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Abstract

Despite recent progress in optimal hyperparameter transfer under model and dataset scaling, no
unifying explanatory principle has been established. For Adam and Scion optimizers, we discover
that joint optimal scaling across model and dataset sizes is conditioned on a single invariant: the
operator norm of the output layer. Across models with up to 1.3B parameters trained on up to 138B
tokens, the optimal learning rate/batch size pair (1*, B*) consistently has the same operator norm
value — a phenomenon we term norm transfer. This constant norm condition is necessary but not
sufficient: while for each dataset size, multiple (7, B) reach the optimal norm, only a unique (n*, B*)
achieves the best loss. As a sufficient condition, we provide the first measurement of (n*, B*) scaling
with dataset size, finding it consistent with theoretical predictions. We share practical insights on
norm-guided optimal scaling and release our Distributed Scion (Disco) implementation with logs
from over two thousand runs to support research on LLM training dynamics.

1. Introduction

Progress in Large Language Models (LLMs) has been largely driven by scale: enlarging model and
training-data size consistently yields more capable systems [24, 29], but at growing computational
cost. Achieving optimal scaling — configuring hyperparameters optimally as scale grows — is thus
essential to push the model frontier further.

Several powerful yet disparate methods address this challenge. Theoretically grounded frame-
works like Maximum Update Parametrization (uP) [60] transfer optimal hyperparameters across
model scales, while empirical scaling laws [33] provide rules of thumb where theory is absent, e.g.
for dataset size scaling. A unifying principle covering both model and dataset scaling dimensions,
however, remains elusive.

Recently, norm-based optimization [6, 44] has offered a new lens on training dynamics, reframing
optimization as control of the operator norms of weights and gradient updates and enabling insights
deeper than the loss curve alone. This raises a natural question: can the norm-based perspective
unify optimal model and dataset size scaling?

By tracking layer norms across thousands of experiments, we answer affirmatively, with the
following discoveries:

* Unifying invariant for optimal scaling. The operator norm of the output layer ||Wout || RMS— 00
(Definition 1) at the optimal learning rate (1) and batch size (B) is invariant — i.e. “transfers”
— across model (via width and depth) and dataset scaling (Fig. 1), for both Scion and Adam
optimizers. This norm transfer is a necessary condition for optimality, but not sufficient:
multiple non-optimal (7, B) pairs can reach the same norm value (Fig. 4).
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* Scaling rules for the Scion optimizer. As a sufficient condition, we empirically find
n*(B,D) o B%%2. D705 matching Adam’s square-root rule. The optimal batch size
scales as B*(D) oc DO45+007 yielding n* (D) o« D~0-28%0-07 consistent with theoretical
predictions [51]. For fixed D, one can trade n* <+ B* via n o< v/ B within a low-sensitivity
region around the optimal norm (Fig. 3), enabling larger-batch training at no performance cost.

* Distributed Scion/Muon and experimental logs. We release Di sco, a distributed Scion/Muon
implementation compatible with modern parallelization strategies, along with norm logs from
over two thousand training runs.

2. Preliminaries

In a series of work [5-7, 62] it was shown how by controlling gradient update norms during opti-
mization one can essentially perform the steepest gradient descent under these norms (Appendix B).
After being built into optimizers — with prominent examples being Muon [28] and Scion [44] — it
yielded not only more stable training, but also improved model performance at scale [49, 55, 58].
Importantly, at its root the approach embeds zero-shot hyperparameter transfer: the property of
preserving optimal hyperparameters across model scales. This allows to use small (proxy) models
for hyperparameter tuning with optimality guarantees of their transfer to larger models [60].

Such norm-based optimization naturally puts matrix norms into the spotlight of model training.
Specifically, [7] introduces:

Definition 1 (Induced operator norm') Given a matrix W € RuwtXdin qnd two normed vector
spaces (R%n||-||o) and (R%ut ||-||5), the “a to B” induced operator norm is given by:

Wl
w = max , €))
[Wllas = max e
where of particular interest for us would be:
W [RMS—00 = max; din [[row; (W)||gus » @)

with row;(.) denoting the i-th row of a matrix.

While these norms are explicitly constrained for model weights updates via special transfor-
mations of gradients (e.g. Equations (9) to (11)), the norm of model weights themselves are not
constrained within this approach.

In this work, we start from an observation that keeping track of these norms and analysing
patterns therein can provide insights on the model training dynamics and its optimality. Specifically,
we are interested in the problem of joint optimal model and data scaling with the main question: how
do optimal hyperparameter configurations relate to each other at different scales?

To answer this, we train multiple Llama 3 models (see more details on our training setup in
Appendix C) on text up to a token horizon (i.e. total number of training tokens) of 138B; starting from
69M model size and scaling up to x 12 in width (to 1.3B parameters), up to x32 in depth (to 168M).
Notably, we employ a norm—everywhere approach, inspired by the concept of well-normedness
in [32], where the input to every linear layer is normalized. For efficient training we developed a
distributed version of the Scion optimizer (Disco), as described in Appendix E.


https://anonymous.4open.science/r/disco_iclr2026-E11D
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For each of the model and data scales, we vary global learning rate n (shared across layer groups;
per-layer-group tuning is analyzed in Appendix K) and batch size B, and analyze model weight
norms following our methodology in Appendix F. In essence, for each scale we perform statistical
fits and extract optimal norm and hyperparameter values, thus tracking the weight norm dynamics
along the optimal scaling trajectory. While in principle one could track weight norms of any layer,
we focus on the output layer norm || Woyus ||RMS— 00 @s the most natural choice.? We ablate this choice
for other layers and norms in Appendix T, finding it not affecting our main findings.

3. Results

3.1. Output norm dynamics

First of all, learning rate scans reveal an optimal output norm for each batch size and horizon, with
the norm increasing monotonically with n (Fig. 2). Since we use unconstrained Scion (without
weight decay), norms grow with gradient steps (Appendix J). We also show that they can be bounded
via weight decay (Appendix M) or spectral clipping [42]. Strikingly, this growth is piecewise
linear in log-log scale: across all batch sizes, the slope changes abruptly near norm values of 26-27
and again at 2°-219, beyond which the dynamics enter a “turbulence” regime — possibly the same
phenomenon recently observed in loss curves [41]. Finally, 1 sets the curves’ offset while B controls
their “decoupling”: curves with equal 7 but different B coincide early on, then split at the 26—27
transition more sharply for larger B, before reconverging to a common slope.

3.2. Optimal norm transfer

We summarise learning rate scans across batch sizes, horizons and model widths/depths in Fig. 1
(extended plots in Appendix U and Appendix V). Each point uses the optimal n* for its batch size,
horizon and model. We report observations per scaling direction together with ablations.

Data scaling: For each horizon, a single optimal batch size yields an optimal output norm
[ Wout | RMS 00 = 279792, and this value transfers across horizons. We call this norm transfer: the
optimal (7, B) pair for any horizon necessarily hits ~ 27. The optimal batch size grows with the
horizon, which we revisit in Sec. 3.3. The same behavior holds when changing the dataset, as we
show on the Thai and Russian Fineweb-2 partitions [43] (Appendix N).

Model width scaling: The spectral condition (Eq. 2) is designed to preserve the optimal norm.
Accordingly, scaling width by x12 at fixed horizon (Fig. 1(b)) yields nested “pP-style” curves with
a shared optimal norm and decreasing loss.

Model depth scaling: Surprisingly, scaling depth by x32 in our setup also preserves the optimal
norm, despite not using any established depth-transfer techniques [9, 15, 61]. In Appendix O we
show that all such techniques induce learning rate transfer, but our choice (no residual scaling factors,
pre-residual layers initialised with a 1/ /2 Nj,yers rescaling) gives the lowest loss. We attribute this
to the uniform norm treatment of our norm—everywhere approach (Appendix C).

Momentum & learning rate decay: Both Scion with non-zero momentum and a decaying
schedule — more practically relevant — also exhibit norm transfer (Appendix S). Momentum reduces
sensitivity to batch size, with multiple B reaching the same optimal norm and loss (Fig. 15); learning
rate decay analogously reduces sensitivity to n (Fig. 19(b)).

2. It is invariant to both width and depth scaling, it is the most sensitive to learning rate tuning (Appendix K), and it can
be viewed as a linear classifier on the learned hidden representations — making it “representative” for the entire model.
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Figure 1: Training loss vs. output layer norm across batch sizes. (a) Fixed proxy model (69M
parameters) while increasing token horizon from 23! to 237. (b) Fixed token horizon
233 while scaling width/depth of the proxy model as indicated in the legend. Each batch
size point (increasing from 32 in X2 steps, reflected by marker size) has its learning rate
optimally tuned. The optimal batch size per horizon/model configuration is indicated by
the filled marker. All curves share optimal norm at 7.0 4= 0.2 across horizons and 7.4 0.2
across models (grey band).

Adam optimizer: For the proxy model we run Adam with momenta (5; = 0.9, 2 = 0.95) and
without (81 = P2 = 0, sign gradient descent). Both show clear norm transfer (Appendix P): without
momentum the optimal norm matches the without-momentum Scion (=~ 27), while with momentum
it shifts to ~ 2!1. This supports the common norm-based view of optimization [7] and suggests our
Scion observations carry over to Adam.

Choice of norm and layer: While we focus on the output layer’s ||.||rMs— oo norm (Sec. 2),
one could equally monitor other layers or operator norms. Substituting it with ||Wout||[RMS—RMS
or with the input-layer norm ||Wiy||1—rms also yields norm transfer across horizons (Appendix T),
indicating that the phenomenon is not specific to a particular (layer, norm) pair.

Normalization layers: Firstly, we ablate placements of RMSNorm (without trainable param-
eters) for the proxy model (Appendix R). With Scion (momentum a = 0.1), removing residual
normalization causes divergence (Fig. 14(b)). QK-norm + residuals + output layer norm matches the
norm-everywhere learning rate profile, showing MLP- and VO-norm are redundant. Residuals +
output is slightly better but more 7-sensitive, while QK-norm reduces n-sensitivity, consistent with
[59].

Therefore, for further scaling ablations we pick the residuals-only configuration. Fig. 13 shows
norm transfer still holds, but at a markedly lower optimal norm (=2 23, one order of magnitude below
norm-everywhere); legends in Fig. 14(b) pinpoint the output layer norm as the source of this
drop. While we do not use this configuration for the main results, we leave it as an interesting open
question for future work, whether lower-norm models are preferable [42].
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3.3. Optimal (7, B) scaling rule

The norm guidance leaves open how to pick (7, B) for a given horizon; here we ask what is the
sufficient condition for optimality. Fig. 4 shows that the optimal-norm condition is necessary but
not sufficient: for each horizon, every batch size reaches the optimal-norm region ||Wout||[RMS— 00 €
[26:8 27-2] at a sufficiently high 7. Therefore, we unfold Fig. 1(a) to expose the optimal n* that
was profiled away, and study how it varies with B at fixed D and across horizons. Fig. 3 shows
logy n* (B, D) = aclogy B + logy D + ~ fit results (circled markers are per-horizon optima). We
observe several things:

* The fit gives a = 0.62 &+ 0.05, 8 = —0.56 £ 0.05, consistent with the established square-root
scaling in B [38] and D [8] for Adam. Like [2, 48], we see no surge phenomenon [34], i.e. no
transition from n* o VB to n* o1/ /B above a critical batch size [63]; [27] accounts for
this via mean-field theory.

* Different B yield different losses, with a horizon-dependent optimum B* (D) (circled markers,
transparency for relative loss). B* grows with D: on an extended horizon set we measure
B*(D) oc DY45%097 (Appendix L), consistent with Adam [4, 33] and recent theoretical
predictions for v/D scaling [51]. Combining B*(D) o D%%> with the fit gives n*(D)
D0-28+0.07 a3443in consistent with D~1/4 predictions [51].

« Existence of a single optimal B*(D) per horizon caps the usable device count for pretraining:
beyond it, more devices either hurt throughput (smaller per-device microbatch) or loss (leaving
the optimal- B region) — suggesting an open question of whether this limit can be bypassed.

* In practice, (n*, B*) extends to an optimal region (n* + An, B* + AB) of near-optimal runs
(opacity in Fig. 3). We connect this to learning-rate sensitivity [59], here rephrased as norm
sensitivity, set by the flatness of the horizon curve (Fig. 1(a)) around the optimal norm. Within
it, one can trade 7 for B via n o /B, allowing flexibility such as training at larger batch sizes.

4. Conclusion and Discussion

We demonstrate that norm analysis of model weights is a powerful measure guiding joint optimal
scaling across both model and dataset dimensions. Empirically, we (1) study how layer norms evolve
with the choice of (1, B, D) and how to tune them to desired values (Sec. 3.1); (2) show that an
optimal hyperparameter configuration must hit a predefined output layer norm to be transferable
across data and model scales (Sec. 3.2); and (3) derive optimal scaling rules n* (D), B*(D) that yield
optimal loss (Sec. 3.3).

While our empirical observations are consistent with theoretical predictions [51], we still don’t
yet know how they connect to our main finding: optimal trajectories in the (data, model) scaling
plane must remain on a constant-norm manifold [5]. This raises further questions:

* What keeps the optimal scaling trajectory on the constant-norm manifold? What is its structure?

* How can the constant-norm condition be leveraged as an emerging inductive bias to optimize
training?

We don’t yet have answers, but believe our study scratches the surface of exciting phenomena to
be further understood.
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Appendix A. Related Work

Hyperparameters with model scaling [60] showed how to transfer optimal hyperparameters from
a small to a large model in a principled way via Maximal Update Parametrization (uP). [16] later
showed that such transfer is also possible in other parametrizations. [15, 61] extended the method
towards model scaling in depth. Empirically, scaling laws on how to set optimal hyperparameters as
a function of compute [13], loss [25] or model size [46] were measured.

Hyperparameters with data scaling Remains poorly understood theoretically: [52] showed for
SGD how to adjust learning rate and batch size by modelling optimization trajectory as a stochastic
differential equation (SDE). Largely, the problem has been approached experimentally by measuring
hyperparameter scaling rules as a function of the dataset size [4, 18, 25, 33, 50].

(n, B) scaling rules Historically, studies of interaction between learning rate and batch size
emerged as an experimental effort to scale batch size without losing performance [19, 23, 30]. Later,
a deeper understanding has been built from various theoretical angles: SDE [11, 38], loss curvature
[39], random matrix theory [20].

Norm-based optimization Starting from the spectral condition [62], the approach of trans-
forming gradient updates based on norm assumptions was fully established in [6, 32], and recently
explored in constraining weights themselves [42]. The steepest descent view allowed for connections
with manifold learning [10] and optimizer design [47]. This line of work has led to Muon [28] and
Scion [44, 45], along with improvements [1, 3], and benchmarks [49, 58] thereof.

Appendix B. Overview of norm-based optimization

Recently, a fundamental shift in the field of optimal scaling occurred with the work of [62]. It changed
the focus from model parametrizations towards the norm perspective by showing that Maximum
Update Parametrization (¢ ) [60] can be derived from a more fundamental principle: enforcing a
spectral condition on the model weights and their updates during the training. We briefly explain the
idea behind these concepts below.

P introduces theoretically grounded scaling rules for hyperparameters as a function of model
width in order to ensure “maximal” feature learning in the infinite width limit. This way, the model
is guaranteed to learn meaningful features while remaining stable as one scales up its size. As an
important by-product, it was found that models with different widths, once parameterized within
wP, all share the same optimal hyperparameters (e.g. learning rate) — therefore allowing for what is
known as zero-shot hyperparameter transfer. This property has been extensively used for the past
years to ensure optimal model scaling by tuning hyperparameters for a small (proxy) model, and
then effortlessly transferring them to a larger one [14, 22, 40, 64].

In turn, the spectral condition specifies bounds on the norms of weights and weight updates that
are necessary to ensure feature learning. More formally:

Definition 2 (Spectral condition) Consider applying a gradient update AW, € Rout*dn 10 the

Lth weight matrix Wy € Réou¥diy foralayer ¢ = 1,..., L. The spectral norms of these matrices
should satisfy
dﬁut df)ut
Wil =6 /%5x ] enaawil =6 /% ). G
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where ||V ||, is the spectral norm, also equal to the largest singular value of W, and ||z|[rms =

||z||2/+/d. The symbol © is employed following the “Big-O" notation, indicating scaling behaviour

(in this case, “constant”®) w.r.t. infinite width limit d — +oo. If conditions in Definition 2 are met,

the zero-shot hyperparameter transfer is guaranteed and the model is being trained in the P regime.
Let us rewrite Definition 2 in a more “natural” way as:

[Wellrms—rms = ©(1)  and AW [|[rms—rus = O(1), “4)
where we follow [32] and introduce the core concept of this work:

Definition 3 (Induced operator norm) Given a matrix W € R%u*din qnd two normed vector
spaces (R%n||-||) and (R%ut ||-|| ), the “a to B” induced operator norm is given by:

Wzl

w = max . 5
H Haﬁﬁ cerin || 7]a &)
The operator norms we are most interested in will be:
W l—rms = max; [|col;(W)l|gys » ©)
W [rRMs—rMS = V/din/dout [[W]], ; (7
W [RMS—o00 = max; din [[row; (W)]| gy » ®)

where row;(.) and col;(.) denote the i-th row and j-th column of a matrix. In order to control the
operator norms, [6] derived duality maps, i.e. transformation rules of the gradients induced by a
given norm. Applying these transformations not only keeps the gradient updates within the required
bound (e.g. Eq. 4), but also ensures the steepest descent under the chosen norm [7]. For the norms
in Equations (6) to (8), the corresponding duality maps for the gradient G with singular value
decomposition (SVD) G = U YV T are:

col;(G)
. : ol (G — L 9
hmomss = <OL (™ ool (G s @)
[-[lRMs—sRMS © G = % x UV’ (10)
H-||RMS—>oo : I“OWi(G) — 1 rowi(G) (11)

din [[row;(G)|[rms

where the ||.||rRMS— 00 norm was added by [44]. Moreover, they wrapped the norm-based approach
outlined above into a Scion optimizer.

Within Scion, one has to assign an operator norm to each layer, e.g. out of those in Equations (6)
to (8). The corresponding duality maps determine how raw gradients should be transformed for those
layers before the optimizer updates the weights. For simplicity, layers are typically grouped as input,
hidden, and output, and norms are assigned to these groups. Importantly, model weights are not
explicitly transformed within Scion; only the weight updates are, via duality maps.

One prominent example of the norm-based view on model optimization is the Muon optimizer
[28], which proved to outperform Adam at scale [36, 57] and showed great performance for models

3. Formally, f(x) = ©(g(z)) if there are constants A, B > 0 such that A - g(z) < f(z) < B - g(z).
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up to 1T parameters [55]. Muon can be viewed as a specific instantiation of Scion: it optimizes hidden
layers under ||.||rMs—rMs assumption, and uses Adam for the remaining parameters. However, only
in the case with no exponential moving average does Adam coincide with the steepest descent in
“max-of-max norm” [7]. Since this is uncommon in practice, no “natural” norm applies, making
Muon hard to analyze through the norm lens. By contrast, Scion naturally incorporates the norm
perspective, updating every layer with an assigned, layer-specific norm, making it easy to interpret.

In practice, using norm-based optimizers as of now looks like a free lunch: they require only one
momentum buffer* (compared to two for Adam), result in better performance with almost no compu-
tational overhead in large-scale distributed scenarios, and by design have zero-shot hyperparameter
transfer built in. Moreover, the norm-based approach provides more insights into the dynamics of the
model training: optimizer-assigned norms can be used naturally to monitor the training dynamics on
a per-layer basis.

Appendix C. Training setup

In all experiments, we use the Llama 3 architecture [21] and torcht itan training framework [35].
Most of the experiments are performed on the model with a total size of 69M trainable parameters
(including input/output embedding layers), hereafter referred to as proxy model. For additional
ablations in Sec. 3.2, we scale up the model up to x12 in width (to 1.3B parameters) and up to x 32
in depth (to 168M). Notably, we employ a norm-everywhere approach, inspired by the concept
of well-normedness in [32] and the recent line of work [31, 37]. Effectively, we ensure that the input
7 to every Linear layer is normalized to ||z||rms = 1 by a preceding RMSNorm layer without
learnable parameters. More details on model configurations are provided in Appendix D.
As optimizer, we use Scion [44] with the following configuration (unless stated otherwise):

* Unconstrained version (without weight decay),

 Norm assumptions: ||.|[1rms = ||.[[aMs—RrMS = ||-||RMS— 00 for input = hidden = output
layers,

» Learning rate n: grid with 2°-5 step for the proxy model, and 2' step for the width/depth-scaled-
up models,

* momentum g = 0, without Nesterov momentum,
* no warmup, constant learning rate schedule,
» ¢ = 1e720 (used in gradient normalisation),

» orthogonalization of gradients for hidden layers (||.||rys—rMs norm assumption) with Newton-
Schulz algorithm for nje, = 5 with original Muon coefficients a, b, ¢ = (3.4445, —4.7750, 2.0315)
[28].

Furthermore, we developed its distributed version, which natively integrates into torchtitan,
supports FSDP/DDP/TP/EP/CP/PP strategies, and greatly speeds up the training at scale compared to
the standard implementation. We make it openly available and provide more details in Appendix E.

4. Or even none, see ScionLight [44].
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For pretraining, we use a high-quality partition of the Nemotron-CC dataset [53], Llama 3
tokenizer [21] with a vocabulary size of 128,256 (after padding) and a context window of 4096.
All the models are pretrained with the causal language modelling task. Unless stated otherwise, a
constant learning rate schedule without warmup and without decay is used. This allows us, for a
given set of hyperparameters, to perform a single long run and evaluate progressively larger dataset
sizes, rather than conducting several runs for each dataset individually, thereby substantially reducing
computational costs [25, 26].

Appendix D. Model training configurations

Proxy model, 69M parameters: 4 hidden layers with dy,oq01 = 256, Multi-Head Attention
with Npeads = 4 and Ny —_heads = 4, SWIGLU activation function with MLP expansion factor
furp = 2.75, RoPE with 6 = 10000 [54], Llama 3 tokenizer with vocabulary size of 128 256
(after padding) [21], input and output embedding layers are not tied.

x4(12) wider model, 314M (1.3B) parameters: same as proxy, except dmodel = 1024 (3072).
In width scaling, we keep fixed dpe.q = 64 and scale the number of heads accordingly.

x8(32) deeper model, 91M (168M) parameters: same as proxy, except 32 (128) hidden layers.

Semi-orthogonal initialization for hidden linear layers and row-wise normalized Gaussian
initialization for input/output embedding layers [44]. Initialisation of the last layer of both
MLP and attention blocks (those with the output being added with the residual stream) is

multiplied by 1/+/2Niayers-

Dropout disabled, no biases in all Linear layers, no weight sharing between input and output
embedding layers.

norm-everywhere: normalise input to every Linear layer via RMSNorm without learn-
able parameters with e = 1e~2°. Effectively, this corresponds to Pre-LN setup with QK-norm
plus three additional normalisation layers: V-norm, O-norm (before output projection matrix
in Attention block), and MLP-norm (after SwiGLU and before the last MLP layer). Residual
connections, including the ones injecting the input embedding layer information, remain intact.

Random seeds:

For all proxy model runs in Sec. 3.2 and Sec. 3.3: 30

For all width/depth-scaled-up model runs: interleaved 30 + 3034 (every 22 step is 30,
every other 22 step is 3034)

For layout scans in Fig. 6(a) and Fig. 7: averaging over 30 + 3034 + 303409 for
the three “core” learning rate values ({274,276, 278} for B = 32, {272,274,276} for
B =128,{271,273,275} for B = 512), 3034 + 3034009 for the rest

For layout scans in Fig. 6(b): 30

torchtitan codebase, [35], FSDP2 [17], FlashAttention-2 [12]
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Appendix E. Distributed Scion

We implemented a distributed version of Scion/Muon. In this section, we briefly describe the
implementation. We assume that the vectorized momentum buffer update is performed before
applying the actual weight update.

E.1. DDP-Disco

As a warm-up, we first consider the DDP case (note that a DDP-based version of Muon has already
been implemented in modded-nanogpt?). Our implementation differs slightly from theirs, as we
do not explicitly apply communication—computation overlap for DDP.

Algorithm 1: Disco step_ddp
Input: Parameters {p; }~ ' with P = |{p}|, world size M, local rank r
bucket_size «+— M total_buckets < [P/M| global_updates <+ array of length P

/* Step 1: Compute local updates */
fori=0to P —1do
if i mod M = r then
| gi < GETMOMENTUM(p;) u; < LMO(g;) global_updates[i] < u;
end
end

/+ Step 2: Communicate updates in buckets */
for b = 0 to rotal_buckets —1 do
start_idx <— b - M end_idx <— min(start_idx + M, P) my_idx < start_idx +r if my_idx <
end_idx then
| Ugend < global_updates|my_idx)

else
| Usend < 0

end
{u; jj‘ial < ALLGATHER (ugena) for j = 0 to end_idx — start_idx —1 do
| global_updates|start_idx +j] < u;

end

end

/+* Step 3: Apply updates vectorized */
APPLYUPDATES({p; } !, global_updates)

Helper functions:

e GETMOMENTUM(p): returns the momentum of p from the momentum buffer.

LMO(g): runs the LMO based on the chosen norm of p.
* ALLGATHER(u): gathers one tensor v from each rank in the data-parallel group.

» APPLYUPDATES({p}, {u}): applies the global updates {u} to the parameters {p} in a single
vectorized operation.

5. https://github.com/KellerJordan/modded—-nanogpt
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Notice this version works out-of-the-box for PP+DDP, as we could let each PP(Pipeline Paral-
lelism) stage only manage the parts of the model that the current PP stages needed for forward and
backward.

To make it work with TP, one needs to do an extra all-gather in the local update loop.

E.2. FSDP-Disco

Here, “FSDP” refers to a combination of FSDP2 with arbitrary parallelisms, including Data Paral-
lelism (DP), Context Parallelism (CP), Expert Parallelism (EP), Tensor Parallelism (TP), and Pipeline
Parallelism (PP). In this section, we restrict our discussion to FSDP and EP (via DP2EP). In principle,
there is no need to treat DP and PP separately: one only needs to all-gather the full gradient before
communication in the FSDP case to ensure compatibility with TP.

We assume the design of this work, which applies an ||.||; rnmg norm for the LLM’s embedding
layer and an ||.||rMs— oo norm for the output linear layer. (SignNorm is also acceptable and remains
compatible if one strictly follows Scion’s design.)

The FSDP2 implementation in PyTorch shards weights and gradients along the tensor’s first
dimension. We discuss Disco under this assumption and further assume that each tensor or matrix
corresponds to a single layer. Consequently, fused tensors such as fused_QKV in attention layers or
fused_W13 in SwiGLU are not supported.

Under these hypotheses, we can classify parameters into three groups: embedding, experts,
and (pure-)f sdp. For updates, no extra communication is required for embedding and experts
parameters, thanks to the Shard (0) strategy in FSDP 2.

Algorithm 2: Disco step_embedding
Input: Embedding parameters {pi}f:ol

/* Initialise updates storage */
updates < array of length P

/* get momentum and compute LMO update on local shards */
fori =0to P —1do

| g; + GETMOMENTUM(p;) u; - LMO(g;) updates[i] < u;
end

/* RApply updates vectorized */

APPLYUPDATES({p; } 5!, updates)

Noting that MoE expert weights are typically laid out as either (total_experts, dout, din) Or
(total_experts, din, dout), We apply a transpose in the latter case to ensure that the output dimen-
sion comes first. In an FSDP + DP2EP setting, each gradient passed to LMO is therefore a 3D tensor
with layout (local_experts, doy, din ). Accordingly, SVD or Newton-Schulz-based algorithms must
correctly handle batched inputs.
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Algorithm 3: Disco step_experts

Input: Expert parameters {pi ZP: _01, transpose flag transpose

/* Initialise updates storage */
updates < array of length P

/+* get momentum and compute LMO update on local shards */
fori =0to P —1do
gi + GETMOMENTUM(p;) u; < BATCHEDLMO(g;; transpose_experts = transpose) up-
dates[i] + u;
end

/* Apply updates vectorized */

APPLYUPDATES({p; } 5!, updates)

Algorithm 4: Disco step_fsdp
Input: FSDP-sharded parameters {p; ZP:_Ol, world size M over fsdp, local rank r
bucket size «— M total_buckets «— [P/M| global updates < array of length P

for b = 0 to total_buckets —1 do
start < b- M; end < min(start + M, P) my_idx < start +r

for j =0to M — 1do
1 < start + j if ¢ < end then
‘ gi + GETMOMENTUM(p;) // row-sharded by FSDP send_list[j] + g;
else

‘ send_list[j] < 0 // zero padding
end

end

recv_list < ALLTOALL(send_ list)

g* < CONCATROWS (recv_list) // reconstruct full gradient for p;
u* < LMO(g")
updates_send_list < SPLITROWS (u*, M) // split u* by rows updates_recv_list

< ALLTOALL (updates_send_list)

for j = 0 to end — start —1 do
| global_updates|start + j] <— updates_recv _list[j]
end

end

/* Single vectorized apply x/
APPLYUPDATES({p; f): _01, global_updates)

Helper functions:
e ALLTOALL(list): list-based ALLTOALL over dp_shard_cp.
* CoNCATROWS(/ist): concatenates row-shards into a full tensor.

* SPLITROWS(u, M): splits u into M contiguous row blocks.
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Appendix F. Optimal norm measurement

F.1. General idea

Our initial intuition was that for a given model and data scale, there is always some optimal norm
value, corresponding to some optimal hyperparameter choice. To establish this, we focus on the output
layer with the Scion-assigned ||.||rMs— 0o norm (hereafter referred to as output norm), motivated in
the main text (Sec. 2); we also ablate this choice in Appendix T. The choice of ||.||gMS— 00 NOrm is
further motivated by [6] as mapping from a “natural” continuous RMS norm semantics for hidden
model representations onto a discrete vocabulary. Since by default we disable momentum and any
regularization, we are only left with learning rate (1) and batch size (B) as hyperparameters to tune
for optimality.

To extract the optimal hyperparameter configuration and the corresponding optimal norm, we run
an (n, B) grid search for a given model and a given pretraining dataset size (hereafter referred to as
horizon D, measured in tokens), and evaluate the model performance with training loss (cross-entropy
of the next token prediction). Since we train in a non-repeating “infinite-data” regime, training loss
faithfully reflects model performance and its generalization. First, we examine how the optimal norm,
associated to a (n*, B*) configuration optimal for a given horizon, changes as the horizon increases.
Then, we fix the horizon and scale up the model in width and depth, repeating the same optimal norm
measurement. This way, we study both model and dataset scaling directions.

Practically, for every batch size we are interested in “marginalising” or “profiling” across learning
rates, i.e. picking the optimal one and the corresponding output norm (see Appendix D for details on
the grid and random seed variations). However, an empirically lowest-loss point across the learning
rate grid turned out to be a statistically noisy estimate; therefore, for each batch size, we perform a
fit to the distribution of training loss vs. output norm across learning rates. Finally, we extract the
optimal norm value from the fitted curve and the corresponding learning rate from the nearest data
point to the fitted optimum. We provide more details on the fitting procedure below.

F.2. Fitting & loss smoothing

After naively taking the empirical optimum across the learning rate grid (e.g. as the one emphasized
with dashed black lines in Fig. 2), we found that the corresponding norm scans, although still
indicating norm transfer, are quite noisy (e.g. compare Fig. 1(a) vs. Fig. 17a). From Fig. 2 we noted
that data points in loss vs. norm plot resemble parabola if plotted in log-log scale. Furthermore, we
know by design that at initialization (step 0) the output norm equals to 1, and train loss equals to
11.765. With this, we chose to perform a constrained fit with a second-order polynomial function
in log-log scale log(loss) = alog(norm)? + blog(norm) + ¢, where the free term c is fixed at
precisely the loss value at initialization. We do this using weighted least squares fitting with
np.linalg.lstsq, where the weighting is done with inverse uncertainties coming from /oss
smoothing, described below. For robustness, only seven data points around the empirical optimum
are used in the fit. The optimal loss and norm values are then extracted as the parabola optimum
coordinates. Optimal learning rate is taken from the data point closest to the fitted optimum. Results
of such fits for Fig. 1 can be found in Fig. 18.

Since running several random seeds is computationally intensive, we perform loss smoothing
to estimate the loss variance and make loss estimates more robust. Essentially, for a given horizon
point, instead of taking its loss value, we average it with the previous and next evaluated points
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(67M tokens away, or e.g. 128 steps from each other with B = 128). Empirically estimated standard
deviation is then used in the fits as described above. We employ loss smoothing only for small batch
sizes B < 128, as those having large loss variance, and for large token horizons D > 233, to stay in
the region of largely converged loss (which can be locally linearly approximated) and therefore not
bias the estimate.

In order to get variance estimate in Fig. 3 without running several random seed runs, we vary
the fitting procedure outlined above (with/without fitting, with/without loss smoothing, with/without
constraint to loss at initialization), thus resulting in 6 total variations. For each of those we track how
optimal norm/loss/learning rate changes, and propagate this variance to plotting and downstream
analysis.

Appendix G. Illustration of optimal norm for fixed batch size 5 and horizon D

B =128 samples, D = 233 tokens
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Figure 2: Interplay of training loss, output layer norm || Wg;||rRMs— o and learning rate. Re-
sults are for the proxy model (69M parameters), batch size B = 128 samples and horizon
D = 233 tokens. Points are colored by log, (1) where 7 is the learning rate. Black dashed
lines mark the optimal configuration with minimum training loss.
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Appendix H. Optimal learning rate per batch size across horizons
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Figure 3: Optimal learning rate per batch size across horizons. Circled markers indicate optimal
(n*, B*) with the lowest loss. Within a horizon, marker transparency linearly interpolates
between the lowest- and highest-loss runs. Error bars show systematic variation from the
fitting method (Appendix F). Dashed lines are a joint linear regression with log, n* ~

log, B + logy D. Fit is performed on an extended set of horizons, not shown here for
clarity (see Fig. 8(a)).
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Appendix I. Optimal norm can be reached with multiple (1), B) configurations

Batch size [samples]

32 — 256
2—11_ .
64 —_— 512 — Free fit
— 128 —— 1024 =--- Heuristic fit

231 232 233 234 235 236 237
First horizon to reach optimal norm [tokens]
Figure 4: (1, B) combinations that reach the optimal norm || Wy, ||rms 500 = 27002 for a
given token horizon. Colours denote batch size (B); the y-axis is learning rate (). Solid

and dashed lines denote free and heuristic fits (described in text). See also Fig. 3 in the
main text for the corresponding (n*, B) scan across horizons.
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Appendix J. Output norm evolution with different (1, B)

Output norm vs horizon for different (n, B) combinations
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Figure 5: Growth of the output layer norm ||[W,||RMS— o0 VS. horizon, in tokens (a) and
number of steps (b). Results are for the proxy model (69M parameters). Each curve is a
(learning rate n, batch size B) pair, with B measured in samples: colour encodes batch
size and line style encodes learning rate, as described in the legend.
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Appendix K. Optimal per-layer-group learning rate

Best configurations for horizon=233 (8.6 B), B=128 20 Best Ninput = Noutput CONfiguration per horizon, B=512
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Figure 6: (a) Parallel-coordinates view of per-layer-group learning rate tuning. Results are for
the proxy model (69M parameters) and batch size B = 128 samples, averaged across
random seeds as described in Appendix D. Dark gray lines are the top 10% runs (loss
4.11-4.18); light gray lines are the remainder (loss 4.19—4.76). Orange traces highlight
the three best settings. The inset histogram shows the distribution of top 10% counts
for each layer group. (b) Best learning rate layouts per training horizon under the
constraint 7input = 7output- Results are for the proxy model (69M parameters) and batch
size B = 512 samples. All horizons favor a V-shaped layout with npigqen Smaller than the
input/output learning rates by the same x1/8 factor. In the legend we also report loss for
the Opﬁmal Tlinput = 7hidden = "Joutput = 7] layout (“equal @77”)'

In the main experiments, we approached scaling from a “global” learning rate point of view.
However, this may not be the case, and intricate dynamics can emerge where various layers require
different learning rates at different scales to be trained optimally, thus questioning our conclusions so
far. Here, we explore if this is the case.

Fig. 6(a) presents results for a proxy model (69M parameters), fixed data horizon (8.6B tokens)
and fixed batch size (B = 128 samples, optimal for this horizon) where we run grid search over
learning rate values € {278,277, ...,2°} for input (token embedding), output (linear projection
onto vocabulary) and hidden (all the other) layers, averaged across random seeds (Appendix D).
We observe that there is little optimal learning rate imbalance across layer groups, and uniform
learning rate assignment results in the same loss as the optimal configurations within uncertainties.
Furthermore, from the width of the optimal nodes count histograms per layer groups, we conclude
that the output layer is the most sensitive to learning rate mistuning, with the sensitivity progressively
decreasing for hidden and then input layers. In this context, noteworthy is the work of [56] where
the authors also use norm-based view and propose to automate the tuning procedure with learnable
multipliers, yielding automatic optimal norm alignment across layers.

From analysing Fig. 6(a) and additional ones for different batch sizes (Fig. 7) we found that the
configuration 7input : Noutput : Mhidden = 1 : 1/8 : 1 is always among the top 10%. This symmetry
simplifies the learning scan and notably contradicts the optimal configurations suggested in [44]
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and [47]. To study dynamics with horizon scaling, we perform the learning rate grid scan same as
in Fig. 6(a) but with constraining ninput = Moutput 6 for the proxy model with B = 512. Fig. 6(b)
illustrates the results, where we see the optimal hidden ratio (input/7hidden = 1/8) transfer across
horizons, as well as that it brings loss improvement w.r.t. a constant learning rate baseline. Lastly, we
note that again, due to the optimizer design, we expect these observations to hold true under model
width scaling.

Best for horizon=2%! (2.1 B), B=32 Best for horizon=2°! (2.1 B), B=128 Best configurations for horizon=2%! (2.1 B), B=512
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(a) (b) (c)

for horizon=2%* (8.6 B), B=512
— Top 10% loss: (4.08, 4.16]
Others: 4.17, 5.16]

for horizon=2%* (8.6 B), B= Best

(d) (e)

Figure 7: Extended version of Fig. 6(a) with additional batch sizes and horizons. Top (bottom)
row: D = 231(233) token horizons. Batch sizes, in samples: B = 32 (left), B = 128
(middle), B = 512 (right). Performance is averaged across random seeds as described in
Appendix D. Note that the optimal B* is 128 for both D = 23! and D = 233 according to
Fig. 3.

6. In terminology of [6] this corresponds to mass tuning.
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Appendix L. Optimal B*(D) measurement
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Figure 8: (a) Same as Fig. 3, but with extended set of horizons. (b) Optimal batch size B* vs.
horizon, as extracted from (a)). The line is a power-law fit (described in legend).

Fig. 3, for the sake of clarity and simplicity, illustrates only four horizons. This is not really
sufficient to extract precisely the scaling of optimal (n*, B*) (circled markers) with D, as it would
mean fitting of four data points. We therefore perform the ordinary least squares (OLS) fit on the
extended set of 9 horizons from Fig. 8(a), effectively fitting the x-coordinate of the circled markers
with a line. We model optimal batch size dependency on horizon D as a power law B*(D) = aD°
and present results on Fig. 8(b). We extract B* oc D45+0-07 consistent with the square-root scaling.
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Appendix M. Norm constraint with weight decay

27
26
25
2]
4
z 2]
T
L R D /g g e
£ 23]
=
221
21 =1.0 A=0.1
=1.06  A=0.01
= 0.0625 A = 0.1
20 = 0.0625 A = 0.01
211 213
step
(a)
27
26_
25_
8
b 2%
=
= B N N S—
= -
= 52 ]
21_ == =1.0 A=0.1
—n=1.0 A=0.01
n=0.0625 A = 0.1
20_ n=0.0625 A = 0.01
21 23 25 27 29 711 713
step
(b)

Figure 9: Operator norm against number of gradient update steps. Fixed batch size B = 32,
momentum z = 0.1, two values of learning rate 7 = {0.0625,1.} and two values of
weight decay A = {0.01,0.1} (applied as in Pethick et al. [44]), for a proxy model (69M
parameters). (a) | Win||1—rms norm (b) [|[Wout||rRMS—00- We see for A = 0.1 both norms
converging to 1/, while for A\ = 0.01 asymptotic values are not conclusive.
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Appendix N. Ablation with FineWeb-2 dataset

Proxy model (69M), Scion, FineWeb-2 (th)
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Figure 10: Same as Fig. 1(a) but using the FineWeb-2 dataset: (a) Thai partition, (b) Russian
partition. We note that while for the Russian language the three horizon curves are
nested inside of each other and share the same optimal norm, for the Thai partition the
first horizon is off. This may be due to being an early phase of training or statistical
fluctuation. For completeness, we provide the individual learning rate scans and fits used
to produce this plot in Fig. 11.
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Figure 11: Individual ||W,y;||rMS—s 00 NOrm scans for various batch sizes B (columns) across
various horizons D (rows), for the FineWeb-2 dataset: (a) Thai partition, (b) Russian
partition.
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Appendix O. Depth transfer study

Model: same as our proxy model (Appendix D), with the only difference in the head configuration:
Nquery heads = 2» Mkv_heads = 1. We run a combination of two ablations: (i) weight initialisation
depth-wise scaling (via gains/variance), and (ii) residual branch summation ratios.

For weight initialisation, the depth-wise scaling factors are applied to only the output linear
projection of attention and SwiGLU. We compare three flavours of depth init scaling: identity
(baseline), total-depth, and relative-depth, defined by multiplying the gain o by

1/4/2Njayers scale by total-depth,
ox = ¢ 1/4/21; scale by relative—-depth, (12)

1 scale by identity.

where Niayers is the total number of Transformer blocks, and I; € {1, ..., 2Njyers } is the relative

depth of the current block; o is the scaled orthogonal gain, 0 = ‘fi‘?“t, for hidden weights W €
Rdoul X din .

Each transformer block is assigned depth 2, since attention and FFN sub-blocks each count as
depth 1. When using relative—-depth, the depth of all FFN blocks can be offset by 1.

For depth-wise residual scaling, we write the residual connection in transformer as:

Y = a-X + B-Block(Norm(X)), (13)

where X is the block input and Block(-) denotes either self-attention or a FFN, and Norm is
RMSNorm in our setup.
We consider three depth-wise residual scaling schemes:

(2]2\[}\&[?:;:;1, 2N11yers) scale by depth-normalized,
(e, B) =« (1, 72Nliyers) scale by completeP, (14)
(1,1) scale by identity.

depth-normalized [32] scales both the residual and block contributions proportionally to depth.
completeP [15] preserves the residual branch while scaling down the block contribution by depth.
identity corresponds to the conventional unscaled residual formulation.

We fixed batch size (B) to 32 samples, the sequence length to 4096, and the number of training
steps to 2048. Experiments were conducted using proxy models with depths Njayers € {2,16,64}.
For all models, we performed a sweep over the learning rate {2_4, 273 972 2— 1 20}.

We report the final-step losses in Table 1, Table 2, and Table 3 for the three depths, respectively,
with the two lowest losses highlighted. From the perspective of learning rate transfer, we find
that with our optimizer, the optimal learning rate consistently remains around 22, regardless of
weight initialisation or residual scaling. We also observe that combining total-depth weight
initialisation with ident ity residual scaling yields a negligible improvement compared to using
identity weight initialisation.
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Table 1: 2 layers (B = 32, steps=2048)

Residual init

Residual multiplier

Learning rate n

274 273 9272 9-1 20
total-depth identity 420 411 4.09 4.13 422
total-depth depth-normalized 420 412 411 417 421
total-depth completeP 422 415 4.16 4.17 4.28
identity identity 419 410 410 4.13 423
identity depth-normalized 422 412 412 4.13 421
identity completeP 421 415 413 4.16 424
relative—-depth identity 420 411 4.09 413 423
relative-depth depth-normalized 420 413 411 4.16 4.25
relative—-depth completeP 421 416 4.14 4.18 4.24

Table 2: 16 layers (B = 32, steps=2048)

Residual init Residual multiplier Learning rate 1;

24 273 972 971 20
total-depth identity 381 375 3.73 377 3.88
total-depth depth-normalized 3.85 3.79 3.80 3.84 392
total-depth completeP 387 382 382 385 394
identity identity 381 374 375 379 3.89
identity depth-normalized 3.83 3.78 3.78 3.83 3.92
identity completeP 386 381 381 385 394
relative-depth identity 382 379 374 380 3.90
relative-depth depth-normalized 3.84 3.79 380 3.83 3.95
relative-depth completeP 388 382 382 385 3095

Table 3: 64 layers (B=32, steps=2048)

Residual init Residual multiplier Learning rate 7

24 273 9272 9271 20
total-depth identity 3.67 3.60 3.60 3.65 3.79
total-depth depth-normalized 3.71 3.65 3.65 3.69 3.80
total-depth completeP 3.72 3.67 3.67 3.72 3.82
identity identity 3,70 3.63 3.62 3.66 3.78
identity depth-normalized 3.70 3.64 3.64 3.69 3.80
identity completeP 370 3.70 3.67 3.72 3.82
relative-depth identity 370 3.61 3.61 3.67 3.82
relative-depth depth-normalized 3.71 3.65 3.65 3.69 3.80
relative-depth completeP 372 3.68 3.67 373 3.83
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Appendix P. Adam optimizer

Proxy model (69M), Adam (81 =8, =0) Proxy model (69M), Adam (8, =0.9, 8, =0.95)
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Figure 12: Same as Fig. 1(a) but using the Adam optimizer (no weight decay, warmup for 22 ~
537M tokens across all batch sizes, followed by constant learning rate schedule with linear
decay to 0 for 20% of the total schedule): (a) 51 = 82 = 0, (b) 51 = 0.9, B2 = 0.95.
For the no-momentum version (a) we observe norm transfer at the same optimal norm
value as our main experiment with Scion (Fig. 1(a)). For the version with momentum (b),
norm transfer is also present (with reduced sensitivity to batch size choice similarly to
Scion), but notably at a higher optimal norm value.
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Appendix Q. Residuals-only data scaling

Proxy model (69M), Scion, residuals-only norm
-\
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Figure 13: Same as Fig. 1(a) but leaving in the proxy model only residuals normalization layers
(RMSNorm without trainable parameters normalizing inputs to every attention and MLP
blocks).
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Appendix R. Normalization layers
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Figure 14: Learning rate scan for various layer normalization strategies for the proxy model

and the Scion optimizer: (a) without momentum o« = 1.0, (b) with momentum « = 0.1.
All runs share the same batch size B = 256 [sequences] and the same learning rate
schedule: no warmup, constant phase (23 tokens), linear decay to 0 for 20% of the
total horizon (0.25 x 23° tokens). Learning rate plotted on the X axis corresponds to the
learning rate of the constant phase. Markers which are not present on the plot mean that
the training diverged.
Notations in the legend corresponds to normalising 1) for the attention block (A) QKV:
outputs of the QKV projection matrices, O: inputs to the output projection matrix; 2)
MLP: inputs to the last linear layer; 3) residuals (R): inputs to both attention and MLP
blocks; 4) Output layer (O): inputs to the final layer projecting the model dimension
onto the vocabulary. Additional legend block shows the final norm (|| Wout ||RMS—00)
value and training loss for the top-3 optimal learning rate runs within each normalization
strategy.
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Appendix S. Momentum & learning rate decay

In this set of experiments we set momentum to 0.1 (which is by default disabled in the main text)
and firstly run the same horizon scaling experiment for the proxy model (69M parameters) with
the constant learning rate schedule and evaluate at the same horizons D = {231, 233 235 237} as
Fig. 1(a). The results are presented in Fig. 15(a). Here we perform loss smoothing in the same way
as for the no-momentum scenario, but do not perform the fitting, i.e. for each batch size we take the
optimal norm from the empirically best performing learning rate run. We find that the curves look
more like “blobs”, where multiple batch sizes give almost the same performance and are centered
around the optimal norm (which also transfers across horizons). Also the loss difference between
horizons is not well-pronounced as in the no-momentum scenario.

Then, we add learning rate decay, where we start from checkpoints of the horizons specified
above, assume that that constitutes 75% of the total horizon, and linearly decay learning rate to 0
for the rest 25%. Likewise, we smooth loss values and take optimum value per batch size across
empirical ones on the learning rate grid. In Fig. 15(b) we see that there is potentially a slight drift
of the optimal norm with horizon scaling. However, after examining individual scans (Fig. 19) we
surprisingly found that for long horizons the learning rate decay smooths out the norm optimum:
a broad range (factor x4 — 8 in norm) of learning rates results in the same loss. Hence, there is
no longer a single optimal norm, but rather a sizeable range, indicating that learning rate decay
significantly reduces norm sensitivity. Therefore, we conclude that the seaming drift in Fig. 15(b) is
not significant.
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Figure 15: Same as Fig. 1(a) but with momentum = 0.1. (a) Without learning rate decay. (b) With
linear learning rate decay to O for extra 25% of the total horizon.
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Appendix T. Norm choice

In this Section, we ablate if it is only the output layer norm that induces norm transfer. We replot
Fig. 1(a), with loss smoothing and without fitting, but now where we use ||.||rys—rms norm of the
output or ||.||1—rms of the input layers instead default ||.||rMs— 00 Of the output layer. We observe in
Fig. 16 (see also individual norm scans in Fig. 20) that interestingly both norms induce norm transfer.
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Figure 16: Same as Fig. 1(a) but with |[W,||RMs— oo norm for the X-axis changed to: (a)
[Wout||RMs—rms (output layer). (b) ||[Wiy||1—rMs (input layer).
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Appendix U. Supplementary plots to Fig. 1
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Figure 17: (a) Fig. 1(a) with an extended set of horizons, raw data (i.e. no loss smoothing, no
fitting, see Appendix F for details on fitting and loss smoothing). (b) Same as (a) + loss
smoothing. (¢) Same as (a) + fitting. (d) Same as (a) + fitting + loss smoothing. (e)
Fig. 1(b), raw data (no loss smoothing, no fitting). (f) Same as (e) + loss smoothing.
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Appendix V. Individual norm scans and fits
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Figure 18: Individual norm scans for various batch sizes B (columns), across various horizons
D in (a), across various models in (b) (rows). We plot train loss (Y-axis) against the
output layer operator norm ||Woyt ||RMS—s 00, Where each point corresponds to a different
learning rate run and error bars correspond to loss smoothing variance (see Appendix F).
The best-loss point for each (B, D) is pinpointed with the blue dashed line, fitted curves
are shown with blue solid lines. These fit results are used for: (a) Fig. 1(a) and Fig. 3, (b)
Fig. 1(b), from top to bottom rows: proxy, x4-width, x12-width, x8-depth, x 32-depth.
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Figure 19: Individual output norm || W ||rMs— oo Scans for various batch sizes B (columns)
across various horizons D (rows). (a) with momentum = 0.1, no learning rate decay.
(b) with momentum = 0.1, with learning rate decay linearly to 0 for 25% of total horizon.
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Figure 20: Individual norm scans for various batch sizes B (columns) across various horizons
D (rows). (a) For ||Wout||[rMs—rus (output layer). (b) For ||Wiy, ||1—rMms (input layer).
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