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Abstract

Neural network (NN) training is inherently a large-scale matrix optimization problem, yet the
matrix structure of NN parameters has long been overlooked. Recently, the optimizer Muon
(Jordan et al), which explicitly exploits this structure, has gained significant attention for its
strong performance in foundation model training. A key component contributing to Muon’s
success is matrix orthogonalization. In this paper, we propose low-rank orthogonalization,
which performs orthogonalization by leveraging the low-rank nature of gradients during
NN training. Building on this, we introduce low-rank matrix-signed gradient descent
(MSGD) and a low-rank variant of Muon. Numerical experiments demonstrate the superior
performance of low-rank orthogonalization, with low-rank Muon achieving promising results
in GPT-2 and LLaMA pretraining—surpassing the carefully tuned vanilla Muon on tasks
with large model sizes. Theoretically, we establish the iteration complexity of low-rank
MSGD for finding an approximate stationary solution, and the iteration complexity of
low-rank Muon for finding an approximate stochastic stationary solution under heavy-
tailed noise. The code to reproduce our numerical experiments is available at https:
//github.com/dengzhanwang/Low-rank-Muon.

Keywords: Orthogonalization, Muon, foundation model training, iteration complexity, heavy-tailed noise

1 Introduction

Training neural networks (NNs) (LeCun et al., 2015), particularly recent foundation models, has consistently
posed challenging large-scale optimization problems. Over the past decade, NN training has been dominated by
vector-variate optimization methods—including SGD (Bottou, 2010), AdaGrad (Duchi et al., [2011]), RMSprop
(Hinton et al., 2012)), Adadelta (Zeiler, [2012)), Adam (Kingma & Baj, [2015)), and AdamW (Loshchilov & Hutter,
2019). Nonetheless, these methods disregard the inherent matrix structure of NN parameters—such as those
in multi-layer perceptrons (Rosenblatt] [1958)), convolutional layers (LeCun et al., [1989)), and the query, key,
and value projections in attention mechanisms (Vaswani et al.| 2017)).

Recently, a shift has occurred: optimization methods that exploit matrix structure are receiving increasing
attention and have begun to demonstrate strong performance in foundation model training (Jordan et al.;
Pethick et al., [2025). These methods focus on solving the matrix optimization problem:
min X). 1
i f(X) (1)

In particular, Shampoo, as developed in |Anil et al| (2020)); |Gupta et al. (2018), applies left and right
preconditioning matrices and updates them as follows:

XFH = XF (L)Y (RE) T, (2)

where 13, > 0 is the step size, GF € R™*" denotes the (stochastic) gradient of f at X* and L* € Rm*™
and RF € R™"™ are the left and right preconditioning matrices, respectively. Shampoo updates the left and
right preconditioners {L¥} and {R*} using the second-order statistics of the accumulated gradients, similarly
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to AdaGrad, and has shown comparable performance to popular vector-variate optimizers such as Adam
and AdamW on foundation model training. Following Shampoo, other matrix-variate optimizers that use
two-sided preconditioners, such as CASPR (Duvvuri et al [2024) and SOAP (Vyas et al.| [2025), were also
developed. A preconditioned Riemannian gradient descent method was developed in Bian et al.| (2024) for
low-rank matrix recovery, which adopts only the diagonal part of the Shampoo preconditioners. Moreover,
one-sided preconditioned variants of Shampoo were developed in |An et al.| (2025); Xie et al.| (2025).

In addition to Shampoo and its variants, another matrix-variate optimizer, Muon has attracted
significant attention for outperforming standard optimizers such as Adam and AdamW in foundation model

training (Al et al.l [2025). At each iteration, Muon performs the update:

MF = (1-0p_1) M1 +0,1G(X"¢F), XFT = X — numsgn(MF), (3)

where G/(-; &) denotes the stochastic gradient of f(-), and msgn(M*) = U*(V*)T denotes the matrix sign of
MPF, with U* and V* containing the left and right singular vectors of M*, respectively. The matrix sign
computation is often referred to as matrix orthogonalization, because calculating msgn(M) is equivalent to
finding the (semi-)orthogonal matrix closest to M with respect to the Frobenius norm (see, e.g., (Bernstein &/
Proposition 4)). Muon’s empirical success has sparked significant research interest, including
efforts to understand its relationship with other algorithms, establish its convergence guarantees, and propose
new variants (see, e.g.,|An et al. (2025)); Cesistal (2025); |Chen et al.| (2025)); Glentis et al.| (2025); [Kovalev
(2025)); [Lau et al| (2025)); |Li & Hong| (2025); Liu et al| (2025)); Ma et al. (2024); Pethick et al.| (2025); Riabinin
let al.| (2025); Sato et al|(2025); Sfyraki & Wang (2025); [Shen et al|(2025))). A popular interpretation of Muon
is from the perspective of a linear minimization oracle with respect to the spectral norm (e.g., see Bernstein
[& Newhouse| (2024)); |Cesistal (2025)); |Glentis et al.| (2025)); [Kovalev| (2025); [Lau et al.| (2025); Riabinin et al.|
(2025))). That is, the matrix sign computation in (3] can be recast as —msgn(M*) = arg minHA”Sl{(Mk, A},
where || - || denotes spectral norm. Based on this interpretation, algorithmic designs leveraging general
matrix-induced norms || - ||,,—,4 have been discussed in Bernstein & Newhouse| (2024)); |Cesistal (2025)); Glentis|
let al.| (2025)); Riabinin et al.| (2025). In addition, Muon is also connected to earlier algorithms and can be
viewed as a special case of Shampoo, despite not explicitly using preconditioners. As discussed in
by taking LF = G*(G*)T and R* = (G*)TG* in (2)), the Shampoo updates reduce to the matrix-signed
update: X¥+1 = X* — 5, msgn(G*). Furthermore, convergence guarantees for Muon have been extensively
studied (e.g., see An et al. (2025); Chen et al. (2025); Kovalev| (2025)); Li & Hong| (2025); Riabinin et al.|
(2025); Sato et al.| (2025)); [Sfyraki & Wang| (2025); Shen et al|(2025))), and numerous new variants—such as

SWAN (Ma et al., 2024), Scion (Pethick et al., 2025)), Gluon (Riabinin et al., [2025), PolarGrad (Lau et al.
2025), Dion (Ahn & Xu, [2025; Ahn et al.l 2025), and AdaMuon (Si et al., |2025)—have been proposed.

Beyond applying orthogonalization, a key innovation of Muon is its use of a GPU-friendly method—Newton-
Schulz iterations (typically with five steps)—to perform inexact matrix orthogonalization, making it well-suited
for modern foundation model training. In fact, several earlier methods, including spectral gradient descent
(Carlson et al.| 2015abjc) and orthogonalized gradient descent (Tuddenham et all[2022)), have already adopted
SVD-based orthogonalization for matrix optimization problems. However, since SVD is not computationally
efficient on GPUs when training large-scale neural networks, these methods fail to scale to foundation model
training.

Inspired by Muon and its orthogonalization subroutine, we aim to develop a faster and more lightweight
orthogonalization method to further enhance Muon and its variants. Specifically, our design leverages the
widely observed phenomenon that the gradient matrices of NN parameters are often low-rank (see, e.g.,
let al.| (2024); Hu et al|(2022); Malladi et al|(2023); |Zhao et al. (2024)). To exploit this low-rank property, we
propose performing low-rank orthogonalization by incorporating well-known low-rank matrix approximation
techniques (Drineas et al., 2006a; [Halko et al.,|2011)). Our approach first constructs a low-rank projection of
the gradient matrix using QR decomposition on a sketched matrix, and then performs orthogonalization on
the projected matrix by leveraging its structure. Our proposed low-rank orthogonalization offers two main
advantages over existing orthogonalization methods:

1. Computational Efficiency: Traditional orthogonalization can be seen as computing the polar factor
of a given full matrix. To exploit the low-rank property, our low-rank orthogonalization first computes
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the @ factor of a smaller sketched matrix, and then computes the polar factor of a projected matrix
constructed using the @ factor. Since both the QR decomposition and polar decomposition are performed
on much smaller matrices, our low-rank approach enjoys substantial computational savings for large-scale
problems.

2. Noise Robustness: In the presence of noise, singular vectors associated with small singular values
often vary significantly, leading to instability when directly applying orthogonalization to the full matrix.
To circumvent this instability, our low-rank orthogonalization method clips these vectors to eliminate
unreliable estimates, thereby stabilizing the orthogonalization process and yielding a robust estimate of
the matrix sign.

These advantages will be illustrated in detail in Sections [3.1] and [4] Based on low-rank orthogonalization, we
develop low-rank matrix-signed gradient descent (MSGD) and a low-rank variant of Muon. We also establish
their complexity guarantees under mild assumptions.

Our main contributions are highlighted below.

e We propose low-rank orthogonalization that can be readily incorporated into matrix-variate optimization
algorithms such as Muon. It can be efficiently executed on GPUs and serves as a lightweight substitute for
traditional orthogonalization methods that are directly applied to the full matrix, such as Newton-Schulz
iterations.

e Under mild assumptions, we establish the iteration complexity of low-rank MSGD and a low-rank variant
of Muon. To the best of our knowledge, our results provide the first complexity guarantees for a broad
class of inexact Muon-type algorithms, including vanilla Muon, under heavy-tailed noise.

The remainder of this paper is organized as follows. In Section [2] we introduce the notation and assumptions
used throughout the paper. In Section [3] we propose low-rank orthogonalization and, based on it, develop
low-rank MSGD and low-rank Muon. In Section [4] we present numerical results. Finally, we provide the
proofs of the main results in Section

2 Notation and Assumptions

Throughout this paper, we use R™*™ to denote the Euclidean space of m x n real matrices, and Z, to denote
the set of all nonnegative integers. We use || - || to denote the Euclidean norm of a vector or the spectral norm
of a matrix; || - ||« and || - ||r to denote the nuclear norm and the Frobenius norm of a matrix, respectively; and
(-,-) to denote the trace inner product for matrices. For any M € R™*" we use rank(M) to denote its rank,
and [M]y to denote its best rank-k approximation with respect to || - ||[7. We define the matrix sign of any
nonzero matrix M € R™*" as msgn(M) = UVT, where U € R™*" and V € R™*" are column-orthogonal
matrices obtained from the reduced SVD of M. We let g := min{m,n}. In addition, we use O(-) to denote
O(+) with logarithmic factors omitted.

We now make the following assumption throughout this paper.
Assumption 1. (a) There exists a finite fiow such that f(X) > fiow for all X € R™*™,

(b) There exists an L, > 0 such that ||[Vf(X) — Vf(Y)|l« < L || X = Y| for all X, Y € R™*",

Assumption a) is standard. Assumption b) is natural in the analysis of Muon-type algorithms (e.g., see
Chen et al/ (2025); Riabinin et al| (2025); [Shen et al| (2025))). It follows from Assumption [1{b) that

JOY) < F(X)+(VF(X),Y - X) + %HY — X[ VXY e R™™. (4)

We next provide a definition for approximate stationary points of problem .

Definition 1. For any € € (0,1), we say that X € R™*" is an e-nuclear norm stationary point (NSP) of
problem (1)) if it satisfies ||V f(X)||« <€, and that it is an e-stochastic nuclear norm stationary point (SNSP)
of problem (1)) if it satisfies E[||Vf(X)|.] < .
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3 Matrix Optimization with Low-Rank Orthogonalization

In this section, we propose matrix optimization algorithms with low-rank orthogonalization for solving .
In particular, we first propose low-rank orthogonalization in Section Then, we propose low-rank MSGD
in Section [3.2] and a low-rank variant of Muon in Section [3.3

3.1 Low-Rank Orthogonalization

Orthogonalization techniques have attracted increasing attention in recent optimizer designs, as it has shown
strong empirical performance in foundation model training (e.g., see Bernstein & Newhouse, (2024); |Jordan
et al.;|Lau et al|(2025); Tuddenham et al.| (2022))). In this subsection, we develop a low-rank orthogonalization
method, leveraging low-rank matrix approximation techniques, that serves as a lightweight substitute for the
existing orthogonalization subroutines used in matrix-variate optimizers.

Algorithm 1 A Low-Rank Orthogonalization Method

Input: matrix M € R™*"™ rank trial r € Z; N [1, o].

Output: approximate matrix sign Mo € R™*"™.

Draw a Gaussian random matrix G € R"*".

Perform a QR decomposition on MG to obtain a column-orthogonal Q factor Q € R™*".

Return Mo = Qmsgn(QT M). (On GPUs, msgn(Q” M) is recommended to be estimated via Newton-Schulz
iterations.)

Specifically, our low-rank orthogonalization method, presented in Algorithm [T} is based on Gaussian sketching
(Halko et al., |2011)). This method first draws a Gaussian random matrix G € R™*" with r <« p, and
performs a QR decomposition on MG to obtain a column-orthogonal Q factor @ € R™*". Then, it computes
msgn(QT M) € R™™ and returns Mo = Qmsgn(QT M) as a low-rank approximation for msgn(M). As will
be shown in Theorem |1} Mo represents the matrix sign of QQ7 M, which is a low-rank approximation of M.
Its proof is deferred to Section [5.1]

Theorem 1. Consider Algom'thm with inputs M € R™*™ and r € Z4 N[1, 0], where o := min{m,n}. Let
Q € R™*" be generated by Algorithm . Then, for any r, satisfying 2 < r, <r — 2, it holds that

- 1/2
71) 1M — [M]y.,

=Ty —

E[I(T - QQT)MI|r] < (1+ P (5)

Moreover, we have msgn(QQT M) = Qmsgn(QTM).

Remark 1. The relation is adapted from (Halko et al, 2011, Theorem 10.5), where additional guarantees—
such as those involving different matrix norms and high-probability bounds—can also be found. In addition,
low-rank matrix approximation based on column selection (e.g., see Drineas et al.| (2006ajb))) can be used to
develop a low-rank orthogonalization method. However, since its approximation guarantee is more complicated
than that of the Gaussian sketching-based approach, we defer the column-selection-based method to the
supplementary materials.

Next, we illustrate two major advantages of our low-rank orthogonalization method, namely, computational
efficiency and noise robustness, through synthetic experiments on randomly generated matrices.

Computational Efficiency We compare the computation time on GPUs for calculating inexact matrix sign
of high-dimensional matrices using Newton-Schulz iterations, low-rank orthogonalization based on Gaussian
sketching (Algorithm (1) and column selection (see supplementary materials), and truncated SVD.

For each n € {1000, 2000, 5000, 10000}, we generate 50 random matrices M € R™*" | with each entry drawn
from the standard Gaussian distribution. We then apply all competing orthogonalization methods to estimate
msgn(M). We implement Newton-Schulz iterations as provided in Muon (Jordan et al.) with 5 iterations.
For our low-rank orthogonalization methods, we set 7 = 0.1n as the input rank parameter, use command
torch.linalg.qr to compute the Q factor, and apply 5 iterations of Newton-Schulz scheme following Muon
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Figure 1: Left: Comparison of GPU computation time across Newton-Schulz iterations (NS), our low-rank
orthogonalization with Gaussian sketching (GS) and column selection (CS), and truncated SVD (TSVD).
Right: Speedup ratios of our low-rank orthogonalization methods compared to Newton-Schulz iterations.
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Figure 2: Time distribution for low-rank orthogonalization with Gaussian sketching, including the QR
decomposition, the Newton-Schulz iterations for computing the matrix sign, and other computations.

(Jordan et al.) to compute the matrix sign of Q7M. In addition, we use command torch.pca_lowrank to
efficient perform truncated SVD, setting the rank to 0.1n for truncation.

We present a comparison of the computation time on GPUs for all competing methods in Figure [1} and
the time distribution of our low-rank orthogonalization method with Gaussian sketching in Figure 2] From
Figure [T} we observe that our low-rank orthogonalization method significantly reduces computation time
compared to Newton-Schulz iterations and truncated SVD. Although both truncated SVD and our low-rank
orthogonalization exploit low-rank structure for computation, truncated SVD is not well-suited for GPU
environments and is therefore slower than the Newton-Schulz iterations. From Figure [2 we observe that
in our low-rank orthogonalization method with Gaussian sketching, the QR decomposition accounts for
approximately half of the total time, while the Newton-Schulz iterations and other operations (such as
generating Gaussian random matrices and performing matrix multiplications) each make up roughly half of
the remaining time.

Noise Robustness In addition to reducing computation time, our low-rank orthogonalization methods
also produce more robust estimates of the matrix sign for low-rank matrices in the presence of noise. This
robustness is particularly important in foundation model training, where gradients often exhibit low-rank
structure. We now compare the performance of Newton—Schulz iterations and our low-rank methods in
estimating the matrix sign of noisy, low-rank matrices.

For each n € {1000, 2000, 5000, 10000}, we first randomly generate 10 nearly low-rank matrices M € R"*"
following strategy: the top 0.1n singular values are set to 1, the remaining singular values are set to 10~4, and
the singular vectors are randomly generated orthogonal vectors. For each M, we generate 50 noise matrices
N € R"*"_ with each entry drawn from a Gaussian distribution with mean zero and variance o2 € {0.1, 1,10},
and construct noisy matrices My = M + N. We next apply Newton-Schulz iterations, and our low-rank
orthogonalization method based on Gaussian sketching (Algorithm , using an input rank parameter 0.1n, to
estimate msgn(Mpy). For each M, we compute the trace of the empirical covariance matrix of the estimates
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of msgn(My) produced by both Newton-Schulz iterations and Algorithm |1} Both methods are implemented
in the same way as in the above synthetic experiments to illustrate the computational efficiency.
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Figure 3: Comparison of variance levels in matrix sign estimation across Newton-Schulz iterations (NS), and
our low-rank orthogonalization methods using Gaussian sketching (GS), applied to nearly low-rank matrices
in the presence of noise.

Figure [3] presents a comparison of the average trace of the covariance matrices across all competing methods
for matrix sign estimation. From this figure, we observe that, compared to applying the Newton-Schulz
iterations to the full matrix, our low-rank orthogonalization method yields matrix sign estimates that are
significantly less sensitive to noise. This is because singular vectors associated with small singular values are
more sensitive to noise than others, so removing them improves the robustness of the matrix sign computation.
As a result, our low-rank method provides more stable and robust estimates of the matrix sign function,
particularly for nearly low-rank matrices.

3.2 Low-Rank Matrix-Signed Gradient Descent

In this subsection, we propose low-rank MSGD methods, including a fixed-rank variant and a safeguarded
variant with adaptive ranks. Both variants use low-rank orthogonalization as a subroutine.

Algorithm 2 Low-Rank MSGD
Input: starting point X° € R™*" rank parameter r € Z, N [1, ], step sizes {nx} C (0, 00).
for k=0,1,2,... do
Call Algorithm |1 (see Section with (M,r) = (Vf(X¥),r) to obtain an approximate matrix sign
M, such that M% = msgn(MC’S), where MC’S is a low-rank approximation for V f(X%).
Update the next iterate: X*+1 = X* — Mk,
end for

At each iteration k£ > 0, the fixed-rank variant invokes Algorithm [1| to compute Mg = msgn(Mg), where Mg

is a low-rank approximation of V f(X¥). Then, the next iterate X**! is obtained by performing a line search
update from X* along the matrix-signed direction —M(’g. Details of this method are presented in Algorithm

2

The following theorem provides a convergence guarantee for Algorithm [2] whose proof is deferred to Section
0.2l

Theorem 2. Suppose that Assumptzonl 1| holds. Let {(X*, ME)} be the sequence generated by Algomthml
with MY = msgn(Mk) for all k > 0 and step sizes {n.} given by n = (k4 1)"Y2 for all k > 0. Then, it
holds that for all K 2 3,

k
<
0<11c2111} 1{||Vf(X I} < K1/2 Kl/Q

F(X%) = fiow + L1 K2 LIV F(XR) — M|
X)) 1 - Z k+11/2Q ) (6)

where L, is defined in Assumption [1}.
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Remark 2. From Theorem [2| we observe that when {(XF, Mé)} satisfies Zngol IV £(XF) - MSH*(/{ +
1)=/2 = O(1), it holds that ming<p<x_1{||VF(XF)|l.} = O(K~1/2), which matches, up to a logarithmic
factor, the well-established optimal convergence rate for nonconvex optimization (e.g., see |Carmon et al.
(2020)). Moreover, if the gradients {V f(X*)} have low rank when k is sufficiently large (as is often the case
during deep neural network training (Zhao et all |2024))), we can tune the rank parameter r to be close to the
effective rank of the gradients, causing the sequence {||Vf(X*) — M5||*} to remain close to zero.

We next describe a safeguarded low-rank MSGD method with adaptively updated ranks. At each iteration
k > 0, this method invokes Algorithm [1f with (M, r) = (Vf(X%),r)) to obtain M& = msgn(Mg), where Mé
is a low-rank approximation of V f(X*) such that the approximation error satisfies @ Then, the next iterate
Xk+1 ig obtained by performing a line search update from X* along the matrix-signed direction —M%, with
a suitable step size. Details of this method are provided in Algorithm [3]

It is noteworthy that the approximation error in holds for some r; < o because when r; = p, the error
HMé — Vf(X¥)|« is zero. When the matrix is low-rank or has a small effective rank, 7 can be chosen to be
much smaller than p. In practice, one can gradually increase the trial ranks to find 7 such that holds.

Algorithm 3 Safeguarded Low-Rank MSGD

Input: starting point X% € R™*" initial rank trial ro € Zy N [1, ], step sizes {nx} C (0,00), control
errors {dx} C (0,00)
for k=0,1,2,... do

Call Algorithm [1f (see Section with (M,r) = (Vf(X*),7%) to obtain an approximate matrix sign
M such that M} = msgn(Mg) and

IVF(X?) = MG« < . (7)

Update the next iterate: X*+1 = X* —p ME.
end for

The following theorem establishes an iteration complexity of Algorithm [3] whose proof is deferred to Section

Theorem 3. Suppose that Assumption[]] holds. Let fiow and Ly be given in Assumption[d, and define

Ugd = f(XO) _flow+L*+4~ (8)

Let {X*} be generated by Algom'thm@ with inputs {(nk, )} given by ny = 0p = (k+1)"Y2 for all k > 0.
Then, for any € € (0,1), it holds that ming<p<x—1{||Vf(X")||l.} <€ for all K satisfying

K> max{(4Ugd In (ngd))Q,i%}.

€

Remark 3. From Theorem |3] we observe that Algorithm |3| achieves an iteration complexity of (5(6*2) for
finding an e-NSP of . This complexity bound matches, up to a polylogarithmic factor, the lower complexity
bound as established in |Carmon et al.| (2020).

3.3 Low-Rank Muon

In this subsection, we propose a low-rank variant of Muon (Jordan et al.), and analyze its iteration complexity
under heavy-tailed noise.

This method follows a framework similar to Muon (Jordan et al.), but instead of directly computing the
matrix sign of the momentum update, it computes only its low-rank approximation. Specifically, at each
iteration of this method, it first performs a momentum update to generate M* by aggregating stochastic
gradients of f evaluated at X°, ..., X*. Then, Algorithm |1|is invoked to obtain M(’% = msgn(MC]f?)7 where

Mg is a low-rank approximation of V f(X*) such that the approximation error satisfies (10). The next iterate
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X*+1 is obtained by performing a line search update from X* along the matrix-signed direction —Mg with a
suitable step size. Details of this method are given in Algorithm [4

Before analyzing the complexity of Algorithm [4] for computing an approximate solution to , we make the
following heavy-tailed noise assumption regarding the stochastic gradient G(-;¢).

Assumption 2. The stochastic gradient estimator G : R™*™ x = — R™*"™ satisfies
E[G(X;9)] = VA(X), E[|G(X;¢) - VAX)[F] <o

for some o >0 and « € (1,2].

Algorithm 4 Low-Rank Muon
Input: starting point X° € R™*" initial rank trial ro € Z, N [1, o], step sizes {nx} C (0, 00), weighting
parameters {6y} C (0, 1], control errors {é;} C (0, 00).
Initialize: M ! =0,,x, and §_; = 1.
for k=0,1,2,... do
Compute the full-rank search direction:

MP = (1 —0p_1)MF! 46, _,G(X*; ¢F). (9)

Call Algorithm [1f (see Section with (M, r) = (M¥,r)) to obtain an approximate matrix sign M
such that M} = msgn(Mé) and

[MF — M| < 6. (10)
Update the next iterate:
X = XP — e M. (11)

end for

The following theorem establishes the iteration complexity of Algorithm [l whose proof is deferred to Section

b3l
Theorem 4. Suppose that Assumptions [ and[q hold. Let fiow and L, be given in Assumption[l, and o and
a be given in Assumption[d Define

Uin := f(X°) = fiow + 0% + 2L, + 4 + 2(a — 1)(20"/2 /a)®/(@~1) £ 6L + 40°. (12)

Let {X*} be generated by Algom'thm with input parameters {(ny, Or, 6x)} given by ny, = (k+1)~e—1/Ba=2),
0 = (k+1)72/Ga=2) "and &, = (k + 1)~(@=D/Ga=2) for qll k > 0. Then, for any € € (0,1), it holds that
E[|Vf(X*5)|.] < € for all K satisfying

2(3ac — 2)Upn n (2(3a - 2)Umn>> =" 3}

szax{( (a—1)e (v —1)e ’

where Lk is uniformly drawn from {0,..., K — 1}.

Remark 4. From Theorem [] one can observe that Algorithm [] achieves an iteration complexity of
O(e~Ba=2)/(a=1) for finding an e-SNSP of problem (T)), which matches the optimal dependence on € in the
complexity results for vector-variate stochastic first-order methods under heavy-tailed noise (see, e.g., He et al.
(2025); |Zhang et al.| (2020))). To the best of our knowledge, our result is the first to show that the inexact
Muon-type algorithms can achieve an iteration complexity with optimal dependence on € when applied to

matrix-variate optimization under heavy-tailed noise.

4 Numerical Experiments

In this section, we present numerical experiments to evaluate the performance of low-rank Muon (Algorithm
and compare our method with vanilla Muon, AdamW, and SGD. The experiments are conducted on GPT-2
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pretraining (Section and LLaMA pretraining (Section . All experiments are executed on a server
with two NVIDIA A100 GPUs (80 GB). The code to implement the proposed algorithm on these numerical
examples is available at https://github.com/dengzhanwang/Low-rank-Muon|

4.1 GPT-2 Pretraining

In this subsection, we consider pretraining GPT-2 (Radford et al., |2019)), a transformer-based language model.
We experiment with GPT-2 models of sizes 60M, 135M, 350M, and 1B on the same three datasets tested in
the Muon GitHub repository (Jordan et all): FineWeb10B, FineWeb100B, and FineWebEdul0B.

Table 1: Comparison of validation perplexity and computational time for all competing methods on GPT-2
pretraining.

Validation Perplexity Computational Time
Dataset Method I —5oN T T 1350 [ 350M | 1B | GOM | I35M | 350M | 1B
SGDM 48.85 | 48.85 | 31.54 | 27.86 | 2.51e3 | 7.08e3 | 1.20e4 | 2.70e5

AdamW 43.56 | 43.56 | 25.72 | 21.58 | 2.52e3 | 7.08e3 | 1.21e4 | 2.69e5
GalLore 57.61 | 39.59 | 30.87 | 28.58 | 2.73e3 | 7.12e3 | 1.24e4 | 2.76ed
FineWeb10B SOAP 41.32 | 55.37 | 38.45 | 34.58 | 2.56e3 | 7.09e3 | 1.23e4 | 2.73ed

Muon 32.89 | 32.99 | 28.48 | 20.99 | 2.76e3 | 7.57e3 | 1.32e4 | 3.04ed
LR-Muonl00 | 35.21 | 28.83 | 27.32 | 21.70 | 2.69e3 | 7.49e3 | 1.25e4 | 2.90e5
LR-Muon200 | 33.98 | 27.34 | 25.64 | 20.69 | 2.79e3 | 7.54e3 | 1.26e4 | 2.91ed

SGDM 51.48 | 51.48 | 77.50 | 29.75 | 2.69e3 | 7.25e3 | 1.04e4 | 2.52ed
AdamW 43.52 | 43.51 | 27.47 | 23.53 | 2.70e3 | 7.21e3 | 1.05e4 | 2.56e5
GaLore 56.42 | 58.09 | 31.19 | 26.53 | 2.81e3 | 7.31e3 | 1.15e4 | 2.67ed
FineWeb100B SOAP 41.32 | 44.32 | 30.98 | 25.56 | 2.71e3 | 7.23e3 | 1.07e4 | 2.58ed

Muon 34.04 | 33.02 | 32.76 | 20.75 | 2.79e3 | 7.70e3 | 1.19e4 | 3.09e5
LR-Muonl100 | 35.78 | 30.19 | 27.59 | 21.76 | 2.77e3 | 7.62e3 | 1.09e4 | 2.87ed
LR-Muon200 | 34.02 | 28.31 | 25.86 | 20.45 | 2.80e3 | 7.69e3 | 1.10e4 | 2.91e5

SGDM 50.92 | 77.50 | 31.54 | 25.49 | 2.56e3 | 7.09e3 | 1.20e4 | 2.53ed
AdamW 43.56 | 26.45 | 21.01 | 22.45 | 2.59e3 | 7.09e3 | 1.20e4 | 2.56ed
FineWebEdul0B GaLore 69.49 | 39.59 | 57.42 | 37.45 | 2.64e3 | 7.12e3 | 1.24e4 | 2.60ed

SOAP 55.37 | 41.77 | 47.90 | 39.20 | 2.60e3 | 7.11e3 | 1.22e4 | 2.58ed
Muon 32.88 | 23.89 | 22.23 | 19.54 | 2.80e3 | 7.63e3 | 1.33e4 | 3.05e5
LR-Muonl00 | 35.60 | 23.50 | 22.39 | 19.97 | 2.74e3 | 7.53e3 | 1.26e4 | 2.85e5
LR-Muon200 | 33.93 | 22.37 | 20.96 | 18.85 | 2.83e3 | 7.59e3 | 1.29¢4 | 2.87ed

We apply low-rank Muon, Muon, SOAP, GaLore, AdamW, and SGD with momentum (SGDM) for GPT-2
pretraining. We implement two low-rank Muon variants with rank parameters 100 and 200, abbreviated as
LR-Muon100 and LR-Muon200, respectively. Following the experiments in |Jordan et al.| (2024); [Lau et al.
(2025)), we use AdamW to train the embedding and head layers for both Muon and low-rank Muon. We
initialize all methods with the same weights from pretrained GPT-2 models, and terminate all methods after
one training epoch, consisting of 5000 iterations. We compare all methods using validation perplexity, a
standard metric in foundation model training (e.g., Radford et al.| (2019); [Touvron et al.| (2023); |Vaswani
et al. (2017)), which is defined as the exponential of the validation loss and serves to amplify performance
differences. The algorithmic parameters are carefully tuned to suit each method well in terms of computational
performance. More details about the experimental setups, including algorithm and GPT-2 model parameters,
are provided in supplementary materials.

We present a comparison of validation perplexity and computational time in Table I} From this table, we
observe that for GPT-2 with a model size of 60M, our low-rank Muon achieves slightly worse validation
perplexity than full-rank Muon, but performs better than AdamW, SGDM, SOAP, and GaLore. For GPT-2
models with larger sizes, our low-rank Muon achieves better validation perplexity than all other competing
methods. We also observe that the computational time of our low-rank Muon improves upon that of vanilla


https://github.com/dengzhanwang/Low-rank-Muon

Under review as submission to TMLR

135M
T .

" 120 t ¢ 120
> SGDM L \w \"\
2 : ‘
% 100 © AdamW 100 b' 5 100 0

X

s ~ Muon N \..,_N* S
D eof LR-Muon100 | 8o/ ¥ ‘t%: 8 2
5 LR-Muon200 ‘ L s
2 60 60 60 [}
® Galore .«K . P £
-] 'S
2, SOAP o - e | 40
> Midtaaaas, . 2

2 : : : i ; 2 o 20 : : . ‘

0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000 6000

. ln‘ b1 \_ 120
> :i
x 1
» 1 I
FE \ 100 m
g 5 ]
D 80 80 -
o v N coso 2
5 X g
2 601 A% wiss | 60 %
il %% £
T 40f 40 w
s MW

20 0 ; 2 ]

0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000 1000 2000 3000 4000 5000

1 120 4
2
E 100 100 g
e o b 3

80
K] . ;‘k \'”-ki:': 5
c 5) itan w
S o o ol Ex ftae 2
= ]
5 S
= 40l oz | 40 2
> ; scoe £

20 | 20 ! | ; 20 ;

1000 2000 12000 4000 5000 0 1000 2000 %000 4000 5000 1000 2000 qOOO 4000 5000
Iteration Iteration Iteration

Figure 4: Comparison of validation perplexity versus computational time for all competing methods in
training GPT-2 models.

Muon, although all Muon-type methods remain slower than SGDM and AdamW. These observations show
that our low-rank orthogonalization enables obtaining more generalizable GPT-2 models when the model
size is large, but may be less effective for smaller models. In addition, our low-rank orthogonalization saves
computational time compared to orthogonalization by Newton-Schulz iterations, but the gain is not as
significant as those presented in Section [3.1] since the forward and backward passes of neural networks account
for the majority of the computational time.

We plot the convergence behavior of validation perplexity versus training iterations in Figure [4] From this
figure, we observe that for each model size, the competing methods exhibit similar performance patterns
across the three datasets. For the model size of 60M, all Muon-type methods consistently outperform AdamW
and SGDM, while our low-rank Muon performs slightly worse than vanilla Muon. For the 135M model, our
low-rank Muon outperforms vanilla Muon and other training methods. Vanilla Muon performs similarly to
AdamW, and all methods show a large improvement compared to SGDM. For the model size of 350M, our
low-rank Muon has slightly better performance than AdamW, while outperforming Muon and SGDM by a
larger margin. These observations support that our low-rank Muon improves upon vanilla Muon in GPT-2
training and is more effective for models with larger sizes.

4.2 LLaMA Pretraining

In this subsection, we consider pretraining LLaMA (Touvron et all [2023), a transformer-based language
model with a more refined architecture than GPT-2. We experiment with LLaMA models of sizes 60M, 135M,
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350M, and 1B on the same three datasets tested in the Muon GitHub repository (Jordan et al.): FineWeb10B,
FineWeb100B, and FineWebEdul0B.

Table 2: Comparison of validation perplexity and computational time for all competing methods on LLaMA
pretraining.

. Validation Perplexity Computational Time
Dataset Method GOM | 135M | 350M | 1B | GOM | 135M | 350M | 1B
SGDM 94.00 | 86.99 | 86.49 | 44.71 | 2.49e3 | 5.27e3 | 1.20ed | 2.77e5

AdamW 50.61 | 40.17 | 35.76 | 24.14 | 2.46e3 | 5.27e3 | 1.21ed | 2.78eb
GaLore 94.90 | 86.99 | 86.49 | 44.71 | 2.49e3 | 5.27e3 | 1.20e4 | 2.77ed
FineWeb10B SOAP 50.51 | 40.17 | 35.76 | 24.14 | 2.46e3 | 5.27e3 | 1.21ed4 | 2.78ed

Muon 36.68 | 37.96 | 36.43 | 20.99 | 2.59e3 | 5.69e3 | 1.35e4 | 3.18ed
LR-Muonl100 | 37.33 | 34.08 | 33.54 | 21.70 | 2.69e3 | 5.66e3 | 1.28e4 | 2.79e5
LR-Muon200 | 36.05 | 34.37 | 32.37 | 20.69 | 2.70e3 | 5.70e3 | 1.30e4 | 2.91e5

SGDM 81.59 | 77.50 | 87.49 | 37.56 | 2.60e3 | 5.44e3 | 1.05e4 | 2.65ed
AdamW 41.49 | 40.54 | 3547 | 23.89 | 2.61e3 | 5.47e3 | 1.06e4 | 2.69ed
GaLore 598.97 | 45.14 | 37.05 | 35.56 | 2.65e3 | 5.50e3 | 1.09e4 | 2.69ed
FineWeb100B SOAP 55.08 | 52.28 | 47.52 | 43.89 | 2.64e3 | 5.50e3 | 1.07e4 | 2.70ed

Muon 38.49 | 37.66 | 36.66 | 21.76 | 2.58e3 | 5.63e3 | 1.07e4 | 3.16ed
LR-Muonl00 | 37.68 | 34.58 | 33.71 | 22.86 | 2.63e3 | 5.55e3 | 1.10e4 | 2.79e5
LR-Muon200 | 36.26 | 34.20 | 32.73 | 20.98 | 2.75e3 | 5.69e3 | 1.11e4 | 2.88e5

SGDM 82.63 | 73.48 | 73.48 | 47.56 | 2.57e3 | 5.27e3 | 1.20e4 | 2.76ed
AdamW 41.82 | 32.96 | 29.12 | 22.54 | 2.60e3 | 5.29e3 | 1.20e4 | 2.78ed
GaLore 64.04 | 68.13 | 45.13 | 43.56 | 2.57e3 | 5.27e3 | 1.20e4 | 2.76ed
FineWebEdul0B SOAP 40.32 | 28.10 | 27.79 | 24.54 | 2.60e3 | 5.29e3 | 1.20e4 | 2.78eb

Muon 28.57 | 30.72 | 29.47 | 22.67 | 2.68e3 | 5.84e3 | 1.33e4 | 3.25ed
LR-Muonl00 | 30.52 | 27.72 | 27.24 | 21.36 | 2.72e3 | 5.66e3 | 1.24e4 | 2.88e5
LR-Muon200 | 29.29 | 27.65 | 26.87 | 19.54 | 2.81e3 | 5.70e3 | 1.26e4 | 2.98e5

We apply low-rank Muon, Muon, AdamW, GaLore, SOAP and SGD with momentum (SGDM) for pretraining
LLaMA. Similar to Section we implement two versions of low-rank Muon with rank parameters 100 and
200, and we use AdamW to train the embedding and head layers for both Muon and low-rank Muon. We
initialize all methods with the same weights from pretrained LLaMA models, and terminate all methods after
one training epoch, consisting of 5000 iterations. We compare all methods using validation perplexity. The
algorithmic parameters are carefully tuned to suit each method well in terms of computational performance.
More details about the experimental setups, including algorithm and LLaMA model parameters, are provided
in supplementary materials.

We present a comparison of validation perplexity and computational time in Table 2l From this table, we
observe that our low-rank Muon consistently achieves better validation perplexity compared to Muon, GalLore,
and SOAP for the majority of model sizes and tested datasets, while vastly improving upon the validation
perplexity achieved by AdamW and SGDM. We also observe that the computational time of our low-rank
Muon improves upon that of vanilla Muon, though all Muon-type methods remain slower than SGDM and
AdamW. These observations demonstrate that our low-rank orthogonalization produces more generalizable
LLaMA models across all tested model sizes and datasets. Moreover, it reduces computational time compared
to the Newton-Schulz iterations for orthogonalization, although the improvement is less significant than the
gains discussed in Section as most of the computational time is dominated by the forward and backward
passes of the neural networks.

We plot the convergence behavior of validation perplexity versus training iterations in Figure [5] From this
figure, we observe that for the model size of 60M, all Muon-type methods significantly outperforms AdamW
and SGDM, while our low-rank Muon has similar performance compared to the vanilla Muon. For the 135M
and 350M model size, our low-rank Muon significantly outperforms the vanilla Muon and other training
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Figure 5: Comparison of validation perplexity and computational time for all competing methods in training
LLaMA models.

methods. These observations support that our low-rank Muon consistently outperforms all other methods for
training LLaMA models.
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5 Appendix: Proof of the Main Results

In this section, we provide the proofs of our main results presented in Section [ specifically Theorems [] to [4}

We first provide three technical lemmas, whose proofs can be found in (He et al., 2025, Lemmas 1 to 3)
and are therefore omitted here. The next lemma provides an expansion for the a-power of the Frobenius
norm, generalizing the well-known identity |U + V||% = |U||% + 2(U, V) + ||V||% and inequality |U + V||% <
14+ )|UI% + (14 1/c)|[|[V||% for all U,V € R™ ™ and ¢ > 0.

Lemma 1. For all « € (1,2], U,V € R™*" and ¢ > 0, it holds that

IU+VIE < UIE +alUlE(U.V) + 20V, (13)
IU+VIIE < @+ IUlE+ 2+ (a =) e ) V][5 (14)

The next lemma provides an estimation of the partial sums of series.

Lemma 2. Let ((-) be a convex univariate function. Then we have Z?:a ¢(r) < f;fll//s (T)dr for any
integers a,b satisfying [a — 1/2,b+ 1/2] C dom (. Consequently, one has
b ln(b—i—%)—ln(a—%) if =1,
S ) () )
r=a 2 -5 2 Zfﬁ>0,ﬁ7é1

We next provide a lemma that will be used to derive complexity bounds for our methods.

Lemma 3. Let B € (0,1) and u € (0,1/e) be given. Then, v="Inv < 2u/B holds for all v > (u="In(1/u))'/?.

We next establish a descent property for f along a matrix-signed direction.

Lemma 4. Suppose that Assumption |1 holds. Let X, M € R™ "™ and n > 0 be given, and let XT =
X — nmsgn(M). Then we have

L*n2
2 )

FXT) < F(X) =l VX))l + 20|V F(X) = M| + (16)

where L, is given in Assumption .

Proof. By the definition of the matrix-sign function, one has ||msgn(M)|| < 1, and (M, msgn(M)) = || M.
It then follows from these and with Y = X that

FIXT) < fF(X)+(VFX), XT - X) + %HX+ — X

= FX) 4 (M, X = X) 4+ (VF(X) M X* = X)+ 2t - X

2

< (X)) = (M, msgn(M)) + ||V f(X) — M| |[msgn(M)]| +

L.n?
< FOX) =M. + 9]V £(X) = M.+ =55

L,
o lmsgn (M)

Lw2
2 b

< J(X) =allVFXN« + 29IV F(X) = M|l +

where the second inequality is due to X* = X — nmsgn(M) and the trace Holder inequality, the third
inequality is due to |[msgn(M)| < 1 and (M, msgn(M)) = || M]||., and the last inequality follows from the
triangular inequality. Hence, the conclusion holds as desired. O
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5.1 Proof of the Main Results in Section [3.1]

In this subsection, we prove Theorem

Proof of Theorem [1l The proof of can be found in (Halko et al., 2011, Theorem 10.5). Next, we prove
msgn(QQT M) = Qmsgn(QTM). Let QTM = UgXVT be the reduced SVD of QT M, where Ug and V have
orthogonal columns, and X is diagonal. Denote U = QUg. Since @ and Ug have orthogonal columns, we
obtain that U also has orthogonal columns. Thus, QQ7T M = UXVT represents a reduced SVD of QQT M.
Therefore, we have msgn(QQTM) = UVT = QUoVT = Qmsgn(QT M). O

5.2 Proof of the Main Results in Section

In this subsection, we give proofs of Theorems [2] and

Proof of Theorem[2 Recall from Algorithm [2| that Mg = msgn(Mé) for all £k > 0. Using this and
Lemmawith (X, X+, M,n) = (Xk,Xk‘H,Mé,nk), we obtain that for all £ > 0,

L*n,%
5

Summing over k=0,..., K —1 and using f(X%) > fiow, we obtain that for all K > 1,

FXEHY) < F(XF) = m

VX |+ 20k IV F(XF) = MG + (17)

5

K—1 K-1 2
fiow < FOX) 'S X0 =i S IVFO+ Y (2l 970~ Mbl+ 25E), 1s)
k=0 k=0

where the last inequality is due to and the fact that {n;} is nonincreasing. Rearranging this inequality
and using 7, = (k +1)~1/2 for all k > 0, we obtain that for all K > 3,

L.ng
L o, @ S~ fiw |, Ziso o (2ml V(%) - M+ )
Ivsec, < 22 -
=0 NK-1 NK-1
K—1 (2Vf(XF)—Mf]| L.
_ F(X?) = fiow k=0 < D 2(k+1))
K1/2 + K1/2
K—1 IVA(X*)—ME|.
FX) — fiow+ LK | 220 G
- K1/2 K1/2 ?
where the last inequality follows from ZkK:_Ol 1/(k+1) <In(2K +1) < 2InK for all K > 3 due to (15).
Hence, the conclusion @ holds as desired. O

Proof of Theorem[3 Using , , the definition of {(n,dx)}, and the same arguments as for proving
@, we obtain that for all K > 3,

min {||Vf(Xk)||}<(f(XO)—f10W+L*)1nK 9 Kol

0<k<K-—1 - K1/2 K1/2 pard 1/2

(F(X0) = fow + LMK 2 Z
K1/2 K1/2 k+1

(F(X9) = fiow + L +2)In K (§ Ugdan
K1/2 - K2

where the last inequality follows from 4" 1/(k 4+ 1) < In(2K +1) < 2In K for all K > 3 due to (I5). In
addition, by Lemma [3| with (8, u,v) = (1/2,€/(4Uga), K), one can see that

K '2InK < Uid VK > (ngdln (ngd))2
g

< (19)

17
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which along with implies that Theorem [3| holds.

5.3 Proof of the Main Results in Section [3.3]

In this subsection, we begin by establishing some technical lemmas and use them to prove Theorems [l For
convenience, we define a sequence of potentials for Algorithm [ as follows:

P = f(X*) 4+ pi [ VF(XF) = M¥|g k>0, (20)

where the sequence {(X*, M*)} is generated by Algorithm 4} and {p;} is a sequence of positive scalars that
will be specified separately later. The following lemma presents a recurrence relation for the estimation error
of the gradient estimators {M*} generated by Algorithm

Lemma 5. Suppose that Assumptions and@ hold. Let {(X*, M*)} be generated by Algom'thm with input
parameters {(nk, 0x)}. Then we have for all k > 0,

Ege [|M*F = VAXM 2] < (1= 00) | M* = VAXP)|3 + 3LI0, ™0 + 20707, (21)

where L, is given in Assumption[d], and o and « are given in Assumption [

Proof. Fix any k > 0. It follows from @ that

Mk+1 _ Vf(xk+1)

(1= 0)(M* = V(XF) + VF(XF) = VAXI) + 0,(GXFT e - vpxHh) (22)

In addition, we observe from that M% = msgm(Mg)7 which along with implies that || X*+! — X*|| =
Nk [msgn(ME)|| < m. Also, it follows from Assumption [1| that Eeer [G(XFH e5H1) — VF(XFH)] = 0,
Egen [|GX*1 M) — V(XM 3] < 0%, and [Vf(XF) = VA(X)||p < [VA(XF) = VXYL <
L,n. Using these, , , and , we obtain that for all ¢ > 0,

Eger [||[MEF — V(X)) 3]

Ege[[|(1 = 0)(M* = VF(X5)) + (1 = 0)(VA(XP) = VAX) + 0 (GXMTH ) = V()15
k k k k+1

< I =0 (MY = VAXT)) + (1= 0:)(VFAXT) = VAXT)IE

2B [[| 05 (G(XFHY 51 — (X)) 1%

@
< (L)1 = 00) MY = VX G+ LE2 + (0= 1)* e ™) (1 = 0) g + 20767, (23)

where the first inequality follows from and Eger [G(XFTL €FF1)] = VF(XF1), the second inequality is
due to (), Egeon [[GOXH €501) — TIOXH)6] < 0%, and [V £(XF) — V(X)) p < L,

When 0, =1, clearly holds. For 6, € (0,1), letting ¢ = (1 — ;)= — 1 in , and using the fact that
a € (1,2], we have

= (=00 =) = (g - D7 < (e ey D)7 < (- Do),

where the first inequality follows from (1 —7)? <1 — 37 for all 7 € (—o0,1) and 3 € [0, 1]. Combining this
inequality with , one has

Eger [ M = VAXM 2] < (1= )| M* = VAXF)§ + LE(2 + 6,7) (1 = )i + 20767,

which along with ), € (0,1] and « € (1, 2] implies that holds as desired. O

The following lemma establishes a descent property for the potential sequence {Py} defined below.

18
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Lemma 6. Suppose that Assumptions and hold. Let {(X*, M*)} be generated by Algorithm |4 with
input parameters {(ng, Ok, k) }, L« be given in Assumption |1, o and o be given in Assumption |4, and
0 :=max{m,n}, and let {Py} be defined in for {(X*, M*)} and any nonincreasing positive sequence
{px}. Then, it holds that for all k >0,

L.? (o —1)(20Y%n)/(e=1)
Eerss [Prst] < P — mil| VL) o+ 2 + —ok 4 ( )27 ")

apl—a a apo
2 e/ (@=1) (g pp)1/(@=1) +3L30, “nipr + 20°0; .

(24)

Proof. Fix any k > 0. Recall from that M} = msgn(Mg) and || M* — MéH* < 6. Using these and
with (X, X, M,n) = (X’H‘l,Xk,Mg,nk), we obtain that

L.n?
FOXFEN) < FXF) = i | VAP + 20l VF(XF) — MG+ 2’7’“
2
< FXF) =l VF(XP) e + 200 |V F(XF) — M| + 20105 + Lot (25)

2
Combining this with and , we obtain that

(20) «a
B B [F(XFY) + pu |5 (XH) = M)

(21 (25) f

Egr+1 [Prt1]

XP) =il [VF X))+ 20l VF(XF) = M¥[la A+ (1= 0)presa [|M* = VF(XP)I%

L.n?
+ 2’(]k(5k + T]k

+ 3L39i_a7713pk+1 + 20%0% pr+1

< FXF) = e VA e+ 200 2V F(XF) = M| e+ (1= 60)pi|| M* =V f(X5) |13

L*n,%

+ 200k + + 3L80, “nipr + 200y, (26)

where the second inequality follows from ||U||. < o'/2|U||r for all U € R™*™, and the fact that {py} is
nonincreasing. In addition, letting o/ = a/(a — 1) and using the Young’s inequality, we obtain that

« 291/277k o
(abrpr) /(| V £ (X*) — M*| p (abxpi) /™
2nkQ1/2||Vf(Xk) _ MkHF < ( - ) + ( kP;/ )

(Oé _ 1)(291/2nk)a/(o¢—1)

_ ky ko
= Ocpr ||V f(X") = MP[|E + ac/(@=1) (g p)t/(@=1)

This along with implies that
Eexr [Pryr] < FXP) + ol VF(XF) = MP)|5 = e[V F(XF)]]

Lo | (a=1)(20" ) D e o oo
+ 20,0k + 5 + 0o @) () /@D +3L0, “nipk + 20705 py.
The conclusion then follows from this and . O

We are now ready to prove Theorem [4]

Proof of Theorem [f] Let {(X*, M*)} be generated by Algorithm |4 with the definition of {(n,0)}, and
{Pr} be defined in with such {(X*, M*)} and the following {py }:

Pe = (k + 1)(a2—3a+2)/(3a—2) vk > 0. (27)

Since a € (1, 2], one can see that {py} is nonincreasing. Also, observe from the definition of {(ny,0;)} that
{ne} € (0,1] and {6x} C (0,1]. Hence, {(n, Ok, pr)} satisfies the assumptions in Lemma [6| and Algorithm
In addition, by and , one has that

E[Po] = f(X°) + E[IG(X% ") = VAX)5] < f(X) + 07, (28)
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E[Px] > E[f(X")] > fiow. (29)

Taking expectation on both sides of with respect to {£}¥1 ) we have for all k > 0,

Lap | (a—1)(20" )/ @~V
2 aa/(a—l)(gkpk>l/(a—1)

E[Pry1] < E[Pi] — me B[V £ (X*)|l.] + 27105 +
+3L20, " “niipr + 200 py,.

Summing up this inequality over £ =0,..., K — 1, and using and , we obtain that for all K > 1,

', K-—1 .
fow < E[Px] <E[Po] = Y mE[[|VF(X")].]
k=0
e _ 1/2, ya/(a—1)
Lai | (a—1)(20"nk) o o .
+ kz—o (277]“5’“+ + a2/ (@=1) (G py) L/ (@=1) +3L30, “nipe + 20 9kpk> (30)
23) K—-1
< FXO) 0% —nro1 Y E[IVAXP)]]
k=0
e 2 _ 12, ya/(a—1)
k (o = 1) (20" *n.) wla o .
> (20 L T (G SO b+ 20 o). (31)

where the last inequality follows from and the fact that {n} is nonincreasing. Rearranging the terms in
, and using the definition of {(n, Ok, dx)}, , and , we obtain that for all K > 3,

K—-1 )
% > E[IVAXH).] F(X°) = fiow+o
k=0

Knk-1
p a—1)(201/2 /q)o/(a=1) po/ (a=1) Ko N
Zk 0 (27lk5k+ ng (a1 Q(ek;kgl/mfl)nk ) k:()l (3L Bl pep, + 20 9kpk>
+
K1 Knk—1
L, _ o 1/2 7o ye/ (a=1) aLgga
f(XO) - flow + o Zk 0 2(k+1) 2(2a—-1)/(3a—2) 5:01 2+( 1)(2¢ /k)+1 +3L5+2
T K(a=1)/(3a-2) K(a—1)/(3a—2) @1/ (3a—2)
UK
— K(a=1)/(3a=2)’

where the second inequality follows from 2115;01 1/(k+1) <2In K due to and K > 3, and Zf;ol 1/(k+
1)2(2a=1)/Ba=2) < (3¢ — 2)20/Ba=2) /o < 4 due to and (3a —2)/a € (1,2]. Recall that tx is uniformly
selected from {0,..., K — 1}. It then follows from this and the above inequality that for all K > 3,

. UpnIn K
E[[VA(X)[.] < K@ D/Ga2) (32)

In addition, by Lemma [3| with (3, u,v) = ((a — 1)/(3a — 2), (v — 1)€/(2(3ct — 2)Upnn ), K ), one can see that

— — (Ba—2)/(a—1)
K—(a—l)/(3a—2) In K < VI > (2(3a Q)Umn In (2(30& 2)Umn>) ’
mn (CV - 1)6 (Oé — 1)6
which together with implies that Theorem [4 holds. O
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