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Abstract

Recent work showed that, in cyclic fine-tuning settings, transformers exhibit striking anticipatory
recovery: the loss on an upcoming document decreases before that document is revisited. We
extend this phenomenon beyond individual-document cycling to bursty pre-training over mixtures
of class-conditional distributions, where examples from the same class appear in predictable bursts —
so the model is trained on one class for several steps, then on the next one, and so on. We show that
Transformers anticipate upcoming classes despite having no explicit memory of training history, and
that anticipation is linked to a lower training loss. In our experiments, models realize a substantial
fraction of the anticipatory advantage achievable by sequence models that explicitly learn class order.
Additionally, we demonstrate anticipation in a setting where the next class can only be predicted by
knowing the previous two classes, suggesting that Transformers can partially behave like sequence
models over the training stream itself. To study the optimization dynamics underlying anticipation,
we analyze the implicit bias of bursty mini-batch training and identify an implicit alignment pressure
between temporally adjacent class gradients. Finally, we show that structured training order reshapes
measured relationships between classes, suggesting that training order itself can act as a source of
representational bias during optimization.

1. Introduction

Modern language models are trained under the assumption that training examples are exchangeable,
and training order is therefore often treated primarily as a matter of optimization efficiency rather
than as a source of learned structure. However, recent work suggests that Transformers [30] can
retain traces of training history in their activations despite having no explicit memory of past updates
[14]. Yang et al. [33] further showed that, in controlled cyclic fine-tuning settings, models exhibit
anticipatory recovery: the loss on a document begins decreasing before that document is revisited,
indicating that the model anticipates it.

The phenomenon of anticipation is surprising because it is consistent with behavior we expect
of sequence models over the training stream. In this work, we study how this behavior extends
beyond repeated-document fine-tuning, using a structured setup in which classes recur in predictable
bursts during training. Related forms of temporal structure naturally arise in continual learning
[5, 12, 17], curriculum learning [3], and reinforcement learning [28]. We additionally derive an
implicit-bias analysis of bursty mini-batch training that identifies an alignment pressure between
temporally adjacent class gradients. Our contributions are as follows.

1. We demonstrate anticipation in bursty pre-training streams, extending prior work beyond repeated-
document fine-tuning. We also show that Transformers anticipate upcoming held-out class
distributions even under second-order transition structure (Sections 2 and 4).
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Figure 1: Anticipation during training. (Left) Experimental setup. In Ring and Busty settings,
the model is trained in bursts — multiple updates in a row on data from the same single class (32
on average) — meaning the training history is not i.i.d. Transition structure between burst classes is
defined by a Markov chain. Colors encode classes; wavy strips show example training streams. We
show 6 classes for readability; experiments use 10. (Right) Anticipation measured with Successor
Advantage (SA) over time. Roughly, SA measures how much the eval loss on the actual successor
class is lower than that on the other non-current classes. Ring SA keeps increasing, meaning the
model learns to anticipate which class is coming next before being trained on that class.

2. We show that predictable training order provides a measurable optimization advantage. Cyclic
training realizes a substantial fraction of the gain achievable by oracle class-conditioning, suggest-
ing partial sequence-model-like behavior over the training stream itself (Section 2).

3. We provide a theoretical analysis of bursty mini-batch training and identify an adjacent-class
gradient-alignment pressure. Our result provides predictions qualitatively consistent with observed
optimizer and scaling dependencies of anticipation (Sections 3 and 4).

4. We show that ordered training reshapes relationships between class distributions, suggesting that
training order can act as a source of representational bias during optimization (Section 4).

2. The Anticipation Phenomenon

Prior work studied anticipatory recovery in cyclic document fine-tuning [33]. We instead study
bursty pre-training streams, where class distributions repeat and recur in a structured way. We use
anticipation to refer to the general phenomenon, anticipatory recovery [33] for the metric used in
prior work, and Successor Advantage (SA) as our primary metric.

Training order versions. We focus on first-order cyclic orderings. Our main setting is Ring, where
batches are organized in same-class bursts of geometrically distributed length, and after the burst each
class deterministically transitions to a successor class. We compare to Bursty (unpredictable) and
shuffled baselines: the former has matched burst structure but the order of classes is unpredictable,
the latter is fully shuffled. Figure 1 (left) illustrates our setup. More details are in Section B.4.

While anticipatory recovery measures the loss trajectory of a repeated document, we seek a
quantity that emphasizes adaptation to the structure of the training stream itself. We therefore define
Successor Advantage (SA), which measures whether the model assigns preferentially low loss to the
upcoming class relative to other non-current classes.
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Definition 2.1 (Successor Advantage (SA)) Let D, be a held-out dataset drawn i.i.d. from
p(x) = Y .cop(@ | c)p(c). At step t of training, let us denote by Ceyrren: the set of elements of
the class within D,,,;, whose batch the model has most recently been trained on, and by cpey the
temporally upcoming class after the current burst. The successor advantage at step t is given by:

1 1
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Our experiments also use a shuffle-corrected version of the SA to remove biases stemming from
differing class difficulty (see Section B). Positive SA indicates that the model is preferentially adapted
to the future training distribution, rather than just tracking the class currently being optimized.
However, positive SA does not by itself explain why optimization should produce anticipation. It
could simply arise as an incidental consequence of cyclic training or representational overlap. The
following proposition shows that, under bursty training, adaptation to the future training distribution
can provide a direct optimization advantage.

Proposition 2.2 The best possible average loss improvement over shuffled training via antici-
pation is log |C|/M. This is achieved by sequence models explicitly modeling class order, i.e.

Psequence model(x) = p(l’ ‘ c.x € C).

This result reframes anticipation as more than a curious training artifact: model are incentivized to
anticipate, because this allows them to decrease the training loss further. The proposition also gives
us a way to test to what extent do models behave like sequence models.

Experiments. Our main experiments use a ~20M parameter decoder-only Transformer [30] model
trained with AdamW and the standard next-token prediction objective for 100k steps on 10-language
Wikipedia data. Batch size is 64, and there are on average 32 gradient steps per class burst (so mean
burst length is 2048 samples). Unless stated otherwise, the context length is 8 tokens (excluding
BOS and EOS) and class orderings vary with the random seed. See Section B for details.

Figure 1 (Right) shows increasing SA in Ring training, whereas Bursty (unpredictable) does not
anticipate. Figure 3 in Section A shows that high SA correlates with increased anticipatory recovery.

Comparison to Sequence Models. Figure 1 (Right) shows

that Ring training realizes about 30% of the possible anticipa- 2.4 4 == Ring

. . : = Burst
tory loss advantage, achievable by sequence models explicitly — Sﬁffﬂid
learning class order. To test whether the rest is due to capacity 2.2 === Empirical limit

Theoretical limit

constraints, we estimated an empirical limit of anticipation,
computed as follows: during training, models received the
true class index prepended to each training sample, artificially

Training loss (nats)
N
=
1

“conditioning” the model on the class in-context. These class S I —
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The experimental setup was otherwise identical. The training —
loss of this in-context oracle baseline in the last 10k iterations 0 20k 40k 60k 80k 100k
was taken as the empirical estimate of the best possible antic- Training step

ipation achievable with the specific model architecture. Our Figure 2: Anticipation in Ring mod-
transformer realized 40% of this advantage. Details on the e€ls is linked to lower training loss.
setup and results are in Section D.1.
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3. Anticipation as the Implicit Bias of Bursty Mini-Batch Training

Towards explaining anticipation, Yang et al. [33] proposed a toy model of training which reproduces
anticipatory recovery. We instead give a related, but distinct explanation: anticipation can arise from
implicit biases induced by bursty mini-batch training. To make this intuition analytically tractable,
we derive the implicit bias of SGD in bursty settings, showing that cyclic mini-batch updates create
a consistent pressure toward alignment of temporally adjacent class gradients. A related gradient
alignment mechanism was hypothesized informally by Krasheninnikov et al. [13] and Nichol et al.
[20]; we prove a version for class-conditional batches. Our derivation builds on Roberts [23], who
studied the implicit bias of SGD in shuffled training. We explain our result informally, and refer the
reader to Section C.2 for full definitions and proofs.

Setup (informal). We compare two sequential SGD updates on bursty mini-batches Beyprent and
Bhext against the equivalent full-batch GD updates on Beyrent U Brext- In bursty training, each
mini-batch contains samples from only a single class, denoted Ceyrrent and Cpext. Let G (© H() and
Ywithin denote the expected class gradients, Hessians, and within-class gradient covariance matrix
(assumed equal across classes), respectively. Denoting by 5™ the deviation of SGD from the
corresponding GD trajectory in parameter 7, the following theorem characterizes the expected drift
induced by bursty mini-batch updates.

Theorem 3.1 (Implicit Bias of Bursty Training) Let By rens L Deurrent(T) and Bhey L Dnext(T)
be two minibatches of size N /2. Assume that tr 27" ~ tr X" Then, to leading order in 1,

E[(Sgﬁmrﬂy] — % 81 tr Ewithin_g 81 H G(current) _G(next) H2 _g (ngext) Hj(;urrent) _churrent) HZ(;ext)) ’

where the expectation is taken over the randomness in the minibatches B yyrens and By

Interpretation. Theorem 3.1 shows that bursty SGD is equivalent, to leading order, to GD on
an objective augmented by two additional implicit regularization terms (Term 1 and 2) and a
generally nonconservative curvature interaction term (Term 3). Crucially, the dominant anticipation-
driving term is —¢ ;|| Glewrrent) _ q(mext)12 wwhich explicitly favors optimization trajectories where
temporally adjacent classes acquire increasingly aligned gradients. In cyclic bursty training, this
alignment term is repeatedly applied to adjacent class pairs, and thus can make the current class
become progressively more beneficial for its successor, producing anticipation. The remaining terms
appear to modulate this effect. Term 1 suppresses within-class gradient variance and weakens with
increasing batch size, but does not directly align consecutive classes. While Term 3’s optimization
role is less clear, its dependence on curvature suggests its role may depend on the optimizer used.

Although the derivation applies specifically to SGD, the resulting decomposition provides a
way to compare how different optimizers modulate the above drift terms. Measuring their relative
contributions yields concrete predictions about which optimizers should exhibit anticipation, which
we test empirically in the next section.

4. How Far Does Anticipation Extend?

The implicit bias interpretation identifies a mechanism by which anticipation can emerge under cyclic
bursty training — but how general and sequence-model-like is this behavior in practice? Here we study
anticipation across transition structures, optimizers, scales, and training configurations. Section D
contains further results including image modeling (Section D.4) and PCA analysis (Section D.2).
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Second-order transitions (Section D.3). We showcase smaller-scale, but present anticipation in
second-order settings, where the next class is inferrable only from the pair (previous class, current
class). This demonstrates that transformers can partially behave like sequence models over the
training stream even beyond simple first-order transition structure.

Optimizer (Section D.5, Table 5). We tested SGD, AdamW, AdagradW, Lion and Muon. Only
AdamW and AdagradW showed anticipation (positive SA), despite Lion and Muon also training well.
Our experiments in Section D.5 suggest that AdamW encourages anticipation through suppressing
Term 3 in Theorem 3.1 via second moment preconditioning. It is important to note that Yang et al.
[33] observed anticipatory recovery for SGD too. An explanation of the discrepancy could be that
same-domain (CNN news) individual-documents naturally have more similar Hessians than samples
from different languages, and that pretraining and scale further reduces the Hessian mismatch.

Scaling Axes. Ablating the Expected Number of Gradient Steps per Burst (Figure 8), we
observe increasing anticipation up to an expected 32 steps per class, consistent with Yang et al. [33].
This is in line with Theorem 3.1 as more gradient steps allow class-gradient alignment to exercise
its effect more. However, increasing the number of steps further is detrimental, likely because
adapting to the current class becomes the advantageous behavior. This is shown by Bursty’s training
loss approaching Ring’s. We find that larger Batch Size (Figure 10), generally helps anticipation,
though the difference between 64 and 256 in SA is negligible. Larger batch size allows for better
gradient mean estimates, helping class alignment. In addition, Term 1 in Theorem 3.1 decreases
with increasing batch size, hence any possible interference from this term is reduced. Varying the
Context Length (Figure 9), we find that, contrary to Yang et al. [33] who used individual documents
instead of classes, longer context lengths hurt anticipation, likely because the class becomes easily
identifiable from a prefix, hence any anticipation advantage persists only for a few tokens. The
theoretical room for anticipation also decreases. Finally, increasing Model Size (Figure 11) increases
the anticipation effect. While Yang et al. [33] only showed anticipation for model scales starting at
160M parameters, we showcase non-negligible anticipation for as small as 0.19M parameter models.

Consequences of Anticipatory Inductive Bias. In Appendix Section D.7 (Figure 14), we show
that fixed Ring orders can reshape a-priori gradient alignments between classes. A striking example
is Spanish becoming more aligned to Finnish than the a-priori similar Portuguese. This demonstrates
that training order can intervene on the relationships between classes learned by the model.

5. Discussion

We showed that Transformers anticipate the upcoming classes in cyclic bursty pre-training, and
realize a substantial fraction of the anticipatory advantage achievable by sequence models over the
training stream. We provided a possible explanation for this phenomenon by identifying an implicit
alignment pressure between adjacent class gradients induced by bursty mini-batch training.

Our results suggest that training order is not an easy-to-ignore optimization detail: cyclic bursty
training promotes alignment between temporally adjacent classes, reshaping relationships between
them. As anticipation strengthens with scale, increasingly weak temporal structure may become
sufficient to induce such effects beyond explicitly cyclic settings. Understanding the inductive biases
induced by training order is therefore important for understanding how language models acquire
associations during training. More generally, our work supports the view that language models can,
with caveats, be seen as sequence models over the training history.
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Appendix A. Related Work

Structured training streams and ordered optimization. Prior work has studied optimization
under ordered or reshuffled data streams, including random reshuffling SGD, without-replacement
sampling, and cyclic training regimes, primarily focusing on convergence properties and optimization
efficiency [1, 9, 10, 19, 25, 32]. Yang et al. [33] recently demonstrated that large language models
trained in cyclic fine-tuning settings exhibit anticipatory recovery, whereby the loss on an upcoming
document decreases before the document is revisited. Our work extends this line of research from
repeated-document fine-tuning to bursty pre-training over classes, and argues that structured training
streams induce a systematic sequential inductive bias. Rather than studying only convergence or
forgetting, we focus on how temporal structure in the training order reshapes learned relationships
between classes and representations.

Implicit biases of SGD and optimizer dynamics. A growing literature studies stochastic gradient
descent not merely as an optimization algorithm, but as a source of implicit regularization and
inductive bias. Prior analyses have connected SGD noise to flat minima, generalization, and gradient
covariance structure [11, 23, 27, 35], but focused on i.i.d. batches. Implicit regularizers were found to
aid generalization even when replaced by explicit regularizer in gradient descent [8]. Our theoretical
analysis extends SGD implicit bias to bursty non-i.i.d. training streams.

Continual learning and catastrophic interference. Our work is also closely related to continual
learning and catastrophic forgetting [17]. Neural networks trained sequentially on non-i.i.d. tasks
often exhibit catastrophic interference, where learning new tasks degrades performance on previously
learned ones. A large body of work has proposed mitigation strategies [2, 4, 5, 12, 21, 24, 26, 34].
Work in continual and online learning has also emphasized the role of task similarity, gradient
interference, and transfer geometry in determining sequential learning dynamics [16, 18, 22]. These
works study how gradients induced by different tasks can either conflict or facilitate one another,
shaping forgetting and transfer. In this sense, our work connects catastrophic forgetting with
optimization trajectories induced by structured training streams.

Emergent adaptation and implicit meta-learning. Recent work has interpreted Transformers
as systems capable of implicit adaptation and meta-learning [13]. Large language models have
been shown to exhibit emergent capabilities that appear only beyond certain scales [31]. Separately,
recent work showed that transformer activations linearly encode recency information about when
knowledge was acquired during training Krasheninnikov et al. [14], suggesting that optimization
history may leave persistent traces in model representations. Our work complements these findings
by studying transformers as partial sequence models over the training stream itself. Unlike standard
in-context learning [7], where adaptation occurs within a forward pass over tokens, anticipation
emerges through the optimization trajectory across training steps. We show that sufficiently large
transformers can exploit predictable temporal structure in training order, achieving a substantial
fraction of the anticipatory advantage obtainable by an ideal sequence model. These results suggest
that scale can enable models to internalize higher-order statistical structure not only over token
sequences, but also over the dynamics of the training process itself.

Relation to Anticipatory Recovery [33]. While anticipatory recovery measures the loss trajectory
of a repeated document, we instead wanted to measure adaptation to the structure of the training
stream itself. This was motivated by our framing of anticipation as sequence model-like non-i.i.d.

10
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behavior (see Proposition 2.2). In Figure 3, we show that our setup also reproduces anticipation
when measured with the anticipatory recovery metric: the evaluation loss of a given class distribution
starts decreasing before that class is revisited again.

Anticipatory Recovery Next-class Preference

82'6 E 0.2 4
@ _
.
82'4 E g
n ~0.0 1
8 % “NW'W"‘WWW' W
= 2.2 1
g
[£3] —02 N

2.0 1

T T T T T T T T T T T T T T T
n® fime other n+17 time 0 20k 40k 60k 80k 100k
seeing class 0 classes seeing class 0 Training step

== Ring (predictable) Bursty (unpredictable) === Shuffled (i.i.d.)

Figure 3: Comparison of Anticipatory Recovery [33] and Anticipation as next-class preference.
(Left) Reproduced Anticipatory recovery over cycle progress for class 0. The thick curves show eval
loss, averaged over cycles in the last half of training. Lighter curves show 10% training windows,
lighter means earlier. Much like in Yang et al. [33], the Ring configuration recovers most of its
forgetting during the cycle before seeing the class again, while the Bursty setting doesn’t. (Right)
Next-class Preference measured with Successor Advantage (SA) over time, with +1 std intervals.
Ring SA keeps increasing, while Bursty stays below zero. Values are averaged over 12 seeds.

Appendix B. Details on the Experimental Setup
B.1. Dataset

We use byte-level text from the wikimedia/wikipedia dataset [6] on Hugging Face Datasets
[15], across ten languages: English, Dutch, German, French, Spanish, Portuguese, Italian, Polish,
Czech, and Finnish. Each language constitutes one class. We use 1,000,000 training samples and
256 evaluation samples per language class. Text is chunked into contiguous segments of 8 tokens,
except in the context length ablation, where we additionally use segments of 32, 64, 128 and 256
tokens. The default choice of sequence length was motivated by Proposition 2.2: which shows
that, for a fixed number of classes, the amount of achievable anticipatory advantage in the training
loss scales inversely with the context length. Short sequence lengths therefore provide a setting
where anticipation is highly incentivized, allowing us to isolate the behavior easily. The model input
additionally prepends a BOS token and appends an EOS token, yielding an default input length of
10. Text is encoded as UTF-8 bytes; each byte value is used directly as a token ID, with no subword
tokenization. The vocabulary size is 258 (256 token values plus BOS and EOS).

In the Ring and Bursty setups, data is sampled from a Markov chain over classes, with transition
probability 1/7, with default 7 = 2048. This means that burst lengths are geometrically distributed,
and on average, 2048 samples (organized in batches) are seen from a class before a transition.

11
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B.2. Model Architectures

We train GPT-2 style transformers [30] of several scales. All models share the same byte-level vocab-
ulary of size 258 and input length 10 (excluding the “Empirical limits of anticipation” experiment
and the context length ablation). Architecture details are given in Table 1.

Parameters Hidden dim (H) Layers (L) Heads(A) Intermediate dim (/)

0.19M 48 6 2 144
1.31M 128 6 4 384
5.2M 256 6 8 768
20.6M 512 6 8 1536
51.9M 576 12 8 1728

Table 1: Model configurations. All models use the same byte-level vocabulary (size 258) and input
length 10. Parameter counts include embedding layers.

B.3. Training Hyperparameters

All experiments use AdamW with weight decay 0.1, AMP mixed precision, and a warmup of 1,000
steps. “Gradient steps per class” refers to the expected number of gradient updates taken while
the Ring chain remains in a single class, equal to 7/B where 7 is the mean burst length and B
is the batch size. Hyperparameters for the default configuration and each ablation (except for the
optimizer ablation, whose hyperparamaters are reported in Table 5 and discussed in Section D.5) are
summarised in Table 2.

B.4. Training Protocols

We train under three protocols. See Figure 1 (left) for a visual explanation of these orderings.

* Ring. Training examples are drawn from a 10-class Markov chain. Classes are arranged in
a fixed cyclic order, which, unless stated otherwise, depends on the random seed used for the
experiment. At each step the chain stays in the current class with probability pgay = 1 — 1/7,
giving geometrically distributed burst lengths with mean 7, where 7 equals the batch size times the
number of gradient steps per class. When a transition occurs, the chain deterministically moves to
the next class in the ring.

* Bursty. The chain has the same geometric burst structure as Ring (same 7 and pyay), but transitions
are drawn uniformly over all other classes rather than following a fixed cyclic order. This condition
controls for the burst structure while removing any predictable successor identity.

* Shuffled. Training examples are drawn uniformly at random from the mixture of all classes, with
no temporal structure. This is the standard i.i.d. training baseline.

12
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Experiment Batchsize Contextlen Grad steps Total steps Optimizer LR Wwd
Default 64 8 32 100k AdamW 5x107° 0.1
(Figure 1)
Gradient 64 8 8 100k AdamW 5%x107° 0.1
steps 16
ablation 32
(Figure 8) 64
128
Context 64 8 32 100k AdamW 5x107°, 0.1
length 32 1x10~*
ablation 128 2x1074,
(Figure 9) 256 3x1074
Batch size 4 8 32 100k AdamW 1.25x1075, 0.1
ablation 16 2.5%1075,
(Figure 10) 64 5x107°,
256 1x104

Model size 64 8 32 100k AdamW 1x1074, 0.1
ablation 1x1074,
(Figure 11) 5x107°,

5x107°,

5x107°

Table 2: Training hyperparameters for each experiment. Grad steps should be understood as
expected number of grad steps as burst lengths are geometrically distributed. All runs use weight
decay 0.1 and a 1,000-step linear warmup. In multi-row ablation cells, LR and batch size values
correspond to the listed context lengths or model sizes top to bottom.

B.5. Evaluation Metrics

Successor Advantage. Successor Advantage is defined in Definition 2.1 as:

SA; ! S - —— Y ).

’{Q? LT ¢ Ccurrent U Cnem}| $¢CcurrentUCnext |CHCXt| TECnext

In practice, we compute a shuffle-corrected variant, which removes the bias of some successor
classes being inherently easier to predict than others, which could cause accidental positive SA in
Ring setups. Since Bursty doesn’t have deterministic successor, shuffle-correction is not necessary.
The shuffle-corrected SA for Ring is the SA relative to a paired Shuffled model: S Acorrected,t =
S ARing,t — S Ashuffied,¢- For both Ring and Shuffled, SA computation uses the Ring’s successor and
current labels. The paired Shuffled model is trained on a uniformly random permutation of the
identical token stream seen by the Ring model, so both models see the same multiset of examples.
Only the temporal ordering differs. This ensures that any “accidental” SA in the shuffled model,
arising from inherent differences in class difficulty or vocabulary rather than sequential structure, is
removed. In practice, the shuffle correction only marginally changes the SA. For Bursty, raw SA is
reported, as All SA values are averaged over the last 25% of training steps.

13
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Appendix C. Proofs
C.1. Theoretical Limit of Anticipatory Advantage

Setup. Letz = (x1,x2,...,2)7) denote a data sequence, where each token x; is drawn from a
fixed token dictionary V. Let Dy, denote a dataset of N such samples drawn i.i.d. from some
mixture distribution over classes ¢ : p(z) = > p(x | ¢)p(c). For simplicity, assume that classes
are discrete, and have equal marginal probability. Autoregressive language models approximate p(z)
by next-token prediction, by fitting a distribution pys(x; 41 | £1.4; 6), parametrized by . Crucially,

the architecture is memoriless: it does not explicitly model the training order z!, 22, . .. z!P!.

Sequence Models. Anticipation is a property of sequence models, which approximate p(z° |

xl 22, ..., 2" 1), In the setup we consider, the training order cycles through the classes c, hence

p(zt |2t 2?2 ) =plat | c:x; € c).

Proposition C.1 The best possible average loss improvement over shuffled training via antici-
pation is log |C|/M. This is achieved by sequence models explicitly modeling class order, i.e.

Psequence model(x) = p(ﬂ? ‘ c:x € C).

Proof The per-token cross-entropy loss for a model ¢(x) is

M
Egp(a) [ - % > logqlailz, s, . .. ,xi—l)} = Epp(a) [ - % IOgQ(SU)]
=1

Training on shuffled batches targets p(z), hence the best achievable cross-entropy 10ss is Cspyffied () =

Egp(a) [ — 1 log p(:r)} . Perfect sequence anticipation means that the model learns p(x|c), wherever

x € c. Hence the best achievable 108s is Lansicipatory (7) = E¢ zp(c,z) [ - ﬁ log p(x | c)} From
Bayes’s rule, we have

P | ) = p(x)plc|z) p((a?)

p(c) p(e)’
because we assumed that c is identifiable from x, hence p(c|x) ~ 1. Hence the best possible loss
improvement is

1
Lspuffied () — ganticipatory (x) = Ec,pr(c,x) [M [ —log p(z) + logp(z) — log p(C)H

~ IEcwp(c) [_ IOg p(C)]
i .

For p(c) = |1ﬁ‘7 this simplifies to logij\‘f'_ .

C.2. Anticipation as the Implicit Bias of Bursty Mini-batch Training

In this section, we characterize the implicit bias of SGD during bursty training, by extending the
analysis of Roberts [23]. We study two sequential SGD updates on batches Beyrrent and Byext, Starting
from 6, and ask how the construction of mini-batches shapes optimization trajectory compared to
full-batch gradient descent. For readability, we will use the shorthands B, and B,,. We are interested
in the below two settings:
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¢ Shuffled training: B, and B,, are i.i.d. draws from the data mixture p(x).

* Bursty training: B. and B,, each only contain samples from a single class ccyrrent and Cpext,
respectively.

Roberts [23]’s analysis assumes the shuffled setting. Both settings take two sequential gradient steps
of size n on batches of size N/2, and we compare this two-step SGD trajectory to the equivalent two
full-batch GD steps on B. U B, isolating the effect of sequential updating.

Notation Let p(x) be a data-generating distribution, which can be written as a mixture p(x) =
Y ccoP(x | c)p(c). Let £(0, x) be a twice continuously differentiable loss function with parameter
vector # € RY, and define the per-example gradient and Hessian:

gi(ﬁ, Hf) = 85((9, a;)/aez, hij(ﬁ, .I') = 818]£(9, 1‘)/80169]
Under p(z), define the full-data gradient mean and covariance

fu fu
G (9) = Eoopli(6,2)], U™ (8) = Covarplar, 95),

and the per-class gradient means and covariances:
Bn) _ full
G = Eoploi0.2), G =3 p(oGY
ceC
Ez('jBn) = COVpC (giu gj)v E(fuu) = Ewithin + Ebetween
Further, for batch B, define the sample mean gradient and Hessian as
(Bc) 1 (Be) 1
g; “(0) = @ Zgi(é,x), hi; (0) = @ Z hij(0,2).
zeB zeB

Let the change in parameter §° after updates on two SGD batches B,., B,, be denoted as (59;(30’3"),

and the change after two gradient descent updates on the full data B. U B,, be 693(BCUB”’BCUB”).
Then the difference in gradient dg; satisfies:

50;(BCUBn,BcUBn) _ 593(30’3”) = —ndg;.

We rely on the following regularity assumptions.
Assumptions

(i) Finite second moments: tr Y < oo;

(i) Independence of minibatches B. and B,,.

(iii) Second-order smoothness. The loss ¢(f, x) is twice continuously differentiable with respect
to 0, and its Hessian is locally Lipschitz in a neighborhood of the optimization trajectory. This
ensures that the Taylor expansions used below are valid up to O(n?) remainder terms;
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(iv) Differentiation under the expectation. For every class distribution considered, the functions
9i(0,x), hij(0, x), and the products g;(6, x)g;(0, x) are differentiable in a neighborhood of the
current parameter 6, and their derivatives are dominated by integrable functions independent
of 6. This ensures, by dominated convergence, that derivatives may be exchanged with
expectations.

(v) Approximately equal within-class gradient variance: tr ¥(5¢) ~ tr ©.(8n)
We note that assumption (v) is not integral, and is only made to simplify the final formula. We first
state the shuffled-SGD implicit bias result from Roberts [23], and replicate the proof in our notation.

Theorem C.2 (Implicit Bias of Shuffled SGD [23]) Let B.yyrens and Byeys be two independent mini-
batches of size N /2, drawn i.i.d. from p(x). Then, to leading order in n,

huffledy n
E[og;" "] = TON 9; tr X(0)
where the expectation is taken over the randomness in the minibatches B. and B,,. Equivalently, the
expected SGD update differs from the corresponding GD update by a drift term proportional to the
gradient of the trace of the gradient covariance:

E[5gHuled) = —% Vo tr2(6).

The proof requires the following Lemma that our bursty result will rely on as well.
Lemma C.3 When comparing GD to SGD for any two batches B. and B,,, we have

n . n Br) 1 (Be Bc)y (Bn
ogi = —2 |9illg ™) = g2 + (gl R — g PR + 0.
Proof Let the initial parameter be 6. As in Section 3 of Roberts [23], consider two subsequent SGD
updates with minibatches B, and B,,, each of size N/2:
i(Be ; Be i(Be,Bn i(Be Bn) / 5(Be
O =05 —ng"(00), 07 = 017 — g™ (017, (1)
We compare this to the equivalent of two full-data GD updates using the union batch B. U B,, of size
N:

GiBUBR) _ gi _ o (BeUBu) gy gi(BeUBuBeUBn) _ gi(BBn) _p (BeUBy) (gi(BeUBa)) (o)

7

We now expand both trajectories to second order in 7. Substituting the first equation of (1) into the

second gives

655 = g1 — 1) (0) — ng' " (65.))-

A one-step Taylor expansion of the last gradient around 6y gives:

g7 (07) = 9.7 (80) + 039," (60) (017 — 6) + O(r?).

K3 3
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Since 0{(36) — 96 ~ —ngj( )(00) and 8]9(3") = hl(f") for small enough 7, this becomes

gt%(07)) = g (09) — (T (00)957 (60) + O(?).

Hence

0555 — 0 = =n(g;" + 9™ +0*h7 g7 + O, )

g
where from now on, all gradients and Hessians are evaluated at 6 unless explicitly stated otherwise.
Now, we expand of the one-step GD iterate on B, U B,,. Similarly,

gz(BcuBn,BcuBn) 9 nngCUB")(Q ) nngcuBn)(%BcuBn)).

Taylor expanding the second gradient around 6 gives

BcUBR) ( n(BcUBR BcUB, BcUBR) (BcUBn
gl "I O ) = g PO eI P o),

and therefore

QQ(BCUBH,BCUB,L) 91 g(BCUBn) 772hz(;SCUBn)g(‘BcuBn)_i_O(n:),>_ )

—2n }

Because | B.| = |B,,| = N/2, the union-batch gradient and Hessian are simple averages:

(BcUByR) (Be)

_ 1 (Bn) (BeUBn) _
9; = 5(92' j )v hij =

2

L Bo) | g (Ba)
+g §(hz’j + hy; )-
Substituting these identities into (4) yields
2

i(BcUBn,B.UBp, i B. B, n B. Bn B. B,
0 BB g — (g% o))+ L (b 0 (957 + g + OGP ()

Since (Gg(BCUB"’BCUB”) 0y) — (65 UB.O) _ 0(,) = —n dgi, Subtracting (3) from (5), the O(n) terms
cancel, and we obtain

“ndge = [J0 PG+ P <P 06 @)

Expanding the bracket and using the identity h;;g; = 0;(3]|g||?) , separately to the batch gradients
g\B<) and g(Br), we get

og: = =20 (g2 + 195 12) = 2 (h g™ = 3079l ) + 0. )

B)

Adding and subtracting 2¢(Z¢). ¢(Bn) inside the derivative gives:

lgP[? + [lg P |2 = [|gPe) — gBn) |2 4 2P g(Pn),

Since 0; (g(BC)- g(B”)) = hng)gj(B”) + hgf")g§Bc), equation (7) becomes

3gi = —gé’ng(BC) — g2 = 2o,(gBe). gP)) — 2 (P g — 3 6P ) 4 O(n?)

1 1
,,7 /r] Bn BC BC Bn
= —30illg"") — g!P|? — 5(95» Ini7e) — glPnl] )> +0(7). ®)
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Equivalently,

n Bn)p (Be Bc); (Bn
ogi = = [ailg ) = g P2+ (g mF — g PIRT) | + 0. ©)

We now prove the implicit bias result for shuffled SGD.
Proof of Theorem C.2. B, and B, are i.i.d. draws from the full mixture p(x). For a minibatch of
size N/2, the batch gradients satisfy:
2 (full)

Cov(g{™), i) = 5%

B[] = M 2 s,

9; i )

and the same for ¢(®»). Since in the shuffled case, B, and B,, are independent and identically
distributed,
Eg(%) - 98] = E[g) - Elg®)] = | GO 2

Also, 5
(Be) 2] — ||a(ful) 2, 2 (full)
E[llg®) 2] = [GEW|2 + s,

Hence
E || g5 _g(Bn)H2:| :E{HQ(BC)HQ] +E[H9(B")H2} _QE[Q(BC) ~g(B")} _ %trE(fu“).

For the antisymmetric term in (9), independence and identical distribution imply

J )

Bn, Be Bn, Bc full full
E|g\" 7| = Elg{™ BRG] = ¢ Hi,

and similarly E [g(BC) hz(fn)} _ GEqu) ngu)’ ok [g(Bn) hz(ch) _ g](BC) hz(]Bn)

tion in (9) and commuting 0; with expectation (justified by assumption (v)), we conclude

} = 0. Taking expecta-

E[dgm ™) = —L o [lg%) — g 7] + On?)

4
_ _g ) (N trz<fu“>> +O(?)

= —% 9; tr W L O(?). (10)

This corresponds to an isotropic bias toward regions of low gradient variance across the full dataset.ll
We can now prove our theorem for bursty training.

Theorem C.4 (Implicit Bias of Bursty Training) Let B. " pouren(2) and By, "5 prew(2) be

two minibatches of size N /2. Assume that tr () x tr £, Then, to leading order in 1,

(2

b n n n
E[6g;"""] = “ON 0 1 Xopighin — 3 0|G — G| — 5 (ng)Hi(jC) - GEC)H@'(;L))a
where the expectation is taken over the randomness in the minibatches B, and B,,.
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Proof We start from Theorem C.3:

Eldg) = =3 0:E|llg%) — g P12 = JE[g{*n) — g FInF | + o). an

In the bursty setting, the two expectations in (11) are no longer symmetric under B, <+ B,,, because
the two batches are drawn from different class-conditional distributions. Recall the class-conditional
means and covariances

GEC) = IEgﬂ?"’pcurrem [91(07 1’)], EE‘? = Covx"/pcurrent (gﬂ g])7

and similarly for class cpext. Since B, is a minibatch of size N/2 drawn i.i.d. from peyrrent, its batch
gradient satisfies

Be c Be B. 2 c
E[g™) =G, Cov(g™,¢{")) = sz('j)'
Hence 5
Be) 2| = |12 - = (c)
E[|lg™I?] = 16 + 5 tr 2. (12)
Similarly,
2
Bn) 12| — ()2 4 =2 (n)
E[lg®I?) = G2 + + tr =, (13)
Because B. and B,, are independent,
E[g(BC)- g(Bn)] - E[g(BC)] -E[g(B")] —q.qgn). (14)

Therefore,
E|lg5) - g 2] = E[llg®|2] +E[llg#|?| - 2[5 9]
2 2
— g2 L 2 (c) ()2 L 2 (n) _ 9. g
|G| —i—NtrZ + |G| —I—NtrZ 2GY9 .G
2 2
= |G — g™ 4 ~ tr 2@ + ~ tr o, (15)
Due to the assumption tr YO x~tr 2™ a2 tr Ywithin, (15) becomes
4
E|llg®) = g |2] = G = GO + 5 tr Suitn. (16)
Substituting (16) into the first term of (11) gives
C n 4
—gaz‘E[HQ(BC) - Q(B")HQ} = _gai (”G( Rl e N tr Ewithin>
= —gaz‘HG(c) - G| -~ %31’ tr Xwithin- a7

Since B, and B, are independent, and ¢(®») depends only on B,, while h(5<) depends only on B,
we may factor expectations:

Eloj " hij")) = Elo ™ EIb™) = 65V H. a8)

J v
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Therefore B N
Substituting (19) into the second term of (11) yields
n (Bn) (Bc) (Be) (Bn)| _ N [ ~(n) () () gr(n)
—§E[gj B = gPnP] = —§<Gj ) - ¢Om). 20)

Combining (17) and (20) in (11), we obtain

E[5g}"™] = 535 00 tr Suinia —  9G) = GO = LGV HS — GOH) + O,

Interpretation. Three distinct effects appear in the bursty setting.

1. Variance regularization: the same gradient noise reduction mechanism as in shuffled SGD,
but restricted to within-class variance

2. Alignment pressure: a symmetric force that pushes G(°)(#) and G(™ () toward each other.

3. Curvature interaction: an antisymmetric term capturing how a gradient step on one class
modifies the landscape encountered by the next.

The main candidate for driving anticipation is Term 2:— 0;|G (©) — G™)||2. Under cyclic training,
that is, repeatedly cycling through ccurrent, Cnext @and other classes in fixed order, Term 2 is repeatedly
applied and encourages alignment of class-conditional gradients. When G(©) (8) ~ G(™)(8), updates
from one class can become beneficial for the next, producing anticipatory recovery. However, the
remaining two terms may also impact the overall effect. For example, Term 3 introduces curvature-
dependent interference, which may reinforce or oppose alignment. The relationship of Term 2 and
Term 3, and their impact on anticipation is studied in Section D.5.

Appendix D. Further Results and Analysis
D.1. Details on the Empirical Limit of Anticipation Experiment

In measuring agreement with a sequence model in Section 2, our goal was to test to what extent
our trained Transformer M behaves like a sequence model. The only predictable information from
the training history was the class of the next batch. Therefore, a perfect sequence model equals
p(z | ¢ : ¢ € ¢), which corresponds to an average train loss of the conditional entropy H (x|c).
However, failing to reach this limit can happen due to reasons different from the core mechanism
of anticipation; for example, limited model expressivity or limited training duration. Hence, in this
experiment, we estimate the maximal anticipation achievable by the given model and the used training
duration, giving a model- and experiment-dependent empirical limit of achievable anticipation.
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Experiment Details. We estimate this empirical limit of anticipation by artificially giving class
information to the model in-context, creating an in-context oracle baseline. We augment our training
and evaluation samples by prepending the (correct) class information, so the sample becomes BOS
@ecee {class-id} || {original_data} EOS, where class_id is the numeric class in-
dex (0-9), encoded as UTF-8 bytes, | | are separator tokens, and {original_data} is the original
data sample. This format was chosen to make such patterns unlikely to accidentally appear in the
data. We compute the training and evaluation losses via masking the class cue and separator tokens
out, hence the model is not trained to predict the cue and separator. This ensures that the model
is trained to match the class index to the data content. At evaluation time, this acts as an implicit
conditioning on the correct class. Other than the above changes, our experimental configuration is
identical to the default experiment (see Table 2).

Results. The results are shown in Figure 2. The theoretical limit was computed as 1.6913 (see
Proposition 2.2), and the empirical limit at 100k steps is estimated as 1.7682. Ring achieves a training
loss of 1.8938 + 0.0175 at 100k, beating shuffled with training loss 1.9791. This corresponds to
realizing 29.63% of the achievable theoretical advantage, and 40.43% of the achievable empirical
advantage.

D.2. Geometric Trajectory of Model Weights

0.075] 9

8

0.050" ,
T 0.025] =
S 63
< A o
£ 0.000 52
@ 4~
5 ~0.025/ . :
A _0.050] 2‘&

—0.075/ .

0

—0.10 —0.05 0.00 0.05 0.10
PC1 (9.9% var)

Figure 4: Geometric structure of model weights. We projected the flattened model weights recorded
just before class transitions. 20 full cycles (200 transitions) are recorded, the last one is highlighted.
Before PCA, the mean weight vector in each Ring loop is substracted to remove slow training drift.
This removes most of the variance in data. The cyclic organization indicates that model weights enter
a reproducible cyclic state across the ordered class transitions.
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We visualize the trajectory of model weights immediately before class transitions in a Ring
training run. We use a 0.19M-parameter model with sequence length 8, 32 gradient steps per class,
batch size 64, and learning rate Se-5, trained for 100k steps. In this experiment, we enforce fixed
burst lengths for simplicity. We save pre-transition checkpoints at the last 200 class transitions.
For each checkpoint, we flatten the model parameters into a single weight vector. To remove slow
training drift, we group checkpoints into complete 10-transition Ring loops and subtract the mean
vector of each loop from its corresponding checkpoints. We then apply PCA to these “centered”
weight vectors.

Figure 4 shows the first two principal components. The colored clusters correspond to the
transition phase, or Ring edge. Their circular organization shows that the model weights enter a
reproducible cyclic state across the ordered class transitions, rather than merely drifting monotonically
during training. This geometry is is consistent with gradient alignment towards successor classes.

D.3. Anticipation in Second-order Setups

We test whether anticipation emerges beyond first order Markov chains.

Experiment Details. We implement a second-order transition rule over Wikipedia language classes.
Instead of the next class being determined by the current class alone, it is determined by the ordered
pair (previous class, current class). The transition table is a Latin square. We test a 5 and 6-class
version, which have 25 and 36 states, respectively. The Latin square configurations are reported in
Figure 5. For any fixed current class, each possible next class appears exactly once across predecessor
classes. This makes the first-order marginal uninformative: knowing only the current class gives a
uniform distribution over next classes. A model can only do better than chance if training has left it
with usable information about the predecessor that led into the current burst. The tables are chosen to
form a full orbit over joint states, so the deterministic class-pair dynamics cycle through all class
pairs before repeating, giving a second-order equivalent of the original Ring configuration.

During a burst, the model sees batches from the current class. Contrary to the first-order
experiments, here we enforce switches to happen deterministically, after a set burst length/number
of gradient steps on a class (e.g. 32). When a switch happens, the tuple (previous class, current
class) determines the next class, and after the switch, the latent state updates to (current class, next
class). Self-successors, i.e., when next class is the same as the current class are possible, but these
are excluded from Successor Advantage computation because no visible class switch occurs.

SA Computation. Similarly to shuffle-correction in Section B, we use a corrected version of the
Successor Advantage metric. From the raw SA, we substract a Bursty control SA. The Bursty control
is a training stream that keeps the same burst structure but removes the predictable transition rule.
This removes any anticipation effect due to factors not intrinsic to anticipation, such as class difficulty,
current-class adaptation, or consequences of long same-class bursts. SA values are averaged over 16
seeds.

Results. Section D.3 reports the conducted experiments and corresponding SA results. The values
are more modest than in the first-order setting. However, anticipation emerges in both 5-class and
6-class setups, and the ideal number of gradient steps (32) matches the first-order setup.
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Figure 5: The Latin Squared 2nd order transition function. (Left) 5-class configuration. (Right)
6-class configuration. In both matrices, x and y axis labels show the individual state index. Colors
and small-sized numbers in each cell show the index of state pairs (previous, current). Large-sized
digits denote the next class from that cell pair. The orbit starts from the bottom left.

Number of classes Gradient steps until switch SA + 1std
5 16 —0.0053 £ 0.0045
5 32 +0.0412 + 0.0081
5 64 +0.0076 + 0.0105
6 16 —0.0065 £ 0.0008
6 32 +0.0152 + 0.0028
6 64 —0.0048 £ 0.0034

Table 3: SA in the second-order setting. Results are computed from 16 seeds per experiment. Both
the 5 and 6-class setups display anticipation.

D.4. Anticipation in Image Modeling

We include MNIST experiments as an existence result showing that successor class anticipation is
not specific to byte-level language modeling. Yang et al. [33] showed that anticipatory recovery
arises in individual image-cycling.

Experiment Details. We train autoregressive image models on MNIST. Each digit class is treated
as one class in the Markov chain. Images are downsampled to 14 x 14, quantized to 8 grayscale
levels, and flattened into a sequence of 196 image tokens. We prepend a BOS token and append an
EOS token, giving sequence length 198 and vocabulary size 10. The model never receives the digit
label as input or target, labels are used only to construct the class-structured training stream and to
compute per-class evaluation losses.

The training protocols are the same as in Section B. In the Ring condition, digit classes are
arranged in a seed-dependent cyclic order, and a transition deterministically moves to the next class in
the ring. In the Bursty condition, burst lengths are matched, but the successor class is uninformative.
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In the Shuffled condition, the same image stream is randomly permuted, removing temporal structure
while preserving the multiset of examples.

We use a GPT-style Transformer [30] with hidden dimension 128, 4 layers, 4 attention heads, and
intermediate dimension 512, for approximately 1.06M parameters. Models are trained for 100,000
steps with batch size 64, AdamW, learning rate 10~3, weight decay 0.01, AMP mixed precision, and
1,000 warmup steps. We sweep expected burst lengths 7 € {256, 512, 1024, 2048, 4096} (expected
gradient steps per burst in {4, 8, 16, 32, 64}) using 4-5 seeds per condition.

SA Computation. We compute Successor Advantage as in Section B.5, using held-out per-class
image-modeling loss. The raw SA compares the successor digit class to the other non-current,
non-successor digit classes. We compute the shuffle-corrected SA for Ring by subtracting the SA
of the paired Shuffled model using the same current and successor labels. This correction removes
accidental effects from some digit classes being intrinsically easier to model. The measured raw and
shuffle-corrected SA values are similar.

Results. Table Table 4 confirms that MNIST shows a small but clear first-order anticipation
effect once bursts are sufficiently long: anticipation emerges between 7 = 1024 and 7 = 2048,
corresponding to roughly 16-32 gradient steps per class burst.

Expected grad. steps until switch Ring SA Bursty SA
4 —0.001 £0.001  —0.039 £ 0.037
8 —0.001 £0.001  —0.039 £ 0.037
16 +0.000 £0.002  —0.039 £ 0.038
32 +0.013 £ 0.008 —0.036 +0.034
64 +0.028 £0.011 —0.035 £ 0.037

Table 4: Anticipation (positive SA) exists for MNIST Image Modeling. Values are mean =+ 1 std
across 4-5 seeds. For each seed, SA is first averaged over the last 25% of training.

These results should be treated as existence results for anticipation in image modeling. The
experimental setup was not optimized extensively. The effect is smaller than in the Wikipedia
experiments, but it appears under the same qualitative conditions: predictable first-order transitions,
sufficiently long bursts, and per-class held-out evaluation.

D.5. The Effect of the Optimizer

Theorem 3.1 identified, alongside the anticipation-driving gradient alignment term (Term 2), other
implicit regularizers that may modulate the gradient alignment effect. We study how the choice
of optimizer effects the emergence of anticipation, through the lens of the implicit regularization
interpretation.

We focus on our main experiment configuration, and ablate the optimizer. Table 5 shows the
optimizers tested, alongside with suitable learning rates found in small hyperparameter sweeps. For
SGD and Adagrad, a weight decay of 0 was used as the default value of 0.1 resulted in significantly
worse training losses.

Results. Only AdamW and AdagradW showed anticipation (positive SA) and positive training
advantage due to anticipation. Lion and Muon trained well, but did not show anticipation.
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Optimizer LR Weight decay SA (£std) Training advantage
SGD 5x 107° 0.0 —0.0096 + 0.0026 —0.0132
SGD 5x 107° 0.1 —0.0010 £ 0.0005 —0.0672
AdamW 5x107° 0.1 +0.2730 = 0.0194 +0.0903
AdamW (no momentum) 3 x 107% 0.1 +0.1846 + 0.0170 +0.1771
AdagradW 1x1072 0.0 +0.2297 £ 0.0167 +0.1502
Lion 1x107° 0.1 —0.0227 £ 0.0019 —0.0518
Muon 1x1073 0.1 —0.0104 £ 0.0417 —0.0122

Table 5: The effect of the optimizer on anticipation. Only AdamW and AdagradW anticipate
(positive SA) and achieve a positive training advantage in consequence. Shuffle-corrected SA is
averaged over evaluations in the last 25% of training and reported as mean =+ across-seed standard
deviation (12 seeds per setting). Training advantage is based on Theorem 2.2 and is computed as:
Shuffled train loss minus Ring train loss, using late-window train-loss means.

Measuring Term 3 interference. To test whether optimizer-dependent anticipation is explained
by curvature-driven interference, we directly estimated the alignment term (Term 2) and the order-
dependent interference term (Term 3) during SGD and AdamW training, using 12 independent seeds
per optimizer. We logged these quantities every 5000 iterations using Hessian-vector products on
adjacent class pairs Ceyrrent — Cnext. FOr each pair, we computed class gradients and Hessian-vector
products with the corresponding class Hessians, giving

Ty = EH(current)G(next) - }H(next)G(current)
2 2 ’
Term 2 was computed using the equivalent expanded form of the alignment-gradient term,

1 1
_ _ = py(current) ( ~(current) _ ~v(next) = rr(next) (~y(current)  v(next)
T =—H (@ G 4 ZH ) (G Guext)),

For AdamW, we additionally measured the optimizer-effective geometry induced by its diagonal
second-moment preconditioner P = diag((9 + €)~!/2), where © is AdamW’s bias-corrected second-
moment accumulator. We therefore computed

Ty p = EPH(current)PG(next) o EPH(next)PG(current)

’ 2 2 ’
and T3 p analogously. We report the raw interference ratio ||73||/||7% || and, for AdamW, the optimizer-
effective ratio |73 p||/||T2,p||.

Figure 6 supports the hypothesis that anticipa- = SGD
. . . 0.10 o === AdamW (Raw)
tion emerges when Term 3 is small relative to Term
2. The left panel shows that SGD remains in a
high-interference regime, with || 75| /|| T2|| >> 1,
whereas AdamW training moves the raw ratio close
to or below 1. Moreover, AdamW'’s precondi-
tioner further reduces the optimizer-effective ratio, . . . . .
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AdamW (Effective)

0.05

0.00

—0.05

Successor-pair
cos(Ts, T3)

—0.10

25



IS YOUR LLM A SEQUENCE MODEL ON THE TRAINING HISTORY?

R 8 0.307 AdagradwW
8= = ~ 0.25 Skt
Lo = SGD 3 ~#
D=4 = AdamW (Raw) g
§ i” , AdamW (Effective) % 0.15 -
U:'j ________________________ 0.10

0 T T T T 1 T T T T T T T

20k 40k 60k 80k 100k 05 0.7 0.9 0.99 0.999 0.9999 1
Training step AdamW second moment 3,

Figure 6: AdamW enables anticipation through persistent second moment scaling. Results are
averaged over 12 seeds. (Left) Evolution of the ||Term 3||/||Term 2|| ratio. AdamW enters a low
interference regime, as demonstrated by low raw ratios. Preconditioning further reduces the ratio.
(Right) The key ingredient to anticipation is likely the second moment [35. Anticipation generally
increases with 5 and happens even without momentum (5; = 0), suggesting that 3 is the main
driving force.

similarities of the flattened vectors, shown in Figure 7. Thus, AdamW appears to help in two related
ways: it reaches parameter regions where raw Term 3 is smaller relative to Term 2, and its adaptive
scaling further suppresses the effective interference seen by the optimizer.

The right panel of Figure 6 probes the role of B2, which controls the timescale of AdamW’s
second-moment accumulator and hence the stability of the preconditioner. Increasing (2 increases
successor anticipation up to the long-timescale regime around 52 = 0.999, consistent with the view
that a stable estimate of coordinate-wise gradient scale is important for reducing effective Term 3
interference. AdagradW’s cumulative squared-gradient accumulator can be viewed as a limiting
long-timescale second-moment accumulator [29], and it also produces strong anticipation. Finally,
anticipation persists when 3; = 0, showing that first-moment momentum is not necessary for the
effect. We therefore interpret 51 primarily as an optimization aid rather than the source of the
anticipation.

Relationship to Yang et al. [33]. It is important to note that Yang et al. [33] observed anticipatory
recovery for SGD too, although the effect was stronger for Adam. An explanation of the discrepancy
could be that same-domain individual-documents (the domain was CNN news) naturally have more
similar Hessians than samples from different languages, and that pretraining and scale further reduces
the Hessian mismatch.

D.6. The Effect of Other Hyperparameters

We ablate four hyperparameters of the default configuration reported in Table 2: the number of
gradient steps per class (Figure 8), batch size (Figure 10), context length (Figure 9), and model size
(Figure 11). We highlight two particularly informative trends below.

Batch size. Figure 10 shows that anticipation increases with batch size, before saturating around
a batch size of 64. This trend is consistent with Theorem 3.1: Term 1 scales inversely with batch
size and therefore becomes weaker for larger batches. Although Term 1 does not directly shape
interactions between classes, the additional gradient noise introduced at small batch sizes appears to
oppose anticipation.
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Context length. Figure 9 shows that the differences between Ring, Bursty, and Shuffled training
diminish as context length increases. In our setup, this is likely because the class becomes identifiable
from short prefixes. Once enough tokens have been observed, even non-anticipatory models can infer
the current class and predict accordingly, reducing the advantage provided by anticipation.

Importantly, this is not a limitation of anticipation itself, but rather of our class-based construction.
If the relevant structure in the training stream were not recoverable from short prefixes, anticipation
could remain beneficial at longer context lengths. Such setting is studied by Yang et al. [33], where
individual documents rather than broad classes are anticipated. Other similar examples could include
anticipation of more document-specific units such as concepts, whose occurrence could become
predictable from training order.

We additionally analyze the “forgetting profile” of trained models to study whether adaptation
extends beyond the immediate successor class. All ablation figures include forgetting profiles in the
right-hand panels. We describe their construction and interpretation below.

Forgetting profiles. The forgetting profile plots show the evaluation loss grouped by relative
position in the training stream. For each evaluation, classes are indexed by their distance from the
current class, i.e. the class on which the model was most recently trained.

This means that the horizontal axis represents relative, not than absolute class identity. In Ring
training, this means a rotation of the fixed cyclic order. In Bursty training, it corresponds to the
realized order of classes in a particular run. Reported values are averaged over evaluations from the
final 25% of training. The axis wraps around cyclically, so positions “—4” and “5” correspond to the
same class.

Across ablations, stronger anticipation generally corresponds to larger differences between the
Ring and Bursty forgetting profiles. Increasing the number of gradient steps, batch size, or model
scale causes both Ring and Bursty models to adapt more strongly to the current class. However,
Bursty forgetting profiles are typically asymmetric: classes from the recent past (negative positions)
experience less forgetting than distant classes.

The immediate successor class in Bursty training can sometimes exhibit unusually high loss.
This is an artifact of the transition structure: Bursty position +2-onward can include the “current”
class, whereas Ring cannot, as it must first cycle through all other classes.

Ring training exhibits stronger adaptation to the current class, but also substantial adaptation
to future classes, including classes beyond the immediate successor. This adaptation decays ap-
proximately with future distance in the cycle, producing a more symmetric forgetting profile. This
anticipation of future classes comes at the cost of increased forgetting on classes further away in the
cycle.
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Figure 8: Effect of the number of gradient steps taken per class. Reported values are averaged
over 12 seeds. (Left) Effect on Successor Advantage. (Center) Effect on training loss. Consistent
with Yang et al. [33], we observe increasing anticipation up to 32 gradient steps per class. However,
increasing the number fo steps further is detrimental, likely because tracking the current class
becomes the advantageous behavior: Bursty’s training loss approaches Ring’s. (Right) Effect on the
forgetting profile. Higher SA means larger adaptation to successor classes, including non-immediate
successors in Ring-trained models. Too many gradient steps cause overadaptation to the current class,
which comes with a loss of anticipation.
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Figure 9: Effect of the context length. Reported values are averaged over at least 11 seeds. (Left)
Effect on Successor Advantage. (Center) Effect on training loss. Contrary to Yang et al. [33], in
our class-based setup, longer context lengths hurt anticipation, likely because the class becomes
easily identifiable from the prefix, hence any anticipation advantage persists only for a few tokens.
(Right) Effect on the forgetting profile. Smaller context lengths in Ring-trained models mean larger
adaptation, relative to Bursty, to current and successor classes, including non-immediate successors.
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Figure 10: Effect of the batch size. Reported values are averaged over 12 seeds. (Left) Effect on
Successor Advantage. (Center) Effect on training loss. Larger batch size generally helps anticipation,
though the difference between batch size 64 and 256 in SA is negligible. (Right) Effect on the
forgetting profile. Larger batches in Ring-trained models mean larger adaptation, relative to Bursty,
to current and successor classes, including non-immediate successors.
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Figure 11: Effect of the model size. Reported values are averaged over 12 seeds. (Left) Effect on
Successor Advantage. (Center) Effect on training loss. Larger model size helps anticipation. TODO
(Right) Effect on the forgetting profile. Larger Ring-trained models display larger adaptation, relative
to Bursty, to current and successor classes, including non-immediate successors.

D.7. Details on the Gradient Alignment Experiments

Measuring gradient alignment. To experimentally verify the SGD implicit bias computed in
Theorem 3.1, we estimate the evolution of gradient alignment between consecutive classes ¢(current)

and C(next) . Since — ||G(c(currem)) — G(C(nexl)) ||2 = — ||G(C(currem)) ||2 + QG(C(cun’em)) . G(C(next)) — ||G(C(next)) ||2,
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we measure the cosine similarity defined as

G(C(currem) ) . G(C(next) )
|| G(C(current)) || ” G(c(nexl)) H ’

Sim(G(C(currem) ) , G(c(next) ) ) —

This metric removes the confounding effect of different training orders inducing gradients of different
magnitudes. We analyze this effect in Figure 16.

We adapt our default experiment, recording gradients at equally spaced intervals. The setup is
identical except for two modifications: here the order of classes in the Ring is fixed across seeds,
and to see more of the gradient evaluation, we train the model two times longer, for 200k steps. We
record gradients for all class pairs (not only consecutive classes).

Measuring the quality of Ring orderings. In order to probe the effect of the specific order of
classes chosen, we computed a randomly chosen “Ring: original” ordering, a “Maximum A-priori
Similarity” and “Minimum A-priori Similarity” ordering of classes as follows. We created an a-priori
influence matrix by recording, for each language pair (4, j), excluding the diagonal, the change in the
loss of j, while training on ¢ for 500 steps. The matrix is reported in Figure 12. This estimates the
early-influence of training on class ¢ on class j. We centered the rows of the matrix by substracting the
row mean. For a given ordering of classes, the sum of influence values corresponding to consecutive
classes measures the quality of the ordering, in the sense of how much it respects a-priori class
alignments. We then used a Held-Karp dynamic program over subsets to find the minimum- and
maximum-weight Hamiltonian cycles in the influence matrix. We call the most optimal ordering
“Max Similarity Order” and the most suboptimal “Min Similarity Order”. “Max Similarity Order”
achieves a total score of —0.312, meaning that training on a class already decreases the loss of the
next class, while “Min Similarity Order” achieves +-0.218, and Ring scores 0.051.

Single-class (10 seeds per class)
step 0 — 500 | row-mean centered

English
Czech 0.10
Dutch >
. 0.05 &
Spanish+ : ;
Italian- 3
0.00
GermanH e
Polish+ —0.05 ('ED
Finnish %
Portuguese -0.10
French1
AP
TS
S

Figure 12: Matrix of the early-influence of training on class ¢ on class j. Influences reflect
common-sense relationships and origin-based clusters such as Romance languages, Germanic lan-
guages, Slavic languages and Uralic languages. Rows are centered via substracting the row mean,
values are computed using 10 seeds.
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Results. Figure 13 shows the relative (i.e. row-mean-centered) gradient alignments between
languages Sim(G @), QU )), where ¢ # j. The plots are not symmetric due to row-mean-centering.
Figure 14 shows the evolution of these alignments, i.e. the heatmap recorded after before training
has been substracted from the one recorded afer 200k steps.

We observe that for Ring configurations (i.e. “Ring”, “Max Similarity” and “Min Similarity”),
gradient alignment is concentrated on the off-diagonals (reddest values). The symmetry is due
to cosine similarity being symmetric. Bursty and Shuffled generally preserve existing alignments
(cosine similarities have low magnitudes), and only reinforce a-priori similarities (e.g. between
Czech and Polish).

Figure 15 shows the evolution of gradient similarities between the current class and “next”, versus
“other” classes (left), and their difference (center). “Max Similarity Order” achieves the highest
cosine similarities, but also starts from higher a-priori alignment due to having been optimized
for it. The right panel shows that increased gradient alignment correlates with increased SA.
Figure 16 shows the same signal, but using ||g; — g;||*, the measurement directly suggested by
Theorem 3.1. This experiment also highlights that measuring only the raw ||g; — g;||* scores
is confounded: Ring orders have larger gradient norms, which induces higher raw |g; — g;]|?
scores despite larger cosine similarities (Figure 15). However, measuring the relative alignments
g — gnext||® — ‘C‘%Q > isinext 19 — i ||? reveals the bias towards successor classes too.

The above shows that Ring orders can create alignments between classes that are completely
unrelated a-priori, to the extent that a language’s gradients may become more aligned to unrelated
languages than those most similar to them. An example of this in the “Spanish” row in the “Min
Similarity Order” in Figure 13 and Figure 14: Spanish becomes more aligned to Finnish than to
Portuguese. This demonstrates that order can have a significant influence on inter-data relationships
between learnt by the model.

We test the impact of these influences on the training and evaluation losses. As expected,
Figure 17 (left) shows “Max Similarity Order” achieves the lowest train loss due to high anticipation.
However, this comes with the highest evaluation loss (center and right panels). We note that the
fact that Ring orders have high eval loss is not surprising, as they are heavily adapted to the training
history, and the evaluation distribution is a mixture, which therefore creates a distribution shift for
these models. The fact that “Max Similarity Order” performs even worse than other ordered setups
may be due to adapting too much to the next class, to the point that its ability to distinguish the
current class from the next class degrades. This is visible on the right panel: even though Spanish
and Portuguese are similar languages, due to the training order including the transition Portuguese
— Spanish, their connection is reinforced to the extent that the model struggles to distinguish them.
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Figure 13: Heatmaps of the relative gradient cosine similarities at the end of training (200k).
We plot, for each order configuration, the relative gradient similarities between classes after training
step 200k. Relative gradient similarities are computed for each (i, j) cell by computing the cosine
similarity between G; and G; and substracting the mean of the row, not including the cell (3, 7).
Values are averaged over 12 seeds. The figure shows that Ring orders (Ring, Max Similarity and Min
Similarity) create gradient alignment between consecutive classes, even in the case of very different
languages like Spanish and Finnish (e.g. the “Spanish” row on the Min Similarity panel).
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Figure 14: Heatmaps of the evolution of relative gradient cosine similarities. We plot, for each
order configuration, the difference of relative gradient similarities between training step 200k and
step 0. Relative gradient similarities are computed for each (i, j) cell by computing the cosine
similarity between G; and G; and substracting the mean of the row, not including the cell (3, 7).
Values are averaged over 12 seeds. The figure shows that Ring orders (Ring, Max Similarity and Min
Similarity) create gradient alignment between consecutive classes, even in the case of very different
languages like Spanish and Finnish (e.g. the “Spanish” row on the Min Similarity panel).
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Figure 15: Evolution of gradient alignment towards successor classes and Anticipation. Standard
deviations are computed from 12 seeds. (Left) Gradient cosine similarity between the current and
next class, and current and other classes and (Center) their difference. Max Similarity Order achieves
largest gradient alignment, while Ring and Min Similarity Order are comparable. (Right) Successor
Advantage during training. Max Similarity Order achieves highest anticipation.
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Figure 16: Evolution of the norm of the gradient difference towards successor classes. Standard
deviations are computed from 12 seeds. (Left) Norm of the gradient difference between the current
and next class, and current and other classes and (Right) their difference. While the raw ||g; — gnext||®
is larger for predictable orders, plotting the magnitude relative to other, non-successor classes reveals
that Ring training aligns successor classes according to this Theorem 3.1-based metric too.
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Ring: max similarity (predictable) = Ring: min similarity (predictable)

Figure 17: The effect or class orderings. Values are averaged over 12 seeds, losses were smoothed
with a 20-point moving average. (Left) Effect on the training loss. Max Similarity Order has
lowest loss. (Center) Effect on eval loss. Non-random orderings achieve higher eval loss due to the
distribution shift of training on a structured order, but evaluated on a class mixture. Max Similarity
Order achieves high loss even among ordered configurations. (Right) Effect on the eval loss of
Spanish and Portuguese documents only. Max Similarity Order still performs worst, likely because
too much consecutive class alignment blurs the ability to distinguish these classes. In the Max
Similarity Order, Spanish directly follows Portuguese.
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