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Abstract

We aim to establish connections between diffusion-based sampling, optimal transport, and
optimal (stochastic) control through their shared links to the Schrodinger bridge problem.
Throughout, we highlight the importance of having a reference measure on the path space
for the design of a valid objective function that can be used to transport v to u, consequently
sample from the target p, via (optimally) controlled dynamics.

1 Introduction

Traditionally, the task of sampling from un-normalized density is largely delegated to MCMC methods.
However, modern machine learning developments in optimal transport and generative modeling have greatly
expanded the toolbox we have available for performing such tasks, which can further benefit from powerful
advancements in neural networks. It holds promise for sampling from high-dimensional and multimodal
distributions compared to MCMC-based alternatives. In this work, we propose control objectives that are
amenable to tractable approximation (without access to data from the target, as classically considered in
the MCMC literature) for sampling purpose. The central object for this synthesis will be forward-backward
SDEs via time-reversals.

2 General Framework

In this section we put several recently proposed (and diffusion-inspired) methods in context, rendering them
as special instantiations of a more unifying path-wise picture. We loosely follow the framework put forth in
Vargas & Niisken (2023) for some parts.

2.1 Goal and Setup

We are interested in sampling from ptarget(x) = p(x)/Z by minimizing certain tractable loss, assuming
sampling from v(z) is easy, but unlike in generative modeling, even though analytical expression for pu is
readily available, we do not have access to data from it that can be used to learn the score function. In
this sense, in terms of “transport mapping", the two sides are crucially not symmetric. More specifically,
the following represents a coupling between pprior(2) = v(2) and pearget(x), our desired target distribution,
where the transitions are parametrized by v and 6:

W(xa Z) = qy(’z|x)ptarget(m) = pe(x|z)pprior(z) .
Minimizing objective of the type (Dg, below denotes KL divergence)
L(7,0) := Drr(q" (2])prarget ()|Ip° (2] 2)pprior (2))

to 0 will ensure the marginals are satisfied, although the minimizers of the problem will not be unique. More
generally, one can make the transitions more hierarchical (yet still Markovian), and for this we introduce



Under review as submission to TMLR

forward-backward SDEs. Pictorially, given a base drift f, we have the “sampling process" (the two processes

are time reversals of each other):
Pu,f+o‘u

v(z) e u(a) (1)
Pu.f+ov

for tunable controls u, v and terminal marginals v, 1. Written as SDEs, they become (the drifts u, v here are

not independent)

ﬁ
dXy = [fe(Xt) + ous(Xy)]dt + UCWm Xo ~v = (Xi)iep,m ~ BT, (2)
(_
dXi = [fe(X¢) + ove(Xy)|dt + odWy, X~ pp= (Xe)rejo,r) ~ Putrov. (3)

Operationally, (2)-(3) denote (picking f = 0, and {2} a sequence of i.i.d standard Gaussians for illustration)

t t
—
X=Xy + / ous(Xs)ds + / cdWs = Xpyp = Xy + hou (Xy) + Vhoz, Xo~v (4)
0 0
T T,
Xt :XT—/ O'US(XS)dS—/ O'dWs ithh th-f-hO"Ut(Xt)-i-\/EO'Zh XT ~ (5)
t t

where the forward (the usual It&’s) and backward integrals indicate different endpoints at which we make
the approximation. For any process (Y;):, (Z4)¢,

T T -
/ a’t(yz) (ﬁt ~ Za’ti (}/ti)(Zti+1 - Ztl) ’ / a’t(Y;) dZy = Zati+1 (K'H»l)(ZtiJrl - Zti) ’ (6)
0 i 0 i

which in particular implies the martingale property

¢ —
EXNWV,H-M l:/o GS(XS) dWs:| =0, Ex~$u,f+m [/t

Note one can also view the backward process (3) as the time reversal of the following forward SDE with the

TaS(XS) 317[75] ~0. (7)

additional score function: (p; is the density of P*/*7% at time t)
dX, = (~fu(X0) — o8u(Xy) — 02V log po(X))dt + 0dW,, Ko ~ (8)

with the hat denoting t — T — t. Now time reversing while keeping the same path measure will give the
following SDE:

«——
dXt = [ft(Xt) + O"Ut(Xt)]dt + O'th, XT ~ /,L

Therefore both (3) and (8) have the same path measure Pustov, Forward/backward integral can be

converted through
T T - T
/ at(mﬁt:/ at(Yt)dZt—UZ/ (V- a)(Y:) dt, )
0 0 0

which will be used repeatedly throughout.

Remark (Nelson’s identity). The following relationship between time-reversal drifts for the SDE (2)-(3)
is well known: Bv/tou = Pumftov iff ﬁ;”wm = u, and ov(Xy) = oug(Xy) — JQVIOg(ﬁ?’H”) =
ouy(X;) — 02V log(PHF %) for all ¢ € [0, 7.

2.2 Related Approaches

We would like the two path measures (with the specified two end-point marginals) to agree progressing in
either direction. The methods in Vargas et al. (2022); Zhang & Chen (2021) propose to set up a reference
process with a similar structure as (1) with f = 0:

v(z) <—L> n(z) (10)

Pn.ov
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where 7 is the drift for the reference process:
_>
dX; = ory(Xy)dt + Uth, Xo ~v = (Xt)eo,r) ~ P77 (11)

and n = ﬁ;’w. The part worth attention is that we fix the backward process such that Prov and Prov
differ only in initialization with the same ensuing dynamics driven by v. The method amounts to estimating

loss of the following type:
dﬁu,au d(ﬁn,o‘v
= Eﬁu,au log —
d]P) v,or d ;u,av

%
dPvou
e

—
dPvou d77
=Egp, .. |log| —=—— | +tlogZ
ﬁ’ [ (dPu,o’rdﬂ)

. (12)

T

1 dn
= “lus(Xs) — ro(X)||Pds + log | — ) (X7) + log Z
By Brou [/0 2”“8( s) = 1s(Xs)[|7ds Og(du)( ) + log

This suggests initializing from v to estimate the loss (12) with the current control u’ by simulating (2),
followed by gradient descent to optimize the é—parameterized control policy and iterating between the two
steps can be a viable strategy, that could identify u?  eventually and used to run (2) to draw samples from
u. Note n, v are simple distributions we have the freedom to pick, and the corresponding r(-) as well. The
last step of (12) is a simple application of Girsanov’s theorem for two SDEs with different drifts. This is
highly suggestive of a control-theoretic interpretation Berner et al. (2022), where the cost (12) is composed
of a running control cost and a terminal cost.

Common choice for v include & a fixed Dirac delta (this is technically speaking a half-bridge) or N (0, o21).
The r-controlled reference process (11) can be either Brownian motion (r; = 0) or an OU process (r(z) =
—52). Both combinations will give 7 as normally distributed. In the former case, the optimal drift «* with
f =0 is known to be the Follmer drift Tzen & Raginsky (2019) and can be computed explicitly as (picking
T =1 for simplicity)

. dp dp
uf(z) = VlogEx [dn(Xl)Xt = 4 = VIogE, n(0,021) m(l‘ +V1—tz)|,

where the first expectation above is taken w.r.t the reference measure — Wiener process in this case; and it
follows that v;(x) = x/t by Doob’s h-transform. In the latter case, process (10) is simply in equilibrium.
The purpose of introducing the reference process (10) is to cancel out terms that we don’t have convenient
estimate for when calculating the likelihood ratio. All proofs are deferred to Appendix A.

Lemma 1 (Forward/Backward path-space likelihood ratio). In the general case of reference
%__
dXt = O'T;»(Xt)dt + O'di[—/t, XO ~ FO dXt = O"I’;(Xt)dt + O'th, XT ~ FT (].3)

where BToor* — ?FT"’F, there are 4 terms in DKL(ﬁ”*f“’“HF"’HM) as

d d
E, i [bg( Y )(Xo) — log(-H ) (Xr) + log Z

dTy dl'r
1" + T +
+ %7 |/, (ft +our —or] ) (Xy) ' (ft + oup —ory ) (Xy)dt
1 /T _ T,1 o o _ r _
=l (fe +ove —ory )(Xy) (ift tou = v — o W Xy)dt — /0 V- (fi +ov —or, )(Xt)dt} .

%
By picking v*,y~ =0, and Lebesgue base measure for To,T'r, Dgp( IP’”’JUF”“H?“J*‘”’) becomes

dv(Xo)
du(Xr)

T
1
By Brston [/0 §Hut(Xt) —v(Xo)|I> = V- (fe + ov) (Xy)dt log +logZ.
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The loss (12) enforce uniqueness (and correct marginals v, ) but doesn’t impose optimality of the trajectory in
any sense. The judicious choice of common v and v in (1) and (10) allow (12) to take on a control-theoretic
interpretation.

Remark. The ipproach in Chen et al. (2021a) which relies on training two drifts essentially amounts to solving
miny, , Drr( ]P’”vf+‘7“||ﬁ“’f+‘”) jointly with (49)-(50), as shown in Richter et al. (2023), is non-unique.

In diffusion generative modeling applications, score-matching-based loss Hyvérinen & Dayan (2005) can be
seen as minimizing the reverse KL over s = (u — v)/o by running the backward process (3) and using the
Radon-Nikodym derivative in (46)-(47) with f = 0,7" =r~ = 0. It gives (C is independent of s below)

e
Lrr(s) = Eﬁum, log <?7>]

dP v,ov+o2s

[ T 2 T
g
=Et, .. / 5 ||st(Xt)||2dt+a2/ V-si(Xy)dt| +C (14)
0 0

+C

T 2
g L, OV
By | | G Isi(X0) — Valogp ™ (Xu|Xe = )| di
0

while fixing the backward drift v for which v is easy to sample from (e.g., an OU process). In the last
transition above, we used the integration by parts identity

T

0

T
E,, l / s; Vlog py dt] = -E,,
0

In practice there will be an ir-reducible loss since the terminals v and FS Y don’t match exactly for any finite

T, but the dynamics ﬁ”"”’*"% still makes sense as for two processes (p;)¢, (q¢)¢ with different initialization,
but same drift ov + 02s*, 9 Drr(pella:) = —Ept[||Vlog%||2] < 0 contracts, although we have not been
quantitative about the decay rate.

We therefore see that either the approach of (12) or (14) relies on fixing some aspect of the process in-
volving (1) and (10) to restore uniqueness of the loss £. In both cases, it results in an one-parameter
loss, and the minimizer is not affected by the unknown constant Z from the loss. Successfully optimizing
Dgpr( V"’“HF/"””) or D (PH#?||P¥?%) to zero error will imply that u pushes v to u and v vice versa,
mimicking a noising/denoising reversible procedure.

3 Methodology

As we saw from Section 2, there are many degrees of freedom in transporting v to p, which is not desirable
for training purpose. This gives us the motivation to turn to losses that can enforce a canonical choice. We
will adopt an “optimal control" perspective (which necessitates picking some reference) and leverage special
properties of the SB problem (introduced below) to come up with valid control objectives for this effort.

3.1 Various Perspectives on Schriodinger Bridge

Most of these can be traced out in Léonard (2014); Chen et al. (2021b), which has its roots in statistical
mechanics Schrédinger (1931) (and in modern terms, closely related to large-deviation results via Sanov’s
theorem). For us however, the following perspectives will be more fruitful. Consider over path space
C(]0,T); R?), given a base measure @, the optimization problem

P*=arg min Dgr(P|Q) (16)
m

P(]:V,PT:
where we assume ) admits SDE representation

dXt = ft(Xt)dt + O'th s XO ~ UV, (17)
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which is a slight generalization of the classical case where f = 0 is typically assumed.

(1) Mixture of pinned diffusions (weights given by 7*) can be seen by disintegration of path measure:

D1 (Pl|Q) = Dxr(Por||Qor) + /DKL(PZ”||Q”)CZP0T(Z7$)~ (18)

Since the only constraints are on the two end-points (16) is therefore equivalent to (19), by choosing P** =
Q**. The optimal solution takes the form P* = 7*Q**, which means one can sample from (z,z) ~ 7* € II,, ,,
and sample from the bridges conditioned on the end-points at t =0, 7.

(2) It has the interpretation of entropy-regularized optimal transport Peyré & Cuturi (2019) when f = 0:
in terms of static formulation because of (18), if the reference @ is simply the Wiener process (accordingly

r(x|z) « (5*%“9”*‘5”2)7

7*(z,2) = arg min . Dir(m(z,2)|r(z,x)) (19)

Tz=V,Ty=

=arg  min B, [Dgr(n(z]z)|r(z]2)] + Drr(v(2)|r(2))

Tz=V,Tz=H

=arg min / 1||x — 2|*7 (2, x) dedz + T/w(z, x)logw(z, x) dzedz
Ty =V, Tg=L 2

where the first term is nothing but the definition of the Wasserstein-2 distance (and optimal transport in the
sense of Kantorovich). This is a Lagrangian description of the transport. In terms of dynamical formulation,
via Girsanov’s theorem on path measure, with the controlled dynamics as dX; = [f;(X¢)+oue(Xy)]|dt+odWy,
(16) can be reformulated as a constrained problem over u

x . 1 T 2 ﬁv,f%»au o
Pr=agminEy 2, |5 [ KO B = ) (20)
0
Or a regularized Benamou-Brenier fluid-dynamics Benamou & Brenier (2000) analogy of the optimal trans-
port
T 4 2
. 1 _ g Pt(Xt)
f o (Xe) — ve(Xe)||1? + — || V] X,)dtd 21
w [ [th( ) =Xl + 5 |Viog 2428 | pi(xs) dtda (1)
0
s.t. % + V- (pve) = 0,p0 = v, p1 = i (22)

where above vy = f; — %Vlog pt is the current velocity of the prior process, and we see the penalization
results in an additional relative Fisher information term. Since v* is a velocity field in the continuity equation,
it means a deterministic evolution (i.e., ODE) as

Xt = Ut(Xt), XO ~ UV
will have X; ~ pg, the optimal entropic interpolation flow, which gives an Eulerian viewpoint.

(3) Optimal control views the problem as steering v at ¢ = 0 to u at t = T with minimal control effort. The
value function (i.e., optimal cost-to-go)

V(z,t) :== minE,

5 ) Iue(XIPaslxy = . X~ g (23)

with the expectation taken over the stochastic dynamics
dX = [fi(X3) + ow (X{)]dt + odWy, X§ ~ v (24)
should satisfy the Hamilton-Jacobi-Bellman equation via the dynamical programming principle

oV (z,t)

2 2
T+ R@) YV (@) + AV (@, t) - YV (@ )? =0, (25)
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where the optimal control uj (X;) = —oVV (X, t) and gives the unique solution (py):>¢ solving
ap}ft U 2 02 u u U
o =V Wi(fe = o"VV)) + - Ap, ph ~ v o~ (26)

The correspondence between (23) and (25) can also be seen with the Feynman-Kac formula. Notice that

min E,
u

T4 “
| gl iPae oy 2 x| =0,
0o 2 Qr
which also gives an intuitive explanation of the optimally-controlled process. This holds since

T T
D (PIQ) =E, U énut(Xt)n?dt]—Eu 5 | TPt =10z S-(X0) | + Dicn Q).

which gives the claim by data processing inequality. The two coupled PDEs, one run forward in time
(Fokker-Planck (26)), one run backward in time (HJB (25)) are also the first-order optimality condition of

T
. 1
inf / / — e (X)) |12 pe (X)) dida (27)
2% Rrd Jo 2
Ops o?
stoor T Vo (pe(fe +our)) = 7Apt, po =1V,p1=H (28)
where again the optimal u* = —oVV is of gradient type. Above the Laplacian is responsible for the

diffusion part, and (27)-(28) is related to (21)-(22) via a change of variable. One might try to design schemes
by forming the Lagrangian for the above (27)-(28), and solve the resulting saddle-point problem, but this
deviates somewhat from our pathwise narrative.

Remark. Compared to the Langevin SDE dX; = —V f(X;)dt++/2dW;, which only involves forward-evolving
density characterization and reaches equilibrium as T' — oo, the controlled SDE (24) is time-inhomogeneous
and involves two PDEs (25)-(26). Langevin also has a backward Kolmogorov evolution for the expectation
of a function g: let V(x,t) = E[g(Xr)|X; = 2] we have 0,V (z,t) — Vf(z)'VV(x,t) + AV(x,t) = 0 with
V(z,T) = g(x), and is de-coupled from the Fokker-Planck equation d;p; — V- (p:Vf) — Apy = 0 with pg = v
in this case.

(4) The dual potentials ¢, yield optimal forward /backward drifts: It holds that the optimal curve admits
representation

log p+ = log ¢+ +logp, for all ¢ (29)

and solving the boundary-coupled linear PDE system on the control

0 2 0 2
% - _%A(bt - vd);rfta % = %Awt -V (wtft) for ¢0w0 = Pprior; ¢T'¢)T = Ptarget (30)

gives two SDEs for the optimal curve in (16):

dX; = [[,(X)) + 02V log éy (X,)]dt + 0dW,, Xo ~ v (31)
dX; = [fi(Xy) — 02V log ¢ (X,)]dt + odWy, Xo ~ pu. (32)

Note that equations (31)-(32) are time reversals of each other and obey Nelson’s identity thanks to (29). The
transformation (29)-(30) that involves (p},u;) = (pf, —oVV;) — (¢, ¥y) is a typical log <+ exp Hopf-Cole
change-of-variable from (25)-(26). These PDE optimality results can be found in Caluya & Halder (2021).

(5) Factorization of the optimal coupling: in fact it is always the case that

d *
di(XO, Xr) = e/ X0)esXr) g5 (33)
r
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Moreover under mild conditions if there exists 7, f, g for which such decomposition holds and 7y = v, 7p = p,
7 must be optimal — such condition (33) is necessary and sufficient for characterizing the solution to the SB
problem. (33) together with (18) give that (which can also be thought of as re-weighting on the path space)

d *
—; (Xo.r) = el (X0)ed(X1)  p g s (34)
.

obeying the Schrodinger system
/ef(XO)T(XOT)eg(XT)dXT = Pprior(Xo) , /ef(XO)T(XOT)eg(XT)dXO = Prarget (X7) - (35)

Using Doob’s h-transform, one can write the transition kernel of 7* as a twisted dynamic of the prior r, and
the ¢, in (31)-(32) can also be expressed as a conditional expectation:

by(z) = /eg(XT)r(XﬂXt =z)dXp = /Rd or(Xr)r(Xp| Xy = 2)dXp,

wt(x) = /ef(XO)r(Xt = .IZ,X()) dX[) = / ’(ﬂo(Xo)’I“(Xt = .IZ‘X()) dXo
Rd
for t € [0, T], where the consistency of
! X0)r(Xg) = o (Xo), e?X7) = ¢r(X7) = 7" (X0, X1) = too(Xo)r(X7|Xo)dr(X1)

can be verified by (35) and (29). But in general, the transition kernel of the un-controlled process r(+|-) (or
or1,1%0) is not available analytically for implementation as such. But it suggests there’s a backward-forward
SDE dynamics one could write for ¢, v, with drift f; initialized at ¢, respectively, as hinted by (30) as
well, if we view them as densities.

(6) Equation (31) means the optimal v} in the continuity equation (22) is f; + 02V log ¢ — %QVIOg pr =
fi+ %ZV log %, which gives the ODE probability flow for this dynamics (with Xg ~ v)

4, = F40X) + T (Vlog () — Vloga(X,)) dr (30

in the sense that the time marginals p,g%) = p,(fgl) = ,0,(532) = Pt(w) all agree. Moreover, using the instantaneous

change of variables formula Chen et al. (2018), we also have

T 0,2 T
log pr(Xr) = log po(Xo) /0 Vo) /O V. (Vg (X)) — Viegen(Xo)dt,  (37)

which will be useful in Proposition 2 for estimating the normalizing constant. Note that in (37) both the
density and the point at which we are evaluating is changing.

Remark. The stochastic control formulation makes it clear that the trajectory we are trying to recover is
a meaningful one in the sense of minimal effort. If one were to switch the order of P and @ in (16), the
optimal control problem becomes (e.g., for f =0)

T
inf E / L (x| 2at
m 0 2
s.t. dXt = O'Ut(Xt)dt + O'th,XO ~ U, XT ~ W

for the expectation taken over the reference process, instead of the controlled state density pj', which is not
very intuitive. The slightly non-conventional aspect of this control problem is the fixed terminal constraint.

To briefly summarize, all these different viewpoints explore the deep connections between PDEs (controls)
and SDEs (diffusions) in one way or another.
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3.2 Natural Attempts

In this section we discuss several natural attempts with the intention of adapting the SB formalism for
sampling from un-normalized densities.

(1) Tterative proportional fitting/Sinkhorn relies on factorized form (34) of the optimal solution 7*(z,z) =
Fj for iterative projection as

POy

FON g

Py,
arg mmin xL(Q[PY) 70 (38)

1 = i )y —
p arg min Dgr(Q[P™)
i.e., only the end point differ and one solves half-bridges using drifts learned from the last trajectory transition
rollout, initializing from either samples from p(z) or v(z). But since we don’t have samples from p, neither
the score (i.e., the drift) nor the proceeding IPF updates/refinements can be implemented. In fact, the first
iteration of the IPF proposal in De Bortoli et al. (2021); Vargas et al. (2021) precisely corresponds to the
score-based diffusion proposal in Song et al. (2020). However, there is a connection between IPF and Path
space EM, which means that coordinate descent on the objective ming DKL(ﬁ”’f"’"zvﬂrﬁ“’f‘*‘“zv‘l’),
when initializing at ¢ = 0 (i.e., the Schrédinger prior), is a valid strategy for solving (16).

Lemma 2 (Optimization of drifts of EM). The alternating scheme initializing with ¢o = 0 converge to
(2, x):

%
U = arg mlgn DKL(PV7.f+G'2v¢n—1 ||(ﬁu7f+02vw) (39)

¢ = argmin Dycp (B +oVo | Puf+o’Vin). (40)

Moreover, both updates are implementable assuming samples from v is available, which resolves non-
uniqueness in an algorithmic manner (fixing one direction of the drift at a time).

However, Lemma 2 above also shows that the prior only enters in the first step, therefore as it proceeds,
the prior influence tends to be ignored as error accumulates — this aspect is different from our proposal in
Proposition 1 below.

(2) Some alternatives to solve SB do not require analytical expression for u: diffusion mixture matching
Peluchetti (2023) tilts the product measure v ® p towards optimality gradually by learning a slightly different
term than the score; data-driven bridge Pavon et al. (2021) aims at setting up a fixed point recursion on the
SB system (35) for finding the optimal ¢*,¢*, but both rely on the availability of samples from u (as well
as V) to estimate various quantities for implementation.

(3) Naively one may hope to reparametrize (31)-(32) as (with the time-reversal condition baked in)

min DKL(ﬁwév log p¢+Vuy ||$Mavut—§V10gpt)
u

to learn the drift Vu (this is somewhat akin to annealed flow, and expected to have unique solution). This
way, when the two path measures are optimized to agree, the resulting forward & backward drift necessarily
obey Nelson’s identity for the desired curve p;. However, this only applies if we have access to the score
Vlog py, for (ps)iepr) the SB curve of density we wish to follow interpolating from v to . Learning both p
and Vu will become similar to learning ¢ and 1, as the approaches we study in Section 3.3. In a similar
vein, if one chooses Ty = v,I'r = p and 7,7 = oVu},r; = oVuj — 02V logp; the optimal SB process as
reference, Lemma 1 asserts that the loss becomes

T

| 1w Vuz‘n%zt] ,
0

something we cannot estimate and optimize for without additional information.

_)
arg Hv“j} DKL(PU,UV¢t ||FH,D’V¢t*a‘2V10gPt) = arg anf E

(4) The work of Caluya & Halder (2021) investigated the case where the reference process has a gradient
drift (i.e., f = —VU) and reduce the optimal control task to solving a high-dimensional PDE subject to
initial-value constraint (c.f. Eqn (33) and (47) therein). However, solving PDEs is largely regarded to be
computationally more demanding than simulating SDEs.
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3.3 Training Loss Proposal

Recall our focus is on solving the regularized optimal transport problem (16) between v and p, by learning the
controls on the basis of samples from v. Out of many joint couplings with correct marginals (i.e., transport
maps), the choice of a reference path process will select a particular trajectory p; between v and p.

The execution of this plan crucially hinges on two ingredients: (1) backward / forward change of measure
formula established in Lemma 1; (2) properties of the optimal drifts for SB from Section 3.1, which in turn
can be exploited for training the controls. Challenge, as emphasized before, is we need to be able to estimate
the resulting loss and optimizing it guarantees convergence to the unique solution dictated by the SB.

Proposition 1 below serves as our main result. Both (1) and (4) are guided by “minimum-action" principle
w.r.t a reference. (2) bases itself on a reformulation of the HJB PDE involving the optimal control, and
(3) is grounded in the FBSDE system for SB optimality Chen et al. (2021a). In all cases, the objective is
a two-parameter loss that also allows us to recover the score 02V log p; from the returned solution. Note
that variance is taken w.r.t the uncontrolled process in (2) and w.r.t the controlled process in (3). Losses (1)
and (4), being conversion from the constrained problem (and each other), will need A to be picked relatively
small so that the first part of the objective becomes 0 to identify the unique SB solution.

Proposition 1 (Regularized Control Objective). For the problem of (16), the following losses are justified:

: —>l/ o —0o T o2
(1) argminyy vy Drr(PYIF 2V‘15||<@“’f 2V¢) + A Ey Posiorve [fo THV@(Xt)szt}

ﬁ
(2) arg minye vy DKL(I[Dwf—i—anquﬁu,f—azwz;)_i_

T 0_2 T
VarXN?v,f <'¢T(XT) — ¢0(X0) =+ /0 (_7vat|‘2 1 V- ft — O'QA’(/Jt)(Xt) dt — 0'/0 V¢t(Xt)Tth>

2

T T
or Vary 3., <¢T(XT) — ¢o(Xo) + %/ IV e]|*(X:) dt — U/ V¢t(Xt)Tth>
0 0

(8) argming y Vary . i.2v, (07 + 91 —log u)(X1)) + (¢ + o — log v)(Xo)|+

2
Vary gu.si02v0 <¢T X1) — ¢po(Xo) — %/ IVel?(X)dt — o V¢t (X¢) th)
T
Vg2 sones (9200) = (o) = [ (FITUIP 49 (00— 10+ 22V Vo ) (X0)

- O'/ V’(/)t Xt) th>
: %I/ f+o2Ve, (ﬁu f+o’2V¢t—a'2Vlogpt T 42 2
(4) argmingy, 1o, Dicr (E/+7Vor| F. V4N Bz, e [fy 5 IV6(X0)|2 1

In the above, DKL(ﬁvvf+a"’v¢||$u,f702vw) is

T 2
(o 14
B Bortorve [/ ?HV@(Xt) + Vo (X)? = V- (fe = 0*V) (Xy)dt + log p
0

and DKL(ﬁv,era"‘Vm Hﬁu,fﬂrzvm—a?v log pt) s

V(X T2
RO [log Lt [ IV o8 (X + oY - (VIog i = Vo) (Xi) = V- fi(X0)

+C'. (42)

In all cases, Xo = xg ~ v is assumed given as initial condition. In particular, if the loss is 0 for (2) and
(3), the resulting V¢*, Vi* solve the Schrédinger Bridge problem from v to p, that can in turn be used for
sampling from p.
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It is tempting to draw a connection between the variance penalty in Proposition 1 and the log-variance
divergence between two path measures w.r.t a reference

Varpw {log (Zﬁ” )}

studied in Richter et al. (2023). The loss in (3) is different from log-variance divergence over path space

| dPvI+o* Ve
Var@_l’)l’eerU?V(P Og d u,f—oQVw ’

which involve the sum of (53) and (54), and will not guarantee finding the optimal path, whereas the objective

in (3) incorporates the dynamics of two controlled (and coupled) dynamics w.r.t P¥f that we know how to
characterize optimality for from results in Section 3.1.

In fact, another way to view the variance regularizers in loss (2) and (3) is through the SDE representation
of the controls from Lemma 3 below and observe that the variance condition precisely encodes the optimally-
controlled dynamical information.

Lemma 3 (SDE correspondence to SB optimality). We have for the optimal forward drift V¢ and X ~ ﬁ”*f
as in (17),

2
Ay (Xy) = —%HV@(Xt)HZdt T+ oV (X)) T AWy,

analogously for the optimal backward drift —Vi,, along X ~ ﬁ”*f,

o2
dipe(Xy) = [2||V1/Jt||2 -V-fi+ UzAlbt] (Xy)dt + oVipy(Xy) T dW .
Moreover, along the controlled forward dynamics X ~ ﬁ"’fﬂ'zvcf’, the optimal control ¢, satisfy

2
du(Xy) = %||V¢t(Xt)||2dt + oV (X)) T AWy,

dipy (X)) = [";HWtHQ + V(o — fi) + 02v¢jwt} (X¢)dt + oVibe(Xy) TdW; .
In the above, Vo, Viby refer to the optimal forward/backward drift of
dX, = [fi(Xy) + 02V (X)]dt + odW,, Xo ~ v,
dX; = [fi(Xs) — o>V (Xy)|dt + odWy, X1 ~ 1,
and $r(X1) + ¥r(Xr) = 108 Prarger X1), do(Xo) + to(Xo) = log 1(Xo) for X ~ Bri+o°ve,

It is natural to ask if one could replace the variance regularizer Var(-) with a moment regularizer E[| - |?]
in e.g., loss (3). However, while the variance is oblivious to constant shift, the moment loss will require
knowledge of the normalizing constant Z of the target u to make sense. We would also like to add that
enforcing the drifts to take the gradient form is not strictly necessary for some parts of the losses.

Remark. The gradient for either Dy, or Log-variance w.r.t. u and v (and the Monte-Carlo estimate thereof)
can be found in e.g., Richter et al. (2023), where the authors show that log-variance has the additional
benefit of having variance of gradient = 0 at the optimal u*,v*, which is not true for Dk, in general, and
has consequence for gradient-based updates such as Algorithm 1. Similar argument applies to the variance
regularizer we consider (e.g., loss (2)). For this, we look at the Gateaux derivative of the variance function
V in an arbitray direction 7 since

) d )
£V(u,v;7’) = o V(u+ er,v) = 09,V (ug,vy) = Su

e=0 u=ug

V(u, vy; Op,ua) -

10
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Now if V is the Monte-Carlo estimate of the variance of a random quantity g, it is always the case that (we
use %Q)T to denote derivative in the 7 direction)

2V 0:7) = o (Bl (u,0)?) — Blg(on, 0)) = 2Blg(u,v) 2900, )] — 2Bg(u, )] - Elg(w, )]

therefore if g(u*, v*) = 0 almost surely for every i.i.d sample, such as the regularizer in loss (2), the derivative
w.r.t the control v in direction Oy, ug is 0 at optimality, implying Var(9s, V (ug+, v4+)) = 0. One can, of course,
also replace D with log-variance for the first part of the loss.

3.4 Discretization and Practical Implementation

We include a word about practical implementation in this part. As in Proposition F.1 of Vargas & Niisken

(2023), it is possible to trade the divergence term for a backward integral and estimate Dy (P Y| P#"?)
(up to constant independent of u,v) as

1« V(X)) |~ 1 e , )
— log ———— + — X7 - X 40 X3 t —t 43
N Lzzl g /J/(X}{.H[) k;) 202(tk+1 — tk) || k k+1 kJrl( k+1>( k+1 k)H ( )
for 4 _ ) o
Xi1 = Xp +un(Xp) (terr — tr) + o/teyr — th - 25, 2, ~ N(0,1) (44)

the Euler-Maruyama discretization of the forward process using N Monte-Carlo samples, where K = T'/h if
the stepsize h =ty 1 — ti for all k is kept constant.

Remark. As observed in Vargas & Niisken (2023), discretized version with backward integral (43)-(44) has
the additional benefit of giving ELBO for the normalizing constant Z of piarget With the estimator

5 W Xk)q" (Xox 11 XK)

L Ko (X %) (45)

in the sense that E,(x,)p=(x,..|x0)[108 Z) < log(IE,,(Xo)pu(Xl:MXo)[Z]) =log|[ (X k)dX k] = log(Z).
Putting everything together, we give the proposed algorithm below.

Algorithm 1 Control Objective Training for Sampling

Require: Initial draw (Xg(o))ﬁil € R% ~ v independent, initial controls u(9), v(©)
Require: Un-normalized density p, drift f, num of time steps K, num of iterations T’
fort=0,---,7T—1do

Simulate (44) with current control (u,(f));g:o7... K, obtain (X,Z’(t))kzo,... Kk forn=1,--- N
Estimate the loss (43)+discretized regularizer (c.f. Lemma 4 below) and the gradient w.r.t the two

parameterized controls using the samples (XZ’(t))k=07,..K7n=17,.. N

Gradient update on the parameters to obtain u(**1) and v(*+1)
end for .
return X}(’(T), e ,Xﬁ’(T) as N samples from g with their importance weights w"' )(X;L(’(T)) (58)

In practice, with imperfect control from the training procedure, one can perform importance sampling to
correct for the bias / improve on the estimate.

Proposition 2 (Importance Sampling). The following can be used to estimate the normalizing constant of
the target density Diarget:

(1) For the optimal ¢*,¢*, with X ~ ﬁl«f—&-cﬂvaﬁ*’

_ p(Xr) a2 [T . . T
7 = 2 (Xo) exp (2/0 V- (Vi fth)(Xt)dtJr/O V~ft(Xt)dt> _

11
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(2) For any potentially suboptimal ¢, 1), with X; ~ ﬁ”*f“’QV‘z’,

2

T T
Z =B, 1ot [exp <_U2/0 IV + Veu|® + V- (fi = 0> Vipr)dt — o /0 Ve VirdW — log :gﬁ;)))] |

_>
With a sub-optimal control V¢ and Xy ~ IF’”’H‘”zW’, re-weighting can be used to get an unbiased estimator
of a statistics g as Ey[g(X1)w?(X7)] = Eg«[g9(X7)] = E,[g] for

L 1 [T 1T
wf(X) = exp <IOgV*N(O,J2T.I) (Xr) - @/0 Ife + 0>V e || 2t — ;/0 <ft+02V¢t)th> :

The following lemma provides a recipe for estimating the regularizer and the normalizing constant with
discrete-time updates. We focus on loss (3) from Proposition 1, since most of the other parts are similar or
straightforward to adapt.

Lemma 4 (Discretized Loss and Estimator). For X ~ TP>”’f+"2V¢,
T /g2 T

Var(wT<XT> ~olXo) - [ (2||th||2 +V - (0PV — f) + 0PV vm) (Xde-a [ vun(x) th)
0 0

can be estimated as

Z Var(w;{ XK+1) wO(Xé)_

K-1 K-1

1 i i 1
> gk = Xk = (e = Vo) XL + 37 5 Xk = X = ACKDRIE)
k=0

which compared to the KL estimator (43) has two terms. The importance-weighted Z-estimator from (57)
can be approximated as

u(xi) Kl
*ZGXP (log X 202h||Xk Xig1 + (fer1 — Vo) (X )R + Z ||Zk|2>

In both cases for i € [N] independently,
Xjq = X)+ (fu(X}) + 0 Ver(X))h +ovVh -z, 21 ~ N(0,1).

Remark. In Vargas & Niisken (2023), the authors propose fo

Do+ [TV + G A6+ 5| VI| (X)dt as

the HIB regularizer (c.f. (25)) on top of DKL(]IDVf+U V¢HF” f-o W’) for loss (2) in Proposition 1. As is
clear from the proof in Proposition 1, it is equivalent to the variance condition. There is, of course, a similar
HJB for the backward drift Vi, which in this case will read ;) + [TV — T-Av — Z||[VY[|2 + V- f = 0.
By trading a PDE constraint with a SDE one (based on likelihood ratio of path measures), we can avoid
evaluating the divergence term for the discrete updates. It remains to note the additional benefit of vanishing
variance of the gradient at the optimal control, as remarked earlier.

4 Conclusion

We detailed various connections between the seemingly disjoint areas of diffusion generative-modeling, op-
timal stochastic control and optimal transport, with the goal of sampling from high-dimensional, complex
distributions in mind. This is orthogonal to MCMC-based approaches, and is accomplished by a more
“learning-driven" methodology for the optimal control/drift under a suitable control objective. There are a
lot of flexibility in the choice of the reference, optimality criteria, divergence metric etc. (that also makes
the case for SB more compelling than existing diffusion-based samplers mentioned in Section 2.2), which we
hope to report on in the future.

12
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A Missing Proofs and Calculations

We give the omitted proof of Lemma 1 from Section 2 below, followed by Lemma 2 from Section 3.2.

Proof of Lemma 1. We give a few equivalent expressions for the Radon-Ni_lgodym derivative, written in terms
of the drifts. Starting with Proposition 2.2 of Vargas & Niisken (2023), P¥-f+7% almost surely,

H

dPvftou dv dpu
I X) = log(—)(Xp) — log(—) (X log Z
0g (m) (X) Og(dFo)( 0) Og(dFT)( 1) + log

T

+ %/0 (fe +ous —ory)(Xe) (d—XZ - %(ft +ous + orj)(Xt)dt> (46)
T

- %/0 (fe + ovr —ory ) (Xy) (él—Xt - %(ft + ovy +art)(Xt)dt) . (47)

One can use (9) to convert the backward integral to a forward one with an additional divergence term

— dﬁu.f—}-a’u
DKL( P l/,f“ra’u”FlJaf-i-U'U) = EXw?%f*"’“ |}Og <m> (X)‘|

dv du
— B e | 08 ()~ log( 1) (Xr) + og 2

1 T
2e | e+ ou = orf )X o — o) (X0
= Jo
1 T 1 o o T
- t ovy — O . Xt)T(*ft-i-O'Ut—*’l}t—*’l’i)(Xt)dt—/ V'(ftﬁ—O"Ut—O'T‘i)(Xt)dt (48)
o2 J, (fe +ov 7 )( B) B) ot o t

T
TEy Frriou [/0 (ue =) (Xe) = (v — 7 )(Xe) Wt]

and the last term vanishes because of (7). Therefore we see that there are 2 boundary terms, and 3 extra

terms corresponding to the forward/backward process. The loss of (12) clearly follows since only the second

line and one term in the first line survive. By picking v*,7~ = 0, and Lebesgue base measure for I'g, I'p,

we get

1
2

dv( X T
TEy Forrou [IOg V(Xo) +/0 (utfvt)(Xt)m

DKL(WV’HU“”(@MJHW) = Exwﬁu,ﬂau [/0 ”ut(Xt) - Ut(Xt)||2 -V (ft + UUt)(Xt)dt] (49)

du(Xn) +logZ (50)

which agrees with Proposition 2.3 in Richter et al. (2023) up to a conventional sign in v, and is also the same
as the ELBO loss in (Chen et al., 2021a, Theorem 4). Note the different expressions in (12) and (49)-(50)
by picking distinct references (13) vs. (10).

One could also start with the forward SDE (8) and apply Girsanov’s theorem with (2),(8) together with the
chain rule for the KL to get

%V ou ov dﬁyhf“””“‘
i (B B s (S ) )

dv 1 [T
CEe ... |log (X0)+f/ ue(X2) — (vr + 0V log I oY (X2 | . (51)
PBv.f+ [ <W> 2 0 | t t t t t)

14
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To see this is equivalent to (49)-(50), we use Fokker-Planck on the process (8) to reach

]E—) = E—)

[log < il > (X) —logZ [log (d Wm}) (X )]
Bv.ftou % P Pv.ftou ﬁ i, f+o
d g,f—l— v d 6f+ v

T 2
ov O- ov
=Eg, 10 V —V - (e + o0 (Xy) + o (us — v)(X) TV log pld TV (X)) — ?Hvlogpf’f+ (Xt)||2dt]
0

(52)

as by Itd’s lemma for the process (2) with drift f + ou,

Pt

T Tl 0_2
[ onog Breren = [ (<5l 4 o0 + G o4 DL )
0 0

2

T o, T T
+J/ Vo, AWy +/ U—Alogpt dt
0o Pt 0o 2

T va
= - pt (ft + ovy + 0°Viog pr — fr — ouy)
0 t

2 T -
\Y
_V-(ft—l—avt+02V10gpt)+%Alogptdt+/ o ;t AW, |
0 ¢

%
which upon simple arranging, using (55) and taking expectation over X/+o% ~ P¥/+ou give (52). Now
adding up the previous two displays (51) and (52) using

dv dv du
Eﬁu,erau IOg W = E?U,erau log @ + IOg W
0 0

finishes the proof. O

Proof of Lemma 2. We have up to a constant independent of ¢, ), using Lemma 1, (39)-(40) give the loss

o?|VyI?

v #vd4v¢—vw#vw]u»m

T
P argmlgn/ Ey grrte2ve, {
0

T 2
Pn argm(gn/ B Brsiozvo |:O2v¢ - V%\IQ -V (f+ Uszn):| (Xp)dt+E [log v(Xo) ]
0

w(Xr)

where updating ¢ bears resemblance to (12), and updating 1) is akin to the score matching loss (14). The
equivalence to (38) assuming ¢,1) is expressive enough (i.e., (¢*,¥*) = (¢g-,1y+)) and ¢o = 0 is shown in
Vargas & Niisken (2023) and relies on the fact that ¢, update (39)-(40) solve respectively

Vi = Vo1 = Viog gy T+ V01 9, = i, — Vlog pf 170

which fix one side of the marginal alternatively, while reversing the path-wise transition from the previous
one. It is known (38) converges to 7* as n — co. O

In Section 2.2 we also claimed that for two processes (p:):, (¢:); with different initialization, but same drift
ov+ o%s where s is the score function, 9; D1 (pillqr) = —02/2-E,,[||V log %HQ] < 0 contracts towards each
other, when we run the generative process

dX; = [ov(Xy) + 0%s(Xy)]dt + Uth, Xog~v# (ﬁg’m ,
although the actual rate maybe slow. We give this short calculation here for completeness:

0t Drcr.(pe|ar)

15
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@() q; (x)
= /pt [avt +o%s, — UQVlogpt(x)} V log pt(?daj / Eg@t qi(x)dx
= /pt [ovt + o025 — U;Vlogpt(x)} ! Vlog qté) dx — /VZE;; {m}t + %5y — %ZVlog qt(z) | gt(x)dx

- [@neiog 2 dr s [ |22 pORAD] 4,
:

o? T pe(T)
:/ {th+a2stV10gpt( )favtfo st+ Vlogqt( )] Vlog - pe(x)dx
2 qt(x)
o? pe(x)
=—— V1
2 / H * u)

Immediately follows is the proof of our main results: Proposition 1 and Lemma 3 from Section 3.3.

2
‘ pi(x)de < 0.

Proof of Proposition 1. The first term (41)-(42) simply involves writing Dy, in terms of the (current) con-
trols using Lemma 1, up to constants. One can regularize to remove the constraints in (20) while still
ensuring the right marginals via

L(Ve, V) i= D (B2 VO Br—oVe) L AR(VY)  or Dier(B» V| Br—o"Ve) 4 NR/(V)

where R(-) can be either from reference measure as in (1) or from optimality condition on the control as in
(2). In both cases, the first term is a p constraint (time reversal consistency with correct marginals), and
the second one a ¢-constraint (enforce optimality).

%
For (2), we give one direction of the argument for V4 first. Let P“f denote the path measure associated

with dX; = fi(Xy)dt+o0dW;, Xo ~ v, then ﬁ"vf almost surely, the Radon-Nikodym derivative between ﬁ"*f
and the controlled backward process is

-
dPVyf dV(XO) /T 0_2 ) ) /T
: X) =1 + [ S IV]” =V (f —0"Vipe)di + Vb AW, .
* (d /“‘ﬁfUQth) ( ) o8 dﬂ(XT) 0o 2 ” wt” (f o @[Jt) o o Py t

_>
In the case when the variance (taken along the prior X ~ P*/)

T 0_2 T
ar (wT<XT> —vo(X0) = [ GVl + V- f = tanxa - [ oV dwt) ~ 0,

it implies that the random quantity is almost surely a constant independent of the realization, and

il dv(Xo)
° X)=lo +r(Xr) — ¥o(Xo) +log Z,
g <d ,LL,f-gZV»Lpt)( ) ng(XT) QZ)T( T) wo( 0) g
from which using the factorization characterization (34), and the terminal constraint ngf —0? Vi

2
v, F‘}f —oV% — |, imposed by the first KL condition, concludes that Pud ="V must be the unique
solution to the SB problem. The other direction on V¢ is largely similar, and one can show using Girsanov’s
theorem and the variance condition that along the prior X ~ P ¥/,

ﬁV,f‘FO’QV(ﬁt T 2 T
log <dﬁT> (X) = /0 —%||V¢t||2dt —1—/0 oV dWy = ér(Xr) — do(Xo) ,

to conclude in the same way. Note that evaluating the variance regularizer only requires simulating from the
base process (17).

16
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n (3), for any ¢y, the likelihood ratio along dX; = (f + 02V¢;)dt + odW;, Xo ~ v is

dPv-I+o° Ve T 2 , T
og (5 | )= [ GIvedPars [ oV, (53)
dPv.f 0o 2 0

which according to (34), has to be equal to ¥o(Xo) + ¢7(X71) — logv(Xo) = —¢o(Xo) + o7 (X7) PV a.5. =
Pv:f+7°Vé ¢ 5. to be optimal, justifying

0.2

T T
Vary gu.ro2vs <¢T(XT) — $o(Xo) — 7/0 IVi|*(X:)dt — o ; ch(Xt)th) :

_>
In a similar spirit, for any v, along the same process X ~ P ”’f+‘fzv¢t,

—
dPv/ T o? T
1 X) = 2 T e 2 . _ L2
og (F mf—02th> (X) /o o“V, Vi + 5 IVl =V - (ft — o V¢t)dt+/o oVipdWy

+ log (j:gﬁ%) +log 7, (54)

which again using (34), has to be equal to

—1po(Xo) — o7 (X7) +1logv(Xo) = —po(Xo) — 10g Drarget (X1) + 7 (X7) + log v(Xo)

to be optimal, yleldlng the anticipated variance regularizer. Additionally, in order to enforce the terminal

constraint along P Bri+o’ Vo, , it suffices to sum up (53)-(54) to impose the time-reversal consistency, which
means ¢ (Xr) + r(Xr) = Ingtarget(XT) and ¢o(Xo) + ¥0(Xo) = 1og pprior(Xo) = log v(X() necessarily.

In (4), we use V¢, and Vlog p; as optimization variables instead of the two drifts, and it follows from the
dynamical formulation (27)-(28). One can also read (42) as

1 .
Oy log py(Xy) = ;(@pt +Vp, Xi)
t

1 2 1 2
= =V ol + 0PV 00) + g+ Vo] (fi+0*Vor — - Vlogpy)
t
2

= ~0?A¢; + S Alogp — V- fr,

which upon integrating and using integration by parts (15) give the loss. This first part establishes a
particular relationship between the two variables, and the second part enforces optimality among all curves
transporting between v and p driven by such dynamics — one can also switch this part to (21) if v; is
known. O

Proof of Lemma 3. Using Itd’s lemma, we have along the reference SDE dX; = f;(X:)dt + odWy, X ~ v,

0y

d
¢ = |5

+ Ve fi+ 2 Aqst dt + oV o7 W, .
Now deducing from (30), since the optimal ¢; solves the PDE for all (t,x) € [0,T] x R?

Oy = — .7 _‘LQA _12 2
e = — 1 Vou = T8¢ — T |Varl,

substituting the last display into the previous one gives the result. Analogously, along the same reference
process with Itd’s lemma,

Py

v + Vi, ft+ Az/zt dt 4+ oVip, dW,

dipy =

17
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and using the fact (30) that the optimal 1; solves for all (¢,z) € [0,T] x R?

2
O = =V fr = V- fo+ T (V9 + Av)

and plugging into the previous display yields the claim. In both of the PDE derivations above, we used the
fact that for any ¢g: R — R,

1 1 1
QVQg =V?logg+ g—QVng—r = ;Ag = Alogg + ||Vloggl? (55)

by taking trace on both sides.

The second part of the lemma statement, where X; evolves along the optimally controlled SDE, follows from
(Chen et al., 2021a, Theorem 3) up to a change of variable. Notice the sign change and the absence of the

%
cross term in the dynamics for ¢y, 1y when X ~ P*f vs. X ~ Pr.f+o°Ve, O
Proposition 2 and Lemma 4 are stated in Section 3.4, whose proof we give below.

Proof of Proposition 2. The optimal V¢,, Vi), allow us to calculate log Z for piarget using (41) as either (can
be used without expectation, or with expectation and ignore the last term)

0.2

T T
log Z =Eg. ;1s2v, l—Q/O IV (X) +th(Xt)|\2dt+/0 V- (fulX0) = 0>V (X,))dt — log 2 X0)

dp(Xr)

T
TERrro2vs [—0/0 (qut—kth)(Xt)cm =: E[-S];

or using (37), with the optimal V¢*, Vi*, since Z is independent of Xr,

2 T

T
~logZ =logv(Xo) = 5 [ V-(Vioge} - Viegu)(X)dt — [ V- fi(Xp)dt ~ log(Xe)  (50)
0 0

in which case the estimator is exact with X; following (31), or equivalently, (36). Notice (56) bears resem-
blance to Jarzynski’s identity, since the term that’s been integrated is essentially 0; log p(X¢).

In general for imperfect control, since DKL(WV’H”QV‘Z&Hﬁ“’f*"'ng) > 0, log Z will only be lower bounded
by E[—S]. Using Lemma 1 however,

AP+ ve\
1=Ep, 1020, (W)
o2 [T T v\l
=Eg.pavcs [exp (‘2/0 V6 + V0l + V- (fi = 0t = [ Vo + T~ 1og u) z]
(57)
—: Efexp(~5")/2].

giving Z = E[exp(—S5’)] using any (potentially sub-optimal) control V¢, V.

For the importance sampling, we use path weights suggested by the terminal requirement that Xéé* ~ o,
therefore for any ¢ and X ~ ﬁwf#a?w’

_dPye o APy o dPxo

$(X) =
w?(X) e e i, (X)
= X X

18
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— exp (log ~2(x )—1/T||f+ 2y |2dt—1/T<f+ 2V6,) dW, (58)
= exp ngP’X;T 252 J, tTO0 t o Jo t T O t t] >
where we assumed the reference r is drift-free:
dXt:O'th, XONV

hence X5 ~ v N(0,0%T - I) 4 y + oVTz for y ~ v, and Pxr is easy to evaluate. Indeed, this choice
guarantees

wh(Xf) = 5 (X9)

therefore Ey[g(X7) 4 Yw?( X7) d’ = [ g(z)u(z)dz for any function g on the terminal variable X7 generated with
control ¢. O

Proof of Lemma 4. Similar to (44), we obtain the forward trajectory

Xi = Xp+ (fo(Xh) + 0* V(X)) (o1 — tr) + 0 /tos1 — te - 24, 24 ~ N(0,1) (59)

with Euler-Maruyama for each of the i € [N] samples. Rewriting the term (54) using (9), (46)-(47) and
proceeding with the approximation (6) give

e e I e
5 / AR, = 50 [ 1501 = 25 [ (1= a0 (0% + 503 [ 10— o0 (X Pt

1
Z Fe(X0) " (X1 — X) — @ka(Xk)HQ(tkH — i)

k=0
! 1
ﬁ(ka(X’““) — 0? Vi1 (Xpp1)) (Xpgr — Xi) + ﬁ”ka(XkH) — Vi1 (Xig1) |1 (tes1 — ti)
K1 .
= mHXk-&-l — X — (fk+1 — 02V7/’k+1)(Xk+1)(tk+1 _ tk)Hz
k=0 k+1 k
K1 )
=y X = X — f(X) (s — )2
k=0 202(tk+1*tk)” P k= Fe(X) (B = )7

which is the estimator for the variance regularizer with (X}) following (59).

It is also possible to avoid the divergence (i.e., Hutchinson’s trace estimator) in the estimator (57) when
discretizing by leveraging similar ideas. Direct computation using (46)-(47) tell us Z ~

N K-1
1 H 1 i i i 1
N ;exp <10gy - kZ:O ‘202( — t) [ Xk = Xiqr + (fes1 — szwk+l)(Xk+1)(tk+l - tk)||2 + 2||Zlc|2>

tht1

for the same Euler-Maruyama trajectory (59) as the estimator for the normalizing constant, where we used
that the additional term

K-1

1
Py yrnee L6 Xy — Vo) (Xe)(trs1 — tr) 2
k; 2o e iy I = X = (i + Vo) (X (i — ) Z 2]
from the update. This can be understood as a ratio of two discrete chains as in (45). 0
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