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Abstract

Transformers can efficiently learn in-context from example demonstrations. Most
existing theoretical analyses studied the in-context learning (ICL) ability of trans-
formers for linear function classes, where it is typically shown that the minimizer
of the pretraining loss implements one gradient descent step on the least squares
objective. However, this simplified linear setting arguably does not demonstrate the
statistical efficiency of ICL, since the pretrained transformer does not outperform
directly solving linear regression on the test prompt. In this paper, we study ICL
of a nonlinear function class via transformer with nonlinear MLP layer: given a
class of single-index target functions f.(x) = o.((x, 3)), where the index features
B e R< are drawn from a r-dimensional subspace, we show that a nonlinear trans-
former optimized by gradient descent (with a pretraining sample complexity that
depends on the information exponent of the link functions o) learns f, in-context
with a prompt length that only depends on the dimension of the distribution of
target functions ; in contrast, any algorithm that directly learns f, on test prompt
yields a statistical complexity that scales with the ambient dimension d. Our result
highlights the adaptivity of the pretrained transformer to low-dimensional struc-
tures of the function class, which enables sample-efficient ICL that outperforms
estimators that only have access to the in-context data.

1 Introduction

Pretrained transformers [VSPT17] possess the remarkable ability of in-context learning (ICL)
[BMR*20], whereby the model constructs a predictor from a prompt sequence consisting of pairs of
labeled examples without updating any parameters. A common explanation is that the trained trans-
former can implement a learning algorithm, such as gradient descent on the in-context examples, in
its forward pass [HYMM ™19, DSD*22, VONR*23]. Such explanation has been empirically studied
in synthetic tasks such as linear regression [GTLV22, ASA™22], which has motivated theoretical
analyses of the statistical and computational complexity of ICL in learning simple function classes.

Many recent theoretical works on ICL focus on learning the function class of linear models using
linear transformers trained via empirical risk minimization. In this setting, it can be shown that
minima of the pretraining loss implements one (preconditioned) gradient descent step on the least
squares objective computed on the test prompt [ZFB23, ACDS23, MHM?23]. This implies that the
forward pass of the pretrained transformer can learn linear targets with n 2> d in-context examples,
hence matching the sample complexity of linear regression on the test prompt. Subsequent works
also studied how the distribution and “diversity” of pretrained tasks affect the ICL solution in similar
problem settings [WZC123, RPCG23, ZWB24, LLZV+24].
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The motivation of our work is the observation that the simple setting of learning linear models with
linear transformers does not fully capture the statistical efficiency and adaptivity of ICL. Specifically,

* A linear transformer has limited expressivity and hence only implements simple operations in
the forward pass, such as one gradient step for least squares regression. This limits the class of
algorithms that can be executed in-context, and consequently, the pretrained transformer cannot
outperform directly solving linear regression on the test prompt. We therefore ask the question:

With the aid of MLP layer, can a pretrained transformer learn a nonlinear function class in-context,
and outperform baseline algorithms that only have access to the test prompt?

* A key feature of ICL is the adaptivity to structure of the learning problem. For example, [GTLV22]
empirically showed that transformers can match the performance of either ridge regression or
LASSO, depending on parameter sparsity of the target class; [RPCG23] observed that transformers
transitions from a weighted-sum estimator to ridge regression as the number of pretraining tasks
increases. Such adaptivity enables the pretrained model to outperform algorithms that only have
access to the test prompt, which cannot take into account the “prior” distribution of target functions.
Hence a natural question to ask is

Can a pretrained transformer adapt to certain structures of the target function class,
and how does such adaptivity contribute to the statistical efficiency of ICL?

1.1 Our Contributions
1.1.1 Function Class: Gaussian Single-index Models

To address the above questions, we study the in-context learning of arguably the simplest nonlinear
extension of linear regression where a nonlinearity is applied to the response. Specifically, we consider
the following class of single-index target functions, where the ¢-th pretraining task is constructed as

iid.
b xh, .zl 'R 0,15), vy =ol({x,B") +<l, (1.1)

where o : R — R is the unknown link function, and 3* € R is the index feature vector which is
drawn from some fixed r-dimensional subspace for some r < d. The task is to learn this input-output
relation by reading the context (1, y1,...,Zn,yn) and predict the output corresponding to the
query x (See Section 2 for details). This problem setting is based on the following considerations.

* Nonlinearity of function class. Due to the nonlinear link function, single-index targets cannot
be learned by linear transformers. For this class of functions, the statistical efficiency of simple
algorithms has been extensively studied: given a link function with degree P and information
exponent () (defined as the index of the smallest non-zero coefficient in the Hermite expansion),
we know that kernel methods require at least n. > d” samples [GMMM21, DWY21], whereas two-
layer neural network trained by gradient descent can achieve better sample complexity n > d®@
[BAGJ21, BBSS22]. Hence these algorithms, if directly applied to the test prompt, require a
context length polynomial in the ambient dimensionality d, which arguably deviates from practical
settings of ICL where the pretrained transformer learns from a few in-context examples which may
come from high dimensional data space. These algorithms serve as a baseline for comparing the
statistical efficiency of ICL.

* Two types of low-dimensional structures. Prior works on gradient-based feature learning high-

lights the adaptivity of neural network to low-dimensional functions, i.e., single-index model
o.({x;, 3)) that depends on one direction (index features) 3 in RY [AAM22, BES+22, BMZ23].
In such setting, the complexity of gradient descent is dominated by the search for direction
B € R, the difficulty of which can be characterized by various computational lower bounds
[DLS22, AAM23, DPVLB24].
Importantly, our pretraining problem setup introduces another notion of low dimensionality: the
“distribution” of target functions is low-dimensional, since the index features for each task 3, are
drawn from a rank-r subspace. This low-dimensionality of function class cannot be exploited
by any algorithms that directly estimate the target function from test prompt, but as we will see,
transformers can adapt to this additional structure via gradient-based pretraining, which reduces
the search problem (for the index features (3) to r-dimensional in the in-context phase. Therefore,
when r < d, we expect pretrained transformers to outperform baseline algorithms on the in-context
examples (kernel methods, neural network, etc.).



Empirical observations. We pretrain a GPT-2 model

[RWCT19] (with the same configurations as the in- 10° K:::z"'9""v""”"'v'_""@f-'--“é.'_A’.'(‘;"-im., 2
context linear regression setting in [GTLV22]) to learn e, N e,
the Gaussian single-index task (1.1) with degree-3 link & “e @,
function, and compare its in-context sample complexity g [

against baseline algorithms (see Section 4 for details). T 10-2 '\

In Figure 1 we observe that the pretrained transformer g '_'f'_ Zf ;g ‘b\

achieves low prediction risk using fewer in-context ex- ~ Kernel N,

amples than two baseline algorithms: kernel ridge re- —— two-layer NN *“&h‘
gression, and neural network trained by gradient descent. 10-2| — pretrained TF 8=
Moreover, we observe that unlike the baseline methods, 10! 102

. . . in-context sample size N*
Transformer achieves an in-context sample complexity

(almost) independent of the ambient dimensionality d. Figure 1: In-context generalization error (with

standard deviation) of kernel ridge regression,
The goal of this work is to rigorously establish a d- neural network + gradient descent, and pre-
independent in-context sample complexity in an ideal- trained transformer. The target function is a
ized theoretical setting for a shallow transformer opti- Polynomial single-index model. We fix r = 8
mized via gradient-based pretraining. and vary d = 16, 32.

1.1.2 Main Result: Learning Single-index Models In-Context

We characterize the sample complexity of learning (1.1) in-context, using a nonlinear transformer
optimized by gradient descent. Each single-index task is specified by an unknown index feature
vector 3 € R< drawn from some r-dimensional subspace, and a link function o, with degree P and
information exponent () < P; we allow the degree and information exponent to vary across tasks,
to model the scenario where the difficult of pretraining tasks may differ. We show that pretraining
of the nonlinear MLP layer can extract the low-dimensional structure of the function class, and the
attention layer efficiently approximates the nonlinear link function. Our main theorem upper bounds
the in-context generalization error of the pretrained transformer.

Theorem (Informal). Let f : (x1,y1,...,ZN, YN, Z) — y be a transformer with nonlinear MLP
layer pretrained with gradient descent (Algorithm 1) on the single-index regression task (1.1). With
probability at least 0.99, the model f achieves in-context prediction risk E| f (x) — fi(x)|—7 = 04(1),
where T is the noise level, if the number of pretraining tasks T, the number of training examples N,
the test prompt length N*, and the network width m satisfy (we omit polylogarithmic factors)

T>d%Q, NT>T>d°@ N*>9F) > 00

pretraining inference approximation

where Q, P are the information exponent and the highest degree of link functions, respectively.

To the best of our knowledge, this is the first end-to-end optimization and statistical guarantee for
in-context regression of this nonlinear function class. We make the following remarks.

* The required sample size for pretraining T', N scale with the ambient dimensionality d. In particular,
the number of pretraining tasks 7" is parallel to the complexity of learning a single-index model
with information exponent () using a two-layer neural network. On the other hand, the sample
complexity for the in-context phase only depends on the dimensionality of the function class r < d.

* Note that any estimator that only has access to the in-context examples requires n. = d samples
to learn the single-index model, as suggested by the information theoretic lower bound (e.g., see
[MM18, BKM™*19]). Therefore, when r < d, we see a separation between pretrained transformer
and algorithms that directly learn from the test prompt, such as linear/kernel regression and neural
network + gradient descent. This highlights the adaptivity (via pretraining) of transformers to
low-dimensional structures of the target function class.

e Our analysis of pretraining reveals the following mechanism analogous to [GHM ™23]: the nonlinear
MLP layer extract useful features and adapt to the low-dimensionality of the function class, whereas
the attention layer performs in-context function approximation on top of the learned features.

1.2 Related Works

Theory of in-context learning. Many recent works studied the in-context learning ability of
transformers trained by gradient descent. [ZFB23, ACDS23, MHM23, WZC+23, ZWB24] studied



the training of linear transformer models to learn linear target functions in-context by implementing
one gradient descent step in the forward pass. Similar optimization results have been established
for looped linear transformers [GSR*24], transformers with SoftMax attention [HCL23, NDL24,
CSWY24a, CSWY24b] or nonlinear MLP layer [KS24, LWL ™24]. Our problem setting resembles
[KS24], where a nonlinear MLP block is used to extract features, followed by a linear attention
layer; the main difference is that we establish end-to-end guarantees on the optimization and sample
complexity for learning a concrete nonlinear function class, whereas [KS24] focused on convergence
of optimization. [CCS23] showed that transformers can learn nonlinear functions in-context via a
functional gradient mechanism, but no statistical and optimization guarantees were given. If we do
not take gradient-based optimization into account, the function class that can be implemented in-
context by transformers has been characterized in many prior works [BCW 123, GHM ™23, ZZYW23,
JLLVR24, SGS™*24, KNS24]. These results typically aim to encode specific algorithms (LASSO,
gradient descent, etc.) in the forward pass or directly analyze the Bayes-optimal estimator.

Gradient-based learning of low-dimensional functions. The complexity of learning low-
dimensional functions with neural network has been extensively studied in the feature learning
theory literature. Typical target functions include single-index models [BAGJ21, BEST22, BBSS22,
MHPG*23, DNGL23, BES™23] and multi-index models [DLS22, AAM22, AAM23, BBPV23].
While a shallow neural network can efficiently approximate such low-dimensional functions, the effi-
ciency of gradient-based training is governed by properties of the nonlinearity o*. In the single-index
setting, prior works established a sufficient sample size n > d®), where K € N is the infor-
mation exponent for algorithms utilizing correlational information [BAGJ21, BBSS22, DNGL23,
MHWSE23], or the generative exponent for algorithms that employ suitable label transformations
[DPVLB24, LOSW24, ADK ™24, JMS24]. Moreover, n < d samples are information theoretically
necessary without additional structural assumptions; this entails that estimators that only access the
test prompt inevitably pay a sample size that scales with the ambient dimensionality. As we will see,
pretrained transformers can avoid this “curse of dimensionality” by exploiting the low-dimensionality
of the task distribution. Low-dimensional structure of the function class similar to our setting has
been assumed to study the efficiency of transfer learning [DLS22] and multi-task learning [CHS23].

2 Problem Setting

Notations. || - || denotes the /5 norm for vectors and the 5 — ¢5 operator norm for matrices. For a
vector w, we use W, for a < b to denote the vector [wq, wWqt1, . - ,wb]T. 1, denotes the all-one
vector of size N. The indicator function of A is denoted by I 4. Let IV be a nonnegative integer; then
[N] denotes the set {n € Z | 1 < n < N}. For a nonnegative integer ¢, the i-th Hermite polynomial
. 22 i —22 . . . . .
is defined as He;(z) = (—1)"ez (fzi ez . For aset .S, Unif(S) denotes the uniform distribution
over S. We denote the unit sphere {z € R? | ||z = 1} by S¥~1. O(-), Q(-) represent O(-) and (+)
notations where polylogarithmic terms are hidden. We write a < b when there exists a constant ¢
such that a < cb. If both a < b and b < a holds, we write a =< b.

2.1 Data Generating Process

2.1.1 In-context learning

We first introduce the basic setting of ICL. [BMR20] of simple function classes as investigated
in [GTLV22, ASA™22]. In each task, the learner is given a sequence of inputs and outputs

(1,91, .., TN, YN, x) referred to as prompt, where x;,z € R? and y; € R. The labeled ex-
amples X = (x1 -+ @y) €RPN y=(y; --- yn)' €RY are called context, and x is
the query. Given input distribution @1, ..., TN, ® L D, the output y; is expressed as

yi = fo(®i) + <, 1€ [N],

where f, is the true function describing the input-output relation and ¢; '~ D, is i.i.d. label noise.
Note that f, also varies across tasks — we assume f, is drawn i.i.d. from some true distribution Dy, .
In the pretraining phase, we optimize the model parameters given training data from 7" distinct tasks

t ot t t t ot T s t ot t t t\ T
{(x8, 91, .., 25, vhr 2t yh) b, which is composed of prompts { (1, y1, ..., x4, yi 2"},

and responses {y'}1, for queries {a'}7_, where y' = f{(a") + ' and ¢ "X D,



We say a model learns these functional relations in-context, when the model can predict the output
f«(x) corresponding to query « by solely examining the context (X, y), without updating model
parameters for each task. Given the pretrained model f(X,y, «; @) with parameter @ which predicts
the label of query x from context (X, y), we define the expected ICL risk as

R+ (f) = E[|f(X1.n%, Y15+, 25 0) — 9], (2.1)
where y = f.(x) + ¢ and the expectation is taken over the in-context data: x1,..., TN+, & ~
Dg, f« ~ Df.,61,...,5n+,6 ~ D.. Note that we take the expectation with respect to contexts

(X1.N%,Y1:N*) € RXN™ x RN of length N*, in order to examine the behavior of ICL at a specific
context length.

2.1.2 Gaussian single-index models

We consider the situation where the true input-output relation is expressed by single-index models,
i.e., functions that only depend on the direction of the index vector B in the input space. An
efficient learning algorithm should adapt to this feature and identify the relevant subspace from high-
dimensional observations; hence this problem setting has been extensively studied in the deep learning
theory literature [BL19, BES™22, BBSS22, MHPG ™23, MZD*23] to demonstrate the adaptivity of
gradient-based feature learning.

Assumption 1. Ler 7 > 0 be the noise level. The prompt (X1,y1, ..., TN, YN, ) is generated as
iid.
$17$27"'7wN7$1’1\J Dm:N(OvId)a .%:f*(mz)JrQ, f*(ml):O—*(<$la/6>)7
where ¢1,...,SN L Unif ({—7,7}), and the distribution Dy_ of the true function f, is specified as:

1. Index Features. Let S be an v < d-dimensional linear subspace of R%. We draw 3 uniformly
from the unit sphere S(S) in S, i.e., from S(S) ={B |8 € S, |8l =1}

2. Link Function. c.(z) = ZZQ “He;(z), where 2 < Q < P. We draw the Hermite coefficients
{ci}ﬁiQ from any distribution satisfying

P
E[CZQ] =0g4,(1) #0, Z c? < R2 (a.s.) and (cq,...,cp) # (0,...,0) (a.s.). (2.2)
i=Q

Throughout the paper, we assume that P < d, r and r < d; specifically, we take P = ©4,(1) and

r < d'/2. Note that the condition 7 < d entails that the class of target functions is low-dimensional,
and as we will see, such structure can be adapted by the transformer via pretraining.

Remark 1. We make the following remarks on the assumption of single-index function class.

For each task, the target is a single-index model with different index features drawn from some
rank-r subspace, and different link function with degree at most P and information exponent
(defined as the index of the lowest degree non-zero coefficient in the Hermite expansion of the link
Sunction, i.e, min{i | ¢; # 0} in this case; see [BAGJ21, DHI8]) at least Q). This heterogeneity
reflects the situation where the difficulty of learning the input-output relation varies across tasks.
Note that we allow for different distributions of the Hermite coefficients {c;}: for example, we

may set (cq,...,cp) ~ Unif{(cQ, ...cp)] Z:;Q 67—? = 1} (manifold of coefficients satisfying
Eg[f.(x)] = 1), Unif({0,1}F=Q+1\ (0,...,0)), or Unif({(1,...,0),...,(0,...,1)}).

The condition () > 2 (i.e., the Hermite expansion of o, does not contain constant and linear
terms) ensures that the gradient update detects the entire r-dimensional subspace instead of the

trivial rank-1 component. For generic polynomial o, this assumption can be satisfied by a simple
preprocessing step that subtracts the low-degree components, as done in [DLS22].

2.2 Student Model: Transformer with Nonlinear MLP Layer

We consider a transformer composed of a single-layer self-attention module preceded by an embed-
ding module using a nonlinear multi-layer perceptron (MLP). Let E € R% X9~ be an embedding



matrix constructed from prompt (1, y1,...,ZN, YN, x). A single-layer SoftMax self-attention
module [VSPT17] is given as

WEE\TWQ
farn(B;WE WY WE W) = E+WIWVE. softmax<(E)E), (2.3)
p

where p is the temperature, and W5 W& ¢ R¥*de WV ¢ R%Xde and W € R% ¥ are the
key, query, value, and projection matrix, respectively. Following prior theoretical works [ZFB23,
ACDS23, MHM23, KNS24], we remove the SoftMax and instead analyze the linear attention
with p = N; it has been argued that such simplification can reproduce phenomena in practical
transformer training [ACS™23]. We further simplify the original self-attention module (2.3) by
merging WEWV as WPV ¢ Rdexde and (WHE)TW @ as WKQ ¢ Rdexde and consider the
following parameterization also introduced in [ZFB23, ACDS23, WZC*23],

K *
WFY — * *l WEKQ — 2.4
|:01><(d8—1) v|’ O1x(d.—1) *|’ 24

where v € R and K € R(de—1)x(de=1)  Then, the simplified attention module is written as
farn(E; WPV WEQ) = E 4 WPVE(%), and we take the right-bottom entry as the
prediction of y corresponding to query .

Prior analyses of linear transformers [ZFB23, ACDS23, MHM23] defined the embedding matrix E
simply as the input-output pairs; however, the combination of linear embedding and liner attention is
not sufficient to learn nonlinear single-index models. Instead, we set d. = m + 1,dy = N + 1 for
m € N and construct E using an MLP layer:

o(w{x; +b)) - o(w]xy+b) o(wz+b)

E = . e RIMHDX(N+D) = (2 5)
o(w) i +by) - owlxy+b,) olw)x+b,)

where w1, ..., w,, € R?and by, ...,b,, € R are trainable parameters and o : R — R is a nonlinear

activation function; we use o(z) = ReLU(z) = max{z,0}. This is to say, we define the embedding
as the “hidden representation” o(w ' = + b) of a width-m two-layer neural network. For concise
notation we write W = (wy, ..., w,,) ", b= (b1,...,bn)".

Remark 2. We make the following remarks on the considered architecture.

 The MLP embedding layer before attention has been adopted in recent works [GHM ™23, KS24,
KNS24]. This setting can be interpreted as an idealized version of the mechanism that lower layers
of the transformer construct useful representation, on top of which upper attention layers implement
the in-context learning algorithm.

* QOur architecture is also inspired by recent theoretical analyses of gradient-based feature learning,
where it is shown that gradient descent on the MLP layer yields adaptivity to features of the target
function and hence improved statistical efficiency [AAM22, DLS22, BEST22].

Combining the attention fattn and MLP embedding (2.5), we can express the model prediction y as

To(WX +b1))y

N ) (2.6)

o(w] z +by)
f(va7w;WaF7b):< >7
o(w,! x +b,,)

where I' = vK " and (W X + b1};) denotes the m x N matrix whose (i, j)-th entry is o(w; @; +
b;); see Appendix E for full derivation. We refer to I as the attention matrix.

2.3 Pretraining: Empirical Risk Minimization via Gradient Descent

We pretrain the transformer (2.6) by the gradient-based learning algorithm specified in Algorithm 1,
which is inspired by the layer-wise training procedure studied in the neural network theory literature
[AAM22, DLS22, BES*22]. In particular, we update the trainable parameters in a sequential manner.



Algorithm 1: Gradient-based training of transformer with MLP layer

Input :Learning rate n;, weight decay A;, Ao, prompt length N7, Na, number of tasks
Ty, T5, attention matrix initialization scale +.

1 Initialize w” ~ Unif(S1) (j € [m]); b” ~ Unif([~1,1]) (j € [m]);
(0) : . ©
L5 ~ Unif({47}) (j € [m]) and T 7 = 0 (i # j € [m]).
2 Stage I: Gradient descent for MLP layer
3 | Drawdata {(zf,y,... 2% vk, =, y?)}L with prompt length N;.

o | o) cwl” - |V, 04 TR0 - AXL Y2 WO, DO, 072 4w,

5 Initialize b; ~ Unif([— log d, log d)).

6 Stage II: Empirical risk minimization for attention layer
7 | Drawdata {(=},y},.... 2}, v, =, y*)} 242 | with prompt length N.

X . Ty+T:
8 | I« argminp T% Zt;;qu(yt — f(Xt gyt xt, WD T, b)) + %HI‘H%
Output : Prediction function = — f(X,y, z; W) T* b).

* In Stage I we optimize the parameters of the MLP (embedding) layer, which is a non-convex
problem due to the nonlinear activation function. To circumvent the nonlinear training dynamics,
we follow the recipe in recent theoretical analyses of gradient-based feature learning [DLS22,
BES*22, BEG'22]; specifically, we zoom into the early phase of optimization by taking one
gradient step on on the regularized empirical risk. As we will see, the first gradient step already
provides a reliable estimate of the target subspace S, which enables the subsequent attention layer
to implement a sample-efficient in-context learning algorithm.

* In Stage II we train the attention layer, which is a convex problem and the global minimizer can
be efficiently found. We show that the optimized attention matrix I' performs regression on the
polynomial basis (defined by the MLP embedding), which can be seen as an in-context counterpart
to the second-layer training (to learn the polynomial link) in [DLS22, AAM23, OSSW24].

3 Transformer Learns Single-index Models In-Context

3.1 Main Theorem

Our main theorem characterizes the pretraining and in-context sample complexity of the transformer
with MLP layer (2.6) optimized by layer-wise gradient-based pretraining outlined in Algorithm 1.

Theorem 1. Given Assumption I and r < dz. We pretrain the transformer (2.6) using Algorithm 1
with m = Q(rP), Ty = QdTr?), My = QA7) v < —pb— < mird?7s -
m2r2

(log d)=%" for constant Cy. Then, for appropriately chosen regularization parameters Ai, Ay > 0,
with probability at least 0.99 over the data distribution and random initialization, the ICL prediction
risk (2.1) with test prompt length N* for the output f of Algorithm 1 can be upper bounded as

o [p3P 11 1
* — T = - 4P .
Ry«(f) =7 O(\/m r (T2+N2+N*)>

Theorem 1 suggests that to achieve low in-context prediction risk, it is sufficient to set 77, Ny =
Q(d®@)), and m, Ty, Ny, N* = Q(r®(F)). Observe that the pretraining complexity T1, Ny scales
with the ambient dimensionality d, but the in-context sample complexity N* only scales with the
dimensionality of the function class < d. This illustrates the in-context efficiency of pretrained
transformers and aligns with our observations in the GPT-2 experiment reported in Figure 1.

Remark 3. We make the following remarks.

o The sample complexity highlights different roles of the two sources of low dimensionality in our
setting. The low dimensionality of single-index f, entails that the pretraining cost scales as
N > d®@), which is consistent with prior analyses on gradient-based feature learning [BAGJ21,
DNGL23]. On the other hand, the low dimensionality of function class (i.e., B lies in r-dimensional



subspace) leads to an in-context sample complexity that scales as N* > r©() which, roughly
speaking, is the rate achieved by polynomial regression or kernel models on r-dimensional data.

» The multiplicative scaling between N1 and Ti in the sample complexity suggests that one can
tradeoff between the two quantities, that is, pretraining on more diverse tasks (larger T} ) can
reduce the required pretraining context length N1.

* Similar low-dimensional function class has been considered in the setting of transfer or multi-task
learning with two-layer neural networks [DLS22, CHS™ 23], where the first-layer weights identify
the span of all target functions, and the second-layer approximates the nonlinearity. However,
the crucial difference is that we do not update the network parameters based on the in-context
examples; instead, the single-index learning is implemented by the forward pass of the transformer.

Comparison against baseline methods. Below we summarize the statistical complexity of
commonly-used estimators that only have access to N* in-context examples, but not the pretraining
data. Note that the in-context sample complexity all depends on the ambient dimensionality d > r.

* Kernel models. Recall that our target function is a degree- P polynomial, and hence kernel ridge
regression requires N* > d* in-context examples [GMMM21, DWY21].

* CSQ learners. The correlational statistical query (CSQ) lower bound suggests that an algorithm
making use of correlational information requires N* > d®(?) samples to learn a single-index
model with information exponent () [DLS22, AAM22]. This sample complexity can be achieved
by online SGD training of shallow neural network [BAGJ21, DNGL23].

* Information theoretic limit. Since the single-index model (1.1) contains d unknown parameters,
we can infer an information theoretic lower bound of N* 2> d samples to estimate this function. This
complexity can be achieved (up to polylog factors) by tailored SQ algorithms [CM20, DPVLB24]
or modified gradient-base training of neural network [LOSW24, ADK ™24, IMS24].

3.2 Proof Sketch of Main Theorem

We provide a sketch of derivation for Theorem 1. The essential mechanism is outlined as follows:

after training the MLP embedding via one gradient descent step, the MLP parameters {w§1)} align
with the common subspace of the target functions S. Subsequently, the (linear) attention module
estimates the input-output relation f, (which varies across tasks) on this r-dimensional subspace. We
explain these two ingredients in the ensuing sections.

3.2.1 Training the MLP Layer

We first show that the first gradient descent step on W results in significant alignment with the
target subspace S, using a proof strategy pioneered in [DLS22]. Note that under sufficiently small
initialization and appropriately chosen weight decay, we have

w](l) =m- Tl1 Z?;I ytvwgo)f(Xt7 yt7 wt; W(0)7 F(O)7 b(O))

The key observation is that this correlation between y and the gradient of model output contains
information of S. We establish the concentration of this empirical gradient around the expected
(population) one, which determines the required rates of 77 and N;. For the population gradient,
we make use of the Hermite expansion of o, (2) = o(z + b;) and show that its leading term is

wi)

proportional to { 0 } , which is contained in the target subspace S; see Appendix B for details.
d—r

3.2.2 Attention Matrix with Good Approximation Property

Next we construct the attention matrix I' which satisfies the following approximation property:

Proposition 2 (Informal). There exists T’ such that with high probability,

f( Xyt 2, W T b) —yt‘ — 7= O<\/T3P/m+r2P/N2)

forallt € {T1 + 1,...,Ty}. Moreover, we have |T||r = O(T2P/m).



We provide an intuitive explanation of this construction. Recall that the target function can be written
in its Hermite expansion f,(x) = Z _o 5tHe;({z, B)). We build an orthonormal basis for f, as
follows. Let {81, ..., 3.} be an orthonormal basis of S. Then, any f, can be expressed as a linear
combination of functions in H = {H;:1 Hep (85, ) |Q<p1+---+p <Pp1 >0,...,p, >
0}, where Eqnr(0,1,) [A(2) R/ ()] = Ip—p holds for h, b/ € H. We write H = {h1, ..., hp,} with
Bp = |H| = ©(r"), and observe that a two-layer neural network can be constructed to approximate
each h,,. Specifically, there exist vectors a', ..., a®? € R™ such that ™" ((w§1), x)+b;) ~
hy,(x) for each n € [Bp).

Consequently, we can build the desired attention matrix using coefficients a', ..., a®”. Let A =
(@' -+ aPr) e R™BrandT = AAT, the attention module can recover the true function as

le

<NLZFU(W<1>Xt + 617 )yt o (W + b)>

B N. m 1
=2 e (N%, > (Zj:l a?a(<wj(- )7931'> + bj))yi) (Zg 1 @ a(<w( ) > +bj ))
(@) B N. () B
250 (% S by ) () £ S0 Blha (@) f @) ha(@) = f.(2). G
Roughly speaking, the self-attention architecture computes the correlation between the target function
and basis element h; to estimate the corresponding coefficient in this basis decomposition. We
evaluate (a) the approximation error of two-layer neural network in Appendix C.1, and (b) the
discrepancy between the empirical and true correlations in Appendix C.2.

Note that the approximation errors and the norm of T" at this stage scale only with 7 up to poly-
logarithmic terms; this is because W (1) already identifies the low-dimensional target subspace S.
Consequently, the in-context sample size N* only scales with the target dimensionality r < d.

3.2.3 Generalization Error Analysis

Finally, we transfer the learning guarantee from the constructed I to the (regularized) empirical
risk minimization solution I'*. By the equivalence between optimization with Lo regularization and
norm-constrained optimization, there exists A2 such that |I'*||p < ||T'|| 7 and the empirical ICL loss
by I'* is no larger than that of I'. Hence, we can bound the generalization error by I'* using a standard
Rademacher complexity bound for norm-constrained transformers provided in Appendix D.1. One
caveat here is that the context length N* at test time may differ from training time; hence we establish
a context length-free generalization bound, which is discussed in Appendix D.2.

4 Synthetic Experiments

4.1 Experimental Setting

We pretrain a GPT-2 model [RWC™19] to learn the Gaussian single-index function class (1.1).
Specifically, we consider the 12-layer architecture (with 22.3M parameters) used in [GTLV22]
for in-context linear regression. The pretraining data is generated from random single-index

models: for each task ¢, the context {(z!,y!)}Y, is generated as x! RN N(0,1;) and

i.i.d. c?
Yt = Zz ot Hel(< 5B%), where (cf),...cp) "~ Umf{(cQ,... p)|ZiQT§:1} and
Btk Unif{B|B = [B1,...,B,0,...,0]T|,[|B]| = 1}. See Appendix F for further details.

4.2 Empirical Findings

Ambient dimension-free sample complexity. In Figure 2 we examine how the in-context sample
complexity of the GPT-2 model depends on the ambient dimensionality d and the function class
dimensionality 7. For each problem setting the model is pretrained for 100, 000 steps using the data
of degree P = 4 and information exponent () = 2 (see Appendix F for details). In Figure 2(a) we
observe that for fixed » = 8, varying the ambient dimensionality d = 16, 32, 64 leads to negligible
change in the model performance for the in-context phase. In contrast, Figure 2(b) illustrates that for
fixed d, the required sample size N* scales with the dimensionality of the function class r = 2,4, 8.
This confirms our theoretical finding that transformers can adapt to low-dimensional structure of the
distribution of target functions via gradient-based pretraining.
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Figure 2: In-context sample complexity of GPT-2 model pretrained on Gaussian single-index function (see
Section 4.1 for details) of degree-4 polynomial. Observe that (a) the ICL risk curve overlaps for different
ambient dimensions d but the same target (subspace) dimensionality 7, and (b) the required sample size N *
becomes larger as r increases.

Superiority over baseline algorithms. In Figure 1 we compare the in-context sample complexity
of the GPT-2 model pretrained by data of () = 3 and P = 2 against two baseline algorithms
that directly learn f, on the test prompt: (i) kernel ridge regression with the Gaussian RBF ker-
nel k(z,z') = exp(—|l@ — «'||>/o?), and (ii) two-layer neural network with ReLU activation
fan(@) = 237 a;0((z, w;)) trained by the Adam optimizer [KB15]. We observe that for
r = 8,d = 16, 32, the pretrained transformer outperforms both KRR and two-layer NN; more-
over, the performance of these two baseline algorithms deteriorates significantly as the ambient
dimensionality d becomes larger.

5 Conclusion and Future Direction

We study the complexity of in-context learning for the Gaussian single-index models using a pre-
trained transformer with nonlinear MLP layer. We provide an end-to-end analysis of gradient-based
pretraining and establish a generalization error bound that takes into account the number of pre-
training tasks, the number of pretraining and in-context examples, and the network width. Our
analysis suggests that when the distribution of target functions exhibits low-dimensional structure,
transformers can identify and adapt to such structure during pretraining, whereas any algorithm that
only has access to the test prompt necessarily requires a larger sample complexity.

We outline a few limitations and possible future directions.

* The in-context sample complexity we derived ©(") corresponds to that of polynomial regression

or kernel methods in r-dimensional space. This rate is natural as discussed in Section 3.2.2, where
the linear self-attention module extracts the coefficients with respect to fixed basis functions (of size
rO(P)). An interesting question is whether transformers can implement a more efficient in-context
algorithm that matches the complexity of gradient-based feature learning in r dimensions. This can
be achieved if the pretrained model learns features in-context.

e Our pretraining complexity is based on one GD step analysis similar to [DLS22, BES*22] which
makes use of the correlational information; hence the information exponent of the link functions
plays an important role. We conjecture that the sample complexity can be improved if we modify
the pretraining procedure or training objective, as done in [DTAT24, LOSW24, ADK 24, IMS24].
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A Preliminaries

We consider the high-dimensional setting, i.e., our result holds for all d > D where D is a constant
which does not depend on d and 7. Throughout the proofs, we take S = {(z1,...,2,,0,...,0)" |
21, 3, € Ry and B ~ Unif(S(S)) = Unif({(Br,. .., 3rs0,...,0)7 | B+ -+ + B2 = 1}),
Note that this assumption is without loss of generality by the rotational invariance of the Gaussian
distribution.

A.1 Definition of High Probability Event

Definition 3. We say that an event A occurs with high probability when there exists a sufficiently
large constant C* which does not depend on d,r and

1— PrlA] <0(d=¢")
holds.

We implicitly assume that we can redefine the constant C* to be sufficiently large as needed. The
lemma below is a basic example and will be used in the proofs:

Lemma 4. Let x ~ N(0,1). Then, |x| < +/logd holds with high probability.

Proof. From the tail bound of Gaussian, P(|z| > t) < 2exp(—t%/2) holds. Hence we get

P(|z| > v/2C*logd) < O(d~¢"). O

Note that C* can be redefined by changing the hidden constant in |z| < v/Tog d.

If Ay,..., Ay occurs with high probability where M = O(poly(d)), then A; N --- N Ay also
occurs with high probability (by redefining C*). In particular, throughout this paper we assume that
m, N1, Na, Ty, To = O(poly(d)), which allows us to take such unions.

A.2 Tensor Notations

In this paper, a k-tensor is a multidimensional array which has & indices: for example, matrices are
2-tensors. Let A be a k-tensor. A;, _;, denotes (i1, ...,i)-th entry of A. Let A be a k-tensor and
B be a l-tensor where k > I. A(B) denotes a k — [ tensor whose (41, . . ., 45— )-th entry is

and is defined only when sizes are compatible. If k& = [, we sometimes write A(B) as A o B
or (A, B). Let v € R? be a vector and k be a positive integer. Then, v®* € R?*""*4 denotes a
k-tensor whose (i1, ..., i)-thentry is v, - - v;, .

Let f(z) : R? — R be a d-variable differentiable function. A k-tensor V* f(z) is defined as
0 0

it Omy, | O,

(VEf(=)) f(@).

The following properties can be verified easily.
A(B)|% < |A|%I1B]|% holds.
% = ([[v]I3)* holds.

Lemma 5. For tensors A and B,
v®k

Lemma 6. For a vector v,

A.3 Hermite Polynomials

We frequently use (probablists’) Hermite polynomials, which is defined as

H e L=
e;(z) = (—1)e it
where ¢ is a nonnegative integer. ~We often make use of the orthogonality property:
E.n0,1)[He;(2)He;(2)] = ild; ;. The Hermite expansion for o : R — R is defined as

0(2) = D ;>0 5tHei(2) where a; = E.. zr0,1)[0(2)He;(2)]. Similarly, the multivariate Hermite
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expansion for f : R? — R is defined as f(z) = D 6130, a0 %He,l(zl) -He;,(za),
where a;, ..., = E., . ..~n00)[f(2)He;, (21) - - - Hey, (24)]. The coefficient a, ... ;, can also be

. RS 9td
obtained by a;,,...i, = E., . ..~n0,1) 2T 5. f(z)}
1 d

Consider f, in our problem setting (Assumption 1). We can bound E[f,(x)?] and E[f.(x)*] as
follows.

Lemma 7. Under Assumption 1, By 5. [f.(2)?] = 4, (1) and By ¢, [f«(2)*] = Oq,,(1) holds.

Proof. From (2.2) and P = ©4,.(1),

P
e
Eomn(0,22). D5, L+ (@) = Eaono) ey | | D ﬁHei(z)

1=

2
- F G

-

Il
O

il
7

= 04,(1)

4
We can bound Ez[fs(2)*] = E. nr0,1),{c:} {(Z —o 5tHei(z )) } naively as follows: let (5 =
maxg<i<p E.on(0,1)[He;i(2)*]. (p is an O(1) quantity depending only on P and Q. Then,

4

P
C;
E.A7(0.1).{e:} ZEHei(Z)
1=Q

<y Hleea e e, (e (2) e )]

RN
Q<i,j,k,I<P
< Y RIE.[He;(2)"]/'E.[He;(2)")"/*E. [Hey(2)"]"/*E. [Hey(2)"]"/*
Q<i,j,k,I<P
<P'RCh.

The lemma below is useful to find a basis of the set of single-index functions.

Lemma 8. Suppose 3 € S(S). Then,

Pt +pr=p P!
Hep((@,B) = >, oo BB - Hep () - Hey, (ar)
p1>0,...,pr->0 p1: pr
holds.
Proof. Note that E, . .n01) [ 81,11 - aal,r, He,,((m,ﬁ))} is nonzero only when
i1+ -+ + i, = p, because 5;31 g Hey((x,8)) = p(p = 1) (p = (i + - + i) +
. . ‘1
By -+ BrrHey— iy 4t (2, 8)) and Ezl,...,z,,w/v(o,l)[Heq(<w 5))] =E. n0,1)[Heg(2)] = 0
if ¢ > 0. Wheniy +---+i, = p,thenEy, . < nv0,1) {88; . d = 7 _He, ({(, ,8))] = plBir ... gir

holds. Thus, from the multivariate Hermite expansion we obtain the claim.

Corollary 9. Let f.(z) = 31 o SHei((z, B)). Then, B [V* f.(x)] = cxB%" if Q < k < P and

otherwise it is the zero tensor.
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A.4 Other Auxiliary Lemmas

Lemmas on random vectors. Let x(d) be the distribution of /2% + --- + 22 where z; bR

N(0,1). Note that the Gaussian vector v ~ N (0, 1) can be decomposed as v = zw where
z ~ x(d) and w ~ Unif(S?~1), because the norm and the direction of the Gaussian vector are
independent of each other.

Lemma 10 (Example 2.11 in [Wail9]). For z ~ x(d) and 0 < t < 1,

P[|2% — d| > dt] < 2exp(—dt?/8)
holds.
Lemma 11. Let C > 0. For w ~ Unif (S 1), ||wy..||? < %2’" log d holds with probability at least
1 — 2exp(—d/32) — 2rd=C (then with high probability).
Proof. Let 22 ~ x?(d) be independent from w. We observe that the distribution of 22 ||w;.,|| is the
x?2(r)-distribution. First, from Lemma 10, with probability at least 1 — 2 exp(—d/32), z* > d/2
holds. Moreover, we can say that (2')? ~ x2(r) satisfies (z')? < 2Cr log d with high probability
for sufficiently large constant: let us decompose (z')? = v? + - - - + vZ where v; ~ N(0, 1); from

Lemma 4, v} < 2C'log d holds with probability at least 1 — 2d~, and thus (2')? < 2Cr log d holds
with probability at least 1 — 2rd~¢. Taking the union bound yields the result. O

Lemma 12. Fork > 1l andr < d,

Eypngi1 [|wiir[**] = Ou,r ((:t>k>

is a polynomial of w, Lemma 24 in [DLS22] yields E,, g1 [|lw1.,||?*] <
. Ey, oo n(@0i++v2)’]  3rgr(r—1) _
Eopga—1 [[lwi.r]|*] ]P(Z)ZNX4(1(1)[z] = @ty T

O(r?/d?) yields the result. O

holds.

Proof. Since |Jwy.,||?

k/2

. Here, ]EwNUnif(sdfl)[le:rHﬂ =

Lemma 13 (Sub Gaussian vector). Let x be a d-dimensional random vector and suppose that (u, x)
x|| = O(o+/d) holds with

is zero-mean o*-sub Gaussian for any w € R such that ||u|| = 1. Then,
high probabillity.

Lemma 14. Let X be a o%- sub Gaussian random variable and Y be a bounded random variable
satisfying |Y'| < R almost surely. Then, XY — E[XY] is O(0? R?)-sub Gaussian.

Proof. XY is 0?R?-Gaussian by examining the tail probability. Hence, XY — E[XY] is
O(0% R?)-sub Gaussian from Lemma 2.6.8 in [Ver18]. O

Polynomial concentration. We frequently use the following bounds on an output data ¢ (which is
a polynomial of ).

Lemma 15 (Theorem 1.5 in [GSS21]). Let x ~ N (0, I,,) and f be a degree-D n-variable polyno-
mial function. Then, for all t > 0 it holds that

1 . ¢ 2/k
Hlr @l =0 = 2exp<—cDMz e =wen )

where M is an absolute constant and Cp is a constant depending only on D (if |Ez[V* f(x)]||Fr = 0
then we ignore the term with k).

Lemma 16. Let x ~ N(0,1;) andy = f.(x) +¢ = ZZQ S He;((x, B)) + < where c; and 3 are
drawn according to Assumption 1, and ¢ ~ Unif{x7}. Then, for any fixed {c;} and (3 on the support
of their distributions, it holds that

1 n 2/k
P(ly| =t +7) < 2exp eSVE 2gllcigP<R> ;

where M is an absolute constant and Cp is a constant depending only on P.
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Proof. Note that from Corollary 9, Ex[f.(z)] = 0,E,[V f(z)] = 0 and E4[V' f.(z)] = ¢;(8)®";
by (2.2), Lemma 6 and || 3| = 1, |Ex[V" f«(z)]||F < R. holds. Lemma 15 yields the result. O

f@l Yl <

Corollary 17. Fix any {c;} and (3 on the support of their distributions.
(log d)F/? holds with high probability over the distribution of x and <.

B Proofs for the MLP Layer

This section analyzes the behavior of MLP weight w after one gradient descent step (line 4 in
Algorithm 1), as sketched in Section 3.2.1.

We set \; = 7y . From line 4 of Algorithm 1, for each j € [m],

—2771 Zyv o f(X" g2 WO, 1O, p0)

1
- 27)1?1 Z f(Xta yta mt; W(O)7 F(O)a b(O))vw(_U)f(Xtv ytv mt; W(U)a I‘(O)? b(O))
t=1 !

T
1 T
:2mr;?}(Zlef0bj 0TS el s
t=1
T
1 0—r 0T
+3 gy, (w)” Zyzob © J) (B.1)

T
1
—2m > FXLyh e WO T b)Y o f(XF gyt 2 WO, T, b)),
t=1

holds where 0y, (2) = o(z 4 b;). Here, ! and y! is the input and output of i-th context at ¢-th task,

respectively. First we show that the final term is sufficiently small, if we set v = \F \ sufficiently
small.

Lemma 18. With high probability over the distribution of {(X*, vy, xt,y*)}11, and {w Ty

2 7 Zf Lyl WO T b)Y o f(XE g2t WO, T, b))

:O(rm m@).

Proof. Recall that

N
of 1 0T 0T
FX @l WO T ) = §:r.§»,}(wlz_ o 0?0 ), ),

j=1

T T
V0 /(X yt 2t WO, 1O 50) F“”( Zy w!”) mz>w§>ob_j<w§-°) z')

T T
<O>( zm e »)a:,j(w;m )a.

Fix i,t, j and consider the inner product between w ~ Unif(S%1!) and x! ~ N(0, I;). From

the rotational invariance, without loss of generality, we can assume that w§ ) = [1,0,...,0]" and
2

x! ~ N(0, 1;). Therefore, < ) > ~ N(0,1). From Lemma 4, <w§0), azf> < log d holds with

high probability. Moreover, from Lemma 10 and Corollary 17, we know that ||, |y¢| < (logd)"/?
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and ||xt]], ||z*|| < v/d holds. We can take the union bound with respect to all the 7, ¢, j, retaining the
high probability bound (see Appendix A). Therefore, noting that [b;| < 1, we obtain

F( Xyt 2t WO TO b)) <my(logd) />
and

IV 0 (Xt gyt ats WO, DO bO)| < y(logd) /212 V.

Thus we obtain the assertion. O

From now on we focus on analyzing (B.1), which expresses the correlation between the output label
y and the gradient of model output V,, f. Let

g7, N, (w, b, {(X tayt wt»yt)}?ll)

Ty t
::;ﬁy op(w’ ZZ/ oy (w ' x})
< 1 t 1
+;ﬁy ab('w Zyzab w' xt) (B.2)

and g(w, b) = Elgr, n, (w, b, {(X?t, y*, x', y*)}/L,)], where the expectation is taken with respect
to the data {( X, y*, z*,y")}*,. Note that

i = 2T gr, v, (w07 (X1 y' @ty HL) + O (myPmv/d)

from Lemma 18.

In Appendix B.1, we analyze the explicit form of g(w, b) via the Hermite expansion: we can check
that its main term aligns with the low-dimensional subspace S. In Appendix B.2, we show the
concentration of g7, n, around g.

B.1 Calculation of Population Gradient
B.1.1 Hermite Expansion

First, note that

T T

9(w,b) = E[yoy(w ' @)yioy(w ' @)z;] + E[yoy(w ' z)zyion(w ' ;)]
=Ef, By o) [(+(®) + o (w @) (ful(@i) + a)op(w ' @)i]]
+ B, [Era) afa)c [(fo(@) + oy (w @)a(f. (@) + si)op(w 2)]]
=Ej, [Eoo[(fe(@) + o0 @) Big.y qo) [(fx (i) + i)y (w " ai) 2]
+Ef, [Ea s [(fu(@) + <)oy (w @)@ g,y 1oy [(fu(@i) + Gi)on(w ' 24)]]
= 2K [E m[f*( Joy(w " &)|Ey[f(x)ay (w @)]].
Here E¢, denotes the expectation with respect to the distribution of the true function f, (i.e., the
distribution of {ci}f):Q and 3) specified in Assumption 1. Now let 04(2) = 37,50 * l(,b) He;(z) be
the Hermite expansion of student activation o, (z) = ReLU(z + b).

Lemma 19. It holds that
[f*( )Uz’)(wTw)w]
_ Z az+1 v+1f*< w®L +w Zal+2 vzf*( )](w@)i) (B3)

7! 7! ’

i=Q—1

Ealf(@)osw @) = 3 “*”Ew[v’f*(w)](w@z),

|
i—0 2!
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T

Proof. Consider a function g(w'x) = Y5, %He;(w Here Eg[f.(z)g(w )] can be

calculated as .
E,[f.(2)g(w @) = Y =
i>0

Eo|f.(z)He;(w )]

i1+ +ig=1 wit ... wz’d
Z Z diill,ui..(,iEm [f«(z)He;, (21) -

1d:
i>01>0,...,ig>0 d

He;,(z4)] (.- Lemma 8)

i1t Aig=0 i1 ig i i
w o o'
:Z Z ’th .Z'(liE": i 'az‘df*(w)
i>041>0,...,ig>0 1 d: Zp Ty
_Z 4Bz [V’ fi(2)](w®")
N ! '
i>0

Where the final line is obtained noting that the tensor V f, (z) has lelilzd' entries whose value is
811 8’(1

Note that E,, [V’f*(a:)] Ex [V’ ZJ ot “He;((x, 5>)} is a nonzero tensor only when () < ¢ < P,
from Lemma 8. We can also show (B.3) as

Ex[fe(x)oy(w x)z]

=By [V f.(2)op(w’ w)]+E [f( )Uil(me)] ('
:Zai+1() (V' fu()

* Stein’s lemma)

=[V' f*( ) (w®)

+ Z a1+2

i>0
P-1

Z i1 (0)Eg [V fo()](

7!
i>0

w®z w Z az+2

=[V' f*( ) (w®)

i=Q—1

Using Lemma 19, g(w

g(w,b) =Ey, {2<

:Ef*|:

(O

where

s(w,

P—-1

2aq(b)

(Q—
2aq(b)*

1!

a2+1

il

,b) can be expanded as
P-1

T ai41(0)Eq [V fo ()] (w®)

i

i=Q—1

Eo (V' f (@) (w®)

il

aib
3 (b)

i—Q
[V fi ()] (w®?)
Q!

Eo [V fi(2)](w®?

+wz az+2

i=Q
Em[va*<x>]<w®<Q—”>“Q(

vm >]<w®i>>( -

)

b)E

1)1 ] + s(w, b)

Eyf. [Eo[V9fi(@))(w® @)

)] + s(w,b), (B.4)

Eo [V f. (2)](

b)
=8

2[V' £ (@) (w®)

Jw®) Zam Vf*( )](w®i))

7!

( a;(b)E
i=Q

E, [va* (ilf)] ('w®(Q—1)) Ee [va* (:B)] (w®Q> :|

) _ag(b)?
(Q—-1)! Q!

Z'

expresses terms in the asymptotic expansion which are not the leading term.

Note that, in this explicit formulation, a;(b) = . xr(0,1)[0s(2)He;(2)] appears. It will be helpful to
show that this coefficient is well-controlled.
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Lemma 20. There are constants C'y and C'y, depending only on QQ and P satisfying the following
condition. Let oy(2) = o(z + b) and b ~ Unif([—1, 1]). Then,

EZNN(Oyl)[ab(z)Hei(z)H <Cyg(2<i<P+2)and !EZNN(OJ)[ab(z)HeQ(z)H >C; (B.5)

holds with probability 1/2. Especially, |E...xr(0,1)[o0(2)He; (2)]| < C (2 < i < P+ 2) holds with

probability 1.
Pr(lof. From Lemma 15 in [BES*23], we know that for i > 2, |E. x0,1)[00(2)He;(2)]| =
%|Hei,2(b)| holds. First, as b ~ Unif([—1, 1]), by setting sufficiently large C'gr, |[He;(b)| <

Cp holds for all 0 < i < P. Therefore, as |E. n0,1)[05(2)He;i(2)]| < [Hei—2(b),
|]Ez~N(0,1) [ab(z)Hei(z)H < Cpr holds for all 2 < ¢ < P + 2 with probability one.

From continuity we know that there exists C, such that |E.x0,1)[05(2)Heq(2)]| > CL with
probability 1/2. O

In the following, we first calculate the main term and then upper bound the residual terms.

B.1.2 Calculation of the Main Term

Let us calculate the main term in (B.4) explicitly.

Lemma 21.
cjfg(—mmﬁﬂ [Ea [V 1. ()] (0 970) - By [VO . () (w059)]
ZQaQ(b)zECQ[cg] (2Q — 1! " |2Q_2[wm}
QUQ —1)! E.., [z29]"" 04—
holds.

Proof. From Corollary 9, it holds that E,,[V? f.(x)] = cq(8)®?. Then, we obtain
Ef. [Eo[VO . (@)|(w®@™Y) - Eo [V [ (@) (w?)]
=Eeo [Q]Ba[(B%w® 7Y) - (B899 0 Q)]
=Ec, [c3]Ep[B%%?) (w® 27 ).
Next, let us show

Eﬁ[ﬁ@QQng)(QQfl)) _ (2Q _ 1)” ||w1:r||2Q72 |:’LU1;7~:|

B, [279] Od—r]’

First, note that by letting 8’ ~ N (0, X3) where
I, 0,
EB - |:07T Od—?“:| ’
and z ~ x, independent from B, 3 ~ Bz holds (recall that we assumed that 3 ~
Unif({(B1,---,580,...,0)7 | B2 +--- + B2 = 1}) — see Appendix A). Then,

1
92Q7 _ 22Q
Eg[B%%°] = WEvLmN(o,m,v,’rﬂ;d:O[”/ J-

It suffices to show that By, (0,7, [v®?9) (2229 ~1) = (2Q — 1)!12]|2?@~2 for z € R". As an ex-
ample, we show that the first entry of E, (0,7, [v®??] (2% (9~1)) equals to (2Q — 1)!12|| 2| @~
the other components can be calculated similarly. First, we expand (Eq, (0,1, [v22?](22(29~D)),

as
(Boon(0,1) 0292897 )) = > Elorvi, -+ ing_, )20, Fing -
i1,0eeyi2Q—1€[7]
Note that E[vyv;, - - - vi,,_,] # 0 if and only if the degree of vyv;, - - - vy,,_, with respect to v; is
even, for all j € [r]. Then, we obtain

(Eonn(0,1,) [0E29) (22227 1)),
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q1++qr-=Q
2q1,,2q2
'U2 .

_ 2q1—1 _2q2 2qy
= E , Cqn,-..qr E[V] Zg o Zp

SR

q121,92,...,4r 20

qi++g-=Q
_ , 2q1,,2q2 2q,-1.291—2 _2q2 24y
=Z1 E Cqr,qr BlOT 05" 0T 2y Zo iz
q121,92,...,4r 20

_ (2Q-1)!
where ¢q,....0. = g TDiRe) @)

among 71 t0 i2Q_1.

; is the number of ways to assign (2¢; — 1) “1”s, (2¢2) “27s, ...,

Note that E,x(0,1)[v*] = (2¢ — 1)!1. Therefore, we obtain

(Eonn(0,1,) 0729 (z897D)),

Gt +.=Q

(2Q - 1)' 2q1—2 2 2
=2 (21 — DN+ (2g, — DNy P75 00
> zo (201~ 1)H2a2)t - (2a0)! L
g1+ +q,=Q
- 1!
- Q=L _(og - 1uezyn—t(g)e . (:2)n

— Dl g5)! - --
w21,z (0 T D@ (@)
=(2Q — Dz (22 + - 4 229! (*.- multinomial theorem)
which concludes the assertion. O
By Lemma 21, we observe that the main term of the expected one-step gradient aligns to the -

dimensional subspace S. In other words, the MLP layer captures the information of S via pretraining,
which will be useful in the later stage.

B.1.3 Bounding Residual Terms

First, similarly to the Lemma 21, we can obtain the explicit formulation of the entire g(w, b).

Lemma 22.
g(w,b)
— Z 2ai+1(b)a’j (b)E[CH‘lcj} (7’ + ])” ||’L01 ||i+j—1 |:w1:r:|
- 15 itj+1 i 0g—r
Q—1<i<P-1, v By, [27HH] d
Q<j<P,
i+7 is odd
2a;49(0)a; (b)E[c;c;| (1445 — 1! it
+w Z +2( )'](' ) [ ]] I(E J [ H-)J] le:T” + (B6)
Q<i<P, v a~xr 12
Q<j<P,
i+7 is even
holds.

Proof. Note that

= o 2 3 | s even

Eg[B%"|(w® V) = { Eenx, [z 04—
0 (n is odd)
and
(n=1)!! .
]Eﬁ[ﬂ®n](w®”) _ m |wy.||™ (nis even) :
0 (n is odd)
which can be obtained similarly to the proof of Lemma 21. O

Let us upper bound the non-leading terms; we need to show that the moment of first  components in
residual term s(w, b) are sufficiently small.
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Lemma 23. Let j = 4k where k € [P). then,

. . ~ 7”
Bunsi-s 50,001,117 = Ou /o) B

holds uniformly over all b € [—1,1].

Proof. Note that ||s(w),b)1.,.||? is a polynomial in w; from Lemma 24 in [DLS22], it suffices to
show the case k = 1.

s(wab)l:r
- ¥ 2ai+1(b)a; (b)E[ciyic;] (i + )N w7+
- il E.., [zi++1] 0L Wisr
Q-1<i<P-1, A X
Q<j<P,
i+j is odd,
1,j7#(Q—1,Q)
2a;12(b)a;(b)Elc;c;] (i 4+ 7 — 1)! s
by OB (D
, ilj! E.y, [2177]
Q<i<P, !
Q<j<P,

i47 is even
By Minkowski’s inequality E[||z + y|*]*/* < E[||l=||*]'/* + E[||y[|*]'/4, it suffices to show that
(B.7) holds for each term. Note that E[c;+1¢;] < R? and E[c;c;] < R? from Assumption 1,
lai(b)| < Cy from Lemma 20, and E,, [[|[w1..||**] = O((r/d)?*) from Lemma 12. Moreover, it is
known that E, ., [2?!] = O(r!). Putting these things together yields the assertion. O

It is also needed in later stages to give a high probability upper bound on the ||g(w, b)||;

~ 1
su w,b)|| = Ogq.r —_—
o lgtw. bl = O <\/ Td2Q1>

holds with high probability over w ~ Unif (S?~1).

Lemma 24.

Proof. This can be shown similarly to Lemma 23 — we use Lemma 11 instead of Lemma 12 to
obtain a high probability bound (note that this bound includes not only s(w, b) but also the main
term, and it is for g(w, b), instead of g(w, b)1.,.). O

B.2 Concentration of Empirical Gradient

Now we control the deviation of gz, n, (w, b, {(X*t,yt, zt,y")}[L,) from g(w, b).
Lemma 25. Under Assumption 1,

r Q-1
sup [[Ealf.(@)oh(w  @)all| S 1/ (5 logd) (B.5)
fe,bE[—1,1]
Pl T r Q-1
sup |Eqlfu(@)op(w @)l | S 4/ (5logd) . (B.9)
fa,bE[—1,1]
r Q
sup  |Eg[fu(x)op(w ' x)]| < (Elogd) (B.10)
fesbe[-1,1]

holds with high probability over w ~ Unif(S?~1), respectively. Here sup ¢, denotes the supremum
over the support of f. whose distribution is specified in Assumption 1.

Proof. We bound the leading term 20 (Vs [Vfé"_(f))!](l"@@_l)) in (B.3) of Lemma 19 to show (B.8).

From Lemmas 5 and 6, we have
aq (b)Ez[VY f. (2))(w®( @)
(Q@—1)!

2 2

M(ﬁ)(@(@(w@@—m)
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_ [Jaq®)cq ®(Q-1) H2
(Q _ 1) (/6) (wlzr )
agb)eq |’ 21a0 Q@-1)

< |20 g2y, 20

Jag(®b)eg|? (@-1)

[{g 255 e

Moreover, Lemma 20 tells us that |ag(b)] < Cpg always holds when b € [—1,1], and
Assumption 1 ensures that |cQ| < R.. Therefore, from Lemma 11, we can show

u VR F, ()] (w® (@D [|2 2 4on Q-1 . .
that Q(O)Ee[V (5_(1))!]( ) H < ( (%H_ }f),) (43 log d) with probability at least
1 —2exp(—d/32) — 2rd=. (B.9) and (B.10) can be obtained similarly. O

The following lemma is parallel to Lemma 19 in [DLS22].

Lemma 26. Fixanyt € [T1], b € [~1,1] and w € S satisfying the conditions (B.8) to (B.10).
Then, with high probability over the distribution of (X, yt, xt, y?), it holds that

Zyobw 2! — Ealf! (@)o)(w @)l

H(leyabw @!)a! - Eolfi(a)o <wTw>w]>
Lir

Zm Ealf!(@)oy(w )] gé( 1).

Here the right-hand sides do not depend on t.

Proof. We only present the proof of the first inequality, as other bounds can be attained similarly.
Y(x)| < R where R < (log d)*/? holds with high probability for all ¢ € [T}].

Conditioned on this,

N1
Nil Z fﬁ(mf)gg(mef)wf —E, [fi(:c)al’,(wT;p)m]

Z filz Hff :ct)<RUb(’me )z; —Eqg [fi(w)ﬂfz(m)gaaé(w%)w]

+ HE::: f* a:)]lfi(w)>Ro,’)(me)x]||

Note that f1(2}) 5 (mt)<gop(w " @) (2}, u) — Eg[fL(2)If: (@) <rop(w " @) (2, u)] is R*-sub Gaus-
sian for any ||u|| = 1 from Lemma 14. Hence the first term can be upper bounded by O (R\/Nz1 )
with high probability from Lemma 13. For the second term, we observe that
B [fi (@)Lt (2)> rop(w ' )] || < Ea[| f2(@)Lst (2)> ROy (w ' @)2|]
< Eo[f4(®)*]*Eal(0h(w @) |2 )] *Ee (I ) > )]
< Eo[fi(2)*]*Eall2 )] *Ea (I (@)> R)]"*
<O(Wd-d=")

for sufficiently large C'; hence this term can be ignored. Finally, iop(w ' xl)(xl, u) is 72-sub Gaus-
sian for any |[u|| = 1 and then || 5~ SV cop(w T @t)at|| = O(y/d/Ny) with high probability. [

By similar procedure, we can obtain a bound of ||gz, v, (w, b, {( X, yt, xt, y*)}]2,) — g(w, b)]|.
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Lemma 27. Fixany b € [~1,1] and w € S?~! satisfying the conditions (B.8)-(B.10). Then, with
high probability over the distribution of {(X*,y", =*, y*)}/L,,

~ [rQ-1 [(q 42
t ot ot t\\T _ r
||gT1,N1 (w7b7{(X Y, LY )}tél) _g<w7b)|| =0 dQ-1 ﬁ + NTy
~ Q-1 2
t ot ot t\\T _ /T [T r
||(gT1,N1 (w,b, {(X"y", 2",y )}tél) —g(w, b)), =0 do—1 i + N.T, |’

holds.

Proof. In this proof, the term with high probability” indicates the probability with respect to the
distribution of {(X*,y*, zt,y")}1 . Let

T

1
Zl(wvbv{(Xtﬂytawt7yt)}?;1) = Z ﬁy Ub w w Zy Ub ’lU CB
t=1
and
T, 1
z2(wvb7{(Xt7ytth7yt) tjll) = ny Jb ’U) ZI? Z?Jﬂb w CI!

Note that g7, N, = 21 + 22 holds.

Let us consider z1 (w, b, {( X, y, xt, yt)}tT;I). Since we assume (B.8)-(B. 10) hold, by taking union
bound for Lemma 26 with respect to ¢ € [T3], with high probability || N% ZZ Lytol(wTal)zl|| <

R=0 <\/NT1 + 221) for each t. Moreover, from Corollary 17, |y*| < R’ = O(1) for each ¢.
Here, we notice that the procedure in the proof of Lemma 26 can be applied, yielding
Hzl <w7 b, {(Xtv ytv :L't7 yt) le> - ]E[zl (w7 b, {(Xt’ ytv :r’t, yt)}zll)] H

=0 (RR’ Va/T, )

(05

with high probability. Similarly we can obtain

+llza ~ Eleall = O( (/5 + % ) VE ).
e = Bl = O (/5 + /5 ) 7 ) and
ez - Bl =0 (V5 + /% ) 7 )

which concludes the proof. O
We need to obtain a bound uniformly over b € [—1, 1]. We first introduce the following definition.

Definition 28. Fix any w € S* ' and X = J2, {}, .. @l x'} C RY Then, define a finite
disjoint partition B(w, X)) = {B1,..., Bn(w,x)} of [-1,1], i.e., Ui B; = [~1,1] and B; N B; =
0 (i # 7) as follows: band b’ belong to the same B if and only ifsign({w, x)+b) = sign({w, x)+b')
forallx € X.

It is clear that |B(w, X)| < | X| < (N7 + 1)T3 holds because it suffices to divide [—1, 1] at the point
satisfying (w, ) + b = 0 for each x € X.

Lemma 29. Fix any w € S Then, with high probability over the distribution of
{(X?t,yt, ! yt) o +11, the following holds:
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* g(w,b) is Ly-Lipschitz continuous with respect to b in the interval [—1, 1].

« Let X =2 {=x, ... ;@ '}, Then, gy n, (w,b, {( X', y", ', y*)}2,) is La-Lipschitz con-
tinuous with respect to b in each interval B; € B(w, X).

Here L) = O(1) and Ly = O(\/d) do not depend on w.

Proof. By the explicit form of g(w, b) (B.6), we notice that each term is made by taking the product
between the term as a; (b)ax (b) and a vector independent of b whose norm is O(1). Thus, it suffices to

show that a;(b)ay(b) is O(1)-Lipschitz. This follows from the fact a; = i°%2 He;_2(b) (see the

proof of Lemma 20) and He;_5(b)e —*/2 i5 O(1)-Lipschitz continuous on the bounded set [—1, 1].
Next, let us see g7, v, (w, b, {( X, yt, !, ')} L) Recall that
ng,Nl(w7b7{(Xt>y T 7y) )

T

= Eliytab( Eyab’w:c +§ —ylop(w'xt) E yloy(w ' )
— Ty T
1=

From Lemma 10 and Corollary 17, we know that |y?|, \y | < (logd)”/? and ||ar:§||, ||ast\| < v/d holds
for all ¢, ¢ with high probability. Assuming this and noting that ¢ is 1-Lipschitz, in each interval in

B(w, X), gr, n, (w, b, {( X, yt, &t y")}12,) is Ly = O(v/d)-Lipschitz. O

Corollary 30. With high probability over the distribution of w and {(X*, y¢, zt, y }t "

su w, b, {(X,yt, xt, L =0 \/7
S gz, 3, (w, 0, {(X", ", &' y") b 2y) — VT N1T1
- Q-1 r r2
. b Xt t t Ti _ b ol = 0] F J—
beb[ljllj,l] ||(QT1,N1 (w, 7{( Y T,y ) t—l) g(w’ ))1 ” de-1 T T N1T;

(B.11)

holds.
Proof. Let X = Uf;l{w’i, ..., @l ,x'} and consider B(w, X) = {Bi, ..., By(w,x)}- Then, let

B be the union of@((w/ggi, /7 + 1/1\,’;?1)/\/3>£overings of B; € B(w, X). Since |B| is

polynomial in d, Lemma 27 holds with high probability uniformly over b € B.
Moreover, from the construction and Lemma 29, for b € [—1, 1] \ B, there exists w(b) € B such that

|HgT1 Nl(w b {(Xtvyt wtvyt) Tll) —g(w,b)||
Hng,Nl w, 7(b), {(X", 9", ", y") ) — g(w, 7w ())]l]

< 1/
0 dQ 1 \/ T1 N1T1

holds. H

Lemma 31. With high probability over the distribution of {(X*,y*, xt, yt)}tT;I,
* It holds that

S lg(w,b) — gr, n, (w, b, {( Xty 2t y') )|
S

\/ 1/ B.12
dQ 1 T1 N1T1 ( )

with high probability over w ~ Unif (S?1).
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e It holds that

. S[ull)l IE:wf\/Unlf(Sd 1)[Hg(w b) 7gT17N1(w7b5{( 7y ! Y ) )HJ}I/J
S

sd(E=E
QTN T N1T1 (B.13)

forj € [4P).

Proof. If an event A occurs with probability at least 1 — d~¢ over the simultaneous distribution of
(w, {(X*, yt, ', y")}1L,), then we can say that

« with probability at least 1 — d°/2 over {(X*, y*, z', y")} 11, P {A | {(X!, o, 2t )} )} >
1 —d=9/2 holds.

(B.12) follows from this remark and Corollary 30.

For (B.13), with hlgh probablhty over the distribution of {(X*, y*, t,y")}/1,, Pw{(B.11) |
(Xt yt,xt, ")} 2} > 1 — d=C is satisfied for some C. Also, from Lemma 10 and Corollary 17,
with high probablhty over the distribution of {(X*, y*, x!, y*)} %, we have ||zt||, ||| = O(Vd)
and |y*| = O(1). From the definition of gr, n, (w,b, {(X*, yt, z* ,y )}, (B.2) and expan-
sion of g(w, b) (B.6), sup,, ||g(w b) — gry vy (w. b, {(X' g, 2! y') 12| < supy, [lg(w, b)]| +

SUpy, lgz, N, (w, b, {( X!, yt, &b, y*)}/1,)|| is upper bounded by O(d). Therefore, with high proba-
bility

sSup IEwNUnlf(Sd 1 [Hg(w b) ng,Nl(’LU,b,{( y x! y) )”]]1/]

be[—1,1]
4 1/3
SEwNUnif(Sdfl) ( sup Hg(wab> 7gT17N1(w7ba{( 7y x! Y ) )||>
be[—1,1]
j 1/j

~ = rQ*l r r2 = .

) (1 - d*C) \/ . (d*c)dﬂ
de-1 T + N.Ty +
By setting sufficiently large C, we arrive at the claim. O

Summary. We combine the obtained results and show that ||gr, n, (w, b, {(X*, y%, z*,3%)} 1))
and the moment of the residual terms are bounded with high probability.

Corollary 32. With high probability over the distribution of {( X, y¢, ', yt)}tTél,

(1) gr, n (w,b, {(X gyt 2t ') ) = m(w,b) + r(w,b, {(Xt,yt,xt, y)}[,) holds

where

m(w,b) =

209D Beqle] QDU \2q» [wrs
Q'(Q—l)' EZNXT[ZQQ] W1.r 04 .|

and

i11/3
J
sup EwNUmf(Sd 1) |:H(T(w7b7{(Xtayt7$t7yt) le)) H :|
bE[ 1. 1] 1:r

[rQ-1 T 72 N T
de=1\'n NiTy d2Q+1
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(1) Ifnl'y < Vrd2@=1/C4 (log d)©2 for sufficiently large Cy and Cy, Ty 2, r9d9*Y, and N, T, 2,
rd*@t1 then

sup [[2mvg1y v, (w, b, {(X gt 2!, y') L) < 1
be[—1,1]

holds with high probability over w ~ Unif (S~1). Moreover,

sup [(2magr, v, (w,b (X", y' 'y}, 2)) | < logd
be[—1,1]

holds with high probability over w ~ Unif (S?~1) and the training data for the second stage
T
{(Xt yt,xt,y ) 2, 41> Where z € UtiT1+1{w§7...,m§V2,wt}.

Proof. Combining Lemmas 23 and 31 yields (I). For (II), by the condition for 7} and N;, we obtain

op g, (a5 K Y < O (o [ o s
be[—Il),l] gr,,N; , 0y Yy Y XY )ri=1)ll = Vdr 4Q—1 T N, T, rd2Q-1
~ /1
= Od,?"( ’f‘d2Q_1>

from Lemmas 24 and 31. Then, as 1y S Vrd2Q-1/C (log d)©?
suppe (1,11 12m7g7 v, (w, b, {(X' ' 2", y") 12| < Lis achieved.

By an argument similar to the one in the proof of Lemma 18, we obtain that with high probability,

’<27717ng N, (w, b, {(X yt 2t yt) )L 1,z)>‘ < logd for z € UtTiT1+1{wﬁ,...,a:§V2,mt}. To
obtain the supremum bound over b € [—1, 1], it suffices to utilize Lemma 29 again. O

In the following sections, we assume that these two events (I) and (II) occur.

C Construction of Attention Matrix

We construct an attention matrix T’ with a good approximation property: see Section 3.2.2 for the
proof outline.

In this section, a set of basis functions H is defined as
_—
H= xHHﬁHepj(xj) Q<pi+:+p, <Pp1>0,...,p, >0

We let Bp := |H| and introduce a numbering % = {h1,..., hp, }. Note that

Bpi<r+zl> — ("),

i=Q
C.1 Approximation Error of Two-layer Neural Network

As sketched in Section 3.2.2, we need to show that there is a set of two-layer neural networks which
can approximate basis functions well. The goal of this section is to show the following proposition.

Proposition 33. Assume T) = Q(d9T'rQ) and N\Ty = Q(d??t1r). Let {w )}, be neurons
obtained by line 4 of Algorithm 1 with v =< %Q,m = m2rd?Q-z . (log d)~Cn for constant Cy.

2d

Assume b is re-initialized in Line 5 of Algorithm 1. Then, with high probability over the distribution
of training data and the initialization of model parameters, there exist vectors a', ..., a®" € R™
such that for each n € [Bp)|,
2
m T 5 P 1
sup Za”o(wy) xh+bj) —ha(zh) | = O( + ),

J
i€[N2], T H1<t<Ts \ S5
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t t ~(r" 1
Zaa :13+bj)—hn(:c) =0 it

T1+1<t<T2 =1

holds. Moreover, sup,,¢ g, la™||? = O(ﬁ)

m

This proposition states that there exists a two-layer neural network Z i ajo (( 1) )+ b ) which

can approximate the basis function h,,, and its second-layer magnitude ||a™||? only scales with r.
Note that the condition of 77 and N;7} comes from Corollary 32, which implies that the noise terms
of the one-step gradient is well controlled.

C.1.1 Alignment to S and Efficient Approximation

From now on, we suppose that g7, n, (w, b) satisfies the conditions in Corollary 32 (to simplify the

notation, we drop the dependency on {(X?,y*, z*,y*)}/L,). An important previous result [DLS22]
is that, if g7, n, (w, b) aligns with the r-dimensional subspace S, then it can be used to approximate
polynomials on S efficiently.

Lemma 34 (Lemma 21 in [DLS22]). There exists a set of symmetric r-dimensional tensors

{T;:L}ogkgp,ne[gp] such that
ha(x) = Y (TP, 2F))

0<k<P
and TP || S =

Definition 35 (f(r, d)-alignment). We call that g1, n,(w,b) has f(r,d)-alignment with S, if the
following holds:

e Forany 0 < k < P-symmetric r-dimensional tensor T,

2
EwNUnif(Sdfl)KT?ng,Nl (w7 b)?f ] 2 f('ra d)k”TH%W
and the hidden constant in “2” needs to be uniformly lower bounded.

Lemma 36 (Corollary 4 in [DLS22], adapted). Suppose that gr, n, (w,b) has f(r,d)-alignment
with S. Let T be a 0 < k < P-symmetric r-dimensional tensor. Then, there exists {7 (w,b) such
that

Ewanlf(Sd 1 h[]T(w b)<gT1,N1 w, b k] = <T w(lglﬁ
EwNUnif(Sd_l)[wT(w7b)2] fs (Ta d) kHTH%?
[ (w,0)| S f(r,d) "I T F g~ (w,b)]*.

Intuitively speaking, f(r,d)-alignment ensures that the MLP gradient gr, n,(w,b) has suffi-
ciently large component on S. If so, the lemma states that, an infinite-width neural network

w [T (W, b){(gr, N, (w,D), )¥], whose hidden layer weight is g1, N, (w,b) and the activation is
2+ 2, can express the functions <T, m?% with small output layer ¢ (w, b).

Let us show that our g7, n, (w, ) has sufficient alignment if b satisfies (B.5).

Lemma 37 (Tensor expectation lower bound). Let T" be a k < P-symmetric r-dimensional tensor
and w = wy..|wy..||*®~2 Then

Qi
— r 1
Emumf(sd—w[T(w@k)Q]Zd(QH)Z (1T (@ =)(17]

holds for all 0 < i < k. Here T(w®°) :=T.

Proof. Let u ~ N(0,14), z ~ x(d) and @ = wuy..||u1..[|>*?~2. We can decompose 4 as & =
222~ 1. Therefore

E[T(a)?] = B[o(Q 2 ME(T (@)
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holds. On the other hand, let £ ~ S"~! and 2’ ~ x(r). Then we can decompose @ as & = (z')2¢~'x.
Thus
E[T(a®")%] = E[(z') 9" PME[T (2°%)?]
holds. It implies that
E[(+)(19-2)

E[T(w")’] = TE[UC DR

E[T(m®k)2].

Similarly,

E[(z)(4@—2)(k=1)]
E[z(4Q-2)(k=0)]

is satisfied. Now from Corollary 13 in [DLS22],

E[|T(z®*9)|[F] < rE[T(x")?

E[|T(w®*")[IF] = E[|T(z®"")%]

holds. Therefore we obtain
E[(Z/)(4Q72)k]
E[z(4Q-2)k]
LE[(z) 192K
R Rpae-E
_iE[(Z/)(4Q—2)k] E[Z(4Q—2)(k—i)]
E[z(4Q-2)k] E[(z/)(4Q-2)(—1)]
F(2Q—2)i

= mE[||T(@®k_i)H%]-

E[T(w®")?] = E[T(z")’]

E[|T(z®"*")|%]

[T (w®" )]

O

Corollary 38. Let T be a k < P-symmetric r-dimensional tensor and let m(w,b)1.,, =
2a0 ()2 Ecqled](2Q—-1)!!

oo & 23] |lw. ||?Q2w1.,.. Moreover; assume that (B.5) holds. Then,
: : ZXr

2 1 .
Ewntmiti—1) (T, m(w, b)T5)] 2 WE[”T("L(W,Z’)%? ]

holds for all 0 < i < k.

Proof. This is obtained by calibrating the coefficients from the previous lemma. O
Lemma 39. Let T be a 0 < k < P-symmetric r-dimensional tensor. Assume that (B.5) holds.
Furthermore, suppose r < ds, T, = Q(d9t1rQ) and N\T) = Q(d?@F1r). Then,

2 1
Ewntmit—1) [(Ts g1y v, (w,0)50) 7] 2 Wnﬂﬁv

holds for all 0 < k < P. Therefore, gr, n, (w,b) has d=2@*1r=2-alignment with S.

Proof. Decompose gr,,n, (w,b) = m(w,b) + r(w, b) as defined in Corollary 32. From the proof
of Lemma 11 in [DLS22], we can show that

2
IE:'wanif(Sd*I) [<T7 g1, Ny (wv b)?§> ]
1 2
ZEwNUnif(Sd_l) |:2 <T7 m(wv b)(lg];> :| - IE’wNUnif(Sd_l) [5(11]7 b)z] (C.1)
for some d(w, b) satisfying

]EwNUnif(Sd_ b [5(1‘07 b)2]
k

S Ewnvmire 1T (m(w, b)) II%]\/EwNUmf(sd—l) [l (w, b):r |47
i=1
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Here, from Corollaries 32 and 38,

E'u)NUnif(Sd*1 ) [(S(UJ, b)z]

< b (2Q—1)i,.2i ok 2. ~ T’Qil r 7’2 r ‘
~ Z;d r Ewanif(Sd—l)KTvm(wv b)l;r> ]Od,r Wﬁ + m + W
holds. Now, from the condition of N7 and 77, and r < Vd, we know

1 2

Q-1 p r r
dee-n2( - T <1.
" dQ_l T1 + N1T1 * d2Q+1 ~

Therefore we can achieve E,, . upif(si-1)[6(w, b)?] < %EwNUnif(Sd—l) (T, m(w, b)?ﬁf] Apply-
ing this and Corollary 38 (i = k) to (C.1) yields the result. O

C.1.2 Approximation Power of Infinite-width Neural Network

No we can show that some “infinite-width” neural network can approximate the functions h € H.

Lemma 40 (Lemma 9 in [DLS22], adapted). Let a ~ Unif({—1,1}) and b ~ Unif([— log d, log d]).
Then, for any k > 0 there exists vi(a,b) such that for |x| < logd,

Eqplvi(a,b)o(az +b)] = z* sup |vg(a,b)| = Od(l).
a,b

Lemma 41 (Lemma 12 and Corollary 5 in [DLS22], adapted). There exists ¢, (a,w,b1,bs) such
that if

f¢n (:B) = an'(U)blabQ [d)n(av w, b17 bZ)U(inang,N1 (w7 bl) + b2)}
where

a ~ Unif{£7}, w ~ Unif(S?1), by ~ Unif([—1,1]), by ~ Unif([— logd, logd]),
it holds that

2 1
1€[N2], T1+1<t<T> 2
2 1
S (fo, (@)~ hae")? S ==
Ty +1<t<Ts 2
Ea7w7b1»b2 [(bn(av w, by, b2)2] = O(Tp)v
sup |¢n(a’awab17b2)| = é(rp)

a,w,b1,by
for eachn € [Bp].

Proof. We first construct ¢ (a,w, by, be) for basis tensors defined in Lemma 34, such that if

forp (@) = Eaw b, b, |01y (@, w, b1, b2) 0 ((2n1agr, N, (w, b1), ) + Do),

it holds that
2 1
sup(fory (20) — (T, @DEH) S (€2)
i€[Na], T1 +1<t<Ts k Ny
2 1
sup(fomp (@) = (T7, (2)55)) S (C3)
T1+1<t<T» k No
2v (a,b n (w,b .
Let ¢Tg (a,w,b1,be) = %HA@U)HB(IH) where v, and leéz are constructed in

Lemma 36 and the events A(w) and B(b;) are defined as

A(w) r={ sup  2my[{gr, N, (w,b1),@})|, sup  2my[{gr, N, (w,by),@")| < logd
b1 €[—1,1] by e[—1,1]
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fori € [NQ],T1+1 StSTQ}

ﬁ{ sup [|2mygr, ~, (w, b1)]| < 1}
ble[fl,l]

B(b1) = {|E.ono.) (00, (2)Hei(2)]| < Cu (2<i < P+2)}
N {[Eznno,1) o0, (2)Heq(2)]] = CL}.

Then,
forp (®)
=E 10,515 {%k(a’(l;zn)f/;:iéw’bl)HA(w)]IB(bl)U(@Thang,Nl (w,b1),z) + bz)]
=E,, [2 1) Ew [WHA(w)Ea/,bz [vk(a, b2)o ((2n1a'vgr, N, (W, b1), x) + bg)]” ,
where a’ ~ Unif({£1}). Here, if x € UfiT1+1{w§, ol xt
{WHA(w)Ea I Unif({£1}),b2 [V (@ b2) o ((2ma’ygr, N, (w, b1), &) + bz)]}

=Eq [ngf (w,b1){gr,, N, (W, b1), @) } + Ew [¢T,gl (w,b1)(1 = Law)) (g7, N, (w»bl),-’@k]
Note that the absolute value of second term above can be upper bounded by

1/2
]Ew[(l—HA(w))}l/zle[(ng(w,b1)<gT1,N1(w,b1),as>k)2} . Recall that A(w) occurs
1/2
with high probability from Corollary 32, and Ee, [(wTkn (w, b1){gr, N, (w,bl),:@k)?} is

polynomial in d. Hence we can set the second term to be O(1/+/Na).
Moreover, as P[B(b1)] = 1/2 from Lemma 20, we have

Ep, [2 B ) Ew {ﬂ)T; (w, b1)(gr;, N, (W, b1), w>kH
=Ey, [2- (T, 2®%)] + Ep, [2(1 — Lp) (T, F)] = (T}, ).
Therefore, (C.2) and (C.3) holds. Noting that 1,y < v/rd?@=1/C (log d)©>, We obtain
Ea,w,bl,bz [¢Tg (a, w, by, 52)2]

4
<W]E“’b2 [Vk (@ b2)*Bap b, [T5 6,y Y (w, b1)?]
4 - mn
Sy Bl )@V T

=0 (rkr = )

sup [¢ry(a, w, by, bo)|

a,w,by,b2

and

2
<o Uk (@5 02) LA () LB (o) [y (w0, b1)
(2m1)*y

2 — n
gw(d(m l)rz)k”Tk ||F\|(2771’Y)9T1,N1(wabl)HkﬂA(w)HB(bl)
<0 (rkr¥>
from Lemmas 36 and 39. To show the original claim, it suffices to set ¢, (a,w,bi,by) =
ka 0¢Tn (a w, by, by), which yields the upper bounds on the magnitude of ¢, because

Zk_rrz <rF andz Orr4 <P O
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C.1.3 Proof of Proposition 33

We discretize Lemma 41 to establish Proposition 33.

Proof. [Proof of Proposition 33] First, in the same discretization manner as the proof of Lemma 13
in [DLS22], we can show that there exists @', . .., a®? such that for each n € [Bp],

2

sup Za a(<2n1F§J)ng N, (w (0),b§0)),m§> + bj) — hp(xh)
€[N, T1+1<t<T> J=1

~(rF 1
o+ )

sup Za”a(<2n11“§ J)ng,Nl( (0)7 b§0))7 > + bj) — hp(x?)

Th+1<t<T;

~ (P 1
-0(%+ )

and sup,,¢(p, la" > = O(%) with high probability (b, b; denotes the biases at the

first and second initialization, respectively). Recall that w( ) = = 2m rt 53978 (W go),bgo)) —

2771T f(Xt,y ', WO 10 p 0))V (mf(Xt, ytxt, WO T O) b)), It remains to
bound the effect of the second term. By Lemma 18, we know that the norm of second term is
(nyy mvd ) . Similar to the argument in the proof of Lemma 18, the inner product between the

second term and z*, z! (i € [N2],T1 +1 < t < Ty) is also O (mnym\/g) , with high probability.
From the Cauchy-Schwarz inequality and the Lipschitz continuity of o,

Za 0’(<2771F§ ])ng Ny (w ),bgo) ,w> + bj) — ia?a(<w§l),az> + bj)
j=1

:o~<\fmmff> ( n’:)

We obtain the assertion. O

C.2 Concentration of Correlation

Next, we evaluate the discrepancy between the empirical correlation N Z e y;jh(z;) and its
expectation for each h € H, which decides the approximation error in (b) of (3.1).

Recall that h € H can be written in the form as

He,, (z;) (@ <pi+---+p- <Pp1 >0,...,p. > 0).

2115

Also note that

1 X
A Zyjh(-’fj) — Eg ¢ [yh(z)]

1 X 1 X
A Z%'h(wj) N ZU*(@]‘@)M%) — Eg[o.((x, B))h(z)],

where 0, (z) = ZZQ “He;(z). First we give an upper bound for |Ni2 E;V:Ql o ({x;, B))h(z;) —
Ezlo.((z, 8))h(z)]|.
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Lemma 42. Let D < 2P be the degree of o.({x, B))h(x), when we regard it as an r-variable
polynomial with respect to (x1,...,x,). For allt > 0 there exist absolute constants M and Cp
depending only on D such that

N2
NLQZJ*<<xj,g>>h<wj> — Eolo.({z, B))h(x)]| > t
j=1

1 . tv Ny o
<2exp (—CDMQ 1 hED ( [E[VE (0. ((z, B))h(z))] ||F> >

holds, where Cp and M are constants.

Proof. Let F(x1,...,xy) = N% Z;Vzl o.((x;, B))h(x;). It is a degree-D polynomial for

T1,1y--+>T1,p- -+ > TNy, Which are standard Gaussian variables. Also,
-1
IE[VEF (@1, ..., 2n)]lr = VN2 |EV* (0. (2, B))h())]] ¢
is satisfied. Then, applying Lemma 15 to F' yields the desired result. O

Then, our aim is to bound ||E[V*(o..((z, B))h(x))]|| -

Lemma 43. Let h(z) = [[;_, \FHepl (i) and P=p, +---+p.. ForQ+ P <k < P+ P,
IENV* (0. ({a, B)) ()] 7 < RZCr

[VE(o. (. B) ()]l F = 0.

Proof. First,
2

|EIV* (o (@, B)R(@)]IF = || 3 SEIV*(Hei((@. B)h(@))]
i=Q P
holds. To calculate E[V*(He;({x, 3))h(z))], note that from Lemma 8,
He;((, 8))h(x)

atote=i q q
_ —— B®...B%He,, (z1) - - Hegy, (z,) ep, (1) epr(zr). (C.4)
| 11 T q1 qr 1 1
00 qi----qr: Pp1: Pr:

Also, from the discussion in Appendix A.3, E,, [ dlll X az&’ - He; ((x ﬁ))h(m)] is equal to the coeffi-
cient of (C.4) with respect to WHeS1 (z1)-- Heg (x,). Therefore, E[V* (Hez(< B))h(cc))} #

O if and only if i + P = k.  Then, HZ o SE[VE(He,((a H
. 2
FEEIVE (Hey_p((@, B)h@))]|
Here, we can observe that the (j1, . .., ji)-th entry of the tensor (k’“ lf), [VE(He,_p((z, B))h(z))]
is equal to
81!"~8T! él —p1 _ 1
Cr_p ' : /BST P Hs —p1>0,...,8,—p.>0
PG —p)l (5 — 1) VIRV
where s; = Z’;,:l I;,,=i (7 € [r]). There are ﬁ index sets (j1,. .., jx) having the same entry,
and thus
2
Ck-p k
———E[V*(He,_s({x,3))h(x
| B ey 81|
_ Z CQ } 1 k! ( 31!"'87’! >2
el F=Pplepelsilecos (51— po)t - (80 — i)
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(BT B TP g 20,80 —py 20

) 1 k! Lo (gr + )\ 2
= 3 e s ((fh +p)!--- (g +pr) )

pilpel (qr+p1)t - (gr +pyp)! @!egr!

q1+-4gr=k—P,q; >0
(B9 - Bar)?
_ Z 02 ~(k_P)' k! ((ql+p1)'(QT+pr)'>
f—

Pol gl (k= B\ pilplanl- g

a1+ +ar=k—P,q;>0
(BE - B2 (C.5)

We can verify that there exists a constant C} depending only on P such that

k' ((¢aa4pi)'-(grtpr)!
(k—P)' ' p1lprlailgr!

) < C}, holds uniformly; for example, one can naively obtain

k! Ve (g, )
Cm+pﬂ (Q+P))Skmh+mﬂ”(%+@y§k%@

(k—P)\ m!plat-q!
Here we used (g1 +p1) + -+ + (¢ +pr) = k.
Moreover, 3, |\ g —k_F.q,>0 %( 0 ... B9)2 = ||B®kF=P||2, = 1 holds. Hence (C.5) is
upper bounded by ¢ Cy < R2C}, . O

Corollary 44. With high probability,

1§ by - Ealo. (e, 8)h(@)| = 0(1)
N, 2 il w) = Ealo VN

holds.
Proof. Plugging the results above and ¢ = 9(\/% (log d)?') into Lemma 42 yields

(log d)”

1 & .
E;U*(@jﬁﬂh(wg—) - Ealow (@ B)h@)]| S ==

with high probability. Moreover, we can easily verify J\% 25\21 Sj h(wj)‘ = O( m) by the
method used in the proof of Lemma 26. O

C.3 Proof of Proposition 2

We prove the following Proposition 2 using the preparations above.

Proposition 2. Ler X' = (zf,... @l )and y' = (yi,...,y5,)" where Ty +1 < t < Ty + Tb.
With high probability over the data distribution and random initialization of the parameters, there
exists I' such that

3P 2P
~ T T
—r=0|y/—+

Xt t t'W(l)fb—t o
f(X5y' 2 ,I,0) —y w TN

holds for all t € {Ty + 1,..., Ty}, where W W is obtained by line 4 of Algorithm I and b is
re-initialized in Line 5 of Algorithm 1, where the conditions on 1, A1, m, v, N1, T} are identical to
that in Theorem 1. Moreover, |T||p = O(r?” /m) is satisfied.

Proof. It suffices to show the proposition for each 77 + 1 <t < Ty + T5, and then take the union
bound. We drop the superscript ¢ for simplicity.

Note that, from Lemma 8 and E[h(x)h/ ()] = Ip—p for h,h' € H, we can expand fi(x) as
fo(x) =20r, Eorn(0,10)[f+(®)hn (@) hy (). Now let A = [a* -+ aPP] € R™*BP where
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{a™}57 s constructed in Proposition 33. Then, by setting T = AAT,

<AATJ(W(1>X +b1])y

-
a(wgl) x + by)
N2 ) > -y

R
U(w%) x—+ by)

_;(hn(w)+6”(w)) Efshn] + ]\zjzlyjh (x5) — E[fshn] +]\172jzlyjen(wj)
= ful®) =<
Bp 1 Ny . N
Bp
= hn(@Efhn] —

T ~
holds, where e, () = 37", a}‘o(wy) x+bj) — hy, () satisfits |e, (x)| = O(\/rp/m + 1/N2)
from Proposition 33.

To bound the error, we note that the following holds for each n:

* As h, (=) is a polynomial whose degree is at most P, and E,[V*h,(z)] = O(1), |h.(z)| <
(log d)*/? holds with high probability from Lemma 15.

* From lemma 8, |E[f.(x)h,(x)]| = O(1) holds.
* From Corollary 17, |y;| < (log d)”/? holds with high probability.

Hence, for each n € [Bp], we obtain

1 & 1 &
|<hn(m)+ &(ﬁl ><E[f*hn]+ E;yjhn(mj)_E[f*hn] +]\72j2_;yjen(mj)>

oM o(/Erd) o(1)
o(,/5) O/ 5 +7)

m 2

— hn(T)E[fihn]

Combining this with Bp = ©(rF) and m = Q(r"), we arrive at the upper bound.

Finally for ||T|| 7, we have
BP BP
ITlF < lla(@)Tllr =) a"|* = O(*" /m).
n=1 n=1

D Generalization Error Analysis and Proof of Theorem 1

Note that after one-step gradient descent, ||w§1) I = O~d}r(1) is ensured with high probability from
Lemma 18 and Corollary 32.
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D.1 Rademacher Complexity Bound
Let W = W) and suppose by, . . . , by, are biases obtained in line 5 of Algorithm 1. Let

(1T
w x+b
To(WX +b1])y o) @ +b)

Fue={(Xgo) o (PRI, e )icte <}

be the set of transformers where the norm of the attention matrix is constrained, and let

N.G T og=1

T
1
RadT(}—N,G) E{Xt} {yt}{xt} {et} l sup T E etf(Xt’ yt’ a;t)‘|
f

be its Rademacher complexity, where ¢! ~ Unif({41}). Here contexts X € R¥*" and y € RY are

of length N. We can evaluate the Rademacher complexity as follows.

Proposition 45.
~ Gm
Radp(F Oq,r
7(Fn,g) = Oq, (\/T)
holds, when |b;| = O, (1) and ||w || = O04.,(1) forall j € [m).

Proof. First, it holds that
RadT(}-N,G)
1 T
= Eixt} yt) {at} (e} l S;p T Zetf(Xt’ v, wt)l

NG T o=l

Irie<c T = N

(1) T t b
S . 1Z€t<ra(w X'+ b1])y" , >

0(('w(1))+wt+b )

(ONT .t
o((wy ) ' +by)
@ |1 L o(WOXt 4+ b1])yt
<E|= r t N :
=BT e Il tge N WY
o((ww’) ' 4 by »
(ONT .t i
o((w ' +b
_Gpg iet"(W“)Xt+b1Tv)yt ({1 ). 2
t=1 N o((w (U)T bt byy)
F
2
1) T gt
+b
e Z oW X!t +b1T )
T t=1
' +bm)l ||,
T2
Tx+b
G g (W<1>X +b1)y )
T e (1)
Tz +by,) P
2
G . S )T (MWyT
:ﬁ Z Ex y« Z (L‘J—l-bk) ((wl YTz +b)
k=1 i=1
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0 G -
=7 D Eanh(0.1) @~ N (0.10) fus (f*(w)+<)20((w,§”)Tm+bk)2a((w§”)Tm/+bl)2}
k=1
@ G -
S | 2 Eags| (26 ()2 + 23)2((w]) )2 4+ 20) [ Bar | (2((anf) Ta)2 + 207),
T\ k=1

where the annotated equality/inequalities are obtained by (a) Cauchy—Schwarz inequality, (b)
Ee,~unit{x13[]] 2¢ e Ai]|%] = >, | A¢l|%. (c) convexity of f(z) = 22, and (d)(o(a + §))? <
(a+B)? <202 + 282

Let us further evaluate the last line: from the assumption and Lemma 7, we know that ||wy,

, |bx| and
E[f.(x)?] are all O(1): in particular, we can easily obtain that Epn,12) {((w,(cl) )Ta:)Q} = 0g4.(1).

Consequently, the last line is %\/zzl_l Ezrn(0,14).1. [(Qf*(m)2)(2((w,(€1))Ta:)2)} + O~d7r(1),

and remains to evaluate E,z(0,1,), 7. {f* (w)Z((wz(ﬂl))Tw)Q} . On this term, we obtain

By . [ £o@) () @] < Bap. [£2@)] B () )]

=O(1) (. Lemma 7).

). O

Hence we can conclude Radr (Fn,¢) = O(

SE

Corollary 46. Let

(T
o((w;”) ©+by)
. oW X + b1}

Fra = { Xy o (P, ; )|irie < 6}

(Wi Tz + by)

U{(X,y,w,y)Hy}-

Then, Radr(Fn.g) = Od,T<G—T;) holds when |b;| = Oy.,(1) and ||w§1)|| = O4.,(1) for all
j € ml.

Proof. Note that

T
1
E{Xt},{yt},{mt},{yt},{a}[ sup fE etf(Xﬁyt,mt,yt)]
t=1

f€FN,G
1 & 1
<E{xt} {yt} (@t} {et} | SUP ef( XNy 2| +Egyeyqeny || = etyt]].
(Xt} {yt} =31 }[fefN,Gth_; {y' et} th:;

This follows from sup ¢ 7, % 23:1 e f(X*t y', x') >0, as Fn ¢ contains zero function corre-
sponding to I' = O. The second term in the last line can be bounded as

1« 1 ’
By, () ngyt] < B (TZtht>
t=1 t=1
1 1
- ewi-o{s)
Nii [(y)°] Nk
by Lemma 7. O
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D.2 Prompt Length-free Generalization Bound
The ICL risk for prompt length NV was defined as

RN(f) = EX,y@,ny(-Xlsz Y1:N, T} W? F7 b) - y”v

where the length of X.5 and y;.n is fixed to N. In this section, we show that the ICL risk
“converges” when the context length is sufficiently large.

Proposition 47. Assume that |w;|| = Og..(1) and |b;| = O, (1) for each j € [m]. Then,

R (f) = Rar ()] = O(IT | pm/T/N +1/M)
holds.
Proof. Note that

IR (f) = Rm(f)|
SEHf(XI:Nu Y1:N, T, W7 F7 b) - f(XI:M7 Yi:M, I W7 Fa b)”

Lk <F(a(WX1:N 01y o (W X + b1L>y1:M)
N M ’

o(w] z +by) > ]

[ o(w]x+by) |
(@) o(WX1n +b10)y1.y o(WX1m + b1y ! . )
e 5 - s .
L (wnbm =+ bm)
I T T 271/2
c(WXin+bly)yi.y o(WXi +b1,,)y1.m
<|IT) - g - s
i T 2 1/2
o(w; x + by)
K ,
o(w,! x +b,y,)

where (a) holds because a ' Tb =T o (ab") < |T||r|ladb’||r = ||T||r||all|b].

T T
Let us bound IE[H(J(WXLNIJ\;MN)Z“‘N — U(WXIMH’lM)yl M)H } which is to

S K |:EX7fy [(11, SV o(w] @ +bj)y; — 37 M o(w] x; + b, )yl) H . For simplic-
ity, we drop the subscript 7 and obtain

M 2
< Z'wmﬂ—b waﬁ-b)

N 2
Zaw z; +b)y; —E[o (me—l—b)y])

1
(1
- o 9
+2E Z w'z; +b)y; — E[o(w 'z +b)y]
—%V[(a(me b)) + MV[(U(me b))

<(3 + 37 JElotw e + 02(1ula) + 7]
@ (fv + A?)E[Q(uﬁa:f 20%) (2. ()7 + 27)].
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Here (a) is obtained in the same vein as the derivation of (d) in the proof of Proposition 45. Moreover,
in the same way as that proof, we can show that E[(2(w " @)? + 2b%)(2f.(x)* + 2¢%)] = O, (1).

|:H (U(WXLNIJ\;blIr)yLN _ o(WX;, MAbl] )y M)‘ 2:| _ (% + %)Od,r(m)-

Consequently we get E

M

Next, we observe that

o(w{ x +by) ?

E : <2) E[(w] ) + 3] = Or(m).
o(w, x+ by,) J=1

Putting all things together, we arrive at

[Rov(f) = Rau(H)| = O[T/ T/N +1/0).

D.3 Proof of Theorem 1

Finally we are ready to prove our main theorem.

Proof. [Proof of Theorem 1] Let T be the attention matrix constructed in Proposition 2 and let I'* be
the minimizer of the ridge regression problem (line 8 in Algorithm 1). By the equivalence between
optimization with Ly regularization and norm-constrained optimization, there exists Ay such that

IT*|lp < IT[lp = O(r*" /m),

T1+T> 2
< > o- f(Xt,yﬂwf;W(”,r*,b)l)

2 =T +1
T +T>
Sa 3 (- fXL Yt WO, T b))
2 =Ty 41
1 T +T> ~
<o 30 - f(Xy e W, TLb)
2 t=T1+1
Then, from Proposition 2,
T +T>
1 t t oot t. (1) A 3P r2P
= 2 - Xyt e W T b) [~ 7 =0 N
t=T1+1
holds.
We evaluate Ry, (f) — 7 where f = f(X*, y', xt; W) T*, b) using the Rademacher complexity.
RNz( )
1 T +T>
= > - A(X Lyl e W, T b)
2 =T +1
1 T +T>
+ <RN2(f) - T Z |yt - f(Xt7yt7wt;W(1)7F*7b)|> -7
t=Ty+1
. F3P 2P
< oy
- m + N2

1 T1+T>
+ sup (RNz(f)_T Z |yt_f<Xtaytawt7yt)|>

2 t=T1+1
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holds, where F is defined in Corollary 46. We can evaluate the expectation value of the second term
of the last line as, using ¢’ b Unif {41},

T1+T>
1
Egxey {ythfat) fvry | SUP (RNQ(f)—T > |yt—f(Xt,yt,mt,yt)l>

FEFN IR 2 =T +1

() 1 T1+T>

< Wixyqy)deth ey | S Y eyt = f(X Lyl ety
FEFN DI © 2 t=T1+1

1 T +T>
53]

t=T1+1

(0) -
< Radr, (F, i) + Eye

o7 1/2

~ 1 T +T>
SRade(‘/—"N%”fHF)-FEy,E ( Z Etyt>

Ty
t=T1+1

_ 1 12 () ~[ [r*F
< ) L Els? ) L
= Rade(]:NmHFHF) + \/ﬁ [y ] 0 \/?2

Here, (a) holds from the standard symmetrization argument (see eq. (4.17) in [Wail9] for example),
(b) is derived using eq. (1) in [Mau16], noting that (x,y) " + |z — y| is v/2-Lipschitz continuous,
and (c) follows from the bound of ||T'|| 7 in Proposition 2, together with Lemma 7 and Proposition 45.

Note that

T,+T>
1
sup (RN2(f>T > |ytf(X‘f,yt,wf,yt)|> (D.1)
Fayr 2,
FEFN IR t=T1+1

is nonnegative because f(X,y,x,y) = y is included in F ~,|T)| - Hence from Markov’s inequality,

(D.1)is O (w / %) with probability at least 0.995. Hence we obtain

- 3P 2P 4P
Rn,(f)—7=0 r+r+\/r

m N2

Now we have done the upper bound for Ry, (f). For Ry« (f), we can use Proposition 47.

Note that all the desired events occur with high probability, except for the one described above,
which occurs with probability 0.995. This completes the proof of Theorem 1. O

E Derivation of Simplified Self-attention Module

We derive equation (2.6), following the same line of argument as [ZFB23]. As we assumed that
WPV WEQ are in the form as (2.4), the output of the attention layer is written as

Bl K e

~ 0 *
. PV KQ\ _ * * . 1xm
farn (B W57 WEY) = E + [lem W}E ~ (E.1)
Note that we adopt the right-bottom entry ( faven(E; WPV WK Q)) Ly 088 prediction for
m+1,N+

output of the query. By (E.1). Hence we have

(fAttn(E; WPV, WKQ))
m~+1,N+1
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o(w] x +by)

m

K * :

ol |
O1sm 0(wT$+b77L)

0

:[lem 'U]E :

N
o(w{ x +by)
eT|K :
o(w,) =+ b,,)
0
o(w{ x +by)
c(WX +b1))"K :
o(w,) x + by,

N
o(w] z +by) >

B <’UKT(T(WX +b1))y
= ~ ,

o(w,! x +b,,)

Setting I' = vK T yields equation (2.6).

F Details of Experiments

F.1 Detailed Experimental Settings

For the experiments in Section 4, test loss was averaged over 128 independent tasks, with 2048 and
128 independent queries generated for each task in the experiment of Figure 1 and 2, respectively.
During the validation of the experiment of Figure 1, the coefficients {¢;} in the single-index model

were fixed to be (cq, c3) = (V2 -2!/2,+/2 - 31/2) to reduce the variance in the baseline methods.

GPT-2 model. The experiments in Section 4 were based on the architecture used in [GTLV22]',
whose backbone is the GPT-2 model [RWC* 19]. Given the prompt {(z;,y;)}.-+ ', the embedding
E ¢ R¥*(2N+2) was constructed as E = [x1,91,. .., 2N, x| where §; = [y;,0,...,0] . This
embedding was mapped to E € R256X(2N+2) through the read-in layer. The transformed embedding
E was then passed through the 12-layer GPT-2 backbone with 8 heads, with dropout disabled.
Finally, the output was converted into a 2N + 2-dimensional vector through the read-out layer, where
the (2k — 1)-th entry (k € [N + 1]) corresponds to the prediction gy (x}, vt ... &} 1, vt 1, %)
for yy, that is, the answer for the query @ reading the context of length £ — 1. We used the
Adam optimizer [KB15] with a learning rate of 0.0001. The training loss at each step was set as

R 2 . -, .
LS P S (vt — (@, vt 2k Yk, @)))” where B = 8 is the minibatch size.

Baseline algorithms. Baseline algorithms used in the comparison experiment are as follows:

» Two-layer neural network f(x) = Z;”:l aja(ija:) where ¢ = ReLU and m = 256. The

initialization scale followed the mean-field regime, with a; K Unif ({£1/m}) and w; R
Unif(S?~1). The architecture was trained using the Adam optimizer, with a learning rate of 0.1
for the first layer and 0.1/m for the second layer, along with a weight dacay rate of 0.0001. Early
stopping was applied to prevent overfitting.

 Kernel ridge regression using the Gaussian RBF kernel. The ridge regression parameter \ was set
to A = 0.01.

Again, note that these baseline algorithms were trained from scratch for each validation task, whereas
the parameters of the pretrained GPT-2 model remained unchanged across all validation tasks.

"https://github. com/dtsip/in- context-learning, MIT License.
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F.2 Experiment on Our Architecture and Algorithm 1

In addition to the GPT-2 experiments, we also con-
ducted comparison between our Algorithm 1 on our
simplified architecture and baseline algorithms. Data

is generated as y! = Hey((x!,3!)), where B¢ "K"
Unif{8 € R? | B = (81,0, [8] = 1} with
d = 32 and r = 2. We pretrained our transformer ar-
chitecture (2.6) with m = 8,000, using Algorithm 1
with ) = 105, N; = 10%,m 10° (recall that
m = m2rd?Q=2 . (logd)~C" should be large) and
Ty = 3,000, No = 512, Ao = 0.1. We used mini-batch
SGD to find an approximate optimizer I'* of the ridge
regression. For validation, we altered the context length
from 245 to 2° and compared its test error with one-
step GD (training the first layer via one-step gradient
descent, and then conducting ridge regression on the sec-
ond layer) on a two-layer NN of width 8, 000 and kernel
ridge regression with RBF kernel working directly on

1007 ke
s
%
4 S
2 *_
c Fao A
o TSl "%
=} T S
i
K X,
jt ~
8191 e,
kernel T,
—— two-layer NN =S

—— pretrained TF

107
in-context sample size N *

Figure 3: In-context generalization error of
kernel ridge regression, neural network + one-
step gradient descent, and Algorithm 1 on our

Transformer (2.6).

the test prompt. In Figure 3 we see that our simplified transformer also outperforms neural network

and kernel method, especially in short context regime.

44



NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: They are presented accurately.
Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: We mentioned the limitation of our result and the future challenge in Section 5.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: We presented full-proofs for our results in the appendix, and sketched the
proof in Section 3.2.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

e Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: See Appendix F.
Guidelines:

* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer:

Justification: This is a theory paper where the toy experiments are not central to our
contribution.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer:[Yes]
Justification: See Section 4 and Appendix F.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

¢ The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: See Section 4 and Appendix F.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).
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« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer:
Justification: We only have toy experiments and it is not a central part of this paper.
Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: Yes, and we checked the code.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: Our results are purely theoretical working on a small simplified model, thus
there seems no societal impact.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: We don’t have any models or datasets to release.
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: We included the information in Appendix F.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: We don’t release any assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: Our paper does not include such subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: Our paper does not include such subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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