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ABSTRACT

The phenomenon of benign overfitting, where a trained neural network perfectly fits
noisy training data but still achieves near-optimal test performance, has been exten-
sively studied in recent years for linear models and fully-connected/convolutional
networks. In this work, we study benign overfitting in a single-head softmax
attention model, which is the fundamental building block of Transformers. We
prove that under appropriate conditions, the model exhibits benign overfitting in
a classification setting already after two steps of gradient descent. Moreover, we
show conditions where a minimum-norm/maximum-margin interpolator exhibits
benign overfitting. We study how the overfitting behavior depends on the signal-
to-noise ratio (SNR) of the data distribution, namely, the ratio between norms of
signal and noise tokens, and prove that a sufficiently large SNR is both necessary
and sufficient for benign overfitting.

1 INTRODUCTION

Neural networks often exhibit a remarkable phenomenon, known as benign overfitting, where they
achieve a perfect fit to noisy training examples and still generalize well to unseen data (Zhang et al.
2021; Bartlett et al.,|2020). This phenomenon contradicts classical wisdom in machine learning, and
has become a central research question in the theory of deep learning. Existing works on benign
overfitting study under what conditions the phenomenon occurs in different architectures. These
works focus on linear models, and on shallow fully-connected and convolutional neural networks.

In recent years, Transformers (Vaswani, 2017) have emerged as a leading neural network architecture,
with impactful applications across a wide range of domains such as natural language processing and
computer vision. The fundamental building block of Transformers is the attention mechanism, which
allows them to process sequences and focus different parts of the input. Despite the central role of
the attention mechanism, we currently do not understand their overfitting behavior and the conditions
under which they exhibit benign overfitting.

In this work, we show the first benign-overfitting results for the attention mechanism. We consider
classification with a single-head softmax attention model, and study the conditions that allow for
benign overfitting. In our results, the data distribution consists of two tokens: a signal token, which
can be used for correctly classifying clean test examples, and a noise token, which is independent of
the label but can be used for interpolating (i.e., perfectly fitting) noisy training examples. We study
the singnal-to-noise ratio (SNR), namely, the expected ratio between the norms of signal and noise
tokens, that allows for benign overfitting.

Below we summarize our main contributions:

* In Theorem [ (Section [3) we show that under appropriate conditions, gradient descent with
the logistic loss exhibits benign overfitting already after two iterations. This result holds
when the SNR is ©(1/1/n), where n is the number of training samples.

* We then turn to consider other natural learning rules, which allow for benign overfitting
under a weaker requirement on the SNR. In Theorems E] andE] (Section E]), we prove that
minimum-norm (i.e., maximum-margin) interpolators exhibit benign overfitting when the
SNR is Q(1/+/n) without requiring an upper bound on the SNR.

* In Theorem[I0|(Section[d), we prove that the above requirement on the SNR is tight. Namely,
if the SNR is smaller than it, then the min-norm interpolator exhibits harmful overfitting,
where it fits the training data but has poor generalization performance.
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* In Section[6] we complement our theoretical results with an empirical study. We show that a
sufficiently large SNR and input dimension are necessary to achieve benign overfitting.

The paper is structured as follows. In Section 2} we provide some preliminaries and define the data
distribution and the single-head attention model. In Sections [3]and [ we state our main results on
benign overfitting with gradient descent and with min-norm interpolators. In Section 5| we discuss
the main proof ideas, with all formal proofs deferred to the appendix. Finally, in Section[6] we show
empirical results.

RELATED WORK

Optimization in Transformers. [Li et al|(2023) provided a theoretical analysis of training a shallow
Vision Transformer (ViT) for a classification task. They showed that the sample complexity required
to achieve a zero generalization error is correlated with the inverse of the fraction of label-relevant
tokens, the token noise level, and the initial model error. |Ataee Tarzanagh et al.|(2023a) showed that
optimizing the attention layer via gradient descent leads to convergence to an SVM solution, where
the implicit bias of the attention mechanism depends on whether the parameters are represented as a
product of key-query matrices or directly as a combined matrix, with different norm-minimization
objectives in each case. |Ataee Tarzanagh et al.| (2023b) provided a regularization path analysis and
prove that the attention weights converge in a direction to a max-margin solution that separates locally
optimal tokens from non-optimal. They also showed that running gradient descent, with a specific
initialization direction and without optimizing the attention head, converges in a direction to the same
max-margin solution. |Vasudeva et al.|(2024) expanded on their findings by identifying non-trivial
data settings for which the convergence of GD is provably global, i.e., without requiring assumptions
about the initialization direction. They also provided convergence rate bounds and analysis for
optimizing both the attention weights and the attention head, although they did not consider the case
of noisy data labels, as we do in our work. Another line of work looks at the learning dynamics
of single-layer linear attention models trained on linear regression tasks (Zhang et al., 2024} /Ahn
et al.}2023;|Wu et al., |2023). Additional works that consider optimization dynamics in Transformers
include Jelassi et al.| (2022); Oymak et al.| (2023)).

Benign overfitting. A significant body of research has explored why neural networks (NNs) that
perfectly interpolate the training data can still generalize well (Zhang et al., 2021} Bartlett et al.,
2020). This has sparked substantial interest in studying overfitting and generalization in NN trained
to fit datasets with noisy labels. The literature on benign overfitting is broad and cannot be reasonably
covered here. We refer the reader to the surveys |Bartlett et al.| (2021); Belkin| (2021)). Most relevant
to our work are|Cao et al.|(2022)); [Kou et al.[(2023)); Meng et al.|(2023) that studied benign overfitting
in convolutional neural networks. Their data distribution resembles ours, as we discuss in Section 2.1}
Benign overffiting in fully-connected two-layer neural network classification was studied in |Fre1
et al.| (2022} [2023)); Xu et al.| (2023)); | Xu & Gu|(2023); [Kornowski et al.| (2024)); (George et al.[ (2024);
Karhadkar et al.| (2024) for various activation functions, data distributions and loss functions (both
the logistic and the hinge losses).

2 PRELIMINARIES

Notations. We use bold-face letters to denote vectors and matrices, and let [m] be shorthand for
{1,2,...,m}. Given a vector &, we denote by z; its j-th coordinate. Let I; be the d x d identity
matrix, and let 04 (or just 0, if d is clear from the context) denote the zero vector in R%. We let ||-||
denote the Euclidean norm. We denote a multivariate Gaussian distribution with mean vector g and
covariance matrix 3 by N (u, ). We use standard big-Oh notation, with O(-), Q(-), O(-) hiding
universal constants and ©(-), Q(-), O(+) hiding constants and factors that are polylogarithmic in the
problem parameters. We use I(-) to denote the indicator variable of an event. For a finite set A,
denote the uniform distribution over A by Unif(.A) and let |.A| be its cardinality.

2.1 DATA GENERATION SETTING

In this work we focus on the following data distribution:
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Definition 1. Let p11, po € R? such that || || = ||pz2|| = p for some p > 0 and (1, p2) = 0, be
two fixed orthogonal vectors representing the signal contained in each data point. Define D jpan as
the distribution over R**¢ x {41} of labelled data such that a data point (X ,7) is generated by the
following procedure:

1. Sample the label §j ~ Unif{£1}.

2. Generate a vector u, which represents the signal, as follows: If y = +1, set u = 1, and if
y=—1, setu = po.

3. Generate a vector &, which represents the noise, from the Gaussian distribution § ~
N, Iy — papi /p° = papsg /p).

4. Denote X = (M) )T, Select k ~ Unif{1,2} and set £'*) = . Set the other token
(B=k) — ¢
x .

To study the overfitting behavior we also need to introduce label-flipping noise:
Definition 2. Let 1) € [0,1/2) be the label flipping probability. We define D as the distribution over

R2%4 x {£1} which is the n-label-flipped version of Dejean. Namely, to generate (X, y) ~ D, first
generate (X, ) ~ Dejean, then let y = y with probability 1 — 1 and y = —y with probability 1.

Our data distribution resembles the distributions considered by Kou et al.| (2023)); |Cao et al.| (2022);
Meng et al.| (2023)). They proved benign overfitting in two-layer convolutional neural networks, and in
their setting each data point consists of two patches (!, 2:(?) (rather than two tokens in our setting).
Since our single-head attention model is invariant to the order of the tokens, we assume without loss
of generality throughout this work that () is the signal token and () is the noise token in all data
points. Note that the noise token «(?) = £ is independent of the label, and that it is generated from
N(0,1;— pip] /p* — papg /p?), ensuring that it is orthogonal to the signal vector. Note that when
the dimension d is large, ||£|| ~ v/d — 2 ~ V/d by standard concentration bounds. Therefore, we
denote the signal-to-noise ratio (SNR) as SNR, = ||| /v/d = p/V/d.

We consider a training dataset {(X;,y;)}?_, of n samples generated i.i.d. from the distribution D.
Denote the index set of data whose labels are not flipped by C = {i : §; = y; } (“clean examples”),
and the index set of data whose labels are flipped by N' = {i : y; = —y; } (“noisy examples™). For
indices in C, we further denote C; :=C N {i : :c,El) =p1},Co:=CNn{i: :cgl) = o}, and define
the subsets A7, N2 of A analogously.

2.2  SINGLE-HEAD ATTENTION MODEL

We consider the following single-head attention model:

f(X;W.p)=v' XTS(XWq),
where S : R? — R is the softmax function, the key-query matrix W € R%*? and the linear head
vector v € R? are the trainable parameters, and the query vector g € R? is an arbitrary fixed unit

vector. We follow |Ataee Tarzanagh et al. (2023b) and assume that ¢ = (1,0,...,0)", obtaining the
following model:

f(X;p,v) =v' X'S(Xp), (1

Here the trained parameters are p,v € R%. Thus, instead of the key-query matrix W we have a
vector p that controls the attention. Throughout this paper we will use the model (I)). We denote
the output of the softmax layer S(X;p) by 8; = (si1,si2) ', and denote the output of the attention
layer X,L-Ts,» by r; = s;14i + Si2&, where 0 < s; 1,5, 2 < 1, 5,1 + s;2 = 1 are the attention on
two tokens of the i-th sample.

3  BENIGN OVERFITTING WITH GRADIENT DESCENT

In this section, we study the joint optimization of the head v and attention weights p using the logistic
loss function. We show that the model exhibits benign overfitting after just two iterations of gradient
descent (GD).
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Formally, for a training dataset {(X;,y;)}, we define the empirical risk as
1 n
L(v,p) =~ Ui f(Xi;p,v),
i=1

where £(z) = log(1 + exp(—z)) is the logistic loss function, and f is the model from Eq. (1). We
consider GD optimization. Starting from py = 0 and vy = 0, we have

Vi1 = Uy — [V L(ve, Pt) and Di+1 =Pt — BVpL(vs, pt),
where 3 is the step size. When we discuss some fixed ¢, we sometimes write in the subscript “t = -7,
e.g., pr—o instead of po. We make the following assumptions:

Assumption 3 (Assumptions for GD with SNR=0(1/+/n)). Let § € (0,0.5) be a desired probability
of failure. For universal constants C\, > 6, Cg > 16, as well as a sufficiently large universal constant
C that may depend on C, and C, the following conditions hold:

~

. Number of samples n is sufficiently large: n > C'log(1/9).
2. Dimension d is sufficiently large: d > Cn?log(n/d).

3. Signal strength satisfies p = C, - \/%
4. Label flipping rate satisfiesn < 1/C.
5. Step size satisfies § = Cg - (n/d).

6. Initialization at zero: ||vg|| = ||pol| = 0.

Item [T is required to estimate the number of clean examples compared to noisy examples. The
assumption of high dimensionality (Item [2) is important for enabling benign overfitting (see empirical
results in Section [6)), and implies that noise tokens from different training samples are nearly-
orthogonal. This assumption appears in many prior works on benign overfitting in neural network
classification (e.g.,|/Cao et al.|(2022)); Kou et al.|(2023); Meng et al.| (2023); [Frei et al.| (2022} [2023);
Xu et al.| (2023)); Kornowski et al.| (2024)); [ Xu & Gul (2023))). ItemE] states that the signal-to-noise

ratio (SNR) is \;E =0(1/y/n). In Sectionwe will discuss how the SNR affects the dynamics of

GD. Interestingly, SNR of ©(1//n) matches the lower bound of the required SNR that allows for
benign overfitting with the min-norm (i.e. max-margin) learning rule that we will study in Section 4]
Item [] ensures the flipping rate is small enough to allow the model to learn the signal token. Item 5]
namely, using a step size of ©(n/d), is required to achieve benign overfitting after two iterations;
with a smaller step size, the model will need more iterations to fit the noisy samples, which we will
demonstrate empirically in Section [6]

We now state our main result on benign overfitting with GD:

Theorem 4. Suppose that Assumption[3|holds. Then, with probability at least 1 — & over the training
dataset, after two iterations of GD we have:

* Higher softmax probability for optimal tokens:
sii7>1/2,VieC  and  si57>1-1/c VieN
where s; ; is the softmax probability of the 3™ token in the i sample at time t.
o The classifier X — sign(f(X; vi—2, pi—2)) correctly classifies all training data points:
y; = sign(f(X; vima, Pr=2)), Vi € [n].
* The classifier X s sign(f(X;vi—2, p1—2) generalizes well:

P(x,y)~p(y # sign(f(X;vi—2, p1=2))) < n+ exp(—d/Cin?),

where Cy := C'1(cp, cg) is a constant.
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‘We can also conclude that for the clean-labeled distribution Dgjea, We have

P (X y)~Daewn (Y 7 sign(f (X Vi=2, Pt=2))) < eXp(—d/C’lnz),
which approaches zero as d grows (see Assumption 3] item [2).

Theorem El] shows that after two iterations of GD, the attention focuses on the signal tokens for
clean examples, and on the noise tokens for noisy examples. The model uses the noise tokens for
interpolating noisy training examples, while still achieving good generalization performance using
the signal token.

4 BENIGN OVERFITTING OF MAX-MARGIN SOLUTION

In the previous section we showed that GD exhibits benign overfitting in a setting where the SNR is
©(1/+/n). We now turn to study the overfitting behavior of single-head attention models, when using
another learning rule, which returns solutions that interpolate the training data with large margin
while keeping the parameters norms small. As we will show, such a learning rule allows us to obtain
benign overfitting under a weaker requirement on the SNR, namely, the SNR is 2(1/+/n) without
requiring an upper bound on it.

We note that learning rules that return min-norm (or max-margin) solutions are considered natural,
and hence understanding properties of min-norm interpolators has attracted much interest in recent
years, even in settings where the implicit bias of GD does not necessarily lead to a min-norm
solution (see, e.g.,|Savarese et al.|(2019);|Ongie et al.[(2019); Ergen & Pilanci|(2021); |[Hanin| (2021);
Debarre et al.| (2022); Boursier & Flammarion| (2023)). More directly related to our work, min-
norm interpolation with Transformers has been studied in |Ataece Tarzanagh et al.| (2023bja), and
benign/tempered overfitting in min-norm univariate neural network interpolators has been studied in
Joshi et al.|(2023)).

We first consider the following learning rule:

(v(r,R)m(r,R)) = argmax miny; - f(Xi;p,'U) 7 )
ol <r,|pll <R i€[n]

where f is the model from (I). The learning rule returns a solution that maximizes the margin
min;ep, ¥i - f(Xy; p, v) under a restriction on the parameter norms. We make the following assump-
tion:

Assumption 5 (Assumptions for max-margin with SNR = Q(1/+/n)). Let § € (0,0.5) be a desired
probability of failure. There exists a sufficiently large constant C' such that the following hold:

1. Dimension d is sufficiently large: d > Cn?log(n/§).
2. Number of samples n is sufficiently large: n > C'log(1/0).

3. Signal strength: p > C+/d/n.
4. Label flipping rate: 0 <n < 1/C.

5. Norm constraint of p satisfies: R > C\/nn/d + 1/p?log(pn).

Items and [ are similar to Assumption 3| Item [3|requires SNR > €(1/+/n), which is a weaker
requirement than the ©(1/+/n) requirement in Assumption We will show later a lower bound on
the required SNR for benign overfitting, implying that the €2(1/y/n) bound is tight. Item 5| provides
the lower bound for the norm constraint of p so that the model can allocate enough attention on
signal token to achieve benign overfitting. Note that the norm constraint r for v can take any positive
value. Intuitively, since the model is linear in v, once p is properly learned, v can achieve accurate
classification even with a small norm.

With these assumptions in place, we give our result on benign overfitting with the learning rule ().
Theorem 6. Suppose that Assumption [B| holds, and consider the classifier X ——
sign(f(X; p(r Ry, V(r,r))), Where (V(r,r), P(r,Rr)) is the solution to Problem . Then, with proba-
bility at least 1 — § over the training dataset, we have:
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* The classifier sign(f(X; P(r,r), V(r,r))) correctly classifies all training data points:
yi = sign(f(Xs; P(r,r), V(r,R))), Vi € [n].
* The classifier sign(f(X; p(r,r), V(r,r))) generalizes well on test data:
Pix gy~ (y # sign(f(X; P(r.r)» V(r,R))))
<+ exp(—Q(d/n?)) + exp (- Q

-9 log(d))2)
Vmfd+1/p2 R 7
where ( = O(y/nn/d + 1/p?log(pn)/R).

Remark 7. To see why Theorem|[6|implies benign overfitting, consider the limit R — oo. Then, the
upper bound for test error becomes 1+ exp(—Q(d/n?)) + exp(—O((1/p? +nn/d) 1)), which can
be arbitrarily close to 1 if d is large (see Assumption 3] item([I).

Next, we consider the following learning rule, which explicitly requires to minimize the parameters
norms while allowing interpolation with margin at least :

(vy,py) = argmin s.t. miny; f(X;;p,v) > v, 3)
I+l €]

where f is the model from Eq. . We show that under Assumption the solution (v, p-) exhibits
benign overfitting for large enough v and d:

Theorem 8. Suppose that Assumption | (items [I| through [{)) holds, and consider the classifier
X — sign(f(X;py, vy)), where (vy, py) is a solution of Problem (3)). Then there exists o such
that for any vy > ~o , with probability at least 1 — § over the training dataset, we have:

* The classifier sign(f(X; p,,vy)) correctly classifies all training data points:
yi = sign(f(Xy;py,v)), Vi € [n].
* The classifier sign(f(X; p.,vy)) generalizes well on test data:

P(x )~ (Y # sign(f(X;ps, vy))) < ntexp(—Q(d/n?))+exp(—O((1/p*+nn/d) ™).

Thus, for large enough ~, the theorem implies that the trained model interpolates the training data,
and the test error approaches 1 as d — oo.

Note that Theorems|[6|and[§| hold only when SNR = ©(1/,/n). This raises the question: what is the
overfitting behavior of min-norm interpolators when the SNR is smaller? We now consider the case
where p < 4/1/Cn for some sufficiently large universal constant C. We will show that in this case,
although the model can correctly classify all training samples, the test error of learning rule (2) is at
least a universal constant, indicating that benign overfitting does not happen. Formally, we make the
following assumptions:

Assumption 9 (Assumptions for max-margin with SNR < O(1/+/n)). Let § € (0.0.5) be a desired
probability of failure. There exists a sufficiently large constant C such that the following hold:

1. Dimension d is sufficiently large: d > Cn?log(n/J)

[\

. Number of samples n is sufficiently large: n > Clog(1/6).

3. Signal strength: p < \/d/Cn.
4. Label flipping rate is a constant n) € (0,1/2).
5. The norm of p should be sufficiently large: R > C\/%log (%).

Compared with Assumption |5, the main difference is in the second item that SNR < O(1/y/n).
Additionally, the condition on 7 is relaxed, as in our analysis clean and noisy samples can be treated
equivalently when the norm of the signal token is sufficiently small. With these assumptions in
place, we can state the following theorem which characterizes the training error and test error of the
single-head attention model when the SNR is small:
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Theorem 10. Suppose that Assumption [9 holds, and consider the classifier X ——
sign(f(X;p(r Ry, V(r,r))), Where (V¢ gy, P(r,R)) is a solution of Problem . Then, with prob-
ability at least 1 — § over the training data, we have:

* The classifier sign(f(X; P(r,r), V(r,r))) correctly classifies all training data points:
yi = sign(f(Xs; P, r)» V(r,R))), Vi € [n].

* The classifier sign(f(X; p(r.r)> V(r,r))) does not generalize well on test data:

1

]P)(va)NDrlran (y 7& Slgn(f(X;p(T',R)? 'U(T‘,R)))) Z E'

5 PROOF IDEAS
In this section we briefly discuss the main proof ideas. The formal proofs are deferred to the appendix.

5.1 PROOF IDEAS FOR SECTION[3]

In this subsection we discuss the main proof idea of Theorem [d] Since the initialization is at
zero, vy is a linear combination of the training data tokens. Therefore, we can express v;—1 as
NF py + A5 o + 300 4017 1E;, where AT > 0, A57! < 0. Note that A\f > 0, A < 0 holds
since |C| > |N/|. We begin by analyzing the first step of GD. Specifically, we show that after one step,
the coefficients of v;—; can be estimated as [\;=!| ~ %(1 —2n),k € [2] and 017 = %,i € [n].
Moreover, we have p;—; = 0, and hence for a training sample (X; = (p, &;), y;), the margin is:

1 )

2 Lo 2 1 2
u (X v pemn) = Suiva () + )~ Su T sl + 5657 11617

where in the last approximate equality we use the high dimensional setting (i.e. by item [2|in our
assumption d >> n? log(n)) to neglect the Zie[n]:#j Yilj 9;115;& term, since it is much smaller
(in absolute value) than the other terms. Indeed, we have w.h.p. that |, &;| < V/dlog(n), ||€; I? ~d
and recall that ||| = C2(d/n) (itemin our assumption). Therefore, for a clean sample j € C,

the margin is y; f(X;; vi=1, pi=1) = 5(1%6277)% + %d > 0, for large enough C),. On the other

. . _2p) dC2
hal}d,. for a noisy sample]. € /\f, we have y; f(X;vi=1,Pi=1) =~ —6(11762”).7’) + S%d < 0.
This implies that the classifier sign(f(X;v;—1, pi=1) does not correctly classify noisy training
samples, but still correctly classifies clean training samples. Together with p;—; = 0, the classifier

sign(f(X; vi=1, pr=1) will also correctly classify, with high probability, a clean test sample.

Moreover, since the loss function ¢ is decreasing, the loss of noisy samples, denoted {¢—; ;,j € N,
dominates the loss of clean samples £;—1 ;,7 € C. This implies that after two iterations, the coefficients
|9§:2 |, 7 € NV, of the second (noise) tokens in v;—_2, corresponding to noisy samples, grow faster than
the coefficients |\{=2| of the first (signal) tokens. This property is important to allow for interpolation
of noisy examples. We also show that p,_o focuses on optimal tokens, namely, on the noise token for
noisy samples (i.e. sf:f >1-1/ C%’ Vi € N), and on the signal token for clean training and test
samples. Using this property we conclude that the model parameterized by (vi—2, p;—2) exhibits
benign overfitting.

Remark 11. Note that our proof implies the following behavior of GD. After the first iteration, the
model correctly classifies only the clean training samples, resulting in an expected training accuracy
of 1 — n. Additionally, the model successfully classifies a clean test sample w.h.p., leading to the
same expected test accuracy. After the second iteration, the model interpolates the training data,
achieving a training accuracy of 1. This is shown empirically in Figure[l} When using a smaller
step size, we empirically observe a similar trend: after the first iteration, the model learns the signal
tokens, and with more iterations, it captures the noisy tokens of the noisy samples and fits the entire
dataset. This behavior is shown in Figure

5.2 PROOF IDEAS FOR SECTION[]

Here we provide the proof sketch for Theorem[6] There are mainly two parts in our proof:
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* First we determine the convergence behavior of p and v when the norm constraint R is
sufficiently large.

* Using properties derived from this convergence, we can analyze the training and test errors.

The first part of the proof builds upon techniques from |Ataece Tarzanagh et al.| (2023b)), which
shows that jointly solving for v and p leads to convergence to their respective max-margin solutions.
While their approach focuses on the asymptotic case where R, r — oo under specific conditions on
the training data, our work extends these techniques to the signal-noise data model and provides
non-asymptotic results.

To begin, consider the output of the attention layer r; = X,"S(X;p) which is a combination of
signal and noise tokens. This can be considered as a “token selection” based on softmax probabilities.
Since {7; };c[n) determines the model’s output, we prove that only by selecting signal tokens for clean
samples and noise tokens for noisy samples can we reach the maximum margin when performing
SVM on (74, ¥;)ie[n) and we refer to this as optimal tokens.

Definition 12 (Optimal Token). We define the optimal token for sample (X, y;) as

rr=aV =, i€ Cpk e {1,2) and =z =¢, icN (4)

7 - [

Based on this optimal token selection, we define the corresponding max-margin solution for p and v,
denoted by P, and vyy,,,. We first define p,,,,, as follows:

Definition 13 (p-SVM).

Pmm = argmin ||p||  subject to:

peERI
P (m—&)>1,i€C and p' (& —pi) > 1,i € N
forallk € {1,2},i € [n]. Let Z := 1/||pmm|| be the margin induced by .

Then for a given p, we define v(p) as the standard max-margin classifier on (7, ;)ic[n) and vy, as
the standard max-margin classifier on (7}, y;);c[,) Which represents the limiting case when p = Py,
and R — +o00.

Definition 14 (v-SVM).
v(p) := argmin ||v|| s.t. y; - v 7 > 1,  foralli € [n)]. 5)
vER?
I(p) :=1/||lv(p)|| is the label margin induced by v(p). When r; = r},i € [n], we define
U = argmin ||v|| s.t. y; -v "7 > 1, foralli € [n]. (6)
veER?

T := 1/||vimm]| is the label margin induced by v,

To show the optimality of this token selection, we prove that any other token selection that incorporates
other tokens in r; will strictly reduce the label margin. This is formalized in the following proposition:

Proposition 15 (optimal token condition). Suppose that Assumption 5| holds, with probability at least
1 — & over the training dataset, for all p, the token selection under p results in a label margin (Def.
14) of at most T — > -max(l — 8;4,) where a; = 1(i € C) +21(i € N) and C > 0 is some

—t
lvmm[[3np i€[n)
constant.

Then, it is natural to make a conjecture that when jointly optimizing p and v for (@), they will
converge to their respective max-margin solutions p;,,, and v,,.,, as R,r — oo. We verify and
formalize it in the following theorem.

Theorem 16. Suppose that Assumption[5|holds, with probability at least 1 — 6 on the training dataset,
we have

* The margin induced by p(, ry/ R in p-SVM is at least (1 — ()=, where

_ log(4y/p? + (1 + K)d||vmm > dp?)
B RE '

¢
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Figure 1: The left panel shows the train and test accuracies during training. It shows that benign
overfitting occurs after 2 iterations. After the first iteration, the model correctly classifies the clean
training examples, but not the noisy ones. In the right panel, we show the softmax probability
of the signal token for clean and noisy samples (average of the softmax probabilities 52-71 over
C and N respectively). We see that after 2 iterations, the attention focuses on signal tokens for
clean examples, and on noise tokens for noisy examples. This aligns with Theorem[d Parameters:
n = 200, d = 40000, 8 = 0.025, p = 30,7 = 0.05, test sample size = 2000.

* The label margin induced by v, ry/r in v-SVM is at least (1 — ), where v =

27/ p?2+(1+k)d

Fexp((1-Q)RE)

Here, (¢,) quantify the difference between (p(,, r), V(. r)) and (Prmm;, Vmm). As R — oo, both
¢ and ~ converge to 0. Thus, for sufficiently large R, we conclude that p(TT) R) (pnr — &;) becomes
large for i € Cy. This ensures that p(,. g captures sufficient information about signal tokens, which
enhances the accuracy of test sample predictions. Specifically, the attention weight on a signal token
is lower bounded by 0.5(1 — () R= < (p(,. g), i) Since the signal token remains invariant between
training and test data, we can estimate the attention layer’s output for a new test sample (X, y).

Lemma 17. Suppose that Assumption 5 holds, with probability at least 1 — & on the training dataset,
Jor a given test sample (X ,y) with X = (u*, €*), where the signal u* can be py or pa, we have
with probability at least 1 — exp ( - %(%(1 —-()=- K/R)Q) that (p(y gy, W*) — (P(r,r),§*) > K,
for K < %(1 — ¢)RE. Here (,E follow the definitions in Theorem

Therefore, if K is large, which is equivalent to R is large, the attention weight on the signal token is
much greater than the noise token. As a result, the signal token p* will dominate the attention layer’s
output, i.e. r* — p*.

Finally, from Theorem@ V(r,R) CONVEIZES t0 Vypyp, ensuring that it can make accurate predictions on
(1, y) if (per, y) comes from the clean set. Thus, w.h.p. the learning of signal token y - (v(, g), 1*)
is large enough to eliminate the randomness introduced by the noise token (denoted by A(£*) here)
and the model will make accurate prediction with high probability: y - f(p(, r), V(rRr); X ) &~

Y- 'UEE’R),U’* —A(g") > 0.
6 EXPERIMENTS

We complement our theoretical results with an empirical study on benign overfitting in single-head
softmax attention. We trained single-head softmax attention models (Eq. (I)) on data generated as
specified in Section 2.T|using GD with a fixed step size and the logistic loss function. In all figures,
the x-axis corresponds to the time and has a log scale. We add 1 to the time so that the initialization
t = 0 can be shown in the log scale (i.e. iteration 10° is the initialization).

In Figure [T} we consider a setting similar to Theorem ] and demonstrate that benign overfitting
occurs after two iterations, and that the behavior of GD aligns with our discussion in Remark We
also plot how the softmax probabilities evolve during training, and see after two iterations a behavior
similar to the first item of Theorem[z_f} In Figure@], we consider a similar setting, but with a smaller
step size. Here, benign overfitting occurs after about 150 iterations.
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In Figure[3a] we explore the behavior of GD with different SNR levels. When the SNR is too small the
model exhibits catastrophic overfitting, namely, it fits the training data but has trivial generalization
performance. When the SNR is sufficiently large we observe benign overfitting. In Figure [3b] we
investigate the overfitting behavior with different dimensions d. If d is sufficiently large we observe
benign overfitting. If it is very small we are not able to overfit, namely, the training accuracy does
not reach 1. For intermediate values of d we observe harmful overfitting. Thus, we see that high
dimensionality is crucial for benign overfitting. Interestingly, we can see that achieving benign
overfitting is possible even when d < n?, suggesting that our assumption on d in the theoretical
results might not be tight.

Lo --=- prob =05
S 0.81 — Ciean sample
—— noisy sample
0.9 2"
=
506
5‘0.8 === acc = 0.5 S
g -~ acc=1-n=095 205
a —— Train acc o
Zos — Testacc 304
E
£
50.3
0.6 ’
0.2
0.5 0.1

10° 10! 102 103 10° 10t 102 10°
Iterations (Log Scale) Iterations (Log Scale)

Figure 2: The left panel shows train and test accuracies during training with a small step size. The
clean training samples are correctly classified already after one iteration, but in contrast to Theorem 4]
and Figure|l} benign overfitting occurs after about 150 iterations. In the right panel we see that the
attention starts separating signal and noise tokens shortly before benign overfitting occurs. Parameters:
n = 200, d = 40000, 8 = 0.0001, p = 30, = 0.05, test sample size = 2000.

1. [ 1.
0 ] 0 o
(
0.9 - 0.9
>0.8 --- acc=1-n=09 >
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5 —— SNR=0.1 5
507 —— SNR=1.0 So7
< SNR=3.0 <
| ---- acc=0.5
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0.6 06 oy aees
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,,,,,,,,,, —— d=250
0.5 0.5 d=1000
10! 102 10° 10° 10! 102 10° 10° 10°
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(a) Accuracy - different SNR’s (b) Accuracy - different dimensions d

Figure 3: Comparing train (solid lines) and test (dashed lines) accuracies, with different SNR (left
panel) and different dimensions (right panel). In the left panel, we observe that for small SNR
(purple line), the model exhibits catastrophic overfitting, similar to Theorem [T0] For larger SNR
values, the model demonstrates benign overfitting. In the right panel, we see that for small d (purple
line), the model is unable to fit the data (at least in the first 10° first iterations), and both the train
and test accuracies are at the noise-rate level. For intermediate values of d (green and blue lines),
the model exhibits harmful overfitting, and for larger d (yellow line) the model exhibits benign
overfitting. We note that benign overfitting occurs here for d = 2n < n?, which suggests that the
assumptions on d in our theorems are loose. Parameters (left panel): n = 400,d = 40000, 5 =
0.00015,n = 0.1, test sample size = 2000. Parameters (right panel): n = 500,35 = 0.02,p =
30,n = 0.1, test sample size = 10000.

7 CONCLUSION

This paper took an initial step in establishing the benign overfitting phenomenon in a single-head
softmax attention model. Our results open up several future directions, including analyzing gradient
descent for more than 2 steps, more complex data distributions containing more than 2 tokens and
varying sequence length, and the self-attention architecture.

10
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Remark 18. Throughout our proofs, we assume without loss of generality that 1, = (p, 0,0, ...,0) T,
o = (0,p,0,...,0)" and & = (0,0,£7) for € ~ N(0,1,_5). Indeed, since py and o are
orthogonal, we can find orthogonal matrix A € R4*? such that Ap, = (p,0,0,...,0)", Apy =
(0,,0,...,0) T and A&; ~ N(A0, A(I; — prp] /p? — papg /p*)AT), which mean that AE; =
(0,0,&7) for & ~ N(0,1;_5). We emphasize that an orthogonal transformation does not affect our
results.

A.1 PROOFS FOR SEC.[3]
A.1.1 NOTATIONS FOR SEC.[3]

Given a, b, c € R, we denote by c(a £ b) the close segment [c(a — b), ¢(a + b)]. Given vector x, we
denote by x[i] the i" coordinate of , and x[i : j] denotes the subvector containing the elements
from the i to the J th inclusive. We also list some key notations used in this section for convenience.

Table 1: Usefull notation.

T 4" token in the i sample

¥ y;iv, @; ; i.e. jM token score in time ¢

aﬁ, ;  softmax probability of the 7™ token in the i sample in time ¢
e (X5 e, 1)

We remind that C, N C [n] denotes the indices of clean and noisy training examples, and C, Ny
denotes the clean and noisy examples from cluster £ € {1,2}. For example if i € Cy, then z; 1 = i
and y; = 1, and for j € N; we have that z;; = p; and y3 = —1. Let S'(v) := VS(v) =
diag(S(v)) — S(v)S(v) " denote the Jacobian of the softmax function S(v) at v € R

13
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A.1.2 ADDITIONAL LEMMAS & DEFINITIONS FOR SEC[3]

The following equations will be useful throughout the proof:

Vo L(v,p) Zf’ yi X, S(Xip) @)
i=1

VpL(v,p) = %Zé; - XS (Xip)vi, where v; = y;iv' X; 8)
i=1

V'(x) = =1/(1 + exp(z)) ©)

§'(v) = diag(S(v)) — S(v)S(v) " (10)

Definition 19 (Good Training Set). We say that a training set (X1, ..., X,) is good if
o |&113 € (1 £ 0,(1))d, foralli € [n].

[(€i,&;5)] < \/dlog(12n2/$), for any i, j € [n].
o [Nl € 5(n+on(1)) and |Cr| = (1 —n £ 0,(1)), for k € {1,2}.

Definition 20 (Good Test Sample). We say that a test sample (X = (x1,x2),y) is good w.r.t. a
training set (X1, ..., X,,) and constant C1 if

(@2, ®2)| < %, Vi € [n)

Next we write Lemma [59]slightly different, and also add a formal proof for completeness:

Lemma 21. Let 6 > 0 and C > 0. Suppose that Assumption [23](item[I)) holds with constant C, then
with probability at least 1 — 0 /2 we have that

Cxl € 5 "1+ /2/0), \Nk\eg(ni\/Q/C), vk € {1,2).

Moreover, we have

Cil € 2 (l—njzon( ), |Nk|eg(nion(1)), Vk € {1,2} .

Proof. By Hoeffding’s inequality,
P(llcil - S0 -n)| = Valog(16/9)/2) < 65,

which means that with probability at least 1 — 6/8 we have that [C;| € §(1 — 1 % c,), Where

= /2nlog(16/0)/n. Hence, if n > C'log(16/4), then ¢,, = /21log(16/0)//n < /2/C.
D

Slmllarly, we can estimate [N| for k € {1, 2}, and by union bound, the result follows.
Lemma 22. Let z,~,p € R? and let o = S(p), then
2'S'(p)y = (m —72)(1 — ar)as(z1 — 22)

Proof. Observe that a; 4+ oo = 1. Therefore,
2 2 2
27S' (p)y = 2T diag(a)y — 2T aa 'y = Z 2i0GY; — Z % Z i
i=1 i=1 i=1

= z10071 + 220272 — (121 + 222) (171 + Q2Y2)

= (12 — (1m1 + a272)) azze + (11 — (11 + a272)) a1z
= (172 — auy1) @aze + (@am1 — a22) a1z

= —ay (71 —2) azza + a2 (11 — 2) @121

= aq (71 - 72) Oé2(21 - 22)

Lemma allows us to analyze VL as a function of the score gap.

14
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A.1.3 PROOF OF THM. [4]

Proof of Thm. 4| To simplify the proof, we will use the following assumption, which is slightly
weaker than Assumption [3}

Assumption 23 (Assumptions for GD with SNR = ©(1/y/n)). Let § > 0 be a desired probability
of failure. For constants ¢, > 6,cg > 16¢, log(ci), there exists some large enough constant

C = C(cg), such that the following hold.:

1. Number of samples n should be sufficiently large: n > C'log(16/9)
2. Dimension d should be sufficiently large: d > Cn?log(12n2/5).

3. Signal strength is: p = c,+/d/n

4. Label flipping rate n: n < 1/C.

5. The step size 3 satisfies: 3 = (cg -n)/(c3 - d).

6.

Initialization at zero: ||vo|| = ||pol = 0.

Apart from slight adjustments to the constants within the logarlthm at items [T] and 2] (which can
be absorbed into C), the only changes are cg > 16¢, log(c ) (instead of Cz > 16) and 3 =

(¢ -n)/(c2 - d) (instead of § = Cp - (n/d)). Indeed, given C’g >16,C, > 6and g = Cs - (n/d)
which satisfy Assumption define ¢, := C,, > 6,c3 := Cﬁcﬁ > 16¢, log(cﬁ), which holds for any
¢p > 6. We also have that 8 = Cp - (n/d) = (cg/c2) - (n/d) . i.e., B, ¢,, cg satisfy Assumption
Next, under Assumption 23] we argue that with probability at least 1 — ¢ the training set is good (Def.

[ ie.
* [Ck] € 5(n*xon(1)) and Ny, € 5(1 —n=£o0,(1)), for k € {1,2}.
s ||&112 € (1 £ 0,(1))d, forany i € [n].

[(€i,&;)] < \/dlog(12n2/é), for any i, j € [n].

Indeed, this holds by Lemma[57] Lemma[21] and the union bound. We emphasize that the notation
o (1) represents a term that becomes arbitrarily small as n increases, and thus it can be bounded by a
small constant if C' from Assumption [I]is large enough.

Next, we show that under a good training set, the model exhibits benign overfitting, already after two
iterations. See Remark [T8]for the data setting used throughout the proof.

GD after 1 iteration. We start by analyzing the first coordinate of v; (i.e. v after one iteration of
GD). By assumption( iterr@), we have that py = vg = 0, which implies that £ ; = —1/2, for
any ¢ € [n]. Hence

/3 n
BV L(v, po)[l] = “on Zéo i YiTia Z yzp+ -— Z Yip
i 1€cl 16_/\/1
= e - i
é(l — 2= o,(1))p “good” training set

In the same way, we can estimate the second coordinate of v;—1:

Vi= 1 Zyzp"'i Z Yip € — 1_277:|:0n(1))p
’LGCQ i€N2

15
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where we remind that y; = —1, when ¢ € Cs, hence v;—1[2] has the same bounds as v;—1[1], just
with opposite sign. We move to analyze the rest of the coordinates of v;—1:

i=1

Overall, we can write v;—q as \i= g + A= po + D07 | 40071, with

B B

)\fi:1 S g(l —2n=+ On(l))’ )‘321 € _g(l - 2ni0n(1))a 9;?:1 = ﬁ

. 11
n (11)
Moreover, since v/~ = 0 for every i € [n], we have that p; = 0 (see Eq. .
Preparation for next iteration. To estimate (v;—2, pt—2), we first need to estimate the loss for
clean/noisy samples and the score difference, i.e. 7}, — 72,7 € Cand yj 5 — 7} 1,5 € N.

We remind that || u;||* = p* = c2d/n (Assumption(item ). For j € Ci, where k € {1,2} we
have that

1 .
Y f( X5 vi=1,P1=1) = 52/;’%11(%’,1 +j2) since p; =0
1= I 2, 1 = -
= SN 4 S0 I S S wn e e N > 0
i€[n]:i£]
(12)
Since the training set is “good” then by Eq. we can bound y; f(X;; vi=1, pr=1) as follows:
yi [(Xj;0i=1,pi=1) < ﬁ(l —2n+o0,(1)) -2 d + Ed(l +o,(1)) + ﬁn\/dlog(12n2/5)
J VEI =1 L= = 16 L P n 8n 8n
A(1—=2n)4+2+0,(1 d
< p( n) (1) . ﬁ— Assumption 23] (item [2)
16 n
1—=2n)+2/2 + o0,(1
=cg- <( ) 16/ £ ( )> Assumption 23] (item [5)
l.1cg
< 13
T (13)

where the last inequality holds since ¢, > 5, which implies that 2/ cf, + 0,(1) <0.1. Similarly, we
have that

: B 2 d B B
3 f (Xji e, Pimt) 2 451 = 20— on(1) -3 & 4 Lod(1 — 0,(1)) — Lon/dlog(120275)
S1-2m)+2-0,(1)\ pd
- 16 n
B (1—2n)+2/c; —o0n(1)
“ 16
0.905
14
T, (14)
For j € N, we have:
1 .
Y [ (X3 ve=1, Pt=1) = 51/3"0;1(13]‘,1 +x;2) since p; =0
1., 1 . I6] _
= *§|>\§51\ el + 595'71 I1€;1% + 2 Z viy;€l & yNT <0

i€[n]iiA)
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Since the training set is good then by Eq. [L1} we can bound y; f (X j; vi=1, pt=1) as follows:

Y f (X3 vi=1,P1=1) < —1%(1 —2n—o0,(1))- cz . % + %d(l +on(1)) + %n\/dlog(mrﬂ/é)
- —c(1=2n)+2+0,(1)\ Bd
= 16 n
B —(1—2n) +2/c2 + on(1)
o 16
< ’01'3057 (15)

where the last inequality holds for small enough 7 and since ¢, > 5, which implies that 2/ c% +2n+
0n(1) < 0.1. Similarly, we have that

£ 2001~ 0,(1)) ~ Lono/dTog(1227)

16 n
—(1—=2n) +2/c2 —o0,(1)
> cg < 16 ?
—1.1cg
> =% (16)

We remind that —¢; ; = 1/(1 4 exp(y; f(Xi; vi=1,P1=1))) and that § = cg - n/(dc) for some
constant ¢g > 16¢,. Combine with Egs. @ and@ we have that

i€C, —l_y; >1/(1+exp(l.1cg/16)) :=m& "' >0 (17)
i€C, —li_;,; <1/(1+exp(0.9c5/16)) := ME™' <1/(4c)), (18)

where the last inequality holds since cg > 16¢, and since 1 4 exp(0.9¢,) > 402 for any ¢, > 6.
Moreover, by Egs. [I5]and[I6] we have that
JEN, —li_y; >1/(1+exp(—0.9¢5/16)) := miF" > 0.99 (19)
JEN, —li_y; <1/(1+exp(—1.1¢s/16)) := M7 <1 (20)

The notations M/, and m, (M}, and m};) denote the upper and lower bounds, respectively, on the
derivative of the loss for clean (noisy) samples at time ¢, and we use them throughout the proof. We
remind that v} ; = y;v," ; ;. Then by Eq. [11} for i € C}, we have that

1B €
vt e g -mEon(1)p’ = (1 -2 E0n(1))

-1 Bd ¢
15t e (1 on(1) = 7 (1/c; % 0n(1))
— — C
Wt =izt e YU -2/ 2 on(1)). 1)

where in the calculation of 7}31 we use Zie[n]:i £ yiyﬂ;-:lEing = 0,(1) - d, since the training set
is good. For ¢ € NV, we have that

A5 e 202+ 0, (1) = ~ L1~ 2+ 0n(1))

8
- d
15 € 200k 0,(1)) = L1/ + 0,(1)

— — Cc
13! AT € F 12/ — 2+ 0a(1)) (22)

17
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GD after 2 iterations.
Analysis of v;—s.

Observe that
_ﬁv £(fvlvpl __7Z£12 yZXTS 2p1 :_72611 yz w11+m12)
We start by analyzing the first coordmate of VyL(v1,p1).
s
—BVuL(v1,p1)[1] = Z —0y i vz [1] + o Z 0 ;- yiwia (1]
16C1 i€N7
g / B /
~ o Z —lyip— m Z —lyip
1€Cq i€N
i1 DORTED SR M @
- m 1,2 1,5 p-
i€Cy JEN
Observe that
Z —0),; — Z ;> 1 —n—=o0,(1)) -me — g(n +o0,(1)) - My good training set
1€Ck FENL
>0 Eqs. [T7]and 20}

where the last inequality holds for small enough np < 1/C, where C := C(c,, cg) (see Assumption
H). Substituting it into Eq. 23] we obtain that

—BVuL(v1,p1)[1] > 0.
On the other hand, by Eq. 23] we can upper bound the first coordinate of the gradient of v by

—BVyL(v1,p1)[1] < % (Z —5/1,1') p

i€Cy
<2, <1008
Similarly, we can estimate the second coordinate of V, £(v1, p1):
0> ~BYuLlonp)2 = 1
Write vi—g = N2y + A2 00 + 00 | 1:0072¢,. Together with Eq. [11] we get that
A2 = AT = BV L(v, p)[1]/p < g(l +on(1)) + % < % (24)
AT > A > §(1 — 21— 0,(1)) (25)
N2 = VL, P2 > 2 (14 o, (1)) - 2 > 2 26)
AP S AT < —§<1 = 21— 0a(1)). @27)

Next, we analyze the rest of the coordinates of V,,L(v1, p1).

ﬂ B
—BVuL(v1,p1)[3:d] = Z i viki + o Z 0 ;- yi&;5,
zEC JEN
and use it to analyze the coefficients of the noise (second) tokens in v;—s, i.€., 9;?:2. Indeed, fori € C
we have that

0 =0 D = Dt ) Eq. [T

€ n(mc + 0. 5) 8 (Mc + 0. 5)] (28)
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For j € A/ we have that

0= =0t~ 1—££ _fn( 1;+0.5) Eq.[TT]
€ %(m/\/+05) QE(MN-%O.E)) . (29)

Now we move to analyze p;—o and show that p,—» focuses on optimal tokens for training samples.
pi—2 focuses on optimal tokens. Observe that py = —3V,,L(v1, p1). Therefore, for j € Cy,
Pz (%1 — 2)

_ T _ 6 - Tg/

= (@1 —xj2) FVpLve,pr) = (x)j1 — xj2) Z Vi X S (Xape )i

n

3

B -1 B -
~n _gll,i ’ m;’lleiTS/(XiPt)’Yf 't n Z ;- i 2XTS/( i)Y !
i=1 i=1
B - - —1y =
=0 _Ell,z : (7511 - %?}21)(1 - 043711)@5,11(“?},153@1 + ij,2wi,2) Lemma[22]
i€[n]
B - - 2 2
= ;( 1) =) = ai)aga(llagall” + e
B - - 1y =
+ n Z _E/l,i : (’Yf,ll - 75,21)(1 - 0‘5,11)045,11(33;1431‘,1)
1€CK i#£]
B - - 1\ =
T Z *6/1,@ : (’75,21 - 7;’5711)(1 - O‘ﬁ,ll)o‘ill(a};lmi,l)
1E€ENRi£]
B - - Z1\ e
+ n Z - /11 ) (’Yfgl - 75,21)(1 - 045,11)@5,11(“’;2%,2) .
1€[n]:i#£]

Observe that o :1 = a5 51 = 1/2. In Egs. ﬁ 21| and [22] E we calculate the score differences (e.g.
%‘,1 — % 51). Overall, we can lower bound the above equation by:

> 2 (me - L1 -2/ 20— 0,(1)) - d(1 — 0,(1))
2 (@ onV)- G me 21— 2/ - 2 - 0,(1)52)
% ( (n+ o0n(1 ~%~MN%’(1+2/c§ —2n+on(1))zc§>
%(n MN (142/c% =20+ 0a(1)) dlog(12n2/§)).

The first term dominates the last term since d > ny/dlog(12n2/§) (see Assumptlonn (1tem ).
The second term dominates the third term for small enough 7 (see Assumption[d). Overall, we obtain

that

Py (zj1 — x;2) >0, (30)

which means that for any ¢ € C we have:

2 _ 1 >

1
=, (31)
1+exp(—pg (w1 —xj2)) ~ 2

t:
zl
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For j € Ny,
g — -
ps (Tj2 —xj1) = = 1052 =7 = ainaga(lzall” + lzel)
B ,
_E Z /1,1 (7;11_711"21)(1_05511) i1 ( ],13311)
ZECk i#£]
5 Z 5/1 i %tzl - Wﬁl)(l - aﬁl)af,:ll(w;ﬁm)
1E€ENi£]
= g S b (IF = AEHA = alTYalT (@) ,®is)  LemmalZZ
Le[n]'iyéj

Observe that o :1 = al3 2 =1/2. In Eq . and Eq E we calculate the score differences (e.g.
%,1 —732"). Overall, we can lower bound the above equation by:

(mN (1+2/c —277—0n(1))~d(1—0n(1))>
( (1 =7+ o0n(1)) - g M . 12/ 2n—|—on(1))Zc§)

[NV - mN 1+2/c —277—0,(1))202)

?\Q ?\*@ ?\Q ?\E

(n My 2142/ = 20+ 0,(1)) dlog(12n2/6)).

8

Observe that the third term is non-negative. Moreover, we argue that the first term is at least twice the
sum of the second and last terms. Indeed, enough to show that

(mar- (1+2/c2 — 20— 0,(1)) - d(1 — 0,(1))) >
2 ((1 +0,(1)) - % - Mp - dc§> +2 (n My (142/¢ + on(1)) dlog(12n2/5)) ,

which indeed holds since ny/dlog(12n2/6) = d- 0,(1), and M - c < 0.25 while mar > 0.99 (see
Eqs. [I9]and[I8). Overall, for any i € N we have that

PE (i~ w50) > L (mac (14 2/~ 2= 0,(1)) - d(1 — 0,(1))

= 8% (mN gﬁ(l +2/c; =20 —0,(1)) - (1~ on(l)))

Z 2 IOg(CP)7

where that last inequality holds since c¢g > 16¢,log(c,), which implies that 0.90[23 /6403 >
2log(c,) = log(c?). We conclude that,

1 1 1
al=2 — > =
Y02 T T Y exp(—p] (@2 — 1)) ~ L+ exp(—log(2)) 1+ 1/c3
c? 2 -1
=L _>2 =1-1/c. 32
c2+17 ¢ /% (32)
We conclude that for any j € A we have that
P> 1-1/c, o <1/ch (33)

Together with Eq. [31] this proves the third part of the Thm.
The classifier sign(f(X;v;—2, p:=2)) classifies correctly clean training samples. Let (X; =
(zj1,%)2),y,) for j € C. We remind that ;1 = py, for k € {1, 2} and x5 ; = &;. we have that,

. =2 T t=2, T
f(Xjvi=2,Pri=2) = 0770y ;1 + 57V, T 9,

20
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and it suffices to prove that
y; (f(Xj;v2,p2)) > 0.
Indeed,

) _ot=2 T t=2 T
‘f(X' v,p) = Q0 17YjV Tj1 + Qi 5"YVg Tj 2

2 = =
Tl lewl® + o507 1E 17 + o5y Y wifi T &y >0

i€ [n]iiAg
Pl lle])” = o3P0 max|6;]v/dlog(1202/5)
_ d _
> ol (g) ;ci ol %(MN +1)/dlog(12n2/6) Egs. 29} 23] and 27]
1(B\d, 1 8
> (2)&2_ 2,2 2 .
2 3 (9> LA L. (My + 1)/dlog(12n2/4) Eq.[3T]
>0, d > n+/dlog(12n2/4§)

as required.
The classifier sign(f(X;v;—2, pi=2)) classifies correctly noisy training samples. Let (X; =
(xj1,2j2),y;) for j € N. We remind that «; ; = py, for k € {1,2} and x5 ; = &;. we have that,

. _ o t=2, T t=2, T
[(Xj3vi=2,Pr=2) = ;170 Tj1 + ;5 0y T 2,
and it suffices to prove that

y; (f(Xj;v2,p2)) > 0.

Indeed,

yif(Xj;v,p) = ﬁQinUQTCEm + CYEZQQZ/W;ZB]‘ 2
—a PNl l® + 5202 1IE 1P + 5Py D wifl T €y <0

i€[n]:iA]

—a77 (32) 42+ ol vt — (1) - 5?2 0(1) B B} ERanal
1 /38\ d 1\ s B
>-% (16> Aoy (1 - CQ) 2 0.99d(1 ~ 04(1)) ~ - 0,(1)  Eas. BJand[19

P

>0,

as required.
The classifier sign(f(X; v;—2, pi—2)) classifies correctly clean test samples.

Let (X = (@1, x2),y) be a fresh clean sample i.e. (X,y) ~ Dejean. Observe that &1 = puy, for some
ke{l,2}andy = 1iff k = 1. By Remark with probability at least 1 — 61 exp(—d/4C1n?)
for some constant C'; = C(c,,cg) that will be chosen later, we have that (X = (z1,x2),y) is a
good test sample w.r.t. C (Def. . We work under the event that (X = (1, x2),y) is a good test

21
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sample and show that y = sign(f(X; v¢=2, pt=2). Recall that p» = —V,L(v1,p1) and therefore:
s (x1 — x2)

= —(@1 — @2) " BV pL(V=1, pr=1) = (@1 — T2) gz Vi X S (Xap)y ™

n
=03 el XIS (Xipt - z @ X (Xipo
=1

S it = - el alT @] @i+ @) @) Lemmal2
i€[n]
B - -
= — Z /1,1 (75,11 —’Yt21)(1 — o 11) 1 (g i)
1€Cy,
B
T Z 5/1,1' (viz' — ’Yf,ll)(l — o7 (@] @)
i€NG
B — — 1\ =
+ n Z _Ell,i ) (75,11 - ’73,21)(1 - af,11)a§,11($;wi,2)
i€[n]i]

Observe that o’ Il = iy 51 =1/2. In Eq. and Eq. Ewe calculate the score y/=!. Overall, we
can lower bound the above equation by:

451 ((1_ _On(l))'g %(1—2/0 —2n—0n(1))20§>
_ % ((n +on(1))- g : MN%ﬁ(l +2/c2— 20+ On(l))ici>
- % (n : MN%(l +2/c2 — 2+ on(l))ci) :

Once again, the first term dominates the last two terms when C} is large enough and when 7 is small
enough (Assumption[d). This means that the softmax probability of the first token is:

1 1
> —. (34)
1+ exp(—pg (x1 — x2)) ~ 2

Let 1 = py, for k € {1,2} and x5 = €. Then,

f(X50,p) = a1v] T + pv; @,
where a1, oo are the softmax probabilities of po for X. It suffices to prove that
y(f(X;v2,p2)) > 0.

Since the test sample is "good", we have that Vi : £ £ < ﬁ, which implies that

yf(X; 'UQ?pQ) = Oé1y’ngSC1 + agyv;:cg

= o | Me| x| + 0423/2%915?5 YA > 0

i=1

> anl Al = azn mase 6] 1

B\ d B d
> )22 - aon— —— .
> (9) —C agnQn(MN+1)Cm Eqs. 29 [25] and [27]
1/6\d, 1 8 d
> (2) 42 Zn 2y + 1) Eq.
—2(9> 3N, MV DT %54
> 0,
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where the last inequality holds for large enough C. Overall,
Pix )~ (y 7# sign(f(X; vi=2, Pi=2)))
<N+ Pix y)~Doe, (Y 7 sign(f (X vi=2, p1=2)))
< 0+ 6n?exp(—d/4Cin?).

By Assumption [23(item , we can also upper bound the above term by 7 + exp(—d/Cn?), for a
slightly larger C';. This proves the last part of the theorem. O

A.2 PROOFS FOR SEC.

A.2.1 ADDITIONAL NOTATION

We first introduce some additional notations. Denote
7h7:|CL Up) :|Afh n1i=|Cﬂ, nm‘:|ﬁﬁlﬁﬁi:=1,2

Denote the output of the softmax layer S(X;p) by

si=(1-8:.8)".
Denote the output of the attention layer Xi—r sibyr; = (1 — B;)p; + Bi&, where 0 < 5; < 1is the
attention on the noise token of each sample. Then f(X;; p,v) = (v,7;) can be treated as a linear
classifier on (y;, 7;)ie[n). Additionally, from the property of log function, itemin Assumption
can be understood as d > Cn? log(poly(n)/5) and the same is for item 5]

A.2.2 PROOF OF THM.

Proof Sketch

There are two main parts in our proof. In the first part, we prove that only by selecting signal tokens
for clean samples and noise tokens for non-clean samples can we reach the maximum margin when
doing SVM on (y;, 7¢)ic[n)]-

Definition 24 (Optimal Token). We define the “optimal token" for sample (X;,y;) as
rr=¢&,ieN (35)

3

*

Next we define the respective max-margin solution for p and v. We will show that when jointly
optimizing parameters p and v for (2)), they will converge to their respective max-margin solutions as
R,r — oo, which are p,,,,,, and v,,,,,, defined as follows.

Definition 25. (p-SVM)
DPmm = argmin ||p|
p

subjected to

pl(mi—&)>1ieC

P (& —pi)=2LieN (36)
Soralli € [n]. 2 = 1/||pmml| is the margin induced by py,m,.-
Then for a given p, we define v(p) as the standard max-margin classifier on (y;, 7;)ic[n) and Vs,

as the standard max-margin classifier on (y;, 7} );c[) Which can be understood as the limit scenario
when p = pyym, and R — +o00 .

Definition 26. (v-SVM)

v(p) = argmin ||v|| s.t. y; - v v > 1, foralli € [n]. 37)
vERD

I'(p) = 1/||v(p)|| is the label margin induced by v and p. When r; = r},i € [n],

Uy = argmin ||[v|| s.t. y; - v rF > 1, foralli € [n]. (38)
veER

T = 1/||vmm]| is the label margin induced by v,
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After proving the converfnece direction of pr and v,., we can utilize their properties similar to p,,,
and v,,,, to proceed the training and test error analysis. Therefore proving that the model exhibits
benign-overfitting.

It is worth noting that in the first part, we show the optimality of the token selection in (33)) is strict
in the sense that mixing other tokens in r; will shrink the label margin. We formalize this into the
following proposition:

Proposition 15 (optimal token condition). Suppose that Assumption | holds, with probability at least
1 — & over the training dataset, for all p, the token selection under p results in a label margin (Def.

of atmost T — > -max(1l — s;q,) where o, =1(i € C) +21(i € N') and C > 0 is some

__c
”'Umm“SnP ie[n]
constant.

We will give detailed proof in the following.

Optimal Token Condition
Since v, satisfies the KKT conditions of the max-margin problem (37), by the stationarity condition,
we can represent Uy, as

Vmm = Mp1 + Aoz + Y 4ibi&;. (39)

1€[n]

Note that the conditions in (37)) can be written as:

Condition 1 (Optimal tokens).
vlip > 1
—vlpy >1
yv'& > 1ieN

Plugging (39) in the condition[I} we can rewrite these conditions as:
A [lpa? > 1

Az - 2 > 1
0; - 1€ + yiysr %; 0 (& &) > 1,0 e N
1 #£1

Then we introduce a lemma to estimate the coefficients 6; of v,,,,, under this condition:

Lemma 27 (balanced noise factor for KKT points). Suppose that Assumption 5| holds, under
Condition[I] we have that for vy,
0, =0, i€C; (40)

[ (1 = k)d — 4ng+/dlog(6n2/9) 1
(1 + &)d((1 — k)d — 2n9+/dlog(6n2/5)) (1 — K)d — 2ne+/dlog(6n2/5)

i

}, ieN.
(41)

Proof of Lemma[27] Note that Condition[T|does not have any constraint for samples with i € C. Thus
we have 0; = 0 for any i € C in the representation (39). For 6; with i € N, we first prove the upper

bound by contradiction. Denote j = argmax 6;. Then we have
iEN

yiv & = yiibi(€n &) = O1IEIE+ Y wiy0i&i &)
ieN i#j €N
>0;- (1 —k)d—nobj-2+/dlog(6n2/6),

where the inequality is from Lemma[57]and the definition of j. Consider the contrary case when
0; > - , we have

(17/<c)d72n2\/d log(6n2/6)
1

uv & > (1 = k)d — 2ng+/dlog(6n2/0)

(1= R)d = o -2/ToBEn?/B)) = 1.
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By the complementary slackness, if ijTﬁj > 1, then we must have 6; = 0, and thus we reach a
contradiction.

Then we prove for the lower bound. For Vj € N we have
L<00605+ D viysbiléi &)
i£G,AEN
< 6; (14 r)d + nymax6; - 2¢/dlog(6n° /)
n2
i ( ) (1 — K)d — 2n2+/dlog(6n?/9) 8(6n%/0)

The second inequality is due to Lemma[57)and the last inequality is from the upper bound we just get.
Therefore, we have

9. > (1 — k)d — 4na\/dlog(6n2/6)
"7 (L (1~ W) — 2o /d1og(607]3))

This completes the proof. O

Then we introduce a lemma to estimate ||V, ||:

Lemma 28 (Norm of v,,,,,,). Suppose that Assumption P\ holds, for the solution v, of (37) under
the token selection (33), we have

2
02

nn 9 2 amn
< < Z 42
+2d < vmml| 7p2+ d

1 nn
ol =0(y/ 55+ 7).

Proof of Lemma28} As v,y is the max-margin solution and satisfies KKT condition, it can be
represented as

This implies

Vmm = M1 + Nopia + > yibibi + Y yibié. (42)
ieC iEN

AS v, satisfies Condition (1}, we have A\; > 1/p? and Ay < —1/p%. So we could lower bound
[ vrm | as

lomm 1> = A2l + Nllasz 1+ D2 OF1€N7 + D > wivs0i8(€i, &)

ieN ieEN jeEN
2 na(l—k) n*n? 2
> 2 mUTR L) > 2 m
_p2+ d * d3/? _p2+2d

The second inequality is from Lemmathat 6; = ©(1/d) for i € N and the last inequality is from
Assumption 3]

, consider the following possible solution v

T=p P —p pat Y 2yii/d.
ieEN

Then to upper bound ||V,

For i € C, we have
Yo r = g0 > 1.

And for 7 € N, we have

yiv i =yiv & =20&17/d+ Y 2uw;(&i &) /d
JEN j#i

> 2(1 — k) — 2n9+/log(6n?/d)/d > 1.
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The first inequality is from Lemma[57]and the second inequality is from Assumption[5] Therefore, v
is a possible solution of SVM problem [26] when p converges to py,.,. So we have

~ 2  bhn
I < 512 = 2/ + 3 A/ + 30 3 vy (. €51/ < 5 + 7
iEN iEN JEN
The last inequality is from Lemma[57] Lemma[59]and Assumption[5] Combine the results above, we
have ||v,m||? = @(pi2 + ). O

Based on the lemmas above, we introduce our main proposition in this section:

Proposition 15 (optimal token condition). Suppose that Assumption 5| holds, with probability at least
1 — § over the training dataset, for all p, the token selection under p results in a label margin (Def.
of atmost T — > -max(1l — s;q,) where o, =1(i € C) +21(i € N') and C > 0 is some

__c
3
lvmm[[Pnp i€ln]
constant.

Proof of Proposition[I5] The main idea is to show the optimality of the token selection rule in the
sense that mixing any other tokens will shrink the label margin. For a given p, we say a sample x; is
a “mixed sample” if r; # r}. We say r; is a mixture of optimal token and non-optimal token in this
case. Note that for any p with finite norm, r; # 7. This notation is introduced for the clearness of
the proof.

We use contradiction to prove Proposition[I3]by showing that any token selection different from (33))
can only result in a strictly smaller label margin than that for the max-margin problem (37)). Since v
satisfies the KKT conditions of the max-margin problem, we can write v as

v =M+ dopts + > yibiki + Y yibiks. (43)
ieC €N

For a given p, denote v’ as the max-margin solution in (37), and I = 1/||v’|| as the new label margin.
According to Lemma[28] we have

1 nn
ol =0 25 + 5 ) = 21/6%),

Then we have o o I
F—ﬁ.max(l—smi) Zf—ﬁ 2 5
||vmm || np i€[n] Hv'rnm || np

for sufficiently large d. Here the last inequality uses ||[v,m||> = Q(1/p?). Thus we only need
consider the case when the new label margin I > T'/2, or equivalently,

[0l < 2[|vmml| (44)

Assume that there are k samples (0 < k& < n) that violdate the token selection rule (35) and among
them, p samples are from clean set C and k — p samples are from label-flipped set \/. Denote the
indices of the k£ samples as [,,. Then we consider the following three scenarios:

1. p#0,k —p = 0. (All mixed samples come from C)
2. p=0,k —p # 0. (All mixed samples come from N\)
3. p# 0,k — p # 0. (Mixed samples are from both sets)

We will separately discuss each scenario and show that Proposition[I5]holds in all cases.
Casel: p#£0,k—p=0

Under this scenario, we have:
I,NnC=1,; I,NN=a.

We proceed to analyze this scenario by dividing it into three distinct subcases.

'p<n1,L,ﬂcl7é®,L,ﬁC27é®
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sp<n, I,NC #3,I,NCyr =&, (4,i' €[2],i #7)
*ph=m

Casel.1p<n1, IvﬁC17é®, IvﬁCQ#Q

In this case, both clusters exist clean samples that are not mixed. Denote the index of mixed samples
I, as {ky, ko, ..., kp }. For every mixed sample k;, we have ry, = By, px; + (1 — B, )€k, . Then the
conditions under Case 1.1 become

Condition 2 (p clean samples violating optimal token selection).

v >1
—vTug >1
yv' & >1ieN
yivTri >1,i€l,

From the condition above, we could see that in this case, mixing one more clean sample is equal to
adding one more constraint. Therefore, mixing p samples will not result in a better solution than only
mixing one sample, i.e. larger max-margin in our setting. So we can reduce this case to mixing only

one clean sample with index k* = argmin /3;. Denote 7y« = By« + (1 — 3)&+ for some 3 € [0, 1).
iel,
Without loss of generality, we assume g« = p1, yx+ = +1. Then the conditions become:

Condition 3 (one clean sample violating optimal token selection).

vip>1

*’UT/LQ >1
yv'& > 1,0 €N
Yprv T > 1

Denote v’ as the optimal solution under this condition. v’ can also be written in the form of (3] with
coefficients denoted as A, \; and 6}, ¢ € [n]. Plugging this representation into the condition|3] we
have:

Ay llpa]® > 1

=N - flpa|® =1

07 1&01> + X viyw 05 (i &) 2 Li €N

i1
B -l l? + (1= B) Ok 1€k 1P + 3 wi i (& €x+)) 2 1
ik

First, we introduce another lemma similar to Lemmato characterize the scale of 0., € [n] in this
case.

Lemma 29. Suppose that Assumption[5| holds, under Condition[3] we have
0; =0, ieClC\{k*};

. [ (1 = K)d — 4ng/dlog(6n2/3) 1
N

14 k)d((1 — K)d — 2ny+/dlog(6n2/8))” (1 — k)d — 2ny+/dlog(6n2/0)

Proof of Lemma[29 Same as Condition [T Condition [3|does not have any constraint for samples with
i € C\{k*}. Thus we have ¢} = 0 for any i € C\{k*}.

}7 ieN.

Meanwhile, Condition [3]introduces an additional constraint compared to Condition[I] Consequently,
the feasible region for {6 };c »r under Condition3]is a subset of the feasible region for {6; };cxr under
Condition [1} Therefore, the bounds established in Lemma[27|remain applicable to {6 };c . O

From this lemma, We can see that §; = ©(1/d) for i € N. To proceed, we introduce a crucial lemma:
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Lemma 30. Suppose that Assumption |5 holds, denote v and v’ as the optimal solutions under
condition[I|and condition 3| respectively. We have

Ci(1=BMp™)? |~/ m
n2 _ N P T e
91 = T > 7y + O (7))

where 0 < Cy < 1 is a constant.
Proof of Lemma[30] We consider two cases under this scenario:

* 0, =0inv

In this case, from Lemmawe have SA] > (1 + o(1))/p? and all other conditions are
the same as the optimal selection. In order to get min ||v||, we have A} = (1 + o(1))/8p%.
Consider another solution vy which has parameters g1 = 1/p%, g2 = Ay, 0o; = 0.(i €
[n]). As vy satisfies all the inequities under Condition[I] we have I'y < I" So we have

1—\2 _ F/2 > 1—\2 1—\/2 1 _ 1 _ ()\%1 — )\/12) ) HIJ’1||2
- ool [lv']|? [vo[? - [lv'[2
_(+o()/P -1 _ (1 +AA-B o) . 1-8
[[vol[ - [lv']|? B2voll? - lv'[I2 — lwoll* - [lo’[|?
Therefore,
FiF/Z /17ﬂ2 /2Z 1;6 e
(Lo +I")[lwol|? - [[v[|* — 2L0][vol? - [|[v||
Set ¢ = QFOHUOﬁQ'HU'\P = 2Hvo\ll\lv’\|"“ we have I” < T — ¢(1 — 3). Moreover, we could
upper bound c as
1 1
c= < .

2”’00” ||’U/||2 o 2T7nm

The last inequality is from ||v’|| > ||vo|| > rmm.
0, # 0in v’
From KKT condition, we have

R (BNl + (1= B) (O 1+ 17 + D wnwibi (i, &) — 1] = 0.
i#k*

As 0}, > 0, we have

BN ll® + (1= B) (0 160 1P + D yne9i0i0; (6 1)) = 1.

ieEN

So we can estimate 92* as

1 —
0. || |1% = m =3 w0 ) < — = =Nt max 0;/dlog(6n29)
ieEN B
1 — BN, p? 2 dl 2/§
_ =AM nay/dlog(6n?/9) _ 45)

1-p (1 — k)d — 2ng+/dlog(6n2/9)

The first inequality is from Lemma[57)and the last equality is from Lemma[29] We can also
lower bound it as

O (| €x 12

LB S o, 517sk*>f%%“°—2n2maxa\/m
1eEN
_1- ﬂ)\’po B 2n9+/dlog(6n2/6) 46)
1-8 (1 — k)d — 2ng+/dlog(6n2/8)
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The first inequality is from Lemma[57|and the last equality is from Lemma [29] Therefore,
p— ! 2 9
we have 6}, = 6(%) + O(F7).
Then from the third inequality in Condition 3] we have
01>+ Yyt (& &) > 1 — vk Oy (&, i)
i EN I #i
1 — BXip? nm
o [N m] e

20 BN VB (6r30) 5
2 v OG0
2y/log(6n2/0) ~/mn
1 B0 o(m)

3y/log(6n2/0)

The second inequality is from (@3)); The third inequality is from Lemma [57]and the last
inequality is from the first inequality in Conditionthat Nip? > 1.

=1- 47

Consider v = Xlul + X2u2 + > yigi&, which has Xl =\, XQ =\, 51 =0/(1 -
i€[n]

37”1(3%5?2/5)) fori € N and 5; = 0 for ¢ € C. We can verify that ¥ satisfies all conditions

for v,,.m,. For Vi € A/, we have

0; - &I + Z yiyir Oy (&, &)

i EN i #i
3+v/log(6n2%/6
[ e+ Y vatldenen]/ (1 - DAEEEOY 5y
i EN I #i

The last inequality is from . Meanwhile, we have i ||u]]> = )\’1%;“”2 > 1,

allpal2 = <X s
plies [0 | < (3]

> 1. So v is a possible solution for Condition |3, which im-

Next we estimate the difference between ||v’||? and ||v]|?. We write the expansion of ||v|?

and ||v’||%:
1B1* = Al l® + Mllp2® + D NGl + Y wi;0:0;(6i, &),
iEN i,JENi#]
[0/ = A2 (g |” + Ml + > 02)&N1 + > Yiy;0:07(&i, &)
ieNU{k*} i, ENU{k* };i#j5

From the construction of ¥, we have \] = A1, A\; = X2. So we have

W'I1° = 1317 202 16 1> + D (07 =D&l + > Yo vt (&.€)

1EN iENU{k*} jeNU{k*}\{i}
11 [2
-3 > yiy;0:0; (€. &5)
€N FEN\{i}
I3

From (46), we have

/
0.

1 — BN p? _~<nn)
“l= v \d)
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We then bound the last three terms respectively. First we have

|h§3@WWQQSQahf 1) ¥ ol

ieN ieN
__ouna na(1 + K)d
T (1-0(1/Vd)? (1= k)d - 2ny+/dlog(6n2/5))’
=0 <d3/2 ) '
The first inequality is from the definition of gi; The second inequality is from Lemma
and Lemma[57]

Then we bound | I — I3] as:

=I5 =) > (06— 036)) - 1€, &) + 01 Y 01l (&xe &)

ieN jeN\{i} ieN
1
“(aaumar 1), 10 1 el gt e e
ou/Va (n2)?2/dlog(6n2/) ;oM
= (1—-0(1/vd))? (1—r)d— 277n\/d10g(6n2/5))2 t e 6(\/&)

n’n nn
-o("5) e ()
_O(d3/2>

The first inequality is from the definition of 0;; The second inequality is from Lemma
and Lemma[57] Combining the above results, we finally have

e Ci(1 =B p°)? | 50 m
HU ||2_||vmm||2_ (1—5)2(1+/€)d+0( )

d3/2
O
Now we can prove the main proposition in this case.
Proof of Proposition[[3]in Case 1.1. From Lemma[30] we have
Cil=BNp?)? (1Y) _ Ci(l— BNp?)?
ne _ " 2> 1 Z ) > 1 1-— =T(1 - B).
W1 = ol > T g +o(3) 2 1= A =T = 5)
In the last equation we substitute 7" = %’;\%’2)2 > 0. Then we have
r2_712— 1 _ 1 _ "I = [[vmm]® > T(1-p) )
[vmm[® 1117 (v ? - 02 [omml]? - [[v7]1?
Therefore,
r-r> /T(l_ﬂl mz = T(l_zﬁ) nme — T(l_ﬁ)/QZT(ljf)‘
(T + ) [[vmm I - 10717 7 2D [omm | - (|07 2[lomam ||| 2[|]]
The last inequality is from ||v’|| > ||V ||. This implies
T(1-p) Ch
I'<P-— 2 <p- 2L (1_p3).
2[|v"|? [V [[Prp?
The last inequality is from our assumption that ||v’|| < 2||v,um || and p? = Q(d/n). O
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Next we consider the other case.

Case1.2p=mn,

Next we consider the case when all clean samples are mixed. In this case, all samples in clean set are
mixed, so the first two inequalities in Condition [3] Ido not hold, which means that A} may be smaller
than \;. But we could still prove that Lemma[30]holds. We first write down the condltlon in this case:

Condition 4 (All clean samples violate optimal token selection rule).

yv' &> 10 eN
yv'r; >1,ieC

Plugging the representation (43)) into the condition, we have:
0; - (1€ 11* + A§‘yiyi’9£’<€ia£i’> >1lieN
BiXi - sl + (1= Ba) (07 - 1&:lI° + 3 wiy; 0 (&, €5) > Li€C
J#i

Proof of Lemma[30} First we assume that max{\} - |p1]|%, = A5 - [|pu2||*} = ¢ in optimal v’. If

q > 1, this is the same as Case 1.3. So we assume that ¢ < 1. Denote k* = argmin 11 %q and
ieC ‘

B = B+, consider the following condition

Condition 5 (Relaxed version of Condition [).
0; - 1€ 1” + 'é_yiyi’el'/<£ia£i’> >lLieN

9; ‘léi"‘2+ %ﬁ:yzyz <£za€z> > ,Baiec

Compared with CondltlonE], the second inequality is relaxed for ¢ € C. Therefore, denote the max-
margin solution as ¥ under Condltlonl we must have ||v]] < ||'u’ ||. Then we will prove that Lemma
st111 holds between | , which indicates ||v 12 = lvmmll2 > 19]12 = | Vmm]3 >
% + 0( ) Denote the parameters in v are /\17 )\2 and 91, we first introduce the following
lemma to estimate 9,: Here we denote o = 1_%‘1

for convenience.

Lemma 31. Suppose that Assumption[5| holds, under Condition[5] we have
& { @ (1 3 2n+/dlog(6n2/9) ) @
Tl +k)d (1 — k)d — 2n+/dlog(6n2/6) )" (1 — k)d — 2n\/dlog(6n2/6)
2 .
[ 1 (1 3 2an+/dlog(6n2/0) 7 ! GEN.
(1+k)d (1 — k)d — 2n+/dlog(6n2/5) /) ((1 — k)d — 2n+/dlog(6n?/5)

Proof of Lemma[31] Denote j = argmax 9\1 we have
i€[n]

B €N + 3 wiys00&i, &) = 6511€117 — nd;\/dlog(6n2/3)
J#i
> 0,((1 — k)d — 2n+/dlog(6n2/3)).

The two inequalities are from Lemma|[57|and our definition of j. Consider the contrary case when

D>

],z‘ec,

)

>
<

[e3

b; > ((1—r)d—2n+/dlog(6n2/5)’

we have

~T
y;iv & > a.

By the complementary slackness condition, if yjf)Tﬁj > « > 1, then we must have OAJ = 0, and thus
we reach a contradiction.
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Then we lower bound 9:—, for i € C we have

a<9 ||€z||2+Zyzy] (&,€&;) < (1—|—/€)d+2nmax9 dlog(6n2/4)

J#i
=N \/72
<O+ r)d+ 2an/dlog(6n?/6) .
(1 — Kk)d — 2n+/dlog(6n?/0)

The second inequality is from Lemma and the last inequality is from the upper bound of é; we just
derived. Therefore, we have

G>_ @ (1 3 2n+/dlog(6n?/5) )
T (1+k)d (1 — k)d — 2n+/dlog(6n2/5) )

Similarly, for i € A/, we have
g 1 (1 2an+/dlog(6n2/9) >
T (4w (1 — k)d — 2n+/dlog(6n2/5) )

Y

O

Note that we only consider the case when |7 < [[v'|| < 2|[vym||. And from Lemma [31] we have

9 = O(«a/d) fori € C. So we must have « = O(logn) is some constant. Otherwise, for i € C we
have
0ill&i* > a = yiyibi(&i, &) = Q).
i'#i
It further yields that
. 1 1 nm  no? nlog®n
817 = (=) + QCF) + SR = 2+ + =) =), @Y
ieC

which contradicts with ||v”|| = ©(y/1/p% + nn/d).

Then the difference between ||v,,,, |3 and ||9||2 becomes

B2 = vmmll? > D" O21I&N2 — 2/ + D02 = 0)IEN>+ D > wiy;0:0,(€:. &)

ieC ieN i€[n] j€[n]\{i}
Il 12
=30 vy (€ &)
€N FEN\{i}
I3

We will bound every term sequentially. For ¢ € C, we have

Oill&]* > o — Z 0ir (&5, €0) > a—nmax9 24/dlog(6n2/6)

i €[n],i’ #i

2an 10g(6n2/5) 5 ( )
(1 — k)Vd — 2n\/log(6 n2/6) Vd
The second inequality is from Lemma[57} The first equality is from Lemma 29 and the last equality
is from Assumption[5} This implies

2 2
9 1Q 2 ~( n Coni« ~( n
g ill©—2 —— = 0| =5 | > —— -0 =5 |-
— H€ [ /p* > (1 n K)d 2 <d3/2> = (1+r)d <d3/2)
The second inequality is due to the SNR condition p/+/d = Q(1/4/n) so there exists a constant Cs

2 (1—Cz)n1a2
that rel < Ttmd
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Then for |I;| we have

2 2 2
|11] < (Igy;@; - gg}{}@:) éNIIEiH
1

= <((1 —m)d—Qn:\/W>2 B ((1+1/<;)d(1 T _;Z%)f) ‘na(1+k)d
( 1+ r)d )2(1_((1—m)d—4nn\/m>2>'n2
S

(1 — k)d — 2nn+/dlog(6n?/5) (I +r)d
(1 .@<m v10g<6712/5>) n
d Nz ?

The second inequality is from Lemma [27]and Lemma [31} The third inequality is from the fact that
n <l

As for the last two terms, we bound them respectively, for I we have

i€[n] je[n]\{i} i€[n]
2

n2 @ .2 le 6’/L2 5
== R)d = 20y/dlog (677 9))2 v/dlog(6n2/3)

~0(an)

The first inequality is from triangle inequality; The second inequality is from Lemma[57} The third
inequality is from Lemma[29] Last for I3, we have

T D7 I8 (60 &) < (n2)* max 02 - 21/dlog(6n/0)
ieN jeN\{i}
1

< (n2) ((1—kK)d— an\/m)

(P02
- d3/2 -

The first inequality is from triangle inequality; The second inequality is from Lemma[57} The third
inequality is from Lemma[27] Combining the results above, we have

2 oo Comi(1—Bg)?*  ~( n? Ci(1 - Bg)®
111" = lvmmI” = A= Ara+r)d O(d3/2> 2 U= 820+ r)d

Therefore, we could then use the same method as above to prove that Proposition[I5]also holds in
this case.

Case1.3p<ny, I,NC;, #90, [,NCyy =D

5 2+/dlog(6n2/9)

For the case when only one of the clusters in clean sets are all mixed, we can follow similar method in
Case 1.2 to prove that Lemma[30]still holds. Without losing generality, assume all clean samples with
label y; = +1 violate optimal token selection while only part of clean samples with label y; = —1
violate. we have

Condition 6 (One cluster and a clean sample in the opposite cluster violating optimal token selection).
—vT po >1
yiUTSi Z ].,Z € N
yi’UT’l"i 2 ].,’L S C+1
yi’UTTi >1,ieC_1NI,
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Similar to previous analysis, mixing multiple samples with label —1 will not result in a better solution
than only mixing one sample with label —1. Thus we can reduce this case to mixing only one clean
sample and denote this mixed sample as k_;. Therefore, we have

2| > 1
0, 1€ 11? + X yiyirbi (& &) > 1,i €N

i/ £

yk71ﬁ)‘/ ||/'l'2||2 ( ﬁ)(e;c_l : Hék,1”2 + ) E yk71yi9§<£i7£k71>) > 1

l¢k71
BN lpal® + (1 = B)(0;, P+ 3 ynyibi(€i En)) = 1,0 € Cy
i#k;
Denote ¢ = A} - ||p1 | and ¢ < 1. Denote k* = argmin - %q and 8 = B+, we can further reduce
i€Cqq

the condition to

Condition 7 (Relaxed version of Condition [6).
”57/”2 + Z Yiyir 0 (&i, &ir) > 1 eN
”57/”2 =+ Z yzyz/a <£’La€7 > Z /3 ,Z €Cyy

Condition [7]relax the constraints in Condition[6} Meanwhile, it differs from Condition ] only in that
the last inequality holds for clean samples with label +-1. Therefore, we can follow the proof above
to show that Lemma 30 still holds in this case.

O

Then we consider the second scenario.

Case2: p=0,k—p#0

Similar to the previous part, there are two cases we need to consider under this scenario:

1. k:fp<n2.

2. k—p=nao.
We will go over every case sequentially.

Case2.1k—p<no

In this case, part of noisy samples are mixed. Denote the mixed samples as k1, ks, ..., kr—p. And
for every mixed sample k;, we have r; = 3;&, + (1 — 8;) px, . Then the conditions under Case 2.1
become:

Condition 8 (¥ — p noisy samples violating optimal token selection rule).
'vTul >1
—v T py >1
yiv' & > 1,0 e Nyi ¢ [k —pl
yr, v L, > 1,0 € [k —p

We could also write the last inequality as

Yk Biv " &y g, (1= Bi)o " pw, > 1i € [k —p).
Therefore,
kv & > (1 =y (1= Bi)v ") /Bivi € [k —pl.
For noisy samples, we have y; = —1 when p; = 1 and y; = 1 when p; = 2, 50 yp,v ' g, < 0
and thus (1—y, (1—8;)v " px,)/B; > 1. Compared to the constraint in Condition|I]that yy,, v " py,, >
1,7 € NV, the new condition is strengthened. So mixing 1 more noisy samples is equal to strengthening
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1 constraint in the original setting. Therefore, mixing k£ — p samples will not result in a better solution
than only mixing 1 noisy sample. Similarly, we can simplify this case to mixing only 1 noisy sample
and denote this sample as k.. We have rp« = 5+ + (1 — B) g~ and assume that £+ = pu;.

Denote v” is the optimal solution under this condition, and the parameters in v are A}, A} and 6} .
Then the conditions become:

Condition 9 (1 noisy sample violating optimal token selection rule).
vl p>1
—vpy >1
yiv' €& > 1i e Nyi# k>
Yrr 0 T > 1

Plugging the representation (@3)) into the condition, we have:

Mol =1

=Xy pe|? > 1

07 - &I1* + X vy 0 (&, &) > 1, i € NJi £ k*
i1

—(1 = BN - al® + B - 1€k 11 + ; Y yily (€ir €r)) > 1

We first introduce the following lemma which estimates the parameters of the noises. We define

o = LE 0B

for the convenience of the following proof.

Lemma 32. Suppose that Assumption[5| holds, under Condition[9] we have
@

9%* S
(1 — k)d — 2ng+/dlog(6n2/4)

g @ <1 3 2n9+/dlog(6n?/0) )
T (14 R)d (1 — k)d — 2ny/dlog(6n2/0)
(1 — Kk)d + 2(a — ng)y/dlog(6n2/9)
((1 — k)d — 2ny+/dlog(6n2/4))?
" 1 (1 B 2ang+/dlog(6n?/6) )
(= w0~ 2na/d1oa(675) )

Proof of Lemma[31] From the last inequality in Condition [0 we have

Ple P+ >0 vk 0] (& &) = a > 1
PEN ik,

max 0/ <
N itk*

in 6] > -
ieNhighs b = (1+k)d

The last inequality is because \/||pt1||> > 1 and 0 < 3 < 1. Denote j = argmax 6, we have
1€[n]

yo" & = 01GIP+ Y w0l (& €5)
PEN i)
>07(1 - k)d —ny mz[i>]<9§’ - 24/dlog(6n?/5)
1en
=07 ((1 — Kk)d — ng - 2y/dlog(6n?/5))
The first inequality is due to Lemma[57]and the last equation is from our definition of j. Consider the

contrary case when 6"/ & , we have
ary i (1—r)d—2n2+/dlog(6n2/5)

yv" € > a.
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"eq 2
By the complementary slackness condition, if ij”TEj > M then we must have

¢’/ = 0, and thus we reach a contradiction. Therefore, we have 0}/, < 07 < o .
J J (1-r)d— 2n2\/dlog(6n2/6)

Then denote j' = argmax 6, we have

i€[n],i#k*
0" T = 0016 1P+ D vy 06 &)
i€N i#£G!
>0 (1 —k)d— anE[Ifll]az};J 07 - 2¢/dlog(6n2 /) — ). \/dlog(6n2/4)

2ay/dlog(6n? /6
ZH;’((l—m)d—nz.Q dlog(6n2/5)) — « og(6n2/4) .
(1= K)d — 2nz/dlog(6n?/3)
The first inequality is from Lemmaand the second inequality is from the upper bound of 67, we

just get. Consider the case when 6", > (-r)d+2(a—ns)y/dlog6n?/0)
(1—k)d—2n2+/dlog(6n2/5))?

we have

yj/'l)//Tﬁj/ > 1.

By the complementary slackness condition, if y; v” ng/ > 1 then we must have 93// = 0, and thus
we reach a contradiction.

Then we estimate the lower bound of 0 when j # k... We have
L<y0" 6 = 0711€17 + D vy (€. &) < 0] (1 + w)d +no max ] - 2,/dlog(6n2/6)
ielnliti 1€[n]

1+ X/ (1= B)llpall? .
B((1 — k)d — 2n2+/dlog(6n?/5)
where the last inequality is from the upper bound we just get. Therefore, we have

PR Ny (W /7 ) B R mnuln?)
(1+r)d (1 = k)d — 2ng+/dlog(6n2/9) B

forall j € N and j # k..
Lastly we lower bound ¢/ . We have

1 1— 2\ 2
+ ( ﬂﬁ) iz < yk*v”T&* _ 02{ (14 K)d+ no m;[p](& dlog(6n2/9).
1€

Similarly, we have

<01+ r)d+

dlog(6n2/4),

IS B B B 1 P Tog6e)__)

.2 (1+r)d B (1 (1 - K)d — 2n2+/dlog(6n2/0)

After getting the bound of parameters, we could derive the norm difference as above

Lemma 33. Suppose that Assumption |5| holds, denote v and v" as the optimal solutions under
condition[I|and condition [9| respectively. We have

Cs(1—B)
d )

10”113 — [[ommll3 >
where C3 = ©(1).
Proof of Lemma([33] From the third inequality in Condition[9} for i € N, # k* we have
0] &>+ D wivirbi(&in &) > 1 — yiyes 07 (&i ke

i ik
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Then we add y;yr+w(&;, £x+) on both sides, where we set w = 0}/, — a—l <0..

(1+H)d—2\/d log(6n2/8) —

Then we have
0 &l + > yiyr b (i &) + viye w(€i, €)= 1 — yiges (0 — w)(&i, Enr)
i ik
> 1= 2(6). —w)\/dlog(6n2/5)

(14 k)d — 2a/dlog(6n?/6) 49)
(14 k)d —2y/dlog(6n2/5)

The second inequality is from Lernma Now consider a new 7 = \; n1+ Ao pot+ > yﬁi& with
i€[n]

A= Xl/; Ay = )\/2/5
0, =0!/(1—2(0. —w)\/dlog(6n2/s)) fori € [n],i # k*

and
w

1—2(0), —w)+/dlog(6n2/5)
‘We can prove that v satisfies all constraints for v, .

O —

From the first two inequalities in Condition |9} we have X1||p1]|2 = M/[|p1]® > 1, —Xo|pal® =

—MJ||p2]|> > 1. Then by dividing 1 — 2(}. — w)+/dlog(6n2/5) on both sides of , for
Vi € N,i # k* we have

0; - 1€ + Zyiyi/§i<€i,€i'> >1
i

Lastly we prove that O+ [|€x+ || + Y. viyk+0:(&i, Ex+) > 1. From the last inequality in Conditionﬂ
ik

we have
&R P+ e i (& Ere) >
i#Ek*
Dividing 1 — 2(6}., — w)+/dlog(6n?/J) on both sides, we get

05 1€ |2 5 a
+ iYr 0 (&i, Er) > .
1—2(60. — w)/dlog(612/0) ; it Ou8i &) 2 T 2(6!). — w)\/dlog(6n2/9)

Therefore we have

o= O —wlégell”  _ a— (0] —w)(1+k)d

9 * * 2"’ 1 Yk* i = =
el 4 D i B8} 2 1 2(0). — w)\/dlog(6n2/0) ~ 1— 2(8). — w)\/dlog(6n2/0)

i#£k*
The second inequality is from Lemma [57| and the last equality is by our definition 8/, — w =

a—1 — . . .. 5l >
Crmi—a/atosomil)” Thus, T is a possible solution under Condltlonand 1Tl > |lvmml|-

"’||? and || ||?. The expansion of v

Next we estimate the difference between ||v |2

and ||||? are:

"2 = APl 1+ Nz 1+ D 072 1€N% + D D wiys6i6] (&0, &),

iEN €N JEN
_ -2 —2 ) __
812 = Xl |2 + Nallpeal? + Y 166017 + 3003 wiy0:0 (4. €5).
iEN iEN JEN

According to the condition (@), we have ||v”|| < 2||vmm|| = ©(1/1/p? + nn/d), which implies
that « = O(y/nlogn). Otherwise, we have

W€k l? > = >y i (€, e = o).
i#Ek*
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It further yields that

(12

1 nn 1 m
12 //2 2 _
=Q(=)+Q . —+—)=Q
which contradicts with ||v”|| = ©(1/1/p? + nn/d). We decompose the difference between ||v
and ||@||? into four terms:

2 ) - —
" |I? = [1B)1° = (6:F = e )llns 1P+ > (02 = ODIEN" =D D wiy;0:0,(&i. &)

nlog®n
d )

//||2

T iEN i#k* iEN JEN
Iy I3
+ Z Z ylyﬁ”@// £17 €J> .
iEN JEN

Iy
We now estimate [; to I, sequentially. For the first term,
> (017~ 0p)(1— K)d = (0 — O ) (0} + Op) (1 — w)d
—1)(1—20/.+/dl 2/6
(e L2 TGP (1Y,
k)d — 24/dlog(6n?/9) d
a—1
=Q
(*5)

where the first inequality is from Lemma[57} the second equality is from Lemma 3T} and the last
equality uses the fact that « = O(y/n logn). Then we can further upper bound | jr\xfla;(k 0 as
1eN i *

> (1 — k)d + 2(ax — n2)/dlog(6n2/0) _ ol

i ((1 — /f)d — 2n9 dlog(6n2/6))2 O(&) (50)

ie€N iZ£k*

For the second term /5, we have
Ll< Y @ -0+ R
iEN itk
1
< ( - 1) max

(1 — (0. —w)\/dlog(6n?/5))? iEN itk*
—1)4/dl 2/§ 1
(o — 1)4/dlog(6n2/9) O(nn) O((a32)nn)'

(14 k)d — /dlog(6n?/6) d3/

The second inequality is from Lemma[31] The first equality is from (50) and the last equality is from
Assumption 5]

072 - nqn(1+ k)d

Then we bound | — I3 + I4] as:

| = I3+ 14| < Z Z 10:0; — 0707 - [(&:. &)

ieN jeN\{i}
< Y ST 100 - 0007 1€ EN 2 D (OO — 0707 | - [{(Ene, &)
i€N\{k*} jEN\{k*,i} teN\{k*}

1
S(nn)2<<1 ETT— - 1) max 6% .2y/dlog(6n2/5)

dlog(6n2/6))2 iEN iFk
O 0741/ dlog(6n2/9)

+an( 0 — ) ma;

! ( T T 9(8), — w)y/dlog(6n2/0) ) ieNizk:
< (a —1)y/dlog(6n2/9) 0 (nn)2(1 + n)) a-1
(1 + k)d — +/dlog(6n2/0) d3/? d

:O((a— 1)n*n? N (o — 1)77n>.

.O(Tm%) - 24/dlog(6n2/9)

d2 d3/2
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The third inequality is from Lemma [27)and Lemma 3T} The fourth inequality is from the fact that
0 O _ 0, — O — 207, (0}, — w)+/dlog(6n2/5)
Mo 2(0. — w)+/dlog(6n?/d) 1—-2(0). —w)\/dlog(6n?/))
_ gt - o GEY)
1—2(0). —w)\/dlog(6n?/0)

So we have 6}/, —

[ no_q, .- S .
YR e ey < 0y — Oy~; The last equality is from Assumptlon

Combining the above results, we have
"2 2 a—1 (04*1)77” 03(1*5)
013 - lomnl 2 6( 57 ) + o L™ ) 2 SUZE,
Here C's = ©(1) is a constant. O

Now we can prove the main proposition in this case.

Proof of Proposition[[5|under Case 2.1. From Lemma[33]we have

Cs(1-B)
01 ~ ol > 202 11 )
Here we substitute 77 = % > (0. Then we have
e L1 Pl T0-8)
[vmml* 071> (0”2 vmml* 0" - lomm]?
Therefore,
Fe TO-B) _ TU-p) _ T-§) _TO-H
= T om0 = 2 oml 07~ om0 = 207
The last inequality is from ||v”|| > ||V |- This implies
1 -p8) Cy
I"<l'—-— 2 <I'————(1- 7).
B o A
The last inequality is from our assumption that ||v”|| < 2||vV,m || and p? = Q(d/n). O

Then we consider the other case.

Case2.2 k—p=no

In this case, all noisy samples are mixed. From previous analysis, this is equivalent to strengthening
all conditions ;v ' &; > 1 while other conditions remain the same. As mixing k& — p samples will not
result in a better solution than only mixing 1 noisy sample, the proof is the same as Case 2.1 and we
omit it for convenience.

Finally, we consider the last scenario.
Case3: p#£0,k—p#0
This scenario is more complex as both clean and noisy sets are mixed. There are four cases to consider

1. p < ni,k —p < ne. (Both clean and noisy sets are partially mixed)
2. p < n1,k — p = no (Clean set is partially mixed, noisy set is all mixed)
3. p=n1,k — p < ng (Clean set is all mixed, noisy set is partially mixed)

4. p=n1,k — p = ng (Both clean and noisy sets are all mixed)
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We will go over every case to prove Proposition [I5] holds.

Case3.1p <ni,k—p<ng

This case is simple because from the analysis above, mixing 1 more clean sample is equivalent to
adding 1 more constraint and mixing 1 more noisy sample is equivalent to strengthening 1 original
constraint. So mixing both sets will not result in a better solution than only mixing 1 clean sample.
Therefore, the proof is the same as Case 1.1 and we omit is for convenience.

Case3.2p <ny,k—p=ng

In this case, all noisy samples and part of clean samples are mixed. We can consider this case as an
extension of Case 2.2 by mixing some clean samples. From previous analysis, mixing 1 more clean
sample is equivalent to adding 1 more constraint. So this case will not result in a better solution than
Case 2.2. The following proof is the same as Case 2.2 and we omit it for convenience.

Case3.3p=mn1,k—p<ng

In this case, all clean samples and part of noisy samples are mixed. We can consider this case as an
extension of Case 1.2 by mixing some noisy samples. From previous analysis, mixing 1 more noisy
sample is equivalent to strengthening 1 original constraint. So this case will not result in a better
solution than Case 1.2. The following proof is the same as Case 1.2 and we omit it for convenience.

Case3.4p=ni,k—p=ny

This case is more complex. We cannot simply consider it as an extension of Case 2.2 because the
analysis of Case 2.2 is based on the condition that there exist clean samples that follow optimal token
selection rule. Denote r; = B;u; + (1 — 3;)&; fori € C and r; = (1 — B;)p; + B;&; fori € N. The
condition in this case becomes
Condition 10 (All samples are mixed).

yv" T > 1.

This indicates

Biyi ] il + (1 = Bo) (07 1&1* + Z Yiy;07 (€ §5)) 2 1,i € C,
(1= Bo)ya ] llpaill® + Bi (07 1€:1I* + Z Yiy; 07 (€, &5)) = 1,i € N.

Assume that min{\} - ||pe1||?, =AY - ||p2]|*} = ¢ in optimal v”. If ¢ > 1, we can directly follow the
proof in Case 2.2. Otherwise, denote o = 11 B4 We have o > 1 due to g<land0 < fj; < 1.

Without losing generality, we assume A} - || 1 H2 = ¢ < 1. Then consider the following relaxed
condition

Condition 11 (Relaxed version of constraints in Condition[I0).

9”||£l||2 + Zyzyﬂg” £z7£j> > a,i€Cy.
JFi

Denote the optimal solution under Condition as © and the corresponding coefficients in ¥ as PYIDYS
and 9:-, i.e.
b= A + dopo + Z 0;&;.
i€[n]
Since the constraints in Condition [I1|is a subset of the constraints in Condition |10} we have ||| <
[v”||. Meanwhile, we have the following lemma to estimate 6;:
Lemma 34. Suppose that Assumption [ holds, under Condition[I1] we have

0; = 0,i € [n)\C1;

J. { « <1 B n+/dlog(6n?/9) > a
(1 (1 — k)d — ny/dlog(6n2/5) ) (1 — k)d — 2n11+/dlog(6n2/6)

7i€C1.
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Proof of Lemma[34, Note that Condition[I1]does not have any constraint for samples with i € [n]\C;.

Thus we have 0; = 0 for any i € [n]\C; in the representation (39). Denote j = argmax 0;, then we
1€Cq
have

i N&I7 4> uky0k (€6, €5) > 0,11€; 11> — 20,m111/dlog(6n/8) > 0;((1 — K)d — 2n11+/dlog(6n2/5)).
k#j

The two inequalities are from Lemma [57]and our definition of j. Consider the contrary case when

0; > (1—r)d—2n11/dlog(6n23)” " © have

o T
y;0 &5 > o

By the complementary slackness condition, if yj'z“JTEj > «, then we must have 03 = 0, and thus we
reach a contradiction.
Then we lower bound 6;. For Vi € C; we have

a <0 [1&17 + > yiy0i (&, &) < 0;(1 + K)d + 201y maxo dlog(6n2/8)
J#i

o 2 1 2
<01+ R)d+ any14/dlog(6n2/9) .
(1 - K)d — 2n11+/dlog(6n2/9)

The second inequality is from Lemma and the last inequality is from the upper bound of 6; we just
derived. Therefore, we have

oy 2n11+/dlog(6n?/0)
2 (1+k)d (1 C (1—r)d—2n1, dlog(6n2/5)>.

O
From this Lemma we have §; = ©(a/d) for i € C,. Similar as , under our assumption
|9]] < 2[|Vmmll, we have a = O(log(n)). Next we estimate the difference between ||%]|? and

||V ||?. We can prove that Lemma 33|still holds in this case.

Proof of Lemma[33] Under this case, the difference between ||93 and ||v,.,||3 becomes

1517 — lomml® = >~ (07 = 6)1&N7 — (AT = XD l® = (A3 = M) a1

i€[n]
-3 S g6 gl,gj +D 0> wiybib;(€, )
PN jeN\{i} i€Cy jeCi\ {4}

Iy I3
We then bound /; ~ I3 respectively. For I; we have
SN =D 02N —2/p7 = 1n1119 (1= k) — s max92(1 +K)d—2/p?
1€Cy €N
- a®nyi (1 — k) < B 2/dlog(6n2/9) > B nao(1+ k)d 2
— (1+4k)%d (1 — k)d — 2n11+/dlog(6n?/5) (1 — Kk)d — 2ng/dlog(6n2/6))2  p?

of5)

The second inequality is from Lemma[57} The third inequality is from Lemma [27)and 34} The last
equality is due to the SNR condition p/v/d = Q(1/+/n) so that L For I, we have

| 11]

v

—4d

2 ~
L] < Y max6? - 2/dlog(6n?/3) < N2y dlog(ﬁ” /%) - 0(”).
bavE (1 = Kk)d — 2n2+/dlog(6n2/5))? d3/?
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The first inequality is from Lemmal[57} The second inequality is from Lemma[27] Similarly, for |I5]|
we have

2n11a2+/dlog(6n2/6
|I5] < Z:mauxG2 2¢/dlog(6n2/0) < L (6n/9) O(d3/2>

v ((1 = K)d — 2n11+/dlog(6n2/4))?

The second inequality is from Lemma[34] Combining the above results, we have

/, n11 ~( n Csn(l—5)
013 - ol 2 6( ) - 0 7 ) = 220G

The remaining proof is the same as Case 2.1 and we omit it for convenience. O

Therefore, we complete the proof for all possible scenarios. O

Training and Test Error Analysis
From Proposition [I5] we can analyze the properties of both parameters to estimate the training and
test error.

In this section, we first get the convergence direction of parameters p and v. The main difference
between our setting with |Ataee Tarzanagh et al.|(2023b) is that they only consider the infinite case and
their results hold only when R, — oco. We extend their results to the finite case. Specifically, given
fixed upper bound R and r for ||p|| and ||v]|| respectively, we denote the solution of the constrained
optimization (2)) as (v, pr) in this section for brevity.

Our main theorem in this section estimates the corresponding deviation of pr/R and v, /r from
their convergence direction Py, / ||Pmm || a0d Vs /|| V|| For a given p, it is elementary that the
margin induced by p is min; 4, za, (Tia, — Tit;) ' p/||pl|, thus when ||p|| = 1, the margin becomes
min; ¢, 2a, (Tia;, — Tit, ) "p. And for a given v, the label margm induced by v is min; y;v T%/H’UH-
Recall that the label margin induced by v,,,,, is I' and the margin of p-SVM induced by p,,, is =.

First we introduce a lemma to estimate the norm of ||, ||. This will benefit our proof of the main
theorem.

Lemma 35 (Norm of p,,). Suppose that Assumption 5 holds, recall that the solution of (p-SVM) is
Pmm- With probability at least 1 — § on the training dataset we have

d

1 n
||pmmH = 6( ; + 77d>

Proof of Lemma First we prove the upper bound. Consider the following possible solution p:

p= Mt H2) “1“‘2 24& 51)
ieN

T ppl? < S 2
e [P ” < 25

This implies

We then proved that p satisfies (36). For k € C we have

Pl — &) =2— ) 45020 £z7£k> > 12 dl(;g(w/é) > 1
ieN

The first inequality is from the definition of d in Lemma [57] and the second inequality is from
Assumption And for k € N, we have

ﬁ—r(fk—uk)——2+z4 > 2"‘41—/{ Z 45175’(}

iEN i€N itk
2
dlodg(Gn /9) >

Y

4
o 41— k) + 2
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The first and second inequalities are from Lemma[57} The last inequality is from Assumption [3]

Therefore, the max-margin solution p,,,, must have no greater norm than p. So we can upper bound
DPmm a8

~ 8 16
IPmon < 1B]* = 5 + dQ(ieZNmn? Y &e)

i,JEN i#]
8 16 8§ 17mn
5+ (L omad + 208V dlog(612]0) < — + =

The second inequality is from Lemma[57} The last inequality is from the definition of d in Assumption

Then we prove for the lower bound. As p,,,,, is the max-margin solution and satisfies KKT condition
it can be expressed as the sum of signal and noise tokens. Then we decompose py.,,, = p);"™ + ps

where pj/™ = f{""u1 + f3"" po and P = Z g;”mﬁi Note that p; L &; forall j €
{#1},7 € [n]. From Lemma[39] we have f;""™ > 0. 9/p so we can lower bound ||pj™ |3 as

mm mm mm 2092 1
1P 15 = 2 |l + f57m2 | pe]* > s

As for || pg"™||2, from p-SVM condition, for every noisy sample we have

which indicates
Pe" & =P 2 14 Pt > 19,

The last inequality is from Lemma[39] Sum up the inequality for all noisy sample, we have

> pEmTE > 1.9n,.

ieN
Thus,
™| 1.9n5 _ 1.9n5 1.9n9 S nn
Tyl SI6E+ T (608) = e imd- Vd

HLjEN
The second inequality is from Lemma[57]and the last inequality is from Assumption[5] Therefore,

1 nn
Pl = P53+ g™ 13 > 5 + 77

Combining the results above, we have

1 nn
2 _
||pm7n|| - ®(p2 + d>

O
Definition 36. Let f : R? — R?. We say that
Jm f(z,y) =L
iff Ve > 0 IM such thatVzx,y > M we have that || f(x,y) — L|| < e.
Remark 37. Let ¢ : R — R be a function with lim,_, ., g(x) = oo. Assume that

lim, y—yo0 f(@,y) = L, thenlim,_,o f(x,g(x)) = L and lim, o f(g(z),z) =L

Now we introduce our key theorem:

Theorem 16. Suppose that Assumption[S|holds, with probability at least 1 — § on the training dataset,
we have
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* The margin induced by p(, ry/ R in p-SVM is at least (1 — ()=, where

log(41/p? + (1 + &)d||vmm*dp?)
<= R= '

* The label margin induced by v, ry/r in v-SVM is at least (1 — ), where v =

27/ p?2+(1+k)d

Fexp((1-Q)RE)

Proof of Theorem[I6] From Proposition[15] we have that for any ||p||, the label margin 1/||v(p)|| is
at most
C max;epn)(1 = sia,)
[vmm [Prp?
where o; = 1 fori € C and o; = 2 for i € . Recall that s; = S(X;p) is the softmax probability

vector. We define ¢ = 1 — s;,, to measure the amount of non-optimality (attention on non-optimal
token).

)

We first consider the convergence of pr and use contradiction to prove the first statement. Denote
PE"™ = RPmm/||Pmm| which has the same norm as pr and the direction of p;,,,. Suppose the
margin induced by pr/R is at most (1—¢)Z, i.e. min; ¢, 2q, (Tia, —Tit, ) pr < (1-¢)RE,Vi € [n].
Note that here each sequence only has two tokens, thus ¢;, «; € [2], and t; = 3 — ;.

According to Lemma[35] we have

E = Ipmmllz " = O((mm/d +1/p%)~1/?).

Following the definition of ¢¥ above, we set Gnq. = SUP;e[n] ¢P" and ¢}, = SUP;en] @ 7" to be
the worst non-optimality in pr and p’z™. Then we have

exp(a:iTtip’I’%m) exp(:c;ip’gm)

PR
q; = =
’ e exp(@pE™) T exp(xl, PE™)

< exp(—RE).

The last inequality is from the definition of Py, that ;). (Tia, —Tit) > 1,50 PR (Tia, —Tit) >
R/||pmml|l = RE. Thus, g;r,q, = Supe,) ¢ ™™ < exp(—RZ). Then denote the output of attention
layer 7; = X' S(X;p}i™). Define ¢; = |7 — @ia, ||, we have y; - ] Vs > ¥i - T, Vrm —
|7 — @i, || - [[Omm|| = 1 — €;/T. So if we set €00 = SUD;¢([n] €is Vmm achieves a label margin of
at least I' — €42 0N (s, 7)ic[n]- To better estimate €,,4,, we define M = SUP; ] [l — &l <

p? + (1 + k)d, then we have

€maz = M - o < M exp(—RE). (52)
This implies the max-margin achieved by (p3™, v]"™) is at least
v f(PR™, v ;) = Yo" Ty > 0T — repay > I — rM exp(—RE). (53)

The first inequality is from y; - 7, v > r(I' — ¢;) and the last inequality is from .

i
Then we consider the case when min; ¢, 2o, (Tia; — Zit;) ' Pr < (1 — ) RZE the minimal margin
constraint is (-violated by pr. Without losing generality we assume that 1 = argmin[(xz;q, —
i€[n]
Zit) PRt2a,. Then we have

1 exp(e], pr) |
2 exp(a:iralpR) ~ 2exp((1 — ¢)RE)

From Proposition optimizing v-SVM on (y;, 7’;)ic[n) can achieve the max-margin at most

i exp(z{;, Pr)
mar —
ZtE[Z] exp(a{,Pr)

C =
in 1y, ) <D ———— e (I-ORE 54
min y f(Pr, v i) < SMomm gt (54)
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And from the definition ¢ = 3= 10g(2M || vy |>np? /C), we have
C

o gt OP(~(1 = ORZ) > Mexp(~R=)
mm

for sufficiently large R, which implies

miny; - f(pr, vr;@i) < miny; - f(pr™, 0" @;).
i€[n] i1€[n]

This contradicts with the problem definition (2)) to maximize the margin.

Then we prove for the second statement. When the margin induced by pr/R in p-SVM is less than
(1 — ¢)Z=, we can use the proof above to derive a contradiction, so (%o, — ®i;)  Pr > (1 — ()RE
must hold. Then set 7; = X,' S(X;pg), we have that

min yﬂ;jﬁ < min yiv:a:mi + sup |'u;r('?i — Tj, )|

i€n] i€ln] i)

(1 =~)'r + Mexp(—(1 — {)RE)r

(1 —~/2)Tr.

The second inequality is from previous analysis that (x;o, — ;1) ' Pr > (1 —C)RZ, so |[7; — x| <
M exp(—(1 — ¢)RZ); The last inequality is from our definition v = 2M

<
<

Texp((1—-¢)RE) "

Therefore, combining with (53), we have
vI'r/2 > rM exp(—RE),

which implies

nel[n] i f(PRr,vr i) < Ig[m] yi - f(PR™ 0" ;).
Again this contradicts with the problem definition (2). [

Then we have the following lemma to bound the derivation ¢ and ~:

Lemma 38. Suppose that Assumption[3|holds, consider the same setting in Theorem[16] we have
(<02and~y <1

Proof of Lemma From the definition of ¢ in Theorem[16] we have

log(2M ||V ||Pnp?/C 1
_ g( I :H P / ) - log(M||vmmH3np2)
R= Ry/nn/d +1/p?
1 2(,2 d 2 d 3
<y log (n (r* + )2(p3?7n+ ) > _ Cs
Ry/mn/d+1/p? p*d Ry/mm/d + 1/ p?

Here C', Ca, C5 = O(1). The first inequality is from the upper bound of ||v;,,, || in Lemma[28|and
the last inequality is from the definition of R in Assumption[5] And for v, we have

2M ) M]vmm]| <C,\/(P2+d)(77n/d+1//)2)

v= Fexp((l — C)RE) - Cl eXp(R/vam”) - eXp(R/\/W) <t

Here C{, C4 = O(1). The first inequality is from the lower and upper bound of ||v,,, || in Lemma
[28and the last inequality is from the definition of R in Assumption [5]

¢

log(pn) < 0.2.

Then we can estimate (pg, p) with the following lemma:

Lemma 39. Suppose that Assumption ] holds, with probability at least 1 — & on the training dataset,
PR should satisfy

0.5(1 = Q)RE < (pr,p;) < Rp
forje{1,2}.
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Proof of Lemma[39 The upper bound is given by
(PR, 1t5) < PRl = Rp.

Then we use contradiction to prove for the lower bound. From Theorem[I6] pr satisfies
PRl —&) > (1-QREieC
pr(& —pi) > (1—-COREie N (55)

If (pr, i) < 0.5(1 — {)RE, then for every clean sample from cluster j we must have (pr, &;) <
—0.5(1 — ¢)RE and thus

Pr, Y &)= (pr,&) < —0.5(1— ()R=ny;.

ieC; ieC;

So we could estimate ||pr|| as follows

1 1
pall > 0501 — ORE -ny;———— = 0.5(1 — ()RE - ny
Iprll 2 050 = R s = O O e S e e
i€C; ieC; i,j€C;
1 .
> 0.5(1 — ()RE - ny; > 0.4RE . — Y1

VT arnds M AT e

The first inequality is from the property of innerproduct; The second inequality is from Lemma [57]
and the definition of d in Assumption [5} The last inequality is from Lemma [38] Meanwhile, from

Lemmawe have ||prml|| < 1/8/p% + 17nn/d. Recall that = = || Py, || 1. Therefore, we further
have

0.42n1j

S
V2 +w)yd ~\ (8/p + 1Tn/d) - 2(1 + k)d

0.04(n —nn — O(y/n))
= \/(8/p2 FTn/d) (L ryd TR

PRl > 04RE -

The second inequality is from Lemma [35} The third inequality is from Lemma [59] and the last
inequality is from Assumption [5about SNR and 7. This leads to a contradiction.

O

Now we can estimate the output of attention layer for some test sample (X, ).

Lemma 40. Suppose that Assumption 5| holds, with probability at least 1 — 6 on the training dataset,
for a given a test sample X ,y, where X = (u*, &%), p* can be 1 or pa, we have with probability
at least 1 — exp (— 3(3(1 — ()2 — K/R)?) that

<pR7/J’*> - <pRa€*> > K»
where K < %(1 — ¢)RE and (, E are defined in Theorem

Proof of Lemma Note that p " £* follows Gaussian distribution AV (0, R?), we have

P((pr,pu*) — (pr, &) < K) = P((pg,£*) > (pg, p*) — K) < P(pp&* > 1(1 —(RE - K)

2
1.1 — 9
< exp (- 5(5(1- OF - K/R)?).
The first inequality is from Lemma[39)and the second inequality comes from the property of Gaussian
tail probability. O

We also have the following lemma to estimate v,.. We first prove that v,. can be expressed as the sum
of signal and noise tokens.
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Lemma 41. The solution of constrained optimization problem ([2)) v,- can be expressed in the form
that

n

v = A1 + Aapre + Zeiéi-

=1

Proof of Lemma Similar to Theorem 16| define 7; = X,' S(X;pr) as the output of attention
layer, we have

v, = argmax min yi'u—rri. (56)
Jol|<r i€[n]

Then denote s = m[ln] y;v ' r; and s, = m[ln] y;v,] ;. Then 1| can be written as
i€[n i€[n

(vy, 8,) = argmax s, s.t. yv'r;>s, 1<i<n
v,s

[of| <.

The corresponding Lagrangian function is
L(s,$) = =s+ > tiyi(s — yiv i) + o [|o]* = 7).
i=1

Take derivative of this function on (s, v), we have

n

= tiyiri + 24w = 0.

=1

Therefore from the last equation we can get

1 n
V= - ViYiTs.

Asr; = Bipi + (1 — B;)&; for every ¢ € [n], v can be expressed as the combination of signal and
noise token of every sample:

v = Mps + Aapa + Y 0.
i=1

Based on this representation, we can then bound the parameters in v,.:
Lemma 42. Suppose that Assumptionholds, denote v, = M1 + Moo + > 6;&;. Then with

1€[n]
probability at least 1 — 6 on the training dataset, we have
A= (1=)Tr/p?,
Az < _(1 - ’Y)Fr/an

10;] < 20/1/p% + 5yn/d - Tr/Vd.
Proof of Lemma The first two statements are obvious because from Theorem [T we have
v, i > (1 =)0,
for Vi € C. This implies [\;| > (1 — y)['r/p? for j € {1,2}. Meanwhile, we decompose
v, = vy + V¢ where v, = A + Aopo and ve = > 60;€;. And we can upper bound ||ve|| as
i€[n]

lvell® = llvl* = llval® < 72 = Xp* = A3p* < r?(1 = 2(1 = )°T%/p?).
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The first inequality is from ||v|| < r and the second inequality is from the first two statements we just

i€[n]

proved. Therefore, denote j = argmax 6;, we have
OF1&511° < llvell® < r*(1 = 2(1 = )T?/p?).

Then we can upper bound |6, | as
07 <r*(1 =201 = )°T/p")/11§]1* < r*(1 = 2(1 = )°T*/p*) /(1 — K)d
2(1—9)? > ( 1 )
2 2
=r“l1—- ———— 1—-r)d<re(1- 1—k)d
(1= oo 1= @7+ iy )/
~ 1+5nnp?/d 72 < 1 n 5nn 22
 245mmp?/d (1 —k)d — \ p? d 2d
The second inequality is from Lemma [57} The third inequality is from Lemma 28] that ||[v,,,, ||
\/2/p?+5nn/d and our definition of v = éim; The last inequality is from I’
lvmml| = > (2/p* + 5nn/d)~1. Thus, we can bound |0;] as

16,] < 24/1/p% + 5yn/d - Tr/Vd.
O

IN

Therefore, we can prove the main theorem.

Proof of Theorem|[f] First we show that the model can perfectly classify all training samples. From

Theorem[16] we have
yiv, ri > (1 —~)r >0

for Vi € [n]. The last inequality is from Lemma[38] Thus y; = sign(f(X;; pr, v,)) forall i € [n]

Then we bound the test error. Given a test sample X, y, where X = (u*, £*), p* can be p1 or o
From Remark58| with probability at least 1 — 6n exp(—d/4C1n?),
(57)

. d

According to Lemma with probability at least 1 — exp ( — 2 (5(1 — ()= — K/R)?), we have
(yor e p+ &) _ XA —)lrflp]? 1

: r X 2 - § 03] - [{&: €)I-

Y f(pR7'U )— 6K+1 = p2(€K+1) 6K+1ze[n]‘ ‘ |<€ E >‘

(58)

1(1 — ¢)R=. By uniform bound, we have that with

Let K = log(vVd\/1/p®> + nn/d) + C < 5
probability at least 1 — 6n exp(—d/4C1n?) —exp (— $(3(1 — ()= — K/R)?),
K1 —y)r —n-d/(Cin)-2y/1/p2 +nn/d-Tr/V/d

14 eX

e
Y- f(pR,U7-;X) >
S 0.8e5Tr —/d/Cy - 2\/1/p2 + nqn/d - Tr

14 eX

>0,
where the first inequality uses (57), (58) and Lemma @2} The second inequality is from Lemma [3§]

and the last inequality is from Assumption [5]and our selection of K. Therefore,
1,1 _ K
P(y # fpr.vrs X)) S exp (= 3 (5(1= Q2= 1)) +4,
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where ¢ = log(zM“;’{gm“B"pz) = @(W log(pn)), K = log(Vd\/1/p% +nn/d) + C =
O(log(\/d/p% +nn) and Z = ||pymllz ' = O((nn/d +1/p*)~1/2). Plugging in the order of = and
K, we have
Px y)~p(y # sign(f(X;pr,vr)))
=P(x y)~p(y # sign(f(X;pr, vr)), y = =)
+ P(x,y)~p(y # sign(f(X;pr,vr)),y =)
=1n+Pxy)~o(y #sign(f(X;pr, vr)),y =Y)
: 0-0  logndy/TF Tanfd).2
§n+eXp(—d/01n)+exp(—@(W_ “ ))
(1-¢ 10g(d))2)
Vinfd+1/p?2 R

where ( = © (7W log(pn)). This completes the proof. O

=n+ exp(fQ(%)) + exp ( -

A.2.3 PROOF OF THM. [§]
Lemma 43. Consider the next joint-constrained max margin solution:

(ve,py) = argmax miny; f(X;;p,v). (59)
o2 +llp|2<t

Let ry := ||v¢]| and Ry := ||v¢]|, then (vi, pr) = (v 707:71;%),p(,«th)), where (v(T.th),p(,.“Rt)) isa
solution to Problem 2} Moreover, under Assumption 5] (items 1-3), with probability at least 1 — ¢ over
the random data generation, we have that ry — 0o, Ry — coast — oo.

Proof. By Proposition with probability at least 1 — &, for all p € R<, the token selection under

p results in a label margin of at most I" — ¢ - m?}]((l —sP )in (with r; = X, S(X;p)), where
i€n ¢

a; =1(i € C) +2I(i € N), s = S(X;p) is the softmax probabilities, and ¢ := C/ |V ||>np? is
some constant (which may depends on n and d, but not in ¢).

Observe that as the norm of v increases, the margin increases; thus, it’s easy to verify that ||v:|| — oo
as t — oo. We argue that also ||p:|| — oo as ¢ — oo. To see that, assume by contradiction that
lpt]l < Ry for some arbitrary large ¢ that will be determined later. SetT" = 1/ ||V ||, [|0¢]] = 74,
Bmm = (1 — 1)T 0. Hence t = 2 + R2 and || ||* = (r — 1)2. The idea is that by decreasing
||| by 1, we can choose p with ||p||> + (r; — 1)2 = ¢t = r2 + RZ, i.e., |p|* = 2r; — 1 + R2, which
can be arbitrary large for large enough ¢. Set Il := 1/ ||pym || and Prm = /27t — 1 + R21Ipyym.
The proof strategy is obtaining a contradiction by proving that (¥, Dmm ) is a strictly better
solution compared to (v¢, p;). Define ¢¥ =1 — s? «, to be the amount of non-optimality sopftmax

probability where s = S(X;p) is the softmax probabilities and o; = 1 iff i € C and 2 otherwise.
Then we have that

max ¢t > K
(2

where x > 0 is a constant that depends just on R and data parameters (e.g. n, d, p, §). On the other
hand, for every € > 0, we have that

q* = max qlpmm, S €,
7

for large enough r, i.e. large enough t. Therefore, By Proposition T3] (see the first paragraph in the
proof), we can upper bound the margin induced by v; on (Y;, r;) for r; = X,'S(X;p;) by

min y;v, r; < 74(T — ck),
i€[n]
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for some constant ¢ > 0. On the other hand, the margin induced by v,,,, on (Y;, 7;) for r; = x;,,
is (r; — 1)T. This means that we margin induced by ¥,,,,,, on (y;, 1) for r; = X' S(X; Py ) is at
least

. T~ . T ~ % (1) (2) ~
min Y;7; Uy > MY T Vmm — ¢ |2, — 2,7 || |||
1 3

> (ry — 1)(T' — Me),

mgl) — :BZ(-Q) H Observe that this lower bound is bigger than the previous upper

where M = sup,,,
bound when
(re — 1)(T' — Me) > (T — ck)
Me < —(T' — Me)/ry + ck.

Choose large enough ¢ such that (I' — Me)/ry < ck/2 and Me < ck/2, gives us the desired
contradiction. Recall that R; := ||p;|| and r; := ||v;||. Since 77 + R? < t, we have that (v, p; is a
solution to Problem 2] with r = 7, R = Ry, and (v(y, r,); P(r,.r,)) is a solution to Problem [59

O

Proof of Thm. [§) By Thm. [6] with probability at least 1 — 4, the training set is feasible, i.e. exists
(v, p) such that min;ep,) yi f (X3 v,p) > 0. Therefore, for any v > 0, with probability at least
1 — 0, we have that min,¢,) ¥ f (Xi; v+, Py) > 7, which proves the first part of the Thm. Next, we
show that the classifier sign(f(X;p,,v,)) generalizes well, for large enough 7. Recall the next
joint-constrained max margin solution:

(Utvpt) = argmax mlnyzf(Xlapvv)7 (60)
loll?+llpl2<t *

which was introduced in Lemma Fix v > 0, and let (v, p+) be the solution of Problem Define
t(y) == vy |I> + ||lp~||°. We argue that (v.,, p,) is a solution to Problemfort = {(7y). Indeed, let

m = max min y; f(X;; p,v)
loll®+llpl® <t(y) i€n]

be the maximum margin for Problemwith t = t(7). Assume by contradiction that
min yif (Xi; Py, v5) <m,
which implies that
7 < min Yif (Xi;py,v4) < m.
Let (v*,p*) be a solution to Problem [60] with ¢ = t(v) ie. |[v*|* + ||p*]|> = #(v) and
m

min;ep, i f (Xe; p*,v*) = m > . Write v’ := (y/m) - v*. We remind that f(X;p,v) =
v X TS(Xp) and overall we get that

2 2 2 2 2 112
< 1T+ 17 = (v/m)? lo*]|” + lp* |7 < [lo*]]” + [lp*]|” = t(7)
* minep) ¥ f (X p*,v") = = mingep i f (Xis p*,v*) = L -m =7,

which contradicts the optimality of (v.,, p,) to Problem We conclude that (v, p-) is a solution
to Problem for t = t(v), ie. (vy,py) = (vt(y),pt(v)), where (vt(,y)7pt(,y)) is a solution for

Problemwith t =1t(7). Letryy) := ||'vt(7) H and Ry, 1= ||pt(7) || By Lemmawe have

(v’)'?p"f) = (’Ut(w)’pt("/)) = (v(T't('y)vRt('y))7p(7't('y)aRt(ﬂy))) ) (61)

and that () — 00, Ry(y) — 00 as t(y) — oo. Clearly t(y) — oo as ¥ — oc. By Thm. [6] The
classifier sign(f(X; pr, v,)) generalizes well on test data:

Pix . yy~p(y # sign(f(X; P r), V(r,R))))

= 1+ exp(~(d/n?)) + exp (
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In particular, there exists g, Ry such that for any » > ro, R > Ry, the above probability can be
upper bound by 1 + exp(—(d/n?)) + exp(—0O((1/p? + nn/d)~1)) (see Remark[7). Choose large
enough 7o such that for any v > o we have that 4,y > ro and R,y > Ro. Then we conclude

P(x yy~p (y # sign(f(X; Py, vy)))
- P(X’y)ND (y 7& Sign (f(X;p(Tt(w)»Rt(w)’ v(”'t(w)ﬁRt(w)))>)
<+ exp(—Q(d/n?)) + exp(=O((1/p* + nn/d) 1)),

where the first equality is from Eq. [61] as required. O

A.2.4 PROOF OF THM.

Proof Sketch
First we prove that in this case, only by selecting the noise token for every sample can we achieve the
largest margin in the downstream task,

r; =§&;,Vi € [n] (62)

Similarly, we define the respective max-margin solution for p and v in this case.
Definition 44 (p-SVM, negative case). p should satisfy

Pmm(a) = argmin [|p||
p

subjected to

P& — ) > 1, (63)
Soralll <i < n. Z=1/||pmmll is the margin induced by pm.
Definition 45 (v-SVM, negative case).

v(p) = argmin ||v|| s.t. y; - v 1 > 1, foralli € [n]. (64)
veRd

T'(p) = 1/||v(p)|| is the label margin induced by v and p. When r; = £;,i € [n],

Vpm = argmin ||v|| s.t. y; -v' & > 1,  foralli € [n). (65)
veER

T = 1/||vmm|| is the label margin induced by v,

To prove this token selection is optimal, we need to explain that the optimality of the token choice is
strict in the sense that mixing other tokens will shrink the label margin. We formalize this into the
following proposition:

Proposition 46 (Optimal Token Condition). Suppose that Assumption[9 holds, with probability at
least 1 — § on the training dataset, for all p, the token selection under p results in a label margin of

at most I' — ¢ - max(1 — s;2).
i€[n]

Then we derive the convergence direction of p and v by Theorem[16] Note that as ||p|| — oo, the
attention is more focused on the noise token for every training sample. Therefore, the output of signal
token is upper bounded by a small value.

Consider a test sample (X,y), X = (u',&’). As ||p|| increasing, the noise token & will will
dominate the overall output if pl—'%f’ > 0, which indicates the output of attention layer will close to
the noise token, 7’ — &’. Meanwhile, we can prove that pr and v, are near orthogonal, so p &’ and
v, ¢’ are nearly independent variables subjected to Gaussian distribution. Therefore, the probability
that y;v," € < 0 is at least constant order.
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Optimal Token Condition
First we find the optimal token selection in this case.

Proposition 46 (Optimal Token Condition). Suppose that Assumption[9 holds, with probability at
least 1 — § on the training dataset, for all p, the token selection under p results in a label margin of

at mostT' — ¢ - max(1 — s;2).
i€[n]

Proof of Proposition Similar as above, we consider the following three situations:

1. p # 0,k — p = 0. (All wrong token selections come from clean set)
2. p =0,k — p # 0. (All wrong token selections come from noisy set)

3. p# 0,k — p # 0. (Wrong token selections are from both sets)

We will discuss each situation specifically and prove that Proposition [I5]holds in every possible case.

Situation1: p A0,k —p=20
First, let’s see the condition under the optimal choice of tokens:

Condition 12 (Original Condition).

yiUTEi Z ].,Z € [Tl]

Similarly, v,,,, also satisfies the KKT conditions of the max-margin problem (37) in this case, so we
could write v as

v =i+ dapr + Y yibidi (66)
i€[n]
Plugging (66)) in the condition[I2] we can rewrite these conditions as:
0; - [1&:11* + Zyiyi’ei’<£ia£i’> > 1,i € [n].
i #i
Then we introduce a lemma to estimate the parameters of optimal solution under this condition:

Lemma 47 (Balanceing noise factor for KKT point). Suppose that Assumption [9) holds, under
Condition[I2] we have

max 6; < 1 )
i€[n] (1 — Kk)d — 2n+/dlog(6n?/0)
. (1 — k)d — 4ny/dlog(6n?/4)
min 6; > .
i€[n] (14 k)d((1 — k)d — 2n+/dlog(6n2/45))

Proof of Lemma First we prove the upper bound. Denote j = argmax 6;, we have
i€[n]

yiv' & = Y vyl &) = G1&15+ Y viys0iléi &)
i€[n] i#£j,i€[n]

>0 (1—kr)d—nb,-2+/dlog(6n?/d)

The last inequality is because Lemma[57]and the definition of j. Consider the contrary case when
0; > L we have

(1—k)d—2n+/dlog(6n2/5)’
1
T
v C > . 1
b & (1 — k)d — 2n+/dlog(6n?/5) (

By the KKT conditions, if y;v " &; > 1 then we must have ¢; = 0, and thus we reach a contradiction.

— Kk)d —n-24/dlog(6n2/d)) = 1.
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Then we prove the lower bound. For Vj € [n] we have
LSOIGIE+ Y wanbil€n€) < 05 (14 R)d+nmaxs, - 2/Alog(6n7/3)
i) i€ln] Z”

<6;-(1+r)d+ (1= r)d = 2n/dloa (623 -24/dlog(6n2/6).

The second inequality is due to Lemma[57)and the last inequality is from the upper bound we just get.

Therefore, we have
0. > (1 — k)d — 4n+/dlog(6n?/5)
T (14 k)d((1 — K)d — 2n+/dlog(6n2/6))

This completes the proof.

O

As for the signal parameters \; and Ao, to achieve the minimal norm for v, it is obvious that
A1 = Az = 0. Then we can estimate || vy, || in this case:

Lemma 48 (Norm of v;,,,,). Suppose that Assumption[9| holds, with probability at least 1 — & on the
training dataset, for the solution v, of under the token selection @) we have

mn

e

n
|Vmm | = ®< d>.

Proof of LemmaW8] As vy, is the max-margin solution and satisfies KKT condition, it can be
represented as

n
2 < vam”2 <
This implies

Vmm = Mgt + Aot + Y il + Y yibik. (67)
ieC i€[n]

As there is no constraint on A\, Ao, both of them can take O to achieve max-margin. So we could
lower bound ||v,,, || as

2
2 2 : 2 2 2 : n n
||'vmmH Z = ]91‘ ||€zH + = E[ ]yiyﬂi@j(fi,éj> Z O<d3/2> Z %
€e|n 1€n| jen

The second inequality is from Lemma 7] that 6; = ©(1/d) for i € [n] and the last inequality is from
Assumption 9]

Then to upper bound ||V, ||, consider the following possible solution ¥
1€[n]
For i € [n], we have
yiv i =uiv & =20&17/d+ D 2uiy;(&i,&5)/d
Jjeln],j#i
> 2(1 — k) — 2n+/log(6n2/6)/d > 1.

The first inequality is from Lemma[57]and the second inequality is from Assumption[9] Therefore, v
is a possible solution of SVM problemwhen p converges to Py, SO we have

~ 5n
[vmm|* < [|9]]* = Z 4)1& 117 /d* + Z Z dyiyi (€, &)/ d® < R
i€[n] i€[n] j€[n]

The last inequality is from Lemma[57] Lemma [59]and Assumption[0] Combine the results above, we
have [|v,m |2 = O(%).

O
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Denote the mixed samples as k1, kg, ..., kp. And for every mixed sample k;, we have r, = (1 —
Bi)k; + Bi€k,. Without losing generality, we assume that y;, = +1 for all ¢ € [p]. Then the
conditions under Situation 1 become

Condition 13 (p clean samples violating optimal token selection).

{ yiv' & > 1,i € [n]\[p]

'UTrki Z 172 € [p]

Denote the max-margin solution under this condition as v’ with parameters A}, \}, 6. Plugging this
representation into the condition[I3] we have:

0; - 1€ 1% + l%;yiyi’eg/@ia&» > 1,i € [n]\[p]
(1= BN, - [l | + B0, - 1€k, 11> + -/;. Yirtly (ki &) = 1,4 € [p]

We consider two cases: A ||p1]]? < 1and \;||p1]|? > 1. First when A} ||pe1 | < 1, the condition for
mixed clean sample becomes:

1— (1= B\ 2
Q;CL ’ Hgkl ? + Z yi’ez/" <€k)w£i’> > ( g) 1”“1” > 1,
ik ¢

which indicates that the condition for G;W is strengthened. So mixing 1 more clean sample is equal to
strengthening 1 constraint in the original setting. Therefore, mixing p samples will not result in a
better solution than only mixing 1 clean sample. Then we can simplify this case to mixing only 1
clean sample and denote this sample as k., ri, = (1 — 8)p1 + BE€k, . Now the condition becomes:

Condition 14 (1 clean sample violating optimal token selection).
il + 3 v (€)= 1 € [n\{k.}
(=B, - [lpall? + B0, - 116k, 117 + 32 w0 (€r. &) = 1
T,

(2

Similarly, we introduce the following lemma which estimates the parameters in v’. We define

_i-(- g»anmu?

for the convenience of the following proof.

Lemma 49. Suppose that Assumption[9 holds, under condition[I4) with probability at least 1 — & on
the training dataset, we have

O < . :
"7 (1 —k)d—2n4/dlog(6n?/9)
, ! ( 2n+/dlog(6n2/9) )
91{ > 1- )
* T (1+k)d (1 — Kk)d — 2n+/dlog(6n?/0)
e @ (1 —k)d+ 2(a —n)\/dlog(6n2/§)
ieln\{k.} "7 ((1 = k)d — 2n+/dlog(6n2/5))2
min 0> 1 ' (1 3 2nay/dlog(6n?/6) )
icm\{k} T (1 +k)d (1 — k)d — 2n+/dlog(6n2/3) )

Proof of Lemmad9 Denote j = argmax 6/, we have
i€[n]

yv' € = 0511& 117 + Z Yiy;0i(&i. &)
i€[n],i#£]

> 05(1 - k)d — nm%u}cﬁg -2+/dlog(6n?/4)
i€n

= 05((1 — k)d — n-2y/dlog(6n2/d)).
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The first inequality is due to Lemma[57]and the last equation is from our definition of j. Consider the
contrary case when 9’ we have
(1-kr)d— Zn\/dlog(6n2/6)

yv' € > a
By the KKT conditions, if y;v'"&; > M then we must have ; = 0, and thus we reach
a contradiction. Therefore, 6, < 9; < & Then denote j' = argmax 6/, we
(1—k)d— 271\/d10g(6n2/5) i€ [n] ik,
have
v &y = 05 NE P+ DD w0l &)
i€[n] i
>0,(1—k)d—n 1{[11}&);é 0; - 24/dlog(6n2/0) — 6. +/dlog(6n?/4)
i€[n],i#£j’

2av/dlog(6n? /6
> 0,((1 — k)d — n - 2y/dlog(6n2/3)) — ay/dlog(6n®/o)
(1 — k)d — 2n+/dlog(6n?/5)
The first inequality is from Lemmaand the second inequality is from the upper bound of ¢, we
just get. Consider the case when 6%, > (A=r)di2(omn) VAlogOn2/0) (o pave
((1—1{)(1—271\/dlc>g(6n2/5))2
yj/'l)/Tfj/ > 1.

By the complementary slackness condition, if y;/v"" " €; > 1 then we must have 9;/ = 0, and thus
we reach a contradiction.

Next we estimate the lower bound of 9;- when j # k.. We have
1< y0''g;
=01& 1> + Z viy;0;(&i, &)
i€[n] i

<0;(1+r)d+ nr_nz[u]{ﬁg -24/dlog(6n?/5)
em

<60,(1+r)d+ T QHW - 2n+\/dlog(612/3)
The last inequality is from the upper bound of ¢, we just get. Therefore, we have
o > 1 (1 _ 2nay/dlog(6n?/5) )
(+md \' ™ (1= m)d— 20/ dlogon2/0)

forall j € [n] and j # k..
Last we lower bound ‘%,; We have
o <y gy,

=0 (1+r)d+ n max 0, - 2/dlog(6n2/5)

Similarly, we have

o> <1_ 2n+/dlog(6n2/9) >
B = 0+ R)d\ (1 - k)d—2n\/dlog(6n2/5) )

Therefore, we could estimate the difference between ||v’||? and || v, |%

Lemma 50. Suppose that Assumption[9 holds, with probability at least 1 — & on the training dataset,
denote v and v’ as the optimal solutions under conditionand condition respectively. We have

2 > Cl(l_ﬁ).

”'U/Hz — lvmmll3 > d

where Cy = O(1) is a constant.
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Proof of Lemma[50} From the first inequality in Condition for i[n], # k. we have
0 1617+ D i (& &) = 1 — yiyn, ), (&, €x.)-

i ik

. . 1 —p a—1
Then we add y;yr, w(&;, &, ) on both sides, where we set w = 0 — REVSPREN I ey < O

Then we have
0 1617 + D w0 (&i &) + vivk,w(€is €)= 1 — yiye, (0 — w)(&ir &n,)
i ik
>1—2(0;,, —w)y/dlog(6n?/d)
(14 r)d —2a4/dlog(6n?/0) 68)
(14 kK)d —2y/dlog(6n2/5)

The second inequality is from Lemma Now consider anew v = A1 + Ao + > y;0,&; with
1€[n]

A=A Ay = A

0, =0;/(1 —2(6;,, —w)+/dlog(6n?/d)) fori € [n],i # k.

and
w

1—2(0), — w)y/dlog(6n2/5)
We can prove that v satisfies all constraints for v,,,,.

By dividing 1 — 2(¢), — w)/dlog(61?/4) on both sides of l@b for Vi € [n],i # k, we have

H£1”2+Zyzyﬂ Sz;éz >
l#l

Then we prove that 0. ||€x+ 11> + > viyk, 0,;(&:, €k, ) > 1. From the last inequality in Condition
iEk*

Qk* =

we have

O, - 1€, II” + Z Yk, ¥i0; (& &, ) >
ik

Dividing 1 — 2(6;, — w)+/dlog(6n?/d) on both sides, we get

0. 1€, 12 o
= + Yk, 0;(&is k. ) = -
1= 26, — w)\/dlog(6n2/0) ; ive. 05{80 &) = 2(0;, — w)\/d1og(6n2/9)

Therefore we have

o= (O —wl&.l*  _ a- (0, —w){+r)d

||2 + Z yzyk*fl £za£k >
1#ky
The second inequality is from Lemma [57| and the last equality is by our definition 9;* —w =

a—1 . h . ..
(Crm)d—2\/a1og(6n2/3)" Thus, v is a possible solution under Condltlonﬂand lo]l = llvmml|-

1= 2(0, —w)\/dlog(6n2/6) — 1—2(6} —w)y/dlog(6n2/3)

Next we estimate the difference between ||v’||? and ||v||?. The expansion of ||v’||? and ||v||? are:

112 = A2 i l® + A2 ol + Y O2NEN" + D D wiws0i05(&i. €)),

i€[n] i€[n] j€[n]
[oll> = Afllpal® + M3llp2ll* + D 07 11&1° + Z Z viy;0:0;(&. &5)-
1€[n]

Similar to the condition @4), we have ||v'|| < 2||vpm| = @(\/n/d), which implies that « =
O(y/nlogn). Otherwise, we have

el P = o= yk,wibi (& &k,) = Q).
ik,

56



Under review as a conference paper at ICLR 2025

It further yields that

n

lI* = Q(5) + 62 118w, 17 = Q

which contradicts with ||v’|| = ©(y/n/d).

+

Ul 3

We decompose the difference between ||v’||? and ||v||? into four terms:

17 = lel® = (02 — )€ P+ > (67 —eD)ll&l® ~ ZZ%% ;(&ir &)

I, 1€[n], ik,
Iy I3
+ Z Z yzy] €Zan>
i€[n] j€[n]

Iy
We now estimate I; to I, sequentially. For the first term,

L2 (67 —6;)(1 = k)d = (6, —8;,)(0, + 6, )1~ r)d
a—1)(1—26; \/dlog(6n?/§ 1
B I B (R
(1+ k)d — 24/dlog(6n2/5) d
a—1
=Q
()
where the first inequality is from Lemma 57} the second equality is from Lemma A9} and the last
equality uses the fact that « = O(y/nlogn). Then we can further upper bound max 6} as

i€[n],iF#k,
a0 < (1 —k)d+ 2(a — n)y/dlog(6n?/5) _ 0(1) 69)
i€lnli#k. T ((1— K)d — 2n+/dlog(6n2/5))2 d

For the second term /5, we have

LI< > (0 -0)1+k)d
i€[n], itk

1
< < - 1) max 07 - n(1+k)d
(1= (0;, —w)y/dlog(6n?/5))? i€[n],i#k.

_ (a—=1)y/dlog(6n?/0)  _ n. ~((a—1)n
B — +/dlog(6n?/6) o )_O< d3/2 >

The second inequality is from Lemma 9] The first equality is from (69) and the last equality is from
Assumption[9]

Then we bound | — I3 + I4] as:

=T+ Ll <Y > 100, — 005 [(§.&))]
i€[n] je[n]\{i}

< > Do 108 - 0051 (&g +2 D 1040, — 05,01 - [(En. &)
i€[n]\{ky} j€[n]\{k«,i} te[n]\{k.}

§n2< ! —1) max 6% -2y/dlog(6n2/6)
(1= (0;, —w)y/dlog(6n?/5))? i€[n] ik,

0
+n(0, — s > max  0.4+/dlog(6n?/§
(’“* 1—2(8; —w)\/dlog(6n2/3) / icinl iz, 8(6n/0)
(a — 1)4/dlog(6n?/6) n%(1+ k) a—1 n
< -0 -0(=) - 24/dlog(6n2/d
(1+ r)d — \/dlog(6n2/9) FE A ) og(6n/9)

ol o5),
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The third inequality is from Lemma7)and Lemma[d9} The fourth inequality is from the fact that

. 0,. _ 6, — O, — 26} (6}, — w)/dlog(6n7/5)
B 1-2(0;, — w)y/dlog(6n%/9) 1—2(6), —w)/dlog(6n2/)
a(ezt) - o(2leh)

1 —2(8,, —w)y/dlog(6n?/6)

So we have 0;, — O < 0., — 04, ; The last equality is from Assumption

—2(0;,, —w)y/dlog(6n2/8)

Combining the above results, we have

113 = o3 > @(0‘;1) N O((a - 1)nn> _ G5

d3/? d
Here Cy = ©(1) is a constant. O
Then we consider the case when A} |[pe1||? > 1. In this case, the condition for mixed clean sample
becomes:
_ A\ 2
ey s LU BN
ol Bi

and %X”’““ < 1, which indicates that the condition for ¢ is relaxed. So mixing 1 more

clean sample is equal to relaxing 1 constraint in the original setting. Therefore, mixing all clean
samples will achieve the best result. From the data generalization model, there are (1 —7)n/2 + o(n)
clean samples with label +1 and denote S, as their set. Now the condition becomes:

Condition 15 (All clean samples violating optimal token selection).

07 - & 11” + X vivirbi (€i &) > 1,0 € [n]\ Sy

i

(1= B P+ 5L 1P + 3 i) 61,60 > 1. € S
We have another lemma to estimate the scale of parameters in the max-margin solution in this case.

2\ )/ 2 ~
Here o = ==l 459 5 = min{3;}.

B i€[n]

Lemma 51. Suppose that Assumption[9 holds, under Condition we have

1
max @) <

i€ln] " T (1 — k)d — 2ny/dlog(6n2/5)’
min g > (1 — k)da — 2ny/dlog(6n2/d)(a+ 1)
ieln] "7 (14 r)d((1 — k)d — 2n+/dlog(6n2/5))

Proof of Lemma[51} First we prove the upper bound. Denote j = argmax 6;, we have

i€[n]
yiv & = viy0i(&i, &)
i€[n]
= 0;11&115 + Z viy;0:(&i, &j)

iji€ln]

>0 (1—k)d—nb,-2+/dlog(6n?/d)

The last 1nequahty is because Lemma([57)and the definition of j. Consider the contrary case when

ej = (1—k)d— 2n\/dlog(6n2/5) we have

o€ > T QHW (1= K)d — - 21/dlog(6n2/8)) =
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By the KKT conditions, if y;v " &; > 1 then we must have 6; = 0, and thus we reach a contradiction.
Then we prove the lower bound. For Vj € S;; we have
a<Ol&GIE+ Y viyibil6i &)
i#5,i€[n]
<6; -(1+r)d+ nmz[ni:&- - 24/dlog(6n?/0)
i€[n
n

-2
(1 — k)d — 2n+/dlog(6n?/5)
The second inequality is due to Lemma[57)and the last inequality is from the upper bound we just get.

Therefore, we have
- (1 — k)da — 2n+/dlog(6n2/0)(a+ 1) '
T T (14 k)d((1 = K)d — 2n+/dlog(6n2/3))

This completes the proof

<b;-(1+r)d+ dlog(6n2/4).

Then we can estimate the difference between ||v’||? and ||v,,,||? with the following lemma:

Lemma 52. Suppose that Assumption @] holds, denote v and v’ as the optimal solutions under
condition[I2]and condition I3 respectively. We have

Cal= )

”UIHg - vamng > p2

where Cy = O(1) is a constant.

Proof of Lemma[52] Recall the expansion of ||v;,,,,||? and ||v’||*:

[mm|* = Z ORI+ Y D w003 (€. €5),

i€[n] j€[n]

lv'||* = A’QHMIIQ + Z 0711&I> + Z Z yiy; 005 (& &5)-

Then we have

1012 = ol = N2l 2+ S 07 = 62)€07 = 52 3 yiys:65(60,€5)

T, i€[n] i€[n] j€[n]
12 IS
+ Z Z yiy; 0707 (&, &) -
Iy

We now estimate [; to I, sequentially. Here we use the same notation o« = w and
8= mm{ﬁz} asin Lemma First from our assumption A} [|1]|? > 1 we have

i€[n

I = ¢l = 1/p%
Then for I5, we have
|I5| < n(mﬁ(@ - m[ln] 02)- (14 x)d
n em
1 1 2n\/dlog(6n2/5 ?
- B 22.(04_ n og(n/) ) ~(1—|—Ii)dn
(1 — w)d — 2ny/dlog(6n2/8))2 (1 +K)*d (1 — k)d — 2n+/dlog(6n?/0)

1= g (1= k)da = 2(a + 1)ny/dlog(6n°/4))?
((1 = K)d — 2ny/dlog(6n?/5))>

=d(1+k)n

-ofs)
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The second inequality is from Lemma[#7]and Lemma [51]
Then we bound | — I3 + I, as:

=L+ L <> Y (00— 0:6;) - |(&:.&))]
i€[n] j€[n]\{i}

< (n)Q(m?o]( 07 — m[ln] 6?) - 24/dlog(6n2/0)
i€[n i€n

)2 1 2 (1 — K)d — 4n+/dlog(6n?/5) al —
= [((1—K)d—2n\/(w> <(1+H)d((1—n)d—2n\/m)> ] 2\/dlog(6n?/3)

~ H’FLQ 712
:O(dw) :0<d2)'

The third inequality is from Lemma 7] and [51} The last two equalities are from Assumption [0}
Combining the above results, we have

c n Cy(1—B)
me _ 25 X v >27_
o113 mmm_ﬁ+o@)_ =

Here C; = ©(1) is a constant. O

Therefore, combining Lemma [50[and [52] we have the following statement for the difference between
[[o[] and {[vm|l:

C3(1-p
U2 = [[Ummll2 = M (70)
113 = llommll3 > =
Here C3 = ©(1) is a constant. The inequality is from the SNR condition that p = o(1/d/n).
Now we can prove the main proposition in this scenario.
Proof of Propositiond6]in case 1. From we have
C3(1—-58)
o1~ ol > U2 — 51— )
Here we substitute S = % > (0 Then we have
e L1 Wl S0-8)
ol 2 ]2 floll> — f[of)? - ]2
Therefore,
r-1> é:(l_zﬁ) mz = 5(12_6)/2'
T+ Il - [lo']* — 2T[jo[]? - [lo’]]
Setc = 2F”v”§”v,‘|2 = 2Hv\|ﬁv'\|"" we have IV <T — ¢(1 — ). And we can upper bound ¢ as
S S Cs
c= . - .
20|V 1> T rhun T Thumd
The first inequality is from ||v’|] > ||v]|| and the second equality is from S = %.
O

Situation2: p =0,k —p #0

Then we consider the case when all wrong token selections come from noisy set. Same as above,
denote the mixed samples as ki, k2, ..., ki,—p. And for every mixed sample k;, we have rj, =
(1 = Bi)pk, + Bi€k,. Without losing generality, we assume that y,, = +1 for all ¢ € [k — p], so the
corresponding signal token is gt2. Then the conditions under Situation 2 become

Condition 16 (Change k-p noisy samples).

yv & > 1,0 € [n]\[k — p]
{ virg, >1i€k—p
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Denote the max-margin solution under this condition as v’ with parameters A}, A}, 6,

the condition for parameters:
0; - 1€ ||> + 42.%%/9;/(&,&0 > 1,0 € [n|\[k — p]
(1= Bi) Ay - || + B0, - 1€k, 11> + _/;C Yr,Yir 0 €k, §ir)) > 1,4 € [k — p

we can interpret

Compare with Codition[13] the only difference is that we substitute \; |11 |2 with X} || 2|2, From
the symmetry, we can see that the two conditions are actually the same. Thereofre, we can follow the
proof of Situation 1 to prove for Proposition 46 under this situation.

Situation 3: p £ 0,k —p #0

Last we consider the case when wrong tokens come from both clean and noisy sets. Denote the
mixed clean samples as k1, k2, ..., k, and the mixed noisy samples as ¢, gz, ..., gx—p. Without losing
generality, we assume that y;,, = +1 for i € [p] and y,, = —1 for i € [k — p|, which indicates that
their signal tokens are all p¢1. Then the conditions under Situation 2 become

Condition 17 (p clean samples and k-p noisy samples violating optimal token selection).
yiv' & > 1,4 € [n]\[¥]
viry, >1,i€[pl
—v'r, >1,i€[k—p

Denote the max-margin solution under this condition as v” with parameters A\{, AJ, 6/, we can

interpret the condition for parameters:
07 - 1€ 11> + l%;z yiyir 0 (&, &) = 1,0 € [n]\[K]
(L BNl 4 B0, VP + 5 il €6 = 1 € )
(= BN = B NP+ 3 b &) 2 i € [k =)

We consider three cases: A{||p1 > > 1,1 > A/||p1]]? > —1and M/||p1]|? < —1.

* Mlpal? =1

|||2 1-(1=B)A e 1?
/3,

< 1, which indicates that the condition

for mixed clean samples’ parameter 0;61_ is relaxed. Meanwhile, for the mixed noisy samples
we have

First when A/ || g1 |||* > 1, we have

14 (1= B) N/ || |2
24>y 0 Eq ) > ( B') el 5

i'#q;
which indicates that the condition is strengthened. Therefore, this case is an extension of the
second case of Situation 1 with strengthening some constraints. These constraints will not
result in a better solution than Situation 1. The following proof is the same as Situation 1
and we omit it for convenience.

© 1> Npa?* = -1

In this case, the constraints for both mixed clean and noisy samples are strengthened. So
this can be taken as an extension of the first case in Situation 1 with strengthening some
constraints. The following proof is the same as Situation 1 and we omit it for convenience.

* Ml < -1

In this case, the constraints are strengthened for mixed clean samples while relaxed for the
mixed noisy samples. So we consider it as the extension of Situation 2 when A} |1 [|? < —1
with strengthening some constraints. The following proof is the same as Situation 2 and we
omit it for convenience.

Therefore, we complete the proof for all possible situations. [
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Training and Test error analysis

From Proposition@]we can derive the convergence direction of p and v, i.e. Py, and V,,.,. Note
that Theorem [T6]does not depend on the selection of optimal tokens, so it still holds in this case when
optimal tokens are noise tokens for all samples. We restate it here for convenience:

Theorem 53. Suppose that Assumption[9 holds, with probability at least 1 — § on the training dataset,
we have

o the margin induced by pr/ R in p-SVM is at least (1 — ()=, where

‘= log(4+/ (1 + k) d||vmm |*dp?)
a R=

* the label margin induced by v,./r in v-SVM is at least (1 — )T, where v = %.

Then we could estimate the test error in this case. From Theorem [33] we have

pr(& — pi) > (1— )RE,Vi € [n] (71)

yiv, & > (1 —y)'r, Vi € [n)]. (72)

Here ,~, Z, T are the same as the definition in Theorem[53] Similarly, we have the following lemma
for ¢, .

Lemma 54. Suppose that Assumption[9 holds, with probability at least 1 — & on the training dataset,
consider the same setting in Theorem|16] we have ¢ < 0.2 and v < 1.

Proof of Lemma First we upper bound ||p,., |- Consider the following possible solution p:

~ §i
p= Z 27 (73)
i€[n]
We then proved that p satisfies (63). For Vk € [n], we have
~T 517€k>
PI(& — ) = ) 252 >2(1 Z
1€[n] [n],i#
2ny/dlog(6n2/6
> 2(1 — k) + — Os(n/)zl

The first and second inequalities are from Lemma[57} The last inequality is from Assumption[9]

Therefore, the max-margin solution p,,,, must have no greater norm than p. So we can upper bound
Prmm s

Pl < 1517 = 5 (S &>+ S (68
i€[n] 4,j€[n],i#]

5 (1 + k)nd + 2n*y/dlog(6n2/6)) < on

The second inequality is from Lemma[57} The last inequality is from the definition of d in Assumption

o

Then from the definition of ¢ in Theorem[16] we have

1 4 1 mm 3 2
o o @Hv Pdr®) _ o Fl e(4/ [+ 0|V *dp?)

n/d n?
< — 2.
<O i 10g<d><02
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Here Cy, Cy = ©(1). The first inequality is from =2~ = ||p,,m || < \/5n/d; The second inequality
is from the upper bound of || vy, || in Lemma[48|and the last inequality is from the definition of R in
Assumption[9] And for y, we have

B 2
~ Texp((1- QRS

/ Mvam || / \/W
o Tomml) = Cenp(B)mid) =

Here C{, C, = O(1). The first inequality is from the lower and upper bound of ||v,,., || in Lemma
[28and the last inequality is from the definition of R in Assumption [5]

gl

Then we have the following lemma to estimate the innerproduct of pr and signal token:
Lemma 55. Suppose that Assumption 9 holds, with probability at least 1 — 6 on the training dataset,

we have
(PR, 1) < 0.9(1 — ()RE
forj e {1,2}.

Proof of Lemma[53] First we use contradiction to prove for the lower bound. Assume that
|(Pr, )| > 0.9(1 — {)R=. We can estimate ||pr|| as

Iprl” > (0.9(1 — O)RE)?/p* > (0.52%/p%) - R? > (0.1d/np?) - R* > R*.

The second inequality is from Lemma[54]; The third inequality is from Z2 = ||p,,, || 72 > d/(5n);
The last inequality is from our SNR condition p = o(y/d/n). This leads to a contradiction.

O

From Lemma 4T} we can denote v,. as
v = Mg+ Agpe + Z Yi0i&;i.
1€[n]

Denote vg = > ] y:0;&; as the noise part of v,.. Then we prove that pr, v¢ are near orthogonal

i€[n
Lemma 56. Suppose that Assumption[9 holds, with probability at least 1 — & on the training dataset,
we have

(PR, ve)| < ¢

for some constant c € (0, 1).

Proof of Lemma First plugging in the parameters in v¢ we have
Z yié’ipgéi
i€[n]

= > Oipré&i— > Oipp&i
=+1 Yi=—

(n11 +n21) (max ;) (R= + O(Rp)) — (n12 + n2z) (min ;) ((1 — () RE — O(Rp))
< (n/2)(mlax 0; — miin 0;)R= + O(\/ﬁ)(mlax 0;)R= Jrn(mzax 0;)(CR=+ O(Rp)) .

<pRa UE>

IA

11 12 I3

The first inequality is from Theorem[53|that (1 — {)RE < p}(& — p;) < RE and pjp; = O(Rp)
and the second inequality is from Lemma[59] Then we bound I; ~ I3 respectively. For I1, we need
to first bound 6;. From Theorem[53] we have

(1=r <y, & <Tr,Vie ).

Denote j = argmax; 6;, we have

Y0 &5 > 051117 + nb;\/dlog(6n2/5) > 0;((1 — k)d + ny/dlog(6n?/5)).
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Therefore, we can upper bound 6, as

‘ Y0, &i I'r
b < (1 — k)d + ny/dlog(6n?/0) = (1 — k)d + n+/dlog(6n2/5)

Then we can lower bound 6; as

I'rn+/dlog(6n2/9)
0 & < 0;]|1€117 + nbi/dlog(6n2/8) < (1 + k)db; + .
vivp & < Oill&il” 4 nb, 0g(6n°/0) < (1+ ) (1 — k)d + n+/dlog(6n2/6)

(74)

Therefore,

6. > (1 =9)1 = k)Trd — 4T'rny/dlog(6n2/4)
T (14 k)d(1 — K)d + ny/dlog(6n2/5)

So we can estimate /; as

_ _ _ 2
L < (nRZ/2) - ( I'r ~ (=)A= K)I'rd — 4I'rny/dlog(6n /6))
(1 = k)d + ny/dlog(6n?/9) (14 k)d(1 — k)d + ny/dlog(6n?/0)
1 — U=00=r) | ynlog(6n/3)
< RVnd/2-Tr- ( Ltn (+r)d )

(1 — k)d 4+ n+/dlog(6n?/d)

< Rr(k+ 7).

The second inequality is from Z = ||pym|| = ©(1/d/n) and the last inequality is from I' =
[mml| ™! = ©(\/d/n).

Then we bound I>. From we have max; 0; = O(I'r/d). Therefore,
I, <O(v/n)O(Tr/d)R= < Rr - O(1/y/n).
The last inequality is from I', = = ©(,/d/n).
Last we bound I3 as
I3 =nO(T'r/d)(CRE + O(Rp))

< O(ry/n/d)(log(4y/(1 + K)d||vmm|*dp®) + O(Rp))

< Rr-O(py/n/d).
The first inequality is from I', = = ©(y/d/n) and the last inequality is from Assumption @

Combining the results above, we have

<pR,'l)€> <L +1+1I3< RT’~O(\/ 1/n+p\/n/d) <c

for sufficiently large d and n. Here the last inequality comes from Assumption [9] O
With the lemmas above, we could prove for the main theorem

Proof of Theorem First we show that the model can perfectly classify all training samples. From
Theorem [16] we have

yiv, T = yiiv, & + yi(1 — Bi)v i > Bi(1—)Ir —0.9(1 — B;)(1 — y)I'r > 0,
for Vi € [n]. The last inequality is from Lemma[54] Thus y; = sign(f(X;; pr,v,)) forall i € [n].

Then we bound the test error. This is equivalent to estimate y - f(pr, v,-; X ) and we could write it as

_exp((pr, p')v, 1’ + exp((Pr, &))v, €
exp((pr, 1)) + exp({(Pr, §')) '

y- f(pr.vr X) =y

64



Under review as a conference paper at ICLR 2025

We first upper bound the term y - exp({pr, p'))v,” p’. From Theorem the non-optimality of i-th

sample is
15— exp((Pr, 1)) < 1
" exp((pr, i) +exp((Pr, &) ~ 1+exp((1 - ()ZR)

The last inequality is from the first statement in Theorem 53] Consider the sample that contains the
same signal token as u’, we have

(1-B)v, i =

forall i € [n].

eXP((P&NQ)”IHi
exp((Pr; i) + exp((pr, &)

Therefore,
y - exp((pr, w'))v, 1’ < exp((Pr, pa) v, il < exp(?i’el;bcigggixggz?w)
2exp((pr,&i). _2exp(ER) T
= exp((1 - OZR) exp((1 = ER)
< 2exp(CER) - pr = (4/(1 + K)d|[vmm|*dp®) - pr < Cn®*/pPr (75)

for some constant C' > 0. Here the third inequality is from p},(&; — p;) > 0; The fourth inequality
is from the fact that (pg, &;) < ZR and the last inequality is from ||v,.|| < r, ||p;|| < p. Then we
can bound the test error as

P(y - f(pr,vr; X) < 0) = P(y - exp({(pr, ' ))v, 1t +y - exp((pr, &))v, & <0)

(y - exp((pr, &))v, & < —Cn®?p°r)

P10 <~ cu¥pr | pn/R.€) € 1/C.C))
cC + Cexp(—R/C)n3/?p3 < 1

ol — ) =16

The first inequality is from (73); the second inequality use the fact that there exists a constant C' > 0
such that P(N(0,1) € [1/C,C]) > 1/4; the third inequality comes from Lemma [60| and the last
inequality uses Assumption[9] O

'\UTTM\

o)l <

\
~

Y

vV
G B N
—
N =

A.3 SUPPLEMENT LEMMAS

Here we list some technical lemmas for the main proof.

Lemma 57. (Properties of Training Data) Suppose that § > 0 and k = O(\/log(6n/d)/d) =
O(1/+/d) .Then with probability at least 1 — 6, we have

(1—r)d < &3 < (1 +r)d
(€, &5)| < 24/dlog(6n2/9)
Sforany i, j € [n].

Proof of Lemmal[57] By Bernstein’s inequality (see Theorem 2.8.1 in[Vershynin| (2018)), with proba-
bility at least 1 — ¢/(3n) we have

€113 — d| = O(v/dlog(6n/9)).
Therefore, there exists kK = O(4/log(6n/d)/d) that
(1—r)d < [|&]3 < (L +w)d.

Moreover, (£;,&;) has mean zero. For any ¢, j € [n| and ¢ # j, by Bernstein’s inequality, with
probability at least 1 — §/(3n?) we have

[{&:, &) < 24/dlog(6n2/6).

Applying a union bound completes the proof. O
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Set § = 6n exp(—d/4Cn?) for any constant C; > 0, we can follow the proof of Lemma and
conclude the next remark:

Remark 58. (Properties of New Test Sample) Let (X = (ux, &),y) ~ D. Then with probability at
least 1 — 6n exp(—d/4C1n?), we have

foranyi € [n].
Lemma 59. With probability at least 1 — 69,

|ICl = n(1—n)| < \/nlog(%); [IN] —nn| < \/nlog(%);

n(l—mn) 1 nn 1 .
ICi| 5| <\nlog(3); Wil = 7| <y [nlog(5), i=1,2

Proof. Note that |C| ~ Binom(n, 1 — 7). Applying Hoeffding’s inequality, we have
2t2
B(lic] — (1 = mn| > t) < 2exp(—=—).

Lett = y/nlog(1/d). We have that with probability at least 1 — §,

el — (1= mn| < \/nlog( )

Similarly, note that |[N'| ~ Binom(n,n),|C1| ~ Binom(n, (1 — 1)/2),|C2| ~ Binom(n, (1 —
n)/2),|N1| ~ Binom(n,n/2) and |[N3| ~ Binom(n,n/2), we have that each of the following
events holds with probability at least 1 — §:

el = n(1 = )] < y/nlog(5); W]~ na| < y/nlog(5);

el == m)/2] < fnlog(3), i=1,2,

|[[Ni| = nn/2| < nlog(%% i=1,2.

Lemma 60. Suppose X ~ N(0, 1), and v,p € R? are two vectors with ||v|| = ||p|| = 1,v'p < c
Sfor some constant ¢ € (0,1). Given some constant C > 1, for z < 0,

1 1 cC—-=z
Plv'X <zlp'X e€[1/C,C)) > = — — .

Proof of Lemma[60] Denote z,, = v' X ~ N(0,1),z, = p' X ~ N(0,1). Then we have z,, 7, ~
N (0, 1). Denote the covariance between x,,, Tp by co, then we have

O

co = Cov(x,,z,) =v' Cov(X)p=v'p<c
Note that
Ty 4 coTp +1/1— cgr,

where r ~ N(0, 1) is independent of z,,. It follows that

1 Z—Cox z—cC 1 1 cC—z
]P)(:EU <Z|$P € [6’0}) :P(T< 1:) §| P € [070]) —]P)(T< m) 2 iiTﬁm
[

A.4 ADDITIONAL EXPERIMENTS
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Figure 4: Comparing train (solid lines) and test (dashed lines) accuracies with different SNR
(left panel) and different dimensions (right panel), as in Figure 3b] In the left panel, we see that
for higher SNR more than two iterations are required to achieve benign overfitting. In the right
panel, we see that for small d (purple line), the model is unable to fit the data (at least in the
first 10 first iterations), and both the train and test accuracies are at the noise-rate level. For
intermediate values of d (green and blue lines), the model exhibits harmful overfitting, and for larger
d (yellow line) the model exhibits benign overfitting. We note that benign overfitting occurs here
for d = 2n < n?, which suggests that the assumptions on d in our theorems are loose. Parameters:
n = 500, 5 = 0.02, p = 30, = 0.1, test sample size = 10000.
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Figure 5: Self-attention experiments. The left panel shows the train and test accuracies during training.
It shows that benign overfitting also occurs after 2 iterations. In the right panel, we show the softmax
probability of the signal token for clean and noisy samples (average of the softmax probabilities s
over C and N respectively). We see that after 2 iterations, the attention focuses on signal tokens
for clean examples, and on noise tokens for noisy examples. This indicates that our results can be
extended to self-attention mechanism. Parameters: n = 200, d = 40000, 8 = 0.025,p = 20,7 =
0.05, test sample size = 2000.
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Figure 6: Multi-token experiments. The first panel shows the train and test accuracies during training.
It shows that benign overfitting also occurs after 2 iterations. In the middle panel, we show that
for clean samples the softmax probability of the signal token s i1 dominates the overall attention.
While in the last panel, we show that for noisy samples the softmax probabilities of noise tokens
are average. This indicates that our results can be extended to multi-token settings. Parameters:
T =5,n=200,d = 10000, 8 = 0.025, p = 15,7 = 0.05, test sample size = 2000.
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Figure 7: The left panel presents a heatmap of the test acc, plotted across varying signal-to-noise
ratios (SNR) and sample sizes (n). Yellow indicates small test acc, while blue represents high
test loss. The right panel shows a heatmap with a cutoff value of 0.7, where values below 0.7 are
categorized as O (blue) and values above 0.7 as 1 (green). In both panels, the red curves represent
the expression SNR? = 2.1/n. This validates our tight bound of SNR = ©(1/,/n) to achieve
benign overfitting, and with a smaller SNR the model exhibits harmful overfitting. Parameters:

d =900, 5 = 0.01,n = 0.1, test sample size = 2000.
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Figure 8: The left panel shows the train and test accuracies during training (with Gaussian ini-
tialization, where each entry has variance 0.01). As in Figure [I] It shows that benign overfitting
occurs after 2 iterations. After the first iteration, the model correctly classifies the clean train-
ing examples, but not the noisy ones. In the right panel, we show the softmax probability of the
signal token for clean and noisy samples (average of the softmax probabilities 3371 over C and
N respectively). We see that after 2 iterations, the attention focuses on signal tokens for clean
examples, and on noise tokens for noisy examples. This aligns with Theorem ] Parameters:
n = 200, d = 40000, 5 = 0.025, p = 30, n = 0.05, test sample size = 2000.
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Figure 9: Multi-layer experiments. The left panel shows the train and test accuracies during training
in a 4-layer single-head attention model. It shows that benign overfitting also occurs after 2 iterations.
After the first iteration, the model correctly classifies the clean training examples, but not the noisy
ones. In the right panel, we show the softmax probability of the signal token for clean and noisy
samples (average of the softmax probabilities 53-71 over C and N respectively) in the first layer.
We see that the attention focuses on signal tokens for clean examples, and on noise tokens for
noisy examples. This indicates that our results can be extended to multi-layer models. Parameters:
n = 200, d = 10000, 8 = 0.025, p = 40, n = 0.05, test sample size = 2000.
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Figure 10: The left panel shows train and test accuracies during training with GD with weight decay,
as in Figure 2] The clean training samples are correctly classified already after one iteration, but
in contrast to Theorem [ and Figure [I] benign overfitting occurs after about 150 iterations. In the
right panel we see that the attention starts separating signal and noise tokens shortly before benign
overfitting occurs. Parameters: weight decay = 0.01, n = 200, d = 40000, 8 = 0.0001, p = 30,7 =
0.05, test sample size = 2000.
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