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Abstract

Low-precision training has emerged as a promising low-cost technique to enhance the train-
ing efficiency of deep neural networks without sacrificing much accuracy. Its Bayesian
counterpart can further provide uncertainty quantification and improved generalization ac-
curacy. This paper investigates low-precision sampling via Stochastic Gradient Hamilto-
nian Monte Carlo (SGHMC) with low-precision and full-precision gradient accumulators for
both strongly log-concave and non-log-concave distributions. Theoretically, our results show
that to achieve e-error in the 2-Wasserstein distance for non-log-concave distributions, low-
precision SGHMC achieves quadratic improvement (@ (e_zu*72 log2 (e_l))) compared to
the state-of-the-art low-precision sampler, Stochastic Gradient Langevin Dynamics (SGLD)
(@] (6’4)\*_1 log® (6*1))). Moreover, we prove that low-precision SGHMC is more robust
to the quantization error compared to low-precision SGLD due to the robustness of the
momentum-based update w.r.t. gradient noise. Empirically, we conduct experiments on
synthetic data, and MNIST, CIFAR-10 & CIFAR-100 datasets, which validate our theoreti-
cal findings. Our study highlights the potential of low-precision SGHMC as an efficient and
accurate sampling method for large-scale and resource-limited machine learning.

1 Introduction

In recent years, while deep neural networks (DNNs) stand out for their state-of-art performance across various
Al tasks, accompanied by an increase in model and computation complexity (Simonyan & Zisserman), [2014;
He et all 2016} [Vaswani et al., 2017, |Radford et al., 2018} |Chen et al., [2023). Addressing this challenge,
techniques that enable efficient DNN processing become imperative to enhance efficiency and facilitate the
widespread deployment of DNNs in Al systems (Courbariaux et al., 2015} |Sze et all 2017). Consequently,
there is a growing interest in utilizing low-precision optimization techniques to address the computational and
memory costs associated with these complex models (Sze et al., [2017). By employing reduced precision for
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Table 1: Theoretical results of the achieved 2-Wasserstein distance and the required gradient complexity
for both log-concave (italic) and non-log-concave (bold) target distributions, where € is any sufficiently
small constant, A is the quantization error, and p* and A* denote the contraction rate of underdamped
and overdamped Langevin dynamics respectively (Definition . Under non-log-concave target distributions,

low-precision SGHMC achieves a better upper bound within shorter iterations compared with low-precision
SGLD.

Condition Gradient Complexity Achieved 2-Wasserstein
Full-precision gradient accumulators
SGLD/SGHMC (Theorem Strongly log-concave 1] (1og ( *1) 672) O(e+A)
SGLD (Thcorem Non-log-concave ( A og® ( 1)) O (e+1log (e‘l) VA
SGHMC (Theoremﬂ Non-log-concave ( 272 Jog? (671)) O (e + +/log (e 1) A%
Low-precision gradient accumulators
SGLD/SGHMC (Theorem . Strongly log-concave 1) (log (e‘l) e 2) 1) (e +e71A)
VC SGLD/VC SGHMC (Theorem@ Strongly log-concave 9] (log (671) 672) o <€ + \/E)
SGLD (Thcorcm Non-log-concave O (5_4/\*_1 log® (6_1)) O (e +1og® (e‘l) VA
VC SGLD (Theorem a Non-log-concave O (e7*\*'log® (1)) O ée +1log® (e71) 62\/K§
SGHMC (Theorem » Non-log-concave O (6*2;1*_2 log? (671)) 1) (E + logg/2 (671) 672\/Z>
VC SGHMC (Theorem Non-log-concave O (e‘z,u"*2 log? (e_l)) [ (e + log (e_l) 6_1\/E)

both model and data representations ( e.g. mixed-precision, low-bits fixed-point, low-bit block floating point),
significant improvements can be achieved in terms of DNN training speed and resource efficiency (Micikevicius
et all [2017; |Gupta et all [2015} |Li et al.l [2017}; |De Sa et al.,|2017} [Zhou et al.l [2016)). Notably, several recent
studies (Wang et al.,2018; |Banner et al., 2018; [Wu et al.,2018; |Lin et al.|[2019;|Sun et al.|[2019) demonstrated
the successful application of 8-bit training techniques in accelerating the training of different models, such
as VGG (Wu et al.l 2018]), ResNet (Banner et al., [2018), LSTMs, Transformers (Sun et al., [2019), and
vision-language models (Wortsman et al., 2023]).

With the increasing demand and huge success of complicated architecture such as Large Languages Mod-
els (LLMs) and Vision-transformers, a wide range of quantization methods are adopted to reduce the com-
puting and memory consumption while retaining acceptable performances(Liu et al., 2023; |Zhao et al., |2023;
Li et all 2023; [Xu et al., [2023; |Xiao et al. |2023). Readers can find more information on low-precision
optimization and model compression in the survey papers (Sze et al., |2017; Deng et al. 2020; [Liang et al.,
2021)).

As a counterpart of low-precision optimization, low-precision sampling is relatively unexplored but has
shown promising preliminary results. |Zhang et al| (2022)) studied the effectiveness of Stochastic Gradient
Langevin Dynamics (SGLD) (Welling & Teh|, 2011)) in the context of low-precision arithmetic, highlighting
its superiority over the optimization counterpart, Stochastic Gradient Descent (SGD). This superiority stems
from SGLD’s inherent robustness to system noise compared with SGD.

Other than SGLD, Stochastic Gradient Hamiltonian Monte Carlo (SGHMC) (Chen et al.,2014) is another
popular gradient-based sampling method closely related to the underdamped Langevin dynamics. Recently,
Cheng et al.| (2018); |Gao et al.| (2022]) showed that SGHMC converges to its target distribution faster than
the best-known convergence rate of SGLD in the 2-Wasserstein distance under both strongly log-concave and
non-log-concave assumptions. Beyond this, SGHMC is analogous to stochastic gradient methods augmented
with momentum, which is shown to have more robust updates w.r.t. gradient estimation noise (Liu et al.,
2020). Since the quantization-induced stochastic error in low-precision updates acts as extra gradient noise,
we believe SGHMC is particularly suited for low-precision arithmetic.

Our main contributions in this paper are threefold:
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o We conduct the first study of low-precision SGHMC, adopting the low-precision arithmetic (in-
cluding full- and low-precision gradient accumulators and the variance correction (VC) version of
low-precision gradient accumulators) to SGHMC.

e We present a thorough theoretical analysis of low-precision SGHMC for both strongly log-concave
and non-log-concave target distributions. Beyond Zhang et al.| (2022)’s analysis for strongly log-
concave distributions, we introduce an intermediate process for quantization noise management
to facilitate the analysis of non-log-concave target distributions. All our theoretical results are
summarized in Table [I} where we compare the 2-Wasserstein convergence limit and the required
gradient complexity. The table highlights the superiority of HMC-based low-precision algorithms
over SGLD counterpart w.r.t. convergence speed and robustness to quantization error, especially
under the non-log concave distributions.

o We provide promising empirical results across various datasets and models. We show the sampling
capabilities of HMC-based low-precision algorithms and the effectiveness of the VC function in both
strongly log-concave and non-log-concave target distributions. We also demonstrate the superior
performance of HMC-based low-precision algorithms compared to SGLD in deep learning tasks.
Our code is available lhere.

In summary, low-precision SGHMC emerges as a compelling alternative to standard SGHMC due to its
ability to enhance speed and memory efficiency without sacrificing accuracy. These advantages position
low-precision SGHMC as an attractive option for efficient and accurate sampling in scenarios where reduced
precision representations are employed.

It is worth mentioning that low-precision gradient representations are also used in Federated Learning (FL)
for either optimization (Gorbunov et al.| 2021 [Tyurin & Richtérik, [2022) or sampling tasks (Vono et al.
2022; [Sun et al) 2022} Karagulyan & Richtérik, [2023). These methods use low-precision representations for
between-node communication, aiming to mitigate communication bottlenecks, but still utilize full-precision
arithmetic for local training. Thus these methods do not apply to the low-precision sampling challenge
studied in this paper.

2 Preliminaries

2.1 Low-Precision Quantization

Two popular low-precision number representation formats are known as the fized point (FP) and block floating
point (BFP) (Song et all 2018). Theoretical investigation of this paper only considers the fixed point case,
where the quantization error (i.e., the gap between two adjacent representable numbers) is denoted as A.
For example, if we use 8 bits to represent a number where 1 bit is assigned for the sign, 2 bits for the integer
part, and 5 bits for the fractional part, then the gap between two consecutive low-precision numbers is 272,
i.e., A = 27°. Furthermore, all representable numbers are truncated to an upper limit U and a lower limit
L.

Given the low-precision number representation, a quantization function is desired to round real-valued num-
bers to their low-precision counterparts. Two common quantization functions are deterministic rounding and
stochastic rounding. The deterministic rounding function, denoted as Q?, quantizes a number to its nearest
representable neighbor. The stochastic rounding, denoted as Q° (refer to in Appendix @, randomly
quantizes a number to its close representable neighbor satisfying the unbiased condition, i.e. E[Q%(0)] = 6. In
what follows, Qw and Q¢ denote stochastic rounding quantizers for the weights and gradients respectively,
allowing different quantization errors (i.e., different A’s for Quw and Q). For simplicity in the analysis and
experiments, we use the same number of bits to represent the weights and gradients.
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2.2 Low-precision Stochastic Gradient Langevin Dynamics

When performing gradient updates in low-precision training, there are two common choices, full-precision
and low-precision gradient accumulators depending on whether we store an additional copy of full-precision
weights. Low-precision SGLD (Zhang et al.| 2022)) considers both choices.

Low-precision SGLD with full-precision gradient accumulators (SGLDLP-F) only quantizes weights before
computing the gradient. The update rule can be defined as:

Xp+1 = Xk — NQc (ﬁ(QW(Xk))> + V20,1, (1)

VU is the unbiased gradient estimation of U. [Zhang et al.| (2022)) showed that the SGLDLP-F outperforms
its counterpart low-precision SGD with full-gradient accumulators (SGDLP-F). The computation costs can
be further reduced using low-precision gradient accumulators by only keeping low-precision weights. Low-
precision SGLD with low-precision gradient accumulators (SGLDLP-L) can be defined as the following:

Xpp1 = Qw (Xk —1Qa (VU (x1)) + \/%Ek+1) : (2)

Zhang et al|(2022)) studied the convergence property of both SGLDLP-F and SGLDLP-L under strongly-
log-concave distributions and showed that a small step size deteriorates the performance of SGLDLP-L. To
mitigate this problem, Zhang et al. (2022)) proposed a variance-corrected quantization function (Algorithm

in Appendix E[)
2.3 Stochastic Gradient Hamiltonian Monte Carlo

Given a dataset D, a model with weights (i.e., model parameters) x € R?, and a prior p(x), we are inter-
ested in sampling from the posterior p(x|D) o« exp(—U(x)), where U(x) = —logp(D|x) — log p(x) is the
energy function. In order to sample from the target distribution, SGHMC (Chen et al.| |2014)) is proposed
and strongly related to the underdamped Langevin dynamics. |(Cheng et al.| (2018) proposed the following
discretization of underdamped Langevin dynamics with stochastic gradient:

Vil = vie T —uy (1 — 677’7)%(}%) +& (3)
Xpp1 =X+ (1= e v+ uy 2 (v + 7 = VU (x5) + &5,

where u, v denote the hyperparameters of the inverse mass and friction respectively, and &, £ are normal
distributed in R? satisfying that :

M=l - e
E&(6F) " = uy 2y + e — e = 3) - 1, (4)
DT =uy (1 =27 472 . 1L

3 Low-Precision Stochastic Gradient Hamiltonian Monte Carlo

In this section, we investigate the convergence property of low-precision SGHMC under non-log-concave
target distributions. We defer the convergence analysis of low-precision SGHMC under strongly log-concave
target distributions, as well as the extension analysis under non-log-concave target distributions of low-
precision SGLD (Zhang et all [2022) to Appendix |[A| and [B| respectively. All of our theorems are based on
the fixed point representation and omit the clipping effect. We show that low-precision SGHMC exhibits
superior convergence rates and mitigates the performance degradation caused by the quantization error than
low-precision SGLD, especially for non-log-concave target distributions. Similar to [Zhang et al.| (2022),
we also observe an overdispersion phenomenon in sampling distributions obtained by SGHMC with low-
precision gradient accumulators, and we examine the effectiveness of variance-corrected quantization function
in resolving this overdispersion problem.
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In the statement of theorems, the big-O notation O gives explicit dependence on the quantization error A
and concentration parameters (A*, u*) but hides multiplicative terms that polynomially depend on the other
parameters (e.g., dimension d, friction v, inverse mass u and gradients variance o). We refer readers to the
appendix for all the theorems’ proof. Before diving into theorems, we first introduce necessary assumptions
for the convergence analysis as follows:

Assumption 1 (Smoothness). The energy function U is M-smooth, i.e., there exists a positive constant M
such that
2 2
IVU(x) = VU(y)|* < M? |x —y|[*, for anyx,y € R

Assumption 2 (Dissaptiveness). There exist constants mao,b > 0, such that the following holds

(VU(x),x) > my||x|* —b, for anyx € R
Assumption 3 (Bounded Variance). There ezists a constant o > 0, such that the following holds
_ 2
EHVU(X) - VU(X)H <o?  for anyx € R

Beyond the above assumptions, we further define k; = M/m; (refer to Assumption [4|in Appendix and
ke = M/mgy as the condition numbers for strongly log-concave and non-log-concave target distribution,
respectively, and denote the global minimum of U(x) as x*. All of our assumptions are standard and
commonly used in the sampling literature. In particular, Assumption [2|is a standard assumption (Raginsky
et al., |2017} [Zou et al.| 2019} |Gao et al.;[2022) in the analysis of sampling from non-log-concave distributions
and is essential to guarantee the convergence of underdamped Langevin dynamics. Assumption [3] can be
further relaxed, allowing the variance of VU(x) scale up w.r.t x. Please refer to the appendix

Definition 1. Let A\* and u* denote the contraction rates for continuous-time overdamped Langevin dy-
namics and underdamped Langevin dynamics respectively. In other words, let x; follow the overdamped (or
underdamped) Langevin dynamics initialized at xo =0, m, be the invariant distribution, p; be the marginal
distribution xy, then A\* and u* satisfy

W (pem.) < Ce XY or Wipy, ) < Ce ™t/
for some constant C.

The contraction rates p* and A* are related to the nature of the Langevin dynamics. In general, the
contraction rates exponentially depend on the dimension d. For example, two popular approaches to analyze
the Wasserstein distance convergence property are the couplings method (Dalalyan & Riou-Durand) [2020;
Eberle et al., 2019) and Bakry-Emery method based on which the exponential convergence of the kinetic
Fokker—Planck equation is proved (Bakry & Emery, 2006; Baudoin), [2016; 2017). Unfortunately, both rates
lead to exponential dependency on dimension in general. It raises a crucial open question of whether restricted
models can exhibit improved dimensional dependence. While overdamped Langevin diffusions have seen
corresponding advancements, as evidenced in (Eberle et al., [2019; [Zimmer} 2017)), analogous progress for
underdamped Langevin diffusions remains underexplored. More detailed discussions of p* and A\* (and their
uniform bounds) can be found in the Appendix

3.1 Full-Precision Gradient Accumulators

Adopting the update rule in equations (3]), we propose low-precision SGHMC with full gradient accumulators
(SGHMCLP-F) as the following:

Vipr = vie " —uy T 1 — e Qe (VU (Qw (xk))) + &Y (5)
Xpr1 =Xk +7 N1 — e v +uy 2 + e = 1D)Qa (VU (Qw (x1))) + €5,

which keeps full-precision parameters vy, X; at each iteration and quantizes them to low-precision represen-
tations before taking the gradient. Our analysis for non-log-concave distributions utilizes similar techniques
in [Raginsky et al.|(2017). We are now ready to present our first theorem:
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Theorem 1. Assuming @ and |9 hold. Let p* denote the target distribution of (x,v). If v* < 4Mu and
setting the step size n = @) (% satisfying

< min v 4u? 6vbu 1 ymeo 8(v2 + 2u)
= 4 (8Mu+uy+2292)" \| AMu + 32" (4Mu + 3v2)d’ 8y’ 12(21u + ) M2’ (20u+ )y [’

then after K steps starting at the initial point xg = vo = 0, the output (xx,vi) of SGHMCLP-F in
satisfies

Wa(p(xx, Vi), p") < O (6 + Ay [log (1)) :

_ A 1 2 (1
k=0 (g2 (7))

where constants are defined as: A = max {VA2d + o2, VA2 + 02}.

for some K satisfying

Similar to the convergence result of full-precision SGHMC or SGLD (Raginsky et all 2017; |Gao et al.,
2022), the above upper bound of the 2-Wasserstein distance contains an e term and a log(e~!) term. The
difference is that for the SGHMCLP-F algorithm, the quantization error A affects the multiplicative constant
of the log(¢~!) term. Focusing on the effect of quantization error A, due to the fact that log(z) < x'/¢,
one can tune the choice of ¢ and 1 and obtain a O (Ae/ (1“6)) 2-Wasserstein bound.  As for the non-
convergence of our result (i.e, log(e~!) term), we note that even for full-precision sample algorithms, the
best non-asymptotic convergence result in the 2-Wasserstein distance (Zou et al.l |2019; |Raginsky et al. [2017}
Gao et al. 2022)) also contain a log(e~!) factor which is brought by stochastic gradient noise, and diverge
as € — 0. The non-convergence of our Wasserstein upper bound is due to the accumulation of stochastic
gradient noise and stochastic discretion error. Conceptually, these random errors may average out over
iterations when the iteration number increases to infinity (i.e., the law of large numbers), as in the classical
ergodic theory of Markov chain (Theorem 17.25, 17.28 of [Kallenberg & Kallenberg| (1997)). However, our
mathematical tools lead to an upper bound that involves some weighted summation of the norm of these
random errors over iterations rather than the summation of these random errors. Under strongly log-concave
target distributions with no discretion error, this sum is bounded as t — oo and proportional to the stepsize,
allowing for a sufficiently small step size to zero the bound Dalalyan & Karagulyan| (2019); Cheng et al.
(2018). However, for general cases, this sum grows to infinity. It is yet an open question to sharpen this
type of analysis.

With the same technical tools, we conduct a similar convergence analysis of SGLDLF-P for non-
log-concave target distributions. The details are deferred in Theorem [7] of Appendix Compar-
ing Theorems |[1| and lﬂ we show that SGHMCLP-F can achieve lower 2-Wasserstein distance (i.e.,
@) (10g1/2 (6_1) A1/2) versus O (log (6_1) Al/z)) for non-log-concave target distribution within fewer itera-

tions (i.e., @) (e’2u*_210g2 (e’l)) versus O (6’4)\*_1 log® (6*1))). Furthermore, by the same argument in
the previous paragraph, after carefully choosing the stepsize 7, the 2-Wasserstein distance of the SGLDLF-P
algorithm can be further bounded by O (Ae/(2+26)) which is worse than the bound O (Ae/(1+26)) obtained
by SGHMC. We verify the advantage of SGHMCLF-P over SGLDLF-P by our simulations in section [4]

3.2 Low-Precision Gradient Accumulators

The storage and computation costs of low-precision algorithms can be further reduced by low-precision
gradient accumulators. We can adopt low-precision SGHMC with low-precision gradient accumulators
(SGHMCLP-L) as

Vir = Qw (vie ™ = ur ™ (1= )Qa (VU (x1)) + €Y ) (6)

Xpi1 = Qw (Xk T 1 = e v Fuy A+ e = 1)Qa(VU (x)) + 57;) :
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Similar to the observation of |Zhang et al.|(2022), we also empirically find that the output xx’s distribution
has a larger variance than the target distribution (see Figures [I] (a) and [2] (a)), as the update rule (6]
introduces extra rounding noise. Our theorem in the section aims to support this argument. We present the
convergence theorem of SGHMCLP-L under non-log-concave target distributions.

Theorem 2. Assuming @ and |9 hold. Let p* denote the target distribution of (x,v). If v* < 4Mu and
setting the step size n = @) (% satisfying

< min v 12 6bu 1 yma 812 +2u)
= 4 (8Mu +uy +2292)" \| dMu + 342" (4Mu + 3v2)d’ 8y’ 12(21u + y) M2’ (20u + )y [’

then after K steps starting at the initial point xo = vo = 0, the output (xx,vi) of SGHMCLP-L in @
satisfies

o 3/2 (1
Wa(p(xk,vi),p*) = O (e + \/max {02,0}log (1) + U:62(6)¢Z> ; (7)

for some K satisfying
~ 1 1
K:(’)<2 2log2 ())
e“u* €

For non-log-concave target distribution, the output of the naive SGHMCLP-L has a worse convergence upper
bound than Theorem [} The source of the observed problem is the variance introduced by the quantization
Qw , causing actual variances of (xg, vy) to be larger than the variances needed. In Theorem we generalize
the result of the naive SGLDLP-L in (Zhang et al.|2022) to non-log-concave target distributions, and we defer
this theorem to appendix [B] Similarly, we observe that SGHMCLP-L needs fewer iterations than SGLDLP-
L in terms of the order w.r.t. € and log(e™!) (O (e2p* *log® (€71)) versus O (e7*\*'log® (€71))) and

achieves better upper bound O (e’Z log®/? (eh) \/K) versus O <e*4 log” (e71) \/Z)

By the same argument in Theorem [I]s discussion, after carefully choosing the stepsize 7, the 2-Wasserstein
distance between samples obtained by SGHMCLP-L and non-log-concave target distributions can be further
bounded as O (Ae/ (3+6€)), whilst the distance between the samples obtained by SGLDLP-L to the target
can be bounded as O (Ae/ 10(1“)). Thus, low-precision SGHMC is more robust to the quantization error
than SGLD.

3.3 Variance Correction

To resolve the overdispersion caused by low-precision gradient accumulators, [Zhang et al.| (2022) proposed
a quantization function QV¢ (refer to Algorithm |2| in Appendix @ that directly samples from the discrete
weight space instead of quantizing a real-valued Gaussian sample. This quantization function aims to reduce
the discrepancy between the ideal sampling variance (i.e., the required variance of full-precision counterpart
algorithms) and the actual sampling variance in our low-precision algorithms. We adopt the variance-
corrected quantization function to low-precision SGHMC (VC SGHMCLP-L) and study its convergence
property for non-log-concave target distributions. We extend the convergence analysis of VC SGLDLP-L
in [Zhang et al.| (2022) to the case of the non-log-concave distributions as well. The details are deferred to
Appendix |Blfor comparison purposes. Let Var™® = u(1—e~277) and Var™® = uy=2(2yn+4e 1 —e=211-3),
which are the variances added by the underdamped Langevin dynamics in . The VC SGHMCLP-L can
be done as follows:

Vi = Q" (Ve —uy T (1 = ) Q6 (VU (x4), Varl ™, A ) (®)

X1 = Q" (xi + 771 (1= e v+ ur 2 (m + €7 = 1)Qa (VU (1)), Vark™, A)

The variance corrected quantization function QQ¥¢ aims to output a low-precision random variable with the
desired mean and variance. When the desired variance v is larger than AZ%/4, which is the largest possible
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variance introduced by the quantization @*, the variance-corrected quantization first adds a small Gaussian
noise to compensate for the variance and then adds a categorical random variable with a desired variance.
When v is less than A%/4 the variance-corrected quantization computes the actual variance introduced by
Q°. If it is larger than v, a categorical random variable is added to the weights to match the desired variance
v. If it is less than v, we will not be able to match the variance after quantization. However, this case arises
only with exceptionally small step sizes. With the variance-corrected quantization Q¥¢ in hand, we now
present the convergence analysis of the VC SGHMCLP-L for non-log-concave distributions.

— 2
Theorem 3. Assuming H andH hold and IEHQG(VU(JC))H2 < G?. Let p* be the target distribution of x.

s

If 42 < 4AMwu and setting the step size n = O (%) satisfying

< mi y 4u? 6vbu 1 Yme 8(v2 + 2u)
min —
= 4(8Mu+uy+2292)" \| AMu + 32" (4Mu + 3v2)d’ 8y’ 12(21u + ) M2’ (20u+ )y [’

then after K steps starting at the initial point xg = vg = 0 the output (xx) of the VC SGHMCLP-L in @D
satisfies

oo (L
Wa(p(xk),p*) = O (6 + \/max {02,0}log (1) + lge(e)\/g> ) 9)

for some K satisfying
~ 1 1
K:(’)( - log? <)>
e“u* €

Compared with Theorem [l we cannot show that the variance corrected quantization fully resolves the
overdispersion problem observed for non-log-concave target distributions. However comparing with Theo-
rem [2] we show in Theorem [3] that the variance-corrected quantization can improve the upper bound w.r.t.

e from O (eleog?’/2 (671) \/K) to O (6*1 log (e’l) \/Z) In Theorem|§|, we generalize the result of the
VC SGLDLP-L in (Zhang et all [2022) to non-log-concave target distributions, and we defer this theorem

to appendix [B} Similarly, we observe that VC SGHMCLP-L needs fewer iterations than VC SGLDLP-L in
terms of the order w.r.t. € and log(e~!) (O (672/1*_2 log? (7)) versus O (674)\*_1 log® (eH)))-

Beyond the above analysis, we apply similar mathematical tools and study the convergence property of VC
SGHMCLP-L and VC SGLDLP-L in terms of A for non-log-concave target distributions. Based on the
Theorem [2] and [3] the variance-corrected quantization can improve the upper bound from O (Ae/ (3+66))
to O (Ae/(2+45)). Compared with VC SGLDLP-L, the VC SGHMCLP-L has a better upper bound (i.e.
O (A¢/(+49)) versus O (A®/60+9))). Interestingly, the naive SGHMCLP-L has similar dependence on the
quantization error A with VC SGLDLP-L but saves more computation resources since the variance corrected
quantization requires sampling discrete random variables. We verify our findings in Table [4

4 Experiments

We evaluate the performance of the proposed low-precision SGHMC algorithms across various experiments:
Gaussian and Gaussian mixture distributions (Section , Logistic Regression and Multi-Layer Perceptron
(MLP) applied to the MNIST dataset (Section [4.2)), and ResNet-18 on both CIFAR-10 and CIFAR-100
datasets (Section . Additionally, we compare the accuracy of our proposed algorithms with their SGLD
counterparts. Throughout all experiments, low-precision arithmetic is implemented using gtorch (Zhang
et al.}|2019). Beyond our theoretical settings, our experiments encompass a range of low-precision setups, in-
cluding fixed point, block floating point, as well as quantization of weights, gradients, errors, and activations.
For more details of our low-precision settings used in experiments, please refer to Appendix

4.1 Sampling from standard Gaussian and Gaussian mixture distributions

We first demonstrate the performance of low-precision SGHMC for fitting synthetic distributions. We use
the standard Gaussian distribution and Gaussian mixture distribution to represent strongly log-concave and
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Figure 1: Low-precision SGHMC on a Gaussian distribution. (a): SGHMCLP-L. (b): VC SGHMCLP-L.
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Figure 3: Log Lo distance from sample density estimation obtained by low-precision SGHMC and SGLD
to the Gaussian mixture distribution. (a) Low-precision gradient accumulators. (b): Full-precision gradient
accumulators. Overall, SGHMC methods enjoy a faster convergence speed. In particular, SGHMCLP-L
achieves a lower distance compared to SGLDLP-L and VC SGLDLP-L.

non-log-concave distribution, respectively. The density of the Gaussian mixture example is defined as

e

—UG) _ 2lx=11P . g2l

We use 8-bit fixed point representation with 4 of them representing the fractional part. For hyper-parameters
please the Appendix [D] The simulation results are shown in Figure []] and 2] From Figure [Ifa) and [2[a),
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we see that the sample from naive SGHMCLP-L has a larger variance than the target distribution. This
verifies the results we prove in Theorem [2| In Figure b) and (b)7 we verify that the variance-corrected
quantizer mitigates this problem by matching variance of the quantizer to the variance Vaur,’zmC defined
by the underdamped Langevin dynamics . In Figure [3} we compare the performance of low-precision
SGHMC with low-precision SGLD for sampling from Gaussian mixture distribution. Since calculating the 2-
Wasserstein distance over long iterations is time-consuming, instead of computing the Wasserstein distance,
we resort to Lo distance of the sample density estimation to the true density function. It shows that low-
precision SGHMC enjoys faster convergence speed and smaller distance, especially SGHMCLP-L compared
to SGLDLP-L and VC SGLDLP-L.

We also study in which case the variance-

corrected quantizer is advantageous over the T T T T T
naive stochastic quantization function. We Lo
test the 2-Wasserstein sampling error of VC
SGHMCLP-L and SGHMCLP-L over differ-
ent variances. The result is shown in Figure
We find that when the variance Var™¢
is close to the largest quantization variance
A? /4, the variance corrected quantization func-
tion shows the largest advantage over the naive
quantization. When the variance Var™¢ is : : : : :
less than A2/4, the correction has a chance to ’ 0 Variaﬁfc Ratio o %
fail. When the variance Var™ is 100 times

the quantization variance, the advantage of Figure 4: Mean (dotted line) and 95% confidence inter-
variance-corrected quantizer shows less advan- 5 (shaded area) of 2-Wasserstein error ratio between VC
tage. One possible reason is that the quan-  gGEMCLP-L & SGHMCLP-L (Smaller means the variance
tization variance eliminated by the variance- .,rrection is more effective), computed over 5 experimental

correctggpquar'ltlze.r 1 nf)t §r1t.1cal c.ompared runs. The x-axis represents the ratio between Vanri’cmC and
to Var,™® which is the intrinsic variance for A2 /4

SGHMC. We advocate for the adoption of

variance-corrected quantization under the specific condition where the ideal variance approximates A2/4.
Our observations indicate that this scenario yields the most significant performance gains. Conversely, in
other situations, we suggest employing naive low-precision gradient accumulators, as they offer comparable
performance while conserving computational resources.

0.9F o

08Fi S0

Distance Ratio

ork | Y AR ]

06F ]

4.2 MNIST

In this section, we further examine the sampling performance of low-precision SGHMC and SGLD on strongly
log-concave distributions and non-log-concave distributions on real-world data. We use logistic and multilayer
perceptron (MLP) models to represent the class of strongly log-concave and non-log-concave distributions,
respectively. The results are shown in Figure and @ We use N/ (O, 10_2) as the prior distribution and fixed
point number representation, where we set 2 integer bits and various fractional bits. A smaller number of
fractional bits corresponds to a larger quantization gap A. For MLP model, we use two-layer MLP with 100
hidden units and ReLu nonlinearities. We report the training negative log-likelihood (NLL) with different
numbers of fractional bits in Figure[5]and [6] For detailed hyperparameters and experiment setup, please see

Appendix

From the results on MNIST, we can see that when using full-precision gradient accumulators, low-precision
SGHMC are robust to the quantization error. Even when we use only 2 fractional bits, SGHMCLP-F can
still converge to a distribution with a small and stable NLL but with more iterations. However, regarding
low-precision gradient accumulators, SGHMCLP-L and SGLDLP-L are less robust to the quantization error.
As the precision error increases, both SGHMCLP-L and SGLDLP-L have a worse convergence pattern com-
pared to SGHMCLP-F and SGLDLP-F. We showed empirically that SGHMCLP-L and VC SGHMCLP-L
outperform SGLDLP-L and VC SGLDLP-L. As shown in Figure [f] and [f] when we increase the quanti-
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Figure 5: Training NLL of low-precision SGHMC and SGLD on logistic model with MNIST in terms of
different numbers of fractional bits. (a): Full-precision gradient accumulators. (b): Low-precision gradient
accumulators. (c): Variance-corrected quantizer. SGHMCLP-F achieves comparable results with SGLDLP-
F. However, both SGHMCLP-L and VC SGHMCLP-L show more robustness to quantization error, especially
when the number of representable bits is low. Please be aware of the different scales of y-axis across three
figures.
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Figure 6: Training NLL of low-precision SGHMC and SGLD on MLP with MNIST in terms of different num-
bers of fractional bits. (a): Full-precision gradient accumulators. (b): Low-precision gradient accumulators.
(c): Variance-corrected quantizer. SGHMCLP-F achieves comparable results with SGLDLP-F. However,
both SGHMCLP-L and VC SGHMCLP-L show more robustness to quantization error, especially when the
number of representable bits is low. Please be aware of the different scales of y-axis across three figures.

zation error, SGHMCLP-L and VC SGHMCLP-L are more robust than SGLDLP-L and VC SGLDLP-L,
respectively.

4.3 CIFAR-10 & CIFAR-100

We consider image tasks CIFAR-10 and CIFAR-100 on the ResNet-18. We use 8-bit number representation
following [Zhang et al| (2022). We report the test errors averaging over 3 runs in Tables[2]and [i] For detailed
hyperparameters and experiment setup, please see Appendix

Fixed Point We employ fixed point representations for both weights and gradients while retaining full
precision for activations and errors following previous work (Zhang et all 2022). From the figure, unsur-
prisingly the full-precision algorithms outperform their low-precision counterparts. But with long enough
iterations the performance gap between SGHMC/SGLD and SGHMCLP-F/SGLDLP-F converges toward
zero. Similar to the results in previous sections, SGHMCLP-F is comparable with SGDLP-F, and the naive
SGHMCLP-L significantly outperforms naive SGLDLP-L and SGDLP-L across datasets and architectures.
For example, SGHMCLP-L outperforms SGLDLP-L by 1.19% on CIFAR-10, and SGHMCLP-L outperforms
SGLDLP-L by 0.58% on CIFAR-100. Furthermore, from the result in Figure [} we empirically show that
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Figure 7: Log of training NLL of low-precision SGHMC and SGLD on ResNet-18 with CIFAR-100. (a):
8-bits Fixed Point. (b): 8-bits Block Floating Point. For fixed point representations, low-precision SGHMC
shows faster convergence and SGHMCLP-L outperforms SGLDLP-L and VC SGLDLP-L.

the convergence speed of SGHMC is way better than the convergence speed of SGLD. SGHMCLP-L even
achieves faster convergence than SGLDLP-F. When the variance Varfcmc is comparable with or less than
A?/4, we recommend implementing SGHMCLP-L rather than VC SGHMCLP-L. This is the case when we
assess the performance of low-precision SGHMC on CIFAR-10 and CIFAR-100. Notably, even in the absence
of the performance enhancement provided by the variance-corrected quantization function, the test results
indicate that SGHMCLP-L’s performance is on par with its SGLD counterpart with variance correction.
This result verifies our findings in Theorems [2] and [0

Block Floating Point We also consider the block floating point (BFP) representation adopted with deep
models, which causes less quantization error and thus performs better compared with fixed point represen-
tation (Song et al [2018)). Given sufficient iterations, the performance differences between SGHMC/SGLD
and SGHMCLP-F/SGLDLP-F almost disappear. As illustrated in plot b) of Figure m SGHMCLP-F out-
performs full-precision SGLD in block floating point low-precision format. By using BFP, the performance
of all low-precision methods improves over fixed point representation. The naive SGHMCLP-L outperforms
the naive SGLDLP-L 0.82%. Moreover, the naive SGHMCLP-L achieves comparable results with the VC
SGLDLP-L method, and SGHMCLP-L can save more computation resources since the variance-corrected
quantization function would need to sample an additional categorical random vector ¢ € R? at each iter-
ation. Let Varigld = 21 denote the variance added by overdamped Langevin dynamics in . For most
deep learning tasks, a small step size is preferred, and thus there is a large chance that Vary? < A2 /4 in
which case we recommend running the naive SGHMCLP-L to achieve comparable accuracy and save more
computation resources.

Expected Calibration Error To study the model calibration of low-precision SGHMC, we further report
the results of expected calibration error (ECE) (Guo et all 2017) in Table |3 and We observe that
sometimes SGLDLP-L and SGLDLP-F achieve a lower ECE than the full-precision SGLD counterpart,
implying that the corresponding sample distributions deviate from the true target posterior. We conjecture
that it is caused by the implicit regularization effect of the operator Q. On the other hand, we observe
that SGHMCLP-F and SGHMCLP-L have almost the same ECE as full-precision SGHMC in CIFAR-10,
showing that low-precision arithmetic does not degrade the calibration ability of SGHMC. In the CIFAR-100
dataset, HMC-based low-precision algorithms outperform their SGLD counterparts, especially SGHMCLP-
F, which outperforms SGLDLP-F around 1.4% in fixed point representation for the CIFAR-100 task. For
the low-precision gradient a ccumulators method, SGHMCLP-L and VC SGHMCLP-L achieve comparable
or better ECE with SGLDLP-L and VC SGLDLP-L and dramatically outperform low-precision SGD.

12
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Table 2: Test errors (%) of full-precision gradient ac- Table 3: ECE (%) of full-precision gradient accu-
cumulators on CIFAR with ResNet-18. SGHMCLP-F mulators on CIFAR with ResNet-18. SGHMCLP-F

achieves comparable results with SGLDLP-F. achieves comparable ECE with SGLDLP-F.
CIFAR-10 CIFAR-100 CIFAR-10 CIFAR-100

32-bit Float 32-bit Float
SGD 4.73 £ 010 22.34 + 0.22 SGD 2.50 4.97
SGLD 4.52 +o0.07  22.40 +0.04 SGLD 1.12 3.71
SGHMC 4.78 + 0.08 22.37 + 0.04 SGHMC 0.72 1.52
8-bit Fixed Point 8-bit Fixed Point
SGD 5.19 + 0.09 23.71 £ 0.18 SGD 2.79 7.11
SGLD 5.07 + 0.04 23.36 + 0.10 SGLD 0.86 3.57
SGHMC 5.08 + 0.08 23.54 + 0.10 SGHMC 1.11 1.92
8-bit Block Floating Point 8-bit Block Floating Point
SGD 4.75 + 0.21 22.86 + 0.14 SGD 2.43 5.97
SGLD 4.58 + 0.07  22.70 +0.22 SGLD 1.01 3.87
SGHMC 4.93 £ 009 22.39 + 0.11 SGHMC 1.12 3.65

Table 4: Test errors (%) of low-precision gradient accumu- Table 5: ECE (%) of low-precision gradient ac-
lators on CIFAR with ResNet-18. SGHMCLP-L and VC cumulators on CIFAR with ResNet-18. Low-
SGHMCLP-L outperform SGLDLP-L and VC SGLDLP- precision SGHMC are less affected by the quan-
L, respectively. SGHMCLP-L achieves comparable results tization error.

with VC SGLDLP-L. CIFAR-10 CIFAR-100
CIFAR-10 CIFAR-100 32-bit Float
32-bit Float SGD 2.50 4.97
5D Lison BIiom s ors 12
.52 + 0.07 .40 + 0.04 o ;
SGHMC 478 4008 22.37 +0.04 8-bit Fixed Point
R R R SGD 5.12 12.92
8-bit Fixed Point SGLD 1.67 1.11
SGD 850 £ 022  28.42 +0.35 VC SGLD 0.60 2.89
SGLD 7.81 £ o0.07 27.15 £ 0.35 _SGHMC 072 246
VC SGLD 7.03 t023  26.73 t0.12 VC SGHMC 0.70 244
SGHMC 6.63 + 0.10 26.57 + 0.10 8-bit Block Floating Point
"VC sGHMC = 6.60 < 0.06 26.43 + 0.19 SGD 4.62 13.93
8-bit Block Floating Point %%LSD GLD 822 ggg
SGD 5.86 +0.18 26.75 +0.11 sGgmMyc -~~~ 078 ¢ 4.94
SGLD 5.75 +£0.05 26.1140.38 VC SGHMC 0.67 5.02
VC SGLD 5.51 +o0.01 25.14 +o.11
SGHMC 5.38 +0.06 25.29 +0.03
"VC SGHMC  5.15 +0.08 24.45 +0.16

5 Conclusion

We provide the first comprehensive investigation for low-precision SGHMC in both strongly log-concave and
non-log-concave target distributions with several variants of low-precision training. In particular, we prove
that for non-log-concave distributions, low-precision SGHMC with full-precision, low-precision, and variance-
corrected gradient accumulators all achieve an acceleration in iterations and have a better convergence upper
bound w.r.t the quantization error compared to low-precision SGLD counterparts. Moreover, we study
the improvement of variance-corrected quantization applied to low-precision SGHMC under different cases.
Under certain conditions, the naive SGHMCLP-L can replace the VC SGLDLP-L to get comparable results,
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saving more computation resources. We conduct empirical experiments on Gaussian, Gaussian mixture
distribution, logistic regression, and Bayesian deep learning tasks to justify our theoretical findings.
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A Additional Results for Low-precision Stochastic Gradients Hamiltonian Monte
Carlo

In this section, we mainly summarize the theoretical results of Low-precision SGHMC under strongly log-
concave target distribution. The underdamped Langevin dynamics can be defined as:

dvy = —yvidt — uVU (x;)dt + /2yudBy

10
dXt = tht, ( )

where (x¢,v;) € R??, and u, v denote the hyperparameters of inverse mass and friction respectively. We
introduce the the strongly-log-concave assumption as:

Assumption 4 (Strongly Log-Convex). The energy function U is m-strongly log-convez, i.e., there exists a
positive constant m such that,

Uy) 2 U) + (VU ),y = x) + 5+ lly = x[*,  for anyx,y € R,

Once we introduce the continuous underdamped Langevin dynamics (10]), we are ready to find a contraction
rate for ((10). According to

Theorem 4. Suppose Assumptz'ons @, and hold and the minimum satisfies ||x*||2 < D2. Furthermore,
let p* denote the target distribution of x and v. Given any sufficiently small €, if we set the step size to be

1 = min iy <
/479232 /5(d/my + D?)’ 1440k1u2 [(M2 + 1)874 + 2] |’

then after K steps starting with initial points xg = vo = 0, the output (Xx, Vi) of the SGHMCLP-F in
satisfies 3
Wa(p(xk, Vi), p") < O e+ A),

for some K satisfying

k1 36 (mil +D2) A —2 —1\ A2

Kgﬁlog — :O(E log(e )A )

Theorem 1 in |Zhang et al.|(2022)) implies that for strongly log-concave target distribution, the low-precision
SGLD with full-precision gradient accumulators can achieve e accuracy within O (672 log (671) AZ) itera-
tions. Thus, the theorem of SGHMCLP-F does not showcase any advantage over SGLDLP-F. This is not
surprising, since the quantization applied to the gradients in the full-precision gradient accumulator algo-
rithm is equivalent to adding extra noise to the stochastic gradients. As theoretically shown by |Cheng et al.
(2018) for strongly-log-concave target distribution, SGHMC doesn’t exhibit any advantage over the over-
damped Langevin algorithm when stochastic gradients are used. Now we present the convergence analysis
of SGHMCLP-L under strongly log-concave target distributions.

Theorem 5. Let Assumption and@ hold and the minimum satisfies HX*H2 < D?. Furthermore, let p*
denote the target distribution of v and x. Given any sufficiently small €, if we set the step size n to be

-1 2
€R] €

’ A2d
\/663552/5 (i + D2) 2880k u (5 + 0%)
mi

then after K steps starting with initial points xo = vo = 0, the output (xx,vk) of the SGHMCLP-L in (@
satisfies

7 = min ,

Walplorevic) ) = 0 (e 2 ). (1)
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for some K such that
36 (L + D? .
R A

Comparing Theorem [] and Theorem [5} we show that for strongly log-concave target distribution the naive
SGHMCLP-L has worse convergence upper bound than SGHMCLP-F. Since SGHMCLP-L directly quantizes
the weights after each update, a small stepsize update is often quantized to zero, resulting in the sample
distribution converging to a Dirac distribution at the initial point. In such cases, ensuring convergence
becomes challenging. Compared with Theorem 2 in Zhang et al.| (2022), We cannot show the advantages
of low-precision SGHMC over SGLD. Next, we present the theorem for VO SGHMCLP-L under strongly
log-concave target distribution.

Theorem 6. Let Assumptian and@ hold and the minimum satisfies |x*||> < D2. Furthermore, let p*
denote the target distribution of x and v. Given any sufficiently small e, if we set the stepsize to be

2

. € €
1= 479232/5 (i 4 'D2> K1 ’ 90u2A2dk + 360u20o2k

after K steps starting from the initial point xg = vo = 0 the output (X, vk) of the VC SGHMCLP-L in
(]E[) satisfies

Wa(p(xsc, Vi), p") = O (e n \/Z) : (12)

for some K satisfied
36 (4 +D?)

€

K< % log =0 (6_2 log (6_1) AQ) .

Theorem [6] shows that the variance corrected quantization function can solve the overdispersion problem
we observe for the naive SGHMCLP-L algorithm for strongly log-concave distribution. The W, distance
between the sample distribution and target distribution can be arbitrarily close to @(\/E) Compared
to the Theorem 3 in [Zhang et al.| (2022), the VC SGHMCLP-L doesn’t showcase its advantage over VC
SGLDLP-L for strongly log-concave distribution.

B Stochastic Gradient Langevin Dynamics Result

In order to sample from the target distribution, Langevin dynamics-based samplers, such as overdamped
Langevin MCMC and underdamped Langevin MCMC methods, are widely used when the evaluation of
U(x) is expansive due to a large sample size. The continuous-time overdamped Langevin MCMC can be
represented by the following stochastic differential equation(SDE):

dXt = —VU(Xt) + \/idBt, (13)

where By represents the standard Brownian motion in R?. Under some mild conditions, it can be proved
that the invariant distribution of converges the target distribution exp(—U(x)). To reduce the com-
putational cost of evaluating VU (x), Welling & Teh (2011) proposed the Stochastic Gradient Langevin
Dynamics (SGLD) and updates the weights using stochastic gradients:

X1 = Xp, — VU (Xk) + /208,41, (14)

where 7 is the stepsize, the &1 is a standard Gaussian noise, and vU (x1) is an unbiased estimation of
VU (x). Despite the additional noise induced by stochastic gradient estimations, SGLD can still converge
to the target distribution.

In this section, we present the theoretical result for SGLD. We start from the SGLDLP-F’s result.
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Theorem 7. Suppose Assumptions @ and@ hold. Let p* denote the target distribution of x, A have the
same definition in Theorem [l After K steps starting with initial point xo = 0, if we set the stepsize to be

- 4
n=0 <(10g(61/e)) > The output xg of SGLDLP-F in satisfies

Wa(p(xk),p*) <O (e + Alog (1)> , (15)

€

oLt (L
K—O<€4)\*log <e>>

Theorem [7] shows that the low-precision SGLD with full-precision gradient accumulators can converge to the
non-log-concave target distribution if provided a small gradient variance and quantization error. Next, we
present the SGLDLP-L’s result.

Theorem 8. Let Assumptions [1], [4 and [4 hold. Let p* denote the target distribution of x. If we set the

for some K satisfied

. 1
step size to be n = O (m) ), after K steps starting at the initial point xo = 0 the output xx of the
SGLDLP-L in satisfies

€ €

A 1 5 (1
KO<€4)\* log (e))
The VC SGLDLP-L can be done as:

X1 = Q" (xk — nQc (VU (xk)), 21, A) (17)
We present the convergence analysis of VC SGLDLP-L in the following theorem:
Theorem 9. Let Assumption [1, [ and [] hold. Let p* denote the target distribution of x. If we set the
>, after K steps from the initial point xg = 0 the output xi of VC SGLDLP-L

og” (L
Wa(p(xk),p*) = O <e+ vmax {c2,0}log (1> + log 4(6) \/Z> , (16)

for some K satisfied

stepsize to be n = O

n satisfies

&4
log4 ( % )

301
Wh(p(xk),p") = O (e + \/max {02,0}log (1) + log 2(6) \/K> , (18)

€
A 1 5 (1
KO<€4)\*Iog (e))

C Uniform Bound of Contraction Rate

for some K satisfied

According to reference (Raginsky et al., 2017)), under Assumptions |1| and [2, one can choose A* to be the
uniform lower bound of the contraction rate, i.e.,

Joa IV g% dp*
A= inf SR YIN TP o1 (RY) A L2 (p%), :0,/ dp* =07,
m{ Jea?dp Y B AL g a0

which satisfied
2 4C(d + b)

< +
- mg(d+ b) mo

% exp (ﬂi(M—l—B)(b—l—d)-i—(A-i-B))a
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where A, B denote bounds such that |U(0)| < A, |[VU(0)|| < B. In other words, asymptotically w.r.t. the
dimension, we have \* ' = exp(O(d)).

Similarly, (Zou et al., [2019) derives a contraction rate as

2d
w= 768 ek min {)\MueA,Al/2Mu,fyA1/2} ,
where the constants are defined as:
N = 2m2
CAM +u1a2
A= 12(1 + 20+ 20%)(d + A)Mu
B 5v2A(1 — 2))
A= 2ma(U(") +7M||w*||2) )
AM + u=142 2

Note that the above rate also satisfies * = exp(O(d)).

D Technical Detail

In this section, we disclose more details of empirical experiments. We can define the stochastic quantization
function Q° as:

oy [B18]. v 18]
Q”)‘{ 41w 1- (141~ ). .

In practice, to implement stochastic rounding based on the rule , the computer still needs a full-precision
Unif(0, 1) random number generator (note that we ignore the discretization gap between full precision values
and real values), then compares this random number with the residual and rounds up if it is smaller otherwise
rounds down. This full precision random number generator can be shared for all rounding steps, hence won'’t
affect memory usage too much. For more details about the implementation of stochastic rounding, please
refer to (Gupta et al.| [2015; |Croci et al., [2022]).

Now, we show the details of the experiment setup. For the standard normal distribution experiment, we use
8-bit fixed point low-precision representation with 4 of them representing fractional parts. Moreover, we set
the step size n = 0.09, inverse mass v = 2, and friction v = 3. Similarly, for Gaussian mixture distribution,
we also use 8-bit fixed point low-precision representation with 4 of them representing fractional parts for
both low-precision SGHMC and SGLD, but we set the step size n = 0.1, inverse mass u = 1, and friction
v =3.

Next, for both logistic, MLP models, low-precision SGLD and SGHMC in MNIST task, we set A/ (07 10_2)
as the prior distribution, and step size n = 0.01. Moreover, for SGHMC, we set the inverse mass u = 2, and
friction v = 2.

Then we introduce the training detail of low-precision SGHMC for CIFAR-10 & CIFAR-100. We adopt the
quantization framework from previous research \Wu et al.| (2018)); Wang et al.| (2018); Yang et al.| (2019) to
apply quantization to weights, activations, backpropagation errors, and gradients. Please see the Algorithm/[I]
We use N(O, 10_4) as the prior distribution. Furthermore, we set the set the step size n = 0.1, and
u = 2, = 2 for low-precision SGHMC.

Algorithm [I] is a practical version of the three different types of low-precision SGHMC updates proposed
in our main text, i.e. equations , @, and @[) Additional components in the algorithm include (i) How
to compute the stochastic gradient via forward/back-propagation (steps colored by red in the Algorithm
box). Due to the low-precision nature of the algorithm, we also quantize all intermediate results along the
propagation process by proper quantizers Q4 and Qg. (ii) Additional optional scale/re-scale step (colored
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by blue in the Algorithm box). The reason for adding this step is that: in practice, we found that the
momentum term vy tends to be close to 0. When vy, is represented in the low-precision fixed-point format,
the information carried by vy, is lost since the low-precision fixed-point is loose around 0, and only 2 or 3
bits are used representing the momentum (i.e., the other bits are wasted). With this observation, we store
a scaled-up momentum to fully utilize all bits, thus the information carried will be kept in an optimal way.

Algorithm [2| is proposed by (Zhang et all [2022). The rationale behind Algorithm 2 is that: if we directly
quantize the SGLD update result, i.e. the mean shift plus a Gaussian noise variable, it essentially introduces
an additional quantization noise to the sample, leading to a larger sampling variance. Instead of quantizing
the mean shift plus Gaussian noise, we can first quantize the mean shift, then plus a low-precision discrete
random variable. In this way, we guarantee the sampler yields low-precision values and have the freedom to
design the variance of the low-precision discrete random variable, such that overall sampling variance (i.e.,
variance due to stochastic round and low-precision discrete random variable) matches the idea sampling
variance of full-precision Langevin update.

When implementing low-precision SGHMC on classification tasks in the MNIST, CIFAR-10 and CIFAR-100
dataset, we observed that the momentum term v tend to gather in a small range around zero in which
case the low-precision representations of v end up in using few bits, thus the momentum information is
seriously lost and cause in performance degradation. In order to tackle this problem and fully utilize all the
low-precision representations, we borrowed the idea of rescaling from the bit-centering trick and adopted the
low-precision SGHMC method. The detailed algorithm is listed in Algorithms

Now, we give a brief introduction of the variance-corrected quantization function Q*¢. Instead of adding real
value Gaussian noise and quantizing the weights, we can design a categorical sampler that samples from the
space {A, —A,0} with the desired expectation p and variance v as

24uA
A, w.p.%
Cat(,v) = { —A, w.p. 2t (20)
0, otherwise.

Based on the sampler , one can design the variance-corrected quantization function QV¢ in the Algo-
rithm Bl

E Proof of Main Theorems

E.1 Proof of Theorem Il

In this section we analyze the Wasserstein distance between the sample (xx,vg) in and the target
distribution, given the target distribution satisfies the assumption [T and 2] We follow the proof in [Raginsky
et al| (2017). To analyze the Wasserstein distance, we first calculate the distance between solutions of
low-precision discrete underdamped Langevin dynamics and solutions of the ideal continuous underdamped
Langevin dynamics, also the distance between solutions of the ideal continuous underdamped Langevin
dynamics and the target distribution.

Again let py = (X, v) denote the low-precision sample from (5| at k-th iteration, let p, = (24, 9;) denote the
sample from the ideal continuous underdamped Langevin dynamics in at time ¢. Then the Wasserstein
distance between the p; and the target distribution p* can be bounded as:

Wa(pr,0*) S Wa(pk, Drn) + Wa(Pry, D).

Then we bound the first term W (px, Pxry) by invoking the weighted CKP inequality Bolley & Villani (2005)),

W3 (pre, Pren) < A (\/DKL(I?KWKn) + </DKL(pK||]5K77)) ,
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Algorithm 1 Low-Precision Training for SGHMC.
given: L layers DNN {f;..., fr}. Weight, gradient, activation, and error quantizers Qw,Qg,Qa, QE.
Variance-corrected quantization QV¢, and quantization gap of weights A. Data batch sequence
{(O, hi)}2_ |, where the 0y is the input, and hy is the target. The loss function £(a,h) measures the

loss between the prediction a and target h. And xkp denotes the full-precision buffer of the weight. Let
Var™e = (1 — e=27) and Varl™ = uy=2(2yn + 47" — e=27 — 3) and S, = 1. {Initialize the scaling

v
parameter }

for k=1:K do
1. Forward Propagation:
(0) — 0,

o) = Quh(al ™ <) € 1,1
2. Backward Propagatlon

e(L) =V (L)ﬁ(ak hk)
e(l—l) — QE (83]2((;1k1)) ()) = [ ]

oV = Q¢ ( o6 ) viel,1]

200 Ck
3. SGHMC Update:
full-precision gradient accumulators:
v,(cljrl — V](c) uy (1 —e")g, M 4 &L vle (1, L],
xgjr{p «— xg)’prr’y*l(l—e*W) ,(C)Jruy’z(wﬁe Wfl)g](:)Jrf,’c‘, 531 — Qw (xkl}r{p) vl e
1, L]
low-precision gradient accumulators:
v(l) = (l) « S v e [1, L] {Restore the velocity before update}

#(Vl(cl-)&-l) evlem —uy (1 — e g Vi € [1, I
s = M vl € [1, L] {Update the Scaling}
vilh < Qu((n <v§fin +ey) /) vie 1,1

XLy Qw (X( P = ey T 4 e = g + 675) Ve L, L]
Variance-corrected low-precision gradient accumulators:

v(l) = (l) « S v e [1, L] {Restore the velocity before update}

M(V;(CIL) = vl(f)e_w —uy Y (l—e 7”)9,(6) viel, L)

uixy) =% + 97 (1= e a4 e = g Ve 1)

S = M ,Vl € [1, L] {Update the Scaling}

Vi, < Q ( (Vi) /S Varkme j(SO2,A) Wi e [1, 1]

x), Q“C< ), VaerC,A) Ve[l L]

end for
output: samples {(v,(cl), x,(f))}

where A = 2infy~g \/1/9 (3/2 + logEs,., leap(0([|Zxyl> + ||0x4?))]). We define a Lyapunov function for
every (z,v) € RY x R?

E(x,v) = [[x|* + [[x + 2v/~|* + 8u(U(x) = U(x"))/7*.
Note that [|a]|® + [|b]|* > [|a — b]|* /2 and U(z) > U(z*), we can have:

2 2 2 2
E(w,v) = [z + [l + 2v/~]" = max{]|=]", 2 [[v/7]]}-
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Algorithm 2 Variance-Corrected Quantization Function Q€. (Zhang et al., 2022)

input: (g, v, A) {QV° returns a variable with mean p and variance v}
vo < A2?/4  {A?/4 is the largest possible variance that stochastic rounding can cause}
if v > vy then {add a small Gaussian noise and sample from the discrete grid to make up the remaining
variance}
T p+ /v — vo€, where £ ~ N(0, 1)

rex— Q%x)

for all i do
sample ¢; from Cat(|r;|,vo) as in
end for

0 + Q%(z) + sign(r) ® ¢
else {sample from the discrete grid to achieve the target variance}
T = Q% ()
for all i do
v & (1 — %) r? 4+ % (=t sign(ri)A)2
if v > v, then
sample ¢; from Cat(0,v — vs) as in
0; < Q°(n)i +ci
else
0; <= Q*(n);i
end if
end for
end if
clip 0 if outside representable range
return 6

Given assumptions 4| and [2/ hold and apply Lemma B.4 in Zou et al.| (2019)), we can get

32MOu(4d + 2b + my||x* ||2)>

0<0<min{ 55, 5% 2 72m2

1
A <2 inf \/9 (3 + 20£(Xo, Vo) +

32MOu(4d + 2b + ma||x*||?) + 16(12umz + 3v2)

= A
Y2my

gz\/zg(xo,vo) +

It remains to bound the divergence between the distribution px and px,. We first define a continuous
interpolation of the low-precision sample (xj, vg),

dv, = —yvidt — uGydt + \/2vudB, (21)
dXt = tht, (22)

K
where Gy = ) §(Xk)leekn, (k+1)y)- Integrating this equation from time 0 to ¢, we can get
k=0

t t t
vt:VO—/ vvsds—/ uGSdt—f—/ v/ 2vudBg
0 0 0

t
Xt:x0+/ veds.
0

Notice that when ¢ = kn, the solution of has the same distribution with the low-precision sample
(X%, V). Now by Girsanov formula, we can compute the Radon-Nikodym derivative of px, with respect to
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px as follows:

d/\ t T
PEY _ exp 1/ﬂ/ (VU(xs)st)st—ﬂ/ VU (x,) — G ||ds b .
dpx 2 Jo 4 Jo

Dicsoillcy) = Epe g () (23)

It follows that

dpx

k=0 71
K-1 ,(k+1)n
u ~
=S [ B (1906 - a0 ] ds.
k=0 kN
Furthermore, in the k-th interval, we have
E [IVU(x,) = §(xi)IP] < 2B [IVU(x,) = VUWIP] + 2B [IVU (i) — 07 (24)

We now bound the first term in the RHS of the . By the smooth Assumptio we have
2 2
E [|VU(x,) = VUDIF| < M2E [|Ix, - x|

Notice that

S
Xs = Xk —|—/ v,dr
kn

= X, +/ <vkne_7(T_k") —u </ e_“’(r_z)g(xk)dz> + \/27u/ e_V(T_Z)dBZ) dr.
k k kn

n n

This further implies that:
S T T
x5 — xi|* = H/ (vkne‘“""f") —u (/ e—W'—Z)g(xk)dz) + «/2wu/ e—7<7'—Z>de) dr
kn k kn

n
/ane'y(kn—r)dr //e_'Y(’”_Z)dedr
kn kn Jo

//ug(xk)e'Y(Z_T)dzdr
kn Jkn

u . .
§3n2 Hvk||2 + 3u2n4 ||§7(Xk)\|2 +3 |:’_Y2 (2’7(8 _ /W?) + 46_')’(5—le) _ 6—27(6—/67)) _ 3) d:|
<30 (Ivill® + w2 1) | + 2du) (25)

2

2
+ 67u

2 2
+3

o

where we use inequality 1 —x < e % < 1—xz+22/2 for x > 0 and kn < s < (k+1)n to get the last inequality.
Given this analysis we can bound the first term in the RHS of

E[IVUGx,) = VU i) 2] < 30257 (E [log]]” + w®n?E |50k |* + 2du)

By lemma the second term in the RHS of can be bounded as:
A2%d
E[IVUG0) = gx0)|P] < (M2 +1) = + 0%,

We need to introduce a lemma to bound the sup ||xx||%, sup [|vg||* and sup ||§(xx)|>-
k k k
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Lemma 10. Under Assumptions[] and[3, if we set the step size statisfied the following condition:

. 5y 4u? 6vbu
n < min ) ) ’
4(8Mu +uy +22v2)" \| 4Mu + 3v2’ (4Mu+ 3v2)d
1 yma 8(v% + 2u)
8y’ 12(21u + ) M2’ (20u + )y |’

then for all k > 0 the E {kaﬂﬂ ,E [Hvkﬂﬂ and E {Hg(xk)\ﬂ can be bounded as

_ A%d
]E |:HXI<:||2:| S g +CO <(M2 + ].)T +02)

2 2¢ 2 2 AQd 2
E [Jorl’] <2°€/2+92Co/2 (M2 + 1) =5 + 0

. 2 9 A?d 9 o= 9
IE[Ilg(xk)ll } <2((MP+1)— = +0% ) +4M*E +4G

where € and Cy are defined as:

24(21u + v)uM
mo7y3

96(d + b)uM
mavy? ’

E =E [g(X(),V())] + G2 + G = ||VU(0)H

~ 96u (72 + 2u)
B may? '

Co

The proof of Lemma |10 can be found in Appendix We now ready to bound E [||VU(XS — g(xx)) HQ} as:

E VU (x,) - 560l | < 2B [|IVU(x,) = VU (k) 2] + 2B |[VU (i) = G0 |]
A2d
< 6M*n? (E lvel® + u*n’E [|5(x) | * + 2du) +2 ((M2 +1) =+ 02)
2.2 ( (.2 2,2, 2\F 2 2,2 2 A, 222
<6M | (v°/2 +AM un*)E + (v*Co/2 + 2u’n®) | (M +1)T+O' + 4un*G* + 2du
2
+2 ((M2 + 1)% + a2>
< 6M?n? [(72/2 + 4AM?*u?n?)E + 4uPn*G? + 2du]
A2d

+ (6M20*(v*Co /2 + 2u*n?) + 2) ((M2 +)=- + 52> .

Thus the divergence can be bounded as:
Drr(pxllprny) < ?WTUMZKﬁg [(72/2 +4AM?*uPn?)E + 4 G? + 2du

yu 2 2/ 2 2 2 2 A%d 2
+ 4Kn(6Mn('yCo/2+2un)+2) (M?+1) Tt

By the weighted CKP inequality and given Kn > 1,

Watoerer) < X/ Drce o) + {/Drce o)
<X (Covii+ C14) VEn,
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where the constants CN'O, 51 and A are defined as:

Co = ?WTUMQ [(72/2 +4M2u2n?)E + 4u?n2G? + 2du] + 4 ?WTUM2 [(72/2 +4M2u2n?)E + 4u2n2G? + Qdu]

c~1 _ \/74“ (6M202(42Co/2 + 2u2n?) + 2) + i/WZ‘ (6M2n%(v2Ch/2 + 2u?n?) + 2)

Z:max{\/((MQ-l—l)Ajd—&-UQ),(/((Mg-l-l)Ajd—i—UQ)}.

Finally by the Lemma A.2 in [Zou et al.| (2019), we can have

Wa(Prn, p*) < Toe # Kn,

where p* = e~ 9@ denotes the concentration rate of the underdamped Langevin dynamics and Ty is a
constant of order O(1/p*). Combining this inequality with the previous analysis we can prove:

Wa(pi,p*) < & (Covfii + C1 A) /K + Toe ™ 50, (26)
To bound the Wasserstein distance, we need to set

ACo/Kn? = % and Toe ™ Kn = % (27)
Solving the equation , we can have
log (2o 2
Kr]:ig(*e) and 7]27762 .
Combining these two we can have

62/’(‘*

n= —=
4A2C()2 log (%) € (N*)2

Plugging in completes the proof.

E.2 Proof of Theorem

In this section, we analyze the convergence of SGHMCLP-L when the target distribution is non-log-concave.
In this proof, unlike in the SGHMCLP-F algorithm where gradients are unbiased, additional noise applied
to the state x causes deviation from the underdamped Langevin dynamics, leading us to establish an inter-
mediate process to address this noise.

Recall the continuous interpolation of the SGHMCLP-L,

t t t t
Vi = Vg — / Yvsds — u/ Ggds + \/27u/ e 7t=9)qB, + / a,(s)ds
0 0 0 0

t t
X = Xg + / veds + / az(s)ds,
0 0

o0
where Gy = > Qc (VU(x),)) Lse(kn,(k+1)y)-And we define an intermediate process by let v} = v; + oy (t):

k=0
t t t t 1
vy = vy — / v (vl — az(s))ds — u/ Gsds + \/2’yu/ e =) dB, —l—/ (av(S) + tozx(t)> ds
0 0 0 0
t
T =z, +/ vlds. (28)
0
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By integrating the underdamped Langevin dynamic , we can have:

¢ ¢ ¢
V= Vo — / v (vs — az(s))ds — u/ VU (xs)ds + \/Q’Vu/ e V(=
0 0 0

t
X = Xo —|—/ veds. (29)

0
Notice that the process z; has the same distribution with x;, thus in the following analysis we study the

convergence of the intermediate process pj, = (#},,, v},))- By taking the difference of equation with

and the Girsanov formula, we can derive the Radon-Nikodym derivative of PKn w.r.b ple:

*mnz {vr/ 102 (5) + 00 (s5) + 02(T) + VU (x,) ~ G.)dBs

u 1 9
_B/o H'yax(s)+av(s)—|—fo¢w(T)+VU(xs)_GS|| ds}.

Thus the divergence can be bouned as:

. dp
Drr(pk||Prn) = Epg [log ( pm,)]

T 2
1

= 2 [ Ellyow(s) + au(s) + —au(T) + VU(x,) — G| ds

4 T

K r(k+1)n
. u 2 u _ 2
fIﬁEwmnnb¢7 L Elhans)  als) + VUG) - Gal] ds
K (k+1)n k+1)n
u 2

< —_—
< sk [logl?] + ZA} E [Ihau(s)I?] ds + Z/ E [llaa(s)7] ds

Z/k(kﬂ E[IVU(x,) - G.|*] ds
< 47T ) [H k” +Z/k+177 wak/nH ds+7Z/
Z/(k“ |VU(XS) QG(VU(xk))HQ} ds

(k+1)n (k+1)n
<wﬂghun+—2/ E [Iag/nl] ds + Z/ E [|lo3/nl?] ds (30)

(k+1)n

Z/k e E |[VU(x,) = VU(x)|| ds + *Z/ B [IVU6c4) = Qa(VU Gou )] d.

k—i—l)n

E lla/nl*] ds

By assumption [I, we know that:
E [[VU(x,) = VUDIF| < M2E [|Ix, - x|
From the same analysis in , we can derive:

E [||VU(XS> - VU(xk)Hﬂ < 3022 (E [MHZ} +u2’E {HQG(VU(X;@))HQ} + 2du) .

Now we need to derive a uniform bound of E [||xk||2} and E [||v§€||2]
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Lemma 11. Let Assumptions[q and[1] hold. If we set the step size to the following condition

o y 42 6vbu Yms
min )
= 4 (8Mu + uy +2292)" \| 4Mu + 3v2" (4Mu + 3v2) d’ 6 (22u + ) M?

then for allk >0 E {kaﬂz} and E [Hvkﬂz} can be bouned as follow:

E |Ixel’| <&+ Ca%, E|[|uil’] <2672+ 420A%)2,
where constants £ and C are defined as:

54 (du+ ) u N 12(22u + v)uM®
—— O

mg’}A m273

96 (d + b) uM

mo7y?

£ =E[&(x0, vo)] + G? +

2T (4w +9%)u
a 2magy? '

C

The proof of Lemma [T1] can be found in Appendix [F.5] Thus,

A2d
E ||VU(xs) — VU(xk)HQ} < 3M*p? (E [||uk||2] +u?n? (4 + 0%+ 2M°E [||xk|\2} + 202) + 2du>

A%d
< 3M?n? (725/2 +~72CA%d/2 4 un? (4 + 02 +2M>*E + 2M*CA%d + 2G2) + 2du>
< 3M20? (7% + 202 M?) € + (v* + 202 M?) CA%d + u?0” + 2uG? + 2du) .
Now we can go back to the divergence of px and Pk,

Drr(px|lpxcn)
K p(k+1)n K p(kt1)n
u 2 u 2 u 2
§7E{a" }Jr— / E[vavn }der— / E[axn }ds
sl + £ X B lepi)as+ 30 | s e/l

A?d
+ %3M2K773 ((72 + 2u2M2) E+ (72 + 2u2M2) CA%d +u?c? + 2u°G? + 2du) + %Kn ( + 0‘2>

A%d
RV O (72 + 202 M?) € + (42 + 202 M?) CA%d + u®0? 4 2u*G? + 2du) + %Kn ( T+ 02)

IN

4y

ulA?d uKA%d

169T'n? + 8yn

< i3]\42K173 ((72 + 2u2M2) E+ulo? + 20°G? + 2du) + %Kna2

_|_

4y

U uKn U uk
—3M2Kn?C (% + 202 M?) + — — | A%d
+ (47 " (7 +eu ) * 16y + 167Tn? + 8vn

=: CoKn® + C1Kno? + Co KA?,

where the constants Cy, C; and Cy are defined as:
Co = %3M2 ((72 + 2u2M2) E+uo? + 202G + 2du)
Y
_ v
=

u u u u
Cy=—3M*3C (*+2®°M*) + — + ——— + — | d
’ (47 MO (7 4 2T + 167 167727 ' 8y

Gy

By the weighted CKP inequality and given Kn > 1,
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Watoicspren) < & (y/Dicaorlloen) +  Dace ol

< (Covir+ C1A) VEn + CVEA, (31)

where the constants are defined as:

CoZ(\/CTo+4CO)
C~1:(\E+\4@)
CN’2:<\/C>'2+402)

g:max{a,\/g}.

From the same analysis in , we can have:
Wa(pic,p*) < A (Cov/ii + 1 A) /Kn+ Co /Ky + Toe 0. (32)

In order to bound the Wasserstein distance, we need to set

— €

ACov/KiP =5 and Toe 1= 2

Solving the equation , we can have

log (e 2

Kn:ig(*E ) and 17:77212 .

Combining these two we can have
_92—~2
2 4A"Cy’ log? (2o
n= QNZu and K = 0 g2(6).
A 20, 2 (p*)
4N Cy log( 60) e

Plugging in completes the proof.

E.3 Proof of Theorem [3

In this section, we analyze the convergence of VC SGHMCLP-L when the target distribution is non-log-
concave. Similarly, the gradients are unbiased, additional noise applied to the state x causes deviation
from the underdamped Langevin dynamics. This proof is similar to the proof of Theorem [2} however, the
variance-corrected quantization function gives us a bound for the difference between the quantized value and
the full-precision value. This bound can scale with the learning rate. This fact leads to the advantage of
variance-corrected quantization over naive stochastic rounding.

Similarily, from the analysis in , we know that
E[llaI’] < 94, (34)
where A = max {A\/ﬁ (A"+G) ,4ud}. By the analysis in (55)), we know that if Varlme > %27 we can have
E [[lof ] < 4udn? (35)

by (58), if Varl™me < ATQ,
E[lloI’] < nB, (36)
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where B = max {QA\/EA’ + unV/dgG, 4ud77}. Thus, we can define the following:

E [lla|*] = nB,

where B is defined as:

B dudn, if Vari™e > ATz
B, else.

Combining the bound of E [||a7€‘||2}, E [||ak’\|2] with (30)), we can show,

Dy r(px|prn)

(k+1)n
e el [ +—Z/ E lnat/nl® ds+—2/

k+1)7]

E |[lo3/nl]*] ds

+ E3M2K773 (72 + 20> M?) € + (* + 2u2M?) CA%d + u?0® + 2u>G? + 2du) + — K7y <

4y

- %3M2K773 (7 +2u*M?) £ + (v* + 20°M?) CA*d + w?0® + 2u*G? + 2du) + %Kn (

uBB N uK A n uKB
44T 4 4y

4y

< %SMQKW?’ (42 + 202 M?) € + (1* + 2u2M?) CA%d +u0® + 202G + 2du) + — K1) (

uK A n uKB
4 2y

IN

167y
=: CoKn? 4+ C1Kno® + CoKnA? + C3 KA+ C4KB,

where the constants are defined as

4&3M2K7]3 ((72 + 2u2M2) E+ulo? + 20°G? + 2du) —i— Kno + —K A%d +
Y

uKA
4

Cy = 4£3M2 ((72 + 2u2M2) E+u?o® + °G? + 2du)
Y
U
C = 1
U
Co=—
2 16~
u
Cs = 1
U
C4 — %

By the weighted CKP inequality and given Kn > 1,

Wa(prc, Pren) < A <\/DKL (px!|PKy) + \/DKL pK|pKn)>

( o1+ CLA + Cy A) VEn + CsVEKA+ C3 VKB,
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where the constants are defined as:

@Ezﬂ(\@Jr é/CT))
( Cl+</a)

E'VQZK< C2+\4/C>'2)
(

@:K( C4+</a)
A? :Kmax{aQ,\/a?}.

From the same analysis of , we can have:

Wa(px,p*) < (CN‘oﬁH é?ﬁ) VED + Cor/KnA + CaVKA + CuVKB + Toe ™ # K1, (38)

To bound the Wasserstein distance, we need to set
Ké’vm/Kr]Q = % and Tge " KM = % (39)
Solving the equation , we can have

~ log (%) ¢

Kn= and n=-—F—5—.
Combining these two we can have

« 252, 2 or
)= 2 nd K — 4N Cy log® (2L2)

- 4X2CN’02 log (%) €2 (N*)2

Plugging in completes the proof.

E.4 Proof of Theorem [4

In this section, we analyze the convergence of full-precision gradient accumulators (SGHMCLP-F) introduced
in Section [3.I] when the target distribution is strongly log-concave. Again SGHMCLP-F uses biased gradients
because we quantize the parameter before taking the gradients. We need to derive the upper bound given
biased gradients.

The SGHMCLP-F update follows
Wi = vie " =y (1= e MQa (VU (Qw (%)) + &Y
Vi1 = X+ (L= e v F a2 (e = 1DQa (VU (Qw () + €7
In this section, we prove the convergence of SGHMCLP-F in terms of 2-Wasserstein distance for strongly-

log-concave target distribution via coupling argument. To simplify the notation we define the quantized
stochastic gradients at x as:

3(x) == Qc(VU(Qw(x)))
= VU(x) + €. (40)
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Lemma 12. For any x € R, the random noise & of the low-precision gradients defined in satisfies:

g1 < a2 2

A?d

E[ll¢f) < (M? + 1) == + o>,

The proof of Lemma can be found in Appendix We follow the proof in|Cheng et al.| (2018). Denote by
B(R?) the Borel o-field of R%. Given probability measures y and v on (R?, B(R?)), we define a transference
plan ¢ between y and v as a probability measure on (R? x RY, B(R? x R?)) such that for all sets A € R,
C(A xRY) = pu(A) and ¢(R? x A) = v(A). We denote I'(i, ) as the set of all transference plans. A pair
of random variables (x,y) is called a coupling if there exists a { € I'(u,v) such that (x,y) is distributed
according to ¢. (With some abuse of notation, we will also refer to ¢ as the coupling.)

To calculate the Wasserstein distance from the proposed sample (x5, vk ) and the target distribution sample
(x*,v*), we define sample ¢ = (xx, X + Vi) and the target distribution sample ¢* = (x*,x* + v*). Let
Pk = (Xk, Vi) and @, be the operator that maps from py to piy1 ie.

~

Pk+1 = Pk

The solution (x¢,v;) of the continuous underdamped Langevin dynamics with exact gradient satisfies the
following equations:

vi=voe " —u (/ (= S)VU ) + 2’}’“/ e = *)dB,, (41)
0

t
X; = Xgo +/ veds.
0
Let ®,, denote the operator that maps py to the solution of continuous underdamped Langevin dynamics in

(1)) after time step n. Notice the solution (¥4,%X;) of the discrete underdamped Langevin dynamics as in
(10) with an exact gradient can be written as

¢
Vi =Voe " —u (/ =Y (%0)d ) +V 2’7“/ e =9dB,, (42)
0

t
%, = %o +/ Vsds.
0

We can also define a similar operator for the discrete underdamped Langevin dynamics solution p; = (X, Vi),
let ®; be the operator that maps pg to p;. Furthermore the SGHMCLP-F can be written as:

¢
vt—voe"*t—u</67(ts >+x/27u/67t3 s (43)
0

t
X; = Xg +/ vds.
0

Given g(xg) = VU (%) + & and xg = Xo, we know:

Vi=Vi—u (/t eW(ts)ds> 13 (44)
0
t T
X =X —u (/ (/ eV(ts)dS) dr) £.
0o \Jo

Lemma 13. Let gy be some initial distribution and 5377 and ®,, be the operator we defined above for discrete
Langevin dynamics with exact full-precision gradients and low-precision gradients respectively. If the stepszie
1 >mn >0, then the Wasserstein distance satisfies

2 AZd
WE(@ya0,4) < (Wa(@ya0,0°) + V5/2unVAMA) " + 5usp? (<M2+1>4+02).
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The proof of Lemma [13]| can be found in Appendix The lemma [13] says that if starting from the same
distribution after one step of low-precision update the Wasserstein distance from the target distribution is
bounded by the distance after one step of exact gradients plus O(n?A?). Furthermore from the corollary 7
in (Cheng et al.| (2018) we know that for any ¢ € {1,--- , K}:

W3 (@nai,q") < e W3 (g1, q7), (45)

where k1 = M /m; is the condtion number. Let £k denote the 26 (d/m1 + Dz), and from the discretization
error bound from Theorem 9 and Lemma 8 (sandwich inequality) in |Cheng et al.| (2018), we get

& = 8&
W2<(I)nqi7 (I)an) S 2W2(q)’r]pi7 (I)npi) S 772 \/?

By triangle inequality:

Wo ((I)'r)in q*) < W2((I)7IQia (I)nQi) + WQ((I)'r]qn q*)

8E —n /oK "
= TIZ\/ TK +e "2 MWy (g5, q).

Combine this with the result in Lemma [I3] we have,

2
- 8 A%d
W3 (®yqi,q*) < <e”/2“1W2(qi, q") + 177/ TK + \/5/2u77\/EMA> + 5utn” ((M2 +)— + 02) . (46)

By invoking the Lemma 7 in |Dalalyan & Karagulyan| (2019) we can bound the 2-Wasserstein distance by:
8E unMAV5d
A

2
n
W2 (qKa q*) S e—Kn/in WQ(QO, q*) +

1 —en/2m
5u2n? ((M2 + 1)AT2d + 02)

+ .
n2y/ Bk + M + V1 —6*77/’“”1\/51@772 (M2 + 1)AT2d + 02)

Finally, by sandwich inequality we have:

o [8Ex | unMAVED
Kn/2 5 + 2
W2(pK7p*) S 4e” n HWQ(p07p*> + 4

1— e /28
20u’n? ((M2 + l)ATr“d + 02)

+ .
28 mMAYEL Tl [sutn? (M2 + 1) 234 4 o2)

Now we let the first term less than €/3, from the lemma 13 in (Cheng et al.,[2018) we know that Ws(pk, p*) <
3 (mil + D2>. So we can choose K as the following,

K < 2£log (36 (d+D2>> .
n my

eﬁfl
\/479232/5(d/m1+D?)

%M. Since 1 — e~"/2%1 > p/4k; and definition of £k,

Next, we choose a step size n < to ensure the second term is controlled below ¢/3 +

<4
) 2

8E unMAV5d 8E unMAV5d
4772 5+ 3 s 5T =5 <16 8EK +uMA\/5d
K
1—en/28 - n/4k1 = R

n 16k,uM AV5Bd

<e€/3 5

34



Published in Transactions on Machine Learning Research (04,/2024)

Finally by choosing the step size satisfied that,

eMAV5d
120u [(M2 +1)84 + 62]’

n<

the third term can be bounded as:
20u?n? ((M2 + 1) 4o )
n2y /88 4 wnMAVEd \/W\/mﬂ (M2 +1)224 1 52)
20u2n? ((M2+1>¥+0' ) ((MQ—FI)% —1—02)
unM2A\/ﬁ MAV5d

<

= 40un <e€/3.

This complete the proof.

E.5 Proof of Theorem

In this section, we analyze the convergence of SGHMCLP-L when the target distribution is strongly log-
concave. We mainly follow the proof in |[Cheng et al.| (2018), the difference is we need to handle the noise.
Recall the SGHMCLP-L update rule:

Vil = Qw (Vvke_w’ —uy (1 - e”’")Qg(ﬁ(xk)) + 5;‘;)

X1 = Quw (377 (L= Vi +uy (o + €77 = 1)Q(VU (x)) + €5 ) -
If we let o and o) denote the quantization error,
o = Qu (vie ™ = uy (1= €MQa(VU(x,)) + & ) = (vie ™ = uy ™ (1 = €)Qa(VU(x,)) + &)
o = Quw (%o +77 (1= e Moy 2+ e = 1)Qa (VU (x,)) + &)

(ke = e+ + e = DQE(VU () + €F)

we can rewrite the update rule as:

Vil = vge 71— u'yfl(l — e””)Qg(WJ(XS)) + &+ ap,
Xpp1 =Xk +7 N1 = e v +uy 2(yn + e — 1)Qa (VU (x)) + & + af. (47)

Similarly, we can define a continuous interpolation of for t € (0, 7).
t
VtZVoe_'”—u</ e V(t=3) (VU(x0) + ¢)d )+ /Q’W/ e (t=9) 4B, +/ o (s)ds
0
¢ ¢
X: = Xq —|—/ vsds—i—/ o (8)ds, (48)
0 0

where the ( = Q¢ (VU(:%@) - W](io) the function o, (s), ay(s) are defined as:

av(s) = Z a;c//nlse(kn,(k—‘rl)n)
k=0

a(s) =Y oF /M lseen, et 1)n)-
k=0
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If we let pg = (£9,%0) be the initial sample and p; = (¢, ;) be the sample that satisfies the previous
equations, we can define an operator d, that maps po to Py i.e., P = q)tpo Notice that since p; is the
continuous interpolation of @, thus pr, = pr = (Xk, Vi)- Slmﬂarly, we define g = (X, vk + X)) =: (Xp, W)
as a tool to analyze the convergence of py.

We are now ready to compute the Wasserstein distance between ‘i)anO and ¢*. Let I'; be all of the couplings
between ®,qo and ¢*, and I's be all of the couplings between ®,qo and ¢*. Let r; be the optimal coupling
between ®,qo and ¢*. By taking the difference between and ,

{x} _ [Lﬂ +“{(f g (fo (fy et T)ds)dr)§+f0 oz (s)ds

w Jo e ¢ ds) dr + [ e ds) C+ [ an(s) + au(s )ds] ’

Let us now analyze the Wasserstein distance between &ano and q*,

Ws (i)nqo, q*) (49)
~ Y(s=1)ds) dr a. s x* 2

<o | 2] o g e Al T e - ) :

< [2] - (]| + ] [ e Bl e O+ o

<3 (Bya0.4") + 40 (/06 (/Ore_'Y(s_r)ds) dr>2 + (/:e—'v(S—é)ds)Q (Ajd +02)
[ autonas | ]

= * 2 774 2 A%d 2 2 x 12 2 x V|2
¢’nQO,Q)+4U Z‘H? T+U +UE{||O%H}"‘UE[”%‘F%H}

~ A2d
< W3 (Byan,a”) + 52 (50 + ) 20 (B[t + E o)

2

+u’E +u’E

/ " (an(s) + a(s)) ds
0

<W2 (3 *) 2 2 A%d 2 204
< W5 (P@yq0,47 ) + 5u'n - +0°) +2u*(A+ B), (50)

where the constant A, B are the uniform bounds of E [||a||]] and E [||a)||] respectively. Furthermore from
the corollary 7 in |Cheng et al.| (2018) we know that for any i € {1,--- , K}:
W3 (@y4i,q") < e Wi (a1, 47, (51)

where k1 = M/m is the condtion number. From the discretization error bound from theorem 9 and lemma
8(sandwich inequality) in |Cheng et al.| (2018)), we get

8EK

Wa (P qi, ‘inql‘) < 2Wo (P, i, &)npi) <n? 3

By triangle inequality:

Wa(®pqi, q°) < Wa(Pyqi, ‘f)n(h) + Wa(®yai, q%)

8E
S 7’ 5K +e 77/2»%1)/\}2((]1; )7

further implies the following inequality:

2
8¢& AZd
4% ( nqi, 4 ) < (677/2“1)/\/2 (gi,q") Jr772\/ 5K> + 5u’n? <4 +02> +2u* (A+ B). (52)
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By invoking the Lemma 7 in [Dalalyan & Karagulyan| (2019)) we can bound the Wasserstein distance by:

712 855;}(

Walaie, @) < e "2 Walg0,4) + T s
5u2772 (ATQd + 02) + 202 (A+ B)

+ .
72\ 5+ VI e [5un? (824 4 62) 4 2u% (A + B)

Finally, by sandwich inequality we have:

drp? 55
1 — e n/2m
20u?n? (ATQd + 02) + 8u? (A + B)

+ .
2y S+ VT e [5utn? (824 4 02) + 2u% (A + B)

Wa(pre, p*) < 4e K250, (g0, ¢*) +

And in this case, we know that E [||a]||] and E [||a)]|] can be bouned by ATQd. Finally, we can have:

4,72 8Ek
* —Kn/2k * 75
W2(pK7p ) <de K IWQ((]O,(] ) + 1 — e—1/2r1

20u?n? (ATZd + 02> + 4u?A2%d
+ .
723 + VT = e/ [5uzn? (85 4 0?) + u2A2d

Now we let the first term less than €/3, from the lemma 13 in (Cheng et al., 2018) we know that Wa(qo, ¢*) <

3 (i + D2>. So we can choose K as the following,

my
K< 2o (36 (d +D2)) .
n mq

-1

EK’I
\/479232/5(d/m1+D?)
1—e /251 > 1/4k1 and definition of &,

2 8EK 2 8K
n 5 LY 18E K
4 <4 <16 — | <€/3.
1—e /26 =" pldr; — i (77 5 ¢

Finally by choosing the step size satisfied that,

Next, we choose a step size n <

62

<
= 2880k1u (424 + 02)

Ui
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the third term can be bounded as:
20u?n? ((M2 + I)A—% + 02) + 4u?A?%d
,'7 85}( +4v1—e" 77/2&1\/5u2 M2+1)Ad+0.2)
20ubi? (M2 +1) 204 +0%) + 42020 20u? (M2 +1) 34
< <
V1—e~ 77/2"‘1\/5712 M2+1)A2d+02) 77/4/11\/5u2 M2+1)A2d+0)

) Su?A%d,/ry
3/2\/5u2 M2 + 1)A2d )

02) T 4u2A2d

A2d
< 4\/20/$1u217 ((M2 + 1)T + 02

8u2A2d\ﬁ

<e€e/3+
<¢f n3/2 2 2 A2d 2
5un? (M2 +1)24 —|—0)

This completes the proof.

E.6 Proof of Theorem

In this section, we analyze the convergence of VC SGHMCLP-L when the target distribution is strongly
log-concave. This proof is similar to the proof of Theorem [B] however, the variance-corrected quantization
function gives us a bound for the difference between the quantized value and the full-precision value. This
bound can scale with the learning rate. This fact leads to the advantage of variance-corrected quantization
over naive stochastic rounding. Recall the VC SGHMCLP-L update rule is the following,

Virl = Q¢ (vke*W —uy~! (1 — 67’“7) Qo (W](xk)) ,Var,, A)

X1 = Q¢ (xk 7 A= v +uy T (yp+ e 1) Qg(%(xk)), Var,, A) . (54)

If we let off and ) denote the quantization error,

o =Q" (vke ™ =y ™ (1= e77) Qg (VUG ), Var, A) = (vie ™ = ur™ (1 = €)Qa(VU (xi)) + &)
ag =Q"° (Xk +y (1= e ) vy +uy 2 (v + e = 1) Qe (VU (xi)), Vary, A)

— (xe+77H 1 = o+ ur 2+ € = 1)Qa(VU (ki) + &)
we can rewrite the update rule as:

Vier = vee " —uy T (1 - @MQe(VU (x1)) + & + af
X1 =X + 7 (1= e Mo+ uy 2y + e = 1)Qa (VU (x1)) + EF + o

Next, we first derive a uniform bound of E ||az|ﬂ In this section and the following section, we further

assume the norm of quantized stochastic gradients are bounded.

Assumption 5. For any © € R?, there exists a constant G and the quantized stochastic gradients at x
satisfies the following

2 [Joctwo|] <o
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By the definition of the variance corrected quantization function QV¢, when Var, > py = 2, if we let ¥
denote vge 7" —uy~H (1 — e ") Qg (%(Xk)),

E [llag I x]
=E [“ (vke*"*” —uy (1 —e") Qg(ﬁ(xk)o + vV Varyé
—Q? (Uke—vn —uy~ (1 —e 777) Qa( VU )+ Var, — p0§k> — sign(r H %/Jk]
Let
b= Q" (vee™ —ur ™t (1= e77) Qa(VU () + V/Var, — posi )
_ (Uke—%? _ U’y_l (1 _ 6—777) QG(%(XIC)) + v/ Var, — po k) ,
then
E [llag 4]
=k [ (vke*W —uy~ (1 —e 777) Qg(VU Xk) ) + V' Vary&
_ (vke_"”’ oy (1 _ e—vn) QG(ﬁ(xk)) ++/Var, — poék) —b— sign(r)cH2 wk]
—E {[|VVar& — Var, — pote — b sign(r)e| wk]
. 2
<t || Farsts - VVar, e ] + & [+ sien(r)el”| o
§2V-arvd — pod + pod
<dyudn. (55)
When Var, < %,
E[]|ay*

]
=F U (Vke Yy l—e "”7) QG(VU(Xk))) —Vk+1+\/ﬁrvka }

|
=E [H vie T —uy (1 — e ) QG(VU(Xk))) - VkHH ] +E U’\/VTT“&H ]

<2E [H vie 7 —uyTH (1 —e7 ) QG(VU(Xk))> - QF (Vke*’m —uy (1) QG(W](XIC))) m ,2Varq,d> |
(56)

Using the bound equation (6) in [Li & De Sal (2019) gives us,

E {H (vke*"m —uy ! (1 _ 67"“7) QG(%(xk))> - Q° (vkefw —uy ! (1 - 677") QG(V/T](Xk)D H2]
<A(1-eE[||o - ' Qe(VUG)] |

<A(1=e) Vi (Eul] +E [|@a(TU )]
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Now we need to derive a uniform bound of E [||vg]|], by the update rule, we know that,
|

< (/2 (1= /2 (o] + (2 4 1) wors || Qa(T0)| ] + 2vuan-+ % o]

E[lvisl?] =E kaew —uy T (1= Qe (VU (x4)) + & + o

< (1= 90/DE [Jlonll*] + 3u*n/vG? + 2yudn + E [ o} 1]

When E [HaZHQ} < 2Var,d < 4~udn, the inequality can be further written as:

E[Ivisal?] < (U= 7m/2) B [lonll*] + 3un/~G + Gyudn

6u*nG?  12vyud
<E[jwol?] + 7 4 e
YN n
2
<EIvol?] + 6u*1G” | 1oud,
'7

IE [log]?] <28 [H (vie™™ —ur™t (1= ) Qa(VU (1)) — @ (vie ™~y (1 — e~ 7) Qe (VU (1) ) \ﬂ,

the ineuqality can be wirtten as:

E [Ivisr ] < (L= /2 E [loel*] + 3un/7G% + 2yudn + 28 (1 = e™7) VA (E x|} + E [ | Qa (VU ()|

< (1= 90/2)E [lonll?] + 3u*n/7G2 + 27udn+2A’m\/3< E |llvel?] +g>

A
<\/1 —m/24/E ||ka W\[ ) + 3u?n/vG? + 2yudn + 28V dG.

Thus,

Avynv/d 3u?n/vG? + 2yudn + 2AvynV/dG
E el <y/E [Iivol?] + /
(1 —Vi- 7’7/2) Vi- 777/2 AJWE/Q + /)2 (3u277/792 + 2yudy + 2A717\/EQ)
—n

<\/E [||vo|ﬂ ”"f \/6u2/7292+4ud+4A\fQ
<\/E [||vo|ﬂ +AVd+ \/6u2/7292 + dud + 4AVdG.

Finally, we can have:

E [||vg|] < max { E [||v0||2} +AVd+ \/6u2/7292 + 4ud + 4AVdG,

l6u2nG2
1/]E|:||V0H2:| + GUWZg —|—v12ud} =: A

Thus, we can have,

E [H (Vke_'”’ —uy (1 —e") Qg(ﬁ/](x;g))) - Q° (Vke_'m —uy”t (1—e") QG(WJ(XI@») HQ]
< AypVd (A +G),
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and we can bound the E [Ha%”ﬂ as,

2 [Haillg} < max {Avn\/ﬁ(z‘l’ +0) Avudn}
= 71 max {A\/& (A"+ Q) ,4ud}
=: ynA. (57)
Now we bound the E [||oz}§||2} When Var, > pg, as the same analysis in we can show,
E [||047§H2} < 2Varyd < 4udn?®.

If Vary < po, and let piy = x5 +7~1 (1 — e= ) v +uy=2 (yn + e~ — 1) Qe (VU (xx)), by the same analysis
in we can have:

E [lloxI?]
< max {28 [|jn. — Q° ()] . 2Var,d}.
Again using the bound equation (6) in[Li & De Sal (2019) gives us,
E [l = @ ()] < AE |77 (1= ™) o +ur 2 (m + €77 = 1) Qa(VU (x))| |
< A (o) + YLk [|Qa(FT )|
< ApVE [Junl] + “2 Vs [ Qo (TT )|
< AnpVdA + “7"2\/@.
Thus, we can have,
E [Hagnﬂ < max {zAn\/&A’ +un?Vdg, 4udn2}

< nmax {2A\/&A’ + unVdg, 4ud77}
—: B, (58)

Then follow the same analysis of , we can show

4772 8k
* — K * 5
Wa(px,p*) < 4e™ K250, (g0, ¢%) + — (59)
1 — e n/2m
20u2n? (ATQd + 02) + 8u’n (YA + B) (60)
60

n? 88?“ +V1—e /R \/5u2772 (ATZ)d + 02) + 2u?n (YA + B)

Now we let the first term less than €/3, from the Lemma 13 in (Cheng et al.|[2018]) we know that Wa(qo, ¢*) <
3 (mil + DQ). So we can choose K as the following,

2
K< 2o (36 (d+D2)> .
n mi
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—1

Eﬁ'/l
\/479232/5(d/m1+D?)
1 —e /2% > p/4k; and definition of &k,

SSK
7] \/ \/ /
< < 16K1 & <¢€/3.
1 —e 77/2“1 / K1

Finally choosing the step size satisfied that,

Next, we choose a step size n < to ensure the second term is controlled below ¢/3. Since

<
7= 9880m1u (B2 + 02)

the third term can be bounded as:
20u%n? (A—Zd + 02) + 8u?n (YA + B)
72 85K +V1—e" ’7/"”"1\/5u2 A2d+02)+2u2 (vA+ B)

20u?n (M +o ) + 8u?n (YA + B) 20u?n? (LQd + 02> + 8u’n (yA + B)
< <
V1 —en/m \/5u2 A% | 52) + 2u2n (YA + B) n/4k1 \/5u2 A% | 52) + 2u2n (YA + B)

A2d
44/20u2k1n e + 02 ) + 8k1u? (yA + B)

< €/3+8v/2k1u (vyA + B).

This completes the proof.

E.7 Proof of Thoerem [7]

In this section we generalize the convergence analysis of LPSGLDLP-F in [Zhang et al| (2022)) to non-log-
concave target distribution. We prove a more general version of theorem [7] following the same proof outlines
in |Raginsky et al.| (2017)). We further introduce an assumption about the initial distribution py.

Assumption 6. The probability py of the initial hypothesis xg has a bounded and strictly positive density
and satisfies the following:

Ko 1= log/ e”muzpo(x)dx < 00.
R

Note that the for initial distribution xq = 0, the value kg = 0 is bounded and the assumption is satisfied.
Recall the Overdamped Langevin dynamics is

dXt = —VU(Xt)dt + \/idBt (61)
We further define the value of the energy function and the gradient at point 0 at the following:
[U0)] = Go, [VU(0)|| = Gh.

In order to analyze the convergence of SGLD for non-log-concave distribution, we need to introduce extra
assumptions.

Then the solution of the Langevin dynamics should satisfies
t t
X = X —/ VU (x,)ds + \/5/ dB,. (62)
0 0
To analyze the LPSGLDLP-F in , we define a continuous interpolation of the low-precision sample as:

t t
By =100— | Geds+V2 [ dB,. (63)
0 0
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K
where G = > §(Zr)lsein,(k+1)n)- The Wasserstein distance can be bounded as
k=0

Wa(pr,p*) < Wa(pk,Drn) + Wa(Prny, P")- (64)

Now, we are ready to introduce the contraction rate A\* of the overdamped Langevin dynamics . By
borrowing the proposition 9 of (Raginsky et al., 2017)), we can have:

Lemma 14 (Proposittion 9 in [Raginsky et al| (2017))). Suppose Assumptions[1] and[3 hold. Then

5 * d 3T Mk
Wa(Pry,p*) < \/QCLS (log||po|oo + §logﬁ + < - 0

< Cge~Kn/CLs, (65)

b
+ By/ko + Go + 3 log3>>e_K’7/CLS

with constant

CLSS7+7

2m o+ SM 1 (6Md
m3M A* '

mo
where the \* = e=9@ denotes the contraction rate of overdamped Langevin dynamics.

Here, A* acts as a contraction rate of the Markov process initiated by 7 with an exponential dependency
on the dimension d being inescapable in the worst-case scenario proved in Appendix B in (Raginsky et al.|
2017)).

The first term of equation [64] can be bounded via the weighted CKP inequality

" N Drr (px||PKy) 14
Wa(pr,Prn) < Cpi,, |\/ P (Px||PKn) + — ,

where the constant Cj,., = 2 )j\ng (i (3 +log [ eklwlzﬁKU(dw)> ) . By Lemma 4 in [Raginsky et al.| (2017)
> Rd
and assuming K7 > 1, we can wrtie:

Wi (pxc, Drcy) < (12 + 8 (ko + 2b + 2d) K1) <DKL (pr|Prn) + 1/ DkL (pK||ﬁKn)) -

Now we bound the term Dgr, (px||Pry). The Radon-Nikodym derivative of the PKn w.I.t pg is the following

dprcy 1 [t 1 (T
— =exp 7/ (VU (xs) — G5)dBs — f/ IVU(xs) — Gs|lds ¢
dpk 2 /o 4 Jo
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Thus, we have:

P
:i/K” E[IVU(x,) - G.*]
i
% > /(“ (190 x) - 21 1?]
<;;_O/ ™ EIVU(x,) - VU(x)|]
+;k 1/];“)" [IVU ) = 317
<2KZ L8 1w
K- k+1)n
+;k:0 / ( "B (190 6e) - 700l (66)

We now bound the first term in the RHS of the equation , from the update rule in we know:

xs — X = —(s — kn)g(xg) + \/§(Bs — Byyy)
= —(s — kn)VU (xz) + (5 — kn) (VU (x1) — §(x1)) + V2 (Bs — Biy)

thus,
E[lx, = xel| < 30 [IVUGxi)IP] + 32E [ VU (i) = 5x0)II°] + 6nd

A2d
< 3n% (ME [||xx]|] + G)* + 312 ((M2 + 1)T + a2> + 67d. (67)

Similarly, we need a uniform bound of E |:||Xk||2}

Lemma 15. Under assumptions and@ if we set the step size n € (O 1A 2”]&[2) then for all k > 0, the

E |:HVX1€||2:| can be bounded as

2 (M? +1) A%d
4mo

E [l < €+

provided & = E {onnﬂ + M (9h 4 29G2 4 2d) .

The proof of Lemma can be found in Appendix [F.4 Using this bound, we can further bound
E [HxS - x5||2] as

2(M?+1) A%d

A2%d
E [l — x| < 620 (6 + ) + 61PG? + 3 ((M? S+ 02> + 6y
mo 4 4

12n°M? (M? 4+ 1)

ma2

, A%d
< 612 M2E 4+ 61°G? + 6nd + < +3(M? + 1)) -+ 3o

2

- A<d
=:En+ Cn2T + 3n%0?
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where the costant £ and C are defined as:
€ =6M?*€ +6G* + 6d
120 M? (M? 4+ 1)

ma

C:

+3(M? +1).

Thus the divergence can be bounded as:

4
) A2%d 3MZn? +1

M? [ AZd 1 A2d
Dk r(pxlpry) < - (5+C774 +37702> Kn* + 3 ((M2 +1)— +U2) Kn

M? M? 1
= 751{772 + (20772 + = (M? +1)

2
K
2 R0

20k
g

1
2

A2%d 3M? +1

(M2—|—1)) 1 Kn+ 5 o?Kn

M?_ M?
=—E&Kn*+ | —C
5 n +< 5 +
A?d
= C()K’I?2 + ClTKU + CQU2KT].

We are ready to bound the Wasserstein distance,

WP, Bicq) < (1248 (w0 + 20+ 24)) ((Co + VC) Vi + (1 + /€1 ) A+ (Ca +V/C2) B) (m)?
: (502\/77 +C A+ @2B> (Kn)?,

where the constants are defined as:

A2d A2d
A = max {4’ 4}

B= max{a2,x/§}
Co” = (12 + 8 (o + 2b + 2d)) (Co+ Vo)
Cr” = (12 + 8 (ro + 2b + 2d)) (cr+ V)
Co’ = (12 + 8 (ko + 20 + 2d)) (02 + \@) .

From Proposition 9 in the paper Raginsky et al.[ (2017)), we know that

WQ(mep*)

IN

d 3 M b
\/2C’L5 (log lpoll o + 5 logﬁ7r + < ;O + By/ko + Go + 210g3>>eK’7/CLS

: Cye Kn/Crs
Finally, we can have

Wa(px,p*) < (@vonl/“ +CVA+ 6’;@) K+ Cye™Kn/Crs.
To bound the Wasserstein distance, we need to set

E'BKnS/‘l = % and CN’ge*K"/CLS =3

Solving the , we can have

et

2~
K'r] = CLS log <C3> and n= T4
¢ 16Cy (Kn)
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Combining these two we can have

€

4 16C, C? g log” (203)
— and K = .
" 16, o4 log? (203) €

4

Plugging K and 7 into completes the proof.

E.8 Proof of Theorem [8l

In this section we generalize the convergence analysis of SGLDLP-L in|Zhang et al.| (2022)) to non-log-concave
target distribution. Following the same proof outlines in [Raginsky et al| (2017). Recall the SGLDLP-L
update rule is the following,
Xi1 = Qw (xk — VU (Xk) + /27k11)
=: X = VU (xk) + /208k+1 + o,

where o, is defined as:

ap = Qw(xx — nVU(xy) + V20k41) — X5, — nVU (xy) + V20€g11.-

Thus, we can define a continuous interpolation of the SGLDLP-L as:

t t t
X; = Xg — / Gds + \/5/ dB(s) +/ a(s)ds,
0 0 0

[ee]

where G, = Z Qa(VU(xx))1 se(kn,(k+1)p) and a(s) = Z ar/Nlse(kn, (k+1)y)- By taking the difference

of the 1nterp01at10n with the discrete estimation of Langevin process in equation , we can derive the
Radon-Nikodym derivative of the px, w.r.t px as:

dprcy 10 L L T
dre —e:z:p{2/0(VU(xs) Gs — a(s))dBs 4/0 IVU (x5) — Gs — a(s)]| ds}.

Thus, the divergence can be computed as:

Kn
Dicrlowling) =3 [ E[IVUGx) - 6.~ a(s)|?] ds

4
1 K=l p(ktDn __ 2
=2 Z/ B |[VUtx) ~ Qa(TU o)) — an/i| }ds
k=0 kN
K—-1 .(k+1)n (k+1)n
1
13 [ vt - @e¥U G s+ | Z / B [llaw/nl?] ds
k=0 k1
1 K-1 (k+1)n (k+1
-1 / E ||VU(xs) VU (x4)] ]ds+ Z/ “w xi) — Qa (VU (x1) H]
k=0 kn kn
K—1 o(k+1)n
1 (
wa [ el as
k=0 7 k1
M2 K—-1 ,(k+1)n (k+1)n
< / E [|x, - xil*] ds+ 5 Z/ “VU xt) — Qo (VU (xz) M
k=0 7k
K—-1
1 (k+1)77
w32 [ E[lasr] ds (70)
k=0 kN
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From the same analysis in , we know that
— 2
B [lx, —xel”] < 30°E [IVU (i) |1°] + 30°E [vam - Qa(VU(x)| ] + 6

< 32 (MIE [||xk||2] + G)2 + 30 (A:d + 02> + 61yd.

Again, we need to derive a uniform bound of E [||x;€||2},

E [Jueal?] = [ - 2Qe(FT || + 28 [Jeena ] + & o]

=& [ - 19U G0+ 09U G0) 1@ (U] + 20 + B [ ]

=E |||xx — VU (x1) + nVU (x3) — an(VNU(Xk)) ‘2} +E [||C¥kH2:| + 2nd

r —— 2
=& [ — 1VU G + 78 | [0 ) — Qa(TT e ] + ] + 200
By plugging in the inequality we derived before:
E [l — nVU (ee)|] < (1= 2mma + 202 M) E [ Ipei?] + 200 + 20°G2.

we can have:

2 2752 2 2 2 n*A%d 2 2 2
E ks )] < (1= 2mmz + 2022 E [lxl*] + 200 + 20°G% + L5 4 020% + E [lowl*] + 20 (71)

Thus for any n € (0,1 A 2% ) and 1 — 2nmg + 27> M? > 0, we can bound E [kaHQ} for any k£ > 0 as:

2M?
2
1 A E [flos’]
E[ 2}<E[ 2} (20 +2G® + —— + 0+ 2d S S
el < el T S mg — b2y \ T T T T G, — i)
2
1 A2d E |l
<E [”XOHQ} + — <2b+ 2G% + —— + 0% + 2d> + u
ma 4 nms
a2q  E{lowl’]
<&+ + 7
4m2 nmso
where the constant £ is defined as:
¢=E [IIXoIIQ} +— (2b+2G? + 0% +2d) .
ma
Thus, we can have,
2 2 A2g E [Hoék”ﬂ 5 , (A% ,
B [, =] <on? | €+ 00+ + 61°G? + 3n <+a>+677d
4m2 nmse 4

_ 6 + 3mo 6nk {H%HQ}
<En+3n*c* + TUQAQd e —

ma ma
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Plugging this into the equation , we can have,

KE [[lox’]
4n

D hrer) <— Kn?
KL (pxclbren) <= K + = T6my P, 1\
ME M+1 M
Sigan‘F 37_'_0'2K’I7+ ((6+3m2) +m2)d
4 4 16m2

_ 2 2
ME 3SMa2Kn® (6 + 3msg) MA2d 6ME |[[arl”| Kn* 1 /A24
PR (04 3m) M OME [lonl”] (84, ) iy

6 M 1
A2K77 + (4771:] + 477> KE |:H041~c||2:| .

By the fact that E [||ak||2} < A:d, we can further bound the divergence as:

M M+1 12 M
£ 3 4+ UQKHJF((( + 3ma) M +my)d d)AQK

D i) <—— Kn? 160
kL (Pr|lPKy) < 1 B + 16meq * 167

=:CoKn? 4+ C10°Kn+ CLA’K,

where the constants are defined as:

ME
Q="
3M +1
C, = 1
12 M d d
Cy = (12 4 3mg) M 4 my) A
16mo 161

We are ready to bound the Wasserstein distance,

Wi (pic, bicy) < (1248 (k0 + 20+ 2d)) [ (Co + /o + (C1 + V/Cr) A) (Kn)® + (Ca + /C3) A

—~2 —~2 9 =2 9
+(Co v+ G A) (k) + Gy AR,

where the constants are defined as:
A = max {02, m}
Co” = (12 + 8 (o +2b + 2d)) (Co+ Vo)
Gy’ = (12 + 8 (ko + 2b + 2d)) (01 + \/E)

Gy’ = (12 + 8 (ko + 20 + 2d)) (C2+VC).

From Proposition 9 in the paper Raginsky et al. (2017)), we know that

IN

d 3 M b
WQ(ﬁKmp*) \/QCLS (log||p0|oo+210gn:+ < o +B\//€0+G0+210g3>>eKn/CLs

3

=: CN’;),efK n/Crs
Finally, we can have

Wa(pr,p*) < (CN'(ml/4 + a\/Z) Kn+ @@\/K% + @e—K"/CLS. (72)

To bound the 2-Wasserstein distance, we need to set

,C\';Kns/‘l < % and Ege_K”/cLs = g
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Solving the , we can have

4

Kn=Crglog (203> and 7 < ——pg——.
¢ 16Co (Kn)*

Combining these two we can have

—4 ~
! 16Cy C3 g log® (2(;3)
n< —— — and K > .

16C) C}glog (252 ¢

€

4

Plugging K and 7 into completes the proof.

E.9 Proof of Theorem

In this section we generalize the convergence analysis of VC SGLDLP-F in [Zhang et al| (2022) to non-log-
concave target distribution. The proof is similar to the proof of Theorem 8] but the variance corrected-
quantization function The variance-corrected quantization technique establishes a scalable bound for the
discrepancy between quantized and full-precision values, contingent on the learning rate. This enables
variance-corrected quantization advantage over simple stochastic rounding.

Recall that the update of VC SGLDLP-L is

xir1 = Q" (xi = 1Qa(VU (x1)), 20, )
= xi, = 1Qc(VU (xt)) + v/20i +
where o, is defined as
g = Q" (Xk —1Qa(VU (xx)), 21, A) = x5, = 1Qa(VU (xx)) + /21
From analysis in |Zhang et al.|(2022), we know that
E [HO%H?} < max (2AnG, 5nd)
=: nA.

Combining the analysis in section we can show,
ME 3M +1 6 + 3ma) M +m2)d 6 M 1
—SEKn*+ o5y + 2) D pz gy (800, L) e [l
4 4 16mo 4mo 4n
ME M+1 M
SlKnQ—&—?) + o2 Kn + ((6 +3mz) M +my)d
4 4 16msy

ME M+1 M M
£ 374—02[(77—&- (6 + 3m) +m2)dA2K77+w
4 4 16mo ma

<—— K’ +
=:CoKn? 4+ C1Kno? + CoKnA? + C5K A,

Drr(pxllpry) <

My 1
A2+ (ST LY pepa
dme 47

KA

where the constant Cy, C7, Cy and C5 are defined as:

ME
Co="7

3M +1
Ci = 1

((643ma) M +msg)d
Cy =

16m2

M

Oy — 6M + mo
ma
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We are ready to bound the Wasserstein distance,

Wi (pic, picy) < (1248 (0 + 26+ 2d)) [ ((Co + v/Co) m+ (€1 +v/Cr) A) (]n)* + (C2 + /T2 ) AlKn)?
+ (C3 + \/CTS) AKQU}
= (66277 + ’C?ZE + @QA) (Kn)? + 5;2./4}(217,
where the constants are defined as:
A = max {02, \/ﬁ}
A = max {A, \/Z}

Co” = (12 + 8 (ko + 2b + 2d)) (Cﬁﬂ)
Cr” = (12 + 8 (ko + 20 + 2d)) (cr+ V)
Gy’ = (12 + 8 (ko + 20 + 2d)) (C2+ V)
Gy’ = (12 +8 (o + 20+ 24)) (G5 + /Gy ).

From Proposition 9 in the paper Raginsky et al.[ (2017)), we know that

d 3r Mk b
\/QCLS (log Ipollc + 5 log — + ( 3 4 ByRo + Go + 21og3>>e—K"/CLS

: 5’46_1("/0”

W2(ﬁK7]7p*)

IN

Finally, we can have
Wa(pi,p*) < (ONO\/E +CVA+ ’CE\/K) Kn+ C3VA\/K2n + Cye Kn/Crs, (74)

Too bound the 2-Wasserstein distance, we need to set

GBKUSM = % and 6’36‘“’/0“ = %

Solving the , we can have

2/\/ 4
KT] = OLS log (C’3> and n= TAL
€ 1600 (Kn)

Combining these two we can have

—4 ~
’ 16Cy C5glog” (242
= —— — and K = .

16C O ¢ log® (203) €

€

€

n 7

Plugging K and 7 into completes the proof.
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F Techinical Proofs

F.1 Proof of Lemma

Proof. By the definition of £ in (E.4)

IESI® = [EG(x) — EVU ()|
= IEVU(Qu(x)) —~ EVU(x)|*
<E[|IVU(Qu(x) - VUX)|’]
< ME [[[Qu(x) = VU )]
A2%d
< MT'

We also know that from the definition that

(Qw (%)) = VI(Qw (%)) + VT (Qw (x)) — VU (Qw(x)) + VU (Qw (x)) — VU (x)||”
VU (Qw(x))) — VU (Qw(x))|” +E VU (Qw(x)) - VU(Qwx))|]” +E VU (Qw(x)) - VU (x)|
2

< 2402 MR Qu () —

A2%d
§ (M2 + 1)T +O’2,

where in the first inequality, we apply Assumptions [I] and [3|

F.2 Proof of Lemma (13l

Proof. Let I'1; be the set of all couplings between &)nqo and ¢* and I's be the set of all couplings between
®,q0 adn ¢*. Let 1 be the optimal coupling between ®,qy and ¢*, i.e.

Eg,g)~r 10 — 0]17] = W3 (D00, ¢).

xT

Let <[ ] , {x*}) ~ 1. We define the random variable [m] as
w|’ |w w

z ([ e ds) dr) €
|:u~}:| +u |:(f07] (for e(fw(s(fr)ds) dr + f02 6’)Y(Sn)d$) 5 .

[ eu—
€ 8
—
I

By equation , (Lﬂ , [ZJ) define a valid coupling between ®,qy and ¢*. Now we can analyze the

Wasserstein distance between ®,qo and ¢*.
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|1 (U (Jy ee=ds) dr) € |
W3 (®4q0,4") < Er [@] Tu (fon (fy e*?f(sfi)ds) dr + f(f 677(877})655) 5] - [W*] (70)
I I (S (fo et ’“)ds) dr) E¢ ’
<E, _ [@—w*]+u (fon(f e (s— T)ds)d,r.Jrf e—V(s— ”)ds)Ef
U Jy = as)ar) (€~ B9
+E,, ’ {(fo (fo e 20 ds) d?“—i—fo e~ V(5= ")ds g E¢) ]

< (Wo(@ya0.4") + 207/ T7A 2 BEN) + 404+ n)E, [l — Be]?]

< (Wellbyan. ")+ VB 2V 57 (0174 24 07) (1)

F.3 Proof of Lemma 10l

Proof. In order to get the upper bound of ||x|| and [|v||, we bound the Lyapunov function £(xj,vi). By
the smooth Assumption [T} we know

U(xps1) = U(@") < U(xr) + (VU (), Xe1 = x5) + M?/2 |[xp41 = x4]|* = U ("),
Recall the definition of the Lyapunov function

E(Xht1, Vir1) = [kpl|” + [rs1 + 2viga /A1 + 8u (U (xkg1) — U(z")) /47
For the first two terms we have
ki [® = [1ll* + 20%k, X1 — Xx) + [xpg1 — %)
k11 + 2Viegr /A = 1%k + 2ve /A1 + 20k + 2V /7, Xnp1 — Xi + 2(Ver1 — Vi) /7)
+ [%kg1 — Xk + 2(Vieys — Vi) /7)1

This implies the following:

E [€(k1, visn)] < E[E(k, vi)] + 4E [(ki, X1 — %4)] + %E (%, Viss — va)] + %E (Vi Xns1 — X&)

(78)

8 8u
+ SEvi, Vi1 — Vi) + — 2 {(VU(Xk) Xi1 = Xk) + M/2 x40 — %]

,-)/2
B [Jner = xul] + B Il =0+ 2via = vi) 1] -

By the update rule in , we know that

B (e, w1 — )] = o B (e, vad] + =R [ )
B [fxa. viers — i) = ~(1 = e B [, )] - S G g,
B [(ve. 5 —30] = B [Jvel] + LS = g v, )
B [(ve,vin - va)] = —(1 = e E [oul?] - “C= B v

52



Published in Transactions on Machine Learning Research (04,/2024)

Plug into the yields:

du(2 —yn —2e777) = 40 —em) ?
L E [k glx0)) = =5 E vl

E [E(Xk+1, Vit1)] < E[E(xk, vi)] —

du(yn +e-" = 1) Bu(l —e M)

+ 3 E[(vi, g(xx))] + 7 E [(vk, VU(xx) — §(x))]
+ SO g (90 o)+ (125 +3) B [l — el
+ 5 [visa — il (79)

By Assumption |2} we know that (xz, VU(xz)) > ms [|xx]* — b. We then assume 5 < 1/(87) and use the
inequality —r < e % —1 < 2?/2 — z for any x > 0, it follows that

du(2 — yn — 2e7M)

E [(xk, §(xx))]

,72
— B2 6 g, VU Ge))] +E [l Glxe) — VU]
<-2l- 732_ x (mzlE [||Xk||2] - b) 2B 722_ ) (;]E [HX’“HQ] 2k [Hg(xk) - VU(XMQD
< _3m2U77E [kanz} i 41;77() 8U77E [Hg(xk) VU(Xk)Hz] )

where the first inequality is because of the Young’s inequaltiy and Assumption [I| and the last inequality is
based on the inequality that yn — (y7)? < 2 —~m —2e~7" < 47. Again by Young’s inequality and the update
rule in we have:

E | lxrs1 = xil?] < 20°E [Ivell?] + u?n'/2E [5G0 17 +E [J166)]

E[Ivis1 = vill’] < 2020%E [Ivill?] + 200%E [Ilaen)ll’] +E [l€g)?].
It is easy to verify the fact that E [HE}jHﬂ < 2yudn and E [||§,f|\2} < 2udn?®. Thus,

E[E(Xk+1, Vit1)]

3umr] 3(1—e ) —n2(8Mu + uy + 22+
< B (£, vi)) — 2 [ ] - 5 B [jvil?]
36u’n? + 2yun® + (4Mwu + 3y ) 222
* w( e [l P] + 2R [[v0txn]

S8un(~2 + 2u
N n(y )

- SMu + 672)udn? + 4(4d + b)uyn
2% [vuea) - gl + Judiy + A+ Dy,

172

If we set

. v 4u? 6vbu
77 S min ) Y K
4(8Mu~+ uy+2292)" \| AMu+ 3?2’ (dMu+ 392)d

we can obtain the following,

BIE ok, Vi) < BIEGok vl — 2228 [ ] — 22k [jvef”] + Z L g ]
G <Xk>“2] + ME (190 (660) - o) 7] + 22D (50
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Furthermore we can bound E {Hg(xk) Hz} by the following analysis:

E (1300 1%] < 28 [I36e0) — VUG IP] + 2B [|9U (i) ]
=2 ((M2 + 1)%205 + 02> +AME [|xp] + 462, (81)

where G2 is the bound of the gradient at 0, i.e. |[VU(0)||* < G2. Thus we can have:

3um 2 21u + v)4M?un?
B [€(xks1, vis1)] < B [€0x, vi)] - ﬂﬁﬂ|uﬂfl%hwmﬂ+( DI g s ?] (s2)
Y Y
(2 2 8 +2 A%d
( Ou + e, “"(773 u)> ((M2+1)4 +a2> (83)
( 1u—|—*y)4u17 oy 16(d + b)un

If we set the stepsize

7 < min yma 8(v% + 2u)
- 12(21u +v)M?2" (20u + )y |’

then we have:

8uman 2 2n 2
E[€(tka1, viern)] < EIEor vi)] = =3 2B [Iael*] = T [l

( Bun (v +2u)> <(M2+1)A42d+a2>

N (21u + y)4un? 16(d + b)un
5 .

G? +

Furthermore by Young’s inequality and Assumption[l] we can bound the Lyapunov function by the following:

12 2uM (

E(x,v) < 5/2]|z| tzt =z (Bl I” +6llx*||)

Then if v2 < 4Mwu, we have

16uM 12uM
[Els +*|| I +

E(z,v) < [l (85)

Thus,

E[€(Xp41, Vit1)] < (1 - Vg}é,n) E [E(xk, vi)] + <W> ((M2 + 1)% - 02)

N (21u + 7)4un? oy 16(d + b)un.
2 g

Finally we show that

6M [ 16un (72 +2u A2d
sup € (xx, vi)] < E[£(wo, v)] + “l )(w%u>+ﬁ)
k>0 yman Y 4

n 6M (21u +Z)4u772 oy 6M 16(d + b)un

Yman v yman v
96u (v2 + 2u A%d 24(21 M 96(d + b)uM
< E[E(zo,v0)] + (774) ((M2 | el +02> i ( U—i—;/)u a oy (d+ 3u
ma7y 4 moy mary
= 9 A2d 9
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- u 2 U
where € = E [E(xo,v9)] + WGQ + W and Cy = %. Moreover by the definition of

Laypunov function, we know &(z,v) > max{||z||*,2||v/v|*}. This further implies that

_ A
E|lxll*] <€+ Co ((M2 )=+ 02)

2 25 2 9 A2d )
E [Ivell?] <7%2/2+vCof2 (02 + )5+ 02)
Combining with equation we can bound E [||§(xk)||2} as:

E [||§(xk)||2} <2 ((M2 + 1)%201 + 02) + AM2E + 4G2. (87)

F.4 Proof of Lemma

Proof. By the update rule in , we have:

E [l ] =E |l = 3 c0) ] 4+ v/87E [ = n(x0), Ge1)] + 20E |61
—E [|x, = (x| + 2nd
=E [[x = nVU (xe) =1 (0x0) = VU(Quw (x1)) =1 (VU (Qw (x1)) = VU ()| + 2nd

=E || = 719U (x) =0 (VU (Qw (x1)) = VU () 2] +37E [1366) = VU (Quw (x0) *] +2nd

~ &l — 1VU G} + TE V0 (@ () ~ VUGl +7 (2% 42 + 200

We know the fact that:
E [ lx = 190 (xe) 2] = E [[lxi]1*] = 20 [{xe, VU (i) + 37E [|IVU (2|

= E [Ixell*] + 20 (b= maE [Ixel*] ) + 20 (M?E [Jxi)*] + G?)

= (1 —2nmy + 2772M2) E [||Xk||2] + 2nb + 2n*G=.

For any n € (0,1 A 532 ), if 0 < 1 — 2nmy + 2> M? < 1 and set ¢ = %, then we have:

1 A2d
B [l < (4 & [l =001+ (142 ) 2 (190 Qu o)~ TUGIT] 4 02 (5 + ) + 20
(58)
1 —nmeo +n2M M?n?A2%d 1 —nmy +n*M

< (1_ 202 2 2 ~2

< (1= nma +*M2)E [Ixe*] + e o g (2 2°G)
(39)

A%d
+n? <4 + 02> + 2nd. (90)
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For any k > 0 we can bound the recursive equations as:

1 —nme + 2 M? M?n2A%d 1 —nme + n?M?
E [Ixell*] < E [llooll*] + e == ST ;
n?(mg — nM?) 4 n(1 = 2nmg + 292 M?)(mg — nM?)

1 2A2d )
+ + 2nd
n(mg —nM) (77 4 !

_E [HCUOHQ] 1 —nmeo +n2M? M?A2%d L 1 — nme + n?>M?
(mgy — nM?2)? 4 (1 = 2nma + 29> M?) (mg — nM?)

(2nb + 27726'2)

(26 + 2nG?)

1 A?d 9
2d
+m2*77M2 (77 4 e )
2M? A%d 2 2 A%d
<E [|lzo]*] + S 2O+ (0 et 2
mo 4 4

Now if we let £ = E [||$0||2] + 2L (2b 4 29G? + 2d), then we can write:

2(M?+1) A2 202
B[] <+ ZUL U AN 207
mo 4 mao

O
F.5 Proof of Lemma 11
Proof. From the same analysis in , if we set
. y 4u? 6vbu
77 S min ) Y K
4(8Mu+ uy+2292)" \| AMu+ 3?2’ (4Mu+ 342)d
we can obtain the following,
3uman 2n 20u + y)un? - 2
E[£(xtkr, viern)] < EIE0ok, vi)] = = 21 [Iael*] = T [Jvill*] + <7)E [Qa(VT(x0))]’]
2u”n? Sun (v* + 2u . 21 16(d + b)un
+ 2B [IVUG0I] + (W)E [19060) = Qa(VOxi)|[*] + ==,
(91)

By assumption we can bound E [||Q0(VU(Xk))’|2:| by the following,

E[1Qa(VU )] = E[[[Qa(VT(xi)) = YU i) + YU xe) = VU (0) + YU )]
<E [ Qe(V0 (i) = VU Gx)||*] +2E [vaxk) - VU] + 28 [IVU(0))?]

A2
< (4d + 0—2> +2M?E [||xk\|2} +2G2.
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Plugging this bound into equation , we can have:

3um 2 2(20u + v)un*M?>
E[€ (xs1, vien)) < BIEGow, vi)] = =20 [l] = TTE [vil ] + ( ]2) T=E |||

gt
2 2 /A2 2u2n?
4 20ut jun ( +02+2G2>+ L (202 [Ix?] +262)
Y 4 Y
Sun (v +2u) [ A2%d 16 (d+ b
J B (” )< +02>+ (d +b) un
Y 4 Y
3um, 2 2(22u + ~v)un?M?
< B €0k, i) — 2220 [ ] - 2g vy ?] + 22D g ]
20u + 248(y2+2 A2d 2(22 2 M2 16 (d+b
L (20u ) yun (72 + 2u) un L2 g 2R2u M L, 16(d+b)un
7? 4 72 gl
3um 2 2(22u + ~v)un?M?
< B €0k, vi)] — 2220 ] - 21g [y 2] + 22 g ]
36u + 972 A2%d 2(22 M2 16 (d+b
L (36u 37)“77< _|_02>_|_ ( U+v2)w7 G2y 16(d+b)un
gl 4 gl gl
If we set the step size n < W, we can have:
Buman 2] 21 2
E[€ (ker, viern)] < EIE00k, vi)] = =3 2B [Iael*] = T [l (92)
36u + 992 AZd 2(22 2 M2 16 (d+b
Y 4 v Y
Again from the same analysis in , if 42 < 4Mu, we have
16uM 5 12 o 12uM 5
E(x,v) < 2 |z +?Ilvll t [ e
Thus,
Yman 36u + 9v%) un [ A%d
E [ (xi1,virn)] < (1= 2220 ) E L€, vi)] + ( = ) = +o”
N 2(22u+'z)u772M2 e 16 (d +b) un
v gl
Finally, we show that for any k& > 0,
6 M (36u+972) un [ A2%d 9
E[E <E[E
[€(xk, vie)] <E| (ﬂc(),vo)]ern277 7 e
6M 2(22u—|—’y)u772M2GzJr 6M 16 (d+b)un
Yman ok yman gl
54 (du+~*)u [ A%d 12(22u + v)uM?3 96 (d + b) uM
< E[£(zo,v0)] + ( Z) < +02>+ (22u Z)u G2 4 B+ DuM 3“
may 4 ma7y may

=: £+ CA%.

Finally by the fact that E [HXI@HQ} < E[E(Xk, V)] and E {Hvkﬂz} < ¥?E [E(xk, VE)] /2 We can get our claim
in Lemma [T11

O
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Figure 8: Train NLL of low-precision SGHMC on logistic model with MNIST in terms of different numbers
of fractional bits. (a): Methods with Full-precision gradient accumulators. (b): Methods with Low-precision
gradients accumulators. (c): Variance corrected quantization.
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Figure 9: Train NLL of low-precision SGHMC on MLP with MNIST in terms of different numbers of

fractional bits. (a): Methods with full-precision gradient accumulators. (b): Methods with low-precision
gradient accumulators. (c): Variance corrected quantization.

G Additional experiment results

In this section, we provide additional experiment results.

G.1 Logistic model

In this section, we present the low-precision SGHMC with logistic models on the MNIST dataset. The results

are shown in Figure |8 We can see that SGHMCLP-F is robust to the quantization error, even though only
2 bits are used to represent the fractional part the SGHMCLP-F can converge to a good point.

G.2 Multi-layer perception

We present the low-precision SGHMC with MLP on MNIST dataset in Figure[9] We observe similar results
as the low-precision SGHMC with the logistic model.

H Generalization of Theorem [4] under Relaxed Variance Assumption [7|

All theorems presented in the paper assume bounded variance for the stochastic variance (i.e., Assumption
[). Another more flexible yet commonly used variance assumption (e.g., Raginsky et all, [2017; |Gao et al),

o8
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2022) allows the variance scales with ||x]|®. In the rest of this supplementary material (Sections G-0), we
generalize all the theorems in the main text to such a variance assumption, i.e. Assumption[7] Note that most
of the arguments used in the proofs under Assumption [3| still hold, necessitating only slight modifications.
Hence for the sake of readability, we only present the key changes due to the differences in the variance
assumptions.

- — 2 -
Assumption 7 (Bouned Variance). There exists a constant B > 0, such that HVU(O)H < B. And there
exists a constant 6 € [0,1) such that:

E"%(X) - VU(X)H2 <20 <M2 I1x)* + BQ) ., for anyx € RY.

Let Assumption [7] be true, we can then derive the following lemma.

Lemma 16. For any x € R?, the random noise & of the low-precision gradients defined in satisfies:

A2
B < 222, (94)
2 2 A*d 2 2 52
E[|l£]I7] < (2M?% +1) - + 26 MR ||x||” + 26 B2. (95)

Now, we are ready to present the Theorem [ after revision.

Theorem 17. Suppose Assumptz'ons andlﬂ hold and the minimum satisfies |x*||> < D2. Furthermore,
let p* denote the target distribution of x and v. Given any sufficiently small €, if we set the step size to be

. e/<;1_1 €2 el/(4r1) _ 1
= min y 5 — s ,
! V/479232/5(d/my + D2)’ 72 (20u25 M2k, (d/my + D2) + 5u? ((2M2 + 1)214) + 652) 10ud M2

then after K steps starting with initial points xo = vo = 0, the output (X, vk) of the SGHMCLP-F in
satisfies

Wa(p(xx, Vi), p*) < O (e + A),
for some K satisfying

K < % log W =0 (\/5672 log (eil) A2> .

Proof. For strongly log-concave target distributions, the equation in Lemma [10| needs to be updated as
the following,
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Wg(@nqo, q") < (Wg((f,,qo, )+ \/3/2un\/aMA>2 + 5u’n? <(2M2 + 1)AT2d + 6M?E,, ||x|” + 66B2>
< (Wg(EI;an, q) + \/E/Zun\/aMA)z + 10u2772(5M2E4 Ix — x'H2 + 10u*n?6 M?E,,- x||2
+ 5u’n? ((2M2 + 1)AT2d + 55§2> (96)
= (Wg(inQQ, q) + \/5/2un\/aMA>2 + 1Ou27725M2W22(&>,7q0, ¢*) + 10u* 25 M?E,,. |x|?
+ 5u?n? ((2M2 + 1)ATQd + 66B2> (97)

~ 2
< ((1 + 10u*n* 6 M?) Wa (@90, ¢%) + \/5/2U77\/EMA> + 10u?n*6 M2E,- x|?

A?d ~
+ 5u?n? ((2M2 +1) =+ 532> .
(98)
In the second inequality, ¢ is an optimal coupling between ¢y and ¢.. x/x’ are from the distributions ¢q/q*.

Then we choose n < 4/ %, and following the same argument for deriving equation (46)), we can have:

2
~ ) 8&
W22(<I>77Qi; ¢ < <e_'7/4“1W2(qi, q) + 0?4/ TK + ﬁ/Zunx/&MA) + 1Ou27725M2Ep* x||2 (99)
2 2 2 A%d 22
+5u“n | (2M +1)T +oM*B“ ). (100)
Moreover, we know the fact that
Ep- [%]* = Epr [ — %o (101)
<R ||x — x*|)* + 2 ||x* — xol? (102)
2
<2 ope (103)
m

Thus plug it into the equation , we can have
[3€ ’ 2
Wa(®,q:, %) < <6_’7/4”1W2(qi,q*) +n? TK + \/5/2um/EMA> + 10u?n?s M> (m + 2D2) (104)
A?d ~
+ 5u?n? ((2M2 + 1)T + 532> . (105)

Finally, by invoking Lemma 7 Dalalyan & Karagulyan| (2019), we can have

2 /8& unMAV5d
7y TR

Wa(ar, q*) < e KV 4W2 (go, ¢*) + (106)

1 —en/2m
10usPaM2 (24 4 2D2) + suly? (202 4 1) 474 4 652

2y )8k wnMAVSL 1 =2 \/10u2n25M2 (2 +2D2) + 5u2n? ((2M2 + 1) 274 + §B2)
(107)

+
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Thus for some K satisfied

K < 2og (36 (d +D2)) ,
n my

16k1uM AV5Bd
—

we can get the following

Wa(pk,p*) < e+ (108)

| Generalization of Theorem [5 under Relaxed Variance Assumption [7|

Now, we are ready to present the Theorem [5| after revision.

Theorem 18. Suppose Assumptz'ons andlﬂ hold and the minimum satisfies |x*||> < D2. Furthermore,
let p* denote the target distribution of x and v. Given any sufficiently small €, if we set the step size to be

. enfl €2 el/(4r1) — 1
= min y 5o ’
! \/663552/5(d/my + D2)’ 144 (20u25 M2k (d/my + D2) + 5u? (2M2 + 1)274) + 6 B2) V. 10udM?

then after K steps starting with initial points xo = vo = 0, the output (Xk,Vvk) of the SGHMCLP-L in
satisfies

Wa(p(xx, vi),p") < O <6+ A) ;

€

for some K satisfying
36 (L +D?)

Kgﬂlog
n €

=0 (\/56_2 log (e_l) A2> .

Proof. Now we revise the proof of Theorem [5] The revision is similar to the revision for Theorem [5

By similar argument in , equation need to be changed as the following:

A ~ A2d -
W3 (Bytnna) < WEEyan,a) + 5P (5% 4 6028, I 4+ B2) 4+ 207 (44 ) (109)
< WE(@na0,4") + 100”26 M B [[x — X'||* + 10026 M2E,- x| (110)
- A2d
+ 5un?’B? + 5u2772‘T +2u?(A + B) (111)

~ 2d - A%d
< (1+10un?6M?) Wi (®,,q0, ¢*) + 10u’n>5 M3 (m + DZ) + 5un®B? + 5u2nQT +2u?(A + B).

(112)
Then we choose n < 4/ %, and following the same argument for , we can have
8E ’ 2d
W3 (‘f’nqivq*) < <e‘"/4“1W2 (gi:0%) + 0”4/ 5K> + 10u*n*6M? ( +772) (113)
m
2, 2 52 5 o A% 2
+5un°B +5u77T+2u (A+ B). (114)
Then the remaining analysis follows the proof in the original Theorem
O
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J Generalization of Theorem [6| under Relaxed Variance Assumption [7|

Theorem 19. Let Assumption andlﬂ hold and the minimum satisfies Hx*||2 < D?. Furthermore, let p*
denote the target distribution of v and x. Given any sufficiently small €, if we set the step size n to be

» = min ery ! = [ol/(r1) _ 1
a ' 144 (20u26 M2k (d/my + D?) + 5u? ((2M2 + 1)274) 4-652)" V. 10usM?
d 2 1 1 T
\/663552/5 (5% +D2)

then after K steps starting with initial points xo = vo = 0, the output (Xi,Vvk) of the SGHMCLP-L in @
satisfies

Wa(p(xic, vie) p) = O (e +VA), (115)
for some K such that

36 (L +D?)
Kgﬂlog _\m
n

=0 (efz log (\/gefl) A2) .

The revision closely mirrors the revised proof of Theorem [5 based on the assumption that Assumption [3]
holds.

The only equation we need to revise is . Given the similar argument in , we can have
2 /8K
4n =

Wa(prc, p") < 4”1 W (g0, 4") + T

(116)
40u>n?5 M*? (i—dl + 27)2) + 20u2n? (ATQd + (532) + 8u?n (YA + B)

(/38 4 VT — e nlm \/10u2n25M2 (2L +2D2) + 522 (434 + 65) + 20 (vA + B)

(117)

+

K Generalization of Theorem [I] under Relaxed Variance Assumption [7|

This section updates Theorem [I]'s proof, replacing Assumption [3]with[7} and introduces the revised theorem.
Theorem 20. Assuming @ @ and@ hold. Let p* denote the target distribution of (x,v). If v < 4Mu

~ *

and setting the step size n = O % satisfying

) ~ 4u? 6ybu 1 ymeo 8(72 + 2u) may?
n S min ’ ) IEINE] ’ ’ ’
4 (8Mu+uy+2292)" \ AMu+ 3v2" (dMu + 372)d’ 8y’ 12(21u + v)M?’ (20u + v)y " 12(2 + 2u)M?

then after K steps starting at the initial point xg = vo = 0, the output (xx,vi) of SGHMCLP-F in
satisfies

for some K satisfying

where constants are defined as: A = Inax{\/A2d+51/4, VA2 + 51/4}, and constant 1/p* = exp (O(d))

denotes the contraction rate of underdamped Langevin dynamics (10]).
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Proof. We first need to introduce a further assumption on the variance parameter § as the following assump-
tion.

Assumption 8. Given Assumption[7, we further assume the & satisfies the following condition:

5 < min ymo 8(v* +2u) _ may may?
12(21u + v)M?’ (20u + v)vy’ 3(20u + )" 12(y2 + 2u)M?

We need to revise the as the following:

3um 2 21u + v)4M?>un?
B €0k 11, Vi)] < B [E0xk, vi)] - ”EM|H—;%MwWy+< ﬂ TE (x| (118)

(2 2 8 2 A? 5
( Ou+’Y un” 1”7(13‘# “)) ((M2+1)4d+5M2E|xk||2+5B2) (119)

( lu + 7)4u77 a4 16(d + b)un

(120)
If we choose 7 satisfy the following condition
. ymy 8(v2 +2u)  may may?
§<n< 121
== { 12(21u + ) M2’ (200 + 7)7 3(20u + )" 12(12 + 2u) M? (121)
then we can have
E[€(tks1, viern)] < E €00, vi)] — ~a 2T [ ] — 228 [ ?] (122)
3y gl
6 2 A? _
( il 7 * u)> <(M2 + 1)Td + 532) (123)
21 4 16(d+b
Y
The remainder of the analysis is unchanged.
O

L Generalization of Theorem [2] under Relaxed Variance Assumption [7|

This section updates Theorem [2]s proof, replacing Assumption 3] with[7] and introduces the revised theorem.
Theorem 21. Assuming @, and% hold. Let p* denote the target distribution of (x,v). If v* < 4Mu
)

and setting the step size n = @) % satisfying

< mi y 4u? 6vbu 1 Yma 8(72 + 2u) maoy?
min —
= 4 (8Mu +uy +2292)" \| AMu+ 392" (4Mu + 372)d’ 8y’ 12(21u + v)M?2’ (20u + )y’ 12(72 + 2u)M?2 [’

then after K steps starting at the initial point xg = vo = 0, the output (xx,vi) of SGHMCLP-L in @
satisfies

. A 1/4 1 log®2 (2)
Wa(p(xxc, vie).p") = O | e+ 6"/ [log ( = +T\/Z : (125)

for some K satisfying
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Proof. We need to revise the equation as the following:

8um 2
E[E (kp1, virn)] < ELE0tk, vi)] = =3 B [Ioanl] = TV (vl (126)
36w + 92 A2d - 2(22 202 16 (d+b
gl 4 v gl
(127)
If we further choose 1 < 3(36?7:‘% and assume § < 7, then we can have
B duman 2] 27 2
€ (e, viern)] < E[E0ek, vi)] = =3 1B [Ieel*] = TTE [l ] (128)
36u + 92 A%( _ 2(22 2 )2 16(d+b
+( “ 37>W< +6Bz>+ ( u+72)w7 G2 4 8(d+b)un (129)
gl 4 gl gl
O

M  Generalization of Theorem [3] under Relaxed Variance Assumption [7|

In this section, we present Theorem [3] after revision.
Theorem 22. Assuming @ @ and@ hold. Let p* denote the target distribution of (x,v). If v < 4Mu
and setting the step size n = O % satisfying

< mi y 4u? 6vbu 1 Yma 8(v2 + 2u) moy?
min -_—
= 4(8Mu+uy+2292)" \| AMu + 372" (4AMu+ 372)d’ 8y’ 12(21u+ v)M?’ (20u + )y’ 12(y2 + 2u)M? |’

then after K steps starting at the initial point xo = vo = 0, the oulput (xx,vi) of SGHMCLP-L in @
satisfies

Wa(p(XK,VEK),p*) = 9] <6—|—51/4 log (1) + bgpﬂ) , (130)

for some K satisfying

The revision of Theorem [ is the same as the revision for Theorem

N Generalization of Theorem [7] under Relaxed Variance Assumption [7]

In this proof, we revise the proof of Theorem [7]if the Assumption [3]is replaced by Assumption [7}

Theorem 23. Suppose Assumptions @ and@ hold. Let p* denote the target distribution of X, A have
the same definition in Theorem and 1/X* = exp (O(d)) be the concentration number of . After K

- 4
steps starting with initial point xq = 0, if we set the stepsize to be n = O <(]0g(61/5)) ) The output xi of
SGLDLP-F in satisfies

Wa(p(xk),p*) < O (e + (\/Z+ 61/4) log (1)) , (131)

for some K satisfied
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Proof. We need to revise the equation as the following:

1 —nmg +n*M M?n*A%d 1 —nma +n*M
E{ 2}<1— 22M21E[ 2} 2mb + 22 G2
Iall”) < (1= o+ 20°ME) E [ + nmy — > M 4 1 — 21y + 272 M2 (20 + 20°G")
(132)
A2d -
+n? (4 + 5B2> + 2nd. (133)

Then we can have the following:

2(M?+1) A%d = 26B?
+ :
mao 4 mo

E [lxl*] < €+

Moreover, the equation @ is also needed to revised as the accordingly:

A%d N
E [HXS — xk\ﬂ < 3n% (ME [||x]|] + G)* + 37> ((M2 +1)=~ +IM°E <k ]|* + 6B2> + 6nd
2 2 2 2 Azd P2
< 30" CME [[|xk]]] + G)™ + 3~ | (M= + 1)T +06B% | + 6nd. (134)

The remaining analysis should be the same as the proof of Theorem [7}

O Generalization of Theorem [8 under Relaxed Variance Assumption [7|

In this proof, we revise the proof of Theorem [§]if the Assumption [3]is replaced by Assumption [7}
Theorem 24. Let Assumptions @ and@ hold. Let p* denote the target distribution of x and 1/\* =

_ 4
exp (O(d)) be the concentration number of (L3). If we set the step size to be n = O ((W) ), after K
steps starting at the initial point xg = 0 the output xi of the SGLDLP-L in satisfies

501
Wa(p(xk),p*) = O (6 + 64 1og (1) + 10g64(€)\/z> , (135)

for some K satisfied

We need to revise the

2 27 2 2 2 ~2 772A2d 2 2 2 52
E[kaﬂn } < (1= 2nma +20°M )IE[kaH } +2mb+ 277 + LS 4 (25M E x| + 268 )
(136)
+E [llaxl*] + 2nd. (137)

<(1-2 4P M?) E |||xx 2nb + 21*G> AT %5B? +E 2 2nd
( —2nmeo +4n ) IIx& " | + 2nb+ 2n —l—T—i—n + lakll”| + 2nd.
(138)
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P Generalization of Theorem [9) under Relaxed Variance Assumption

In this proof, we update Theorem [J)if the Assumption [3]is replaced by Assumption

Theorem 25. Let Assumptions @ and@ hold. Let p* denote the target distribution of x and 1/\* =
exp (O(d)) be the concentration number of (13)). If we set the step size to be n = O ((log(il/e)>4> , after K
steps starting at the initial point xo = 0 the output xx of the SGLDLP-L in satisfies

3
Wa(p(xk),p*) = O (e + 0% 1og <1) + bip@) , (139)

~ (1 1
K= log® (=) ).
© (e (2)

The key revision is the same as the Theorem

for some K satisfied

66



	Introduction
	Preliminaries
	Low-Precision Quantization
	Low-precision Stochastic Gradient Langevin Dynamics
	Stochastic Gradient Hamiltonian Monte Carlo

	Low-Precision Stochastic Gradient Hamiltonian Monte Carlo
	Full-Precision Gradient Accumulators
	Low-Precision Gradient Accumulators
	Variance Correction

	Experiments
	Sampling from standard Gaussian and Gaussian mixture distributions
	MNIST
	CIFAR-10 & CIFAR-100

	Conclusion
	Additional Results for Low-precision Stochastic Gradients Hamiltonian Monte Carlo
	Stochastic Gradient Langevin Dynamics Result
	Uniform Bound of Contraction Rate
	Technical Detail
	Proof of Main Theorems
	Proof of Theorem 1
	Proof of Theorem 2
	Proof of Theorem 3
	Proof of Theorem 4
	Proof of Theorem 5
	Proof of Theorem 6
	Proof of Thoerem 7
	Proof of Theorem 8
	Proof of Theorem 9

	Techinical Proofs
	Proof of Lemma 12
	Proof of Lemma 13
	Proof of Lemma 10
	Proof of Lemma 15
	Proof of Lemma 11

	Additional experiment results
	Logistic model
	Multi-layer perception

	Generalization of Theorem 4 under Relaxed Variance Assumption 7
	Generalization of Theorem 5 under Relaxed Variance Assumption 7
	Generalization of Theorem 6 under Relaxed Variance Assumption 7
	Generalization of Theorem 1 under Relaxed Variance Assumption 7
	Generalization of Theorem 2 under Relaxed Variance Assumption 7
	Generalization of Theorem 3 under Relaxed Variance Assumption 7
	Generalization of Theorem 7 under Relaxed Variance Assumption 7
	Generalization of Theorem 8 under Relaxed Variance Assumption 7 
	Generalization of Theorem 9 under Relaxed Variance Assumption 7 

