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Abstract001

With the broad adoption of large language mod-002
els (LLMs), techniques to guide their genera-003
tion have become increasingly important, with004
particularly sophisticated patterns found in con-005
strained decoding frameworks expressed via006
formal grammars. Recent frameworks such as007
IterGen expand beyond context-free grammars008
to achieve some context sensitivity but with009
drawbacks: expensive backtracking or specula-010
tive lookahead, permissive semantics that risk011
spurious constraint activation, and difficult inte-012
gration with runtime optimizations like XGram-013
mar. To address these concerns, we propose014
Conditional Deontics over Terminals (CDoT),015
a mildly context-sensitive grammar paired with016
a GPU-accelerated O(n³) parser that can be em-017
ployed for constrained decoding with LLMs.018
We show that CDoT can express useful con-019
straints that improve LLM performance in a tra-020
ditional text-to-SQL task and a complex logic021
puzzle involving unit propagation.022

1 Introduction023

As large language models (LLMs) have become024

more popular, the importance of techniques to025

guide their generation has also grown. Techniques026

for steering LLMs target various model states, in-027

cluding activations, attention patterns, MoE router028

logits, and output logits. These interventions can029

be applied uniformly, or conditioned on the gen-030

eration process itself. For example, CAST (Lee031

et al., 2025) conditions on the cosine similarity032

between activations and behavior vectors, FASB033

(Cheng et al., 2025) applies a neural classifier to034

activations to make steering decisions, and PASTA035

(Zhang et al., 2024) conditions on user-selected036

input spans. In such simple conditioning on the037

generation process, these methods depend on only038

a fixed window of past steps or inputs.039

Constrained decoding is unique among steering040

methods in that it explicitly models long-range and041

structurally complex patterns – such as program- 042

ming language specifications, molecular structures, 043

and privacy requirements (Ugare et al., 2025; Loula 044

et al., 2025; Scholak et al., 2021; Poesia et al., 045

2022) – that cannot be captured by finite-window 046

or input-fixed conditions. Formal grammars are 047

central to this power. 048

Our contributions to this research direction are: 049

• We increase the expressive power of con- 050

strained decoders by designing a new formal 051

grammar, Conditional Deontics over Termi- 052

nals (CDoT), that is strictly more powerful 053

than context-free grammars. 054

• We demonstrate that constrained decoding 055

with LLMs under this new grammar formal- 056

ism yields improvements on both a traditional 057

text-to-SQL dataset and on a complex logic 058

puzzle involving unit propagation. 059

2 Design Statement 060

2.1 Formal Grammars 061

Formal grammars operate on any finite sequence 062

where the elements are drawn from a finite set (e.g., 063

text, molecules, or even neural network modules). 064

While our experiments apply our CDoT grammar 065

formalism to constrained decoding with LLMs, we 066

will define it with sufficient abstraction that it could 067

be used on sequences other than text. We lean on 068

two alternative interpretations of formal grammars: 069

Grammar the proto programming language: 070

Computation theory studies grammar as a funda- 071

mental model of computation with the capacity 072

to reach Turing-completeness—meaning any al- 073

gorithm can be implemented, given an appropri- 074

ate formal grammar. Following this intuition, we 075

design the "knight-and-knave" experiment, where 076

CDoT is used to implement the unit propagation 077

algorithm to constrain the LLM generation. 078
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Grammar the deduction system: Proposed by079

Pereira and Warren (1983), and used in PEG (Ford,080

2004) and conjunctive grammars (Okhotin, 2001a;081

Mrykhin and Okhotin, 2023; Barash and Okhotin,082

2014; Okhotin, 2013), under this interpretation, in-083

stead of saying a sequence t0 . . . tn can be parsed084

into or derived from non-terminal X , we say085

t0 . . . tn has property X . Consequently, grammar086

rule X → A B means a sequence of property087

X can be obtained by concatenating sequences of088

property A then B. This interpretation inspires us089

to blend grammar with deontic logic (von Wright,090

1951), from which we inherit the name and the091

symbols (3,2). We will also depend on this inter-092

pretation to define formal semantics for CDoT.093

2.2 Reach for Context-Sensitiveness094

Classical constrained decoding use cases, such as095

JSON schema enforcement, are based on context-096

free grammars, implying a tree-shaped latent struc-097

ture. Context-sensitive grammars additionally al-098

low references across subtrees, for example, ensur-099

ing that variable references in generated code refer100

back to valid variable definitions.101

Figure 1 illustrates the challenge of handling102

context-sensitiveness during LLM generation. As-103

sume that we wish to enforce a constraint where104

the SYMPTOM of a diagnosis constrains which105

CONDITIONs are allowable. Note that constrained106

decoding is an incremental process, so the ancestor107

nodes are unavailable at the time a constraint must108

be applied. Ignoring ancestor structure and using109

only precedence, as in PiCARD (Scholak et al.,110

2021) and partially inherited by IterGen (Ugare111

et al., 2025), will result in the constraint firing in-112

correctly for the bottom tree in figure 1. An al-113

ternative adopted by IterGen (Ugare et al., 2025)114

and GenLM Control (Loula et al., 2025) is to allow115

ancestor structures to be considered by invoking116

expensive backtracking and/or speculative look-117

ahead, where ancestor structures are allowed to118

emerge before constraints are applied. ChopChop119

(Nagy et al., 2025) employes more powerful for-120

malism to reason over partial syntax trees, but still121

cannot produce a complete logit mask and relies122

on backtracking incorrect token instead. There123

have also been specialized solutions for particular124

context-sensitive constraints, such as indentation125

in Python syntax (Melcer et al., 2024).126

We will instead design a cross reference mech-127

anism that can be resolved even when ancestor128

structure is non-determinant.129

start

diagnosis

SYMPTOM
(bleeding)

CONDITION
(physical_trauma)

non-existent

limits

start

observation

TIME
(today)

SYMPTOM
(bleeding)

treatment

CONDITION
(flu)

ACTION
(antivirals)

no relation

non-existent

Figure 1: Example of challenges in enforcing a con-
straint where the SYMPTOM of a diagnosis constrains
which CONDITIONs are allowable. Because constrained
decoding is incremental, the ancestors of CONDITION are
not known when it is being generated, yet the constraint
must fire in the top tree but not the bottom.

2.3 Efficiency 130

Despite a diverse selection of mildly context- 131

sensitive grammars (Joshi and Schabes, 1997; 132

Vijay-Shanker and Weir, 1993; Okhotin, 2001b; 133

Mrykhin and Okhotin, 2023; Barash and Okhotin, 134

2014), such grammars are often not designed with 135

the goal of efficient incremental parsing in mind. 136

For example, Tree-Adjoining Grammars have an 137

O(n8) step time-complexity (Schabes, 1991). The 138

recently published grammar with one-sided con- 139

text (Barash and Okhotin, 2014) within the con- 140

junctive grammar family overlaps with the goal of 141

constrained decoding, but is currently a theoreti- 142

cal construct applied only to toy grammars. We 143

design our formalism with the goal of parsing at 144

O(n2) step with GPU acceleration, inline with gen- 145

eral context-free grammars (Azimov and Grigorev, 146

2017). 147

2.4 The Solution 148

In a chart-based recognizer like Valiant(Valiant, 149

1975), given a subtree root, it is easy to find both 150

the terminals in this subtree and the immediate 151

children of the subtree root. Therefore, we design 152

our cross-subtree references to have the following 153

form: Given a subtree root, terminals under one 154

of its children (consequent) are conditioned on ter- 155

minals under a child to the left (antecedent). To 156

provide further expressiveness, we deviate from the 157

traditional practice of treating terminals as opaque 158

objects, instead allowing predicates to be placed 159

2



on the consequent terminals. Additionally, Azimov160

and Grigorev (2017) shows that Valiant recognizer161

can be GPU accelerated and outperform the high162

performance general context-free parser GLL.163

3 CDoT Example164

Before formally defining CDoT, we provide some165

intuition with a concrete example of the formalism.166

CDoT extends context free grammars (CFGs;167

formally defined in appendix A) with deontic rules,168

which constrain not only the structure of deriva-169

tions, but also the obligations and permissions of170

terminals. A Conditional Deontics over Terminals171

(CDoT) grammar is a pair G+ = (G,D) where172

• G = (V,Σ, R, S) is a context-free grammar173

(possibly with regular-expression terminals),174

• D is a finite set of deontic rules, which con-175

strain terminal instances generated by G.176

Each deontic rule has an anchor, identifying the177

scope of the rule, and a deontic function, which178

maps terminal instances to a pair (ψ2, ψ3), where179

ψ2 is a set of regular expressions (necessary condi-180

tions) and ψ3 is a set of regular expressions (per-181

mitted conditions).182

Non-conditional deontic rules. A non-183

conditional rule has the form184

Xconsequent ≪ tconseqent,185

with Xconseqent ∈ V and tconseqent ∈ Σ. When186

the deontic function of a non-conditional deontic187

rule returns (N2, P3), the semantics are that all188

terminals descended from X must collectively sat-189

isfy every r ∈ N2, and each individual terminal190

must match at least one r ∈ P3.191

Example (Balanced Meals). Given the gram-192

mar:193

meal→ food beverage

food→ DISH food | DISH
beverage→ BEVERAGE beverage | BEVERAGE.

194

The following deontic rule enforces that every195

meal includes grains, meat, and vegetables (2),196

while also allowing optional extras like soup or197

steamed_egg (3).198

anchor : food≪ DISH199
def e n f o r c e _ m e a l ( ) :200

re turn ( { r i c e | b read , c h i c k e n | f i s h ,201
s a l a d | r o a s t e d _ v e g e t a b l e }2 ,202

{ r i c e , bread , ch icken , f i s h ,203
s a l a d , r o a s t e d _ v e g e t a b l e ,204
s teamed_egg , soup }3 )205

Conditional deontic rules. A conditional rule 206

has the form 207

tant ≫ XantB . . .D > Xpar < Xcon ≪ tcon 208

where tant, tcon ∈ Σ, and B,D,Xant, Xcon ∈ V 209

are variables appearing in a parent production 210

Xpar → . . . XantB . . .DXcon . . . . The deontic 211

function of a non-conditional deontic rule takes an 212

antecedent terminal instance tant as input, and uses 213

it to determine and return constraints (N2, P3), 214

on the consequent terminal tcon. 215

Example (Food–Drink Pairings). Given the 216

same grammar as the previous example, the fol- 217

lowing deontic rule enforces that when a food and 218

a beverage are paired within a meal, steaks require 219

red wine, fish requires white wine, and spicy noo- 220

dles require soda. 221

anchor : DISH≫ food > meal < beverage≪ BEVERAGE 222
def d r i n k 2 f o o d ( t e r m i n a l _ i n s t a n c e ) : 223

match t e r m i n a l _ i n s t a n c e . t e x t : 224
case ' s t e a k ' : 225

re turn { red_wine }2 , {}3 226
case ' f i s h ' : 227

re turn { whi t e_wine }2 , {}3 228
case ' s p i c y _ n o o d l e ' : 229

re turn { soda }2 , {}3 230

Notice that, while a single antecedent vari- 231

able food can cover multiple antecedent DISH 232

variables, each invocation of the deontic func- 233

tion match_drink_to_food sees only a single in- 234

stance of DISH. This prevents repetitive calling of 235

the deontic function over different combinations. 236

At the same time, the conjunctive nature of 2 and 237

disjunctive nature of 3 will still naturally combine 238

so that, if both fish and steak are ordered, both red 239

and white wine are requested. 240

4 Formal Semantics of CDoT 241

4.1 Basic Notations 242

Terminal Instance (tj) is a subspan of the gen- 243

eration process. Each terminal instance is defined 244

by a sequential index (j), a terminal type, and a 245

user-defined payload. In the case of constrained 246

decoding, a terminal instance might have type 247

“VAR_NAME” and payload of token sequence 248

[“start”, “_”, “time”]. 249

Type-based Filtering ([ti . . . tj ]b) extracts the
set of all terminal instances within the span that
have terminal type b in sequence ti . . . tj . Formally,

[ti . . . tj ]b ≜ {tk | i ≤ k ≤ j ∧ type(tk) = b}
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Predicate (ρ) We write ρ(ti) to indicate that the250

single terminal instance ti satisfies property ρ. For251

example, regular expressions are good predicate252

for constrained decoding (i.e. a variable name must253

start with a certain prefix). Alternatively, a neural254

probe or other heuristics might also be predicates.255

Predicate Verifier A predicate verifier is needed256

to confirm a terminal instance satisfies the predi-257

cate, for example, matching regular expressions or258

comparing to a threshold value.259

Predicate Enforcer A predicate enforcer pro-260

duces a new terminal instance that satisfies the pred-261

icate, for example, running a regular expression262

constrainer or cutting off values. An all-permitting263

enforcer is acceptable and appropriate if permit-264

ted is set to universal (e.g., when using a neural265

probe predicate). Enforcers need to be mergable,266

with the merged enforcer producing only ti s.t.267

ρ1(ti)∨ρ2(ti). Enforcers needs to be at least sound,268

if completeness is not achievable.269

4.2 Terminal Specification270

CDoT deviates from traditional formal grammars271

and allows grammar rules to specify properties to272

terminal instances under their scope.273

Terminal Specification (ψ) is a set of predicates.274

Terminal ti . . . tj satisfies a specification ψ is writ-275

ten as ti . . . tj ∈ ψ. Notice that the ∈ operator is276

overloaded as specification is a set of predicates.277

Necessary Specification (ψ2) is the conceptual
“lower bound”. Each predicate in a necessary speci-
fication must be satisfied by at least one consequent
terminal instance, formally

ti . . . tj ∈ ψ2 ⇐⇒ ∀ρ ∈ ψ2 : ∃k ∈ [i, j] : ρ(tk)

Permitted Specification (ψ3) is the conceptual
“upper bound”. Each consequent terminal instance
must satisfy at least one predicate in the permitted
specification, formally

ti . . . tj ∈ ψ3 ⇐⇒ ∀k ∈ [i, j] : ∃ρ ∈ ψ3 : ρ(tk)

Obligation Implies Can we stipulate that every278

predicate in a necessary specification is automati-279

cally added to the matching permitted specification.280

Aggregating Specifications is achieved by the281

union ψA ∪ ψB . Intuitively, the necessary speci-282

fication tightens (more predicates to be satisfied),283

and the permitted specification loosens (more pred-284

icates to choose from).285

4.3 Deontic Function 286

A deontic funtion maps a single terminal instance 287

to a token specification. This serves a similar role 288

as functions in recursive descent parsers or IterGen. 289

Invoking unrestricted functions during parsing in- 290

creases both expressiveness and convenience, al- 291

lowing, for example, a query to an external tool or 292

a recursive LLM call during generation. 293

We define the function to take a single termi- 294

nal instance, rather than all antecedent instances to 295

reduce the number of deontic function calls from 296

O(n2) to O(n). We compute each terminal’s de- 297

ontic result once upon completion, then discard 298

the terminal instance – useful for large payloads 299

such as LLM hidden states. Due to the aggrega- 300

tion behavior of necessary and permitted semantics 301

described in section 4.2, taking a single terminal 302

instance often gets the same result specification. 303

4.3.1 Notations of deontic function 304

Concretely, we write a deontic function as a python 305

function that takes a terminal instance and returns 306

a pair of necessary and permitted specifications 307

as a tuple. Given a deontic function, we write 308

2ti or 3ti to indicate the necessary or permitted 309

specification obtained by applying such deontic 310

function to ti. We introduce shorthands: 311

2(ti . . . tj) ≜ 2(ti) ∪2(ti+1) ∪ . . . ∪2(tj) 312

3(ti . . . tj) ≜ 3(ti) ∪3(ti+1) ∪ . . . ∪3(tj) 313

4.4 The Inference Rules 314

Terminal Instance Partitions (F, P,R) Under 315

a CDoT subtree, each terminal instance belongs 316

to one of three partitions. F are free terminal in- 317

stances not under deontic constraints (e.g., keyword 318

SELECT in a SQL query is likely unconstrained). 319

P are the permitted terminal instances under de- 320

ontic constraints and receive permission (3) from 321

the current subtree. R are the remaining terminal 322

instances under deontic constraints, but no permis- 323

sion received from the current subtree (e.g., an 324

invocation of variable from outer scope). 325

Assertion (A(ti . . . tj | ⟨R,F ⟩)) is read as 326

ti . . . tj has property A, conditioned on the termi- 327

nal instances in R ⊆ ti . . . tj receiving permission 328

from ancestors. We say t0 . . . tn is in the language 329

of grammar if and only if START (t0 . . . tn | ∅). 330

4.4.1 Context-Free Rules 331

We rewrite context-free rules into Chomsky normal 332

form to include the deontic condition. 333
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Terminal Rule X → a generates a single termi-334

nal from a non-terminal. Because it is not under335

deontic constraint yet, ti belongs to partition F .336

type(ti) = a

X(ti | ⟨∅, {ti}⟩)
(Terminal)337

Context-free RuleX → A B simply aggregates338

and passes on the deontic condition.339

A(ti . . . tj | ⟨RA, FA⟩) B(tj+1 . . . tk | ⟨RB, FB⟩)
X(ti . . . tk | ⟨RA ∪RB, FA ∪ FB⟩)

(Context-free)340

Since neither rule is conditioned on deontic341

premises nor adds terminals to the R partition,342

CDoT behaves identically to a context-free gram-343

mar in the absence of deontic rules.344

4.4.2 Strict Permitted Rule345

The crux of the problem is defining behavior when346

deontic rules are nested. We begin with a naive but347

useful semantics termed "strict permitted."348

Strict-3 rule requires the consequent to strictly349

satisfy the terminal specification returned by the an-350

tecedent’s deontic function, disregarding any con-351

straints from ancestor rules or rules nested within352

the consequent. As a result, all terminals of conse-353

quent type (b) under the consequent non-terminal354

(B) belong to partition P for parent X , and there-355

fore do not appear in Fx or Rx, as shown in the356

inference rule.357

A(ti . . . tj | ⟨RA, FA⟩) B(tj+1 . . . tk | ⟨RB, FB⟩)
[tj+1 . . . tk]b ∈ 2([ti . . . tj ]a)

[tj+1 . . . tk]b ∈ 3([ti . . . tj ]a)

X(ti . . . tk | ⟨RX , FX⟩)
RX = (RA ∪RB) \ [tj+1 . . . tk]b

FX = (FA ∪ FB) \ [tj+1 . . . tk]b
(Deontic - Strict 3)358

Upon closer examination, one may realize that359

in a system with only context-free and strict-3360

again keepsR = ∅ and never conditions on ⟨R,F ⟩.361

Thus, a CYK-like parser can be easily implemented362

if the entire terminal instance sequence is available.363

However, decidability issues arise when we seek364

to parse incrementally while maintaining the valid-365

prefix property. Because each consequent terminal366

instance can further serve as an antecedent in de-367

scendant subtrees—used as inputs to another deon-368

tic function—the parser must determine whether369

future terminals could yield a terminal specification370

incompatible with the current one.371

4.4.3 Union Permitted Rule 372

Beside tractability, the strict-3 semantic some- 373

times also does not capture desired expressions 374

when we need to aggregate specifications from mul- 375

tiple antecedent subtrees, for example, variables 376

from different scopes. 377

Union-3 rule While keeping the necessary(2) 378

behavior unchanged, we allow subtrees to put termi- 379

nal instances under constraint but defer permission 380

giving to ancestors. This is reflected in removal 381

of 3 condition in the premise and updated RX 382

definition. Notice that we are overloading the \ 383

operator between terminal instance collection and 384

specification, (RB ∪ FB) \3[ti . . . tj ]a ≜ {t | t ∈ 385

[RB ∪ FB]b ∧ t /∈ 3[ti . . . tj ]a}. 386

A(ti . . . tj | ⟨RA, FA⟩) B(tj+1 . . . tk | ⟨RB, FB⟩)
[tj+1 . . . tk]b ∈ 2([ti . . . tj ]a)

X(ti . . . tk | ⟨RX , FX⟩)
RX = RA ∪ (RB ∪ FB \3[ti . . . tj ]a)

FX = (FA ∪ FB) \ [tj+1 . . . tk]b
(Deontic - Union 3) 387

5 Parser 388

Building on past work on GPU accelerated parsers, 389

we construct our parser using two waves of ex- 390

tended Incremental Valiant Recognizers. The detail 391

of parser is shown in appendix C. 392

Parser Behavior The constrainer is complete, 393

meaning is would not falsely deny a valid token. 394

However, due to the decidability issue discussed 395

in section 4.4.2, we only achieve eventual sound- 396

ness: a strict-3 deontic rule instance is pruned only 397

upon its first direct violation. At that point, if the 398

grammar does not provide an alternative path, gen- 399

eration terminates. Our Knight-and-Knave gram- 400

mar (figure 7) demonstrates how to provide such a 401

fallback. This pattern commonly arises when con- 402

straining a thinking trace, where deontic rules are 403

used for early termination of an attempt. 404

Furthermore, under union-3 semantics, consider 405

a prefix where two deontic rule instances satisfy 406

the following conditions: (1) they share at least 407

one potential derivation tree, and (2) each can also 408

belong to derivation trees that exclude the other. In 409

such cases, permission granted in one derivation 410

tree may incorrectly propagate to another, causing 411

cross contamination of permissions and looser than 412
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specified constraint. We demonstrate this behavior413

in appendix B.414

Efficiency By preserving the loop structure of415

incremental Valiant recognizer and only modify416

the constant-time loop body, we achieve O(n2)417

step complexity. Our current implementation is418

CPU bound and the token-to-token time is simi-419

lar to HuggingFace implementation of Llama3 3B420

models. However, an efficient implementation of421

incremental Valiant recognizer steps at around 100422

µs with n = 100 and |GCNF | = 3000 using a423

single stream multiprocessor (out of > 100) on a424

Nvidia H100 GPU.425

6 Experiments and Results426

6.1 Knight and Knave427

Knight and Knave is a logic puzzle where each428

character is either a knight (always tells the truth)429

or a knave (always lies). The task is to infer each430

character’s type from their statements. For exam-431

ple, if Alice says “Alice and Bob have the same432

identity”, and Bob says “Alice is lying”, we must433

deduce that Alice is a knave and Bob is a knight.434

Xie et al. (2024) provides a readily usable dataset435

containing both textual and logical form of puzzles436

with 2-8 characters.437

6.1.1 Preparation: conjunctive normal form438

and unit prop439

Conjunctive Normal Form is a conjunction of440

clauses, each clause being a disjunction of lit-441

erals (a variable or its negation). For example,442

(x1 ∨ ¬x3 ∨ x4) ∧ (¬x1 ∨ x3) ∧ (x1 ∨ x5). An443

arbitrary boolean expression can be converted into444

equalsatisfiable conjunctive normal form efficiently445

via the Tseytin transformation (Tseitin, 1983) with446

a caveat of adding O(n) auxiliary variables.447

Unit Propagation is an algorithm that deduces448

assignments based on committed assignments of449

other literals. It exploits the fact that each clause450

in conjunctive normal form must have at least one451

literal to be true. Therefore, if all but one literal in452

a clause are false, the last remaining literal must453

be true. In the example above, if we assume x1 is454

true, then x3 must also be true, because it is the455

last remaining option to keep the second clause456

satisfied.457

6.1.2 Constrainer Design458

Figure 7 shows the context free grammar we em-459

ploy for the output of the LLM on the Knight and460

Knave problem. It ensures that the model outputs a 461

sequence of guesses. Each guess assigns roles to 462

characters and boolean values to auxiliary variables. 463

The grammar alone will not ensure the desired be- 464

havior, so we add the following deontic rules. 465

To ensure that sufficient_assignment_seq is rec- 466

ognized iff an assignment_seq commits to at 467

least one literal from each clause is, we add the 468

deontic rule: 469

anchor : sufficient_assignment_seq≪ ASSIGNMENT 470
% a t t r : h id de n \ _ p e r m i t t e d 471
def c o r r e c t _ g u e s s ( ) : 472

re turn (2{ "xi| . . . |xj " 473
f o r xi ∨ · · · ∨ xj 474
in i n p u t _ c l a u s e s } , 475

3{ } ) 476

We add a similar rule for constraining 477

contradictory_assignment_seq. 478

To ensure that a REPEATED_ASSIGNMENT is rec- 479

ognized iff it replicates a previous ASSIGNMENT 480

within this guess, we add the deontic rule: 481

anchor : ASSIGNMENT >> assignment_seq_semi_1 482
> repetition_assignment_seq 483
< repeating_assignment 484
≪ REPEATED_ASSIGNMENT 485

def r e p e t i t i o n ( t e r m i n a l ) : 486
re turn (2{} , 3{ t e r m i n a l } ) 487

Deontic rules for implementing the unit propoga- 488

tion algorithm are defined for each xk in the input 489

clauses. We add context-free rules of the form: 490

unit_prop→ x_k_condition semi_2
x_k_assignment

491

We add deontic rules of the form: 492

anchor : x_k_assignment≪ ASSIGNMENT 493
% a t t r : self_sufficient_necessary 494
def x _ k _ c o n d i t i o n ( ) : 495

re turn (2{ "xk " } , 3{ } ) 496

For each input clause c that contains xk, we add a 497

deontic rule: 498

anchor : x_k_condition≪ ASSIGNMENT 499
% a t t r : hidden_permitted 500
def x _ k _ a s s i g n m e n t ( ) : 501

re turn (2{ "NEGATE_LITERAL(xm ) " 502
f o r xm in c i f m ̸= k } , 503

3{ "xm " 504
i f xm exists in any clause 505
and m ̸= k } ) 506

These deontic rules result in the real-time trigger- 507

ing of unit propagation and the real-time detection 508

of good and bad guesses. As the LLM commits to 509

literals, unit propagation will trigger immediately 510

upon conditions being met, and will constrain gen- 511

eration to only entailed literals. Bad guesses will 512

be detected immediately upon their first contradic- 513

tion and generation will be forced to start a new 514
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Model Constrained Unconstrained

Thinking Non-thinking Thinking

512 512 512 2048

Llama-3.2-1B-Instruct 0.52 0.04 0.04 OOM
Llama-3.2-3B-Instruct 0.65 0.13 0.13 OOM
Qwen/Qwen3-0.6B 0.61 0.07 0.07 0.36
Qwen/Qwen3-1.7B 0.69 0.03 0.03 0.55

Table 1: Knight and Knave test: solve rate of con-
strained vs. unconstrained models with 512 or 2048
token limits. Llama-3 models do not have a thinking
switch, but does exhibit chain of thought-like behavior.
Xie et al. (2024) reported 0.14 for Llama-3-8B-instruct
in the same setting.

guess. Good guesses will be detected immediately515

once the formula is solved and generation will be516

immediately terminated.517

6.1.3 Baselines518

We compare against only unconstrained models for519

the lack of alternatives. PiCARD is hard-coded to520

SQL grammar. IterGen can only backtrack an incor-521

rect generation, while our constraints proactively522

forces an assignment once it is fixed. Furthermore,523

it is unclear how many assignments should be back-524

tracked once conflict arises. ChopChop has similar525

backtracking issue and is not publicly released.526

6.1.4 Results527

We set LLMs to solve puzzles in a 0-shot setting.528

Models are provided with both the textual and logi-529

cal forms of the puzzle in the prompt. The results530

are shown in table 1. When the output is limited to531

512 tokens, constrained models achieve about a 50-532

point higher solve rates than non-constrained mod-533

els, and even outperform non-constrained models534

that are allowed to generate 4 times more tokens.535

We also plot the number of output tokens for536

successful (dark) and failed (light) LLM responses537

across constrained (blue) and unconstrained (or-538

ange) Qwen3-1.7B, shown in figure 2. The con-539

strained model shows a skewed distribution, where540

a larger portion of puzzles are solved with lesser541

tokens, and failures don’t show up until around542

512 tokens. (Qualitatively, we observe that at this543

point, the constrained model gets stuck in loops.)544

The non-constrained model forms a flat bell curve545

distribution, and requires many more output tokens546

before starting to solve puzzles.547

We observe that the constrained model can often548

solve the puzzle on the first attempt (figure 3). This549

indicates that the constrainer and LLM are organ-550

Figure 2: Knight and Knave test: token efficiency of
successes (dark) vs failures (light) of constrained (blue)
vs. unconstrained (orange) models. Constrained models
were cut off at 512 tokens, unconstrained at 2048 tokens.

Figure 3: Knight and Knave test: constrained models
solve many problems in the first guess. Notice that the
solve rate at first guess is significantly higher than ran-
dom guess success rate, indicating organic LLM/Con-
strainer collaboration instead of constrainer dominance.

ically collaborating. If the constrainer alone was 551

driving success, we would expect the distribution 552

of guesses to be closer to random uniform, and it 553

would be rare to solve the puzzle on the first guess. 554

When we break down the solve rate by the size of 555

the puzzle as in figure 6 in appendix D, we observe 556

that the constrained models scale much better and 557

still achieve solve rate of around 0.50, in contrast 558

to under 0.20 for non-constrained models. 559

6.2 Text-to-SQL 560

Spider (Yu et al., 2019) is a text-to-sql task, where 561

the model is provided with a database schema and 562

a natural text question, and it is expected to answer 563

the question with an generated SQL query. 564

We finetune an LLM with the constrainer on 565

during both finetuning and inferencing. For the 566

constrainer, we use a grammar extracted from the 567

SQLite source code as the base context-free gram- 568

7



Figure 4: Text-to-SQL test: Execution accuracy of constrained vs non-constrained models over 3 runs and 10
epochs. Row (a) uses selected columns in “SELECT” clause to limit the remaining identifiers to that of databases
containing them. Row (b) additionally constraints the “SELECT” clause to identifiers of all databases. Constrained
decoding helps three of the four models.

mar, then add constraints that allow only identifiers569

that come from databases containing the columns570

in the “SELECT” clause. We also run experiments571

with the additional constraint of limiting identi-572

fiers in the “SELECT” clause to the scope of all573

databases. Formally:574

anchor : ID≫ select_clause>select<from_clause≪ ID575
def a l l o w _ c o n t a i n i n g _ d a t a b a s e ( t e r m i n a l ) :576

re turn (2{} ,577
3{name i f name i s an578

i d e n t i f i e r o f a d a t a b a s e579
c o n t a i n i n g t e r m i n a l } )580

anchor : select_clause≪ ID581
def c o r r e c t _ g u e s s ( ) :582

re turn (2{} ,583
3{name i f name i s a t a b l e or584

column of any d a t a b a s e } )585

For both constrained and unconstrained mod-586

els, we remove tokens from the tokenizer that do587

not align with SQL grammar terminals, such as588

“.Name” and “′);”. LLM performance is known589

to suffer when such tokens are not handled by the590

constrainer (Beurer-Kellner et al., 2024). For the591

unconstrained model, we add the target database592

schema to the model input, so the model has the593

same information on the target database that is594

available to the constrained model.595

The results are shown in figure 4. “Qwen3-596

0.7B” , “Llama-3.2-1B-Instruct”, and “Llama-3.2-597

3B-Instruct” benefit from the constrainer with ei-598

ther constraint configuration. However, “Qwen3- 599

1.7B” does not benefit from the constrainer. 600

Baseline is again restricted to unconstrained 601

models. PiCARD was implemented for T5 and 602

is now defunct. Backtracking systems such as Iter- 603

Gen cannot be used during finetuning for its inabil- 604

ity to produce logit mask, while our system requires 605

finetuning in SQL generation due to token/terminal 606

alignment issue mentioned above. For reference, 607

IterGen reports improvement from 25.5 to 30.9 in 608

accuracy in a non-finetuned Llama-3.2-1B model, 609

while our finetuned model shows similar delta but 610

at a higher starting point in the 40s. 611

7 Conclusion 612

We exploit chart-based parsing to design a novel 613

cross-subtree reference mechanism that achieves 614

mild context-sensitivity. By allowing predicates to 615

be attached to terminals, we expand the expressive- 616

ness. Attaching deontic functions to grammar rules 617

improves both expressiveness and usability. Our 618

parser’s efficiency builds on prior work in GPU- 619

accelerated parsing. 620

We use our formalism to implement the unit 621

propagation algorithm, guiding reasoning traces on 622

Knight-and-Knave puzzles and achieve significant 623

performance gain at reduced token budget. Our 624

constrainer also proves helpful in text-to-SQL. 625
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Limitations626

Although our constrainer is efficient with GPU ac-627

celeration, there are cases where it fails to reject628

incorrect tokens, resulting in constraints that are629

looser than specified. Future work could identify630

restrictions on the underlying grammar or deontic631

functions that guarantee tightness of constraints.632

Additionally, our constrainer has difficulty han-633

dling tokens that span multiple terminals, limiting634

its usefulness in code generation tasks.635
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A Context-Free Grammars and746

Languages747

A context-free grammar (CFG), which is a 4-tuple748

G = (V,Σ, R, S) where:749

• V is a finite set of nonterminal symbols (also750

called variables), which represent syntactic751

categories that can be expanded,752

• Σ is a finite set of terminal symbols, which753

are the basic alphabet symbols that appear in754

the strings of the language, with V ∩ Σ = ∅,755

• R ⊆ V ×(V ∪Σ)∗ is a finite set of production756

rules of the form A → α, where A ∈ V (a757

nonterminal) and α ∈ (V ∪ Σ)∗ (a string of758

terminals and/or nonterminals),759

• S ∈ V is the designated start symbol.760

The language generated byG is defined as L(G) =761

{w ∈ Σ∗ | S ⇒∗ w }, where⇒∗ denotes the re-762

flexive, transitive closure of the single-step deriva-763

tion relation⇒ induced by R. A language L ⊆ Σ∗764

is called context-free if there exists a CFG G such765

that L = L(G).766

B Union-3 Counter Example767

Under union-3 semantics, consider a prefix where768

two deontic rule instances satisfy the following769

conditions: (1) they share at least one potential770

derivation tree, and (2) each can also belong to771

derivation trees that exclude the other. In such772

cases, permission granted in one derivation tree773

may incorrectly propagate to another, causing cross774

contamination of permissions.775

We illustrate this with two examples: one demon-776

strating correct pruning behavior, and one demon-777

strating a failure case.778

t2 t3

A alive (prop. from A2) pruned
A2 alive (t2 ∈ ♢A2) pruned
A3 pruned —
tree 1 alive (t2 ∈ ♢A2) pruned
tree 2 pruned —

Table 2: Case 1 (sound and complete): after committing,
both trees are pruned.

t2 t3

A alive (prop. from A2) alive (prop. from A3)

A2 alive (t2 ∈ ♢A2) pruned
A3 alive (prop. from A4) alive (t3 ∈ ♢A3)
A4 alive (prop. from A3) alive (t3 ∈ ♢A4)
tree 1 alive (t2 ∈ ♢A2) pruned
tree 2 alive alive

tree 3 alive (t2 ∈ ♢A4) alive (t3 ∈ ♢A3)

Table 3: Case 2 (complete but not sound): propagation
keeps some combinations alive that cannot co-occur in
any single grammar-valid tree. Red boxes mark compo-
nents falsely kept alive.

B.1 Case 1: Sound and complete (as strict as 779

specified) 780

Consider trees in figure 5. Assume a grammar 781

allows tree 1 and tree 2, but does not have tree 3. 782

Although node A is used in two separate trees, 783

it does not cause problem. Tree 2 is pruned after 784

committing t2 for lack of permission. Tree 1 is kept 785

alive for having A2, but pruned after committing t3 786

for lack of permission. This is illustrated in table 2. 787

B.2 Case 2: Complete but not sound (looser 788

than specified) 789

Now assume a grammar allows tree 1, tree 2, and 790

tree 3. Tree 1 and tree 2 as we know should have 791

been pruned after committing t2 and t3, but instead 792

tree 2 is incorrectly kept alive. This is because 793

node A is kept alive by being tree 1 and 2, node 794

A3 is kept alive by being in tree 3, collectively all 795

components of tree 2 survives, as shown in table 3 796

ERROR: no tree contains A, A2, and A3. 797

C Parser Details 798

Data Structure (LF[tier, row,X → A B], 799

TIER[row,X]) Chart-like parsers such as 800

CYK use a table indexed by row, column and 801

non-terminal X . The Incremental Valiant rec- 802

ognizer uses the same table with the alternative 803

index tier, row, X , where tier = col + row. 804
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t2 ∈ 3A2, t2 ∈ 3A4

t3 ∈ 3A3

S

A

t0

X2

A2

t1

B

t2 t3, . . .

tree 1

S

A

t0

X3

A3

t1

B

t2 t3 . . .

tree 2

S

A4

t0

X3

A3

t1

B

t2 t3 . . .

tree 3

Figure 5: Three trees used in the counter example (highlighted nodes correspond to the committed constraints).

The CDoT parser inherits the boolean matrix805

TIER[row,X], and the left-foot boolean tensor806

LF[tier, row,X → A B], with the last dimension807

indexed by binarized grammar rules.808

Necessary (2) is enforced by denying the parent809

node from forming until the necessary condition810

is met. In the case that the underlying context-811

free grammar allows a finite number of consequent812

terminals, we assume the prescribed necessary re-813

quirement does not exceed this limit and the LLM814

completes the necessary requirement before the815

limit is exhausted. If this assumption is violated816

and the grammar does not provide an alternative817

path, generation will terminate.818

Permitted (3) enforcement allows an an-819

tecedent non-terminal A instance to be used in820

anchoring grammar rule X → A B until a vio-821

lating consequent terminal instance is committed.822

C.1 Preprocessing823

After a new terminal instance tn is completed, we824

need to find left feet that 1) have all necessary825

conditions fulfilled after accepting tn, 2) can give826

permission to enable tn. This can be achieved827

by simple dynamic programming shown as algo-828

rithm 1. We omit proof for simplicity.829

830 ∀j ≤ FULFILLER[row, col]⇔
[tj . . . tn]b ∈ 2

(
[tcol . . . tcol+row]a

)
ENABLER[row, col]⇔
tn ∈ 3([tcol . . . tcol+row]a)

(1)831

C.2 Commit Wave832

We update the parser for newly formed terminal833

instance tn. We call the persistent state alive left834

foot, LFALIVE
n . This requires a bottom-up and a top-835

down pass that can be run in parallel. The pseudo 836

code can be found as algorithm 2 and algorithm 6. 837

C.3 Probe Wave 838

Probe wave finds all valid next terminal types and 839

confirms each doentic left foot belongs to a deriva- 840

tion that supports current prefix t0 . . . tn. 841

Additionally, to confirm each consequent termi- 842

nal type have a unconstrained path, we run an addi- 843

tional bottom-up incremental Valiant step with set 844

of grammar rules excluding corresponding deontic 845

anchors. If a terminal type has a unconstrained 846

path, the constrainer receive its context-free defini- 847

tion as specification. 848

Shown as algorithm 10 and algorithm 11 849

C.4 Post Processing 850

If a antecedent terminal is under a valid deontic 851

left feet, then ψ3 resulting from the correspond- 852

ing deontic function should be added to enforcer 853

during generation of the consequent terminal (algo- 854

rithm 13). This takes a simple top-down dynamic 855

programming with O(|D| · n2) complexity. 856

D Knight and Knave by Puzzle Size 857

E Knight and Knave Constrainer 858

Grammar 859
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Algorithm 1: Deontic Preprocessing
Input: Terminal sequence t0 . . . tn, deontic rule with antecedent type a and consequent type b, necessary function 2,

permitted function 3

Output: FULFILLED[row, col], ENABLER[row, col]

// Base case: row 0
for col← 0 to n− 1 do

if type(tcol) ̸= a then
FULFILLED[0, col]← +∞ ;
ENABLER[0, col]← false ;

else
J ←

{
j | [tj . . . tn]b ∈ 2(tcol)

}
;

J ← J ∪
{
−∞

}
;

FULFILLED[0, col]← max(J) ;
ENABLER[0, col]← tn ∈ 3tcol ;

// Inductive step:
for row ← 1 to n− 1 do

LFF ← FULFILLED[row−1, :−1];
RFF ← FULFILLED[row−1, 1:];
FULFILLED[row]← min(LFF , RFF );
LEB ← ENABLER[row−1, :−1];
REB ← ENABLER[row−1, 1:];
ENABLER[row]← LEB ∨REB ;

Figure 6: Knight and Knave test: Constrained models outperform unconstrained models across all puzzle sizes.
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Algorithm 2: Commit↑: Computing LFALIVE
n (Bottom-Up)

Input :ENABLER, FULFILLER, LFALIVE
n−1 , FIRST, tn

Output :LFALIVE
n

// Initialization

LFALIVE
n ← false everywhere

PARENTFREE,PARENTCONSTR ← false everywhere
ANCESTORFREE,ANCESTORCONSTR ← false everywhere

// Base Case: row = 0
foreach terminal rule (X → tn) do

PARENTFREE[0, X]← true

foreach V ∈ N do
ANCESTORFREE[0, V ]← PARENTFREE[0, V ]

AddAncestor(ANCESTORFREE[0], FIRST)

// Inductive Step
for rowX ← 1 to n do

for rowB ← 0 to rowX − 1 do
tierA ← n− rowB − 1
rowA ← rowX − rowB − 1
foreach rule (X → A B) do

if ¬LFALIVE
n−1 [tierA, rowA, X → A B] then

continue

Merge↑commit(rowX , rowB, tierA, rowA, X → A B)

AddAncestor(ANCESTORFREE[rowX ], FIRST)
AddAncestor(ANCESTORCONSTR[rowX ], FIRST)

// Finalization: Create new left feet at tier n
for row ← 0 to n do

foreach rule (X → A B) do
LFALIVE

n [n, row , X → A B]← PARENTFREE[row , A] ∨ PARENTCONSTR[row , A]

return LFALIVE
n
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Algorithm 3: Merge↑commit (Context-Free)
Input :rowX , rowB, tierA, rowA, (X → A B) where type(X → A B) = CF

if PARENTFREE[rowB, B] then
PARENTFREE[rowX , X]← true

LFALIVE
n [tierA, rowA, X → A B]← true

if PARENTCONSTR[rowB, B] then
PARENTCONSTR[rowX , X]← true

LFALIVE
n [tierA, rowA, X → A B]← true

if ANCESTORFREE[rowB, B] then
ANCESTORFREE[rowX , X]← true

LFALIVE
n [tierA, rowA, X → A B]← true

if ANCESTORCONSTR[rowB, B] then
ANCESTORCONSTR[rowX , X]← true

LFALIVE
n [tierA, rowA, X → A B]← true

Algorithm 4: Merge↑commit (Strict Permitted)
Input :rowX , rowB, tierA, rowA, (X → A B) where type(X → A B) = STRICT

enabled ← ENABLER[tierA, rowA, X → A B]
fulfilled ← FULFILLER[tierA, rowA, X → A B] ≥ (n− rowB)

// All paths must satisfy 3 at this scope

if enabled ∧
(
ANCESTORFREE[rowB, B] ∨ ANCESTORCONSTR[rowB, B]

)
then

ANCESTORCONSTR[rowX , X]← true

LFALIVE
n [tierA, rowA, X → A B]← true

if enabled ∧ fulfilled ∧
(
PARENTFREE[rowB, B] ∨ PARENTCONSTR[rowB, B]

)
then

PARENTCONSTR[rowX , X]← true

LFALIVE
n [tierA, rowA, X → A B]← true
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Algorithm 5: Merge↑commit (Union Permitted)
Input :rowX , rowB, tierA, rowA, (X → A B) where type(X → A B) = UNION

enabled ← ENABLER[tierA, rowA, X → A B]
fulfilled ← FULFILLER[tierA, rowA, X → A B] ≥ (n− rowB)

// Already permitted: propagate without re-checking

if ANCESTORCONSTR[rowB, B] then
ANCESTORCONSTR[rowX , X]← true

LFALIVE
n [tierA, rowA, X → A B]← true

if PARENTCONSTR[rowB, B] then
PARENTCONSTR[rowX , X]← true

LFALIVE
n [tierA, rowA, X → A B]← true

// Free tn entering deontic scope: check 3

if enabled ∧ ANCESTORFREE[rowB, B] then
ANCESTORCONSTR[rowX , X]← true

LFALIVE
n [tierA, rowA, X → A B]← true

if enabled ∧ fulfilled ∧ PARENTFREE[rowB, B] then
PARENTCONSTR[rowX , X]← true

LFALIVE
n [tierA, rowA, X → A B]← true

Algorithm 6: Commit↓: Computing LFALIVE (Top-Down)

Input: ENABLER, FULFILLER,LFALIVE
n−1 , FIRST, tn

Output: LFALIVE
n

// Initialization

LFALIVE
n ← false everywhere;

CHILDFREE,CHILDCONSTR ← false everywhere;
ANCESTORFREE,ANCESTORCONSTR ← false everywhere;

// Base case: Start symbol at row n
foreach V ∈ Nonterminals do

ANCESTORFREE[n, V ]← (V = S);

ADDDESCENDANT(ANCESTORFREE[n], FIRST);

// Inductive step: top-down
for rowX ← n to 1 do

for rowB ← 0 to rowX − 1 do
tierA ← n− rowB − 1;
rowA ← rowX − rowB − 1;
foreach rule (X → AB) do

if ¬LFALIVE
n−1 [tierA, rowA, X → AB] then continue;

MERGE ↓ (rowX , rowB, tierA, rowA, X → AB);

ADDDESCENDANT(ANCESTORFREE[rowX − 1], FIRST);
ADDDESCENDANT(ANCESTORCONSTR[rowX − 1], FIRST);

return LFALIVE
n ;
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Algorithm 7: Merge↓ (Context-Free)
Input: rowX , rowB, tierA, rowA, (X → AB) where type(X → AB) = CF
if CHILDFREE[rowX , X] then

CHILDFREE[rowB, B]← true;
LFALIVE

n [tierA, rowA, X → AB]← true;

if CHILDCONSTR[rowX , X] then
CHILDCONSTR[rowB, B]← true;
LFALIVE

n [tierA, rowA, X → AB]← true;

if ANCESTORFREE[rowX , X] then
ANCESTORFREE[rowB, B]← true;
LFALIVE

n [tierA, rowA, X → AB]← true;

if ANCESTORCONSTR[rowX , X] then
ANCESTORCONSTR[rowB, B]← true;
LFALIVE

n [tierA, rowA, X → AB]← true;

Algorithm 8: Merge↓ (Strict Permitted)
Input: rowX , rowB, tierA, rowA, (X → AB) where type(X → AB) = STRICT

enabled ← ENABLER[tierA, rowA, X → AB];
fulfilled ← FULFILLER[tierA, rowA, X → AB] ≥ (n− rowB);

// All paths must satisfy 3 at this scope

if enabled ∧
(
ANCESTORFREE[rowX , X] ∨ ANCESTORCONSTR[rowX , X]

)
then

ANCESTORCONSTR[rowB, B]← true;
LFALIVE

n [tierA, rowA, X → AB]← true;

if enabled ∧ fulfilled ∧
(
CHILDFREE[rowX , X] ∨ CHILDCONSTR[rowX , X]

)
then

CHILDCONSTR[rowB, B]← true;
LFALIVE

n [tierA, rowA, X → AB]← true;
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Algorithm 9: Merge↓ (Union Permitted)
Input: rowX , rowB, tierA, rowA, (X → AB) where type(X → AB) = UNION

enabled ← ENABLER[tierA, rowA, X → AB];
fulfilled ← FULFILLER[tierA, rowA, X → AB] ≥ (n− rowB);

// Already constrained: propagate (permission granted below)

if ANCESTORCONSTR[rowX , X] then
ANCESTORCONSTR[rowB, B]← true;
LFALIVE

n [tierA, rowA, X → AB]← true;

if CHILDCONSTR[rowX , X] then
CHILDCONSTR[rowB, B]← true;
LFALIVE

n [tierA, rowA, X → AB]← true;

// Free tn entering deontic scope: check 3, if satisfied → constrained

if enabled ∧ ANCESTORFREE[rowX , X] then
ANCESTORCONSTR[rowB, B]← true;
LFALIVE

n [tierA, rowA, X → AB]← true;

if enabled ∧ fulfilled ∧ CHILDFREE[rowX , X] then
CHILDCONSTR[rowB, B]← true;
LFALIVE

n [tierA, rowA, X → AB]← true;

Algorithm 10: Probe↑
Input: b – hypothetical terminal type at position n; LFALIVE; FIRST
Output: LFREACHABLE↑

ANCESTOR↑[·, ·]← false;
LFREACHABLE↑[·, ·, ·]← false;
foreach terminal rule (V → b) do

ANCESTOR↑[0, V ]← true;

ADDANCESTOR(ANCESTOR↑[0],FIRST);
for rowX ← 1 to n do

for rowB ← 0 to rowX − 1 do
tierA ← n− rowB − 1;
rowA ← rowX − rowB − 1;
foreach rule (X → A B) do

if LFALIVE[tierA, rowA, X → A B] ∧ANCESTOR↑[rowB, B] then
ANCESTOR↑[rowX , X]← true;
LFREACHABLE↑[tierA, rowA, X → A B]← true;

ADDANCESTOR(ANCESTOR↑[rowX ],FIRST);

return LFREACHABLE↑
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Algorithm 11: Probe↓
Input: LFALIVE; FIRST
Output: LFREACHABLE↓

ANCESTOR↓[·, ·]← false;
LFREACHABLE↓[·, ·, ·]← false;
ANCESTORuncon[·, ·, ·]← false; // indexed by [b, row , V ]

ANCESTOR↓[n,START ]← true;
ADDDESCENDANT(ANCESTOR↓[n],FIRST);
foreach deontic consequent terminal b do

ANCESTORuncon[b, n,START ]← true;
ADDDESCENDANT(ANCESTORuncon[b, n],FIRST);

for rowB ← n− 1 to 0 do
for rowX ← rowB + 1 to n do

tierA ← n− rowB − 1;
rowA ← rowX − rowB − 1;
foreach rule (X → A B) do

if LFALIVE[tierA, rowA, X → A B] ∧ANCESTOR↓[rowX , X] then
ANCESTOR↓[rowB, B]← true;
LFREACHABLE↓[tierA, rowA, X → A B]← true;
foreach deontic consequent terminal b do

if (X → A B) is not anchor of any deontic rule with consequent b then
if ANCESTORuncon[b, rowX , X] then

ANCESTORuncon[b, rowB, B]← true;

ADDDESCENDANT(ANCESTOR↓[rowB],FIRST);
foreach deontic consequent terminal b do

ADDDESCENDANT(ANCESTORuncon[b, rowB],FIRST);

return LFREACHABLE↓

Algorithm 12: AddAncestor / AddDescendant

Procedure ADDANCESTOR(cell ,FIRST)
foreach V ∈ Nonterminals do

if ∃W : cell [W ] ∧ FIRST[V,W ] then
cell [V ]← true;

Procedure ADDDESCENDANT(cell ,FIRST)
foreach W ∈ Nonterminals do

if ∃V : cell [V ] ∧ FIRST[V,W ] then
cell [W ]← true;
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Algorithm 13: Collect Permitted Constraints

Input :LFRRA[tier, row, rule] : bool
Input :Terminal sequence t0 . . . tn−1

Input :Deontic rules D
Output :ψ3

b : permitted specification sent to enforcer

LFRRA[tier, row] Reachable↑ ∧ Reachable↓ ∧Alive for each left foot
memo[row, col] true if and only if underneath a RRA left foot
ψ3
b permitted specification for next terminal of type b

for each deontic rule with anchor a≫ A > X < B ≪ b and permitted deontic function 3 do
/* Initialize Memo with RRA */

memo[row, col]← LFRRA[row + col, row, X → A B]

/* Propagate Reachability */
for row← (n− 1) to 0 do

memo[row, :] |= memo[row + 1, :] // vertical (↓)
memo[row, 1:] |= memo[row + 1, : -1] // diagonal (↘)

/* Collect Active Antecedents */
for i← 0 to n− 1 do

if type(ti) = a and memo[0, i] then
ψ3
b ← ψ3

b ∪3(ti)

/* ψ3
b is sent to enforcer */

start → bad_guess∗ good_guess
good_guess → sufficient_assignment_seq semi_3 GOOD_GUESS_TAIL

sufficient_assignment_seq → assignment_seq
bad_guess → contradictory_assignment_seq semi_3 CONTRADICTORY_GUESS_TAIL

| repetition_assignment_seq semi_3 REPETITION_GUESS_TAIL
contradictory_assignment_seq → assignment_seq

repetition_assignment_seq → assignment_seq_semi_1 repeating_assignment
assignment_seq_semi_1 → assignment_seq semi_1

assignment_seq → assignment_seq semi_1 assignment
| GUESS_HEAD assignment
| unit_prop

assignment → ASSIGNMENT
ASSIGNMENT → (NAME "->" KK)

| AUX_VAR
repeating_assignment → REPEATING_ASSIGNMENT

REPEATING_ASSIGNMENT2 → ASSIGNMENT
semi_3 → SEMI_3 "\n"
semi_2 → SEMI_2 "\n"
semi_1 → SEMI_1 "\n"

SEMI_33 → ";"
SEMI_22 → ";"
SEMI_11 → ";"

GUESS_HEAD → "Here is a different and improved guess: {{\n"
GOOD_GUESS_TAIL → "}} «DONE»"

CONTRADICTORY_GUESS_TAIL → "}} contradiction\n\n"
REPETITION_GUESS_TAIL → "}} Bad guess\n\n"

NAME → /(Jacob|Noah|Michael|Liam|Ella|. . . |Ava)/
KK → "knight" | "knave"

Figure 7: Context free grammar for LLM generations in the Knight and Knave problem.
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