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Abstract

Variational resampling (VR) is a method for
deterministically resampling the N particles
in sequential Monte Carlo (SMC) algorithms
(also known as particle filters), by minimis-
ing the Kullback—Leibler divergence from the
empirical measure of the N weighted origi-
nal particles to the empirical measure of M
unweighted resampled particles. The combi-
nation of VR with a weight transformation
(called smoothing weights) has shown to of-
ten yield a smaller mean-square error (MSE)
than standard resampling schemes in the lit-
erature. However, its bias has never been
investigated. In this paper, we first show
that VR incurs a weighting bias and a trun-
cation bias. We then propose a mechanism
to alleviate the weighting bias through an
uneven weighting of the resampled particles.
We also show that the truncation bias im-
plies that the particle approximation of the
target distribution is restricted to a region
in which the unnormalised weights are larger
than some threshold with high probability.
We prove that this probability approaches 1
if M = O(N) as N — oo. Finally, we em-
pirically illustrate that the smaller MSE of
VR observed in the literature may be at-
tributable to an underestimation of uncer-
tainty caused by the use of the smoothing
weights.

1 INTRODUCTION

Sequential Monte Carlo (SMC) methods (Chopin and
Papaspiliopoulos, 2020) approximate probability dis-
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tributions with a population of weighted samples (‘par-
ticles’) and have become indispensable across many
domains since their popularisation in (Gordon et al.,
1993), including epidemic tracking (Storvik et al.,
2023), option pricing in finance (Creal, 2012), and
Bayesian phylogenetic inference (Bouchard-Coté et al.,
2012; Koptagel et al., 2022).

Unfortunately, weighted samples naturally suffer from
degeneracy, with only a few carrying most of the prob-
ability mass. To mitigate this issue, SMC methods em-
ploy a resampling step which prunes low-weight par-
ticles and replicating high-weight ones. Classical re-
sampling schemes, such as multinomial (Rubin, 1987),
stratified (Kitagawa, 1996) or systematic (Carpenter
et al.,, 1999), are designed to yield unbiased empiri-
cal approximations of the normalised weighted mea-
sure (Douc et al., 2005). However, drawbacks of ex-
isting resampling schemes have motivated alternative
formulations (see, e.g., Li et al., 2015, for a review).
Building on this, Kviman et al. (2024) recently intro-
duced a variational resampling (VR) scheme. It casts
the resampling problem as an optimisation task with
some specific design choices, opening the door to other
schemes. The analysis of VR — especially a character-
isation of its bias — is the focus of this work.

Sampling—importance resampling. To alleviate
some of the notational burden which SMC methods
necessarily incur, we will postpone these to Section 3
and discuss VR in the context of approximating a sin-
gle target distribution:

1
m(de) = Zpu(dz)G(x),
where £ is some probability measure on X = RP,

G: X — (0,00) is some non-negative p-integrable po-
tential function, which can be evaluated pointwise,
and Z = p(G) € (0,00) is the (often intractable) nor-
malising constant. Here, for any probability measure
1 on X and suitable test function f: X — R, we define
n(f) = [y f(x)n(dz). We will assume that u(G?) < oo
as it is common in the literature. Throughout this
work, we use the same symbols (e.g., 7 and u) to de-
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note probability measures and their densities w.r.t. a
suitable dominating measure dz (typically a suitable
version of the Lebesgue measure). For some suitable
set A, the symbol I4 denotes the indicator function,
ie, Ia(x) =1z € Aand Ia(z) =0if x ¢ A; 5,
denotes the point measure at z, i.e., §,(A4) == L4 (x); if
A = {a} is a singleton we write d,(a) = §,({a}).

As an example, 7 could be the posterior distribution in
Bayesian statistics. In this case, pu(dz) = P(X € dx)
is the prior distribution and the data Y are generated
from a conditional distribution P(Y € dy|X = z) =
G(z,y)dy. Treating a realisation of y of Y as fixed, we
may then drop y from the notation to write instead
G(z) = G(z,y). The normalising constant is then
simply the likelihood: Z = E[G(X,y)] = E[G(X)].

Our goal is to approximate expectations 7(f) for
some m-integrable test function f: X — R. We use
sampling—importance resampling (SIR) (Rubin, 1987,
1988). The method is summarised in Algorithm 1,
where M, N € N are specified by the user.

Algorithm 1 (SIR — Rubin 1987).

1. Sample X*,..., XN ~ 1 and approximate w by

N
#NV(dz) = Z W xn(dx),

n=1

where, for n € [N], W" := G(X”)/Zfil G(XY;

2. sample A¥M ~ p(.: WHN) and approximate 7 by

M
#M(dz) = Z W™S,. (dz),
m=1
where X™ = XA for m € [M].

Step 1 of Algorithm 1 performs self-normalised im-
portance sampling to obtain weighted sample, from
which an approximation #% of 7 can be formed.
(XEN WENY Here, X'V ¢ XN and WHN ¢
{VEN ¢ 0, 1)V | ZT]:[:I V™ =1} = Sy are the Monte
Carlo samples (particles) and self-normalised impor-
tance weights.

Step 2 of Algorithm 1 performs resampling to obtain
a modified weighted sample (XM W'M)  That is,
resampling first generates parent mdzces AYM from
a resampling distribution, i.e., from a joint distribu-
tion p(-;WHN) on [N]M Wthh generally depends
on W'V, The Monte Carlo sample Xm = XA"
is then the mth resampled particle and wm > 0is
the corresponding resampled weight whose specifica-
tion depends on the choice of resampling distribution
p. For instance, multinomial, stratified and system-

atic resampling for all set W™ := 1/M, for m € [M].
However, we stress that such homogeneous resampled
weights are not necessary. For instance, the opti-
mal finite-state resampling scheme Fearnhead (1998);
Fearnhead and Clifford (2003) and the related partial
resampling scheme (Martino et al., 2016) lead to non-
uniform resampled weights.

Variational resampling. Recently, Kviman et al.
(2024) introduced a deterministic resampling scheme
in which p(-; W) is a point mass implicitly specified
through Algorithm 2, where, for v > 0, the function

Cy: [0,00) — (0,u] is given by
k*u
A ST
ks Cu(k) =4 hr DR TR>0 gy
u, if k=0.

Algorithm 2 (VR — Kviman et al. 2024). Given
a weighted sample (XN WHN) and K! = ... =
KN =0,
1. form=1,... M,
(a) compute A™ € argmax,,c(y) Cwn (K"),
(b) set KA™ « KA™ 4+ 1;

2. set X™ := XA" and W™ :=1/M, for m € [M].

In Algorithm 2, K™ is the total number of descendants
of Particle n allocated by resampling. Thus, at the
start of the algorithm, K' = ... = K = 0. Then, for
each resampled particle m = 1,..., M, Step la speci-
fies an ancestor, say n (i.e., A™ = n); subsequently,
Step 1b increments the offspring count K™ by 1.

Kviman et al. (2024) termed their method variational
resampling (VR) because it minimises the Kullback—
Leibler (KL) divergence from 7%V to # under the as-
sumption that the latter sets set Wm = 1/M, for all
m € [M]. A proof is given in Kviman et al. (2024). For
completeness, we also include a self-contained proof
(Proposition 3) in Supplementary Appendix A.

VR (potentially combined with a modified set of
weights — to be explained in Section 3.1 below) ex-
hibited a lower mean-square error (MSE) and higher
marginal-likelihood estimates than several popular
low-variance resampling schemes in the numerical ex-
periments in Kviman et al. (2024). The authors also
noted that VR concentrates the distribution of the re-
sampled particles “around the mode of the posterior
density, in a typical ELBO-based VI fashion”. How-
ever, no further analysis of VR was undertaken:

“[The] characterization of the biasedness
of [VR] (stemming from their deterministic
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nature) was outside the scope of this work.
Nonetheless, establishing theoretical guaran-
tees is an important future-work direction.”
(Kviman et al., 2024)

Contributions. In this work, we analyse the bias of
VR. Our contributions in this context are as follows.

1. We explain that VR suffers from a weighting bias,
i.e., from a bias due to the fact that the expected
number of offspring of a particle is not propor-
tional to is weight. We then propose a novel
‘weighted’ version of VR (Algorithm 3) which re-
moves this bias.

2. We prove that VR suffers from an additional trun-
cation bias. Specifically, Proposition 2 proves that
with high probability (that depends on N and M),
VR results in an approximation #¥ of 7 which
is truncated to a region in which the potential
function exceeds some threshold § > 0. Corol-
lary 1 further proves that this bias does not vanish
asymptotically in N. That is, the probability of
this truncation approaches 1 as N — oo as long as
M = O(N). Though numerical experiments hint
that the truncation bias can be made to vanish
for fixed N by letting M — oc.

3. We illustrate, empirically, that the potentially
smaller MSE induced by VR observed in Kviman
et al. (2024) may be attributable to an underesti-
mation of uncertainty.

Beyond VR, our work provides the following insights
into deterministic resampling and the evaluation of
SMC algorithms more broadly:

4. A general two-step framework for analysing deter-
ministic resampling schemes. Our analysis leads
to a principled procedure that (i) removes weight-
ing bias via Proposition 1 and (ii) isolates and
characterises truncation effects. This framework
is not specific to VR; it applies to any determin-
istic resampling scheme (all of which necessarily
incur truncation effects). It offers concrete guid-
ance for the design and theoretical assessment of
deterministic resampling methods in general.

5. Our experiments highlight that lower empirical
MSE can arise from underestimated uncertainty
rather than improved approximation. Although
this is an empirical observation rather than a for-
mal theorem, it is not specific to VR and has
broader implications for how MSE should be in-
terpreted when evaluating SMC algorithms and
other approximation techniques.

2 BIAS OF VARIATIONAL
RESAMPLING

2.1 Motivating example

In this section, we analyse two sources of bias in-
duced by VR in the context of the SIR algorithm.
For concreteness, we use a Gaussian toy example as
a running example. Here, the goal is to approximate
a standard normal target distribution # = N(0,1)
via the SIR algorithm with g = N(0,1/(1 — \)) and
G(z) = exp(—Az?/2). We set X := 8/10 so that this
example is equivalent (up to an irrelevant rescaling) to
the example from Kviman et al. (2024, Section 5.1).
Figure 1 illustrates our main findings (which will be
made more rigorous over the next two sections).

1. Weighting bias. First, in Section 2.2, we prove
that VR incurs a bias due to the fact that it
sets all the resampled weights equal to 1/M even
though the expected number of offspring of a
particle is not proportional to its weight. This
weighting bias can be seen in the approximation
of the modal region of the target distribution in
the fourth panel of Figure 1). We also propose a
‘weighted’ version of VR. As shown in the last
panel of Figure 1, our proposed weighted VR
avoids this weighting bias.

2. Truncation bias. Then, in Section 2.3, we prove
that VR — with high probability — truncates the
target distribution to a region in which the po-
tential function exceeds a certain threshold; and
that this truncation does not vanish as N — oo.
This truncation bias can be seen in the underes-
timation of the tails of the target distribution in
the fourth and fifth panel of Figure 1.

2.2 'Weighting bias

VR incurs a bias due to the fact that it sets all the
resampled weights equal to 1/M even though — in con-
trast to, e.g., multinomial, stratified or systematic re-
sampling — the conditional expectation of the number
of offspring of X™ is not exactly proportional to W™.

This problem is incurred more generally by resampling
schemes that are deterministic, i.e., whose resampling
distribution can be written as

=

p(ale;leN) = 6h(m;W1‘N)(am)v

m=1

for some mapping h(-; WHN): [M] — [N] indexed by
WHN ¢ Sy. Proposition 1 below shows that the bias
of deterministic resampling schemes can be removed
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Figure 1: Average kernel-density estimate (coloured line) of SIR approximations for the Gaussian toy example
with 7 = N(0, 1) (black line) and N = M = 1000. Based on 1000 independent repetitions of each algorithm;
the shaded bands contain 90-% of the kernel-density estimates from each run. All kernel density estimates are
limited to the range of values observed across all runs for a given resampling scheme. This figure illustrates both
the weighting bias (in Panel 4) and the truncation bias (in Panels 4 and 5) of VR.

by adjusting the resampled weights. It uses the follow-
ing assumption, where im(f) denotes the image (a.k.a.
range) of some function f.

Assumption 1. The deterministic resampling
scheme is such that for any WUN € Sy,
{n € [N]| W™ >0} Cim(h(-; WEN)).

Proposition 1. Let M, N € N. Let #™ be a SIR ap-
proximation based on some deterministic resampling
scheme which satisfies Assumption 1; and that

—~ Wh(m;leN)

Wm = - ' , (2)
#{k € [M] | h(k; WEN) = h(m; WEN)}

for all m € [M], with convention § = 0. Then

E[7M(f)] = E[#N(f)], for any m-integrable test func-
tion f: X — R.

Assumption 1 is an absolute-continuity condition
which ensures that the support of the deter-
ministic ‘importance-sampling’ proposal distribution
p(-; WENY includes the support of a suitable target
distribution. This assumption is, of course, very strong
because it requires that any particle with positive
weight is always guaranteed to have at least one off-
spring. Nonetheless, Proposition 1 allows us separate
the bias into two components: (i) a removable “weight-
ing” bias (eliminated under Assumption 1), and (ii)
non-removable “truncation” bias (due to violating As-
sumption 1). The latter will be precisely characterised
in Proposition 2 below. Specifically, we separate the
bias through the following two-step procedure which
applies to any deterministic resampling scheme:

1. Truncation. For any n € [N], replace the nth

self-normalised particle weight W™ by

wn
Zléim(h( S WLNY)

W Lim(n(-;wrvy)(n). (3)

2. Deterministic resampling. Perform deterministic
resampling based on the truncated weights from
(3) and using the resampled weights from (2).
Note that conditional on the truncation, Assump-
tion 1 is then satisfied, i.e., the only source of bias
comes from the truncation.

Applying this idea to VR yields the novel ‘weighted
VR’ scheme outlined in Algorithm 3, where W™ is
obtained by combining (2) and (3) with the determin-
istic function h(m; WHM) = A™ implicitly defined
through Algorithm 2. In particular, we have simpli-
fied the resulting expression using that #{k € [M] |
h(k; WENY = h(m; WHN)} = KA™ is the number of
offspring of Particle A™ and im(h(-;W'N)) = {l €
[N] | K' > 0} is the set of indices of particles that
have at least one offspring.

Algorithm 3 (weighted VR). Proceed as in Algo-
rithm 2 but with W™ in Step 2 replaced by
— wAaA™
W= Am n’
K ZnG{lG[N]|Kl>O} w

As illustrated in the last two panels of Figure 1 our
non-uniform weighting from Algorithm 3 can remove
the weighting bias. However, as mentioned, it cannot
remove the truncation bias. The latter is analysed in
the next section.
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2.3 Truncation bias

Our main result in this section is the following Propo-
sition 2 (proved in Supplementary Appendix A) which
provides a lower bound on the probability that the
SIR approximation of m based on VR puts at least
a € (0,1] of its probability mass on the part of the
state space in which the potential function exceeds
some threshold 8 > 0, i.e., on

P ({G = B}) = a),

where {G > B} = {z € X | G(z) > B}. Note that
the randomness here is due to the randomness of the
particles X1*V: conditional on a specific realisation of

these particles (and hence conditional on the weights
WEN) VR is deterministic.

Proposition 2. Let N,M € N, a € (0,1], and let
Xt .., xN'2 u conditional on which A', ..., AM are
generated by Algorithm 2. Additionally, assume that
the random variables G(X'),...,G(XY) are contin-
uous. Then there exists Sy > 0 such that for all
0 < B < b,

) =5 [| 25

Be

aM
- 1J H{G>2ﬁe}(X1):| >N

o*(B) = varHG(;il) - IJ ]I{G>2,Be}(X1):| < 00,
and
PG ({G > B}) > a) > ——5——— .
T -

To obtain some intuition for Proposition 2, take oo = 1.
The following corollary then shows that the truncation
bias induced by VR (seen, e.g., in the underestimation
of the tails of the target distribution in Panels 4 and
5 of Figure 1) cannot be removed by increasing the
number of original particles, V.

Corollary 1. Assume the setting from Proposition 2.
Then if M = O(N) as N — oo, there exists Sy > 0
such that for all 0 < 8 < fy,

Jim P(M({G > B}) >a)=1.

Proof. Let (M) and (Nj) be sequences in N such
that Ny — oo and My = O(Ny) as k — oco. Then by
Proposition 1, we can find Sy > 0 such that v(8) >
aMi /Ny and consequently infyey (v(5) — aMy /Ny) >
0, as well as 02(3) < oo, for all 0 < 8 < . O

Figure 3 illustrates Corollary 1 for ¢ = 1. Note
that the truncation bias is most severe in the upper-
triangular panels where M is much smaller than N.
Conversely, the lower-triangular panels of Figure 3 sug-
gest that the truncation bias vanishes if M is much
larger than N.

3 NUMERICAL ILLUSTRATION

3.1 Setup

In this section, we compare the performance of the re-
sampling schemes mentioned above in the context of
SMC algorithms for four widely-used state-space mod-
els — including all those tested in Kviman et al. (2024).

State-space models. A state-space model (SSM)
is a bivariate Markov chain (X;,Y;)i>1 on X x
Y, with initial distribution P((X3,Y7) € dx; X
dy1) = Mi(z1)G1(x1,y1)dz1dy; and  transitions
P((X:,Yy) € day x dye|(Xe—1,Yeo1) = (241, 1-1)) =
My(xi—1,x)Ge(, y )dxidys, in which only the second
component is observable. For a given realised obser-
vation sequence y;.7 € YT of length T € N, it is of
interest to calculate (or, at least, approximate):

1. the likelihood: Zr = E[[[_, G+(Xs, y:)];

2. the marginal filtering distribution at time t:
Wt\t(dxt) =P(X: € doe|Yi:e = y124);

3. the marginal smoothing distribution at time t:
Ty (dey) = P(Xy € dae|Yir = yr.7)-

We consider the following four models. In all of these,
X =RP, for some D € Nand Y =R.

1. a simple linear-Gaussian SSM: D = 1, My(z,) =
N(z1;0,0.52/(1—0.952)), where N(z; a, b) denotes
the density of a normal distribution with mean a
and variance b evaluated at =, and

My (2, 441) = N(z441;0.9524,0.5%),
Gi(xt,yt) = N(ys; 2, 1);

2. a stochastic volatility model: D = 1, M;(z1) =
N(z1;0,0%/(1 — ¢?)) and

Myy1(24, 2011) = N(2441; 074, 02),
Gi(ze,yt) = N(ys; 0, 8% exp(z4));

as in Kviman et al. (2024), we set (¢,0,08) to
(0.91,1,0.5) for generating simulated data and to
(0.8,1,0.01) for the real-data experiment;

3. the nonlinear SSM from Kitagawa (1998): D =1,
M;i(x1) = N(21;0,5) and

M1 (xg, weq1) = N(@q15 fra(2e), 1),
Gt(xta yt) = N(yta .’K?/QO, 10)3

with

Tt 25I’t

frer(ze) = — +

2Tt 8cos(1.2(t + 1)):
> TTora2 " cos(L.2(t +1));
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(for VR) are from Proposi-
tion 2. Note that the lower 1.00
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lently, for sufficiently large val-
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4. the Lorenz-63 SSM: D = 3, M; = N(0,1I3), and

M1 (26, weq1) = N(@ey1; f(20), 39),
Ge(xe,yt) = N(yp; ze1, 1),

where 7, = (41,42, 24,3)T, 0§ = 1/100, and

Tt,1 + 10(5(%15’2 — xt,l)
flay) = |@r2 +0(28x41 — 1243 — T42)
T3+ 0(@e 1202 — Sa43)

Sequential Monte Carlo. Algorithm 4 outlines
the SMC algorithm used in our simulations. Here,
W= wp/ Zf\il w!l, and operations stated for n are
to be carried out independently for all n € [N].

Algorithm 4 (SMC — e.g. Gordon et al. 1993).
1. Sample XJ* ~ My; set w} = G1(X},11)/N;
2. fort=2,...,T,
(a) sample Ay ~ p( -3 WEY);

n

(b) sample X' ~ Mt(X;lffla );

(c) set wp =W G(X], yt)-

Resampling schemes. We test the following re-
sampling schemes the first four of which set W} ; :=
1/N in Step 2c of Algorithm 4:

1. ‘multinomial’: standard multinomial resampling;
2. ‘stratified’: standard stratified resampling;

3. ‘systematic’: standard systematic resampling;

4. ‘variational’: the VR scheme from Kviman et al.
(2024) (Algorithm 2);

5. ‘weighted variational’: the weighted VR scheme
proposed in Section 2.2 (Algorithm 3); this sets

AY m n
W0t #{m e [M] | A2y = A 4}
D acqa

in Step 2c of Algorithm 4 (note that the summa-
tion in the denominator skips repeated elements).

t—1 "= )

a
VAN 1} Wt—l

—10r

For each resampling scheme, we compare two versions:

1. ‘standard weights’: resample at time t as de-
scribed in Step 2a of Algorithm 4;

2. ‘smoothing weights’: as suggested in Kviman
et al. (2024), resample at time ¢ by sampling
parent indices in Step 2a of Algorithm 4 from
p(-; VEY), where V" == ’Uf/zl]\il vl with v} ==
Ml(X{l)Gl(X{l,yl) and, for t > 1,

A7 AY n n
vy = T M(XG T X GH(XT y)-

Resampling according to modified weights V,* # W}
induces further bias; this could be removed by ac-
counting for the discrepancy between W/* and V;”
in the resampled weights, e.g., by setting Wt” =
WtA;L/(NVtA’?) instead of th = 1/N, in the first four
resampling schemes mentioned above. However, we do
not perform such a modification here to allow for com-
parison with Kviman et al. (2024) and because prelimi-
nary simulations suggested that doings increases in the
variance of the likelihood estimates.
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3.2 Results — simulated data

We run the SMC algorithm with N = 1000 particles
for the different resampling schemes mentioned above.
From each of the four SSMs, we simulate 20 obser-
vation sequences yi.7 of length 7" = 50 and perform
20 independent repetitions of each algorithm for each
of these observation sequences (i.e., in total, 400 inde-
pendent repetitions of each algorithm per model). The
ground truth is obtained via the Kalman filter for the
linear-Gaussian SSM. For all others, it is approximated
via an SMC algorithm with N = 20000 particles and
stratified resampling which also generates 1000 trajec-
tories from the joint smoothing distribution via back-
ward sampling.

Likelihood estimates. Figure 4 illustrates the rel-
ative estimates of the likelihood: Z7/Zr where Z1 =
Hthl ZnN:1 w} is the SMC approximation of Z7. The
results suggest that:

1. VR does not improve likelihood estimation com-
pared to stratified or systematic resampling.

2. Use of the ‘smoothing weights’ does not improve
likelthood estimation.

Filtering and smoothing errors. We now report
an average squared Mahalanobis distance type metric:

S PRSI S RS

T

to assess the error of SMC approximations 7; of
the marginal filtering distributions (m; = m,;) and
marginal smoothing distributions (7; = mp). Here,
e and X are the ground-truth mean and covariance
matrix of 7m; and Xt ~ .

Values of (4) approximately equal to 1 indicates the
mean and variance are well approximated; values less
than 1 can indicate an underestimation of uncertainty;
values greater than 1 can indicate an overestimation
of uncertainty.

For each model, we report three variants of (4) (Sup-
plementary Appendix B gives further details):

1. ‘filtering’ assesses the approximation of m; by
. N
o= Ly WX

2. ‘smoothing (ancestor tracing)’ assesses the ap-
proximation of myp by &y = 7 ZnN:1 W dxm,
where Xt(") is the time-t ancestor particle of the
nth particle at time 7' (Kitagawa, 1993).

3. ‘smoothing (backward sampling)’ agsesses the ap-
proximation of 7 by #r; = % 27]2121 dxr, where
X} is the time-t particle from the nth smoothing
trajectory (out of N := N/2 = 500) obtained via
backward sampling (Godsill et al., 2004). In con-
trast to ancestor tracing, backward sampling does
not suffer from path degeneracy and can therefore
give more accurate approximations of .

Figure 5 shows results for the linear-Gaussian SSM.
Results for the other models are qualitatively similar
(though for the Lorenz-63 model, (4) does not seem
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very meaningful due to the likely poor performance of
the bootstrap proposal mechanism) and are therefore
deferred to Supplementary Appendix D. Therein we
also show results for the average MSE of the SMC
estimate of the mean of the filtering and smoothing
distributions which was used in Kviman et al. (2024)
and which can be obtained by taking X} to be the
identity matrix.

At a first glance, these results seem to support the

" are better.

-~
ot
—
o
S

finding in Kviman et al. (2024) that VR may lead to
a smaller MSE than conventional resampling schemes
when combined with the ‘smoothing weights’. How-
ever, Figure 5 — along with the additional results in
Supplementary Appendix D — suggest:

1. VR does not generally reduce the MSE. The
smaller MSE observed in Kviman et al. (2024)
seems to be almost entirely due to additional bias
induced by the ‘smoothing weights’ rather than
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due to the VR scheme itself (because multino-
mial, stratified or systematic resampling lead to a
similarly reduced MSE when combined with these
‘smoothing weights’).

2. A smaller MSE does not signify a ‘better’ approz-
tmation. The smaller MSE is not due to a more
accurate approximation of the filtering or smooth-
ing distributions. It may be a sign of an underes-
timation of uncertainty (note that (4) is far below
1 when using the ‘smoothing weights’).

3.3 Results — real data

We end this section by reproducing the real-data ex-
periment from Kviman et al. (2024), That is, we ap-
ply the stochastic volatility model with parameters
(¢,0,8) = (0.8,1,0.01) to the closing prices of the
S&P500 stock index from 2006-04-03 to 2014-03-31.
As in Kviman et al. (2024), we compare estimates of
the likelihood using N = 1000 particles and for differ-
ent resampling schemes with/without the ‘smoothing
weights’. Due to the length (T = 2010) of the obser-
vation sequence, we performed 1000 independent re-
peats of each algorithm; we obtained a ground-truth
log-likelihood of 5473.36 using an SMC algorithm with
150000 particles and stratified resampling. Supple-
mentary Appendix C provides further details.

Figure 6 confirms the finding from Kviman et al.
(2024) that in this particular setting, VR induces typ-
ically larger estimates of the likelihood than stratified
resampling (reports for multinomial or systematic re-
sampling were not reported). However, Figure 6 also
makes it clear that such larger values do not necessar-
ily signify a ‘more accurate’ approximation.

4 CONCLUSION

We have analysed the deterministic resampling scheme
called wvariational resampling (VR) recently proposed
in Kviman et al. (2024). We have identified two
sources of bias incurred by VR: a weighting bias and
a truncation bias; for the latter, we have provided a
rigorous theoretical analysis; for the former, we have
shown that it can be alleviated by an uneven weight-
ing of the resampled particles. However, when used
within SMC algorithms, the truncation bias appears
to dominate and may even be made worse by the
uneven post-resampling weighting. More generally,
our numerical experiments do not find that VR out-
performs standard resampling schemes such as multi-
nomial, stratified or systematic resampling. Code
is available at https://github.com/AxelFinke/
bias-of-variational_resampling-aistats. Sim-
ulation outputs (250MB) are hosted on Figshare:

https://doi.org/10.6084/m9.figshare.30272443
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A PROOFS

Proof (of Proposition 1). Again writing h(-) = h(-; W) to simplify the notation:

1
=
=

E[ ()] = E W"”f(ff"")]

- ]\; G(Xh(m)) o
=K X v(m)
2 S e i ) = re ) 5, G )
- N M
Iy (h(m))G(X™) .
;mzl #{k € [M] | h(k) =n} 3, G(Xl)f ( )}

G(x™) o .
TR e ) 2 k)

Mz

n

. G(X™)
=K [ A '
; 57 oy ")
E[77 (f)]-
This completes the proof. O

Lemma 1. For any u > 0, the function C, defined in (1) has an inverse C;;*: (0,u] — [0,00) which is strictly
monotonically decreasing. Additionally, for any 0 < 8 < wu:

1C7HB)] 2 | 2o = 1] Lig.e-1u/2) (B).
5

g
Proof. For any u > 0, the function C,, defined in (1) is strictly monotonically decreasing and hence bijective so
that its inverse C, !: (0 u] — [0, 00) is well defined and also strictly monotonically decreasing.

For the lower bound, it suffices to show that C,1(8) > e lu/3 — 1, for any 8 € (0,e"tu/2], or, equivalently,
that for any k£ > 0:

However, this inequality holds because
Cy(k) = exp(klog(k) — (k + 1) log(k + 1) + log(u))

1
= uexp(—klog(l + E) —log(k + 1))
U1

>

= :ZC I 16 )
where we have used that log(1 + 1/k) < 1/k which follows from the well known inequality: log(z) < z — 1, for
any x > 0. O
Lemma 2 (Paley—Zygmund inequality). Let Z be a non-negative real-valued random variable with finite
variance and 0 < 0 < 1. Then

(1—6)2E[Z]?
P(Z > 0E[Z]) > var[Z] + (1 — 0)2E[Z]2"
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Proof. By the Cauchy—Schwarz inequality:
E[Z - 0E(Z)] <E[(Z - 0E(2)) Igr(2),00)(2)] < E[(Z — 0E(2))*])*P(Z > 0E[Z])"/2.

This completes the proof. O

Proof (of Proposition 2). Write U™ := G(X"), for any n € [N], to simplify the notation and assume that
Ul,...,U" are (almost surely) mutually distinct. Let K™ denote the number of offspring of Particle n generated
by Algorithm 2 with W™ replaced by U", for any n € [N] (note that the output of Algorithm 2 is invariant
under a scaling of the weights W1, ..., W/ by some common positive factor). Furthermore, define the random
variable v := max{y' > 0| anzl |Cyt(y")] > M}. Then we have the inequality:

P(AM({G 2 B}) 2 a) 2 PUFY({G 2 B}) = a} N {y < B})

N
~ 2 G = — ) ()
N N

Here, the third line uses that K™ = |Cpi(7)], for n € [N]; the fourth line follows from the fact that C; ! is
monotonically decreasing for any u > 0 (Lemma 1); and the penultimate line is due to the fact that U™ <
implies that |Cp1(3)] = 0, for n € [N].

By Lemma 1, we can further bound

Then E[ZN(B)] = v(8) and var[ZN(B)] = 0?(B)/N, where we note the following.

o The function § +— v(8) is decreasing with limg_,qv(8) = oco. As a result, there exists Sy > 0 such that
6(8) := aM/[Nv(B)] < 1 for any f < fi.

e For any 3> 0, 02(B) < B~ te tu(G?) + 1/4 < oo, by assumption on the model.

Consequently, Lemma 2 lets us lower-bound (5) for any 0 < 8 < fy by

This completes the proof. O
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Proposition 3 (VR minimises the KL dlvergence) For a given weighted sample (X 1V WEN) (and hence
a given weighted empirical measure 7" Zn L W"xn ), the collection of ancestor indices A1 M ¢ [NIM gener-
ated by Algorithm 2 satisfies

AVM ¢ arg minﬁlee[N]M KL(W A1:M ||7T ),

where
M

ﬁ-%:ﬂl E XA'm dx

m:l

is the resampled empirical measure of the particles based on ancestor indices A¥M e [N|™ and where KL(u||v)
is the KL-divergence from v to p.

Proof. For a given collection of ancestor indices A1"M € [N]M let K™ := #{m € [M]|A™ = n} be the number
of offspring of the nth particle, for n € [N]. Then

KL (74|77 ZK” (5 /M) - —3F i

with convention Zzza = 01if b < a. Note that k — C, (k) (defined in Equation 1 of the main text) is strictly
decreasing. Thus, to minimise the KL-divergence, additional descendants must always be allocated to the
ancestor particle n for which Cy» (K™ — 1) is maximal. More formally, the proof is completed by induction on
the total number of offspring M.

e For M = 1, the KL divergence is minimised by taking A' := max,,c(y] Cwn (1) and hence KA  =1.

e Assume now that the offspring counts KN with 25:1 Kr=M-1 (equivalently, up to an irrelevant order-
ing, the ancestor indices A%(™~1)) minimise the KL-divergence for some M > 1. Then the offspring counts
KN (equivalently, up to an irrelevant ordering, the ancestor indices A'*™) minimise the KL-divergence if
we take

Al:(IWfl) — Al:(Mfl)

AN[ € arg maxne[N] CW" (Kn),

and KA = K™ + 1,if n =AM, and KAY = K™, otherwise. This is exactly what Algorithm 2 does.

B FURTHER DETAILS ON THE AVERAGE SQUARED
MAHALANOBIS-TYPE METRIC

Here, we give more details on how we compute the estimates of the average squared Mahalanobis type metric
from (4). Recall that D is the dimension of the latent state x;:

1. ‘filtering’ approximates (4) as

N
1 n n — n
TD Z Z WX~ '“t\t)TEtﬁl(Xt = [efe),

t=1n=1

where g, and Yy, are the ground-truth mean and covariance matrix of the marginal filtering distribution
at time t.

2. ‘smoothing (ancestor tracing)’ approximates (4) as

B; 1, B
D Z Z WRQ T — ) ST — ),

t=1n=1
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where g1, and Xy are the ground-truth mean and covariance matrix of the marginal smoothing distribution
at time ¢ and where BZTT is the time-¢ particle index ¢ of the nth surviving particle lineage at time 7', given
by B%T =mn,and, fort=T—-1,...,1:

n . ABtur
T = At .

Note that ancestor tracing suffers from path degeneracy if T is large relative to N. That is, for ¢ much

smaller than T, we likely have Btl‘T =...= BQ’T.

. ‘smoothing (backward sampling)’ approximates (4) as

N _ _
1 By _ By
TD Z Z<Xt - lf'tlT)TEﬂzl“(Xt - 7))
t=1n=1

>

where B}lT, cee BijlT ~ Cat(W4+N) and for n € [N]and t =T —1,...,1, we independently sample

By N

) WEM, 1 (XF, X,

BtnTNCat<< e M (X t“éz :
S WM (XL X, 5T k=

Throughout, we take N := N /2 = 500. In contrast to ancestor tracing, backward sampling does not suffer
from path degeneracy (in suitably regular models like the ones considered in this work).

C FURTHER DETAILS ABOUT THE REAL-DATA EXPERIMENT

In this section, we provide more details on the real-data experiment from Section 3.3. Our setup follows Kvi-
man et al. (2024). That is, we apply the stochastic volatility model with parameters (¢, o, ) = (0.8,1,0.01)
to the closing prices of the S&P500 stock index from 2006-04-03 to 2014-03-31. The data are available
from https://finance.yahoo.com/quote/%,5EGSPC/history?1ltr=1. However, as the functionality for di-
rectly downloading historical data from finance.yahoo.com is now paywalled, we downloaded the data
from https://www.kaggle.com/datasets/henryhan117/sp-500-historical-data.

The stochastic volatility model assumes that the data are log-returns with mean zero. Let S; denote the
closing price on the tth trading day in the data set. Then the tth log-return is given by r; := log(S¢41/5%).
The observations are then typically specified by de-meaning these log-returns, i.e.,

yt:’/‘t—f,

fort=1,...,T, with T = 2011, where 7 is the mean of all the log-returns in the data set.

However, according to https://github.com/okviman/Variational-Resampling/blob/main/main_
snp500.py, Kviman et al. (2024) specified the observations as:

Yt = Te41 — Tt (6)

for t = 1,...,T, with T = 2010. The fact that the observations used in Kviman et al. (2024) are thus
the first differences of the log-returns rather than the (de-meaned) log-returns themselves may explain the
unusually small values for the model parameters ¢ = 0.8 and 8 = 0.01 which the authors obtained via a grid
search based on these data. Nonetheless, to make our results comparable to those of Kviman et al. (2024),
we similarly use (6).

D ADDITIONAL NUMERICAL RESULTS

D.1 Average squared Mahalanobis distance

Here, we report the average squared Mahalanobis distance of the SMC approximations of the marginal
filtering and smoothing distributions for the three models whose results were not shown in Section 3.2 of
the main manuscript.
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Figure 7: Average squared Mahalanobis distance of the approximations of the marginal filtering and smoothing
distributions in the stochastic volatility model.
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Figure 8: Average squared Mahalanobis distance of the approximations of the marginal filtering and smoothing
distributions in the nonlinear state-space model. Note the log-scale on the first axis.
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Figure 9: Average squared Mahalanobis distance of the approximations of the marginal filtering and smoothing
distributions in the Lorenz-63 model. Note the log-scale on the first axis.

D.2 Average mean-square error

Here, we illustrate the average MSE of the SMC approximations of mean of the marginal filtering and
smoothing distributions. Unsurprisingly, the MSE results are qualitatively very similar to those for the
average squared Mahalanobis distance since the former can be calculated by simply taking the covariance
matrices Yy, in the definition of the latter to be identity matrices of suitable sizes. However, the MSE
is difficult to interpret: a small MSE may not indicate better performance because it could indicate an
underestimation of posterior uncertainty. The MSE results are thus only included here for completeness and
for comparison with Kviman et al. (2024).
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Figure 10: Average MSE of the estimates of the means of the marginal filtering and smoothing distributions in
the linear-Gaussian state-space model.
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Figure 11: Average MSE of the estimates of the means of the marginal filtering and smoothing distributions in
the stochastic volatility model.
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Figure 12: Average MSE of the estimates of the means of the marginal filtering and smoothing distributions in
the nonlinear state-space model. Note the log-scale on the first axis.
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Figure 13: Average MSE of the estimates of the means of the marginal filtering and smoothing distributions in
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the Lorenz-63 model. Note the log-scale on the first axis.

D.3 Likelihood estimates for the real-data experiment

In this section, we give more detailed numerical results for the real-data example from Section 3.3 and

0.10

illustrate why having a mean of log Zr that is below log Z1 does not imply underestimation of Zp.

T AU
1.00 10.00 100.00

Due to the relatively small number of particles, the likelihood estimates seem to have a fairly heavy right-
tail. For instance, as shown in Figure 6 (see also Tables 1 and 2, for multinomial, stratified and systematic
resampling (without the ‘smoothing weights’), the mean of log(ZAT /Zr) is below 0 (and the median of
ZAT/ZT is below 1). Yet, the mean of ZAT/ZT 1s actually above 1.

Table 1: Estimates of éT / Z7 for the real-data experiment from Section 3.3. Note that according to these results,
systematic and stratified resampling (with standard weights) perform best.

Resampling scheme  Resampling weights Mean Median Std dev.
multinomial 1.06 0.56 1.49
stratified standard 1.13 0.65 1.42
systematic . 1.04 0.64 1.50
variational welghts 5203 3250  58.58
weighted variational 10.18 6.16 13.55
multinomial 0.55 0.28 0.93
stratified . 0.55 0.31 0.79
systematic smoothing 0.52 0.30 0.67
variational weights 4.56 2.82 5.72
weighted variational 57.55 33.26 88.30
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Table 2: Estimates of log(Z7/Zr) for the real-data experiment from Section 3.3.

Resampling scheme  Resampling weights Mean Median Std dev.

multinomial -0.55 -0.59 1.11
stratified standard -0.39 -0.43 1.00
systematic . -0.45 -0.44 0.98
variational weights 3.53 3.48 0.91
weighted variational 1.83 1.82 0.98
multinomial -1.27 -1.28 1.15
stratified . -1.17 -1.16 1.08
systematic smoothing -1.18 1.21 1.03
variational weights 1.01 1.04 1.01

weighted variational 3.49 3.50 1.06
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