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ABSTRACT

Although Transformer networks outperform various natural language processing
tasks, many aspects of their theoretical nature are still unclear. On the other hand,
fully connected neural networks have been extensively studied in terms of their
approximation and estimation capability where the target function is included in
such function classes as Holder class and Besov class. Besov spaces play an im-
portant role in several fields such as wavelet analysis, nonparametric statistical
inference and approximation theory. In this paper, we study the approximation
and estimation error of Transformer networks in a setting where the target func-
tion takes a fixed-length sentence as an input and belongs to two variants of Besov
spaces known as anisotropic Besov and mixed smooth Besov spaces, in which it
is shown that Transformer networks can avoid curse of dimensionality. By over-
coming the difficulties in limited interactions among tokens, we prove that Trans-
former networks can accomplish minimax optimal rate. Our result also shows that
token-wise parameter sharing in Transformer networks decreases dependence of
the network width on the input length. Moreover, we prove that, under suitable
situations, Transformer networks dynamically select tokens to pay careful atten-
tion to. This phenomenon matches attention mechanism, on which Transformer
networks are based. Our analyses strongly support the reason why Transformer
networks have outperformed various natural language processing tasks from a the-
oretical perspective.

1 INTRODUCTION

Transformer networks, which were proposed in [Vaswani et al.| (2017), have outperformed various
natural language processing (NLP) tasks, including text classifications (Shaheen et al., [2020), ma-
chine translation (Vaswani et al.,[2017)), language modeling (Radford et al.; Devlin et al.|[2018))), and
question answering (Devlin et al., [2018}; |Yang et al.} [2019). Transformer networks make it feasible
to approximate functions which can take a sequence of tokens (i.e., text) as input due to their specific
architecture which is a stack of blocks of self-attention layers and token-wise feed-forward layers.
However, despite of these great successes in various NLP tasks, many aspects of their theoretical
nature are still unclear.

On the other hand, fully connected neural networks have been extensively studied in terms of their
function approximation and estimation capability. A remarkable property of neural network is its
universal approximation capability, which means that any continuous function with compact sup-
port can be approximated with arbitrary accuracy with two fully connected layers (Cybenkol |1989).
However, [Cybenko| (1989) did not state anything about an upper bound of the network size. There-
fore, a relation between properties of the target function and the network size is a next question.
By imposing certain properties such as smoothness on target functions, the representabiliy of neu-
ral network can be studied more precisely. [Barron| (1993) developed an approximation theory for
functions with limited capacity that is measured by integrability of their Fourier transform. Deep
neural networks with ReLU activation (Nair & Hintonl [2010; [Glorot et al., [2011)) has also been ex-
tensively studied from the viewpoint of the approximation and the estimation ability. For example,
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Yarotsky| (2016) proved the approximation error of fully connected layers with the ReLU activa-
tion for functions in Sobolev spaces. Schmidt-Hieber (2017) derived an estimation error bound of
regularized least squared estimator performed by deep ReLU network based on an approximation
error analysis in a regression setting. |Suzukil (2019) derived approximation and estimation error
rates of fully connected layers with ReLU activation for the Besov space, which were also shown
to be almost minimax optimal. Although the derived rates of convergence are almost optimal, they
suffer from the curse of dimensionality, which is one of the main issues of machine learning. A
typical consequence of the curse of dimensionality is that, when the dimension of data increases,
the approximation accuracy (and estimation accuracy) deteriorates exponentially against the dimen-
sion. However, under some specific structure on the data and the target function, we may avoid this
issue. Indeed, Suzuki| (2019) and[Suzuki & Nitanda|(2021) showed that, by assuming that the target
function has mixed smoothness or anisotropic smoothness, we can avoid curse of dimensionality.
Okumoto & Suzukil (2022) derived approximation and estimation errors in a severe setting in which
input data are infinite-dimesional.

Although many researches on the representation ability of fully connected layers and convolution
layers are developed, relatively few researches on that of Transformer networks are found. [Kratsios
et al.[ (2021) proved that there exists a pair of an input sequence and output particles which mini-
mize a given proper loss functions under a given constraint set. [Vuckovic| (2020) proved that, when
regarding attention layers as functions from measures to measures, attention layers have the Lips-
chitz continuity property from a viewpoint of Wasserstein distances. Both [Kratsios et al.| (2021 and
Vuckovic|(2020) regard an input sentence as a measure, that is, particles or a bag of words, which is
an interesting viewpoint. However, these papers do not specify how approximate Transformer net-
works are to a given function from an input sequence to an output. Therefore, these papers’ results
are different from this paper’s main purpose to explain why Transformer networks can outperform
various NLP tasks represented by target functions in various function spaces. [Yun et al.| (2020), Za-
heer et al.[(2020) and|Shi et al.|(2021) proved that Transformer networks are universal approximators
of sequence to sequence functions. However, since these papers did not assume smoothness of the
target function, the results of these papers did not specify an upper bound of Transformer network
depths, which corresponds to the fact that universal approximation capability of neural networks did
not state anything about an upper bound of the network width. Thus, this paper studies a question
which naturally arises as to how properties of the target function are related to the network size and
precision required.

In this paper, we study the approximation and estimation error of the Transformer architecture in a
setting where the target function takes a fixed-length sentence as an input and belongs to a mixed
smooth Besov space and an anisotropic Besov space. We prove that Transformer networks accom-
plish almost minimax optimal rate by analyzing the Transformer network architecture and approxi-
mation ability of the two function spaces. Moreover, we prove that, under suitable situations, Trans-
former networks can dynamically select tokens to pay careful attention to. The essence of the proof
strategy is as follows: First, for a given target function, we obtain a sum of piece-wise polynomial
functions which is approximate to the target function in a certain rate. Next, one constructs a neural
network approximate to a piece-wise polynomial functions. Finally, one constructs a neural network
approximate to the sum. The problem is the second phase in which one constructs a neural network
approximate to a cardinal B-spline function. The proof of the phase is based on fully connected
layers approximate to zy in|Yarotsky| (2016). However, Transformer networks are permitted to do
limited interactions among tokens. In this paper, we propose how to construct an attention layer
which values exchanges between different tokens. By using attention layers constructed above, we
can construct a Transformer network approximate to cardinal B-spline function. This difficulty is
common to previous papers (Yun et al.l 2020} [Zaheer et al., [2020; |Shi et al., |2021), though their
strategies of obtaining a piece-wise constant approximation are different from ours in a viewpoint
of exploitation of function smoothness.

Our contributions can be summarized as follows:

1. We consider a situation in which the target function takes a fixed-length sentence as an input
and belongs to a mixed smooth Besov space and an anisotropic Besov space, in which it is
shown that Transformer networks can avoid curse of dimentionality and accomplish almost
minimax optimal rate. We also shows that token-wise parameter sharing in Transformer
networks decreases dependence of the network width on the input length.
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2. We prove that, under suitable situations, Transformer networks dynamically select tokens
to pay careful attention to. Moreover, we show that the count of tokens to pay careful atten-
tion to is decided by an NLP task, and the accuracy required. This phenomenon matches
attention mechanism, on which Transformer networks are based.

2 NOTATIONS AND PROBLEM SETTINGS

In this section, we define the notations and introduce the problem setting. Throughout this paper,
we use the following notations. Let X be a finite set. Then we shall write X for the cardinality of
X. Write Z for the ring of rational integers and R for the field of real numbers. Let A € {Z,R} and
a € A. Then we denote by A~, :={a’ € A | a’ > a},As, :={a’ € A| d > a}. Let Q C R?

1
be a domain of the functions. For a function f : Q — R, let || f[|,, := [[fll1sq) = ([ [f[Pdz)”
for 0 < p < oo and ||f|l,, := [If]l L () = SUPzeq | f(2)| for p = co. For ar € R%, p € Rg, we

1

denote by [lafl, i= (S0 leul?) "l i= max el lallo := #i € Z1 < < d,aq # 0},

-1
For a € R%,, we denote by @ := max(a),a := min(a),da = (Zle ai) . Fora € 74,
T

):
we denote by D® f(x) := % f(x). We also define some utility functions as follows: Let
0

x € R. Then we denote by z := max(z,0), x V y := max(x,y), |z] := min{n € Z|n < z},
[] := max{n € Z|n > z}.

In the following subsections, the function classes for which we develop error bounds, and the set of
Transformer networks with given hyper-parameters.

2.1 MIXED SMOOTH BESOV SPACE

In this section, we define the mixed smooth Besov space, one of the function classes which we
discuss. To define the mixed smooth Besov space, we first introduce the modulus of smoothness.

Definition 1 (r-th modulus of smoothness). Let € be a measurable subset of RP, p €
Rso U {0} and v € Zsi. For a function f € Ly(Q) and t € RQO, the r-th modu-
lus of smoothness of f is defined by wyp(f,t) = supy,, <y, 1AL (F)llp, where Aj(f)(x) =

{Z§_o ()17~ f@+jh) (v € Qa+rheQ).
0 (otherwise).

Next, based on the modulus of smoothness, we introduce the notion of mixed modulus of smooth-
ness.

Definition 2 (Mixed modulus of smoothness). Let d € Z>1, §2 be a measurable subset of RY p €
RyoU{oco}, r € Z%l, h € RY, and a function f € L,(Q). Then we define the coordinate difference

operator as follows: Azz(f)(x) = A (f(@1,. o Tim1,  Tig1, -+, a) ) (w4). Accordingly, for

e C {1,...,d}, we define the mixed difference operator Ay°(f) = {fniee A (f) EZ i g;

(note that, for any i # j, A;l ) AZ: = A;f o AZ’ ) and the r-th mixed modulus of smoothness of f
wi,p(fa t) = SUPp, <ty Azye(f)Hp'

Finally, based on the mixed modulus of smoothness, the mixed smooth Besov space is defined as in
the following definition.

Definition 3 (mixed smooth Besov space). Let d € Z>1, {2 be a measureable subset of R4 p,q €
Roo U {oo},a € Ry, r == |a] + 1,e C {1,...,d}. Then, for e C {1,....d}, we define the
seminorm | - | ;s as follows:

(Jol e t; s, (£ 25 ) (g < ),

|f|MBg;; = ,
SuptEQ((Hiee ti_az)wg,p(fﬂ t)) (g = o0).
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Note that \f|MB;,‘? = |[fllzr(q)- The norm of the mixed smooth Besov space M By () can be

defined as the sum of the semi-norm over the choice of e by || f||mBg, = Dccqr,..ay [fImBgg
and we define

MBy (@) = {f € LPQ)|l|fllmsg, < oo}, MUS,(Q) := {f € MBy ,(D|l|fllmsg, <1}

The mixed smooth Besov space was originally introduced by |Schmeisser] (1987)); [Sickel & Ullrich
(2009). Various researches showed that an appropriate estimator for these models can avoid curse of
dimensionality (Meier et al., 2009; Raskutti et al.,|2012; |[Kanagawa et al., 2016} Suzuki et al.,[2016).
The relation between mixed smooth Besov spaces and ordinary Besov spaces, the definition of which
are found in|Gine & Nickl (20135)); |Suzuki (2019)), can be informally explained as follows. A mixed
smooth Besov space consists of functions for which the “maximum” of the orders of the derivatives
is “bounded”: maxg—,, D®f while an ordinary Besov space consists of functions for which the
“sum” of the orders of the derivatives is “bounded” Zl\a\lzn D“ f. This difference directly affects
the rate of convergence of approximation accuracy (Diing et al. (2016)); Suzuki| (2019)), but, for this
reason, mixed smooth Besov spaces do not include ordinary Besov spaces in general.

2.2 ANISOTORPIC BESOV SPACE
In this section, we define the anisotropic Besov space, the other of the function classes which we
discuss. Here we define the anisotropic Besov space as follows.

Definition 4 (Anisotropic Besov space). Let d € Z>1, ) be a measureable subset of RP, p,q €
RooU{oo},a € Re 7 := max(|a;|) + 1. Then we define the seminorm | - |aBg, as follows:

1

(Zro@wnp(f. 275, 277))7) " (g < 00),
Supyso(2wr (£, (275,27 70)) (g =00).

The norm of the anisotropic Besov space ABy () can be defined as ||f||apg, = ||fllr +
|flapa:e, and we define

ABg () == {f € LP(Q)|||fllaBg, < 00}, AU, () := {f € ABy (V|| fl|aBz, < 1}.

\flaBg, =

The statistical analysis on an anisotropic Besov space can be dated back to [[bragimov &
Khas’minskiil (1984)), who considered an estimation of a density function which is assumed to be in-
cluded in an anisotropic Sobolev space with p < 2. Afterwards, several studied have been conducted
from the viewpoint of non-parametric statistics, such as nonlinear kernel estimator (Kerkyacharian
et al.,[2001)), and kernel ridge regression (Hang & Steinwart, 2018).

Here, we present some relations with anisotropic Besov spaces and other function classes. First, if
a1 = -+ = ag = « then it follows from the definition of anisotropic Besov spaces that anisotropic
Besov spaces are equal to oridinary Besov spaces with smoothness parameter «. Hence, the defini-
tion of anisotropic Besov spaces includes that of the ordinary Besov spaces as a special case, while
the definition of mixed smooth Besov spaces do not include that of the ordinary Besov spaces in
general. Moreover, anisotropic Besov spaces are closely related to Holder spaces. We present the
definition of Holder spaces as follows.

Definition 5 (Holder space). Let oo € R~ such as a ¢ N and we denote by m := |«|. For an
m times differentiable function f : RY — R, let the norm of the Holder space Co(Q2) be | f|c., =

o™d f(x)—0™d .. .
max|n, |, <m 0™ flloo + MAaX||n, ||, =m SUPg yeq W Then, (a-)Hélder space C,, is

defined as Co, () := {f|l| fllc., < oo}

Let p,q € R, a € R, and o € R such that & > £ and we denote by a’ := (ag, ..., a0) .
Then, [Triebel| (2011) shows that ABS‘OI,OO = CO‘O,ABg"q < (9. This result shows that, if the

average smoothness & is sufficiently large (& > %), then the functions in ABj, are continuous.

However, it can be shown that, if it is small (& < zl) ), then they are no longer continuous. Actually,
there exists functions in which spikes and jumps appear (see Donoho & Johnstone| (1998) for this
perspective, from the viewpoint of wavelet analysis).
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2.3 TRANSFORMER NETWORKS

In this section, we define the set of Transformer networks with given hyper-parameters such as fully
connected layer count, transformer block count, layer width, etc. Let us denote Mat(Rd,Rdl)
by the set of linear transformations from R? to R, for any f : R? — RY, the function
(f) : (RY — R by TI(f)(x) := (f(2:))i, for any v,k,q € (R?), the attention func-
tion Attn : (R?)! x (RY)! x (RY)! — (RY) by Attn(v, k,q) == (2221%%) ,
by DAttn(x; My, Mg, My, Mo) := Mo - Attn(II(My ) (z), II(Mg)(z), II(Mg)(z)), for ariy
Pg € (RP)!, the concatenation function Concat[Pg] : (R?)! — (R?+F)! by Concat[Pg](r) :=

;E) , and the head function Head : (R%)! — R by Head(z) := ;.

Definition 6  (Transformer  networks). Define  the  transformer  architecture
TN(L,T,E,W,H,S,B) with dense layer count L, transformer block count T, width
W, head count H, sparsity constraint S and norm constraint B recursively as follows:
FL(W,S,B) :={f(z) =2+ (M- (z4) + b)|M € Mat(W,W),b € RV,

[[M1]o + [[bllo < S, [|M]]oo V [[blloc < B},

FN(L,W,8,B) = {fP) o0 fD|f) € FL(W, S, By), S S < S maxy<<p By < B},

AL(W,H, 8, B) == {f(z) := 2+ 34 DAttn(z; M, MY My, M30) [ MM, mEY wi,

h h h
MEY € Mat(W, W), c(x.avor Sor (1M ]0) < Smax 1<nen (1MV]0) < BY,
se{K,Q,V,0}
TL(L, W, H, S, B) := {Il(g) o f|f € AL(W, H, Sy, By),g € FN(L,W, S3, By),
21‘2:1 S; < S,max;—1 2 B; < B},

STL(L,T,W,H,S,B) := {f" o---0 fI|f) € TL(L;, W, H, S, By),
Zthl L <L, ZtT:I Sy < S,maxi<i<7 B < B},

TN(L,T,E,W,H, S, B) := {Heado fo Concat[PEHPE € (RE),
feSTL(L,T,W,H,S,,B), S + HPEHO <8, HPE”oo < B}.

We incorporate the architecture proposed in|Vaswani et al.|(2017) into our definition of Transformer
networks. We denote F'LL by the set of a single fully connected layer, FIN by the set of a stack of
fully connected layers, AL by the set of a multi-head attention layer, TL by the set of a Transformer
block which composes of multi-head attention layer and a stack of fully connected layers, STL by
the set of a stack of transformer blocks, TIN by the set of an overall Transformer network with
positional encoding. Note that, in order to exaggerate a count of interactions among tokens, we
define a Transformer block as a concatenation of a multi-head attention layer and a stack of fully
connected layers, not a single fully connected layers.

3 APPROXIMATION ERROR ANALYSIS

In this section, we evaluate how well the functions in mixed smooth Besov and anisotropic Besov
spaces can be approximated by Transformer networks. To evaluate the accuracy of the deep neural
network model in approximating target functions, we first define the worst case approximation error.

Definition 7 (Worst case approximation error). Letd € Z>1,r € Ry U {oco} and F,H be subsets
of measurable functions on Q(C R?). Then we define the worst case approximation error as follows:

R.(F,H):= sup inf ||f° — ()
(FH) foelg_[fefﬂf fllzr @)
Note that F is the set of functions used for approximation, and H is the set of target functions.

Here, we present the results on the approximation ability.
Theorem 1 (Approximation ability for mixed smooth Besov spaces). Suppose that p,q,r € Rso U

{oo},a € (RY m € Zsy. Let § = (% — %) (note that § > 0 is equivalent to p < r) and
= +

assume that 6 < o, & < min(m, m — 1+ 1%)
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Then, for K € Zxi, there exist absolute constant C € Rsq, constants which define hyper-
parameters

(s — 2+ (r<p),

d—1 k k d -1 min(r,1) q
Dpa = <1+ ’ > <1+d’—1) ,M = (%—%M (p<randr < ),
(1f%)+ (p<randr=00),
-0
V= %,K* = [K(1+v )], Ni=2+(1-2")""25Dg- a,

¢ =g (et ) (Gma) )K 7 Mog, 1], L1 = C {log <4ill)-‘ :

. advm
Ly=3+2 [bgz <413) + 5-‘ [logo(dVm)],Ls =C {log <6TO>-‘ ,
€

€C(d,m)
Wp := 6dm(m + 2) + 2d
and hyper-parameters of the set of Transformer networks
T:=Ty,E:=l,H:=1,L:=L1+Ly+T(L3+2)+1,W:=WyN + E,

S:=C(Nl+ Ly) + LyWZN + CTy((N + E) + Ls) + N, B S NUH9(G-a)vD)
such that
RT(TN(L7T7 Ea VVv Ha Sv B)a MU;,q([O) 1]dl)) SJ Q_QKD?(,CH'

Theorem 2 (Approximation ability for anisotropic Besov spaces). Suppose that p,q,7 € R<o U

{oo},a € RY ,m € Zsy. Let § := (% - %) (note that § > 0 is equivalent to p < 1) and
= +

assume that § < &, & < min(m,m — 1+ %)

Then, for K € Zx1, there exist absolute constant C € Rsq, constants which define hyper-
parameters

V= dT_(S(SJ(* =[K(14+v "], N:=2+(1- 27")"HN,

= N @) (4 a)) o Mog,1],L1 = C [bg (idlﬂ ,

Ly=3+2 [bg2 <W) + 5} [logy(dVm)], Lz =C {log <6T0ﬂ )

EC(dym) ?
Wp := 6dm(m + 2) + 2d
and hyper-parameters of the set of Transformer networks

TI:T(),EZ: Z,HS: ].,LI: L1 +L2+T(L3+2)+1,W: WON+E,

S = C(Nl+ L) + LyWEN + CTo((N + E) + Lg) + N, B < N0+ (55 —a)va),
such that o
R.(TN(L,T,E,W,H, S, B), AUS,,([0,1])) S N~°.

The proofs of these theorems are provided in Appendix D} Note that the upper bound in the inequal-
ity of Theorem |1|depends only on D 4 (Dg, ¢ mildly depends on d and [) and the upper bound
in that of Theorem [2| does not depend on d or [. This means that if the target function is included
these function classes, we can ease the curse of dimensionality. Moreover, thanks to the token-wise
parameter sharing property in Transformer networks, the width of the network architecture does not
depend on the input length [, but only on the feature dimension d. Thus, our result also shows that
the extent to which the network width and the approximation error upper bounds depend on the
input length can be relaxed. Hence, Transformer networks are more efficient in a network size than
fully-connected layers (See Suzuki (2019) and |Suzuki & Nitandal (2021)).

Remark 1. We give the following approximation bound by using an adaptive sampling recovery
method developed by (Diing, (201 1a)). The key point of this technique is that, instead of the whole set
of the basis functions, we adaptively select much smaller functions from the whole set to approximate
functions. If the target function belongs to mixed smooth or anisotropic Besov spaces, we can use
this adaptive technique. Therefore, we deal with the variants of Besov spaces in this paper.
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4 ESTIMATION ERROR ANALYSIS

In this section, we connect the approximation theory to estimation error analysis. First, we define
the settings in the non-parametric regression model:

Definition 8 (Non-parametric regression model for statistical analysis). Let f° : ([0,1]%)! — R be
a measurable function and

yi = fo(z) + &
where x; ~ Px with density function 0 < p(x) < R on ([0,1]%)!, and & ~ N(0,0?%). We denote
the training data D,, = (x;, y;)"_, which are independently identically distributed. Here, we define
a regularized learning estimator as follows:

n

f= i argmax Z(yl — f(x:))?
F:f€®(L,T,E,W,H,S,B) 5—1

where f is the clipping of f defined by f := min{max{f, —F}, F'} for F > 0 which is realized by
Rel.U units.

In practice, it is hard to exactly compute f in the definition above. Therefore, there are numerous
researches which study how to approximately compute f by applying sparse regularization such as
L' regularization and optimal parameter search through Bayesian optimization. In this study, we
assume that the optimal solution f is computable. Thus, we can assume that f in the definition
above is valid.

Here, we provide the estimation error rate of deep learning to estimate functions in Besov spaces by
using the approximation error bound given in the previous sections.

Theorem 3. Suppose that p,q € Rso U {oo},a € (R, If f° € MBy, N L*(Q) and
[fllmpg, < 1and |[f|[L < F, then letting (L,T,E,W, H,S, B) be as in Theorem we

obtain
2(di—-1)(nt+a)+6a

p __2a
Ep, (1177 = fllzzre) Sn 5 log(n) ™ 145
where 1 := 1y, 4. as in the notation of Theoremll|

Theorem 4. Suppose that p,q € Rso U {oo},a € (R )L If f° € ABy N L>*(Q) and
[f°llaBg, < 1and |[f°|[L < F, then letting (L,T,E,W,H,S, B) be as in Theorem we

obtain
R _ 2a 64
Ep, (||fO 7f||L2(pX)) < n” 2T log(n) T2,

The proofs are given in Appendix D} The condition || f°|s < F is used to fill a gap between the
empirical L?-norm and the population L?-norm. A key factor of these results is a fact that the
complexity of Transformer networks is not so high as that of fully connected layers to some extent.
By combining this fact and the approximation error analysis in Section [3] the above estimations
follows. Note that the dimensional parameters d, ! do not appear in the exponent of n in the upper
bounds, but only in the exponent of log(n) term. Thus, the risk bound (Theorem [3|and Theorem
indicates that curse of dimensionality can be relaxed in the two variants of Besov spaces. We can see
that there does not appear d, [ directly in the exponent of the convergence rate (although it appears
in the poly-log term for the mixed smooth case). Instead, the rate is mainly characterized by «, &.
This means that the curse of dimensionality is eased by utilizing the smoothness structure of the true
function f°.

Remark 2. According to |Suzuki (2019) and |Suzuki &  Nitandal (2021),

inf z sup oy Ep, (Hfo — fHLz(pX)) > pom log(n)l%& in the case of mixed smooth
Besov spaces and anisotropic Besov spaces holds. Thus, by combining Theorem 3| and ] we show
that Transformer networks accomplish almost minimax optimal rate up to a poly-log(n) order, and,
especially, under the conditions of p < 2 and 1/2 — 1/q > 0, accomplish almost minimax optimal

rate up to log(n)? order.

Thus, Transformer networks have the potential to best fit the target function in either mixed smooth
Besov spaces or anisotropic Besov spaces among all estimators. Note that it has been already shown
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in |Suzuki (2019) and |Suzuki & Nitanda| (2021) that fully connected layers achieve almost minimax
optimal rate. Therefore, by Definition|0| it is intuitively true that Transformer networks also achieve
almost minimax optimal rate. The important thing is that we prove that Transformer networks are
more efficient than fully connected layers in a setting where this intuition is true. For an instance, the
extent to which the network width and the approximation error upper bounds depend on the input
length can be relaxed, as we show in SectionE]

5 TOKEN EXTRACTION

In this section, we discuss the token extraction property of Transformer networks. First, we introduce
anew function class which is a variant of mixed smooth Besov spaces to express a situation in which
Transformer networks dynamically select important tokens for an input sequence.

Definition 9. Ler Q,Q; C R% and Q = |_|:.L:1 Q;, and o; € Z‘io where §2,$; are written as Hf.lzll,;
when I, := [a;,b;), [ai,b;), (as,b], or (a;,b;). We denote a partition of Q as © = (€;), and
piecewise smoothness as « := («;). Then, the norm of the variable mixed smooth Besov space
V By () can be defined as follows:

n
||fHVB;’;q" = Z ||fHMB§jq(Qi) )
i=1

and we define

VB (@) = {1 € @Il gy <00} VUL,(@) = {f € VB @)I|flvag, <1}

p,q

Intuitively, the target function in the variable mixed smooth Besov space changes a direction to
regard as important or as a noise, according to an input. For each region ();, a corresponding
smoothness parameter «; decides whether a direction is important or a noise. By regarding each
direction as a token, we can express that the target function decide which tokens to pay attention to,
for an input sequence (or a set of input sequences).

Next, we introduce input quantization masks. Input quantization masks are used to cut off informa-
tion of masked tokens to specify that Transformer networks extract much more information from
non-masked tokens and much less information from masked tokens.

Definition 10. Let t,u € Z>1. Then we denote as Q. ,, the set of input quantization masks f as
Sollows: If there exist a partition 7 := () and subsets Sy, C {1,2,...,l} such that {5y < t,
. . Tjj (z € Q,j € Sk)

) = (x;;1(x, where [(x,j) = o .
f(x) = (zy51(2, j)) (z,7) murl (y e Q5 ¢ Se)
set of input masks, we define the set of transformer networks with input mask as follows:

MTN, (L, T, E,W,H,S,B) := { f o q|f € TN(L,T, E,W,H, S, B),q € Q.. }

. By using the definition of the

Intuitively, masked tokens have much less information than non-masked tokens because masked
tokens are rounded up by multiples of u. For example, when v = 2, x;; € (0, 1/2] are rounded up
to 1/2, and z;; € (1/2,1] are rounded up to 1. Hence, we see that this round-up quantization cut
off much information of original tokens. Note that the higher the parameter u is, more roughly an
input value is rounded up (or quantized). The parameter « in the definition is needed for a certain
technical reason. The reason is why we use cardinal B-splines (which is not a constant function but
a piecewise polynomial) to approximate the target function in this paper.

By using the definitions above, we can present the main result in this section.

Theorem 5 (Token extraction property of Transformer networks). Let s € Ry 1,7 := () ,a 1=
P

(o), o = (o}) where oy, € (Rio)l and oy, be a permutation on {1,2,...,1}. Moreover, we

assume that r > 1 and (ay;)i; > s7k)=1 Then, for K € Z>, letting (L,T,E,W, H, S, B) be as

. ; log($+K)

in Theorem|l| there exists constants t := ["7

Tog s —‘ and u := 2% such that a following estimation
holds:

R,(MTN,,(L,T,E,W,H,S,B), VU, ((0,1]")) < 275D},
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The proof is given in Appendix [E] First, we explain the role of variable mixed smooth Besov spaces.
Variable mixed smooth Besov spaces can be regarded as the set of target functions which, for an
input sequence (or a set of input sequences) decide which tokens to pay attention to. Smoothness
parameters a; € (R?)! have control over this token selection process. For example, let us consider
a text classification task. When classifying a text “FRB is stepping up its battle on inflation” to a
finance category, we will pay attention to the first word “FRB” and the eighth word “inflation”, and,
when classifying a text “Moreover, borrowing costs are going sharply higher” to a finance category,
we will pay attention to the second word “borrowing” and the third word “inflation”. Therefore,
variable mixed smooth Besov spaces can grasp how a task decide which tokens to pay attention to.
Under the settings of Theorem [3] the smoothness parameters (a);; increases with respect to o(j)
in an exponential order. This means that the importance of token j by token ¢ exponentially decays
under an appropriate permutation o, which can depend on the input 2. Then, Theorem [5| shows
that the Transformer can detect the input-dependent importance between tokens and achieves the
addaptive rate which cannot be obtained by imposing a fixed smoothness over the entire input z.

Next, we explain the role of input quantization masks. Note that the range of masked token fea-
ture values is {0, 2, 2, ..., 1 — 1 1}, while the range of non-masked token features is [0, 1]. Thus,
the cardinality of the range of masked token feature values is finite while the cardinality of the
range of non-masked token feature values are uncountably infinite. Hence, masked tokens have
much less information than non-masked tokens. Thus, input masks expresses a situation in which
Transformer networks extract much more information from non-masked tokens and much less in-
formation from masked tokens. As mentioned above, the parameter v in the definition is needed for
a certain technical reason. In this paper, we use cardinal B-splines (which is not a constant func-
tion but a piecewise polynomial) to approximate the target function, and, since piecewise constant
functions are needed to approximate cardinal B-splines, input masks need quantization. Actually,
since |Okumoto & Suzuki| (2022) considered a space of functions which are (possibly infinite) sums
of finite products of trigonometric functions, this technical problem did not occur in (Okumoto &
Suzuki (2022)).

Consequently, MTN; in Definition 10| can be regarded as the set of transformer networks which,
for an input sequence (or a set of input sequences), fully exploit at most ¢ tokens’ features of an
input sequence.

Thus, Theorem [5] shows that, for a general NLP task and accuracy required, Transformer networks
can dynamically select ¢ tokens to pay careful attention to (a value ¢ is decided by the target function
which represents the NLP task and the accuracy required). This token selection property matches
attention mechanism, on which Transformer networks are based.

6 CONCLUSION

This paper investigated the learning ability of Transformer networks when the target function is in
mixed smooth Besov spaces or anisotropic Besov spaces. By overcoming the difficulties in lim-
ited interactions among tokens, we show that Transformer networks can adaptively avoid curse of
dimensionality and accomplish minimax optimal rate. Our result also shows that dependence of
the network width on the input length and the approximation error upper bounds can be relaxed,
thanks to token-wise parameter sharing in Transformer networks. Moreover, we prove that, when the
smoothness parameters «;; increases in an exponential order of a permutation of the token location
7, Transformer networks dynamically select tokens to pay careful attention to. This phenomenon
matches attention mechanism, and the result suggests that this favorable property is derived to the
architecture of Transformer networks. Our analyses strongly support the reason why Transformer
networks have outperformed various natural language processing tasks from a theoretical perspec-
tive.

This paper did not discuss the optimization aspect of networks. In this paper, we assume that the op-
timal solution of regularized least squares are computable. For future works, it would be interesting
to incorporate non-convex optimization techniques into our study.



Under review as a conference paper at ICLR 2023

REFERENCES

A. R Barron. Universal approximation bounds for superpositions of a sigmoidal function. IEEE
Transactions on Information theory, 39(3):930-945, 1993.

G. Cybenko. Approximation by superpositions of a sigmoidal function. Mathematics of Control,
Signals, and Systems, 2(4):303-314, 1989.

D. Diing. Optimal adaptive sampling recovery. Advances in Computational Mathematics, 34(1):
1-41, 201 1a.

D. Diing. B-spline quasi-interpolant representations and sampling recovery of functions with mixed
smoothness. Journal of Complexity, 27(6):541-567, 2011b.

J. Devlin, M.-W. Chang, K. Lee, and K. Toutanova. Bert: pre-training of deep bidirectional trans-
formers for language understanding. arXiv preprint arXiv:1810.04805, 2018.

R. A DeVore and V. A Popov. Interpolation of besov spaces. Transactions of the American Mathe-
matical Society, 305(1):397-414, 1988.

R. A DeVore, G. Kyriazis, D. Leviatan, and V. M Tikhomirov. Wavelet compression and nonlinearn-
widths. Advances in Computational Mathematics, 1(2):197-214, 1993.

D. L Donoho and I. M Johnstone. Minimax estimation via wavelet shrinkage. The Annals of
Statistics, 26(3):879-921, 1998.

D. Diing, V. N Temlyakov, and T. Ullrich. Hyperbolic cross approximation. arXiv preprint
arXiv:1601.03978, 2016.

Dinh Diing. On recovery and one-sided approximation of periodic functions of several variables. In
Dokl. Akad. SSSR, volume 313, pp. 787-790. 1990.

Dinh Diing. On optimal recovery of multivariate periodic functions. In Satoru Igari (ed.), /ICM-
90 Satellite Conference Proceeding, pp. 96—105. Tokyo, 1991. Springer Japan. ISBN 978-4-
43168168-7.

Dinh Diing. Optimal recovery of functions of a certain mixed smoothness. Vietnam Journal of
Mathematics, 20(2):18-32, 1992.

E. Gine and R. Nickl. Mathematical Foundations of Infinite-Dimensional Statistical Models, volume
Cambridge Series in Statistical and Probabilistic Mathematics. Cambridge University Press, 2015.

X. Glorot, A. Bordes, and Y. Bengio. Deep sparse rectifier neural networks. In In Proceedings of the
14th International Conference on Artificial Intelligence and Statistics, volume 15 of Proceedings
of Machine Learning Research, pp. 315-323.2011.

H. Hang and I. Steinwart. Optimal learning with anisotropic gaussian svms. arXiv preprint
arXiv:1810.02321, 2018.

I. Ibragimov and R. Khas’minskii. More on the estimation of distribution densities. Journal of Soviet
Mathematics, 25(3):1155-1165, 1984.

H. Kanagawa, T. Suzuki, H. Kobayashi, N. Shimizu, and Y. Tagami. Gaussian process nonpara-
metric tensor estimator and its minimax optimality. In Proceedings of the 33rd International
Conference on Machine Learning (ICML2016), pp. 1632-1641. 2016.

G. Kerkyacharian, O. Lepski, and D. Picard. Probability theory and related fields. arXiv preprint
arXiv:1601.03978, 121(2):137-170, October 2001.

A. Kratsios, B. Zamanlooy, T. Liu, and I. Dokmani¢. Universal approximation under constraints is
possible with transformers. arXiv preprint arXiv:2110.03303, 2021.

L. Meier, S. van de Geer, and P. Biihlmann. High-dimensional additive modeling. The Annals of
Statistics, 37(6B):3779-3821, 2009.

10



Under review as a conference paper at ICLR 2023

V. Nair and G. E. Hinton. Rectified linear units improve restricted boltzmann machines. In In
Proceedings of the 27th International Conference on Machine Learning, pp. 807-814. 2010.

S. Okumoto and T. Suzuki. Learnability of convolutional neural networks for infinite dimensional
input via mixed and anisotropic smoothness. In International Conference on Learning Represen-
tations. 2022.

A. Radford, K. Narasimhan, T. Salimans, and I. Sutskever. Improving language understanding by
generative pre-training.

G. Raskutti, M. J Wainwright, and B. Yu. Minimax-optimal rates for sparse additive models over
kernel classes via convex programming. The Journal of Machine Learning Research, 13(1):
389-427, 2012.

H-J Schmeisser. An unconditional basis in periodic spaces with dominating mixed smoothness
properties. Analysis Mathematica, 13(2):153-168, 1987.

J. Schmidt-Hieber. Nonparametric regression using deep neural networks with relu activation func-
tion. ArXiv e-prints arXiv:1708.06633, August 2017.

Z. Shaheen, G. Wohlgenannt, and E. Filtz. Large scale legal text classification using transformer
models. ArXiv preprint, arXiv:2010.12871, 2020.

H. Shi, J. Gao, X. Ren, H. Xu, X. Liang, Z. Li, and J. T. Kwok. Sparsebert: Rethinking the impor-
tance analysis in self-attention. in international conference on machine learning. In Proceedings
of the 38th International Conference on Machine Learning, pp. 9547-9557. 2021.

W. Sickel and T. Ullrich. Tensor products of sobolev—besov spaces and applications to approxima-
tion from the hyperbolic cross. Journal of Approximation Theory, 161(2):748-786, 2009.

S. Smolyak. Quadrature and interpolation formulas for tensor products of certain classes of func-
tions. In Soviet Math. Dokl, volume 4, pp. 240-243. 1963.

T. Suzuki. Adaptivity of deep relu network for learning in besov and mixed smooth besov spaces:
optimal rate and curse of dimensionality. In International Conference on Learning Representa-
tions. 2019.

T. Suzuki and A. Nitanda. Deep learning is adaptive to intrinsic dimensionality of model smoothness
in anisotropic besov space. In Advances in Neural Information Processing Systems, volume 34.
Curran Associates, Inc., 2021.

T. Suzuki, H. Kanagawa, H. Kobayashi, N. Shimizu, and Y. Tagami. Minimax optimal alternat-
ing minimization for kernel nonparametric tensor learning. In Advances In Neural Information
Processing Systems, pp. 3783-3791. 2016.

V.N. Temlyakov. Approximation of periodic functions of several variables with bounded mixed
difference. Math. USSR Sb, 41(1):53-66, 1982.

V.N. Temlyakov. Approximation of Periodic Functions. Nova Science Publishers, 1993a.

V.N. Temlyakov. On approximate recovery of functions with bounded mixed derivative. Journal of
Complexity, 9:41-59, 1993b.

H. Triebel. Entropy numbers in function spaces with mixed integrability. Revista matematica com-
plutense, 24(1):169—188, 2011.

A. Vaswani, N. Shazeer, N. Parmar, J. Uszkoreit, L. Jones, A. N Gomez, L. Kaiser, and I. Polosukhin.
Attention is all you need. In Advances in Neural Information Processing Systems, pp. 5998—6008.
2017.

J. Vuckovic. A mathematical theory of attention. ArXiv preprint arXiv:2007.02876, 2020.
Z. Yang, Z. Dai, Y. Yang, J. Carbonell, R. Salakhutdinov, and Q. V. Le. Xlnet: Generalized autore-
gressive pretraining for language understanding. ArXiv preprint arXiv:1906.08237, 2019.

11



Under review as a conference paper at ICLR 2023

D. Yarotsky. Error bounds for approximations with deep relu networks. CoRR, abs/1610.01145,
2016.

C. Yun, S. Bhojanapalli, A. S. Rawat, S. J. Reddi, and S. Kumar. Are transformers universal approx-
imators of sequence-to-sequence functions? In Proceedings of the International Conference on
Learning Representations. 2020.

M. Zaheer, G. Guruganesh, A. Dubey, J. Ainslie, C. Alberti, S. Ontanon, P. Pham, A. Ravula,
Q. Wang, L. Yang, and A. Ahmed. Big bird: Transformers for longer sequences. In Advances in
Neural Information Processing Systems, pp. 17283-17297. 2020.

A DEFINITION AND VARIOUS RESULTS ON THE CARDINAL B-SPLINE

Here, we define the cardinal B-spline and present auxiliary lemmas. If the target function belongs
to various Besov spaces (DeVore & Popov, |1988; DeVore et al.,|1993; Diing, 201 1a). we can obtain
its B-spline interpolant representations. Thus, we can see that an approximation of a function in
various Besov spaces can reduce to an approximation of the cardinal B-spline.

Definition 11 (Cardinal B-spline). We define the cardinal B-spline of order m as follows:

1 (xe]0,1])
v =y (g o
and No(z) := N (x), Npy1(x) := Ny (2) * N(2) where (f % g)(z) == [, f(x —t)g(t)dt is a

convolution of f and g.

Letd € Z>1,k,j € Z‘éo. Then we define

Mg o H Np(4),

M/?,j(JT) = Mo,o(zk"'xi — Ji)-
JE(E) = {-m,—(m —1),...,2" — 1,28} x ... x {—m, —(m — 1),...,2% — 1 2Fa},
Lemma 1 (Property of B-splines). || N, < 1and, ifm > 1, N, are 1-Lipschitz. HM@{OHLM <
1and, ifm > 1, Méi,o are d-Lipschitz.

Proof. If m = 0, it clearly follows from the definition of N that || Ny, ||p~ < 1. If m > 1, it follows

that
/ N () dt‘

[N (1) — Ny (m2)| = '/]R(le(xl —t) = Np—1(za — t))N(t)dt‘

/Mn—l(x - t) dt‘ < sup
R

z€R

||Mrt||Lm = sup
zeR

and

S‘.’El—.’b2| . ‘/N(t)dt‘ = |£L’1 —ZL'Q|.
R

Thus, it clearly follows HM(SJOHLOO < 1land
|Mél,o 1) — Moo L2 !Lm

= > | II Nal@)d| V(@) = Nn((z2))] | TT Non((2):)

1<i<d |1<5<i—1 i+1<j<d

<Y (@1)i — (2)i] < d oy — w2l
1<i<d

12
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Lemma 2 (LP norm of a linear combination of B-splines). Let d € Z>1, k € Z‘io, and f =
Zjngl(k) Cj M,ij a linear combination of B-splines. Then we estimate the LP norm of the linear
combination f as follows:

_ kIl
[fllr =277 > gl

JeTg, (k)

The proof is found in Suzuki| (2019).

B SUB-NETWORKS

Here, we present auxiliary lemmas, which are used to sub-networks of which Transformer networks
compose. A key step to show the approximation accuracy is to construct a ReL.U neural network
which can approximate the cardinal B-spline with high accuracy. By using the technique developed
by |Yarotsky| (2016)), we can construct fully connected layers with ReL.U activation functions to
approximate the cardinal B-spline. By combining the result B-spline approximation results and
the results in this section, we can obtain the optimal approximation error bound for Transformer
networks.

Lemma 3 (Approximation of 22). Let € € R~. Then, there exist constants

1 1
Ly := ’Vlog2 (e>-‘ JWi:=4,51:=8 ’Vlog2 (€>-‘ , By =1,

and a neural network My € ®o(L1, W1, S1, B1).such that

sup |x2 — M (z)] <e.
z€[0,1]

Moreover, if R € R>1, then, there exist constants

R? R?
L2 = ’VIOgQ ()-‘ + 3, W2 = 4, SQ =8 ’710g2 <>-‘ + 3,32 = R,
€ €

and a neural network My € ®o(L, W, S, B).such that

sup {xQ — My(z)| <e.
z€[0,R]

Proof. If R = 1, the proof is found in Proposition 2, |Yarotsky| (2016). If R > 1, we can obtain the
following network:

X®z  Mi xR xR
H.H.H..

T —-
O

Lemma 4 (Approximation of zy). Let ¢, R € R>1. Then, there exist constants

6R? 6R?
L:= {log <>-‘ +5W:=12,58:=24 {bg <>-‘ +14,B .= R,
€ €
and a neural network M € ®o(L, W, S, B).such that
sup |zy — M((z,y))| < e
z€[0,R]
Proof. The proof strategy is found in Proposition 3, Yarotsky| (2016). [

13
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Lemma S (Approximation of cardinal B-spline basis by the ReLU activation). Let d € Zx>1. Then,
there exists a constant ¢(d, m) depending only on d and m such that, for all € > 0, there exist
constants

dvm

Lo:=3+2 {log2 ( ) + 5—‘ [logy(d Vv m)], Wy := 6dm(m + 2) + 2d,

GC(d7m)

So := LoW¢&, By := 2(m + 1)™,
and a neural network M € ®o(L, W, S, B).such that

HMéi,o — M||poo(may < €
and M (z) =0 (Vz ¢ [0,m + 1]%).

Proof. The proof is found in Lemma 1, Suzuki| (2019). O

C PROOF OF THE STATEMENTS OF SECTION 3]

Here, we give technical details behind the approximation bound. We will use the so-called sparse
grid technique which|Smolyak|(1963)) introduced to the function approximation theory field. The key
point of this technique is that, instead of the whole set of the regular grid, we put the basis on a sparse
grid which is a subset of the whole set and has much smaller cardinality than the whole set. The
applications of approximation algorithm were developed by Diing| (1990; 1991} [1992));  Temlyakov
(1982;1993alb). Afterwards, the sparse grid technique develops into an optimal adaptive sampling
recovery method by (Diing} [2011b), and we adopt this method on the cardinal B-spline bases. We
follow the proof strategy for|Suzuki (2019) and |Suzuki & Nitandal (2021)).

Definition 12. Let d € Z>1, pr. € Rfork € 74, and ¢y, j € R for k € 7, j € J2 (k). Then we
define a quasi-norm over a set of functions by B

1
q L

bg (LP) = Z 2 1kl )
kezg,

<

|(pk)

and a quasi-norm over a set of coefficients by

oy Ll
ek g)mpy o= | | D @*H > Jergl?

kezd jeJ (k)

Theorem 6 (Cardinal B-spline approximation for mixed smooth Besov spaces). Suppose that

p,q, 7 € RogU {0}, a0 € Rio. Let § = (% — %)4_ (note that 6 > 0 is equivalent to p < )

and assume that m € Z>1, and § < o, & < min (m, m—14+ %)

Then, for any f € M By, and K € Z>1, there exist constants

(e — D+ (P <),

ni= (%f%)Jr (p <randr < 00),
(1—2)+ (p<randr= ),
a—9o6 ., - K—v(||k|]|-K
V;ZTJ( =K (1 +vY)], ng = [2 (I1&| )1’
S(k) C J& (k) such that §(S(k)) = ni,
and . ;
Re(f)= Y > eaMi@+ > > oM (@)
k€Z>o jeJd (k) k€Z>o  jES(k)
[kl[1 <K K<||k|[1 <K~

14
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such that

If = R (Pl S 2725 DRz g 1l

SE(K) = {(k,j) € Z% x ZLg|cr; # 0} < (24 (1 —27") 1) 28 D g,

kmax = 1lgzagxd k’L S K*acmax = 112?§Xd0kj < 2 ( )+ ||f||MBqu .
k€eExk k€eEk

Proof of Theorem@ According to [Suzuki| (2019) (see also [Diing| (2011al))), there exist a collection
of functions (Pk)kezg ) from M B, to M By, such that

~

£, = IPr)llbg Ley = [1(cr5) lmbg,

where py, = Pr(f) = ZjeJd()ckJMg,j(m)'

(1) the case of r < p. Then, the assertion can be shown in the same manner as Theorem 3.1 of
Diing| (2011a).

(2) the case of p < r. We need to use an adaptive approximation method. In the following, we
assume p < r. For a given K, by choosing K™ appropriately later, we set

o+ Y, Grlpe)

kE€Z>o kEZ>o
[[k|lL <K K<|[k|1 <K~

where G (py) is given as
nk
) =Y ex g M (x)
i=1

where (cx, ;) is the sorted coefficients in decreasing order of their absolute value: |k j, | > |k i, | >
2= fen g -

Z Z Ck’ng’j(if)-i- Z Z ijMkj

kEZZO jGJy‘f?’(k) k€Z>o jEJd k)
[kl <K K<kl <K*

Then, it holds that

pr = Grpi)lle < llpx 2711y
where § := (1/p — 1/r) (see also the proof of |Diing (201 1a) and Diing| (201 1b)).
Here we denote by

a—906 _ okl —
vi= T’K = [K(l—i—u 1)],nk = [ZK (kI K)—‘.

Then, by Lemma 5.3 of Dting|(2011a), it follows that

1= BeHle s >0 (O nlmeline) + S (2 lelles)

ICEZE(J kEZZO
K<|[k|[1<K™ K™ <|lkll1
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(2-1) the case of r < ccand ¢ < r

Ilf = R (N)IIZ-
< Z <2<M’k>”;§||pk||m) + Z (2<M’k>|\pk||m)
k€Zxo kE€Z>o
K<]|lk[lh <K" K*<||k|l1
q q
< 901,k) ) =5 |, p) (<6l,k> p) ( 7 )
= Z ( nglpkllee ) + Z 2 llpk|l L since < 1
k€Zxo kE€Z>0o
K<||kll1 <K* K*<||k[|1
§2—6Kq2—(2—5)Kq Z (2—@—6—61/)(\\kH1—K)2<a,k>||pk||LP>q
keZZO
K<|[k|l1<K*
* q
o@D N7 (200 py | )
keZZO
K<kl

<272%9) £l mpa -

(2-2) the case of r < ccand g > r

Since + + Q = 1, then it follows by applying Holder’s inequality that

7 q

IIf = Rec ()|
< Z (25\\k|\1n;(5”pk|‘m> 4 Z (26l|k\|1||pk\|Lp>
k€Z>o kE€Z>o
K<kl <k* Ko <llklh
<2-W( S (oK )
k€Z>o
K<||k|l1<K™
+ D (2(“5)(||k||1K*)2<“”“>I|kaILP)T>
k€Z>o
K" <|[k|[1
q q
<2aKr( S Nplle) Y (2<°“”“>||Pk””)>
k€Z>g k€Z>o
K<|FILSK" K*<|[k||1
><< Z (27@75751/)(”16”171{))q"_’;+ Z (Q(aé)(lkllK*)>q—r>q
kE€Z>o k€Z>o
K<|[kl<K" K <IIkll

<9—aKr r T(%_%)
S22 f e Dea

(2-3) the case of r = c©
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We can execute the same the analysis as in the case of ¢ > r. Since % + —+— = 1, then it follows by
q—1
applying Holder’s inequality that

1f = R (f)] L=

< Z (QSHkHlnlzéupkHLp)—F Z (25\\k|\1”pk”Lp)
k€Z>q k€Z>o

K<kl <K™ K™ <|[k[l1

<2aK< Y (2 kg ) )
kGZZO
K<kl <K™

- (2<a5><||k||1K*>2<a,k>|pk|m)>

kGZZO

K™ <|[k[l1

q q
§20‘K< S (2 Pli) + Y (2Pl ) )
k€Z>o k€Z>o
K<kl <K™ K™ <[kl
g=1
x( Z (2—@—6—51/)(\\16\\1—1())# + Z <2—(a—5)(k1—K*))ql> !
kEZsg kE€Zso
K<kl <K~ K <|[k|lx

_ 1-1
S27| fllmBg D4 -

Estimation of 1 F(K), kmax and cpax: First, we estimate the cardinality of E(K). It follows from
easy calculations that

B (K) éf‘(”ﬁl He > w

k:K<||k|l1 <K*
K+d-1 kK+d—1
<2K+1 2K—I/(K—K)
- d—1 * Z d—1
K<k<K*
<X Dy g +25(1-27")"'Dia
<@2+@1-2""""2"Dg-q
Next, it clearly follows that kmax < [|k[|; < K*.
Finally, we estimate cp,ax. Since the inequality below holds

l1&1l1 <
7 er sl S larsg -

2(Q_%)Hk”1|ck,j| < 2(047@—
it follows that

1_ K*(1_
e = max e 5 < 27 o < (5-2), 1 larms

1<i<d 3] o~
k€eFEk
This completes the proof. O
Theorem 7 (Cardinal B-spline approximation for anisotropic Besov spaces). Suppose that p,q,r €
Ryo U{occ},a € (RY)!. Let § := (1% - }) (note that § > 0 is equivalent to p < r) and assume
+

that m € Zq, and § < &, @ < min(m,m — 1 + ]lj)
Then, for any f € ABy , and K € Z>1, there exist constants

o 0‘2—5571\7 — [QHKM ng = [QHKHQ—VUIk\lg—HKHg)W K= [K (14 0],
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S(k) C J2 (k) such that 4(S(k)) = [QK*WH’“HI*K*W ,

where ||k|| o := Zle VQJ and

at

K K
Ri(f) = Y e ;Mi)+ > > ;M (x)

k=0 jeJd(k) k=K+1jeS(k)

such that ~
IIlf = Re(Dllr SN[ fllaBg,

E(K) = {(k,j) € Z¢ x Z4lcr; #0} < (2+ (1 —27")") N,

K*(4& o
s = 5 s < Ko = iy £ 2757 gy,
k€EFE K k€EFE K

Moreover, it follows that 2K < N.

Proof. For the existence of Rx (f): See the proof in|Suzuki & Nitandal (2021).

Estimation of {1 F(K), kmax and cpax: First, we estimate the cardinality of E(K). It follows from
easy calculations that

K
E(K)=> 2"+ Y m
k=0

EK<||k|[,<K*

S2K+1 + Z 2K—l/(Kl—K)
K<k<K*

§2K+1 + 2K(1 _ 2—1/)—1
<(@2+@1-27""")N.
Next, since it clearly follows that k. < K*, we estimate ¢,x. Since the inequality below holds

d
o (o Shegleead)
T lews) S 1L asg,

it follows that

ol o) (45 -a)
kp = (L& o
Cmax = 108X Ck.j S2 * HfHABgﬂ <2 ¢ e ”f”Ang :

keFE K
Finally, it clearly follows that 2K < oK gy o < N.
This completes the proof. O
By using the results of Theorem [f] and Theorem [7} we can prove Theorem [I] which shows the

approximation ability of Transformer networks for the target function in a mixed smooth Besov
space or an anisotropic Besov space.

Proof of Theorem[I] Let

N
., dl
g = g Cannajn(I)7
n=1
and we define
kmax = max kj,Cmax := mMax C,.
max 1<n<N ny Cmax 1<n<N n

Fix ¢ € R . Now, we construct an approximate Transformer network T'[g] of g.

18



Under review as a conference paper at ICLR 2023

It follows from Lemma that, for any €, R € R, there exist constants

_ R _ _ _ _
LE,R = ’710g2 (>—‘ aW€,R =3, SE,R = 5L5,RaBs,R =1,
€
and a neural network MQR € ®3(Le.r, We g, 5571{, BQR), such that
sup ’a:y - ]\_467R(w)’ <e.

z,y€[0,R]
Positional encoding and B-spline coefficients: Lete; := m,
k1 J
Pp=1L,K:=| ! |,J:= ,
kn JN
P Ou
1 —J
Ml,l = (O) (K) ,MLQ = ( gd I > .
(0] I

Let My := M z0 Msl,kaax oM, M = II(M;) o TI(M) o Concat[Pg]. Then, it follows that,
for any integer j(1 < j < 1), For k,j € Z%,,z € R, it follows that

2"z — jp
. €
— Mi(x <
P @) = Adl o
2khl’ —Jh Lo
where
2k13y — gy
kg —j = :
2kaxg — jq
Token-wise B-splines: Letyy,...,yg € R% &g 1= =—.

It follows from Lemma/[3] that there exist constants
dvm
Log, :=3+2 {log2 ( > + 5-‘ [log,(d VvV m)],
€C(d,m)

Wa.e, i= 6dm(m +2) + 2d, So.c, := LoW3, Bac, := 2(m +1)™,
and a neural network My 1 € ®o(Lac,, Wa.,, S2.¢,, Ba.e,) such that

1Mgo — Mo 1|l o) < eo.

Then we define

Y1 M2,1(y1)
wllill=]|

YH Mo (ym)

e e

and My := IT (Ms) o M;. Since it holds from Lemmathat, for any r € R, N, (z) is 1-Lipschitz
and || Ny, (2)]| o < 1, it follows that

M;Cil J1 (1) o M(d’fl)h(jl)l (1)
: ' : — M ()
d d
M(kh,)h(jh,)l (1) - M(kh)h(jh)z (1) Loo(([0,1]9)1)
< su ‘Md 2Fng — jn) — Mo (M (z ‘
1§h£H 0.0 Jn) 0.0(M1,(z)) Lo ([0.1]4)1)
+ sup Mgy (3, (2) = Mo, (W1 0 (a2))|
1<h<H Lo (R4)

3 e £

< .
_4lcmax 4lcmax - QZCIHB,X

19
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Multiplication between tokens: Let T5 := [log,l],e3 := ﬁ ~v = log (i) and 0 :=

€3
7(1_16; +~- Note that
eV
- - eV =1—
126—(1_1)+6721 le™7 =1 —e3.

e (55 0) (65 7)) da m et waa(@
O I

If all the elements x;; of x; are 0 < x;; < 1, then it follows from easy calculations that

() () )= (020 (2) )

€1 €9 €1 €9
X1 X9 X1 0
(Mg,l o M371) 0 0 = 0 €To
€1 €9 cee €1 €9
B B
B B

Let H := LMI((I) =10
where B := v ((1) 8) Since

(MY (@) =1,

then, it follows that

Ak (IO ) @) IO 0. IO ) =3 (7 T E5m )

0 0 0
where R = <%—f ((Zizlx’?)’x?) 0 %((Zizlxi)*x“) 0 ) Thus, it holds
that ! ’ ’ oo
wa (((3) ()
= <%> <£> N + (MG ) (Attn(T(M)) (2), IH(M) (@), THMG ) ()
- <%1> <1?2> T +6 <£2> <3?4> ¥ +R

€1 €9 0 0 0 0

1 T3 ke
= 0o 0y + R

0 0 0 0

Let M35 := M., 1 and M} := II(M33) o M3 o II(Ms 1 o Ms1). We denote my, ; by the i-th
element of Mg (25" x — ji), Ma p, ; by the i-th element of M(z), and Ms j, ; by the i-th element

20
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of (M31 o Mg) (z). Then, the following inequality holds:

sup |mh,2i—1(I)mh,2z'(I) - M3,h,21‘—1(17)|
z€[0,1]¢

< sup  mp2i—1(@)ma,2i(x) — Mo p2i—1(z)mp 2i(2)]
1<h<H

+ sup |M2,h,2i—1(x)mh,21'<33) - Mz,h,Qi—l(ﬂﬂ)MZh,Qi(l’)\
1<h<H
+ sup |Mapoi—1(x)Map2i(x) — Map2i—1(x)0Ma p 2i()]
I<h<H
+ sup [Map2i—1(2)0Mspoi(x) — M3 pi—1(2)]
1<h<H
< sup |mp2i-1(x) = Map2i-1(z)[+ sup [mp2i(®) — Mapoi(z)] + (1 —0) + (e3 + (1 —0))
1<h<H 1<h<H
2 ¢ 1 ¢

_7 2Cmax ?3 2Cmax .

Next, as well as M, we can sequentially construct M2, . .., M. g % (we can execute these construction

by replacing B by (1) 8 8 8 ,...),anddeﬁneM3::Mg)T3o~~~oM31and]\;[3::M3oM2
0 00 O

such that
l
dl - _ PRy €
|t @) = ds@), o = TDmnste) = (o) <
i=1 Le=(([0,1]4)")
Linear combination of B-splines: Let M’ := (¢; ... c¢n). Finally, we define an approximate
Transformer network T'[g] of g.
T[g] := Head o II(M') o Mj.
Then, it follows from the estimations above that
sup [g(z) = Tg](z)] <e.
z€[0,1]d!
s MU .
Estimation of the bounds of hyper-parameters: Let f € AU P4 . Then, it follows from
P.q

Theorem [6] and Theorem [7] that there exist constants

Do {1DK,dl7 D* e {1DK*,dl7 N {QK, &::{

9 )

N* = (24 (1 —27Y)")ND*,~ := <%_g+’
- T (W)
+

(ﬁ*%ﬁ (r<p),
n:i= (%—%ﬂ (p<randr < o0),
(1-2)4 (p<randr = o0),

and an approximation function

N
R (f) (@) =Y enMi! ; ().

such that o
If = R (Pl < N~*D",
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N < N* kmax = max_k, < K*, cmax := max ¢, <257 28 <N,
1<n<N 1<n<N

Lete:= N9, Then, from above estimations, it immediately follows that

f = TIRx (O S IIf — Re(H)llr + ||Rx (f) — T[Rx ()] S N~<D".

Second, it follows from that there exist absolute constant C' € R~ . Third, we define constants
which define hyper-parameters as follows:

e:= N6t 7= Mog, 1], L, = C {log <4dlﬂ :

€

Ly=3+2 [bgg (W) + 5} [logy(dVm)], Ly =C {log <6T0ﬂ ,

Ec(d,m) ?
L,
Wo := 6dm(m +2) 4+ 2d, ¢ = {a

Note that e $ =

max

Finally, we estimate hyper-parameters of the Transformer network. Because of the above estima-
tions, it immediately follows that

T =Ty,
E=1,
H=1,

L=Li+Ly+T(Lz+2)+1
W =W,N*+E

S <C(N*l+Li)+ LoWgN* + CT((N* + E) + L3) + N*,
B < N H(ve),

This completes the proof. O

D PROOF OF THE STATEMENTS OF SECTION [4]

To prove Theorem 3] we define a covering number with respect to a given metric space.

Definition 13 (Covering number and packing number). Lef ¢ € R, (V, d) be a metric space, and
F be a subset of V. Then, we define a covering number N (¢, F, (V,d)) of F with respect to (V,d))
as follows:

N(e, F,(V,d)) :=min{ N|N = 4(K), K CF,F € | J {f € VId(f, f;) < e}
fieK

Before proving Theorem [3] we have to estimate the covering number of the set of transformer
networks TN(L, T, E, W, H, S, B) with respect to L>°.

Lemma 6 (Covering number estimation of the set of Transformer networks). The covering number
of TN(L, T, E,W, H, S, B) can be bounded by

log N'(6, TN(L, T, E,W, H, S, B), || - ||z)
<Slog (46" "L+ T+ 1)(W + 1)*!2T(B + 1)FH2THHT) |

Proof. First, we define
FIM,b(z) =x+ M- (x)4 + 0.
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Then, the following estimations hold:
[ FIM, 0] ()|
<zl + max Ml |zl + [0 < (WB +1) [|z]| + B

W+ DB+ D([lz] v 1),
IFIM, b] (1) — F[M, b] (x2) [
<oy = z2llo +max [Mj.[l; [(21)4 = (@2)+llo0 < llor = B2lloe + WB |21 — 225
SWB+1) 21 — 22
and, if ¢’ := ||[M — M'|| Vv ||b — V||, then it follows that
IFIM, bl () — FIM, b)) oo < 6 (W 2]l + 1)

Next, we define

H
AMPM () =2+ Y TI(ME)(Attn(TI(M) (x), TH(M ) (), TI(ME ) ().
h=1
Then, the following estimations holds

HA[Mf](ﬂf)HLw
<llzlly + Hm;tx 1(M8);.: max 1) ], llo
<(HW?B?+1) |z, ,
A (1) = A[ME)(22) |
<z — @2l + Hm;iatx (M8l max M), |, llarn = ol -
<@y — @l o + HW?B? |21 — 22| o
<(HW?B? + 1) |21 — 22| . ,
and, if &' := maxi << m ve{o,v.k,q} || ME — (M) . then it follows that
A (@) = Al(M)2)(2) || oo < 26HW?B |2l -
Next, we define
Fi(z) = (Ly o0 Lo) (), Frp(x) = (Ly o0 Ly) (2),
B,

x
Bi(z) := (Lryro---0Ly) (x), ) (z) == (‘CIL—i-T ©--+0 "3;@) ()
where, for k = 0, Li(z) := Concat[Pg](x) and £} (z) := Concat[P](z), and, for £ > 1,
either one of the following cases is true:

L. Ly(x) := I(F[My, be]) () and L}, (x) := TI(F[M}, b)) (2),
2. Ly() == A[(Mj)})(x) and L} (z) := A[(M)](x).
Moreover, for k > 1, we denote
fr=1{i € ZIN < i <k, Li(w) = A[(M;) 1))},

I = t{i € Z|li = k, Li(x) := A[(M;)!](2)},
b :=t#{i € Z|k <i < L+T,Li(x) := A[(M;)"(z)}.

If f = Foor(@), f' = Fyog(@)(f, /' € TN(L,T, E,W, H, 5, B)), and

= e {17 = PRV I = Ml v I Bl

mys o - o2

1<h<H*€{0,V.K,Q}
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then it follows that

1f = fll g
L+T
< Z HB;CJA oLy oFr_1—B, 0L O]:k’—lnLoc
k=0
L+T
< Z (WB + 1)L+T—k—bk+l(HW232 + 1)bk+1 Lk o Fre1 — L) 0 Fr—1llpee
k=0
<(WB+1)"(HW?B* + 1)
L+T
£ 3 (WB + 1Mk (W2 B2 1 1) /(W 4 1) 2HW2B) (| Fyr [l V 1)
k=1
<(WB+ D HHW?B? + )7
L+T
+ Z (WB + 1)L+T—k—bk+1 (HW2BQ + 1)bk+16/(W + 1)lk- <2HW2B)lk
k=1
S(W D) e (B DR e (HW2 B2 4 1) ([ Lol V1)
L+T
S Z 26/HT(W + 1>L+2T(B =+ 1)L+2T—1(B Vi 1)
k=0
S26/(L + T + 1)HT(W _|_ 1)L+2T(B + 1)L+2T

Thus, for a fixed sparsity pattern (the locations of non-zero parameters), the covering number is
bounded by

op . ALET + DHT(W + )42T(B + 1i+T 5
5 .
Thus, the covering number of the whole space TN (L, T, E, W, H, S, B) is bounded as

(W+1)L 95 2(L+T+1)HT(W+1)L+2T(B+1)L+2T S
S 5
< (4571HT(L + T+ 1D)(W +1)2+2T(B + 1)L+2T+1)S.

This completes the proof. O

Next, to prove Theorem [3] we need the following result which connects the approximation theory to
generalization error analysis.

Proposition 1 (Schmidt-Hieber| (2017)). Let F be a set of functions, let f be any estimator in F.

Define
An:=Ep, <711 Z(yz — fl@))? - ]}gg_. (711 Z(yz - f(xz))2>> :

i=1 =1
Assume that || f°|| < F and all € F satisfies ||f||p < F for some F > 1. If 0 < § < 1 satisfies
N (8, F,|| - ||l ), then there exists a universal constant C' such that

Ep, (||fo — fHL2(PX))

. log N (8, F,|| - ||L) — log &

2 0|12 2 Y 2

<C(1+¢) (;gyf—f 72(py) + F e +0F*+ A,
forany e € (0,1].

Proof. See the proof in|[Schmidt-Hieber| (2017)) and [Suzuki (2019). O

Finally, based on the definition and the results above, we can prove Theorem
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Proof of Theorem Theorem [3|and Theoremd, Note that the estimations below holds:
D<D* L<logN,T<1,W<ND,H<1,8<NDlogN,B < NIt )V,
Lemmal6]gives an upper bound of the covering number as
log N (6, ®(L, T, E,W,H,S,B),|| - ||1=)
<Slog (46 YL+ T + 1)(W + 1)*:T2T(B + 1)2+2TH1 g T)
<NDlog N ((log N)? 4 log ((5*1)> .
Next, it follows from Theorem [I] that
1f = Ric(f)llze S N7OD"
where 7 := 7, , . Since Px has a density function 0 < p(z) < R on ([0, 1]¢)!, then it holds that
f = R (N)le2pxy S If = B (H)l|z>

for any f : ([0,1]%)! — R, and by applying Propositionwith § = L, it follows that

NDlogN logN 2 +logn
1

Ep, (I1f° = fllzaee)) S N720D%1 4+ . oL

The case of mixed smooth Besov spaces: Note that N = 2K ,D = Dy, 4. Since
dl—1\* i di—1
Dyari=(1+——) (1+-—— < K4t
k,dl (+ A ) <+dl—1> S

then we obtain the following upper bound estimation:

n K¥2K(K? +logn)

]ED" (Hfo o fHLQ(PX)> S/ 2*2QKK277(CH*1)
n

Then, the right hand side is minimized by K = {ﬁ logy n + W log, log n-‘ up to
log log n-order. Then we obtain the following result:

<n~ mt (logn) Hehyppees
The case of anisotropic Besov spaces: Note that N=N , D = 1. The right hand side is minimized
by N = [nﬁ (log n)fﬁ—‘ up to log log(n)-order. Then we obtain the following result:

< n_%(logn)%

~

This completes the proof. O

E PROOF OF THE STATEMENTS OF SECTION 3]

Proof of Theorem[3] In the proof of Theorem |§|, we can easily check that how to construct Ry (f)
is independent of the smoothness parameter cv. And, since o = s, as in the proof of Theorem[6] we
obtain the following estimation

If = R (Pl S 275 Dzam || fllvss -
such that

R (f) = Z CkJMlij(x),

(k,j)eE(K)

tE(K) = {(k,j) € 28y x Zglen; # 0} < (2+ (1 —27")71) 28 D .
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From now on, we consider the case in which 7 = {Q}. For a general 7, we can adapt the same

o 1
proof strategy. Let ¢y := {%1 (&= sl — % > 2K) and
Ri(f) = > ek My ().

(k,j)EE(K)
k. 417#0,0(i")<to

If k. ;s # 0,0(i") > to, since s > %, the following inequality holds:

Ikl <
# el < 1 nesg, -

22K |cy 5| < 2078 ey 5| < 200h-
Thus, since r > 1, it follows that

[EEO R 0] D DI
(k.j)€E(K)
k. 1#0,0(i")>to

<@+ -2 25D a2 || fly oy S 275 Dic-allflly par -

M|, < SBE)272K | flly o

From estimations above, it follows that
D —K nylp,q,rV1
|£ - 2| s 27 DRe ™ ISl gy

Let
2K (m+1)

Non(@) = Z ]l[2—K(i—1),2—Ki)(m)Nm(z_K DKJ?])
i=1
(the expressions 2~ DK x] correspond to input quantization masks). Then, it follows from Lemma
[ that o
HNm(x) f./\fm(x)HOC <2 K

If k. # 0,0(i") > to, we denote Ry (f) as the expression which we can obtain by replacing N,
in R (f) by Nyn. Then the following estimation follows:

1B (f) = B (Nll- S 275

Consequently, as in the proof of Theorem ] it follows that

R, (MTN, o« (L, T, E,W, H, S, B),VUZ,([0,1]")) < 27K DP},.

For a general m, we execute the same proof strategy. For each €;, we set A; :=
{#|k.i+ #0,0;(i") > to}. Since o; # oy for i # i’ in general, it also holds that A; # A, for
i # i’ in general. For each A;, we can construct (Rx (f)), and this expression (R (f)), corre-
sponds to each quantization mask.

This completes the proof.
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