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ABSTRACT

The following questions are fundamental to understanding the properties of over-
parameterization in modern machine learning: (1) Under what conditions and at
what rate does training converge to a global minimum? (2) What form of im-
plicit regularization occurs through training? While significant progress has been
made in answering both of these questions for gradient descent, they have yet to
be answered more completely for general optimization methods. In this work,
we establish sufficient conditions for linear convergence and obtain approximate
implicit regularization results for generalized mirror descent (GMD), a general-
ization of mirror descent with a possibly time-dependent mirror. GMD subsumes
popular first order optimization methods including gradient descent, mirror de-
scent, and preconditioned gradient descent methods such as Adagrad. By using
the Polyak-Lojasiewicz inequality, we first present a simple analysis under which
non-stochastic GMD converges linearly to a global minimum. We then present
a novel, Taylor-series based analysis to establish sufficient conditions for linear
convergence of stochastic GMD. As a corollary, our result establishes sufficient
conditions and provides learning rates for linear convergence of stochastic mirror
descent and Adagrad. Lastly, we obtain approximate implicit regularization re-
sults for GMD by proving that GMD converges to an interpolating solution that is
approximately the closest interpolating solution to the initialization in £3-norm in
the dual space.

1 INTRODUCTION

Recent work has established the optimization and generalization benefits of over-parameterization
in machine learning (Belkin et al., [2019} |Liu et al., |2020; Zhang et al.,2017). In particular, several
works including [Vaswani et al.| (2019); Du et al.| (2018)); [Liu et al.| (2020); L1 & Liang| (2018)) have
demonstrated that over-parameterized models converge to a global minimum when trained using
stochastic gradient descent and that such convergence can occur at a linear rate. Independently,
other work, such as |Gunasekar et al.| (2018), have characterized implicit regularization of over-
parameterized models, i.e., the properties of the solution selected by a given optimization method,
without proving convergence.

Recently, Azizan & Hassibi|(2019);|Azizan et al.|(2019) simultaneously proved convergence and an-
alyzed approximate implicit regularization for mirror descent (Beck & Teboullel 2003} Nemirovsky
& Yudin,|1983). In particular, by using the fundamental identity of stochastic mirror descent (SMD),
they proved that SMD converges to an interpolating solution that is approximately the closest one to
the initialization in Bregman divergence. However, these works do not provide a rate of convergence
for SMD and assume that there exists an interpolating solution within € in Bregman divergence from
the initialization. In this work, we provide sufficient conditions for linear convergence and ob-
tain approximate implicit regularization results for generalized mirror descent (GMD), an extension
of mirror descent that introduces (1) a potential-free update rule and (2) a time-dependent mirror;
namely, GMD with invertible ¢ : R? — R? and learning rate 7 is used to minimize a real valued
loss function, f, according to the update rule:
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We discuss the stochastic version of GMD (SGMD) in Section [3] GMD generalizes both mirror
descent and preconditioning methods. Namely, if for all ¢, ¢() = V) for some strictly convex
function v, then GMD corresponds to mirror descent with potential 1); if o) = G® for some
invertible matrix G(*) € R?*9, then the update rule in equation (I reduces to

Wt = ® GO Y F(w®)

and hence represents applying a pre-conditioner to gradient updates. The following is a summary of
our results:

1. We provide a simple proof for linear convergence of GMD under the Polyak-Lojasiewicz
inequality (Theorem I)).

2. We provide sufficient conditions under which SGMD converges linearly under an adaptive
learning rate (Theorems [2{and

3. As corollaries to Theorems|[T]and[3] in Section [5|we provide sufficient conditions for linear
convergence of stochastic mirror descent as well as stochastic preconditioner methods such
as Adagrad (Duchi et al.| [2011)).

4. We prove the existence of an interpolating solution and linear convergence of GMD to
this solution for non-negative loss functions that locally satisfy the PL" inequality (Liu
et al| 2020). This result (Theorem ) provides approximate implicit regularization results
for GMD: GMD converges linearly to an interpolating solution that is approximately the
closest interpolating solution to the initialization in #2 norm in the dual space induced by

oM.

2 RELATED WORK

Recent work (Azizan et al. [2019) established convergence of stochastic mirror descent (SMD) for
nonlinear optimization problems. It characterized the implicit bias of mirror descent by demon-
strating that SMD converges to a global minimum that is within epsilon of the closest interpolating
solution in Bregman divergence. The analysis in |Azizan et al.| (2019) relies on the fundamental
identity of SMD and does not provide explicit learning rates or establish a rate of convergence for
SMD in the nonlinear setting. The work in|Azizan & Hassibi|(2019) provided explicit learning rates
for the convergence of SMD in the linear setting under strongly convex potential, again without a
rate of convergence. While these works established convergence of SMD, prior work by (Gunasekar
et al.[(2018) analyzed the implicit bias of SMD without proving convergence.

A potential-based version of generalized mirror descent with time-varying regularizes was presented
for online problems in [Orabona et al.| (2015). That work is primarily concerned with establishing
regret bounds for the online learning setting, which differs from our setting of minimizing a loss
function given a set of known data points. A potential-free formulation of GMD for the flow was
presented in (Gunasekar et al.| (2020).

The Polyak-Lojasiewicz (PL) inequality (Lojasiewicz, |1963} |Polyak] [1963) serves as a simple condi-
tion for linear convergence in non-convex optimization problems and is satisfied in a number of set-
tings including over-parameterized neural networks (Liu et al.|[2020). Work by [Karimi et al.|(2016)
demonstrated linear convergence of a number of descent methods (including gradient descent) under
the PL inequality. Similarly, Vaswani et al.|(2019) proved linear convergence of stochastic gradient
descent (SGD) under the PL inequality and the strong growth condition (SGC), and [Bassily et al.
(2018) established the same rate for SGD under just the PL inequality. [Soltanolkotabi et al.[(2019)
also used the PL inequality to establish a local linear convergence result for gradient descent on 1
hiddden layer over-parameterized neural networks.

Recently, [Xie et al.|(2020)) established linear convergence for a norm version of Adagrad (Adagrad-
Norm) using the PL inequality, while Wu et al.|(2019)) established linear convergence for Adagrad-
Norm in the particular setting of over-parameterized neural networks with one hidden layer. An
alternate analysis for Adagrad-Norm for smooth, non-convex functions was presented in Ward et al.
(2019), resulting in a sub-linear convergence rate.

"We also provide a fixed learning rate for monotonically decreasing gradients V f (w(t)).
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Instead of focusing on a specific method, the goal of this work is to establish sufficient conditions
for linear convergence by applying the PL inequality to a more general setting (SGMD). We arrive at
linear convergence for specific methods such as mirror descent and preconditioned gradient descent
methods as corollaries. Moreover, our local convergence results provide an intuitive formulation
of approximate implicit regularization for GMD and thus mirror descent. Namely, instead of re-
sorting to Bregman divergence, we prove that GMD converges to an interpolating solution that is
approximately the closest interpolating solution to the initialization in ¢ norm in the dual space
induced by ¢®).

3 ALGORITHM DESCRIPTION AND PRELIMINARIES
We begin with a formal description of SGMD. Let f; : R? — R denote real-valued, differentiable

loss functions and let f(z) = 13"  f;(x). In addition, let #*) : R? — R? be an invertible

T n

function for all non-negative integers t. We solve the optimization problem
arg min f(x
g min f(z)
using stochastic generalized mirror descent with learning rate 7ﬂ

¢(t)(w(t+1)) — ¢(t) (w(t)) —nVfi, (w(t))7 )

where i; € [n] is chosen uniformly at random. As described in the introduction, the above algorithm
generalizes both gradient descent (where ¢(z) = ) and mirror descent (where ¢(*) (z) = Vi) (x)
for some strictly convex potential function ). In the case where ¢(*) (z) = G(Y)z for an invertible
matrix G() € R*9, the update rule in equation (Z) reduces to:

wtD) = o ® GO, (w®)

Hence, when ¢*) is an invertible linear transformation, Equation (2)) is equivalent to pre-conditioned
gradient descent. We now present the Polyak-Lojasiewicz inequality and lemmas from optimization
theory that will be used in our proofsﬂ

Polyak-Lojasiewicz (PL) Inequality. A function f : R® — R is u-PL if for some j > 0:
1 *
§||Vf(x)||22 p(f(x) = f(z*)) Vo e R, 3)

where x* € R? is a global minimizer for f.

A useful variation of the PL inequality is the PL" inequality introduced in |[Liu et al|(2020) which
does not require knowledge of f(x*).

Definition. A function f : R® — R is u-PL" if for some ji > 0:

SIVF@IP2 uf() Ve € R, @

A function that is s-PL" is also u-PL when f is non-negative. Additionally, we will typically assume
that f is L-smooth (with L-Lipschitz continuous derivative).

Definition. A function f : R? — R is L-smooth for L > 0 if for all x,y € R%:
IVf(z) = VIl Lz -yl

If ) (x) = 2 for any ¢ and 2 € R? then SGMD reduces to SGD. If f is L-smooth and satisfies
the PL-Inequality, then SGD converges linearly to a global minimum (Bassily et al., 2018}, [Karimi
et al., 2016; |[Vaswani et al., [2019). Moreover, the following lemma (proven in Appendix @ shows
that the PL" condition implies the existence of a global minimum z* for non-negative, L-smooth f.

Lemma 1. If f : R? — R is u-PL", L-smooth and f(x) > 0 for all x € RY, then gradient descent
with learning rate n < % converges linearly to x* satisfying f(x*) = 0.

2The framework also allows for adaptive learning rates by using n*) to denote a time-dependent step size.
3We assume all norms are the 2-norm unless stated otherwise.
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Hence, in cases where the loss function is nonnegative (for example the squared loss), we can re-
move the usual assumption about the existence of a global minimum, x*, and instead assume that
f satisfies the PL” inequality. We now reference standard properties of L-smooth functions (Zhou,
2018)), which will be used in our proofs.

Lemma 2. If f : R? — R is L-smooth, then for all z,y € R%:

(0) £(y) < 5() + (V(a)y — o) + £y — ol
() V7)< 2L(f(@) — F(2*).

The following lemma relates 1 and L (the proof is in Appendix [B).
Lemma3. If f : R? 5 R s u-PL and L-smooth, then i < L.

Using Lemma2b in place of the strong growth condition (i.e. E;[[|V fi(2)||?] < p||V f(2)||?) yields
slightly different learning rates when establishing convergence of stochastic descent methods (as is
apparent from the different learning rates between Bassily et al.| (2018)) and [Vaswani et al.| (2019)).
The following simple lemma will be used in the proof of Theorem 3]

Lemmad. If f(z) = 13" | fi(z) where f; : RY — R are L;-smooth , then f is sup; L;-smooth.

n

Note that there could exist some other constant L' < sup, L; for which f is L’-smooth, but this
upper bound suffices for our proof of Theorem[3] Lastly, we define and reference standard properties
of strongly convex functions (Zhou, [2018), which will be useful in demonstrating how our GMD
results generalize those for mirror descent.

Definition. For o > 0, a differentiable function, 1 : R? — R, is a-strongly convex if for all x, v,

V() 2 ¥(@) + (V@) y - o) + 5y — o
Lemma 5. If 1 : R? — R is a-strongly convex, then for all x,y:
$(0) < 6() + V()Y — ) + 5| V() — V()P

With these preliminaries in hand, we now present our proofs for linear convergence of SGMD using
the PL-Inequality.

4  SUFFICIENT CONDITIONS FOR LINEAR CONVERGENCE OF SGMD

In this section, we provide sufficient conditions to establish (expected) linear convergence for
(stochastic) GMD. We first provide simple conditions under which GMD converges linearly by
extending the proof strategy from Karimi et al| (2016). We then present alternate conditions for
linear convergence of GMD, which can be naturally extended to the stochastic setting.

4.1 SIMPLE CONDITIONS FOR LINEAR CONVERGENCE OF GMD

We begin with a simple set of conditions under which (non-stochastic) GMD converges linearly (the
full proof is presented in Appendix [C). The main benefit of this analysis is that it is a straightforward
extension of the proof of linear convergence for gradient descent under the PL-Inequality presented
in Karimi et al.[(2016)).

Theorem 1. Suppose f : R — R is L-smooth and j-PL and $) : R? — R? is an invertible,

agf)—Lipschitz Sfunction where tlim ai(f) < oo. If for all z,y € R and for all timesteps t there exist
—00

t)

ozl( > 0 such that

(6D (@) — D (), 2 —y) > ol |z -y,

and tlim al(t) > 0, then generalized mirror descent converges linearly to a global minimum for any
—00

(t)
2q,

" < =
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Remark. Theorem |l|yields a fixed learning rate provided that al(t) is uniformly bounded. In ad-

dition, note that Theorem 1| applies also under weaker assumptions, namely when ¢(*) is locally
Lipschitz. Finally, the provided learning rate can be computed exactly for settings such as linear

()
regression, since it only requires knowledge of L and al(t) (see Section . When n = alT and given
w* a minimizer of f, the proof of Theorem I]implies that:

()2

F®V) = fw) < | 1= B2 ) (£ ®) = f(w?)).

2
La&t)
. Ok . .. . . .. .
Letting x(*) = % thus generalizes the condition number introduced in Definition 4.1 of |Liu
poy

et al.| (2020) for gradient descent. Provided that x = tlim x® > 0, then Theoremguarantees
—00

(®)
linear convergence to a global minimum. When % is decreasing in ¢, the rate is given by:
'1 t+1
F) = ) < (1 1) () - fw)
K

4.2 TAYLOR SERIES ANALYSIS FOR LINEAR CONVERGENCE IN GMD

Although the proof of Theorem [I]is succinct, it is nontrivial to extend to the stochastic setting’}
In order to develop a convergence result for the stochastic setting, we turn to an alternate set of
conditions for linear convergence by using the Taylor expansion of ¢~!. We use J to denote the
Jacobian of ¢. For ease of notation, we consider non-time-dependent «;, o, but our results are
trivially extendable to the setting when these quantities are time-dependent.

Theorem 2. Suppose f : R® — R is L-smooth and p-PL and ¢ : R — R? is an infinitely
differentiable, analytic function with analytic inverse, ¢~ 1. If there exist oy, o, > 0 such that

(@) I < Ty < anl,

- k! . , .
(1) 104,....0,07 ' ()| < Sad Ve e R0y, .. i € [d],j € [d], k> 2,
. . . (t) . 4a? 1 )
then generalized mirror descent converges linearly for any n\") < min (5Lalu oVl Fm ) )

The full proof is provided in Appendix [D] Importantly, the adaptive component of the learning rate
is only used to ensure that the sum of the higher order terms for the Taylor expansion converges. In
particular, if ¢(*) is a linear function, then our learning rate no longer needs to be adaptive. Note that
alternatively, we can establish linear convergence for a fixed learning rate given that the gradients
monotonically decrease or if f is non-negative and ;-PL". We analyze this case in Appendix E] and
provide an explicit condition on x4 and L under which this holds.

4.3 TAYLOR SERIES ANALYSIS FOR LINEAR CONVERGENCE IN STOCHASTIC GMD
The main benefit of the above Taylor series analysis is that it naturally extends to the stochastic
setting as demonstrated in the following result (with proof presented in Appendix [F).
Theorem 3. Suppose f(x) = %Z?:l fi(x) where f; : RY — R are non-negative, L;-smooth
functions with L = sup;¢,) Li and fis u-PL". Let ¢ : R® — R be an infinitely differentiable,
analytic function with analytic inverse, $~'. SGMD is used to minimize f according to the updates:
BwH) = §(w®) = OV fi, (w),

where iy € [n] is chosen uniformly at random and n®) is an adaptive step size. If there exist
Qg, o, > 0 such that:

(a) ol K Jp < a1,

(b) |04,...ix ¢j_1(x)\§ klu

d gy, j >
S dl Vo € R iq,.. .9, € [d],j € [d],k > 2,

then SGMD withn™® < min ( Ao

1 . ..
5070 avdman [V ()] ) converges linearly to a global minimum.

(t+1)

*The main difficulty is relating w —w® to the gradient at timestep t.
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Remark. Note that there is a slight difference between the learning rate in Theorem[2]and Theorem|3]
due to a multiplicative factor of p. Consistent with the difference in learning rates between Bassily
et al| (2018) and |Vaswanti et al.| (2019), we can make the learning rate between the two theorems
match if we assume the strong growth condition (i.e. E;[||Vfi(z)|?] < pl|Vf(2)|?) with p = u

instead of using Lemma . Moreover, as max; ||V fi(w®)||< v/2nLf(w(), we establish linear
dpa] 1

as well.
5L2au’ o\ /2dnLf(w(®)

convergence for a fixed step size n < min

5 COROLLARIES OF LINEAR CONVERGENCE IN SGMD

We now present how the linear convergence results established by Theorems [T} 2] and [3] apply to
commonly used optimization algorithms including mirror descent and Adagrad. In this section, we
primarily extend the analysis from Theorem [I] for the non-stochastic case. However, our results
can be extended analogously to give expected linear convergence in the stochastic case by using the
extension provided in Theorem

Gradient Descent. For the case of gradient descent, ¢(xz) = z and so oy = «,, = 1. Hence, we
see that gradient descent converges linearly under the conditions of Theorem with < £, which
is consistent with the analysis in|Karimi et al.|(2016).

Mirror Descent. Let ¢ : R? — R be a strictly convex potential. Thus, ¢(x) = Vi(z) is an
invertible function. If 1) is «y-strongly convex and (locally) «,,-Lipschitz and f is L-smooth and
w-PL, then the conditions of Theoremﬂ] are satisfied. Moreover, since the «a,,-Lipschitz condition
holds locally for most potentials considered in practice, our result implies linear convergence for
mirror descent with o -strongly convex potential ).

1
Adagrad. Let ¢() = G where G is a diagonal matrix such that
t
Gl = > Viiw®)?.
k=0

Then GMD corresponds to Adagrad. In this case, we can apply Theorem|[I]to establish linear conver-
gence of Adagrad under the PL-Inequality provided that ¢(*) satisfies the condition of Theorem
The following corollary proves that this condition holds and hence that Adagrad converges linearly.

2
Corollary 1. Let f : RY — R be an L-smooth function that is ji-PL. Let al(t) = min;eq) Qi(;)
2 ®
and al(f) = max;e[q) g,ff} f tlggc Zl(” % 0, then Adagrad converges linearly for adaptive step size
n® =2

The proof is presented in Appendix [Hl While Corollary [T| can be extended to the stochastic setting
via Theorem [3| it requires knowledge of p to setup the learning rate, and the resulting learning
rate provided is typically smaller than what we can use in practice. We analyze this case further

(t)
in SectioniC Additionally, since the condition lim;_, % # 0 is difficult to verify in practice,
(e

we provide Corollary [2]in Appendix [H] which presents a verifiable condition under which Adagrad
converges linearly.

6 LocAL CONVERGENCE AND IMPLICIT REGULARIZATION IN GMD

In the previous sections, we established linear convergence for GMD for real-valued loss, f : R% —
R, that is p-PL for all z € R?. In this section, we show that f need only satisfy the PL inequality
locally (i.e. within a ball of fixed radius around the initialization) in order to establish linear conver-
gence. The following theorem (proof in Appendix [G)) extends Theorem 4.2 from [Liu et al.| (2020)
to GMD and uses the PL" condition to establish both the existence of a global minimum and linear
convergence to this global minimum under GM]ﬂ We use B(z, R) = {z; 2z € RY, ||z — 2|2 < R}
to denote the ball of radius R centered at x.

>We require additional assumptions on ¢)(t) for the case of time-dependent mirrors (see Appendix )
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Theorem 4. Suppose ¢ : R? — R% is an invertible, av,-Lipschitz function and that f :
R? — R is non-negative, L-smooth, and i-PL" on B = {z ; ¢(z) € B(p(w®),R)} with
R = 22LVIWONG pee il 2y € RY

o there exists oy > 0 such that
(6(z) — 6(y),e — 1) > agllz — yll?,
then,
(1) There exists a global minimum w'™ € B.

(2) GMD converges linearly to w'™ forn = %.

(3) Ifw* = argmin [l¢p(w) — p(w)
weB ; f(w)=0

d(w*) — p(w>))|< 2R.

, then,

Approximate Implicit Regularization in GMD. When R is small, we can view the result of Theo-
remM]as a characterization of the solution selected by GMD, thereby obtaining approximate implicit
regularization results for GMD. Namely, for § = £, we have |[¢(w*) — ¢(w™)||< 6. Hence pro-

vided that R is small (which holds for small f(w(®))), GMD selects an interpolating solution that is
close to w* in ¢3-norm in the dual space induced by ¢. This view is consistent with the characteri-
zation of approximate implicit regularization in|Azizan et al.|(2019), as is shown by Corollary [3|in
Appendix [[). In particular, Corollary [3] implies the assumptions used in[Azizan et al| (2019) for the
full batch case by proving (1) the existence of such a w(>), (2) linear convergence of w(®) to w(>),
and (3) providing explicit forms for ¢ (where ¢ = R? above). Importantly, the approximate implicit
regularization result for mirror descent does not need to be stated in terms of Bregman divergence,
but can be viewed more naturally as || V1)(w(*)) — Vi)(w*)||2 being small.

7 EXPERIMENTAL VERIFICATION OF OUR THEORETICAL RESULTS

We now present a simple set of experiments under which we can explicitly compute the learning
rates in our theorems. We will show that in accordance with our theory, both fixed and adaptive
versions of these learning rates yield linear convergence. We focus on computing learning rates
for Adagrad in the noiseless regression setting used in Xie et al.|(2020). Namely, we are given
(X,y) € R x R™ such that there exists a w* € R? such that Xw* = y. If n < d, then
the system is over-parameterized, and if n > d, the system is sufficiently parameterized and has a
unique solution.

In this setting, the squared loss (MSE) is L-smooth with L = A\, (X X7), and it is u-PL with
1= Amin (XX T) where \,,q; and A, refer to the largest and smallest non-zero eigenvalues,

respectively’l Moreover, for Adagrad, we can compute al(t) = minie[d](ZZ:o V fi(w®))? and

alf) = max;e(q] (ZZ:O V fi(w®)))? at each timestep. Hence for Adagrad in the noiseless linear re-
gression setting, we can explicitly compute the learning rate provided in Theorem|3|for the stochastic
setting and in Corollary [I] for the full batch setting.

Figure [T| demonstrates that in both, the over-parameterized and sufficiently parameterized settings,
our provided learning rates yield linear convergence. In the stochastic setting, the theory for fixed
learning rates suggests a very small rate (=~ 10~ for Figure ) and hence we chose to only present
the more reasonable adaptive step size as a comparison. In the full batch setting, the learning rate
obtained from our theorems out-performs using the standard fixed learning rate of 0.1, while per-
formance is comparable for the stochastic setting. Interestingly, our theory suggests an adaptive
learning rate that is increasing (in contrast to the usual decreasing learning rate schedules). In par-
ticular, while the suggested learning rate for Figure [l starts at 0.99, it increases to 1.56 at the end
of training.

In Appendix |J| we present experiments on over-parameterized neural networks. While the PL-
condition holds in this setting (Liu et al., 2020), it can be difficult to compute the smoothness pa-
rameter L (which was the motivation for developing Adagrad-Norm). Interestingly, our experiments

SWe take y as the smallest non-zero eigenvalue since Adagrad updates keep parameters in the span of the
data.
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Figure 1: Using the rates provided by Corolla.ryleads to linear convergence for (Stochastic) Ada-
grad in the noiseless linear regression setting also considered in [ Xie et al.| (2020). (a, b) Noiseless
linear regression on 2000 examples in 20 dimensions. (c, d) Noiseless linear regression on 200
examples in 1000 dimensions.

demonstrate that our increasing adaptive learning rate from Theorem I} using an approximation for
L, provides convergence for Adagrad in over-parameterized networks. The link to the code is pro-
vided in Appendix[]]

8 CONCLUSION

In this work, we presented stochastic generalized mirror descent, which generalizes both mirror
descent and pre-conditioner methods. By using the PL-condition and a Taylor-series based analysis,
we provided sufficient conditions for linear convergence of SGMD in the non-convex setting. As a
corollary, we obtained sufficient conditions for linear convergence of both mirror descent and pre-
conditioner methods such as Adagrad. Lastly, we prove the existence of an interpolating solution
and linear convergence of GMD to this solution for non-negative loss functions that are locally PL".
Importantly, our local convergence results allow us to obtain approximate implicit regularization
results for GMD. Namely, we prove that GMD linearly converges to an interpolating solution that is
approximately the closest interpolating solution to the initialization in 5 norm in the dual space. For
the full batch setting, this result provides a more natural characterization of implicit regularization
in terms of /5 norm in the dual space, as opposed to Bregman divergence.

Looking ahead, we envision that the generality of our analysis (and the PL-condition) could pro-
vide useful in the analysis of other commonly used adaptive methods such as Adam (Kingma & Ba,
2015)). Moreover, since the PL-condition holds in varied settings including over-parameterized neu-
ral networks (Liu et al.,2020), it would be interesting to analyze whether the learning rates obtained
here provide an improvement for convergence in these modern settings.
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APPENDIX

A PROOF OF LEMMA 1

‘We restate the lemma below.

Lemma. If f : R? — R is u-PL", L-smooth and f(x) > 0 for all x € RY, then gradient descent
with learning rate n < % converges linearly to x* satisfying f(x*) = 0.

Proof. The proof follows exactly from Theorem 1 of [Karimi et al.|(2016)). Since f is L-smooth, by
Lemma Zh it holds that:

L
FD) = f(@®) < (7@, 0D —w®) + Lt - w2

= fl) — fw®) < *nllvf(w“))||2+§n2IIVf(w(t))HQ

2L
— ) = ) < (<n+ 5 ) 2urt?)
= f(w*™ < (1 - 2un + L) f(w®)
Hence, if n < 2, then C = (1 —2un+ pun?L) < 1. Thus, we have f(w**V) < Cf(w®) for

C < 1. Thus, as f is bounded below by 0 and the sequence { f(w(*))};cn monotonically decreases
with infimum 0, the monotone convergence theorem implies tlim fw®) = 0. O
—00

B PROOF OF LEMMA 3

Proof. From Lemma|2| and from the PL condition, we have:

2u(f(z) = f(a*) <|IVf(@)|P< 2L(f(2) - f(z*)) = p<L O

C PROOF OF THEOREM 1
Proof. Since f is L-smooth, by Lemma[2h it holds that:

L
@) = f@®) (T F(®),w D —wl) + o —wO)2, )

Now by the condition on ¢(*) in Theorem we bound the first term on the right as follows:

(D (D) — 0 (M) T+ _ D)y > al(t)”w(tﬂ) —w®2

— (—nV f(w®), wHD — p®) > oD — )2 ysing Equation (@)

()
(0%
= (Vf(w®), 0wt —w®) < ,ITHw(tH) — w2,

Substituting this bound back into the inequality in (3)), we obtain

(®)

« L
FD) = fw®) < (—;7 * 2) ) — w2

11



Under review as a conference paper at ICLR 2021

Since the learning rate is selected so that the coefficient of ||w(**+1) — (") |2 on the right is negative,
we obtain

t+1 t az(t) L t+1 )2
Fw® D) — fw®) < | — ; +§ |w®D) —w®||
o) LY 1wy g ()2
<(_ _
{0tz aut)2||¢ (W) = ¢ (w)]]
(®) L 1
= ="+ 5 ) —5l-nVF(@®)|? using Equation (I)
no2) W0
(®) 2
L
< (_O‘l + 2) 2 ?t)Q(f(w(t)) — f(w™)) as fis pu-PL
(o)

) (fw®) = f(w")),

where the second inequality follows since ¢(*) is ozq(f)-Lipschitz. For linear convergence, we need.

nat” Ly
BEREANTE

oy oy

0<1—2u

< 1. 6)

()2

From Lemma n< O‘“(t)L always holds and implies that the left inequality in @) is satisfied for all
@

202 , which completes the proof. [J

n®). The right inequality holds by our assumption that n(*) <

D PROOF OF THEOREM[Z]
We repeat the theorem below for convenience.
Theorem. Suppose f : RY — R is L-smooth and p-PL and ¢ : R — R? is an infinitely differen-
tiable, analytic function with analytic inverse, 1. If there exist oy, cv,, > 0 such that:
(@) I < Ty < anl,

|
(b) 103y, @5 (@) |S 5

k d - . .
’ >
Sad Vo € RYiq,...9x € [d],J € [d],k > 2,

. . . . (t) : daf 1
then generalized mirror descent converges linearly for n\*) < min 5Law 3vd[v f(w®)] )"

Proof. Since f is L-smooth, it holds by Lemma that 2}
L
F@D) = fw®) < (Vf(®),wD —w®) 4+ Zu w2

Next, we want to bound the two quantities on the right hand side by a multiple of ||V f(w(®)||2. We
do so by expanding w**t1) — 1 (®) using the Taylor series for ¢! as follows:
W —w® = 7 p(w) =V f () —w®

= =g (G(w))V f(w™)
N I _
+ kZ S 0 07 GO (V F )y, -V Fw®);,)]
=2
The quantity in brackets is a column vector where we only wrote out the 5 coordinate for j € [d].

Now we bound the term (V f(w(®)), w1 — (®):

(VI (), —w®) = =V f ()T I w D)V ()

(oo}

+vf(w(t))T Z % |:z i zd: 71(_77)k8i17mik¢j71(¢<w(t))>(vf(w(t))i1 s vf(w(t))lk)] :
=2 1,090 =

12
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We have separated the first order term from the other orders because we will bound them separately
using conditions (a) and (b) respectively. Namely, we first have:

0V f(w®) T3 (@) VF ) < =LV f®)]2

Next, we use the Cauchy-Schwarz inequality on inner products to bound the inner product of
V f(w®) and the higher order terms. In the following, we use a to denote 52—.

oo

V)T L[S 0 B0 (GO (TF @), . VS (w0),,)]

k=2

<||Vf(w(”)lli % H (S8 i ()i a5 (BN (VD) V fw)s,)] |
<IVF(w®) ||Z || [Z2 s a (VF@O) | 197 @), )|

=[|Vf (™) IIaZf (IVF )1l [V (w®))a])

o IV f(w®),y]
=1V f(w®)]la S () Val( : L1k
= IV f(w®)q]

<IVF )Y ) V|V (w)F (V)"

—a SV IVl

D O[S (1 ([ 7 e SV DRIV @)
(VAPPSO = S e

1 .
Hence we can select < ONISATCG] such that:

oV OPIVI @ _ aVaP IV _
L—Vadn|| V@)~ V||V f(w®)]

Thus, we have established the following bound:

(1,0 w0 < (=Lt dan) V7O = (—5 ) 95O

don |V f(w)]%.

Proceeding analogously as above, we establish a bound on [Jw( 1) — w(®) |2

2
n n
e — w2 (L 4+ o) IIVf(w(t))Hz:( + 2>||Vf( D)2,
l

Putting the bounds together we obtain:

P = ) < (-5 ) 19 £,
20y,
We select our learning rate to make the coefficient of HV f(w®]]? negative, and thus by the PL-
inequality (@), we have:
t+1 t n t *
Pt ) = ) < (5 + 2+ 2 g () — )

t41 . ) uLn pLn
— ) = o) < (1= B0 S

) (F(w®) — fu).
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Hence, w(*) converges linearly when:

L pLn?
0<1- BT BT B

<1
ay, a? 402

To show that the left hand side is true, we analyze when the discriminant is negative. Namely, we
have that the left side holds if:

— - — - —5 <0
aig af o
SN
al o ol
L 2
= u< ?“ + L.
l
Since ;1 < L by Lemma L this is always true. The right hand side holds when n < < La , which
holds by the assumption of the theorem, thereby completing the proof. O

Note that if f is non-negative and p-PL", then we have:
n® < 1
2v2Ld \/ w(©) 2\/2L \/ (w®) 2f||Vf )|

Hence, we can use a fixed learning rate of 7 = min ( ) in this setting.

5La ’ o2 Ld \/f (0)

E CONDITIONS FOR MONOTONICALLY DECREASING GRADIENTS

As discussed in the remarks after Theorem 2, we can provide a fixed learning rate for linear conver-
gence provided that the gradients are monotonically decreasing. As we show below, this requires
special conditions on the PL constant, x, and the smoothness constant, L, for f.

Proposition 1. Suppose f : R? — R is L-smooth and -PL and ¢ : R¢ — R? is an infinitely
differentiable, analytic function with analytic inverse, ¢~ . If there exist o, o, > 0 such that:

(@) I Ty <1

_ k . .
(b) \81‘1,4..%% (z)|< % g €ld,jeldk>2,
po_ Aaf +aof
e > —>,
(<) L~ 402 + 207
. . . . 402 1
then generalized mirror descent converges linearly for any n < min (5L(;1,, N TNATCC] )

Proof. Let C = 1 — &1 4 “L” + “L" . We follow exactly the proof of Theorem 2 except that
l

at each timestep we need C<k (Wthh is less than 1 by Lemma [3) in order for the gradients to
converge monotonically since:

|V £ (w D)2 < 2L(f (w1 — f(w*)) See Lemmall
<2LC(f(w®) = f(w™))

LC
< IV As fis pePL.

Hence in order for ||V f(w1)|2< ||V f(w®)||?, we need C < £. Thus, we select our learning
rate such that:
11 uLn pln? _p

0<1l—-— .
au+ a? 402 L

14
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Now, in order to have a solution to this system, we must ensure that the discriminant of the quadratic
equation in 7 when considering the right hand side inequality is larger than zero. In particular we
require:

2 L uL
“——4(1—ﬁ) (“2+“>>0

a? L)\ o7 4a2
_n dai+af
L~ 402 + 2o}’
which completes the proof. O

F PROOF OF THEOREM 3

We repeat the theorem below for convenience.

Theorem. Suppose f(x) = %Zz;l fi(x) where f; : RY — R are non-negative, L;-smooth func-
tions with L = sup;¢(,,) L; and f is u-PL". Let ¢ : RY — R? be an infinitely differentiable, analytic
function with analytic inverse, ¢~'. SGMD is used to minimize f according to the updates:

HwV) = o(w) =9V fi, (),

where iy € [n] is chosen uniformly at random and n®) is an adaptive step size. If there exist
g, oy, > 0 such that:

a) gl K Js < a1
(a) ¢ ;

() 1040007 ' ()| < Vo € R iy, .. .0y € [d], ] € [d],k > 2,

k!
20, dL

then SGMD  converges linearly to a global minimum for any n <

min ( Sk L
5L%c’ 2v/dmax; ||V fi(w®)| )

Proof. We follow the proof of Theorem 2] Namely, Lemmad]implies that f is L-smooth and hence
L
FwtHD) = F@ ) < (T F@®), 0D —w®) 4 LD — ),

As before, we want to bound the two quantities on the right by ||V f (w®)||?. Following the bounds

from the proof of Theorem provided n*) < m, we have

= 1
(t) g Z E [ 11,02...0p =1 (_77>kal1lk¢;1(¢(w(t)))(vfu (w(t))h e vfit (w(t))lk)

k=2

w® (w®
_2 L||Vf( IV fi, (w2

To remove the dependence of 7(*) on i;, we take () < TS H1Vf'(w<‘))||' Since f is pu—PL" and

f; is non-negative for all i € [n], |V f;(w®]||< /2L fi(w®). Thus, we can take

() < 1

1
T VR Fw®) 2V dma [V ()]

This implies the following bounds:

(VF(w®),wt D —w®) < —yOV£®) T @)V f, (w®) + (”( )“) IV F @)V fi, (w)],

2a, L

(ORI OL
n n
Hw(tJrl) _ w(t)||2§ < 5 + Yy ) ||Vf“(w(t))||2

aj

15
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Putting the bounds together we obtain:

(t)
P = f) < 101w T TS ) + (L8 19O A )]
p®? 77<t>2 »
+< o ) IV w2

(t)
—n(t)Vf(w(t))TJ¢l(w(t))Vfit(w(t))+(ga /z) 2L/ f(w®) fi, (w®)
®?2 2
n n ARGNE:
+< - +4a3>sz,,<w I

Now taking expectation over i;, we obtain

B - 500 < (<22) 19O (T e [y wo)

2 2
Lp® Ln®
+< T 302 E[|V fi, (w)]?]

20

< (—Zy”) IV ®)*+ (”;)“) f@®)

u
Ln®?  Ly®?
+< o+ ez | BUV i ()]

l

Ly®*  py®?
(27]%2 + a2 )Em(ﬁ*w(”)ﬁxw*»]

®  12p®?  12p1?
<<—’“7 + S ) ().

IN

Qy o

where the second inequality follows from Jensen’s inequality and the third inequality follows from
Lemma[2] Hence, we have:

2 2
]E[f(w(tJrl))] < <1 _ /~L77(t) N L277(t) n L217(t) ) (f(w(t))).

Qy, af 4a2

(t) L2p®2 12p®2 . . . .. .
Now let C' = (— Bl 25—+ =L ) Then taking expectation with respect to 4z, 4;_1, . . . 71,
N z z
yields
Eifvooia [f (@] < (14 O) (B [F (0]
= (1+ OByt [Birfir i Lf(@)]])
= (1 + C)(Eitflw-wilf(w(t))])'
Hence, we can proceed inductively to conclude that
Eif,ooor [f (0] < (L4 O (f(0@))).
Thus if 0 < 1+ C' < 1, we establish linear convergence. The left hand side is satisfied since p < L,

and the right hand side is satisfied for (¥} < 5‘2‘;‘22 , which holds by the theorem’s assumption,

thereby completing the proof. O

G PROOF OF THEOREM [4]
We restate the theorem below.

16



Under review as a conference paper at ICLR 2021

Theorem. Suppose ¢ : R4 — R is an invertible, cu,-Lipschitz function and that f : R? —
R is non- negative L-smooth, and p-PL" on B = {z ; é(z) € B(p(w®),R)} with R =
EEIAVAITIO Ifforall z,y € R?

o there exists oy > 0 such that

(¢(z) — d(y),z —y) > ayllz —y|?,
then,

(1) There exists a global minimum w™) € B.

(2) GMD converges linearly to w () for n= czl
(3) fw* = argmin |¢(w) — p(w'?)[| then, ||¢p(w*) — (w>)[|< 2R,

weB ; f(w)=0

Proof. The proof follows from the proofs of LemmalT] Theoremm and Theorem 4.2 from Liu et al.
(2020). Namely, we will proceed by strong induction. Let x = L&

~ ’[ (J‘/ 2 ’

have that w® € B and f(w®) < f(w®). At timestep ¢, we assume that w(®,w®, .. w® ¢ B
and that f(w®) < (1 — k=) f(w V) fori € [t]. Then at timestep ¢ + 1, from the proofs of
Lemma|T]and Theorem[T] we have:

At timestep 0, we trivially

F™ D) < (1= r71) f(w)

Next, we need to show that w1 e B. We have that:

t

S V()

=0

16w+ = ()| =

<n Z |V f(w™)| By the Triangle Inequality

/ La2 Z\/f (0 — flwt+D) (7

zﬁ

1=0
— /2L (@) 2 1 1%
n flw )Ozz g( K)
1
< 2L f(w(©) e —
ny/ 2L f( )azl— I

9
<n 2Lf(w(0))OTIF

1e%) ozuL
= = \/2L f(w(© =
7 V2Lf(w )al o

V2L f(w©®)a? R
L p

17
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The identity in (7)) follows from the proof of f(w®*+1) < (1 — x~1) f(w®). Namely,

F) = ) < 5 |- )
L CRIE n\/m 7w~ 7w

Hence we conclude that w1 € B and so induction is complete. O

In the case that ¢(*) is time-dependent, we establish a similar convergence result by assuming that
3 60 (w®) — ¢li=D (1) (1)
i=1

has a uniform lower bound, then:

o0t 4) = 60wl = 6w 0) = 60w + 6Ol = o Deal?)
600 = 6D+ g0l = SO O]

Z ¢ (H—l ¢( i) Z ¢( 1) ¢(l 1)( )

SR+§

= § < oo. Additionally if o, ) has a uniform upper bound and ¢;

Hence we would conclude that ¢(*) (w*t1)) € B(¢( (w®), R + 5).

H PROOF OF COROLLARY [[JAND COROLLARY 2
We repeat Corollary [T] below.

Corollary. Let f : R — R be an L smooth function that is u-PL. Let a( ? = min;e[q) gi(fi) and

2
oh(l) = max;c[q) U t If hm (t) # 0, then Adagrad converges linearly for adaptive step size

(t)
i —

Proof. By definition of G(*), we have that:

] -
(2) a®? = maxg®
icld "

O]
From the proof of Theorem using learning rate n*) = a‘T at timestep ¢ gives:

Fw®D) = pw) < (1= 25 ) (Fw®) = fw"))

2
Let /{(t) — ﬁ

FINOLE Although we have that (1 — H(t)) < 1 for all ¢, we need to ensure that

[T(1 = &™) = 0 (otherwise we would not get convergence to a global minimum). Using the
i=0

®)
assumption that lim ZLs # 0, let lim (1 — k) = 1 — ¢ < 1. Then using the definition of
t—o0 al) t—00

< €. Hence, letting

18
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¢* = min (c — €, min M”), implies that (1 — k) < 1 — ¢* for all timesteps . Thus, we

te{0,1,...N}
have that:
TI0 - +9) < H 1-c
=0
Thus, Adagrad converges linearly to a global minimum. O

We present Corollary [2 below.

2

Corollary 2. Let f : RY — R be an L-smooth function that is ji-PL. Let ozl(t) = min¢[g gf?.
a® ()

Then Adagrad converges linearly for adaptive step size n\Y) = % or fixed step size n = QL if

02
a” L

L) —F(w) ~

Proof. By definition of G(*), we have that:

In particular, we can choose o; = al(o) uniformly. We need to now ensure that ag) does not diverge.

2
We prove this by using strong induction to show that ozi(f) < S uniformly for some S > 0. The

base case holds by Lemma [2]since we have:
2
o)” < V()= 5
42
Now assume that oy} < S for i € {0,1,...¢ — 1}. Then we have:

aff) <Z||Vf )2

< S OL(F(w) — f(uw) by Lemma]

i ua(J)Q
< 2L(f(w®) Z II{1-—
=0 57=0
i W(O)2
< 2L(f(w®) Z II{1-5
=0 57=0
1
<2L(f(w?) - f(w*) ———7
1—1+ 5
LS

= 2L(f(w®) = f(w")) < S by assumption
"

(®)

Hence, by induction, a,,” is bounded uniformly for all timesteps ¢.
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I PROOF OF COROLLARY 3]

We present the corollary below.

Corollary 3. Suppose i is an «;-strongly convex function and that Vv is «,,-Lipschitz. Let
Dy(z,y) = ¥(z) — ¥(y) — VY(y)T (z — y) denote the Bregman divergence for z,y € R If
f : R% = R is non-negative, L-smooth, and j-PL* on B = {x ; V(x) € B(V(w?), R)} with
R= 2LV I (w D), f(ww))a?‘, then:

[e2y2%

- R?
(1) There exists a global minimum w>) € B such that D,,(w>), w®) < —.

204[
2) Mirror descent with potential 1 converges linearly to w'™ for n = l
=T
«R?  R?
3) Ifw* = argmin Dy(w,w?), then D(w*,w(*®)) < c + —.
P 3
{w 5 F(w)=0} o

Proof. The proof of existence and linear convergence follow immediately from Theorem ] All that
2
remains is to show that Dw(w(o"), w(o)) < 12%. As 1) is ag-strongly convex, we have:

o0 o0 1 o0
() < 9 ®) + (Vi @), w) —w®) + 5= [V () = Vi )| By Lemmafy

= D (w(oo) w(o)) < L||V¢(w(°°)) — Vw(w(o))||2< ng

v ’ — 204 — 204
Now let w* = argming,, ; f(uw)—o} Dy (w, w®). Hence Dy (w*, w®) < % by definition. Then
we have: '

* 0o 1 * 00

Dy(w*,w™)) < 20, IV (w ) = Vi (w™)|?

1

<
2&[

2V (w*) = Vi (wO)P+2] Ve (w®) = Ve (w>))|?)

R2
< Q0w — @24
(67} (67}

IN

oy 2 R?
— = Dy (w*,w®?) + — By Definiti
o (W, w'™) + o By De nition 3]

a,R?  R?
3+ —
a; (67}

IN

J EXPERIMENTS ON OVER-PARAMETERIZED NEURAL NETWORKS

Below, we present experiments in which we apply the learning rate given by Corollary [T] to over-
parameterized neural networks. Since the main difficulty is estimating the parameter L in neural

. . L . (ONE
networks, we instead provide a crude approximation for L by setting L®*) = .99%. The
intuition for this approximation comes from Lemma [2] While there are no guarantees that this
approximation yields linear convergence according to our theory, Figure 2] suggests empirically that
this approximation provides convergence. Moreover, this approximation allows us to compute our

adaptive learning rate in practice.
Code for all experiments is available at:

https://anonymous.4open.science/r/cef30260-473d-4116-bdal-1debdccd4e00a/

20


https://anonymous.4open.science/r/cef30260-473d-4116-bda1-1debdcc4e00a/

Under review as a conference paper at ICLR 2021

Convergence of Adagrad in Over-parameterized Neural Networks

1 Hidden Layer, Leaky RelLU Activation 1 Hidden Layer, x + sin(x) Activation

H
o
)

—— oOur Step Size (Adaptive)
—— Step Size 0.1

—— Step Size 0.1
—— oOur Step Size (Adaptive)

N w ~
w o

Mean Squared Error (Log)
Mean Squared Error (Log)

-10.04

0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000

Number of Epochs Number of Epochs
@ (b)

Figure 2: Using the adaptive rate provided by Corollary |I| with L approximated by L(*) =

®
.99”2]1:((+))H2 leads to convergence for Adagrad in the noisy linear regression setting (60 exam-
ples in 50 dimensions with uniform noise applied to the labels). (a) 1 hidden layer network with

Leaky ReLU activation (2015)) and 100 hidden units. (b) 1 hidden layer network with
x + sin(x) activation with 100 hidden units. All networks were trained using a single Titan Xp, but

can be trained on a laptop as well.
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