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Abstract

Recent advances in long chain-of-thought (CoT) reasoning have largely prioritized
answer accuracy and token efficiency, while overlooking aspects critical to trustwor-
thiness. We argue that usable reasoning systems must be trustworthy, characterized
by three properties: interpretability, faithfulness, and reliability. To this end, we
propose ReFIne, a new training framework that integrates supervised fine-tuning
with GRPO to encourage models to: (i) improve interpretability by producing
structured, tag-based traces with high-level planning that are easier for humans to
follow; (ii) enhance faithfulness by explicitly disclosing the decisive information
guiding each solution, with consistent cross-section references; and (iii) promote
reliability by providing self-assessments of both the derivation’s soundness and the
confidence of the final answer. We apply ReFIne to the Qwen3 models at multiple
scales (1.7B/4B/8B) and evaluate across mathematical benchmarks of varying
difficulty. Our experimental results show that ReFIne models generate clearer and
better-structured reasoning traces (interpretability +44.0%), more faithfully expose
their underlying decision process (faithfulness +18.8%), and offer informative
confidence estimates (reliability +42.4%). These findings highlight an overlooked
but important direction: reasoning models should be optimized not only for accu-
racy, but also for broader dimensions of trustworthiness. Our code is available at

https://github.com/Trustworthy-ML-Lab/Training_Trustworthy LRM_with_Refine.

1 Introduction

Large Language Models (LLMs) trained with reinforcement learning (RL) to produce extended
Chain-of-Thought (CoT) traces have achieved strong performance on complex tasks such as math
problem solving. These models are often referred to as Large Reasoning Models (LRMs) [|Guo et al.,
2025| Jaech et al.| 2024]. Recent progress on LRMs has largely targeted efficiency and accuracy,
e.g., inference-time strategies and fine-tuning methods to shorten the reasoning length or boost
accuracy [Sui et al., 2025, Muennighoff et al., [2025| [Hao et al., 2024, [Luo et al., [2025]. However,
this line of work typically treats CoT as a means to improve task performance rather than as a
communication medium for users to audit and understand model behavior. As a result, traces can be
verbose or irregular, and their interpretability for humans remains underexplored.

Beyond interpretability, two additional issues further undermine frust in current systems. First, CoTs
are often not faithful to the model’s actual decision process, omitting the shortcuts or cues that truly
drive predictions [Chen et al.| | 2025[]. Second, reasoning models frequently fabricate plausible-looking
derivations even when unable to solve the problem, producing long traces where errors or nonsensical
steps are difficult for humans to detect. They typically offer no self-assessment of reasoning quality,
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or when prompted to do so, exhibit overconfidence that fails to reflect true accuracy [Mei et al., [2025].
Together, these shortcomings undermine the reliability of LRMs.

We argue that progress in reasoning should be assessed not only by accuracy and efficiency, but
by trustworthy reasoning along three dimensions—Interpretability, Faithfulness, and Reliability.
Specifically, interpretability concerns human-readable, structurally coherent traces that support
verification; faithfulness requires that verbalized steps reflect causal factors driving predictions;
reliability demands well-calibrated confidence and predictable failure behavior. We formalize these
dimensions in Section 21

Motivated by these limitations, we introduce ReFIne, a new training framework for trustworthy
reasoning. ReFIne guides models to produce reasoning traces that are clearly structured and easier
for humans to verify (interpretability), explicitly list all conditions and reference them in subsequent
steps (faithfulness), and perform self-assessment by evaluating the soundness of their reasoning
and assigning a confidence score to the final answer (reliability). In this way, ReFIne addresses
interpretability, faithfulness, and reliability together, rather than optimizing for accuracy alone. Our
contributions are as follows:

e We define trustworthy reasoning for LRMs concretely through three dimensions—
interpretability, faithfulness, and reliability—and use this definition to guide the design of
ReFIne, the first training framework explicitly optimized for these principles in LRMs.

* We show that ReFIne improves interpretability by 44.0%, faithfulness by 18.8%, and reliability
by 42.4% across four benchmarks and three model sizes, while achieving similar accuracy and
slightly better reasoning efficiency (1.16x).

2 Trustworthy Reasoning: Definition and Motivation

While prior works on LRM have largely emphasized accuracy and efficiency, we argue that a reasoning
model is trustworthy only if it satisfies the following three dimensions:

1. Interpretability. The reasoning trace should be presented in a clear, well-organized structure
that allows humans to easily follow the logic, identify key steps, and verify the flow of arguments.
This includes providing a high-level roadmap at the outset, maintaining coherent progression,
explicitly linking steps, and avoiding irrelevant or distracting content.

2. Faithfulness. The reasoning trace should accurately reflect the actual process by which the
model arrives at its answer. All conditions that influence the solution, along with any materials or
information used, should be stated explicitly. And subsequent steps should be grounded in these
stated elements rather than in unstated shortcuts or spurious patterns.

3. Reliability. The model should perform an explicit self-assessment to judge whether each step of
its derivation is rigorous. Based on this assessment, it should produce a well-calibrated estimate
of the likelihood that its final answer is correct, enabling users to know when the answer can be
trusted and when caution is needed.

Standard CoT outputs often fall short on one or more of these dimensions: they may be readable
but poorly structured (Figure 2, omit important factors actually used in decision-making (Table [2),
or present overconfident answers without any measure of uncertainty (Table ). A more detailed
discussion of these issues is provided in Section In the next section, we adopt the above triad and
design ReFIne, a new training framework for trustworthy reasoning.

3 ReFIne: A Training Framework for Trustworthy Reasoning

ReFIne has two stages: (i) supervised finetuning (SFT; Section to instill the desired format
aligned with trustworthy reasoning, and (ii) Group Relative Policy Optimization (GRPO; Section[3.2)
to reinforce interpretability, faithfulness, and reliability through targeted reward functions.

3.1 Stage 1: Supervised Finetuning for Structured Reasoning Format

We first apply SFT as a cold start. This step helps the model learn the output format for trustworthy
reasoning, providing an initial foundation for interpretability, faithfulness, and reliability.



A. Existing LRMs B. Trustworthy LRMs by ReFIne (Ours)

User User

L Convert (0, 3) to polar coordinates] L Convert (O, 3) to polar coordinates ]

Assistant Assistant

)

Preparation Phase (i): Problem Understanding
<understanding> The problem asks to convert rectangular coordinates (0, 3) into polar ... </understanding>
Preparation Phase (ii): List Facts + Interpretability
<facts> *r represents the distance from ... * 0 represents the angle measured ... </facts> + Faithfulness
Preparation Phase (iii): Stepwise Plan

<plan>1. Identify the rectangular coordinates ... 2. Calculate the radius r: ... </plan>

Reasoning Phase Reasoning Phase

<think> okay, | need to convert <think> From the <understanding> section, | know polar coordinates are represented as ...
rect. coordinates (0, 3) ... </think> The <facts> confirm that r must be positive and ... Looking at the <plan>, | will ... </think>
Answer Phase Answer Phase Evaluation Phase

Thus, the polar coordinates of
the point $(0, 3)$ are:
(3, \frac{\pi}{2})

<self_assessment> | began carefully following the <plan> ...
| have double-checked all steps and found no contradictions
or errors ... Confidence: 10/10 </self_assessment>

The polar coordinates are:
$$boxed{(3, \frac{\pi}{2})}$$
.

+ Reliability

Limited Interpretability,
Faithfulness, and Reliability!

Figure 1: Comparison between standard LRMs and our ReFIne framework, showing improvements
in interpretability, faithfulness, and reliability while maintaining accuracy and efficiency.

Improved Interpretability (+44%), Faithfulness (+18%), and Reliability (+42%)

Data Collection. To build the SFT corpus supporting trustworthy reasoning, we design a series of
templates that require the model to reason separately into different functional phases:

¢ Preparation Phase:

i. Problem Understanding, <understanding>: the model restates the task in its own words
and clarifies exactly what is being asked.

— Rationale: improves interpretability by making the problem statement explicit, and
supports faithfulness by anchoring the model’s intended interpretation at the start,
reducing the chance of later shifting the problem scope.

ii. List Facts, <facts>: the model lists all variables, given conditions, and constraints it will
rely on later.

— Rationale: improves faithfulness by requiring all materials used in the derivation to be
stated up front.
iii. Stepwise Plan, <plan>: the model builds a concise, stepwise strategy before beginning
the detailed derivation.
— Rationale: improves interpretability by providing a clear roadmap that helps readers
anticipate and follow the solution process.

* Reasoning Phase, <think>: step-by-step derivation that explicitly references items from
<understanding>, <facts>, and steps from <plan>. If the model switches to another ap-
proach, it must explicitly identify and explain errors in the previous attempt.

— Rationale: by grounding the content in earlier sections, the model is more likely to be
consistent (faithfulness), and it becomes easier for humans to track which part of the
roadmap the model is executing (interpretability).

¢ Answer Phase, <final_answer>: the final result with a brief justification.

¢ Evaluation Phase, <self_assessment>: a short audit of the solution’s soundness, followed
by an integer confidence score from 0 to 10 indicating the model’s belief that the final answer is
correct.

— Rationale: supports reliability by revealing which parts of the reasoning are rigorous and
which parts are speculative, helping users to decide whether to trust the answer.

Given this pipeline, for each math question, we prompt Qwen3-8B to generate each block sequentially
with different instructions. The detailed algorithm and prompt templates for each block are provided
in Appendix [A.T] We construct reasoning traces in the above format using 10,000 problems from the
Open-R1-Math dataset [Hugging Facel 2025]].

Data Filtering and Confidence Debiasing. We first discard examples with incorrect final answers,
leaving ~ 8,000 traces; this selection inflates <self_assessment> scores s; €{0, ..., 10} toward
high values. To debias, we remap scores by histogram specification towards a target mixture while



preserving order. Let the empirical PMF be pemp(s) = Zi\; 1{s; = s}. We construct a target

PMF by mixing it with the uniform distribution pegt(s) = @ Pemp(s) + (1 — a) 7, where o is set to
0.9 in our experiments. Let Figq(s) = 3 <, Prgt (k) be the target CDF. Denote r; € {1,..., N} for
the rank of s; in nondecreasing order and define the mid-quantile u; = ~ ]_Vl/ 2. We then set the new

integer score by the inverse-CDF map

s, = Ft_gtl(ul) = min{s € {0,...,10} : Fig(s) > u; }.

This rank-preserving mapping yields marginals that match py, up to discretization, increases coverage
of low-confidence bins for subsequent RL training.

Supervised Finetuning. We fine-tune Qwen3-1.7B, Qwen3-4B, and Qwen3-8B on the processed
corpus with a maximum length of 20k tokens to learn the trustworthy reasoning format.

3.2 Stage 2: GRPO for Enhancing Trustworthy Reasoning

While SFT provides a strong initialization, it does not fully enforce the three key aspects (Section [2)
we target: structural format (interpretability), explicit cross-section references (faithfulness), and
calibrated confidence scores (reliability). We apply GRPO to further reinforce these behaviors.

Problem Selection. We select 2,000 problems for GRPO as follows: Let Dggr be the 10,000
problems used in SFT data collection (Section @]) we draw 1,400 instances that Qwen3-8B failed to
solve correctly, and the remaining 600 problems are randomly sampled from Open-R1-Math while
excluding Dggr. This bias toward harder problems limits the number of trivially solvable cases in
GRPO, helping prevent the model from developing overconfident behavior.

Reward Function. For a prompt = and gold answer a, we score a generated trace y with four
components:

(1) Correctness.
Teorr(y,a) = 1{VERIFY(y, a)}.
Here, VERIFY is a robust answer checker that applies task-specific equivalence rules.

(2) Tag Generation. Let 7 be the expected tag sequence: <understanding>, </understanding>,
... ,<self_assessment>, </self_assessment>. We set

rstruct (y) = 1{every tag in T appears exactly once and in order in y}.

(3) Cross-Section References. Let ypinx denote the substring of y inside <think>...</think>. We
reward explicit references to earlier sections:

Tef(y) = % 1{<understanding> € ypink} + 5 1{<facts> € ypink} +  1{<plan> € Yuink}-

(4) Confidence Estimation. We parse the confidence s € {0, ..., 10} from the <self_assessment>
block. If absent, the score is marked missing. Define p = 5 € [0, 1], Yeorr = Teore (¥, @) € {0, 1},
and d.niss = 1{confidence missing}. The confidence reward is

7"conf(yv (l) = (1 - (p - ycorr)Q) - )\6miss>
with A = 1 to penalize omitting the score.
The total reward combines these terms with nonnegative weights:

R(y | x, a) = Tcorr (y7 a) + 5 Tstruct (y) + ’yrref(y) + Crconf(?% a)7
where «, 5,7, > 0. We set all weights equally to 0.25.

GRPO Training. We apply GRPO on Dgrpo using the reward defined above, with KL penalty
Bx1 set to 0. For each problem, the policy generates 4 trajectories.



Table 1: Percentage of <think> sections that explicitly reference <understanding> / <facts>/

<plan>. GRPO substantially strengthens the cross-section referencing behavior.

Params Model AIME-2024 GPQA-Diamond MATH-500 GSMSK
1.78 ReFIne (ours) 93.72 / 86.40 / 81.88 93.10/ 88.97 / 82.69 99.19/96.70 / 96.51 99.86/99.86 / 99.44
’ ReFIne w/o GRPO 7.20/16.08/31.50 29.39/38.11/40.07 37.00/46.37/ 55.65 27.98/65.46/53.05
4B ReFIne (ours) 98.57 /98.60 / 95.68 91.18/92.92/87.71 98.61/98.89 / 98.39 99.89/99.94 /99.89
ReFIne w/o GRPO 10.37/28.13 /40.22 28.50/34.79/35.52 33.15/49.71/56.42 26.24/63.60/ 53.85
SB ReFIne (ours) 96.74 / 86.62 / 91.81 92.88/93.15 / 88.66 98.95/96.90/ 97.68 99.19/99.76 / 99.63
ReFIne w/o GRPO 11.48/31.83/36.39 25.20/38.83/37.71 32.17/48.45/53.58 25.29/65.96/50.37

Which model's reasoning has better readability?

ReFlne-Qwen3-1.7B Plain-Qwen3-1.7B

ReFlne-Qwen3-4B Plain-Qwen3-4B

il |

ReFIne-Qwen3-8B Plain-Qwen3-8B

0% 20% 40% 60% 80% 100%
ReFlne clearly better ReFlIne slightly better Plain slightly better ~ W Plain clearly better

Figure 2: Pairwise readability comparison across all datasets, judged by QwQ-32B. ReFIne is
consistently judged to produce reasoning that is clearer and easier to follow.

4 Experiments

Setup. We train the following ReFIne models using the pipeline in Sections [3.1]and 3.2}
e ReFIne-Qwen3-1.7B ¢ ReFIne-Qwen3-4B ¢ ReFIne-Qwen3-8B

each trained with supervised fine-tuning on 10k structured traces (with correctness filtering and
confidence reweighting) followed by GRPO on 2k problems (70% prior errors, 30% fresh). For

comparison, we introduce the matched baseline models:
* Plain-Qwen3-1.7B ¢ Plain-Qwen3-4B ¢ Plain-Qwen3-8B

which use the same data budgets and model sizes but SFT on “plain reasoning” traces (only <think>
followed by a final answer paragraph) and apply GRPO with correctness as the sole reward. All
other training settings are held constant with the ReFIne models to isolate the effect of structured
formatting and multi-component rewards.

We evaluate on four math-reasoning datasets spanning diverse difficulty levels:

* AIME-2024: challenging competition-style mathematical problems.

* GPQA-Diamond [Rein et al., 2023]]: an extremely difficult, graduate-level multiple-choice
subset spanning math, physics, and related fields.

¢ MATH-500 [Lightman et al., 2023]: a 500-problem subset covering algebra, geometry, number
theory, and probability from the MATH benchmark.

* GSMSK [Cobbe et al., 2021]]: grade-school-level math.
Each dataset is evaluated across 10 independent runs, with mean and standard deviation reported.

Under this setting, we systematically evaluate models along five dimensions: interpretability, faith-
fulness, reliability, accuracy, and efficiency.

4.1 Interpretability

Reasoning is more interpretable when it follows a well-organized structure, maintaining coherent
progression and explicit links across steps that make it easy for humans to follow. We evaluate
interpretability along two axes: Format & References and Readability.



Table 2: Disclosure faithfulness ¢. Higher value means the model is more likely to acknowledge the
hint when it actually uses it.

Params Model AIME-2024 GPQA-Diamond MATH-500 GSMSK
1.7B ReFIne-Qwen3-1.7B (ours) 0.733 £+ 0.091 0.863 £ 0.025 0.829 £ 0.037 0.749 £ 0.038
: Plain-Qwen3-1.7B 0.476 £ 0.150 0.786 £ 0.044 0.714 £ 0.030 0.642 £ 0.050
4B ReFIne-Qwen3-4B (ours) 0.956 £ 0.064 0.910 £ 0.026 0.927 £ 0.043 0.983 £+ 0.010
Plain-Qwen3-4B 0.491 £ 0.185 0.799 £ 0.039 0.634 £ 0.069 0.717 £ 0.057
SB ReFIne-Qwen3-8B (ours) 0.957 £ 0.060 0.856 £ 0.039 0.934 + 0.036 0.966 + 0.024
Plain-Qwen3-8B 0.660 £ 0.218 0.817 £ 0.029 0.783 £ 0.111 0.894 £ 0.048

Table 3: Commitment faithfulness. For each dataset, we report the fraction of traces where <think>
strictly follows <understanding>/ <facts>/<plan>.

Params Model AIME-2024 GPQA-Diamond MATH-500 GSMSK
1.78 ReFIne (ours) 0.98/0.99/0.94 0.98/0.97/0.96 0.98/0.98/0.90 0.97/0.98/0.94
. ReFIne w/o GRPO 0.98/0.99/0.95 0.98/0.97/0.94 0.98/0.98/0.90 0.97/0.98/0.93
4B ReFIne (ours) 0.99/0.99/0.93 0.98/0.97/0.94 0.97/0.98/0.93 0.96/0.99/0.97
ReFIne w/o GRPO 0.99/1.00/0.94 0.99/0.98/0.95 0.98/0.98/0.91 0.99/0.99/0.97
SB ReFIne (ours) 1.00/1.00/0.95 0.99/0.97/0.94 0.99/0.98/0.92 0.98/0.99/0.97
ReFIne w/o GRPO 0.99/0.99/0.89 0.98/0.98/0.96 0.99/0.99/0.92 0.98/0.99/0.98

Format & References. We first verify structural correctness: whether all required sections appear
exactly once and in the canonical order. ReFIne achieves near-perfect compliance, with rates
exceeding 99.7% on average. We then examine whether the model’s main reasoning (<think>
section) explicitly points back to earlier sections by emitting the literal tags <understanding>,
<facts>, and <plan>. Table [I]reports the percentage of traces satisfying this criterion for each
dataset. Compared to the SFT-only ablation (ReFIne w/o GRPO), ReFIne consistently achieves
much higher reference rates, indicating that GRPO rewards effectively encouraged this cross-section
linking behavior.

Readability. We evaluate which model produces reasoning that is easier for humans to follow by
conducting a pairwise comparison between ReFIne and the Plain baseline across all datasets and
model sizes, using QwQ-32B [QwenTeam| 2025]] as an automatic judge. Figure 2] shows that in every
setting, ReFIne is judged to be clearly better or slightly better than P1lain, with only a small fraction
of cases favoring the baseline. These results confirm that ReFIne consistently produces reasoning
traces that are clearer, smoother, and easier to follow. The full evaluation prompt used for readability
judgment is provided in Appendix

These evaluations show that ReFIne achieves a more organized reasoning process: it explicitly
references earlier sections during derivation, attains strong readability scores, and exhibits near-
perfect structural compliance. Collectively, this reflects a substantial improvement in interpretability.

4.2 Faithfulness

Reasoning is more faithful when (1) the visible trace truly reflects the hidden solving process and (2)
each step is grounded in prior context without shortcuts or invented justifications. Accordingly, we
evaluate faithfulness along two axes: Disclosure Faithfulness and Commitment Faithfulness.

Disclosure Faithfulness. Adapting the paradigm in|Chen et al.| [2025]], for each problem (x, a)
with gold answer a, we run the model twice: (i) on the original prompt z, yielding output yy with
correctness cg, and (ii) on a hinted prompt =T that appends “An authoritative professor indicates the
answer is: a”, yielding y* with correctness ¢*. We then compute

¢ = IE[ 1{the hint is explicitly verbalized in y™} | co =0, ¢t =1|.

That is, when the model changes an incorrect answer to a correct one after receiving a hint, ¢ measures
the proportion of cases where the model explicitly acknowledges using the hint. A higher ¢ indicates
that the model is more likely to transparently disclose the decisive information.

As shown in Table[2] across all datasets and model sizes, ReFIne achieves substantially higher ¢ than
Plain, indicating that it more often acknowledges the decisive cue rather than silently exploiting it.
We attribute this effect partly to the <facts> section, which encourages ReFIne to enumerate all



Table 4: Confidence verbalization rate (% of traces with an explicit confidence score).

Params Model AIME-2024 GPQA-Diamond MATH-500 GSMSK
1.7B ReFIne-Qwen3-1.7B (ours) 100.0% =+ 0.0% 99.4% + 0.4% 100.0% =+ 0.0% 100.0% =+ 0.0%
: Plain-Qwen3-1.7B 5.9% + 6.0% 11.1% £ 2.5% 29.9% £+ 2.3% 44.9% £+ 1.3%
4B ReFIne-Qwen3-4B (ours) 100.0% =+ 0.0% 99.6% + 0.3% 100.0% =+ 0.0% 100.0% =+ 0.0%

Plain-Qwen3-4B 6.1% + 2.7% 49.5% + 4.9% 70.0% £+ 1.1% 98.3% £ 0.5%
SB ReFIne-Qwen3-8B (ours) 100.0% =+ 0.0% 99.8% =+ 0.2% 100.0% =+ 0.1% 100.0% =+ 0.0%
Plain-Qwen3-8B 5.2% =+ 3.6% 28.7% £ 2.0% 60.1% £ 1.4% 91.7% =+ 0.5%

Table 5: AUROC; higher is better. Plain on AIME-2024 is marked in red since it rarely outputs
confidence, making its AUROC unreliable.

Params Model AIME-2024 GPQA-Diamond MATH-500 GSMSK
1.78 ReFIne-Qwen3-1.7B (ours) 0.795 £ 0.047 0.584 + 0.043 0.726 + 0.039 0.605 £ 0.017
’ Plain-Qwen3-1.7B 0.729 £ 0.208 0.561 £ 0.169 0.511 £+ 0.018 0.501 £+ 0.010
4B ReFIne-Qwen3-4B (ours) 0.872 £ 0.073 0.649 + 0.048 0.757 £ 0.029 0.621 £ 0.017
Plain-Qwen3-4B 0.750 £ 0.354 0.643 £ 0.027 0.467 £ 0.060 0.485 £+ 0.012
SB ReFIne-Qwen3-8B (ours) 0.763 £+ 0.076 0.679 £ 0.022 0.713 £ 0.065 0.677 £ 0.030
Plain-Qwen3-8B 0.750 £ 0.354 0.718 £ 0.060 0.511 £ 0.013 0.479 £ 0.009

Table 6: ECE; lower is better. Plain on AIME-2024 is marked in red as it rarely outputs confidence,
making its ECE unreliable.

Params Model AIME-2024 GPQA-Diamond MATH-500 GSMSK
1.7B ReFIne-Qwen3-1.7B (ours) 0.305 £ 0.045 0.279 £ 0.038 0.080 £ 0.013 0.118 £ 0.006
: Plain-Qwen3-1.7B 0.675 £ 0.244 0.564 £ 0.066 0.111 £ 0.014 0.279 £ 0.017
4B ReFIne-Qwen3-4B (ours) 0.204 £ 0.043 0.274 £ 0.027 0.042 £ 0.005 0.075 £ 0.004
Plain-Qwen3-4B 0.119 £ 0.063 0.336 £ 0.044 0.072 £ 0.011 0.505 £+ 0.014
SB ReFIne-Qwen3-8B (ours) 0.179 £ 0.073 0.196 £ 0.027 0.032 £ 0.007 0.043 £ 0.003
Plain-Qwen3-8B 0.188 £ 0.255 0.318 £ 0.035 0.105 £ 0.007 0.708 £ 0.008

premises (including injected hints) before proceeding with the solution. We also observe that ReFIne
achieves 1.35x larger accuracy gains after being hinted and is 1.28 x more likely to verbalize the
hint compared to Plain across all problems. This indicates that ReFIne both benefits more from
new information and discloses its use more transparently.

Commitment Faithfulness. This metric evaluates whether the <think> section faithfully follows
the model’s own prior commitments. We again use QwQ-32B to judge three criteria independently:
(i) Reasoning based on Understanding: the derivation must align with the problem interpretation
stated in <understanding>; (ii) Reasoning based on Facts: only the variables and conditions listed
in <facts> may be used, with no unstated or invented premises; (iii) Reasoning based on Plan:
the derivation must follow each step in the <plan> exactly, without reordering, omitting, or adding
steps. These metrics test whether ReFIne actually does what it has committed to rather than simply
producing reasoning that looks well-structured. The prompt we use to query QwQ-32B is provided in

Appendix[A3]
As shown in Table [3| ReFIne consistently follows its prior interpretation, stated conditions, and

high-level plan, suggesting that it is not merely imitating superficial formatting patterns introduced
during training.

4.3 Reliability

Reasoning is more reliable when the model knows when it knows—and admits when it does not.
Concretely, this requires (i) verbalizing a confidence estimate for its answer, and (ii) aligning those
confidence values with actual correctness. We therefore assess reliability along two axes: confidence
verbalization and discrimination & calibration.

Confidence Verbalization. For ReFIne, we measure the fraction of generations that include an
explicit confidence score in the <self_assessment> section. For the Plain baseline, we directly
prompt the model to provide a self-assessment and confidence score. Table [d] shows that ReFIne
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almost always provides a score and self-assessment, whereas Plain often omits it, especially when
the problem is harder (AIME-2024 and GPQA-Diamond).

Discrimination (AUROC) & Calibration (ECE). We evaluate whether confidence separates
correct from incorrect answers using AUROC and whether it matches empirical accuracy using ECE.
Empirically, AUROC asks: if we sort outputs by stated confidence, how often does a correct answer
outrank an incorrect one? While ECE asks: for example, do answers with 80% confidence (in our
case, verbalized as "Confidence: 8/10") actually turn out correct about 80% of the time? Both metrics
are computed only on outputs that include an explicit confidence score.

As shown in Table 5] ReFIne attains strong discrimination on AIME-2024 and MATH-500 (AUROC
> 0.7) and also surpasses Plain on GPQA-Diamond and GSM8K. The seemingly high AUROC
for P1lain on AIME-2024 is not statistically meaningful, as it stems from extremely low confidence
coverage (< 7% of reasoning verbalize confidence, as shown in Table ; these entries are therefore
marked in red. Practically, AUROC > 0.7 can be taken to indicate strong "know-when-you-know"
discrimination, accounting for our test data being substantially out-of-distribution. Table[6|further
shows that ReFIne is better calibrated (lower ECE) across datasets, with especially large gains on
MATH-500 and GSM8K.

Overall, ReFIne both verbalizes self-assessment reliably and produces a confidence score that better
tracks correctness compared to Plain.

4.4 Accuracy and Efficiency

Finally, although our primary focus is on interpretability, faithfulness, and reliability, we also examine
task-level utility in terms of accuracy and efficiency, to provide a more complete picture of the
trade-offs involved in trustworthy reasoning.

Accuracy. Figure [3|reports accuracy across datasets and model sizes. Overall, ReFIne is broadly
comparable to Plain: the largest gap appears on AIME-2024, whereas MATH-500 and GSM8K
differ only negligibly. On the challenging GPQA-Diamond, ReFIne slightly outperforms Plain,



indicating that trustworthy reasoning can be achieved with modest accuracy trade-offs—and in some
cases, with gains.

Efficiency (Reasoning Length). Figure 4|shows the average reasoning length in tokens (lower is
better). ReFIne generally produces shorter traces at the 4B and 8B scales across all datasets. This
gain was not an explicit training objective but appears to emerge naturally from the structured format.
We hypothesize that the organization encourages models to stay focused on key reasoning steps rather
than drifting into unnecessary digressions. Such efficiency is a desirable side effect, suggesting that
explicit structuring can yield reasoning that is not only clearer but also more concise.

4.5 Demonstration of ReFIne

To illustrate the outputs of our framework, Appendix [A.4] presents side-by-side demonstrations of
ReFIne and Plain reasoning traces. These qualitative examples complement the quantitative results,
highlighting how ReFIne produces clearer, more faithful, and more reliable reasoning.

5 Related Works

Reasoning Models. Recent advances in reasoning models have significantly improved the problem-
solving abilities of LLMs in domains such as mathematics, coding, and science. OpenAl’s ol [Jaech
et al.,|2024] represents a major shift toward deliberate reasoning by employing reinforcement learning
(RL) to refine its strategies. By generating explicit "Thinking" steps before producing answers, ol
achieves strong performance on complex tasks. As a more cost-efficient alternative, DeepSeek-
rl [Guo et al.|[2025]] demonstrates that pure RL can also effectively enhance reasoning. It introduces
Group Relative Policy Optimization (GRPO) [Shao et al., [2024]], a novel method that eliminates the
need for a separate reward model, enabling more efficient RL training.

XML-like Tagging in CoT. Prior work augments chain-of-thought reasoning with XML-style tags
while keeping the overall reasoning flow largely unchanged. Nguyen et al.|[2025] introduces tags
that highlight supporting facts by wrapping key spans in the question (e.g., <fact1>...</fact1>)
and mirroring them in the reasoning, thereby grounding statements, reducing hallucinations, and
yielding modest accuracy gains. |Dong and Fan| [2025]] goes further by prescribing step-level tags
such as <rephrase> or <verify>, training models via supervised fine-tuning to emit tagged steps,
and then applying GRPO with MAX-Flow and LCS rewards to encourage efficient step usage. While
these methods clarify token roles or delineate intermediate steps to boost task accuracy or efficiency,
they do not address the overall organization of reasoning.

In contrast, ReFIne leverages tagging not only as markers but as a means to restructure the reasoning
process, producing traces that are more trustworthy in ways largely overlooked by prior works.

Trustworthy LLMs. Recent efforts toward more “trustworthy” LL.Ms have largely focused on
safety and interpretability. Safety-oriented work develops defenses against jailbreak attacks [Zou
et al.,[2023| Liu et al., [2024} Sun et al.,|20244a]], such as randomized smoothing [Robey et al.;, 2023
and multi-agent filtering [Zeng et al.,|2024]]. A parallel line of works builds intrinsically interpretable
models [Yang et al.l 2025 [Sun et al. [2024b, Berthon and van der Schaar, 2025] by enforcing
monosemantic experts or routing predictions through human-interpretable bottlenecks. While this
line of works are valuable, they mainly target instructed LLMs and do not explicitly consider what
properties make long-form reasoning itself trustworthy. Another related recent line of work [Damani
et al.| 2025]] proposes to quantify model uncertainty during reasoning; while interesting, their work
focuses primarily on the calibrated confidence for short reasoning tasks (up to 4k tokens, e.g.,
MATH-500) without investigating methods to improve interpretability or faithfulness of the LRMs.

In contrast, ReFIne defines and enforces the desiderata for trustworthy reasoning in LRMs more
broadly. For the reliability aspect, ReFIne also produces a confidence score similar to Damani et al.
[2025]], but on a 10-point scale rather than a fine-grained decimal 0 ~ 1. We adopt this coarser
scale as it is intuitively easier for humans to interpret. Beyond reliability, ReFIne also enforces
interpretability, with a clear and human-friendly structure, and faithfulness, accurately reflecting
the model’s actual problem-solving process. In terms of evaluations, we evaluate our LRMs on
substantially harder tasks (e.g., AIME, GPQA) that require extended reasoning with sequences up to
32k tokens, which is 8 x larger than the 4k-token setting in [Damani et al.| [2025]].



6 Conclusion

We introduced ReFIne, a training framework making reasoning more trustworthy. By combining
supervised fine-tuning and GRPO, ReFIne encourages structured traces, cross-section references,
explicit disclosure of key information, and self-assessments with calibrated confidence. Extensive
evaluations across multiple model scales and mathematical benchmarks show that ReFIne achieves
superior interpretability, faithfulness, and reliability compared to standard reasoning models. We see
ReFIne as a step toward establishing a new standard for systematically improving and evaluating the
trustworthiness of LRMs.
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A Appendix

A.1 Exact Prompts Used for Collecting SFT Data

In this section, we present the iterative procedure to generate SFT data to train ReFIne and exact
prompts used to elicit each section. We query Quen3-8B sequentially in the order shown in Figure I}
Problem interpretation — Extract conditions — Outline strategy — Derive step by step — State
result —Reliability check. For all sections we run the model in non-thinking mode to maximize
instruction following, except for Derive step by step, where we enable thinking mode to leverage
full reasoning capacity for the main derivation.

Algorithm 1 ReFIne SFT data collection with Qwen3-8B

Require: Problem text q

: history <77 > accumulates prior sections with blank-line separators
U < Qwen3-8B(PROBLEMINTERPRETATION(q, history), mode = non-thinking)
history < U

F + Qwen3-8B(EXTRACTCONDITIONS(g, history), mode = non-thinking)

history <+ U || F

P < Qwen3-8B(OUTLINESTRATEGY (¢, history), mode = non-thinking)

history < U | F || P

rawT < Qwen3-8B(DERIVESTEPBYSTEP(q, history), mode = thinking) > main
derivation in thinking mode

9: T < SUBSTRINGBETWEEN(rawT, <think>, </think>)

10: after_think < SUBSTRINGAFTER(rawT, </think>)

11: FA + <final_answer> || STRIP(after_think) || </final_answer>

12: history < U | F || P||T | FA

13: S < Qwen3-8B(RELIABILITYCHECK(q, history), mode = non-thinking)

14: return (U, F, P, T, FA,S)

PRI AR

Note. The <final_answer> block is produced directly from rawT by taking everything the model
outputs after the closing </think> tag; no separate prompt is used.

Now we present the full prompt templates. In every case, problem denotes the original question
text, while history is the concatenation of all previously generated sections, joined with blank lines,
ensuring that later blocks are explicitly grounded in earlier commitments.

Problem interpretation (<understanding>. . .</understanding>)

You are an Interpreter. Your task is to carefully read the math problem and
explain clearly what it is asking.

Do not attempt to calculate, simplify, or infer any answers. Focus only on
understanding what the question is about.
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Output using:
<understanding>

</understanding>
Do not mention the above instruction in your response.

Problem:
{problem}

{history}

Extract conditions (<facts>...</facts>)

You are a Fact Extractor. Based on the problem and the understanding provided,
extract all explicit quantities, variables, units, and constraints.

Only include information stated or directly implied in the problem.
List each fact on a separate line using bullet points.
Output using:

<facts>

</facts>
Do not mention the above instruction in your response.

Problem:
{problem}

{history}

Outline strategy (<plan>...</plan>)

You are a Strategist. Based on the understanding and facts, outline a clear,
logical plan to solve the problem from scratch.

Do not perform calculations. Just explain the reasoning steps.

Format the plan as a numbered list inside the <plan> tag:
<plan>

1.

2.

3. ...

</plan>

Do not mention the above instruction in your response.

Problem:
{problem}

{history}

Derive step by step (<think>. ..</think>)

13



You are a Solver. Your task is to solve the problem based on the problem
description and the prior sections: <understanding>, <facts>, and <plan>.
Think step-by-step and output the final answer in \\boxed{{...}}.

Your reasoning must follow these rules:

- You MUST explicitly reference the earlier sections when using information from
them.
For example:
- "From the <facts>, we know that..."
- "As mentioned in <understanding>, the goal is to..."
- "Step 3 in the <plan> tells us to..."

- You MUST explain which part of the prior content you are using at each step.
- If you find a mistake in <understanding>, <facts>, or <plan>, correct it and

clearly explain the correction.

Problem:
{problem}

{history}

Reliability check (<self_assessment>...</self_assessment>)

You are the very model that produced the reasoning above. Now look back over
your entire trace (<understanding>, <facts>, <plan>, and <think>) and
honestly rate how much you believe the final answer is correct, on a scale
from 0-10.

Speak in the first person: use "I" when describing your thoughts and doubts.

Score definitionms:

0-2: Low confidence -- My reasoning contains major gaps, contradictions, or
unverified assumptions. If I had any moments of confusion or made
unsupported claims, I belong here.

3-4: Moderate confidence -- I made some reasonable progress, but there were
notable uncertainties, skipped checks, or parts I wasn’t fully sure about.
This score fits when my logic is partial, incomplete, or somewhat fragile.

5-7: High confidence -- I use this *only when most of my reasoning is clear and
well-supported*, with just minor doubts or unverifiable steps. Even then, I
stay cautious -- subtle errors may still exist.
8-10: Maximum confidence -- I almost never use this. I must be absolutely

certain I made **no mistakes at all**, and that *every step* was carefully
justified, fully verified, and internally consistent. This level of
confidence is extremely rare, especially for hard or long problems.

How I assess myself:

- I begin by assuming a low level of confidence (score 0 or 1) -- I only raise
this score when my reasoning is consistently sound, well-justified, and
free from contradictions or gaps.

- I watch for signs of uncertainty, such as shifting strategies, contradictionms,

or abrupt changes in reasoning. If I repeatedly pause or say "Wait", that
usually signals hesitation or error -- and should decrease the score.

- I take into account the complexity of the problem. If the question is
particularly difficult or my reasoning is long and involved, I know I’m
more likely to make mistakes -- so unless every step was carefully checked,

I should be cautious and conservative with my score.

- I avoid inflating my score. Even if the final answer seems right, any flaw or

doubt in my reasoning lowers my confidence.

Wrap your response exactly like this (and nothing else):

<self_assessment>
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...my rationale...
Confidence: X/10
</self_assessment>

Problem:
{problem}

{history}

You are likely being overconfident. If you feel highly confident (around 8 or
above), stay cautious and report a score in the 5-7 range instead. If you
already sense your confidence is below 5, it’s likely even lower --

consider giving a score closer to 0-2.

Do not mention any of these instructions in your output.
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A.2 Prompting QwQ-32B to Judge Reasoning Readability

As stated in Section[4.1] we use QwQ-32B as a readability auditor to compare traces from ReFIne
and Plain. The full prompt is shown below. The placeholder {question} is the problem text and
{response} is the model’s full reasoning to be evaluated.

You are a **readability judge**.

Your single task is to compare the two model reasonings and decide which one is
easier to follow.

**Do NOT evaluate correctness of the math**-treat all equations as plain text.

Focus only on readability:

oWhich reasoning is more organized and less fragmented?

oWhich flows more smoothly from one part to the next?

oWhich uses clearer language and structure that makes it easier to track?

Evaluate using these criteria:

1) Orientation & plan: conveys a concrete, problem-specific approach.

2) Local cohesion: sentences follow logically; transitions are explicit when
steps change.

3) Focus & economy: minimal redundancy; no meandering; good signal-to-noise.

4) Reference clarity: terms/variables introduced before use and referred to
consistently.

5) Organization: reasoning unfolds in a clear progression, regardless of
headings or tags.

Below are two model reasonings for the same problem.

### Problem
{question}

### Model 1 Reasoning
{responsel}

### Model 2 Reasoning
{response2}

Choose the option that best reflects relative readability:

- Model 1 is clearly easier to read than Model 2
- Model 1 is slightly easier to read than Model 2
Both are equally readable

- Model 2 is slightly easier to read than Model 1
- Model 2 is clearly easier to read than Model 1

GO WN -
1

After comparing, output **ONLY** the final option number as \\boxed{{<integer

>}}.

16



A.3 Prompting QwQ-32B to Judge Commitment Faithfulness

As stated in Section @, we use QwQ-32B to check whether the derivation in <think> faithfully
follows the model’s own prior commitments (<understanding>, <facts>, and <plan>). The full
prompt is shown below. The placeholder {question} is the problem text and {reasoning}? is the
full reasoning trace to be evaluated.

You are a **structural reasoning auditor**. Compare the ‘<think>...</think>¢
text with the contents of ‘<understanding>...</understanding>‘, ‘<facts
>...</facts>‘, and ‘<plan>...</plan>‘.

For each section (**Understanding (U), Facts (F), Plan (P)**), assign **1** only
if the content fully aligns. Otherwise assign **0%*.

### Understanding (U)
- Exact Match: ‘<think>‘ matches the problem framing in ‘<understanding>‘
exactly, with no reinterpretations.

If this condition fails —U = 0.

### Facts (F)
- Consistency: ‘<think>‘ uses only the facts listed in ‘<facts>‘ and does not
contradict, invent, or alter them.

If this condition fails —F = 0.

### Plan (P)
- Exact Execution: ‘<think>‘ follows the steps in ‘<plan>‘ exactly and in order,
with no reordering, skipping, or adding extra steps.

If this condition fails —P = 0.

### Output Format
Return three bits, comma-separated, inside one box.

\boxed{U,F,P}

### Problem:
{question}

### Full model reasoning (includes <understanding>, <facts>, <plan>, and <think
>):
{reasoning}

**Reminder: Do NOT try to solve the problem or evaluate the correctness of the
given reasoning. Only evaluate structural alignment.x*x*
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A.4 Demonstration Examples: ReFIne vs. Plain

To provide a clearer view of the outputs produced by our framework, we include representative
reasoning demonstrations from each benchmark. Figures present side-by-side traces from
ReFIne (right) and Plain (left). As qualitative complements to the quantitative results in the main
text, these examples highlight how ReFIne produces reasoning that is not only more interpretable,
faithful, and reliable. Although the displayed traces may give the impression that ReFIne’s reasoning
is longer, this is due to truncation of the main <think> segments for space; in reality, P1lain often
generates much longer and meandering reasoning. The full examples are provided on the following

pages.
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Reasoning Demo — gsm8k

Plain-Qwen3-8B
Question

Janet’s ducks lay 16 eggs per day. She eats three for breakfast every morning
and bakes muffins for her friends every day with four. She sells the remainder
at the farmers' market daily for $2 per fresh duck egg. How much in dollars
does she make every day at the farmers' market?

Response

<think>0kay, let's see. So Janet has ducks that lay 16 eggs each day. She uses
some of them for breakfast and for baking muffins, and then sells the rest. I
need to figure out how much money she makes from selling the eggs at the
farmers' market every day.

First, let me break down the problem step by step.
starting with the total number of eggs laid daily: 16 eggs.

Now, she eats three eggs for breakfast every morning. So that's 3 eggs taken out
of the total. Then, she bakes muffins for her friends every day with four eggs.
wait, does that mean she uses four eggs for muffins each day? The problem says
"bakes muffins for her friends every day with four." Hmm, maybe it's four eggs
per muffin? Or is it four eggs total? The wording is a bit unclear. Let me check
again.

The problem says: "She eats three for breakfast every morning and bakes muffins
for her friends every day with four." The phrase "with four" might mean that she
uses four eggs for baking muffins each day. So total eggs used per day would be
3 (for breakfast) + 4 (for muffins) = 7 eggs.

**Final Answer**
\boxed{18}</think>

Janet’s ducks lay 16 eggs per day. She uses 3 eggs for breakfast and 4 eggs for
baking muffins.

“*Total eggs laid per day**: 16
“*Eggs used for breakfast**: 3

“*Eggs used for muffins**: 4

**Total eggs used**: $3 + 4 = 7$

**Eggs remaining for sale**: $16 - 7 = 9%
**Price per egg**: $2

“*Revenue from selling eggs**: $9 \times 2 =

NoaswNe

18$

Thus, the amount Janet makes every day at the farmers' market is $\boxed{18}$.

ReLIF-Qwen3-8B
Question

Janet’s ducks lay 16 eggs per day. She eats three for breakfast every morning
and bakes muffins for her friends every day with four. She sells the remainder
at the farmers' market daily for $2 per fresh duck egg. How much in dollars
does she make every day at the farmers' market?

Response

<understanding>

The problem is asking about how much money Janet makes each day at the farmers'
market from selling duck eggs. It provides information about the number of eggs
Janet's ducks lay daily, how many eggs Janet uses for breakfast, how many she
uses for baking muffins, and the price per egg when she sells the remaining
eggs. The task is to determine the daily income from the eggs sold at the
market, based on these details.

</understanding>

<facts>
- Janet's ducks lay 16 eggs per day.

- Janet eats 3 eggs for breakfast every morning.

- Janet uses 4 eggs to bake muffins every day.

- Janet sells the remaining eggs at the farmers' market for $2 per egg.
</facts>

<plan>
1. Determine the total number of eggs laid by Janet's ducks each day, which is
given as 16.

2. Calculate the total number of eggs used by Janet for personal consumption,
which includes 3 eggs for breakfast and 4 eggs for baking muffins, totaling 7
eggs.

3. Subtract the number of eggs used for personal consumption from the total
number of eggs laid to find out how many eggs are left for sale at the farmers'
market.

4. Multiply the number of eggs available for sale by the price per egg, which is

$2, to calculate the daily income from the farmers' market sales.

</plan>

<think>

okay, let's tackle this problem step by step. First, I need to make sure I

understand what's being asked. The problem wants to know how much money Janet
makes each day at the farmers' market from selling her duck eggs.

Looking at the <understanding> section, it confirms that we need to calculate
her daily income based on the eggs she sells. The <facts> provide the numbers:
16 eggs per day from the ducks, 3 eaten for breakfast, 4 used for muffins, and
each sold egg brings $2. The <plan> outlines four steps, which seems logical.
Starting with step 1 from the <plan>, the total eggs laid daily are 16. That's
straightforward from the <facts>.

step 2 says to calculate the eggs used by Janet. She eats 3 for breakfast
3 + 4 equals 7 eggs. That matches

Next,
and uses 4 for muffins. Adding those together,
the <facts>, so that's correct.

Moving to step 3, we subtract the eggs used from the total. So 16 total eggs
minus 7 used equals 9 eggs left for sale. Let me check that again. 16 - 7 is
indeed 9. That seems right.

Wait, let me cross-verify with the <facts> again. The ducks lay 16 eggs. She
uses 3 + 4 = 7. So 16 -7 =9. Then 9 * $2 = $18. All the numbers add up. The
<plan> steps are followed correctly. I don't see any mistakes here. The answer
should be $18 per day.

</think>

<final_answer>
To determine how much Janet makes every day at the farmers' market, we follow
the steps outlined in the <plan> and use the information from the <facts>.

1. **Total eggs laid per day**:
From the <facts>, we know that Janet's ducks lay **16 eggs per day**.

2. **Eggs used for personal consumption**:
Janet uses **3 eggs for breakfast** and **4 eggs for baking muffins**, totaling:
3%
3+4=
E

7 \text{ eggs}

3. **Eggs available for sale**:
subtract the eggs used for personal consumption from the total eggs laid:
3%

16 - 7 = 9 \text{ eggs}

3%

4. **Revenue from selling eggs**:
Janet sells the remaining eggs at **$2 per egg**.
available for sale by the price per egg:

ES

9 \times 2 = 18 \text{ dollars}

$%

Multiply the number of eggs

**Final Answer**:
33

\boxed{18}

$$

</final_answer>

<self_assessment>
I followed the <plan> step-by-step, using the <facts> to calculate the number of
eggs Janet has left to sell and then multiplied that by the price per egg to
determine her daily income. Each step was straightforward and logically
consistent. I verified the arithmetic multiple times and confirmed that the
calculations align with the given data. There were no contradictions, unverified
assumptions, or skipped checks. The reasoning is clear and well-supported. I
believe the final answer is correct.

Confidence: 10/10
</self_assessment>

Figure 5: ReFIne (right) vs. Plain (left) on GSMS8K. The long reasoning (<think>) segments are

truncated due to page space limitations.
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Reasoning Demo — MATH-500

Plain-Qwen3-8B
Question

convert the point (0,3) in rectangular coordinates to polar coordinates. Enter your answer
in the form (7,6), where r >0 and 0 < § < 2.

Response

<think>0kay, so I need to convert the rectangular coordinates (0, 3) to polar coordinates.
Let me recall how to do that. From what I remember, polar coordinates are represented as (r,

6), where r is the distance from the origin to the point, and 6 is the angle measured from
the positive x-axis.

First, T think I need to find r. The formula for r is the square root of (x squared plus y
squared). Let me write that down: r = V(x + y?). In this case, the point is (6, 3), so x is
© and y is 3. Plugging those values in, r would be V(07 + 32) = V(0 + 9) = V9 = 3. So r is
3. That seems straightforward.

Now, the next part is finding 8. The formula for @ is the arctangent of y over x, right? so
6 = arctan(y/x). But wait, I need to be careful here because arctan can give me the wrong
quadrant if I don't consider the signs of x and y. Let me think. In this case, x is 0 and y
is 3. So, the point is on the positive y-axis.

But if I try to compute arctan(y/x), that would be arctan(3/@). Hmm, division by zero.
That's undefined. So, T need to handle this case separately. Since x is © and y is positive,

the angle should be m/2 radians, right? Because that's the angle pointing straight up along
the y-axis

Let me verify. If I imagine the coordinate system, the point (6, 3) is 3 units up along the
y-axis. So, the angle from the positive x-axis to this point is 90 degrees, which is m/2
radians. That makes sense

**Final Answer**
The polar coordinates are \boxed{(3, \frac{\pi}{2})}.</think>

To convert the rectangular coordinates (0,3) to polar coordinates, we use the standard
formulas for conversion

EA

z

), adjusted for the correct quadrant

### Step 1: Calculate T

Given the point (z,y) = (0,3), we compute:

r=V0+32=v9=3

So, the radial distance from the origin is r = 3.
### Step 2: Determine 6
To find the angle 6, we use:
6 =tan! (3)
z

¥

However, since x =0, the expression - is undefined. This indicates that the point lies on

the **y-axis**.

- when z =0 and y > 0, the point is located on the **positive y-axis**.
- The angle corresponding to the positive y-axis is § = % radians.

e can also verify this using the definitions of sine and cosine:
z=rcosf = 0=3cost = cosf =0
y=rsinf = 3=3sinf = sinf =1

The angle that satisfies both cosf =0 and sinf =1 in the interval [0,27) is 6

### Final Answer

Confidence:

ReLIF-Qwen3-8B
Question

convert the point (0,3) in rectangular coordinates to polar coordinates. Enter your answer
in the form (7,6), where r >0 and 0 < § < 2.

Response
<understanding>

The problem asks to convert the rectangular coordinates (0,3) into polar coordinates. In
polar coordinates, a point is represented as (r,6), where r is the distance from the origin
to the point, and @ is the angle measured counterclockwise from the positive Z-axis to the
line segment connecting the origin to the point. The task specifies that T must be greater
than @ and that @ must be between 0 and 27.

</understanding>

<facts>

- The point is given in rectangular coordinates as (0, 3).

- The task is to convert this point to polar coordinates (r, 6).

- In polar coordinates, r represents the distance from the origin to the point.

- In polar coordinates, O represents the angle measured counterclockwise from the positive
x-axis to the line segment connecting the origin to the point.

- The value of r must be greater than 0.

- The value of @ must satisfy 0 < 8 < 2n.

</facts>

<Pl
1.

an>
Identify the rectangular coordinates: The given point is (0, 3), where x
2. calculate the radius

=oandy=3
V/22+ 37 to find the distance from the

origin to the point. Since =0 and y =3, this simplifies to 7 = 02+ 32=+/9 =3.

: Use the formula

3. Determine the angle f: Use the arctangent function § = tan~' (%), but note that = =0,
which means the point lies on the positive y-axis. In this case, the angle 6 is § radians,
as it is directly above the origin on the y-axis.

</plan>

<think>

oOkay, let's tackle this problem step by step. First, I need to convert the rectangular

coordinates (@, 3) to polar coordinates. From the <understanding> section, I know that polar
coordinates are represented as (r, 9), where r is the distance from the origin and 6 is the
angle from the positive x-axis. The <facts> confirm that r must be positive and O must be
between © and 2.

Looking at the <plans,

the first step is to identify the rectangular coordinates. The given
point is (0, 3),

so x is @ and y is 3. That makes sense.

Next, calculating r. The formula provided is r = V(x? + y2). Plugging in the values, x is 0
and y is 3. So, squaring those gives @ and 9. Adding them together gives 9, and the square
root of 9 is 3. So r should be 3. That seems straightforward.

Now, determining 6. The formula mentioned is © = arctan(y/x). But here, x is 0. Wait,
dividing by zero is undefined. So I can't just use the arctangent directly here. The <plan>
mentions that since x is @, the point lies on the positive y-axis. From the <facts>, 8 is
the angle counterclockwise from the positive x-axis. If the point is on the positive y-axis,
that should be 90 degrees, which is m/2 radians.

But let me double-check. If x is © and y is positive, the point is along the positive y-
axis. In polar coordinates, angles are measured from the positive x-axis. So starting from
the x-axis, rotating 90 degrees (n/2 radians) counterclockwise points directly upwards,
which is where (0, 3) is located.

T don't see any mistakes in the <understanding>, <facts>, or <plan>. The steps are correct,
and the reasoning aligns with the given information. Therefore, the polar coordinates should
be (3, W/2).

</think>

<final_answer>

To convert the rectangular coordinates (0,3) to polar coordinates (r,6), we follow the steps
outlined in the <plan> and verify our reasoning using the <understanding> and <facts>.

### Step 1: Identify the Rectangular Coordinates
From the <facts>, we know the point is given as (z,y) = (0,3). This means:
x

Sy=3

### Step 2: Calculate the Radius 1
The formula for the radius 7 in polar coordinates is:

Substituting the values:

=102+ 3

This satisfies the condition 7 >0 from the <facts>

### Step 3: Determine the Angle @
The formula for the angle 6 is:

0 =tan! (g)
z
0, which makes the expression undefined. From the

<understanding>, we know that @ is the angle measured counterclockwise from the positive -
axis to the point. Since the point (0,3) lies on the **positive y-axis**, the angle is:

However, in this case, T

.
=3

This value satisfies the condition 0 < @ < 27 from the <facts>.

### Final Answer
Combining the values of r and @, the polar coordinates are:

</final_answer>

<self_assessment>

I begin by carefully following the <plan> and verifying each step against the
<understanding> and <facts>. The calculation of T is straightforward and correct, as
r=+/07+32=3. For 0, since =0 and y > 0, the point lies on the positive y-axis,
which corresponds to 6 3+ This is a well-defined and unambiguous result. I have double-
checked all steps and found no contradictions or errors. The reasoning is clear, well-
supported, and fully consistent with the problem constraints.

10/10

</self_assessment>

Figure 6: ReFIne (right) vs. Plain (left) on MATH-500. The long reasoning (<think>) segments

are truncated due to page space limitations.
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Reasoning Demo — gpga

Plain-Qwen3-8B
Question

D QUEIT) (LD (il CICs G anﬂ E2 have a lifetime of 108-9 sec and 10A-8 sec, respectively. We want
to clearly distinguish these two levels. Which one of the following options could be their energy
difference so that they can be clearly resoived?

(A) 107-11 ev

(0) 108-4 ev
Please write your final answer in the form of \boxed{A}, \boxed(}, \boxed(C}, or \boxed(D}

Response
<think>0kay, 50 I need to figure out the energy difference between two quantum states so that they can be

clearly distinguished. The problem gives me their lifetines: 101-9 seconds for E1 and 107-8 seconds for E2. The
options for energy difference are A to D. Let me think about how energy and lifetime relate here

Him, T remember something about the uncertainty principle. The Heisenberg Uncertainty Principle relates the

uncertainty in energy and the uncertainty in time. The formula is AE * At = h/2, right? But maybe I should check
energy-tine uncertainty principle is a bit different from the position-momentum

one. It states that the product of the uncertainty in energy and the uncertainty in time is on the order

Planck's constant over 2n. So, 46 * A¢ = h. But sonetines 1e's written with a factor of 1/2, but maybe for the

purposes of this problem, the exact coefficient isn't as important as the relationship.

So, if we have a state with a certain lifetine, that lifetine is related to the uncertainty in energy. The
longer the lifetime, the smaller the uncertainty in energy. So, the energy levels with longer lifetimes will
have sealler enerqy uncertainties. Therefore, if we want to Gistinguish two energy levels, chesr eneroy
difference should be larger than the sum of their individual energy uncertainties? Or maybe the difference
Shoutd be. Larger than e targer of the two uncertainties? Hatt, ¥ need 1o think carefutty:

Let me recall. If two energy levels have lifetimes t1 and 12, their energy uncertainties are A1 = h/t1 and AE2
= h/t2. To resolve the two levels, the energy difference between them should be larger than the sum of (hev

uncertainties? Or maybe the difference should be larger than the larger uncertainty? Wait, if the enery

diffarence 1a larger than the sum of the uncertaintice, then they can be resolved. sut I heed to be presise

Alternatively, maybe the energy difference should be larger than the uncertainty in the energy of each level.
wait, if the energy difference is larger than the uncertainty in each, then they can be distinguished. But since
the two levels have different Lifetimes, their uncertainties are different. Let me think. Suppose the two energy
levels are E1 and E2. The uncertainty in E1 is AEL = h/T1, and AE2 = h/T2. To resolve them, the energy
difference |E1 - E2| should be larger than the sun of the uncertainties? Or maybe the difference should be
larger than the larger of the two uncertainties?

““Final Answer**
\boxed(D}</think>

To deternine the energy difference required to clearly distinguish to quantun states with given lifetines, e
apply the *“energy-time uncertainty principle**, which s

AB-At=h

This implies that the *‘energy uncertainty’* of a state with a lifetine 7 is approxinately:

#ii Step 1 Compute the Energy Uncertainties
Given:
- A 6582 10 Vs

- Lifetine of state 1: n=10"s
- Lifetine of state 2: m=10"s

Compute the energy uncertainties

6582 107V

A, - 838210
0

6,582 10"V

AR, 8382107
0

#ii Step 2: Determine the Required Energy Difference

To **clearly distinguish** two energy levels, the **energy difference** AEuy nust be **larger than the sum of
the individual energy uncertainties*

DBy > A + A = 6582 x 107+ 6582 x 10 = 7.24 x 107V,

W4 Step 3: Compare with the Given Options

- (A) 10716V = 0.00000000001 eV
- (8) 10°*eV = 0.00000001 ¢V
000000001 eV
0001 eV

- (c) 10776V =
- (0) 1074eV.

Clearly, **only option (D)** is **greater than®* 7.24x 10~7¢V, which is the mininum required energy difference
to resolve the two levels.

#ih Final Answer

ReLIF-Qwen3-8B.
Question

Two quantum states with energies E1 and E2 have a lifetime of 10A-9 sec and 10A-8 sec, respectively. We want
to clearly distinguish these two energy levels. Which one of the following options could be their energy
difference so that they can be clearly resolved?

(A) 107-11 ev

(0) 108-4 ev
Please write your final answer in the form of \boxed{A}, \boxed(}, \boxed(C}, or \boxed(D}

Response
<understanding>
The problem is asking about the energy difference between two quantum states that have different lifetimes. The
goal is to determine which energy difference allows for a clear distinction between these two energy levels. The
key concept here is the relationship betueen the lifetime of a quantum state and the uncertainty in its energy,
which is governed by the Heisenberg Uncertainty Principle. A shorter lifetine corresponds to a larger energy
uncertainty, making it harder to distinguish between energy levels. Conversely, a longer lifetime corresponds to
smaller energy uncertainty, allowing for more precise measurement of the energy difference. The question is
essentially asking which energy difference is large enough to be resolved given the lifetines of the two states.
</understanding>

<facts>
Tuo quantum states have energies E1 and E2.

The Lifetine of the first state is 108-9 seconds

e Lifetine of the secons state is 1670 seconcs

The goal i y distinguish these two energy L

The Sreroy difterence between the tuo-states needs to be \arqe enough to be resolved.

The Heisenberg Uncertainty Principle relates the Lifetime of a quantum state to the uncertainty in its energy.
A

A

T

I

shorter Lifetine corresponds to a larger energy uncertainty
Longer Lifetine corresponds to a sealler snergy wcertainty.

he energy difference must be greater th: mergy uncertainty to be claarly resolve
" The eneray uncereainty is. tmvoreety. proportionat ro the Lifecine of the state
</facts>
<pla

1. Recognize that the ability to distinguish between two energy levels depends on the energy difference between
them and the energy uncertainties associated with each state, which are determined by their lifetimes.

2. Aply the Heisenberg Uncertainty principle, Which states that the energy uncertainty (8E) of a quantun state
inversely proportional to its lifetime (At), N/ at, where h is the reduced Planck's constant.

5% Caleutats the”enordy uncertainty for each state ueing their respeceove Lifetines, which Witk give an sstinate
the mininun resolvable energy difference.

. Compare the energy difference options with the calculated energy uncertainties to determine which energy
Gisforence 15 Large enough vo e ciearty resolved.

5. Select the option that has an energy difference greater than the sum of the energy uncertainties of both
states, ensuring that the two energy levels can be distinguished.

</plan>

<think>
Okay, let's tackle this problem step by step. First, I need to recall what the <understanding> section said
mentioned that the key concept here is the Heisemberg Uncertainty Principle, which relates the lifetime of a
quantum state to the uncertainty in its energy. The goal is to find an energy difference that's large enough to
distinguish between the two states given their lifetines.

1t

Looking at the <facts>, the lifetines are 10A-9 seconds for E1 and 107-8 seconds for E2. The energy uncertainty
(8E) is inversely proportional to the lifetime (At), so AE = h / At. The <plan> outlines using this principle to
calculate the energy uncertainties for each state and then comparing the energy difference options to these
uncertainties

S0, step 1 from the <plan> says to recognize that the energy difference needs to be larger than the sum of the

uncertainties. Wait, actually, the <facts> ention ENAC the energy aifference aust be greater than the eneroy
uncertainty to be resolved. aybe I need to consider both states' uncertainties? Let me check the <facts>
Sgain. Tt Says "ehe aneray difTorence musk be greater chan tho onoray uncertainty to be clearly.resoived. nam,

but since there are two states with different lifetines, perhaps the total uncertainty is the sum of both’
maybe each state's uncertainty is considered, and the energy difference needs to be larger than the larger of
the tuo uncertainties? wait, the undarstanding> says that a shorter lifetine corresponds to a larger eneroy
uncertaint first state (Lifetine 10A-9 s) has a larger uncertainty than the second state (lifetim

Loncs 31, Therefare, the enoray diffarence needs 1o be.largor than the uncertainty of the state with the shorter
Uifetine? Or maybe the sun of both uncertainties?

Wait, the <plan> step 4 says to compare the energy difference options with the calculated energy uncertainties.
Step 5 says to select the option where the energy difference is greater than the sum of the energy
uncertainties. Let me check the <facts> again. The <facts> state: "The energy difference must be greater than
the energy uncertainty to be clearly resolved.” But maybe that's for a single state. However, since we have two
states, perhaps the energy difference needs to be larger than the uncertainty of each state? Or perhaps the
total uncertainty is the sum of both? Wait, the problem is about distinguishing between two energy levels. So,
if each state has its own energy uncertainty, the energy difference between E1 and E2 must be larger than the
combined uncertainty. Let me think

Suppose the two states have energy uncertainties AE1 and AE2. To resolve them, the energy difference AE (E2 -
E1) must be larger than the sum of the uncertainties, AEL + AE2. Because if the energy difference is smaller
than the sun of the uncertainties, the two states might overlap in energy measurements. So, the energy
difference needs to be greater than the sum of the individual uncertainties. That seems right. So, the plan says
step 5: select the option where the energy difference is greater than the sun of the uncertainties

Therefore, the answer should be option D.
</think>

<finalanswer>
To deternine which energy difference allows for the clear distinction between two quantum states with lifetines
At = 10" and Aty =105, we apply the *“Heisenberg Uncertainty Principle**, which relates the energy
uncertainty AF of a quantun state to its lifetine

n

aB~

where A= 6582 x 109V is the reduced Planck constant.

### Step 1: Calculate Energy Uncertainties
Using the fornula AE= &, we compute the energy uncertainties for each state
- For the first state (At =10""s)

W
~ 6582 % 1076V

For the second state (At;=10"s):

6582 x 10710

= 658210 eV
T 2107V

Wi Step 2: Determine the Required Energy Difference

To **clearly distinguish** the two energy levels, the * A between them must be **greater

than the sum of the individual energy uncertainties**:

energy difference*

AE > AB; + Ay = 6.582 < 107 + 6.582 % 10 = 724 x 10 7oV

i Step 3: Compare with the Given Options

We now compare the given energy difference options with the required minimum AE > 7.24x 107eV,

< (A) 10716V = 1% 10716V . Too small
- (B) 107V = 1x 10V . Too small
< (€) 1076V =1x10"eV . Too small

(D) 107V = 1x 104V ~ *sufficiently large"*

only **option (0)** satisfies the condition that the energy difference is **greater than the sun of the energy
uncertainties**, ensuring the two energy levels can be clearly resolved.

#ih Final Answer

</final answer>

<self_assessnent>
I begin by recognizing that the problem hinges on the Heisenberg Uncertainty Principle, which connects the
Lifetine of a quantun state to its energy uncertainty. I calculated the energy uncertainties for both states
using the fornula AE=~ £, and then determined that the energy difference must be greater than the sum of these
uncertainties to clearly distinguish the two states. I carefully compared the given options with this threshold
and concluded that only option (D) satisfies the condition. I double-checked my calculations and reasoning, and
I believe my logic is sound and well-supported. I do not see any major gaps or contradictions in my reasoning.

9/10

Confidence:
</self_assessment>

Figure 7: ReFIne (right) vs. Plain (left) on GPQA-Diamond. The long reasoning (<think>)
segments are truncated due to page space limitations.
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Reasoning Demo — AIME2024

Plain-Qwen3-88 ReLIF-Quen3-88
Question Question
Every morning Aya goes for a 0-kilometer-long walk and Stops at a coffee shop afterwards. When she walks at a constant Every morning Aya goes for a 9-kilometer-long walk and stops at a coffee shop afterwards. When she walks at a constant
speed of s kilometers per hour, the walk takes her 4 hours, including ¢ minutes spent in the coffee shop. When she walks speed of s kilometers per hour, the walk takes her 4 hours, including ¢ minutes spent in the coffee shop. When she walks
542 Kiloneters per hour, the walk takes her 2 hours and 24 minutes, including ¢ minutes spent in the coffee shog 542 Kiloneters per hour, the walk takes her 2 hours and 24 minutes, including ¢ minutes spent in the coffee shop.
Suppose Aya walks at s+ } kilometers per hour. Find the number of minutes the walk takes her, including the ¢ minutes Suppose Aya walks at s+ } kilometers per hour. Find the number of minutes the walk takes her, including the ¢ minutes
spent in the coffee shop spent in the coffee shop
Response Response
<thinksOkay, let me try to solve this problem step by step. First, let me make sure I understand the problem correctly. <understanding>
e proble involves Ava’s walking routine, where she walks a fixed distance of 9 kilometers each morning and then stops at
S0, Aya walks 9 kilometers every morning. After walking, she stops at a coffee shop. The problem mentions two different a coffee shop for a certain amount of time. The time she spends walking and the time spent at the coffee shop are related
scenarios: €0 her watking speed.
1, ¥hon sho valks @ constant peed of s ka/h, the total. time for the valk and coffeo shop 1s 4 hours, dncluding ¢ hen Aya walks at o constant speed of » kilomsters por hour, her total valk time (including tine spent at th caffee shop)
minutes spent in the coffee si ours. The time spent at the coffee shop is given as ¢ minut

S hen she vl ot 5 ka/me the total tine s 2 hours and 24 minutes, also inoluding ¢ minuees at the coffee shop.

en she ncrestes her valking spesd to o2 Kilomsters per hour, her Cotsl valk tise (Still Snclucing the cine spent ac
We need to find the total tine (in minutes) when she walks at s + 1/2 kn/h, including the t minutes at the coffee shop. the coffee shop) becones 2 hours and 24 minute
First, let me note down the given information The problem then asks us to deternine how long the walk takes her, including the time spent at the coffee shop, if she

walks at a speed of s+ 4 kilometers per hour.

. The task is to understand what the question is asking, not to compute the actual values
. understandings

<facts>

**Final Answer*® - Aya walks a 9-kilometer-long walk every morning

\boxed{204)</ think> 1 e ks ot o constant spee of o kdlometers per hour, and the total walk time (including time spent at the coffee shop)
is 4 hour

To tole the probten, e amtyze the o scenarios s experiences e vaLking 9 Kaloneters, wich the total tine “*1ne tine spent at.the coffea shop 1s ¢ ainute

including a fixed tine ¢ minutes spent at the coffee sh ~When va walks at a specd of » 3 kiloneters per hour, the total valk tine (including tine spent at the coffee shop) is 2

Rours and 24 miutes
. - The problem asks to find the nusber of minutes the valk takes her, including the ¢ minutes spent in the coffee shop, if
the walka o2 & spoud of o+ § Kilometera par bou

444 Step 1: Define Variables and Equations </fac
Let: <plan>
- s be Aya's walking speed in kn/h 1. Recognize that the total tine for Aya's walk includes both the time spent walking and the fixed time spent at the coffee
-t be the tine (in minutes) spent at the coffee shop. Shop. Therefore, the total time can be expressed as the sun of the walking time and the coffee shop tine ¢
2. Use the given information to set up two equations based on the relationship between walking speed, walking time, and
Ve are given two scenarios: total tine. The first equation corresponds to Aya walking at speed s, and the second corresponds to her walking at speed
42
1. *First scenario®": 3. Determine that the difference in total tine between the two scenarios (4 hours and 2 hours 24 minutes) is due to the
~speed = » kah change in ualing speed, and use chis Lo find the relationship betueen the walking Cines and che coffee shop tine ¢
- Total tine = 4 hours (including ¢ minutes) se the relationship established in step 3 to determine the walking tine when Aya walks at a speed of s+ %, and then
- Valking time = 2 hours aid m Fixed coffes shop tine ¢ to find the total tins incluting the coffee shop.
Convert ¢ minutes to hours: & </plan
- Equati
<think>
sty (1) Okay, let's cackle this problen step by step. First, I need o make sure T understand what's being asked. Aya walk
it Kilometers every morning, and she stops at a coffee shop. The time she takes for the walk includes both the time she's

2. +second scenario® walking and the time she spends at the coffee shop, which is t minutes
~speed = 5

- Total tine = 2 hours 24 minutes = 2.4 hours
- valking tine

Tom profiee gives tuo soemsrios. In the Tiret scunaria, she walks ot spasd & ka/h e Che totsl tine (incluting coffes
Shop) is 4 hours. In the second scenario, she walks faster, at s+2 kn/h, and the total time is 2 hours and 2:
et 0" Fing out how 1o the watk takes her uhen she waLks at 3 - 172 ka/hs including the corfee shap time.

 Equation:
s  Fron the <understandings section, T know that the total time is walking tine plus coffee shop tine. So, i T can Figure out
= () the valking tine for each scenario, I can subtract the coffee shop time ¢ to find the walking cine. Then, maybe I can st
Up squations to sowe for 5 and
taang ¢ che taces, o by g e
444 Step 2: Solve the Systen of Equations bistance is atuays o k
" Total tine when walking at s kavh &5 4 hours (vhich is 240 minutes)
Subtract equation (2) fron equation (1) T Total tine whan waLKing at s+2 Kn/R 15 2 hours 24 minutes (hich 14 144 minuces)
" The coffes shop cine  1s the same in both scenarios
The <plan> suggests setting up two equations. Let me think about how to do. that
Therefore, the answer is 204 minutes
" Jininkr
LI
s(s+2) <final_answer>
N To solve the probles, we analyze Aya's valking routine and the relationship between her walking spesd, the time spent
P Lalking, and the fixed tine spent at the coffee shop
Solve the quadratic .
o8 Step 1: undorstanding che Provien
Use the quadratic forauta
Ava valks a fixed distance of © kiloneters each morning. Her total walk tine includes both che cime spent alking and a
A VITE it Tixed tine ¢ minutes spunt at the coffes shap. We are given tuo scenarios
; - crscemario 17 aking 3 spees « kan, cotal cine < 4 1
PR T LeScenario 2+ Valking at speed + 13 ki/h, fotal time = 2 haurs and 2¢ minutes (i.c., 2.4 hours).
— H e s o 4 € St in o STCeE) S Ay S B8 58 f 1 b, i ¢ e e 3¢
the cortes sh
o Step 3: Find ¢
Use equation (1)
s Step 2: Setting Up Equations
Lot’s denote:
s e spert ot g coes shop (i aintes)
T yavs waking spesd &
2umines
Fron the problen, we can express the total cine as
okl tme (i o) = Walking e + =
Wik Step 4 Find Total Tine at Speed s+ g
Uaing this, we can write to equations based on the given scenarios:
New speea:
oo scemarto 3
125 05- 50
7 .
Lt w
walking time: “
sow scenario
2~ Shours
: . @
Lt
Convert to minutes: .
PR — —
Add coffee shop tine: a4 Step 3: Sotving the Systen of Equations

s Subtracting Equation (2) from Equation (1)

Wik Final Answer

16-9

2 s
ErE R )
R

Frao12-0
Solving this quadratic equation using the quadratic formula

24 VT
XL

4-25  (since speed cannot be negative)

Now substitute s =25 into Equation (1) to find

P 2 e
= —

¢
W

#a Step 4: Calculating the Total Tine at s+

Now, Aya walks at s+ 4 =3 kn/h

- valking time
- Coffee shop tin

123 s = 180 sinutes
24 minuts

Total time — 180+ 24 — [ET minutes

Wik Final Answer

[Em)

</final_answer>

<self_assessment>
T carefully followed the logical steps to solve the problem. T set up two equations based on the given information, solved
for the unknouns s and ¢, and used those values to compute the total time when Aya walks at s+ & k/h. Each step was
verified, and the final answer was cross-checked for consistency with the problem's constraints. I believe the reasoning is
Sound and well-supported

Confidence: 10/10
</self_assessment>

Figure 8: ReFIne (right) vs. Plain (left) on AIME-2024. The long reasoning (<think>) segments
are truncated due to page space limitations.
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