at each round ¢. Notably, B, , is
either

* A bin at depth m deemed safe and retained in the active set ByjasTrr(m), or

* A bin that has been evicted (or whose parent was evicted at a shallower depth d < m) and is
being re-explored as part of a replay initiated at any active depth d < m.

Importantly, evicted bins can reappear during replays, but only through replays initiated at depths

strictly less than m. We aim to show that (A) is upper-bounded almost surely by a quantity of order

4m.

Proposition 7 (Upper bound of (A)). There exists a positive numerical constant c4 > 0 such that
(A) < calog?(T)4™.

Our approach begins by upper bounding (A) through a decomposition at depth d(¢) and leverage the
properties of our sampling scheme (Algorithm 2) . In particular, it leverages the fact that at each
round ¢, we choose uniformly an active bin at depth d(t).

Lemma 2. We have that (A) is upper bounded as
T mt1—1 ) (Parent(Bll?;‘f, do()), B)

(A) <E|1{&) Y >

t=Ti,m  \BEB(do(t))

+ Fo
|By(do (1)) 2d° ‘ "

Proof of Lemma 2. For all t € [y ,, T m+1[, We first relate the relative regret of By ,,, to Blla;f to the
relative regret of their parent at depth do (),
6t(Bll?vsnt7Bt m) = ,Ut(BlaSt) ft(Bt,m)
= m(Bi) — e (Parent(Byy, do(t)))
+ e (Parent(Bllf‘ﬁf, do(t))) — pue(Parent(By m, do(t)))
+ pe(Parent(By,m, do(t))) — pe(Bim)
< ‘,ut Blabt) m (Parent(Blliff,do(t)))’
+ (Parent(Bll?Sf, do(t))) — pue(Parent(By m, do(t)))
+ |pe(Parent(By m, do(t))) — pe(Be,m)|

< 8y (Parent(B;%", do(t)), Parent(By ,, do(t))) +

l,m>»

4
2do(t) ’
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where in the last inequality we used the fact that B;,, C Parent(By.,,do(t)), B}d;f -
Parent(B}*' dy(t)) and Assumption 1. Note that Parent(By m, do(t)) is necessarily active at

Lym»

depth dy(t). Summing this inequality over the block [7; ,, Tt m+1],

Tl,m41—1 Tl,m41—1
last last
E 0t (Bl?;,Bt7m) < E 0¢ (Parent(Bl?;,do(t)),Parent(Bt7m,d0(ﬁ)))
t=T1,m t=T1,m
Regret of parents at minimum active depth
Ti,m4+1—1
+ Z 2d0(t)

t=Ti,m

cumulative bias

By tower rule, since F, . C Fy_1 we have for the first sum, for any bin B € T

T, m+1—1
E|1{&} > & (Parent(B, do(t)), Parent(Bym, do(t))) ’]—"
t=T1,m
T ,m—+1
=E |1{&} Z {5,5 (Parent(B, dy(t)), Parent(By ., do ’]—"t 1} ‘ Tm
t=T1,m

Since Parent (B, do(t)) is an active bin at depth dy(¢) and since we choose uniformly an active
bin at depth d(¢), we can write for any bin B € Ty,

E [(ﬁ (Parent(B, do(t)), Parent(By,m, do(t)))

]:tl:|

= > & (Parent(B,do(t)), B) P (Parent(B,m, do(t)) = B | Fi1)
BeBi(do(t))

= Z 0 (Parent(B, dy(t)), B)

BeB(do(t))
and therefore for all B € 7,,,

Ti,m+1—1

E|1{&} > & (Parent(B,do(t)), Parent(Bym, do ’]—'

Ti,m

I
Bi(do ()]’

t=Ti,m
Tl,m4+1—1

=E|1{&} Y > 6 (Parent(B,do(t)), B)

|7
t=71,m BeB:(do(t)) |

|Bt(d0

m

Choosing B = BldlSt € T, in particular, the result above implies

Ti,m4+1—1

E|1{&} Y 6 (Parent(BJ%!, do(t)), Parent(By,m, do ‘ -

lym»
t=Ti,m

Ti,my1—1

=E [1{e)y Y Y 5t(Parent(Bllf‘fnt,do(t)),B)W’ 1,

t=71,m BeB;(do(t))
and therefore

Ti,m+1—1

e} S 6 (BB, ’

t=T1,m

Tl,7n+1_1
1 4

last
<E |[1{&} ) > 6, (Parent(BJ%, do(t)), B) Bar 7o Foi
t:Tl,m BEB{(dO(t))
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We are now ready to prove Proposition 7. The rest of this subsection is dedicated to this purpose.

Thanks to Lemma 2, it now suffices to bound both the parent’s regret contribution at depth dy(t)

Tomgr—1 5y (Parent(B18LSt do(t))7B> ‘

AN=E [1{a) Y Y -

Tl,m
t=T1,m BEBi(do(t)) |Bt(d0(t))|
and the cumulative bias term
Tl,m41—1 1
(A2) =E [1{&} tz o
=Ti,m

Upper bounding (A.1.). Considering all possible value of dy(t), (A.1) can be rewritten using our
d

ordering introduced in Definition 5: denoting B((il), B((il) N Bc(12 ) the bins at depth d,

(A.l)

Ti,my1—1 m 5 (Parent(Bllan,d) )
=K ]1{51} Z Z Z ]l{dO } ‘B( )| ‘ Ti,m
t=Tim d=0 BEB,(d) ¢
1=l m 2 8, (Parent(B}*t, d), B}
=E|1{&} Y D0 1{do(t) t< |Bté o )1{35’“)6&(@} ‘]-'
t=7T1,m d=0k=1
Tlm4+1—1 2™ 5 (Blla%t»Br(r]f))
=E [1{&} > > 1{do(t) Wl{ B € By(m ‘ _
t=T1,m k=1

Regret contribution at depth m

Tim+1—1m—1 2¢ Oy (Paren‘c(BlaSt d

ot d), By
+E|L{E) Y DD 1{do(t) = d) |Bté 7 >11{B;’“>e6t<d>}|fn,m

t=71.m d=0 k=1

Regret contribution of replays of depth d<m

13)
We introduce the eviction time of a bin B, which will be convenient to quantify the regret contribution
of each bin.
Definition 11 (Eviction time within a replay M (s, d, B)). For all bin B, M (s,d, B) denotes the
last round where bin B is active within a replay at depth d starting at round s, M (s, d, B) € [s, s+81).
If bin B is not evicted during this replay, we define M (s,d, B) = s + 8. By abuse of notations,
we define M (T, m, m, B) as the last round where bin B is retained in Byaster(m), and define
M (7y,m,m, B) = Ty + 8™ — 1 = 7y ;1 — 1 if it is not evicted during the block [7; m,, Tt m+1].

Regret contribution at depth m. Since ByiasTrr () is initialized at round ¢ = 77 ,,,, we have for

all bins Bf,’f ), on event &1,

Tl,m+1— 1 om

> D Hdo(®) ﬁ& (Bl BW) 1{BY € Bm) |

t=71,m k=1

2™ M(7y,m,m,B))

_Z Z ]l{do() TTL}‘ t( )‘61&( llaﬁmtaBr(f)) .

t=T1,m

Without any loss of generality, we assume that {BS,}L)7 e ,B,(V% m)} is the ordering according to the

eviction time of these bins in the block [y, T, m+1[ (otherwise we can always re-index the bins),
that is,

Ti,m < M(Tl,mad7 Bé}b)) < M(Tl,mymaBrg)> <--- < M(Tl,m7m>B(QM)) < Tim+1 — 1.

— Blast

L,m
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Thanks to this ordering, we can lower bound the active bin set at depth d as

min |By(m)| >2m +1—k,
€Ty M (71, ym, BS)]

and therefore
2™ M (T, m,m, Bi,’f))

Xt =mh o (Bl BY)

t=T1,m
2™ M (71,m,m, B
—22m+1_ Z ]l{do(t):m}at (Bl m7B(k)) :
t=T1,m

Moreover, since Bllﬂ“;f and By, (*) are by definition not evicted on interval 7 ,,,, M (7;,m, m, B ) )], we

have by Proposition 5 on event &;

M(Tl,m,m,BT(,’f))

Z 1{do(t) = m} d; (Blla;zt’ quf))

t=T1,m

8 (M (riom,m, BY) = 1im )
2m

g(c0+c1)1og(T)\/(M(nm,m BMY - m) om v/ 4m 4

< (eg + c1)log(T)4™ + 8 x 4™

< (co+c1 + 8)log(T)4™
< calog(T)4™ ,

assuming again horizon 7T satisfies log(7") > 1 and setting co = ¢y + ¢1 + 8. Therefore, the regret

contribution of replay at depth m is upper bounded as

om M(szmBL’?)]l . 5y (Bllafnt,B(k) i om 1

Z t; {OU—W}W—CQ%() ;m
< (o + 1+ 8)log(T)4™ (log(2™) + 1)
< (ca + 1) log*(T)4™,

where we used the fact that m < log(T).

Therefore, the regret contribution of the replay at depth m is upper bounded as

Tl,mt+1—1 2™ 5t (Blla;'f,B(k))
E ]1{51} Z Z]l{do(t) :m} Wﬂ{ EB ]:Tl m
t=71.m k=1
< (e + 1) log*(T)4™ . (14)

Regret contribution of replays at depth d < m. Fix a depth d € [0, m — 1] and a bin B((ik) at this

depth. We consider the set of rounds ¢ > 7; ,,, for which d(¢) = d and B[(lk) € B;(d), and partition
this set into contiguous intervals (represented as blue intervals in Figure 2).

Due to the structure of our replay schedule, each such interval must correspond to a single replay at
depth d, which begins at some round s satisfying [Z5 4 = 1. That is, each interval is initiated at the

start of a replay and includes only the rounds during which B((ik') remains active in that replay.

") is evicted from the active set B (d), or when the replay itself

Each interval concludes either when Bé
ends at time s + 8. Therefore, each interval spans the range [s, M (s, d, Bc(lk))], where M (s, d, Bék))
is the final round during which Bc(lk) is active within that specific replay (see Definition 11).

The key idea of our analysis is to treat these replays at depth d independently, and quantify the regret

incurred due to playing the bin B;k) during each such replay window. This allows us to control the
regret by bounding its contribution separately within each replay interval.
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Tim Tlm+1

Figure 2: For a given depth d, partition of the rounds of a block where dy(t) = d. Any of these blue
intervals should be initialized by the start of a replay at this depth, i.e. R4 = 1.

Following these remarks, we can upper bound the second sum of Equation (13) on event £; as

i -Lmet 2 5. (Parent(Bi32,d), B
’ (k)
3 Y Y 1d() =) 1{B{ € Bi(a)}
t= d=0 k=1 |B:(d)l
Srim =0 k=
Tm41~1m—1 29 M(s,d B O¢ (Parent(leas1t7d):B¢(ik))
< Z ZZRS@ Z 1B.(d)]
$S=T; m d=0 k=1 t=s
+
Ti,m4+1—1m—1 29 1 M(S’d’Bfik))
< Z Z ZRs,d - Z Ot (Parent(Bllf;it,dLBc(lk))
s=Ti.m =0 k=1 0, ¢ (0 (s,d,B0)] 1Be(d)] t—s
+
d
Again, without any loss of generality, we assume that {Bc(ll)7 e ,B((f )} is the ordering corresponding

to eviction time of the replay at depth d starting at round s,
d
s < M(s,d,B") < M(s,d, B?) <-.- < M(s,d, B*") < s +87.
Thanks to this ordering, we can lower bound the size of the active bin set at depth d as

min IBi(d)| >2¢ +1—k,
tels,M(s,d,B))

and therefore,

Tim+1—1lm—1 2¢ 1 M(s,d,BY")
Z Z Z Rsa— Z 0y <Paurent(Blla§f,d)7 Bc(lk))
S=Ti,m d=0 k=1 mlnte[s,M(s,d,Bfik))] |Bt(d)| —s .
m—1 2¢ 1 Tim41—1 M(s,d,B")
last (k)
< dz;) kzl sy O e tz 5 (Parent(Blym,d),Bd )
= = S=TI,m =s

+

We now proceed to bound the cumulative relative regret incurred by a bin B((ik) with respect to its
parent Parent(Bllf;it, d). By design of Bll"‘fnt (it is a safe bin over the entire block), it follows that its
parents {Parent(B}f‘ﬁf, d)}aep, must also be safe. Indeed, if a parent Parent (B}, d) were deemed

lm>
unsafe at some active depth d € D, it would necessarily be evicted. Due to the eviction mechanism,

this would result in the eviction of all of its descendants, including Bllafr'f itself, contradicting the
assumption that B}%' remains safe.

Now, since the bin Bc(lk) is active over the interval [s, M (s, d, Bc(lk))], we can apply Proposition 5 to
obtain the desired bound on the event &;.
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M(s,d,BS)

o6 (Parent(Bl ast ), B(k)> < (co + ¢1) log(T) \/Qd (M(s,d, BM) - s) v 44

t=s
8 (M(s, d, B - s)
2d

+

< (co + c1) log(T) V2484 v 44
(co + ¢1)log(T)4 + 8 x 44
(Co +c1+ 8) 10g(T)4d

< ¢y log(T)4¢

assuming horizon T satisfies log(7") > 1, and where the second inequality follows from the fact that
the length of a replay at depth d stating at round s is at most 8¢. We used the same definition of ¢, as
above. Therefore, we have

<
<

Ti,m4+1—1 M(57de((1k))

m—1 2¢
E [1{&} Z Z k 1 Z R4 Z 5y (Parent(Bllf‘Sf, d), B((ik)) ’]—}L’m
d=0 k= S=T|,m t=s i
[ m—1 2¢ Tl,m4+1—1
< ¢y log(T)E | 1{&} Z Z k — > Rea4 ‘fn,m
L d=0 k= S=Ti,m

m—1Ti,m+1—1

<clog(TME [1{&} Y Y Roa(log(2?) + 1)4¢

d=0 s=Ti,m

j’.'

TiL,m

m—1Ti,m+1—1

§0210g2(T)E ]1{51}2 Z de4 ' Ti,m
d=0 s=T;,m

m—1Ti,m+1—1

< cy 10g2(T)E Z Z Rs d4 ‘ Tiom |

d=0 s=Ti,m

where we used the fact that m < log(T).

We now leverage the fact that relatively few replays occur in expectation, and the fact that the Bernoulli
random variables R, q are sampled independently of the observations collected during the episode.
More precisely, all Bernoulli variables are drawn i.i.d. at the beginning of the block, i.e. at round
t = 7;,m. This allows us to treat the scheduling decisions as fixed ahead of time. Furthermore, by the
design of the replay scheduling mechanism in Algorithm 2,

—17Ti,m41—1

2| S5 na, | <p| S5 Heme 20
s,d Ti,m T m
=0 S$=Ti,m l =0 s=7;,m+1 57 Tlm ’
m—18m"941 1
< > Vgdqd
d=0 =1 Vg«
m—1
<2v/8 )  4dygm—d
d=0
27”
< 2V/8v8m \}2 o< 6v/8 x 4™ (15)



Therefore, the regret contribution of replays at depth d € [0, m — 1] is upper bounded as

Tl,m+1—1 m—1 2d 5 (Parent(Blla;'f, d) B(k)> (k)
ElHa) Y 23t =d - {50 e s} |7,
t=71,m d=0 k=1 | t( )|
< 6v/8¢y log?(T)4™ . (16)
From Equation (13), combining Equations (14) and (16) gives the desired rate for (A.1),
(A.1) < 18(cy + 1) log?(T)4™ . (17)

Upper bounding (A.2). To bound this term, we apply the same reasoning previously used to control
(A.1), and in particular the partition argument of Figure 2. By observing that each replay at depth
do(t) = d is initiated by a round s such that R, 4 = 1, and by using the fact that each replay at depth
d lasts at most 8 rounds, we distinguish the cumulative discretization bias incurred at depth 1 and
the one incurred at other depths d < m,

Ti,m+1—1
(A.2) =E |1{&} tz Qdo@
Ti,m
:Tl)m+171 4 m—1Ti,m+1—1
<E t;ﬂ: wﬂ{do(t)zm}’fﬂ,m +E Z t; 2d]l{d0 )=d} | Fr
_ [ —17,mt+1—1
< 4™t 4 4R Z > 2d]1{d0 _d}‘ -
t=Ti,m

m—1Ti,m+1—1

<4t 4 4R Z Y. Reag Lsi x

d 0 S$=Ti,m

Tl'm

m—1Ti,m+1—1

_ 4t 4R Z Z de4‘ o |

d=0 S$=Ti,m

which is exactly the same term we bounded in the proof of (A.1). By (15) we thus have the upper
bound

(A.2) < 4™ 4 240/8 x 4™ = 28v/8 x 4™ . (18)

Conclusion. Combining (17) and (18) gives the desired rate of 4™ for term (A), as

Ti,m+4+1—1

(A)=E |1{&} > 5t(B}?th,Bm’ Tom

t:Tl,rn

< (18(ca + 1) 1og*(T) + 288 4™

Choosing ¢4 = 18(c2 + 2) concludes the proof.

D.7 Upper bounding (B)

We recall that term (B) writes

Ti,m+1—1

(B)=E |1{&1} D &(Bi,. B

t=71,m

Frim

As discussed in Section 5.3, the main challenge arises in scenarios where a significant shift occurs
(as defined in Definition 1), causing the identity of the last safe arm xf (and consequently the bin

B? m) to change. In order to avoid incurring large cumulative regret before this shift is detected, the
algorithm must initiate a replay at the appropriate depth to identify the change in environment. We
claim that (B) is also of order 4™ almost surely.
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Proposition 8 (Upper bound of (B)). There exists a positive numerical constant cg such that
(B) < eglog?(T)4™.

To prove Proposition 8, we analyse the cumulative regret incurred by B,lafnt with respect to Bf,m
by decomposing the rounds of the blocks into bad segments, that is, time intervals during which
Blagt incurs significant regret relative to the safe bin B . Importantly, by construction, B}t is
never evicted during the block [, 7, ml — 1], and thus remains active at depth m throughout.
However, since Blagt is only revealed at the end of the block, we must define bad segments relative to
all possible bins at depth m.

Definition 12 (Bad segment and midpoint of a bad segment). Le? [ ., T m+1[ a block, and let
[Ti, Ti+1[ be any phase intersecting this block. For all bin B € Ty, define rounds (s} (B)); with
sy (B) € [Ti,m V Tis Tig1 A Tim + 8™ recursively as follows:

* s70(B) = Tim V Ti.

* si"(B) is the smallest round in |s"; _1(B), Tix1 A Tim+1[ such that
si;(B)

Z 51(Bf 1 B) > cslog(T)\ /27 (s75(B) — s775_,(B).
o (B)

where c3 is a fixed positive numerical constant.

For all bin B € Ty, we define the midpoint of a bad segment [s]";(B), ", . (B)| as the round

57.(B) = lej(B) +2%+1(B)J |

Now, our goal is to analyse the relative regret of any bin B € 7,,, with respect to Bt m on these bad
segments. To build intuition, our objective is to prevent bad segments from accumulatmg for any bin
B € 7,,. Fortunately, the design of our replay mechanism ensures that if a well-timed replay at a
suitable depth is triggered at the start of a bad segment, it can promptly detect the shift in rewards and
evict B, thereby limiting the incurred regret.

Proposition 9 (Properties on bad segments). Let B € T, be a bin and let [s]";(B), s{" 1 (B)[ be
a bad segment Then, on &1, any replay starting at round tsiare € [87(B), 8141 (B)[ never evicts

Parent( tm»d) ford € Nz fi1(8 )Dt. Moreover, if a replays at depth d; ; satisfying

tstart
gl < g 1 (B) — s(B) < 8%at2

starts at tseare € [s7(B), 37 (B)[, then B is evicted by round s7"; ., (B).

B)

Proof of Proposition 9. Assume areplay evicts Parent(Bgm, d) withd € ﬂtl f’tl . Dyand typary >

si"(B) before round s ;(B). Then, by Proposition 1, it means that, on event &, every arm

T € Bf)m incurs significant regret (Definition 1). This contradicts the definition of Blﬁym. Indeed, by

definition, x% does not change on [tspart, sy 41} C [7i, Tiy1], so neither does Bf,m. Therefore, such

replay never evicts Parent(Bf ms ).
Now, for all B € 7,,, we have
si41(B) sii+1(B) 57 (B)—1
Z 6i tmvB): Z 5t tm7B)_ Z 5t tm7
=57, (B) (B)

By definition of a bad segment (Deﬁninon 12),

sm

Si, ]+1( )

S (B B) > 3 log(T)y/2m (571 (B) — s75(B)) -

57 (B)
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and since s”% . , (B) is defined as the first round that satisfies the above inequality,
i,j+1 q Yy
575(B)

> 0Bl B) < csloa(T) /27 (575(B) — s75(B)) -

875 (B)

By combining these two inequalities above,

si41(B)
Z (B} 1 B) = ealog(TIWV2™ (/5111 (B) = s11,(B) = 57, (B) — s13,(B))
t=57 (B)

C3 ~m
> ZIOg \/2 s71(B) — 874(B)) ,
where we used the inequality v/a + b — /a > T

Since Blu’m is active during the whole of the bad segment, on £, we have by Corollary 2, on event &1,

575+1(B)

Z 6t tm7

sm. B)

~m S;n' %
> Z (B s B) — e log(T) (5771 (B) - 575 ()2 o

¢ A(s, (B) — & (B
> (ZB _Cl> IOg \/( l]+1 B — (B)) oam ( 4,J+ ( 2)m > ( )) .
) —

( ) < 8%i+2 < 8mH1 we have

Using the fact that s7"; (B

i,jH(B) , T 2V
P < (8~ ) O
<8¢2m st (B) = 7(B))
and therefore
Z”]Jrl(B
C3 32 ~
> Bhn B (D e ) o)y (0 (8) - () 2
t=57"(B)

Assuming horizon large enough e.g. log(T) > 1, setting ¢5 = 140 + 4¢; implies

Si 7+1

Z 5t (B!, B) > 3log(T)\/(s;f;.+1(B) —§m(B)) 2™,
(B)

and hence by (%), on event &1, B is evicted. O

Having established that a well-timed replay at the appropriate depth can evict a bin B, it remains to
demonstrate that such a replay is indeed triggered before the cumulative regret accrued over the bad
segments is too large. To formally define the earliest round at which this cumulative regret becomes
significant, we introduce the notion of a bad round.

Definition 13 (Bad round with respect to bin B). For all block [1) 1, Tt m+1[, for all bin B € T,
we define the bad round with respect to B as

stm(B) =inf{s>mm Y \/2 (571 (B) — s (B)) > calog(T)1/2 (s — 11,m)
(4,5)EP(B,s)
A (Tim +8™),
where ¢4 is a fixed positive numerical constant, and we define the set P(B, s) as
P(B,s) = {(i,j) : i,j €N, suchthat [s]";(B), si";, 1 (B)] is a bad segment and s}"; | (B) < s} .
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Now, let [ 1, T1,m+1), be a block, and let B € 7,,. We distinguish two cases for this bin.

Case 1: the bad round happens after the end of the block (s; ., (B) = 7, + 8™). By applying
the definition of s; ,,, (B) (Definition 13) directly, we have

S 2l (B) — s (B)) < exlog(T)VETD = oy log(T)A™.

(,9)€P(B,s1,m (B))

Case 2: the bad round happens before the end of the block (s; .,,(B) < 7., + 8™). In this case,
we claim the following result.

Proposition 10 (A well-timed replay at a suitable depth is triggered). Let [7) ., T m+1[ be a block.
We define E5(1; ) as the following event:

VB € Ty such that s; ., (B) < Tim+1, there exists a bad segment [s]";(B), s;"; 1 (B)] such that
STJ’+1(B) < 81,m(B) and a Replay(tsiart, d; ;) such that tgay and d; j satisfy

(Definition 6)

t@tart € [ % ](B)75Tj+1(B)] and 8d1]+1 < 5 ]+1(B) - S:Lj(B) S 8di7j+2 .

Then, E3(71 1) holds with probability at least 1 — 1/T2.
Proof of Proposition 10. Let [7; ,, Tim+1[be ablock, andlet B € Ty, suchthat s; ,, (B) < 71, +8™.
Let d; ; the integer satisfying

ghath < g | (B) — s (B) < 8% t2,

First, we remark that Ry g4, ;.

si%(B), §7%(B) and s,,,(B) only depend on the fixed bin B, the

starting round of the block 7 , fym (which is deterministic), and the randomness of scheduling of
the replays. Using Chernoft’s bound over randomness of the algorithm conditionally on F7, = gives

5m(B) 5m(B)

P 2. S Ru<gE| Y > R |7

(i,5)€P(B,s1,m(B)) t=s7";(B) (i,4)€P(B,s1,m(B)) t=s7";(B)

Ti,m ‘ Ti,m

<o (2| X S n,

(i.J)EP(B,s1,m (B)) t=s7", (B)

Friom . (19)

Then, we lower bound the expectation of (19),

gm (B)

E Z Z Rt

(4,J)EP(B;s1,m (B)) t=s7";(B)

Tlm

57,(B)

]1{ -7, ,m = O di J }
= > > V3% | F
(i.3)EP(B,s1,m (B)) t=s7", (B) V= Tim

Tl m

; Z ;\/Sdi,j“’Q

| Gy erp(B) /515 (B) = Tim

IV
|
=

F.

Tl,m

1 si41(B) — 577 (B) ‘

“E %,J+ 2,J F,

8 (z ];} (B) Sl’m(B) — Ti,m Lm
%4 log(T") ,

where we use the fact that there is at least one round ¢ € [s]"(B), 3 7”] (B)] such that t — 7 ,,, = 0[8%i4],

i.e. that at least a replay at depth d; ; that can be scheduled in [s7%(B), si,j+1(B)], and where we

v

v
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used Definition 13 in the last inequality. Setting ¢4, = 192, we have

~"L (B) ~’"L (B)
Pl Y Y RasE] Y Y AR |
(@9 EP(Bsi,m(B)) t=sT; (B) (i:)EP(B,st,m(B)) t=s7"; (B)

<1/T3.

Taking a union bound with respect to all possible bins B € 7, (there are 2" < T choices) concludes
the proof. O

Therefore, using Proposition 10, for any bin B € 7,,,, on event & N E2(7; ,,,), we have that there
exists a bad segment [s7; (B), s{" . (B)] such that s]% . (B) < sim(B) < Tim+1, and there
exists a Replay (tseart, di j,) starting within this segment, tsare € [5] jo(B), SZLJ-OH(B)] and d; j,
satisfying 8%4o < s | (B) — 7% (B) < 8%5012. By Proposition 9, this implies that bin B is
evicted by round s}, 41(B). Therefore, on £ N E(77,m), using the definition of the bad round

Sl,m(B) < Tl,m+1>

S 2 (B) = sy (B)) < calog(T)y /27 (s, — Tim)

(4,§)€P(B,s1,m(B))

< ey log(T)4™ .

Since Proposition 10 holds uniformly over all bins B € 7,,, it also holds for the particular choice
B = B}*! and hence in both cases s; ,,(B) = Ti.m + 8™ and s; p (B) < 71,m + 8™, we have

lym>

3 \/Qm( sy (Bl — s (Blast)) < ¢y log(T)4™ .

(4,9)EP (Bt s1,m (Bi%x))

L,m? IL,m

Now recall by Definition 12 that s | (Bla;f) is the earliest round satisfying the lower bound on the
cumulative regret

(Bla%)

Si ;0+1
X (B o BESE) > s 1og<T>J2m (st (Bl = s, 1 (BI0)
sm (Blast)
790

Therefore, up to round 3%‘0 11 (Blla;f) — 1 included, the cumulative regret can be upper bounded as

) las
S;Y,Ij0+1(Bl,a;t,)*1

3 BB < eslon(T)y 27 (s, (Bl s, (Bl 1)

—em last
t=s7, (Bilm

Since on event & N E2(T,m), Bllajf is evicted by round si’jOH(Bllasf), we can upper bound the

cumulative regret contribution of B}** with respect to Bgm over all bad segments of B},

last
s (B

> S 6B, B < csealog?(T)A™ (20)

(6,9)EP(B25r s1,m (B)5)) t=s7" (B2

I,m lL,m

It remains to bound the regret incurred over the non-bad segments. To this end, we observe from
Definition 12 that each phase contains at most one such segment. Therefore, there exists a positive
numerical constant c5 such that

> > 6B}, Bt < eslog(T)4™ . @1)

IC[7T1,m T, m+1[st. Iisnon-bad segment t€I
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Summing Equations (20) and (21) gives the total relative regret of BldISt with respect to B m, over the
block on event &1 N E2(7,m ),

Ti,m+1—1 =<6
5 ld.bt < 1 2 T\4™
H(Bf 0, BISY) < (esca + ¢5) log?(T)4™ .
t=T1,m

Finally, we use the fact that event »(7,,,,) holds with probability at least 1 — 1/7 (Proposition 10),

[ Ti,m+1—1
(B) =E 1{51} Z 61‘ tm7 lla;s;Lt) ‘FTL,m
t=Ti,m
i Ti,m+1—1 |
= ]E 1{51 N 52(7-[ m } Z 6t t, nz?BlaSt) ‘FTL.NL
t=T1,m
Tim+1—1 i
+E ]1{81 mgQ T, m Z 515 t m> lla'rsnt) ‘FTl,'nL
t=T1,m
2 m g™
< colog™ (T4 + 75
1
< cglog?(T)4™ + T’

where we used the fact that 1{&; N ES (1)} < T{ES}.

Choosing cp = c¢g + 1 concludes the proof.

D.8 Conclusion of the proof

Recall from Equation (11) that we have

Ly

7

E [R(mmgz, T)] < log(T) Z(Ti+1 — 1)+ T
i=0

M; Ti,m+1—1

+GZE[]1{51 (tiv1 — t 2/3}-1-2]53 1{51}2 Z ae( tmaBtm)

m=0 t=T7;m
Propositions 7 and 8 prove that the last sum is upper bounded as

M; Ti,m+1—1

E(1{&6:} Y Y 0Bl Bim)| < (ca+cp)log*(T

m=0 t=7—l,7n

=3 o]

< 6(ca + cp) log’ (T)E [(ml —0)?]

+
< 6(ca + cp) og*(T)E [1{&1} (i — )] + 558
where we used Equation (10) for the second inequality, and where we reconditioned on event & in
the last line. Therefore,

Lt

. T+ca+c
E [R(mupge, T')] < log(T') ;(Ti-;-l — )3+ #B
T T
+6E [1{E} > (tyr — t)*?| +6(ca + cp) log>(T)E [1{E1} D (a1 — tl)2/3] :
1=1 1=1

(22)
We conclude the proof by relating episodes and phases, which will permit to bound the final term

E [ﬂ{gl}Z(tlH —tl)2/3] .
=1
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Definition 14 (Phases intersecting episode (). We define the phases intersecting episode [t;, ;1] as
Phases(ti,ti1) = {i € [Lr] + [ri, i[Ot tria[# 0} -

With this definition, we can rewrite the upper bound on cumulative regret over each episode as

E|1{&}Y (tr - tz)2/3] <E [1{&}) > ()P
=1

I=1 i€Phases(t;,t;4+1)

Recall that Proposition 6 shows that on &, each phase [7;, 7;41[ intersects at most two episodes.
Therefore,

T Ly
E 1{51}2 Z (Ti41 — 73)%/3 SQZ(Ti+1_Ti)2/37
I=1 icPhases(t;,t;4+1) i=1
and finally we can conclude the proof by plugging the bound above into (22),
Lr

T+ca+c
E [R(mypge, T')] < log(T') ;(Tm-l - 71)2/3 + #
i/T ET
+12 Z(TH_l — Ti)2/3 =+ 12(8,4 + CB) lOgQ(T) (Ti+1 — Ti)2/3
i=1 i=1
Lz T+catec
< (log(T) + 12+ 12(CA + CB) logQ(T)) (Ti+1 — Ti)2/3 + #
i=1
Lr
< alog(T) Y (riv1 —m)*?,
i=1

where ¢; = 12(ca + c¢p) + 2. This completes the proof. We summarize in Table 2 the exact values
of the numerical constants used in the proof.

Constant | Numerical value

Co 3+ 7(6 — 1)\&
1 T(e —1)V2
C2 Co + C1 + 8
Cc3 140 + 461

Cq 192

Cs Equation (21)
Cg c3cq + C5

cA 18(co + ¢1 + 10)
CcB ce+ 1

& 12(ca +cB)+2

Table 2: Summary of numerical constants used in the proof

E Proof of Corollary 1

Recall the definition of the total variation over the horizon 7°:
T-1

Vr =)  max |p1(z) — ()]
pary z€[0,1]
Fix a phase [7;, 7;+1[, where 7,11 < T + 1. Define the total variation within this phase as

Ti+1—1

‘/[Ti;71+1[ = zlg[%)i] |.ut+1(z) - Nt(gj)‘ :
t=T1; ’
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Let x; = argmax e 1] M4 (x) denote the best arm at the end of phase 7. By definition, there exists
an interval [s1, s3] C [7;, Ti+1[ over which z; suffers significant regret:

Z 0¢(x;) > log(T) (s2 — 31)2/3.

t=s1

Now observe that

23\ 1 S !
(82_81) 22(52751)1/3 ZZ 1/37

t:sl t:sl (Tl+1 o TZ)

which implies

Z(;t(xi) > Z (log(T)l/g'

t=s1 t=s1 Ti+1 B TZ)

Hence, there exists at least one round ¢; € [s1, s2] such that:

log(T")

1/3°

Ot xX; >
(@) (Tig1 —7i)

Define #; = argmax,¢q 1] /it (). Then:

6151‘ (‘TZ) < Ht; (i'l) — M, (ml) + Mﬂ+1(‘ri) — Hriga (‘rl)

>0
< |/’I’7'i+1 (xl) — Ht; (xl)‘ + |Mti (‘%2) — Hriga (il)‘
< 2Wiriri) -
Therefore, assuming log(T") > 1, we conclude that
1
(Tig1 — 73)/3 S Wririvn) - (23)
We now recall the upper bound from Theorem 2:
Lo
E [R(TFMDBE, T)] S E]ng(T) Z(TH_I — Ti)2/3 .
i=0
We decompose the sum as:
Lt Ly—1 Lr—1
D (T =)= (T4 1= )22 Y (i = 7)?P ST Y (riga — ).
i=0 i=0 i=0
Applying Holder’s inequality gives
Lr—1 Lr—1 1
(ris1 — 1) =) ————p5 (i1 —7)*/*
Lr—1 1 1/4 Lr—1 3/4
< 173 Tit1 = Ti
; (Tig1 — 7)1/3 ; (Fits )
Finally, by inequality (23), we have
Lr—1 1 Lr—1
<2 Virri) < 2Vrp.
; (Tig1 — )3 ; [isTit1)
Therefore,
Ly—1
Z (Tit1 — 71)2/3 < (QVT)1/4 x T3/ = 21/4VT1/4T?)/4~
i=0
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F Proof of the lower bound (Theorem 1)

Proof sketch. The proof of Theorem 1 relies on the following ideas. First, note that the lower
bound T/3 follows from classical results of Lipschitz bandits [Kleinberg, 2004]. To prove the lower
bound either with respect to total variation V7, or with respect to the total number of changes L,
we construct T'/7 stationary sub-problems with horizon 7 to be chosen later. For each problem, we
design K = 71/2 possible Lipschitz-continuous rewards function. Each of these functions is almost
flat, with the exception of one bump of size € ~ 7~1/% hidden among K possible bins. Classical
arguments show that any bandit algorithm will misidentify the optimal bin with constant probability
in some problem instance, thus suffering a regret 72/2. Then, we create a dynamic problem instance
by concatenating 7'/7 such problems, where the reward function corresponding to each problem of
horizon 7 is chosen independently. The total regret of any algorithm must then be

z72/3 =Tr /3,
-

To obtain a lower bound depending on the number of reward changes Lz, we set 7 = T'/ L, so that
there are exactly 7'/ stationary sub-problems. This yields a regret of the order LlT/ 372/3 To obtain
a lower bound depending on the total variation Vr, we set 7 = (T'/Vr)3/4. Then, we see that there
are T/ changes of magnitude 7~ '/3 each, so that the total variation is indeed T'/7 x 7~ /3 = Vi
moreover the cumulative regret over all problems is 77~ 1/3 = T3/4y1/4,

In the following, we assume that, conditionally on x;, the reward is a Bernoulli random variable with
mean iz ().

Notations. For some integer K > 2 to be specified later, we set 7 = K® and ¢ = 1/(2K)
(note that € < 1/4). We define L = |T/7], and for I € [L], we define the stationary phase
Pl ={(l-1)7+1,...,l7 — 1}. We also define the last stationary phase P = {7L,...,T}. For
k < K, define the intervals I;, = [222, £[, and we define I, = [£=1,1]. Finally, for a given
sequence of rewards pi, we denote by £, and IP,, the expectation and probability when the reward
sequence is p. Note that at each round ¢, the algorithm 7 only depends on an internal randomisation
and on F;_-measurable events. Thus, for all [ < L and all F,;-measurable random variable X and
event F, E, [X] and IP,(E) only depend on the sequence of rewards up to phase [, i.e. on (j¢)¢<ri.
In the following, we therefore abuse notation, and define for reward sequences p of length 71, the
expectation [E,, and probability IP,, pertaining to the first [ phases, i.e. to F,;-measurable random
variables and events.

Reward function for a stationary phase. We define the possible choice of reward function during
one stationary phase P'. For each k € {2, ..., K}, define the function m* : [0, 1] + [0, 1] as

l—e €e—|z—3 2k —1
k 2
= 1 I — |z — 1 I}
m®(x) 5 + 5 {z € 1}—|—<€ x 5K D {z € I;}
We also define )
1— —lp—1
m!(x) = 26+6 |x2 2|]l{x611}.

Note that for k& € [K], when the mean reward function is mF the optimal action is %T_l; moreover

any action chosen outside of interval I}, will have an instantaneous regret at least 5. For [ € [L] and
k € [K], we denote N}, = Y, 5 1 {z; € I;;} the number of actions chosen in interval J;, during
the stationary phase P!. Examples of possible reward functions for K = 5 are given in Figure 3.

Sequential construction of the non-stationary reward function. For a given algorithm 7, we build
a difficult non-stationary reward function sequentially. We show by induction that for all [ < L, there
exists a non-stationary sequence of reward functions (/1;).<;- such that the expected cumulative regret
of algorithm 7 over the stationary phases P, ..., P; is at least 0.01 K 2l foralll € [L]. We abuse
notation and define Py = 0, so that the base case of the recursion (corresponding to [ = 0) becomes
trivial.

We then proceed to prove this statement by induction. Assume that the statement holds for some [ such
that 0 < ! < L and some sequence of reward functions (u;)¢<;,. For k < K, we define uk as the
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Figure 3: Reward functions m! (left) and m? (right) when K = 5.

extended sequence of rewards such that ,uf = i<y + mF1 Ir<t<(i+1)r- Then, let k* be defined as

k* = argminEx [N,lc""l].
k
It holds that E,: [N} 1'] < ~.
Now, if k* = 1, it means that under ;!, the algorithm 7 chooses in expectation at least (K;)T
actions outside of interval I7 in phase | + 1. Then, the regret in this phase must be at least

(K;)T xg2>25=K 2/16. In this case, using the assumption that the expected cumulated regret

of algorithm 7 over the stationary phases P4y, ..., P; is at least 0.01 K 2], we find that the cumulative
rewards up to phase P, 1 is at least 0.01 K2( + 1), thus completing the induction step. We therefore
assume henceforth that k* # 1. Now, denoting I (P, Q) the Kullback-Leibler divergence between
probabilities P and Q, and by kl(p, ¢) the Kullback-Leibler divergence between Bernoulli distributions
with parameters p and ¢, classical arguments (see, e.g., [Lattimore and Szepesvari, 2020, Chapter
15.1]) show that

K@ P )= > B [k (! (@), m* (2))].

TI<t<7(l41)
Now, for z; ¢ Ip-, kl(m'(zy),m* (z;)) = 0. Moreover, for all z, € [0,1],
kL (m?* (z) ;P () < ki (ml (L};l) ,m*” (%T*ID Thus,

KPa,Pu)< Y En []l{xt € I Ykl (m1 (%K_1> ,m* <2kK_ 1))]

TI<t<7(l4+1)
1—e¢ 1+c¢€
I+1
<E, [N/} ]kl( 5 )
< %462
4K3

< —_— =
— K x4K?

where we have used the definition of £* and of 7 and e. Now, we apply Bretagnolle-Huber
Inequality (see, e.g., [Lattimore and Szepesvari, 2020, Chapter 14]) to the }'T(l+1)-measurable event

A= {N{T' < Z}. This yields

1
]Pltl (A) + Puk* (Ac) > 5 exp (-IC (]PILI,IPMI@* ))

> % exp (—1).
Using 1 exp (—1) > 0.18 and 2max(a, b) > a + b, we find that
max {P,, (A),P,,. (A°)} > 0.09.
Assume that P,,, (4) > 0.09. On the event A, the regret on phase [ under reward sequence ptis at
least 7/2 x ¢/2 = K2 /8. Thus, the expected regret on phase [ under reward sequence p! is at least
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0.01K2. Similar arguments show that if P,,, . (A¢) > 0.09, the expected regret on phase [ under

reward sequence ;% is at least 0.01K2. Using the induction assumption, we find that the cumulative
rewards up to phase P is at least 0.01 K2(I + 1), thus completing the induction step.

Conclusion. The induction above shows that for all K > 2, there exists a sequence of reward
functions p; with a most | 7'/ K] shifts such that the total cumulative regret of algorithm 7 is at least
0.01|T/K3|K?. Assuming moreover that K < (T/2)'/3, we see that |T/K?3| > T/(2K?®), so that
the regret is at least 0.0057"/ K. We now consider the two lower bounds separately.

Lower bound depending on L. For Ly € {0, 1,2}, the bound follows from classical results
on Lipschitz-continuous bandits (see, e.g., Kleinberg [2004]), by noticing that since there exists a
stationary problem and a constant ¢ > 0 on which any bandit algorithm must have regret at least ¢72/3,
there exists a problem with 0 shifts (i.e., at most L7) such that the regret is at least cL'/372%/3 /2.
Therefore, we assume that Ly > 2. Then, setting K = | (T'/Lr)"/? |, we see that K3 < T'/2. Thus,
the non-stationary reward function designed above has regret at least 0.0057'/K > 0.005T 2/ SL;/ 3,
Moreover, this reward function has at most Ly changes.

Lower bound depending on V. For Vi < 27~1/3, we have VTl/ A73/4 < 272/3  the result follows
from classical results on Lipschitz-continuous bandits (see, e.g., Kleinberg [2004]) by noticing that
there exists a stationary environment and a constant ¢ > 0 on which any bandit algorithm must
have regret at least ¢1%/3. Therefore, we assume henceforth that Vi > T~1/3. Then, setting
K = [(T/Vr)'*|, we see that K3 < T/2. Thus, the non-stationary reward function designed above
has regret at least 0.0057 /K > 0.00573/ 4V%/ 4 Moreover, the cumulative variation of this reward
function is at most V.

G Extensions

G.1 Extension to multi-dimensional action space

In this subsection, we discuss how to extend our algorithm and results to multi-dimensional spaces.

Problem setting in dimension p. We assume that at each round, the player chooses an action
in the set [0, 1]?, where p € N, is the dimension. We assume that each mean reward function
w2 [0, 1]7 — [0, 1] satisfies the following Lipschitz condition:

1
V.?;‘,CL'/ € [07 1]p7 ‘:ut(x/) - :ut(x)l < ﬁ“x - x/”m

where ||-||,, denotes the Euclidean norm in dimension p.

In dimension p, classical results show that when the horizon is 7" and the problem is stationary,
in the worst case a minimax-optimal algorithm can learn the reward function up to an error of

order log(T)Tfﬁ, and incurs a regret of order log(T)T%. This justifies extending the notion of

significant regret to p-dimensional action space as follows. We say that an arm = € [0, 1]? incurs
significant regret on interval [sq, so] if its cumulative regret on this interval is lower bounded as

3 6u(x) = log(T)(s2 — s1) 72 . (24)

t=s1

Then, based on this definition, we can define the significant shifts and significant phases the same as
in Definition 2.

Adapting the algorithm. To estimate the mean reward function in dimension p, we rely on a recursive
p-adic partitioning of the action space. More precisely, we can define p-adic tree 7 = {7 }aen as
the hierarchy of nested partitions of [0, 1]? at all possible depth d € N, where 7; denotes the partition
of [0, 1]? into bins (i.e. hypercubes) with side length 1/2¢.

We also adapt our doubling trick, considering blocks of duration 7; ;41 — Tj,m = 2m(r+2)  Then,
on the m-th block of the /-th episode, we consider as the MASTER set the bins at depths m. If the

rewards are stable enough during this round, we expect the regret of the block to be of order 27(P+1)
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We can use the same sampling strategy as presented in Section 3: given a set of active depth at time
t, we sample a bin uniformly at the shallowest active depth, and then proceed by sampling uniformly
bins among its active children at the next depth. An analysis similar to that of Proposition 2 reveals
that the probability of sampling a bin at depth d (given that this bin is active) is lower bounded by
2774 Then, the error for estimating the cumulative gaps between two bins at depth d active between

rounds s; and so must be of order \/(52 — 51)2pd v 4pd 4 22581

This motivates our considering an new eviction criteria of the form

s2

a. B) B' 'B)>c|lo T\/ — g1)2pd \/ 4pd M
B'Géﬁlfﬂ(d)g i ) CO( g(T)y/ (s2 — 51) +

for some well-chosen positive numerical constant c},.

As previously, we choose as duration of a replay at depth d the length of the d-th block of an episode.
In the p-dimensional setting, this implies that we should schedule replays of duration 2¢(P*2) at

depth d. Note that such a replay allows to estimate the cumulative gaps of two bins up to a precision
9d(p+1)

It remains to choose the probability of scheduling a replay at depth d. At all times s € 7}y, 71, +1]
such that t — 7 ,,, = 0 [2¢(P*+2)], we schedule a replay of duration d < with probability p; 4 given by

2d(p+2)

S—Tim

Regret analysis. Simple computations show that there are on average +/2™(P+2) /2d(p+2) replays of
length 24(P*+2) during a block of length 2™(+2) each one with regret of order 2¢(P+1)_ Thus, the
regret due to replays at depth d over this block is of order /2m(P+2) /2d(p+2)2d(P+1) — (/9m(p+2)2dp
Summing over the depths d < m, we find that the total contribution of the replays over a block of
length 2(P+2) is of order 2"™(P+1) j.e. of the same order as the minimax-optimal regret over this
phase in the stationary setting.

To conclude, we argue that this choice of replay probability allows to detect significant shifts fast
enough. Assume that the mean reward of an optimal arm undergoes a shift of magnitude 279,
so that it becomes sub-optimal. The algorithm should identify it as unsafe in less than D rounds,
where D is such that D2=% < 2mP+1) je D < 2mP+)+dr Now, our choice of p, 4 ensures
that there are approximately 4/2™(P+2) /2d(p+2) replays at depth d scheduled during the block, so
that on average, a replay at depth d is scheduled every v2m(»+2)2d(p+2) rounds. Noticing that

V2m(p+2)2d(p+2) < 9m(p+1)+dp_ we see that enough replays of the adequate length are schedule, so
to ensure that a significant shift does not go undetected for too long.

Thus, the algorithm has almost minimax-optimal regret over stable phases, and detects quickly
significant shifts. Conducting the same analysis as in the 1-dimensional case, we see that in dimension
p the regret of our algorithm should be bounded as

Lt

E[R(mmge, T)] < clog(T)? Z(Tz‘ﬂ(ﬂ) —7i(p) 3,
i=1

]
-

which yields the worst-case regret

SO
E[R(muge, T)] < ¢ log(T)? L2 TEG ’
for some positive numerical constant ¢’. We emphasize here that both the phases 7; (1) and number

of phases Ly are based on the definition of a significant shift for p-dimensional actions, given in
Equation (24).

G.2 Extension to Holder bandits

In this subsection, we discuss how to extend our algorithm and results to Holder bandits.
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Assumption 2 ((k, §)-Holder mean reward functions). Each mean reward function ji; satisfies

(B<1)
Ve, € 0.1, uie) - pola)| < vla - 2’|

Problem setting for Holder bandits. We start by defining a significant regret in this setting. Arm
x € [0,1] incurs significant regret on interval [s1, so] if

S2
Y bula) > log(T)(s2 — 1) 78 w1775 .

t=s1

To give intuition, an oracle policy 7oracle that knows when the significant shifts 7;’s discretizes
1 2

the space into K; = (7,41 — 7;) T#2f kT+28 bins at each phase [7;, 7;+1[, and incurs a regret of

~ B ~

O ((Ti+1 - 7) 1425 T2 ) (by directly adapting results from Kleinberg [2004]), where O only hides

logarithmic factors and numerical constants that does not depend on « or 3. Thus, the dynamic regret
of the oracle is upper bounded by (up to polylog factors)

1+5 1

Ly
E [R(T(oracle, T)] < Z(ﬁ'-&-l - Ti)m”i 1428
=1

/35 1
1+26 13728
T KT8

< T L
We now show how to adapt MDBE so that it achieves this rate adaptively.
Adapting the algorithm. We consider blocks [7; y,, Ti.m1] of size

Ti,m+1 — Tiym = 2771(1"!‘23)/&2 :

Thus, on each block, we discretize the space into
12 m
(Thmt1 = Tim) TP RTF2P = 2

bins, allowing us to consider the MASTER set as the bins at depth m (that is, the set of bins 7, of
the dyadic tree). If the rewards are stable enough during this block, we expect the regret of the block
to be of order

R(m) = (Tmy1 — Tim) 7799 797 = 2 (H0)

For the replays, we choose as duration of a replay at depth d the length of the d-th block of an episode:
this implies that we should schedule replays of duration

E(d) _ 2d(1+26)/1{2

at depth d, and discretize ¢ (d)ﬁ k7775 = 24 bins. Such replay allows to estimate the cumulative
gaps of two bins up to precision 2¢(1+5).

Since we use exactly the same dyadic tree (74)1<4<m as in the 1-Lipschitz case, the sampling
strategy is exactly the same, as well as the concentration error Proposition 2. Only the bias for
estimating the cumulative reward of two bins at depth d changes, and will be exactly equals to
2(s9 — 51)k/2% over an interval [s1, so]. This motivates a new eviction criteria depending on the
Holder constants (k, 3), of the form

So

5.(B', B) > colog(T)y/(s2 — s1)24 v 44 LY
B/eéﬁ?i](d)t; (B B) > colog@ly (o2 =) AT

where ¢y = 7(e — 1)+/2 is a numerical constant.

It remains to choose the probability of scheduling a replay at depth d, at a given round. At a round
S € [T, m, Ti,m+1][ such that s — 7y ,, = 0[¢(d)], we schedule a replay of depth d < m with probability
Ds,d given by

9 d(1-¢2—23)

1
Ps,d = —————— (we always have p; g < 1 forany d < m).
K\/5—Tim
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s . (1426) (m—d)
Regret analysis. Simple computations show that there are on average 2 = replays of length

¢(d) during one block [7; , 7,m+1[- Thus, the regret due to replays at depth d over this block is of
order (ignoring multiplicative numerical constants that does not depend on « or 3)

(1428) (m—d) (1+28) (m—d)+2d(1+8)
2 2

R(d)2

Summing over the depths d < m, we find that the total contribution of the replays over a block m is
exactly of order 2™(*+8) (up to numerical constants), i.e. of the same order as the minimax-optimal
regret over this phase in the non-stationary setting.

Moreover, this choice of replay ensures that there are approximatively 2 (ezhm=d) replays at depth d
B)(m

scheduled during block m, so that on average, a replay at depth d is scheduled every 2 (b ymtd)

rounds. Noticing that 2 (zhymtd) < 2m(+5) 296 we see that enough replays of the adequate

length are scheduled so to ensure that a shift of magnitude 2~% does not go undetected for too long.

Since in each episode [t;+1 — ¢;] there are at most M; = ¢ , wWhere ¢ is a numerical

constant, the regret over one episode is upper bounded as

log, ((ti1 —t1)K)
1128

M;
> 2 <ty - ) T4 T

m=1

Applying exactly Proposition 6 and applying Holder’s inequality, we have exactly the upper bound of

s
E [R(muez, T)] < O (T1 5 1 KM) |

where O hides polylog factors and numerical constants that does not depend on  or B. We next prove
that this bound is in fact minimax-optimal with respect to T', L1, x and 3 simultaneously.
Lower Bound for non-stationary Holder bandits. We adapt the proof of Theorem 1 to this setting.

Any policy interacting with a (x, §)-Holder bandit environment suffers regret at least 7' 13 KT7 in
the stationary setting [Kleinberg, 2004]. We divide the horizon into T'/7 blocks of length 7. In each,
we define an amount of K = 71778 ;428 (k, 8) mean reward functions satisfying Assumption 2
with a single bump of size ¢ = \/K/7 = T_ﬁnﬁ, hidden uniformly at random. Standard
arguments show that any algorithm misidentifies the optimal region in some instance with constant
probability, implying per-block regret

143 1
R(m,7) > 76 = 7IF2B K25 |

Concatenating T'/7 such blocks (with reward functions chosen independently) gives total regret of
(T/7) x R(m,7) > T~ 1% 155 .

To derive a lower bound that depends on Ly, we first set 7 = T'/Lp. This yields R(w,T) >

i+ B ~
T7+26 L."*" k7+27 , and we observe that we always have Ly > L. For the dependency on Vi, we
set

1428

1 1428  — 1t
T=prFBTHEV, e

It is easy to verify that the total variation over 7T is exactly V. So for any algorithm 7, there exist an
environment such that

Il B
148 ~ 1 1+8 1+28 —=7 1
R(w,T) > T2 L7 k17728 A\ TTH28 4 T1538 V1 7% (1537

We recover our results for k = 1 and 8 = 1. As the smoothness of the reward functions increases
(8 — 1 and/or k — 0), the problem becomes easier, as the lower bound decreases.
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H Computational complexity of MDBE

While our algorithm is feasible on small-scale problems (as showed in our experiments in Appendix I),
we acknowledge that its computational complexity may limit scalability in large-scale applications.
Below, we provide a more precise characterization of the computational cost.

At each round within a block of length 77 ,, 1 — 7;,,, = 8™, the algorithm maintains estimates for all
bins across all discretization depths d = 1, ..., m. The total number of bins at depth d is 2¢, and
across all depths, we maintain a total of

NumberBins,, = Z 2 = 0(2m).
d=1

For each bin, we compute an importance-weighted mean estimate, resulting in a per-round cost of
O(2™) for estimation alone. In addition, at each round ¢ of this block, the algorithm performs a

statistical test (x) over all pairs of bins (By, By) at each depth d € [1,m]. There are (2;) = 0(4%)
such pairs per depth, and summing over all depths yields

TotalPairs,,, = Z O4% = 0@4™)
d=1

per block. For each pair (By, B3), we must consider all possible intervals [s1,t] C 7., t] during
the block. The number of such intervals is O(8™) in the worst case.

Putting it all together, the worst-case time complexity for each round is
o@2™ +034™-8™m)=0(32™),

and the memory complexity is O(8™). Since the number of block is upper bounded as m < log(7),
we conclude that the worst-case time computational complexity of our algorithm is O(7°) and its
worst-case memory complexity is O(T'*), which are both polynomial in 7.

While the computational cost per block is manageable for small values of m (e.g., m < 4), it becomes
quickly intractable as m increases. Developing efficient adaptive algorithms that enjoy minimax
optimal regret is therefore an important direction for future work, even in the K -armed setting.

I Numerical simulations

In this section, we illustrate some numerical experiments to show the empirical performances of MDBE
on a synthetic dataset. The code for these implementations is available at https://github.com/
nguyenicolas/NS_Lipschitz_Bandits.

Environment. We simulate a 1-Lipschitz, piecewise-linear reward function defined over the action
space [0, 1], with a single peak shifting smoothly from z = 0.3 to x = 0.7 every 10° rounds. This
setup induces Ly = 10 significant shifts over a time horizon 7" = 10°. Thus, the mean reward
changes every round, but only ten of these changes are significant under our framework.

Benchmarks. We compare our method against two baselines: BinningUCB (naive) and
BinningUCB (oracle). The first baseline assumes knowledge only of the total time horizon
T and naively discretizes the action space into K (T") o< T 1/3 actions, as if operating in a stationary
environment of length 7". It then runs a standard UCB algorithm without resetting its statistical
estimates. The oracle baseline, by contrast, has access to the exact times of the significant shifts
7;’s and resets its estimates at each significant phase, using the optimal per-phase discretization
Ki XX (Ti+1 — Ti)l/g.

Results. We report in Figure 4 the cumulative dynamic regret of the three methods, averaged over 100
independent runs. Our method (MDBE) significantly outperforms BinningUCB (naive) by adapting
to non-stationarities through replay mechanisms.
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Cumulative Dynamic Regret (Mean += 95% CI) : T=100000, 10 shifts
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Figure 4: Cumulative dynamic regret of MDBE, BinningUCB (naive), and BinningUCB (oracle)
over a total horizon of T' = 10° rounds with 10 significant shifts. Results are averaged over 100
independent runs, with 95% confidence intervals of the mean dynamic regret shown.
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