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ABSTRACT

The mainstream federated learning algorithms only communicate the first-order
information across the local devices, i.e., FedAvg and FedProx. However, only
using first-order information, these methods are often inefficient and the impact
of heterogeneous data is yet not precisely understood. This paper proposes an
efficient federated Newton method (FedNewton), by sharing both first-order and
second-order knowledge over heterogeneous data. In general kernel ridge regres-
sion setting, we derive the generalization bounds for FedNewton and obtain the
minimax-optimal learning rates. For the first time, our results analytically quan-
tify the impact of the number of local examples, the data heterogeneity and the
model heterogeneity. Moreover, as long as the local sample size is not too small
and data heterogeneity is moderate, the federated error in FedNewton decreases
exponentially in terms of iterations. Extensive experimental results further vali-
date our theoretical findings and illustrate the advantages of FedNewton over the
first-order methods.

1 INTRODUCTION

Owing to the great potential in privacy preservation and in lowering the computational costs, feder-
ated learning (FL) McMabhan et al.|(2017); L1 et al.[(2020a));|Wang et al.|(2025]) becomes a promising
framework in processing large-scale tasks. However, federated learning is facing massive challenges
from the heterogeneous data|Zhou et al.| (2023)); |Chen et al.| (2025)), including both the data hetero-
geneity and the model heterogeneity. The data heterogeneity comes from that inputs across devices
are usually sampled from heterogeneous distributions, while the model heterogeneity measures the
response shift due to inconsistency between local models and the global model.

First-order approaches, including FedAvg [McMahan et al.| (2017) and FedProx [Li et al.| (2020a)),
share the first-order information rather than the data across devices and tolerate the heterogeneity
in federated learning, while Newton-type FL methods (Ghosh et al.[(2020); |Gupta et al.| (2021); [Sa-
faryan et al.|(2022); |Islamov et al.|(2023)); Liu et al.| (2023); |Dal Fabbro et al.| (2024)); |Li et al.| (2024)
utilized second-order information for updating federated model. To the best of our knowledge, most
of existing learning guarantees for FL methods are derived in the context of optimization and focused
on in-sample predictive errors only, i.e., the convergence analysis (optimization) of first-order FL |L1
et al.| (2020b); [Karimireddy et al.|(2020); Pathak & Wainwright (2020); (Glasgow et al.| (2022)) and
Newton-type FL|Ghosh et al.[(2020); Safaryan et al.| (2022));|Qian et al.| (2022); |[Elgabli et al.|(2022));
Elbakary et al.| (2024); |[Hamidi & Ye| (2025). However, beyond the optimization, the generalization
guarantees (out-sample predictive performance) are of great practical and theoretical interests for
FL. Despite recent efforts and progress on the generalization for first-order algorithms |Mohr1 et al.
(2019); [Yagli et al.| (2020); |Su et al| (2021); |Yuan et al.| (2022), the generalization guarantees for
Newton-type FL algorithms remain elusive, especially on heterogeneous data and localized mod-
els. Therefore, a challenging problem in FL is how to quantify the impact of heterogeneity from the
generalization perspective?

In this paper, motivated by sharing second-order information, we propose a second-order federated
optimization method, named FedNewt on. It approximates the global predictor on the entire data
by utilizing the global gradient and local Hessians, improving the predictive accuracy in an efficient
communications framework. We then study the statistical properties of FedNewt on, and derive the
generalization bounds with the minimax optimal rates. We conclude with experiments on simulated
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data and publicly available tasks that complement our theoretical results, exhibiting the computa-
tional and statistical benefits of our approach. Due to the length limit, we leave the experiment part
in the appendix. We summarize our contributions as below:

1) On the algorithmic front. We propose a fast second-order federated learning algorithm, which
improves the approximation of the centralized model while only requiring similar computational and
communication costs as the first-order methods. The convergence of FedNewton is exponentially
fast and a few communications, for example, ¢t < 2, can approximate the global model well.

2) On the statistical front. To our best knowledge, in presence of both data heterogeneity and
model heterogeneity, we present the optimal generalization guarantees for the first time. Our results
further analytically quantify the impacts of the local sample size, the data heterogeneity, and the
model heterogeneity. Especially, the federated error decreases exponentially fast in benign cases,
i.e., a sufficient number of local examples and moderate data heterogeneity.

2 PROBLEM SETUP

In a standard framework of federated learning, there is a global parameter server and m local com-

putational clients. On the j-th local machine V5 € [m)], the local data D; = {(ac%, yij)}g”il is drawn
from a local distribution p; on the joint space X x ). The total sample D = | i—1 Dj is the disjoint
union of local data and corresponds to a global distribution p. For any local devices j, k € [m] and
j # k, data distributions are identical p; = p, = p in the homogeneous setting (iid data), while data
distributions are distinct p; # py, in the heterogeneous case (non-iid data).

We base our analysis on the standard non-parametric regression setup and assume that the target
solution f* belongs to a reproducing kernel Hilbert space (RKHS) induced by a Mercer kernel
K : X x X — R. Mercer’s theorem guarantees the kernel function admits an implicit feature
mapping K (x,z') = (¢(x),p(x’))x and the norm by || - ||x. The predictor can be stated as
foa(x) = (wp x, ¢(x)) where wp » minimizes the objective on the entire data D

|D|
. 1 2 A 2
g min 5y 3 (i) = 30)” + Gl 0

wEH i

where (x;,y;) € D, and A > 0 is the regularity parameter. The above regression problem, known
as Kernel Ridge Regression (KRR), admits a closed-form solution

wp \ = (2p®p + ) ' @pyp, 2
where ®p = \/% [(x1), - - ,qb(:cm‘)]T € RIPI x H are feature mappings on the training set
Dand yp = ﬁ (yl, e ,ym‘)T are the corresponding labels.

By averaging the local models, the simplest federated method only communicates once, known as
Distributed Kernel Ridge Regression (DKRR) with the closed-form solution

m

wp =Y pj(®p,®p, + )@ yp,,

j=1
where p; is the weight of the j-th local model, which is usually set p, = |D;|/|D|. Note that,
Pp, = ﬁ (1), - ,¢(w|p|j)}T € RIPil x Hy are local feature mappings and yp, =

\/\1D7:\ (y1,--- ,y|Dj|)T are labels on the j-th local train set D; = {(x;, yij)}ﬁjll, Vi € [m].

The solution of KRR equation 2 can be rewritten in the Newton’s method form
wp x =w — Hpgp x. 3)
where the gradient and Hessian matrix are defined as
gp = (PL®p + A)w — SLyp,
Hp ) = (2,Pp + \).
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Algorithm 1 Federated Learning with Newton Method (FedNewton)

Input: Local training data subset D;, Vj € [m]. Feature mapping ¢ : X — RM.
Output: The global estimator 117)%7 A
I: Local machines: Compute feature mapping ®p,, Hp, » = (<I>1T)j ®p, + M), ngl’ , and
<I’;gj yp, forany j € [m].
2: Local machines: Initialize the local estimators by w%y N ngly /\<I>7T3j yp, and upload them

to the global server (1). /
3: Global server: Initialize the solution by 111%’ \ = Z;”:l pj'w%i_’ > and send it to the local nodes
(4)-
4: fort =1to T do
5:  Local machines: Compute local gradients g%; Y\ = Hp, \wly \ — @7, yp, and upload them
to global server (1).
6:  Global server: Compute the global gradient gtD_)l\ = Z;nzl Dj g%‘jl)\ and send it to local
nodes (J).
7:  Local machines: Compute the local updates H. leﬁ N gtp_i and upload it to the global server
(. . —¢ —t—1 m -1 -1
8:  Global server: Update the global estimator wp, \ = Wp \ — > =1 ijDj, » 9p ) and
communicate it to local machines (/).
9: end for

From equation the global gradient gp ) and Hessian Hp , is the key to achieving the centralized
model wp . Note that, since the fact 85,®p = 37", p;®1, ®p, for data partition D = ], D;,
one can easily obtain the following property for the global gradient and global Hessian.

Proposition 1 (Partitonability). If the loss is squared loss, the global gradient and Hessian matrix
consist of the local ones, i.e. gp \ = Z;”:l pigp, » and Hp ) = Z;”:l piHp, x.

Remark 1 (Computation of local inverse Hessian). The compute of the inverse of local Hessians
H 57,17 , is time consuming O(|Dj|M?+ M?3), which is a common problem in second-order optimiza-
tion|Bottou et al|(2018). There are many classic work to reduce the time complexity of the inverse of
Hessian, i.e. BFGS |Broyden|(1970), L-BFGS Liu & Nocedal|(|1989)), inexact Newton |Dembo et al.
(1982), Gauss-Newton|Schraudolph|(2002) and Newton sketch|Pilanci & Wainwright|(2017). Those
techniques can be used to improve the efficiency of FedNewt on, but it is beyond the scope of this
paper. We focus on theoretical novelties and leave further computational improvements in the future.

Remark 2 (Feature mapping instead of kernel methods). Without loss of generality, we assume the
feature mappings are finite dimensional ¢ - X — RM, which covers a wide range of generalized
linear models, for example neural networks Neal (1995)); Jacot et al.|(2018), kernel methods \Vapnik
(2000), random features |Rahimi & Rechi| (2007); |Le et al.|(2013), |Yang et al.| (2014), and random
sketching \Woodruff et al.|(2014); |Yang et al.|(2017).

3  FEDERATED LEARNING WITH NEWTON METHOD

Motivated by recent gradient-based distributed learning [Wang et al.| (2018)); [Lin et al.[ (2020), we
propose a Newton-type federated learning method to quantity the impact of data heterogeneity and
model heterogeneity. Using Proposition[I] the exact Federated Newton’s method communicate local
Hessians Hp, ) for computing the global Hessian matrix equation (3| whose the communication
complexity is O(M?), which is infeasible in federated learning. To reduce communication costs,
we propose FedNewt on that approximates the Newton’s updates with the global gradient and local
Hessian matrices, such that

m
Hplgpa = Z ijZS].l,,\gD,,\- “4)
j=1
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Figure 1: Computation and communication in the ¢-th iteration of FedNewton.
The global learner f}, , () = (wh 5, ¢(x)) is updated by

m

| -1 -1

Wp \ = Wp \ — E :pJHDj,)\gD,)ﬂ @)
=1

where W, , is the model after ¢ iterations and the global gradient is g%‘& = Z;"’Zl Dj g%; 71/\ from
Proposition [} The approximation error between equation [3] and equation [3] is analyzed in Sec-
tion[d] Without loss of generality, we present the details of FedNewton in Algorithm [T]and Fig-
ure Ewhich includes two times communications as the first-order methods in per round. Note that,
the algorithm uploads local Newton updates ngl’ /\g%_’i € RM instead of local inverse Hessians

ngl \ € RMXM reducing communication costs from O(M?) to O(M).

Computational complexity. With a finite-dimensional feature map ¢ : X — R we now char-
acterize the time, space, and communication complexity of FedNewton. On local machine j, the
space complexity is O(|D,|M + M?) to store ®p,, Hp, 5, and ngl > While the server needs

O(mM) space to store gp, » and ng_l, 29D, - Before the iterative procedure, computing Hp, »
and ngl’ , costs O(|D;j|M? + M?) time. In each iteration, the local time complexity is O (M ?) for

computing the local gradient gp,  and the local Newton update H. 5;7 19D, While the server costs
O(mM) time to update the global gradient and estimator. Hence the overall time complexity is

0( max |D;|M? + M® + M?t + th).
jelm

Remark 3 (Communication cost). Each iteration of FedNewt on requires roughly twice the com-
munication of first-order FL methods such as FedAvg and FedProx, but it needs far fewer iterations.
The per-round communication is O (M), so the total communication complexity is O(Mt), matching
that of most first-order methods. By Theorem[] the iteration complexity of FedNewt on is linear in
the error, i.e., t = Q(log(1/€)) to achieve federated error €; thus FedNewt on converges exponen-
tially fast to the global estimator equation 2] In contrast, first-order federated algorithms typically
require t = Q(1/€) communication rounds |Su et al.| (2021). Therefore, while FedNewton does
not reduce the per-round communication as in communication-compressed FL methods Sattler et al.
(2019); |Reisizadeh et al.| (2020); \Wu et al.|(2022), it substantially reduces the number of commu-
nication rounds; in our experiments, FedNewt on already achieves strong predictive performance
with as few as t < 2 rounds.

3.1 FEDNEWTON FOR HEAD FINE-TUNING WITH A FROZEN BACKBONE

In many vision and language applications, large pretrained models (e.g., GPT-2, BERT, ViT) are
readily available. A common practice is to freeze the feature layers as a backbone and only fine-tune
a small linear head. We adopt this setting and present a FedNewt on variant where the backbone is
globally shared and frozen on all clients, and only a linear head on top of the backbone features is
optimized in a federated manner.
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Algorithm 2 FedNewton for Head Fine-tuning with a Frozen Backbone

1: Input: Frozen backbone ¢p.ckbone; local datasets {Dj }}”:1; number of rounds 77; client fraction

q; Newton step size n; damping parameter \.

Initialize: Global head parameter w% , on the server.

fort=0toT —1do
Clients (j € S;): Compute the local gradient gch » and send (gtDw s |Djl) to the server.

Server: Compute the global gradient gtD, 5 via equation|§|and broadcast ga » (and optionally
'LB%’/\) toall j € 5.
6:  Clients (j € S;): Compute the Newton step Aw§ via equation and send Aw§ to the server.

7. Server: Update the global head wtg /1\ via equation
end for
9: Qutput: Final head parameter IIJ%, » on the frozen backbone ¢packbone-

o0

Let ¢dpackbone denote the parameters of a fixed pretrained backbone shared by all clients. For any
input x € X, its feature representation is ¢(x) = Ppackbone(x) € RM, where M is the feature
dimension. On these frozen features, we consider a linear model fp (x) = (wp,x, ¢(x)), where
wp,\ € RM collects all trainable head parameters. For a twice differentiable loss £(-,-) (e.g.,
cross-entropy), the loss on a sample (x,y) is £(fp,A (), y).

On local machine j with dataset D; = {(a:ij, yij)}ﬁil, the empirical risk with respect to wp
is Fj(wp,) = \%ﬂ ZE&‘ (((wp,x, ¢(xi5)),yij). At communication round ¢, all participat-
ing clients share the same head parameter w, ,. Each machine j computes its local gradient
9p,.» = Vap , Fj(Wp ), and uploads g, and the local sample size |D;| to the server. Let
p; = |D;|/ S, |D;|. The server then computes the sample-size-weighted global gradient
m
g = ij 9D, A (6)
j=1

and broadcasts g, , (and optionally wf, y) to all j € S;.

Based on the global gradient and local Hessian, FedNewton instructs clients to compute an exact
local Newton step via matrix inversion or an approximate local Newton step via the Conjugate
Gradient (CG) algorithm to solve a linear system

—1
Aw;‘- = (H%J’A) g%)\ (exact), or H{’)J_7/\Aw;‘- = g"b’/\ (CG) 7

To handle non-convexity and improve stability, the local Hessian is regularized via Tikhonov damp-
ing, HtDW\ = Vi, JFj(wh ) + M with A > 0. CG method is a matrix-free approach that
relies solely on Hessian-vector products, enabling high-precision second-order updates with small

memory overhead and zero communications of Hessian matrices.

Given a global step size 7 > 0, clients send Aw§ back to the server and perform the aggregation
Wi} = wh \ —n Y pjAw). (8)

Throughout training, the backbone @packbone remains frozen and is neither updated nor commu-
nicated. We summarize the protocol in Algorithm 2} It mirrors the RKHS-based FedNewton in
Algorithm [T} but confines second-order computations to the finite-dimensional head while using a
fixed pretrained backbone as the feature map.

Remark 4. Compared to RF-based FedNewton, this variant replaces the random feature map
with the pretrained backbone Gpackpone() and restricts Newton-type updates to the linear head
Wp,x. This design keeps second-order computations lightweight, while the strong backbone fea-
tures ensure competitive accuracy. As shown in Section|(} leveraging a powerful frozen backbone
allows FedNewt on to outperform many first-order FL baselines with only a few rounds, aligning
well with the pretrain—then—fine-tune paradigm.
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4 MAIN RESULTS

In this section, to explore the factors that affect performance, we derive the excess risk bounds for
FedNewton in homogeneous settings and heterogeneous settings, respectively.

4.1 NOTATIONS AND ASSUMPTIONS

We consider a broader scenario for federated learning, where the local training sets contain both het-
erogenous inputs (covariate shift) D; ~ p; and different responses (concept shift) yp, ~ p;(y|x).
The concept shift is represented as

f(z) = /yydp(ylw)» zeX,  fi(z) Z/yydpj(yw), x€X,je[m] 9)

where f is the underlying mechanism governing the true responses on the j-th worker. Give a
x € X and j, k, € [m], the responses may be different f () # f;(x) when j # k.

Definition 1 (Operators with feature mapping ¢). Using the feature mapping ¢ : X — Hg,V 3 €
Hx, the covariance operators C,C;,Cp,Cp, : Hx — Hi are defined as

|D|

1 Z</8, ¢(CC@)>¢($Z), \4 (:L'i,yi) c ’D’

cp - /X (B.0(@)o@)ipx (@), o=

ID;|

C8= [ (8.0@No@)ips(@).  Co,B= 57 (8. 0(w))o(w). ¥ (wips) € D

Note that, Cp = @;';QD, ij = <I>£7, ®p, are the empirical covariance operators on D and Dj,
while C' = E,[Cp],C; = E,, [Cp,] are their expected counterparts.

For the sake of readability, we provide some notations

P, = [(Cp; +ADHC +ADI, Rop,n = I(Cj +X)7HC; — Cp,)l;
Ap, = [|C = Cjl|, Ag =l = 7L

The quantities Pp, » and Rp, » measure the similarity between the expected covariance operator
and its empirical counterpart. From contraction inequalities for self-adjoint operators, a larger num-
ber of local samples |Dj| leads to smaller Pp; \ and Rp, . Note that, Apj measures the data

heterogeneity on the expected covariance operator, while Ay, measures the model heterogeneity on
the true regressions.

We let || fll2 = \/(f.f) = \/[x |f(x)|?dP(x) denote the L*(P) norm and L*(P) = {f : X —

R | ||f||3 < oco}. Throughout this paper, we assume the outputs are bounded |y| < B almost surely
for some B > 0 and x := ||¢(x)||x < oo forany x € X.

Assumption 1 (Federated capacity condition). For A € (0, 1), we define the effective dimensions on
the global distribution p and local distributions p;, Yj € [m] as

NA) =Tr(C(C + AI)™Y), N;(N) = Tr(C;(Cy + M) ™H).
Assume there exists Q) > 0 and v € [0, 1], such that
max (N(A)7N1(A)? e 7NITL(A)) S QQ)\_’Y-

Assumption 2 (Source condition). Define the integral operators L : L*(P) — L*(P),

(Lg)(')Z/X<¢(')7¢(w)>g(fc)dpx(w)a Vg€ L*(P).

Assume there exists R > 0, r > 0, such that |L™" f*|| < R. where the operator L" denotes the r-th
power of L as a compact and positive operator.
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Capacity condition and source condition are standard assumptions in the optimal statistical learning
for the KRR related literature Caponnetto & De Vito|(2007); Smale & Zhou/(2007); Rudi & Rosasco
(2017);|Lin & Cevher (2020); Liu et al.| (2021). The effective dimensions N’ () and NV, (\) measure
the capacities of the RKHS H k on the global distribution p and the local distributions p;, Vj € [m].

Here, we modify the conventional capacity condition for federated learning to impose
constraints on local estimators. Note that, for effective dimensions, it holds 1/2 <
max (N (A),N1(\), -+ ,Nim(X)) < &2X~! Rudi et al.| (2015). Assumption 1| reflects the vari-
ance of the estimator. A larger v leads to a larger Hx and v = 1 corresponds to the capacity
independence case. Assumption [2] controls the bias of an estimator, which reflects the regularity of
the estimator. The bigger r leads to the stronger regularity of the regression and the easier learning

problem. The general settings (r = 1/2,7 = 1) lead to O(1/+/|D]) convergence rates for KRR
related approaches.

4.2 ERROR DECOMPOSITION

Theorem 1. Let fp », ftD so J* be defined according to equation 2 equation |5 and equation E’]
Then, the following error decomposition holds

1o = N < 1fpa = ol + Ifoa—F1l (10)

federated error centralized excess risk

and the federated error for FedNewt on is bounded by:

1Fbx = Foallz <T{|(C+ A2 (@8 5 — wp)| .

In the above theorem, we decompose the excess risk for FedNewt on into two parts: the federated
error || f% \ — fp x|l and the excess risk for the centralized KRR || fp x — f*||. Since the generaliza-

tion analysis for || fp.x — f*|| is standard |Caponnetto & De Vito (2007); Smale & Zhou|(2007), we
focus on the federated error || f7, y — fp.all-

m Ap; Ap,
where T = Zj:l pﬂ?pj,,\ (272@].’)\ + f] ) (1 + ;\DJ

From Theorem [I] we find that the value of T determines the effectiveness of multiple iterations.
If T > 1, FedNewton with multiple communications is worse than oneshot federated learning
(DKRR). However, when T < 1, the federated error decreases exponentially and the rate of con-
vergence is referred to as linear convergence in the optimization literature Bottou et al.| (2018).
The quantities Pp,,» and Rp, \ measure the similarity between ij and C; where those quanti-
ties decrease as the local sample size |D;| increases. Because Y is proportional to Pp; x, Pp, x
and Ap,, the linear convergence requires both a sufficient number of local examples |D;| and
moderate data heterogeneity Ap,. If ¢ = 0, the above error bound degrades into that for DKRR

1o = Foalle < (€ +ADY2 (@, —wpo)|

Theorem 2. Under Assumption 2| with a high probability 1 — 6, V6§ € (0, 1), the federated error
can be bounded

1fpx — foall
<7t A1+ ’<2R o+ ek i + log= + —=2 4+ Ay |.

Theorem [2] illustrates the key factors that affect the federated error: the discrepancy between ex-
pected and empirical covariance operators Rp; x, the covariate shift Ap,, and the model hetero-
geneity Ay,. The smaller these factors, the smaller the federated error. The federated error results
from three parts: distributed error ﬁbﬂ + %;\\)’ covariate shift Ap, /A and concept shift Ay, .
Specifically, as the increase of local sample size, the distributed error decreases. However, the con-
cept shifts Ay, is a constant and it will dominate the federated error when model heterogeneity Ay,

is large. In the case T < 1, iterators can reduce the federated error.
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4.3 HOMOGENEOUS SETTING
Theorem 3. Leté € (0,1/3], A = |D|% and 2r +v > 1. UnderAssumptions ifAp, =0
and Afj = 0, with the probability at least 1 — 36, it holds

m

= 2
t * 2
1 fox—f H2A<JTtZPij log g+|D

j=1

ﬁlog%.

Here, R; and Y have different values w.r.t local sample size

ID,;|72D|77,  if |D;| < |D|FE
140.5 1—
_ ) IDITD S DI S 1Dy £ (D]
’ DY D|7H, i [D|7 S |Dy| S|P
|D|77, if |D;| 2 |D| 572
and ¥ =2 Z;":l piPp, AR, holds
T>1, if|D;| < |D|7
_1
TS IDl\é’;l*” <1, otherwise.

Note that, the second term in the above bound is from the centralized model || fp » — f*||2, where

the learning rate O(|D| 2:+Tv) is optimal in a minimax sense (Caponnetto & De Vito (2007). The
performance of FedNewton in the homogeneous setting is only affected by the local sample size.
We discuss the above result in three parts. First, when the number of local examples is limited |D;| <
|D|Z , in another word the number of local machines is larger than m > |D| 7, the federated
error dominates the excess risk and fails to achieve the optimal rate, where the convergence rates
—1
Ty ). Meanwhile, when the number of local examples is limited, it leads
=7 5Dy S

are slower than O(|D

to T > 1 and multiple communications hurt the performance. Second, when |D

2riytl ; ; i

|D| #r+2+, although the convergence rates of federated error are still not the optimal, the iterator T
is smaller than one, leading to a linear convergence. As the increase of communications ¢ — oo, the
centralized excess risk will dominate the error bound that achieves the optimal rate. Third, with a

large number of local examples |D;| 2 |D| *+27 , even with insufficient communications ¢t — 0,

the error bound still achieves the optimal rate O(|D|=+7 ).

Theorem [3] can be further simplified in some special cases. For example, we consider the general
case (r = 1/2,y = 1), where r = 1/2 is equivalent to assuming f* € Hx and v = 1 is the ca-
pacity independent case. The learning rate achieves O(1/+/]D[) when |D;| > |D|%% with multiple
iterations or |D;| > |D|%7® with only one communication.

Remark 5. The existing theoretical guarantees for DKRR|Zhang et al.|(2015); |Guo et al.|(2017); |Lin
& Cevher((12020) focused on how to achieve the optimal rate by a sufficient number of local examples
(or lower the number of partitions), but they ignored the sub-optimal case that the local sample size
is fixed and insufficient. However, in federated learning, the number of partitions is fixed and local
examples are generated locally, such that sub-optimal cases are more general. Theorem 3|illustrate
that a sufficient number of local examples is crucial for both learning rates (in generalization) and
convergence rate (in optimization).

Remark 6 (Finite dimensional case). In the proofs of theoretical findings, we consider the estimator
in RKHS with w € Hg. However, the finite-dimensional cases are more general, i.e. w € RM in
Algorithm[I| where the feature mappings are explicit and can be neural networks or random features
Rahimi & Recht|(2007). With a simple modification of our proofs, one can derive similar results for
finite-dimensional cases. In particular, under same assumptions of TheoremE]and (r=1/2,7v=0),
then with high probability, || f1, 5 — f*[l2 < |D;|2|D|*>++/M/|D|, provided that |D| 2 M log M.

14+~y(2r—1)
As shown in |Rudi & Rosasco, (2017), a large number of random features M 2 |D| 7 can

guarantee the optimal rates for || fp x — f*||2, and thus there are similar results as Theorem
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4.4 HETEROGENEOUS SETTING

Theorem 4. Let § € (0,1/3], A = |D >+ and 2r + v > 1. Under Assumptions with the
probability at least 1 — 36, the excess risk bound for FedNewt on holds

m
= * ADj 2 —r 2
1 7o = 1711 srt;m/u N (% +115) log® 5+ [DI77 log 5.

m Ap, Ap, .
Here, T = 31" pjPp; A(2Rp; » + %)(1 + %), R, is same to Theoremand

2 1
[D|75 D>

II; = ID;1 A?J+ 1D;] Ay, i]f‘Dj‘g‘D
(14 |D[z# Ap,)(Ay, +|D|7+ Ap,), otherwise.

_1
2r+y

We add some comments on the above theorem. First, when the local sample size is insufficient
|D;| < \D|ﬁ or the data heterogeneity is considerable, we have T > 1, and communications
hurt the performance. Meanwhile, since the federated error /1 + Ap, /A(R; + II;) depends on
|Dj|, Ap,, and Ay,, the learning rate is far from the optimal rate. Second, when the number of
local examples is sufficient |D;| 2 |D| 77 and data heterogeneity is small, it holds T < 1 where

communications can improve the generalization ability of FedNewton. In this case, the federated
error || f5 , — fp .|| converge exponentially fast. If ¢ is large enough, the error bound in TheoremEI

depends on the centralized excess risk || fp,x» — f*||2 and achieves the optimal learning rate.

The learning rate of generalization bound in Theorem [] is determined by four factors: the local
sample size |D;|, the covariate shift Ap,, the response shift Ay, and the number of iterations .
Furthermore, the iterator value T depends on |D;| and Ap,, such that these two values are important
factors for both fast convergences (in optimization) and the learning rates (in generalization).

Remark 7 (How to achieve the optimal rate in federated learning?). The value of T < 1 is key to
obtaining a linear convergence rate and the optimal learning rate, where it depends on both local
sample sizes T RDJ,A x |Dj| and data heterogeneity T o Apj. Note that, ADJ measures
the intrinsic discrepancy between local distributions and the global one, and thus it is a fixed value
independent from the local sample size. Therefore, since Ap, is a constant, we can obtain T <
1 with a large number of local examples generated by local machines. And then, with a large
number of iterations when Y < 1, the federated error, depending on both data heterogeneity and
model heterogeneity, can become small enough to be negligible. In this case, a large number of
local examples can guarantee both a linear convergence rate (for federated error) and the optimal
learning rate (from the centralized excess risk). A large number of local examples benefit both
optimization and generalization, rather than making tradeoffs between them.

5 COMPARED WITH RELATED WORK

We compare FedNewt on with recent Newton-type methods, DKRR methods, and first-order FL.
algorithms in both algorithmic and theoretical fronts. Table[T|reports the main factors that affect the
performance, the computational and generalization properties of related work.

Compared with DKRR. DKRR methods in kernel space (Zhang et al.| 2015} |Guo et al., 2017) incur
much higher time complexity than stochastic optimization in feature space. Although both our work
and (Guo et al., 2017; Lin & Cevher, 2018} [Lin et al., 2020) rely on integral operator techniques,
DKRR assumes i.i.d. local data and thus avoids the data/model heterogeneity central to our setting,
making their proofs significantly simpler. Key distinctions are: (1) we relax the regularity condition
from r € [%, 1] tor > 0,2r + v > 1; (2) we handle non-i.i.d. data with both covariate (Ap,)
and response (A, ) shifts, whereas DKRR covers only the homogeneous i.i.d. case; (3) to cope with
heterogeneity we introduce new error decompositions for the federated excess risk; and (4) we bound
excess risk for varying local sample sizes (Theorem 3)) covering both optimal and sub-optimal rates,
while DKRR analyzes only optimal rates under restrictive partition constraints (Lin et al., [2020).

Compared with first-order methods. First-order analyses such as (Su et al.,[2021]) achieve the op-
timal rate || f — f*||3 = O(1/|D]) via random matrix theory and local Rademacher complexity, but
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Table 1: Summary of computational and generalization properties for related work.

Related Work ‘ \D, \ADjAfJ‘ Global Convergence Communication ‘ Conditions Local Size \D_7v| Generalization Bound
DKRR |Zhang et al. (2015} v ox x |o@) |D| Specific kernels Q(r?2xt log |D|) o (ﬁ)
14~ —=r
DKRR|Guo et al. (2017) Vo X x |o@) |D| re(1/2,1] Q(‘D‘ﬁ> o(|p|Zr+7)
2—y 1 o
DKRR-SGD|Lin & Cevher 2018 | v/ X X O(‘mﬁ) |D| r€[1/2,1] Q(D| 277 F) O | |D|2r+Y
27 1 —r
DKRR-CM|Lin et al. §2020] Vv x x |O(ogl) Dt re(1/2,1] H(\D\%%) ooz
1 ) i A?.
FedAvg|Su et al. [2021) x x| O0(37) Mt Specific kernels / o T ™7
A2
FedProx|Su et al. [[2021) X X 4 O(%) Mt Specific kernels / o % + TDLI
DistributedNewton |Ghosh et _al. 1 1 )
{2070] X X X |O(loglog ¢ +1log¢) Mt / / /
LocalNewton|Gupta et al. {2021 X X X |O(log %) Mt / / /
FedNew|Elgabli et al. 2022] Voxoox |1 Mt / / /
FedNL |Safaryan et al. {2022} v v X | O(log %) Mt / / /
SHED |Dal Fabbro et al. {2024) Vv v x |O(loglogl) M2t / / /
FedNS|Li et al. [2024) Vv vV x |O(loglogl) kMt / / /
Fed-sofia|Elbakary et al. [[2024) v v x|/ Mt / / /
1 J
Theorem ‘ v X X ‘ O(log ¢) Mt r>0,2r+y2>1 QD27 7) Theorem
1
Theurem ‘ v v oV ‘ O(log %) Mt r>0,2r+y>1 QD277 ) Theorem

Note: The computational complexities are computed in terms of regularized least squared loss. We estimate the upper bounds for || f — f*||2 Vf € L2 (P). We
denote Dieg the testing data, 7 the step-size for SGD approaches, € the federated error and A2 = Z;nzl Py A? .. For Rademacher complexities based bounds
J

Zhang et al.|(2015);|Su et al.|(2021), specific kernels include kernels with finite-rank or polynomial eigenvalues decay. k is the subsampled size for Nystrom
approximation. Integral operator based bounds|Guo et al.|(2017);|Lin & Cevher|(2018);|Lin et al.|{(2020) also assume v € [0, 1].

assume i.i.d. inputs and neglect both local sample size and data heterogeneity. Their results further
rely on (i) the target function lying in the hypothesis space (r € [%, 1]), (ii) vanishing complexity
(v—0), and (iii) specific kernels that may be sub-optimal for federated tasks. Our integral-operator
analysis removes these constraints, explicitly capturing the role of local sample size and hetero-
geneity, and shows that with sufficient local data and moderate heterogeneity the federated error
converges linearly at the optimal rate O(|D|~2"/(27+7)), whereas the rate in (Su et al., 2021) re-
mains sublinear and deteriorates with model heterogeneity O(%).

Compared with Newton-type FL methods. Compared with existing second-order federated opti-
mization methods, our theoretical results (TheoremsE]andE]) advance the state of the art in three key
aspects. (i) Classical distributed Newton methods such as DistributedNewton (Ghosh et al., 2020)
and LocalNewton (Gupta et al., 2021)) provide fast convergence (O(log %) or better) but purely from
an optimization perspective, without any formal statistical generalization or minimax risk analy-
sis. (ii) Federated Newton variants under non-i.i.d. data including FedNL (Safaryan et al.| [2022)),
SHED (Dal Fabbro et al., [2024) and FedNS (L1 et al., 2024) address data heterogeneity and retain
logarithmic convergence, yet their theory stops at bounding the optimization gap and lacks explicit
excess-risk guarantees. (iii) Our work not only preserves the fast O(log %) convergence and Mt
communication complexity typical of second-order approaches, but also establishes tight minimax
lower bounds on the excess risk and extends them to heterogeneous settings—offering, to our knowl-
edge, the first unified optimization—generalization theory for federated second-order methods.

6 CONCLUSION AND FUTURE WORK

In this paper, we present an efficient second-order optimization method for FL. We derive gener-
alization bounds with the optimal rates, which quantify the impacts of local sample size, the data
heterogeneity, and the model heterogeneity. In benign cases, the federated error convergence expo-
nentially fast, and thus communications can be small. Our theoretical findings fill the gap between
optimization and generalization for federated learning, rather than focusing on one of them. Overall,
the techniques presented here highlight new ways for designing efficient algorithms and analyzing
both generalization and optimization for FL.

In future, we first aim to explore superlinear convergence for FedNewt on, potentially leveraging
Hessian-free approximations to reduce computational overhead while maintaining fast convergence.
Then, we extend the theoretical framework to nonconvex losses and more general model classes.

10
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A EFFICIENT SOLVERS FOR SCALABLE FEDNEWTON

While FedNewton provides a theoretically superior update direction via the local Hessian Hy, com-
puting the exact Newton step Aw = H,;lg in equation [7|is computationally prohibitive for high-
dimensional models. Explicitly forming H;, € R%*? requires O(d?) memory, and inverting it re-
quires O(d?) operations. To make FedNewton feasible for modern deep networks, we propose and
implement four distinct approximation strategies to solve the linear system Hy;Aw = g without
explicit matrix inversion.

A.1 MATRIX-FREE CONJUGATE GRADIENT (CG)

To avoid the memory bottleneck of storing the Hessian, we employ the Conjugate Gradient (CG)
method. CG is an iterative algorithm that solves linear systems involving symmetric positive-definite
matrices using only matrix-vector products (MVPs). Instead of computing H;, explicitly, we com-
pute the product Hj v for an arbitrary vector v using the “Pearlmutter trick” (automatic differentia-
tion):

Hyv = Vg (VwL(w) V). (11)

This operation has a computational cost of O(d), similar to a standard gradient backpropagation.
By truncating the CG process to a small number of iterations (e.g., K., = 10), we obtain a high-
precision approximation of the Newton step with linear memory complexity O(d), making it appli-
cable to large-scale models.

A.2 DIAGONAL APPROXIMATION (FEDNEWTON-DIAG)

For scenarios with extreme resource constraints, we implement a diagonal approximation strategy.
We approximate the Hessian as Hy, ~ diag(h), where h € R captures the curvature along the axes.
In our implementation, we estimate the diagonal elements using the empirical Fisher Information
Matrix (FIM) on the current batch of data B:

1 8€(x;w)>2
hi = — RASSEALEA BTSN (12)
% (o

The update rule simplifies to an element-wise division Aw; = g¢;/h;;. While this ignores cross-
parameter interactions, it reduces the computational overhead to that of a single backward pass,
offering a robust baseline similar to adaptive optimizers like Adam or FedSophia.

A.3 LIMITED-MEMORY BFGS (L-BFGS)

To utilize historical curvature information without accessing the second-order derivatives directly,
we adapt the Limited-Memory BFGS (L-BFGS) algorithm for the federated setting. Unlike standard
Newton methods that compute the Hessian from scratch at every round, our L-BFGS solver main-
tains a history of the m most recent updates s; = w1 —w; and gradient differences y; = g;+1—g;.
Using the two-loop recursion algorithm, we compute the direction d = *HZi prasg directly.
Crucially, in our Federated implementation, the L-BFGS state is maintained on the server or syn-
chronized across clients to ensure the curvature history reflects the global optimization trajectory,
smoothing out the noise inherent in local client updates.

A.4 LOW-RANK APPROXIMATION

We explore a Low-Rank approximation based on the observation that the Hessian spectrum of neu-
ral networks is often dominated by a few large eigenvalues (the “bulk” and “outliers” structure).
We employ a truncated Krylov subspace method (implemented via early-stopped CG or Lanczos
iterations) to project the optimization problem into a lower-dimensional subspace spanned by the
top-k eigenvectors. Formally, if H;, ~ UAU " where U € R%** contains the top eigenvectors, the
inverse is approximated in this subspace. This method acts as a regularizer, focusing the Newton up-
date on the directions of highest curvature while leaving flat directions to standard gradient descent,
thereby preventing instability from noisy small eigenvalues.
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Table 2: Complexity Analysis of Proposed Solvers. d denotes the number of parameters, K4 is CG
iterations, m is L-BFGS memory size, and k is the rank.

Solver Strategy Time Complexity Space Complexity Exact Hessian Required?

(per step)
Exact Newton O(d?) O(d?) Yes
CG (Matrix-Free) O(Key - d) O(d) No (HVP only)
L-BFGS O(m -d) O(m - d) No (History only)
Diagonal O(d) O(d) No (Diag estimation)
Low-Rank O(k - d) O(d) No (HVP only)

B class 0
H class 1
B class 2

Local sample size
=
w
o

Dy D, D3 Ds Ds Ds D; Dg Dy Dy
Local devices

Figure 2: Data partitions for the dna dataset.

B EXPERIMENTS ON RF MODELS

In this section, we first carry out simulations to corroborate our theoretical statements. Then, we
compare the performance of FedNewton with related baselines on real-world datasets.

DATASETS

1) Synthetic dataset. Although the existing work [Li et al] (2020a); [Lin et al| (2020); [Su et al.
provide strategies to generate synthetic datasets, these datasets either fail to impose both data
heterogeneity and model heterogeneity among devices, or just fit a simple linear problem. Here, we
focus on a nonlinear problem f*(z) = min(—1"2,1"x) with z ~ N(0,I). On the j-th local
machine, we generate D; = (X, y;) based on y = min(—w '@, w ' x) + ¢, where € ~ N(0,0.2)
is the label noise, ; ~ N (u;,I),u; ~ N(0,a) and w; ~ N (1,v,),v; ~ N(0, ). Notably,
and [ control the data heterogeneity and model heterogeneity, respectively. Data heterogeneity and
model heterogeneity increase as a and 3 become larger, and the homogeneous setting corresponds
toa = 5 = 0. We set d = 10 and generate |D| = 10000 samples for training, 2500 samples for
testing.

2) Real-world datasets. We evaluate the compared algorithms on publicly available datasets from
LIBSVM Data E|, which provide both training and testing data. To construct a heterogeneous and
unbalanced setting, we split these datasets across 10 clients using a Dirichlet distribution Dirg (c¢)
Wang et al.| (2020), where c is some constant relevant to the level of heterogeneity and unbalanced
distribution. For example, the data partition for the dna dataset with Dirg (1) is reported in Figure
[2] where the local datasets are both heterogeneous and unbalanced, which is common in federated
learning scenarios.

!Available at https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/
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Figure 3: Impact of the number of local samples (left) on the synthetic dataset and MNIST dataset
(right). The number of total training samples is fixed, |D;| = |D|/m and Ap, = Ay, = 0. The
blue dotted line denotes the exact KRR on all training data.

EXPERIMENTAL SETTINGS

We compared the proposed FedNewton with the baseline (KRR on entire data), DKRR
(FedNewton with t = 0), FedAvg [McMahan et al.| (2017 and FedProx |Li et al.| (2020a) with the
squared loss equation[I] The estimator can be expressed as f(z) = (w, ¢(z)), where ¢(z) denotes
the feature mapping function. Here, we use random Fourier feature ¢(x) = 1/v/M cos(Q "z + b),
where ¢ : R — RM Q € R>*M b ¢ RM and Q ~ N(0,1/02),b € U0, 27]. We set M = 200
for synthetic dataset and M = 2000 for real-world datasets. We implement all code based Pytorch
and tune the hyperparameters over o> € {0.01,0.1,---,1000} and A = {0.1,0.01,--- ,10~7} by
grid search. We report the data statistics and parameter setting in Table [3] All experiments are
recorded by averaging results after 10 trials.

We initialize all iterative methods, including FedAvg, FedProx and FedNewton, by w%j’ N =

HZ;;’ ,\‘I%j yp, rather than w%h » = 0. DKRR directly averages the initialized models. FedAvg

updates local models with s = 2 iterations on all local data in each epoch. In Section [B] we esti-
mate the impact of local sample size, data heterogeneity without comparing FedAvg and FedProx.
Here, we provide the full comparison with FedAvg and FedProx w.r.t. local sample size and data
heterogeneity.

B.1 EMPIRICAL VALIDATIONS

We verify the theoretical findings in theorems by exploring how the factors empirically affect the
performance on a synthetic dataset that can capture both data heterogeneity and model heterogeneity
and the MNIST dataset.

Impact of local sample size. We explore the influence of local sample size |D;| by fixing the total

sample size |D| = 10000 while varying the number m of local machines, where |D;| = %. As
shown in the first two in Figure when the number of local samples is small, i.e. |D;| < 200 for the
synthetic dataset and |D;| < 3300 for MNIST, FedNewton with multiple communications hurts
the generalization performance, and more communications lead to worse accuracy, corresponding
to the cases Y%;1 in Theorem When the local sample size is larger than a threshold, i.e. |D;| ~
260 for the synthetic dataset and |D;| ~ 4400 for MNIST, more communications can significantly
improve the predictive performance and get closer to the exact KRR, which coincides with the
cases T? < 1 in Theorem [3| Note that, even with a large number of local examples, there still
is a great gap between DKRR and KRR, while FedNewton achieves a good approximation to
KRR. Meanwhile, both larger |D;| and larger ¢ can improve the approximation ability, validating
the theoretical results. Compared to first-order methods, when the local sample size is large enough,
FedNewton outperforms FedAvg and FedProx. However, FedNewton is more sensitive to the
number of local examples, and we find that the predictive error explodes when local sample size is
small.
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Figure 5: Predictive performance of FedNewt on, FedAvg and FedProx on heterogeneous synthetic
dataset (left) and MNIST (right).

Impact of heterogeneous data. Let m = 20 and |D;| = 500 for the synthetic dataset. We ex-
plore the impact of data heterogeneity by generating inputs with covariate shifts and explore the
impact of model heterogeneity by generating outputs with response shifts. The right of Figure [3]
illustrates: 1) Compared to DKRR, FedNewt on remarkably reduce MSE when the heterogeneity
is small. But it enlarges the errors from heterogeneous data when the heterogeneity is bigger than a
threshold, i.e., ADJ. ~ 0.466. 2) For the benign data heterogeneous settings, more communications
for FedNewton lead to better approximation to the exact KRR, while the gap between DKRR and
KRR still exists. 3) When data heterogeneity is large, FedNewt on is more sensitive to data hetero-
geneity than DKRR, and more communications hurt the predictive accuracy. In the line of federated
learning, the data heterogeneity is common due to different data distributions while the model het-
erogeneity is usually small. The left of Figure [ shows that 1) Model heterogeneity decreases the
predictive performance for all methods. 2) More communications lead to better approximation to
KRR when model heterogeneity is small. 3) The performance of all methods is similarly poor when
model heterogeneity is bigger than 0.0135 and all models finally get similar bad results when model
heterogeneity is large enough. These observations coincide with Theorem [}

Iterations of FedNewton and first-order methods. We use heterogeneous dataset for iterations,
i.e. the synthetic dataset with & = 0.01 and v = 0.001 and the MNIST dataset partitioned by a
Dirichlet distribution Dirg (0.5). The last two in Figurereports the generalization performance on
heterogeneous data in terms of the communication rounds. We find that: 1) With a few iterations,
FedNewton converges to KRR on the entire data, outperforming the divide-and-conquer and first-
order methods. 2) Since local models are initialized by the closed-form solutions, FedProx converges
very fast ¢ = 1 and then updates slowly. The performance of FedProx is better than DKRR and
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Table 3: Data statistics and hyperparameter settings.

Dataset Task |D| d  classes kernel parameter o A Aprox  Dirg(a) learning rate
synthetic regression 10000 10 1 0.1 le-06  7e-07 1 0.001
dna multiclass 2000 180 3 0.001 le-07  1e-08 1 0.001
letter multiclass 15000 16 26 1 0.001  0.001 0.5 0.001
pendigits multiclass 7494 16 10 0.01 0.0001  0.0001 1 0.0001
satimage multiclass 4435 36 6 1 0.001  0.001 1 0.001
Sensorless | multiclass 58509 48 11 10 le-06  1e-07 1 0.001
shuttle multiclass 43500 48 11 10 0.001 0.001 0.5 0.001
usps multiclass 7291 256 10 0.1 0.0001  0.0001 0.5 0.001
mnist multiclass 60000 784 10 0.1 le-05  7e-07 0.5 0.001

Table 4: Classification accuracy (%) for classification datasets. We bold the results with the best
method and underline the ones that are not significantly worse than the best one.

Dataset Compared methods FedNewton

DKRR FedAvg FedProx #1 #2 #4 #8
dna 90.91£0.50 91.09+0.42 89.4246.98 | 92.23+0.53 91.96+0.48 92.02+0.40 88.19+11.58
letter 77.18+£0.12  77.11£0.17 77.17+0.12 | 77.30+0.12 77.304+0.12 77.30+£0.12  77.30£0.12

pendigits | 97.12+0.09 97.12+0.11 97.12+0.10 | 97.29+0.13  97.31+0.10 97.31+0.11  97.23+0.31
satimage 87.70+0.17 87.84+0.08 87.74+0.11 | 88.49+0.19 88.26+0.17 88.31+0.14  88.31+0.15
Sensorless | 96.81+0.12 96.87+0.14 96.84+0.13 | 97.32+0.11 96.874+0.14 96.44+0.17 84.43+1.20

shuttle 98.46+£0.06 98.53+0.08 98.51£0.07 | 98.54+0.07 98.51+£0.07 98.50+£0.07 98.44+0.16
usps 92.95+0.10  92.95+0.12 92.95+0.12 | 93.49+0.18 93.24+0.13 93.28+0.14  93.30+0.15
mnist 95.38+0.12  95.40+0.13  95.46+0.11 | 95.53+£0.13 95.48+0.13 95.49+0.13  95.48+0.12

FedAvg but worse than FedNewt on. 3) Compared to FedProx and FedNewt on, the convergence
of FedAvg is slow and achieves the performance between DKRR and FedProx.

B.2 EVALUATION RESULTS ON REAL DATASETS

We compared related federated learning algorithms on both original datasets and non-iid datasets
partitioned by a Dirichlet distribution Dirg (0.5). After partitioning with a Dirichlet distribution, the
labels and the number of local samples on datasets are very unbalanced that decrease the general-
ization ability of federated learning algorithms. We report the classification accuracy in Table 4] for
several public classification datasets, illustrating that:

1) The proposed FedNewton remarkably outperforms the compared methods on the original
datasets, and more iterations improves the generalization performance. This observation coincides
with results in Theorem 3]

2) The predictive accuracies of all federated learning methods in the heterogeneous setting are worse
than ones in the original case, but FedNewton approaches still achieve the optimal results on the
most datasets.

3) Similar to Figure ] FedNewton with more iterations are more sensitive to the heterogeneity
and more iterations hurts the generalization performance. The reason is the number of iterations
augments the federated error when Y1 due to large data heterogeneity.

C EXPERIMENTS ON LARGE PRETRAINED MODELS

In this section, we evaluate the proposed FedNewton method (Algorithm [2)) in a federated fine-
tuning setting, where each client updates only a small linear classification head on top of a large
frozen pretrained vision backbone (e.g., ResNet or ViT). The code used to produce all experimen-
tal results is available at the following anonymous repository: https://anonymous.4open.
science/r/FedNewton-78B4/l
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C.1 EXPERIMENTAL SETTINGS

Datasets. We consider MNIST, Fashion-MNIST, CIFAR-10 and CIFAR-100, . MNIST and
Fashion-MNIST contain 60K training and 10K test grayscale images of size 28 x 28 and 10 classes.
CIFAR-10/100 contain 50K training and 10K test RGB images of size 32 x 32 with 10 and 100
classes, respectively. For CIFAR-10/100 we apply standard data augmentation: random crop with
4-pixel padding, random horizontal flip, conversion to tensor and per-channel normalization using
the usual dataset statistics, followed by resizing to 224 x 224 with bicubic interpolation to match the
input size of pretrained backbones. For MNIST and Fashion-MNIST we resize images to 224 x 224,
convert them to tensors, normalize with mean and standard deviation 0.5, and replicate the single
channel to form 3-channel inputs at run time. We report test accuracy and cross-entropy loss on the
full official test sets.

Federated data partition. We simulate heterogeneous clients via a label-skewed non-IID partition
based on a Dirichlet distribution. For each class ¢ € {1, ..., C}, we sample a proportion vector

7‘-(6) ~ DlrlChlet(al'm. ) 5

where m is the number of clients and o0 controls the degree of data heterogeneity. The indices of
class c are then split across clients according to 7(%), and each client’s local dataset is formed by
taking the union of its assigned indices over all classes.

For each dataset, we consider Dirichlet splits with concentration parameters o € {0.1,0.5,10} to
systematically vary the level of heterogeneity:

* a = 0.1 induces highly non-IID partitions with strong label skew,
* o = 0.5 corresponds to moderate heterogeneity,

* a = 10 yields partitions that are close to IID.

Model and training regime. We use ImageNet-pretrained backbones loaded either from the CLIP
library or the t imm model zoo, with the original classification layer removed (num_classes = 0).
On top of the frozen feature extractor ¢p,ckbone, W€ add a single linear classification head

fG (fE) = W¢backbone(x) + bv

where W € RY*? and b € R are trainable and d is the feature dimension of the backbone
output. Crucially, we only fine-tune the linear head and keep the backbone parameters fixed.
In practice, all backbone parameters have requires_grad = False and are kept in evaluation
mode, while the head is the only module in training mode.

Federated setup and optimization. We consider m = 10 clients, sample a fraction v = 0.5 of
clients (i.e., 5 clients) per communication round, and train 7" = 50 rounds. Each participating client
performs one local epoch using mini-batches of size 64.

We compare the proposed FedNewton (Algorithm 2) with the following methods for optimizing
the linear head under identical data partitions and model architectures:

* First-order FL baselines: FedAvg[McMahan et al.| (2017) and FedProx [Li et al| (2020D).

* Second-order FL baselines: FedSophia |Elbakary et al.|(2024) and FedNew Elgabli et al.
(2022).

All methods start from the same pretrained backbone with a randomly initialized linear head. Since
only the head is trainable, all gradient and Hessian computations are restricted to the head pa-
rameters. We use cross-entropy as the local objective and optimize with SGD with momentum
0.9. Unless otherwise specified, we adopt the following default hyperparameters: local learning
rate Niocat = 0.01; Newton-step learning rate npewion = 0.1 for FedNewton; server learning rate
Nsophia = 0.05 for FedSophia and FedNew; damping A = 10~* in FedNewton and p = 102 in
FedProx; Hessian smoothing parameter p = 0.04 and momentum coefficients 5; = 0.9, 2 = 0.99
for FedSophia/FedNew. The default solver for FedNewton is the exact Hessian.
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Table 5: Test accuracy comparison on various datasets with different non-IID settings («). The
reported results represent the average test accuracy (%) over the last 5 communication rounds (mean
=+ std). We repeat the experiments with three different random seeds.

Dataset « FedAvg FedProx FedSophia FedNew FedNewton
0.1 | 8527 +£0.69 | 8549 £0.63 | 89.37 £ 0.96 | 89.30 + 1.04 | 94.50 £+ 0.71
MNIST 0.5 | 93.60 +0.31 | 93.56 £0.30 | 93.82 £ 0.36 | 93.78 £ 0.37 | 97.82 + 0.06

10 | 9479 £0.04 | 94.71 £ 0.05 | 94.37 £ 0.05 | 94.32 £ 0.05 | 97.86 + 0.03
0.1 | 76.36 £2.26 | 76.81 £1.99 | 77.62 £2.58 | 77.89 +2.14 | 82.32 £+ 0.59
Fashion-MNIST | 0.5 | 84.41 £0.95 | 84.38 +£0.92 | 84.90 £ 0.50 | 84.86 £ 0.52 | 89.11 £ 0.02
10 | 86.52 £ 0.05 | 86.44 £+ 0.06 | 86.38 £0.05 | 86.31 +£0.01 | 89.24 &+ 0.05
0.1 | 7798 +1.98 | 78.14 £1.88 | 80.87 £1.90 | 81.04 =1.95 | 86.35 + 0.39
CIFAR-10 0.5 | 83.35+0.12 | 8333 £0.10 | 83.68 £0.33 | 83.60 +0.42 | 87.51 £+ 0.08
10 | 85.22+£0.02 | 85.17 £ 0.03 | 84.83 £0.02 | 84.75 £ 0.03 | 87.93 &+ 0.07

Backbone architectures. In all experiments, we adopt large pretrained vision backbones and only
fine-tune a small linear head on top of their frozen features. As shown in Table [/} we consider
two convolutional networks with ResNet-18 and ResNet-50 (2016), and two ViT-Base

models pretrained with DINOv2 [Oquab et al.| (2024) and CLIP [Radford et al.| (2021]), respectively.
All backbones are initialized from publicly available pretrained weights and kept frozen throughout

training; only the linear classification head is updated by federated optimization.

Implementation and metrics. All experiments are implemented in PyTorch with fixed seeds for
Python, NumPy, and PyTorch. For FedNewton, we follow the procedure in Algorithm[2]and simulate
federated learning on a single GPU by executing clients sequentially rather than in parallel. In each
communication round, every participating client first performs the local gradient computation phase
and sends its gradient to the server; after the server broadcasts the aggregated (global) gradient, each
client enters the second phase, where it constructs the (damped) local Hessian and computes the
Newton update step. Thus, each round consists of two sequential passes over all selected clients
(corresponding exactly to the two phases in the algorithm), followed by the server aggregation.
Consequently, the reported wall-clock time per round is the total time for these two client-side
phases across all clients plus the subsequent server update in that round.

After each communication round, we evaluate the global model on the full test set and record test
accuracy, test loss, cumulative wall-clock time, and peak GPU memory usage. Training is stopped
early if the test loss becomes numerically unstable (e.g., > 10) or extremely small (e.g., < 107%).
We log per-round statistics and hyperparameters in NumPy archives for reproducibility.

C.2 COMPARISON EXPERIMENTS

In this experiment, we adopt ResNet-18 as the backbone network and compare the proposed
FedNewton method in Algorithm 2] against several representative federated learning baselines,
including FedAvg, FedProx, FedSophia, and FedNew. We run 50 communication rounds on three
datasets: MNIST, Fashion-MNIST, and CIFAR-10. To systematically study the impact of data het-
erogeneity, we partition the data across clients using a Dirichlet distribution with concentration
parameters « € {0.1,0.5,10}, where a smaller « indicates a more non-IID client data distribution.
For each combination of dataset, method, and o, we perform three independent runs with different
random seeds and report the test accuracy, wall-clock time, and maximum GPU memory usage.

Performance comparison. Across all datasets and non-IID levels, FedNewton consistently
matches or outperforms all baselines in terms of the average test accuracy over the last five epochs
in Table @ On MNIST, Fashion-MNIST, and CIFAR-10, it achieves the highest accuracy under all
scenarios, including highly heterogeneous (v = 0.1), moderately non-IID (o« = 0.5), and nearly
IID (o = 10) settings, with gains of more than 5 percentage points in the most heterogeneous cases
compared to the strongest Newton-type competitors (e.g., FedSophia and FedNew). Moreover, Fed-
Newton exhibits markedly lower variance across random seeds on Fashion-MNIST and CIFAR-10,
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Figure 6: Test accuracy vs. communication rounds on the backbone network Resnet-18.

Table 6: Comparison of average training time per round (seconds) and peak GPU memory usage
(MB). Results are averaged across all « settings. Lower is better.

Dataset Metric FedAvg | FedProx | FedSophia | FedNew | FedNewton
MNIST Time (s) | 57.89 | 5571 54.15 53.34 69.05
GPU (MB) | 1507.91 | 1507.85 | 1508.08 | 1508.08 | 1463.39
i Time (s) | 5591 | 53.97 53.29 5339 68.96
Fashion-MNIST
ashion GPU (MB) | 1507.91 | 1507.78 | 1508.08 | 1508.08 | 1463.39
CIFARL0 Time (s) | 68.60 | 6557 55.62 52.18 90.18
GPU (MB) | 148233 | 148233 | 148245 | 148245 | 1438.89

suggesting that incorporating second-order curvature information yields not only higher accuracy
but also more stable performance in challenging low-« regimes.

Figure [6| shows the test accuracy over communication rounds on MNIST, Fashion-MNIST, and
CIFAR-10 under different Dirichlet concentration parameters « € {0.1, 0.5, 10}. Across all datasets
and heterogeneity levels, FedNewton converges faster and attains higher final accuracy than all
compared baselines (FedAvg, FedProx, FedSophia, and FedNew), with the advantage being most
pronounced in the highly heterogeneous setting o = 0.1, where the baselines converge more slowly
and exhibit more oscillatory behavior. These results indicate that integrating global gradient and lo-
cal Hessain information enables FedNewton to better mitigate client drift, leading to faster, more
stable, and more accurate training across diverse federated learning scenarios.
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Figure 7: Test Accuracy vs. Wall-clock Time on the backbone Resnet-18.

Table 7: Summary of pretrained backbones used in our experiments.

Identifier Name Arch.  Feat. dim Params (M) Pretraining scale
resnetl8 ResNet-18  ResNet 512 ~ 11 ImageNet-1K
tv_resnet50 ResNet-50  ResNet 2048 ~ 25 ImageNet-1K
vit_base patchl4_dinov2.lvdl42m  DINOv2 ViT 768 ~ 86 ~ 142M
vit_base_patchl6.clip-224 CLIP ViT 768 ~ 86 ~ 400M

Efficiency Comparison Table [6] summarizes the average training time per round and peak GPU
memory usage of all methods on MNIST, Fashion-MNIST, and CIFAR-10. Relative to the fastest
baseline (FedNew), FedNewton entails a moderate increase in wall-clock time (about 20%-25% on
MNIST and Fashion-MNIST, and larger on CIFAR-10), but consistently achieves the lowest peak
GPU memory consumption, reducing usage by roughly 40-50 MB across all datasets. Together
with the superior accuracy reported in Tables [5H6} these results indicate that FedNewton provides a
favorable accuracy—efficiency trade-off and is particularly attractive in federated learning scenarios
where GPU memory is a primary constraint.

Figure [/] depicts test accuracy as a function of wall-clock time on MNIST, Fashion-MNIST, and
CIFAR-10 under different Dirichlet concentration parameters « € {0.1,0.5, 10}. Across all datasets
and non-IID levels, FedNewton (purple curve) consistently outperforms the baselines in terms of
accuracy at most time points. In the highly heterogeneous setting @ = 0.1, FedNewton reaches
higher accuracy much earlier and follows a smoother trajectory, whereas the baselines converge
more slowly and exhibit pronounced oscillations. As the data distribution becomes more balanced
(o = 0.5 and @ = 10), all methods converge faster, but FedNewton still attains the best final
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Table 8: Comparison of backbone models on CIFAR-10 in terms of best accuracy, the number of
rounds and wall-clock time to reach a cutoff accuracy of 95%, and peak GPU memory usage.

Backbone Model Best Acc. (%) Rounds@95% Time@95% (s) Peak GPU Mem.

ResNet-18 86.77£0.18 > Max 4647498 1439 MB
ResNet-50 91.60+0.01 > Max 4845453 12623 MB
CLIP (ViT-Base) 96.4340.11 7.3 916457 7373 MB
DINOV2 (ViT-Base) 98.07+0.30 53 794458 7732 MB

Test Accuracy (Truncated at 95%) Test Loss (Truncated at 95%) Test Accuracy vs. Wall-clock Time (Truncated)
0+

03+ ov2)
8 ) o 0 s To do 50 3 1000
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Figure 8: Comparison of different backbones (ResNet-18, ResNet-50, CLIP and DinoV2) on
CIFAR-10 (truncated at 95%).

accuracy and remains on or above the competing curves. These observations demonstrate that Fed-
Newton achieves both faster time-to-accuracy and higher final performance.

C.3 DIFFERENT BACKBONES

We further evaluate FedNewt on under the standard pretrain—then—finetune paradigm by freezing a
powerful vision backbone and only optimizing a linear head in the federated setting. On CIFAR-10,
we consider four representative backbones as fixed feature extractors shared across clients in Table[7}
ResNet-18, ResNet-50, a CLIP-based ViT, and a DINOv2-based ViT. The data is partitioned among
clients using a Dirichlet distribution with concentration parameter &« = 0.5 to induce moderate
statistical heterogeneity. For FedNewt on, we set the server-side Newton step size to ny = le — 2
and the damping parameter to A = le — 5. In this configuration, FedNewton only updates the
linear head on top of strong pretrained features, yielding efficient second-order optimization in the
federated setting.

From Table[8] we observe a clear monotonic relationship between backbone strength and the per-
formance of FedNewton under the head-only federated fine-tuning setting. On CIFAR-10 with
a = 0.5, ResNet-18 and ResNet-50 achieve substantially lower best test accuracies than CLIP
and DINOv2, and they do not even reach 95% accuracy within the given communication bud-
get. In contrast, when using CLIP- and DINOv2-based ViT backbones as frozen feature extrac-
tors, FedNewt on attains best accuracies in the 96%-98% range and crosses the 95% threshold in
only a few rounds. This demonstrates that, once the backbone provides sufficiently rich and lin-
early separable representations, second-order optimization on top of a simple linear head is enough
for FedNewton to fully exploit the pretrained model and deliver both higher accuracy and better
accuracy—round trade-offs than with weaker CNN backbones.

The Figure [§] further illustrate the advantages of strong ViT backbones in terms of convergence
speed and wall-clock efficiency. In the test accuracy and loss versus communication rounds plots,
CLIP and DINOv?2 exhibit much faster convergence than ResNet-18 and ResNet-50: their test losses
drop sharply within the first few rounds, and their accuracies exceed 95% after roughly 5-8 rounds,
whereas the ResNet curves increase more slowly and saturate at noticeably lower levels. When plot-
ting test accuracy against wall-clock time, the ViT-based backbones remain preferable despite their
higher per-round computational cost, because the total time required to reach high accuracy is sig-
nificantly smaller than for ResNet backbones. Overall, these results show that, FedNewton is par-
ticularly well aligned with the pretrain—then—finetune paradigm: combining a frozen, high-capacity
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Table 9: Efficient Solvers on CIFAR-10 with ResNet-18 backbone (Threshold: 88%)

Method Best Acc (%) Rounds Time (s) GPU Mem
L-BFGS 71.41+7.40 >Max 12634547 1439 MB
Low-Rank 76.35+0.03 >Max 54304324 1439 MB
CG 86.90+0.05 >Max 5860493 1439 MB

Exact Hessian ~ 88.15+0.09 30.0 2939+1011 1439 MB
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Figure 9: Comparison of different solvers for FedNewton (L-BFGS, Low-Rank, CG and Exact
Hessian) with the backbone ResNet-18 on CIFAR-10 (truncated at 90%).

backbone with second-order optimization of a linear head yields fast, communication-efficient im-
provements in federated learning.

C.4 EFFICIENT SOLVERS

As discussed in Section [Al to avoid the high memory cost O(d?) and computational complexity
O(d?) of exact Newton solvers, we implement several efficient solvers for FedNewt on, including
CG, L-BFGS, Diagonal, and low-rank variants.

We evaluate these solvers on two settings: CIFAR-10 with a ResNet-18 backbone, and the more
challenging CIFAR-100 dataset with a DinoV2 backbone.

Efficient solvers for FedNewton on CIFAR-10. A main bottleneck of Newton-type methods
in federated learning is how to apply the local Hessian under realistic memory and time budgets.
Table 0] and Figure 9] compare several solvers for the Newton system on CIFAR-10 with a ResNet-
18 backbone. Exact Hessian explicitly forms and inverts the full head Hessian on each client and
serves as a strong reference in terms of convergence speed and final accuracy: it reaches the 88%
threshold in about 30 rounds and attains the best performance, but incurs the highest wall-clock time
due to expensive second-order computations.

The approximate solvers trade accuracy for efficiency to different degrees. Conjugate Gradient
(CG) solves the Newton system using only Hessian—vector products, avoiding explicit Hessian con-
struction while preserving rich curvature information; its curves closely track exact Newton but do
not cross the 88% threshold within the given rounds. Low-Rank replaces the full Hessian with a
low-rank approximation and shares a similar memory footprint with CG, yet its accuracy quickly
saturates around 76%, indicating underfitting. L-BFGS is the most time-efficient in early rounds but
plateaus near 71% and remains far below CG and exact Newton. Overall, CG offers the best balance
between computation and performance when exact Hessian inversion is feasible but costly, whereas
overly aggressive approximations (very low rank or very small L-BFGS history) substantially di-
minish the benefits of second-order information in FedNewton.

Efficient solvers for FedNewton on CIFAR-100 with DinoV2. Table[I0]and Figure[[0]evaluate

different Newton-system solvers on the harder CIFAR-100 task using a DinoV2 backbone. Here,
forming the exact Hessian is no longer feasible: the Exact Hessian baseline runs out of GPU memory
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Table 10: Efficient Solvers on CIFAR-100 with DinoV2 backbone (Threshold: 90%)

Method Best Acc (%) Rounds Time(s) GPU Mem
L-BFGS 90.52+0.02 34.0 3615+785 8758 MB
Low-Rank 74.61+0.62 >Max 8459+14 8258 MB
CG 89.734+0.18 >Max 8074+16 8258 MB
Exact Hessian / / / OOM
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Figure 10: Comparison of different solvers for FedNewton (L-BFGS, Low-Rank and CG) with the
backbone DinoV?2 on CIFAR-100 (truncated at 90%).

(OOM), highlighting the memory bottleneck of naive second-order methods even when only a linear
head is updated on top of a strong pretrained backbone. Among the approximate solvers, L-BFGS
clearly stands out: it reaches the 90% accuracy threshold in about 34 rounds, attains the best accuracy
of 90.52% =+ 0.02, and achieves the smallest time-to-target.

The curves further show that these gains do not come from extra memory. After a short warm-up,
L-BFGS stabilizes around ~ 8.8 GB of GPU memory, comparable to or only slightly higher than CG
and Low-Rank. In contrast, CG converges more slowly and plateaus around 89.73%, while the Low-
Rank solver saturates near 74.61% and clearly underfits, despite similar memory usage and higher
wall-clock time. Overall, on this more challenging dataset with a strong DinoV2 backbone, an L-
BFGS-style inverse-Hessian approximation offers the most favorable trade-off between accuracy,
communication rounds, wall-clock time, and memory, whereas CG and overly restrictive low-rank
approximations fail to fully exploit second-order information.

C.5 PARAMETER TUNING FOR FEDNEWTON

We first study the sensitivity of FedNewton to its key hyperparameters on MNIST with a ResNet-
18 backbone. Fi gureﬂ;flreports test accuracy as a function of (a) communication rounds and (b) wall-
clock time for different combinations of the Newton-step learning rate 7pewion (NLR) and damping
A. In all settings, we keep the local optimizer and other training configurations fixed, and vary only

(nnewtom )\) .

The results show that FedNewt on is robust within a reasonable range, but the choice of (Mnewton, )
has a clear impact on both convergence speed and final accuracy. Very small Newton learning
rates (€.g., Tnewton = 0.01) lead to slow progress in early rounds, while overly aggressive learning
rates combined with weak damping (e.g., Mnewton = 1.0 with A = 10~%) cause unstable or highly
oscillatory behavior. Moderate settings such as 7pewion = 0.1 with A € [10_4, 10‘3] achieve the best
trade-off: they reach high test accuracy within a few communication rounds and also dominate in
terms of wall-clock time. Based on these observations, we adopt fpewion = 0.1 and A = 104 as the
default configuration in our main experiments.
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Figure 11: Parameter tuning for FedNewton with the backbone ResNet-18 on MNIST.

PROOFS

C.6 PRELIMINARIES

Since KRR has closed-form solutions, the intermediate estimators f%?, o JD s [, [*inerror decom-
position can be represented by the redirection operators and their adjoint operators. In this section,
we first provide useful linear operators associated with kernel K. Then, we measure the similarities
between empirical and expected covariance operators via concentration inequalities.

Definition 2 (Operators with kernel K in terms of the global distribution px «y). For any x €
X,g€ L3(P),¢: X — Hx and B € Hi, we define the following expected operators

« S:Hr = LA(P), (SB)(z) = (B, ¢(x)).
« S LA(P) = H, S*g= [x ¢(x)g(x)dpx ().
e L:L*P) — L*(P), L=SS* suchthat ( = [y (o Yg(x)dpx ().

e C:Hixg —Hk, C=5*S, suchthat C3= fx<ﬁ,¢(w)>¢(:n)dpx(w).

Definition 3 (Empirical operators on the global dataset D and local datasets D;). Forany ¢ : X —
Hi and B € Hy, we define the following empirical operators

« Sp:Hkg —RIP SpB=((8, (b(:nl))) eRPl VY (x;,y;) € D.
« Sp i RIPl 5 My, Spa= 5 Y2 é(@i)as € Hi, ¥ (wi,4:) €D, a cRIP.

* Cp: Mk = Hi, Cp=SpSp, suchthat Cp B = b S0\ (B,6(m:)d(m:), V(i) €

« Sp, :Hxg = RPil, Sp 8= (<ﬁv¢(wi)>)|p e rIDs .V (zi,y:) € Dy
. Sp, (RIPI 5 Hpe, Sp, o= ‘D | ZlD "d(ai)ow € Hie, Y (wi,) € D;.

Hi — Hi, ij = S%J SD]. , such that ij J6] =
mz”’ "B, o(x:)o(x:), V(i) € D;.

Here, we denote S the inclusion operator and Sp, Sp, the sampling operator, while 5%, ST, 57,
are their adjoint operators. Note that C' : Hx — Hx is the covariance operator given by S*S5,
and the integral operator L : L?(P) — L?(P) given by SS*. The kernel matrix Kp, Kp and
the covariance matrix Cp, C’Dj are the empirical counterparts of the integral operator L and the
covariance operator C, respectively. Using Singular Value Decomposition shows that L and C
have the same eigenvalues, and the corresponding eigenvectors are closely related [Rosasco et al.
(2010). Those kernels-related operators are widely used in the proof of optimal learning theory
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for standard KRR. Assuming the kernel is bounded K (x,z’) < k2, the integral operator L and
the covariance operator C' are positive trace class operators (and hence compact) and bounded by
IIL|l = ||C|| < k2. For any function f € H, the estimator f € L?(P) is obtained by kernel trick.

Thus, for f(x) = (w, #(x)), the RKHS norm can be related to the L?(PP)-norm by C'*/? |Bauer et al.
2007):

Ifllz = ISfll2 = IC"*wl|x, Vw € Hg, e L*(P). (13)

Remark 8. With the assumption K (x,x') < r?, the integral operator L is trace class|/Caponnetto &
De Vito|(2007) and C, Cp, Cp, are finite dimensional. Moreover we have that L = S5, C' = S*S,
Cp = SpSp and Cp; = S;‘)j Sp,. Finally L,C,Cp, Cp, are self-adjoint and positive operators,
with spectrum is [0, 2.

Proposition 2 (Cordes Inequality [Fujii et al.| (1993)). Letr A, B two positive semi-definite bounded
linear operators on a separable Hilbert space. Then

|A°B®|| < ||AB|®, when 0<s<1.

Here, we use Propositionto obtain the inequality ||(A+\I)~Y2(B+\)'2?|| < ||[(A+X)~"(B+
A)|[*/2 for linear operators C, C;, Cp, Cp,, and L.
Proposition 3 (Lemma 2 in [Smale & Zhou| (2007)). Let L be a separable Hilbert space and

{&1, -+, &} be a sequence of i.i.d random variables in L. Assume the bound be ||&;|| < M < o
and the variance be 6* = E(||&; — E(&)||?) for any i € [n]. For any § € (0,1), with confidence
1-9,

n

LS 6Bl

i=1

. 2M log(2/6) L [26%10(2/6)

(14)
n n

The above Bernstein’s inequality is the key to analyzing the relationship between the empirical
random vector and its expected counterpart, which is used to prove Lemmal[I] The above Bernstein’s
inequality for random vectors was provided in |Smale & Zhou| (2007); Rudi & Rosasco|(2017) and
later was extended to the random operator case in Theorem 7.3.1 in|Tropp| (2012) and Lemma 24 in
Lin & Cevher| (2020)).

Lemma 1. Given K(x,2') = (¢(x),dp(x)) i, let ¢(-) be i.i.d random vectors on a separable
Hilbert space H i such that C, Cp, Cp, are trace class. Then for any § € (0, 1) with the probability
at least 1 — 0, the following holds

H(C+/\I)—1/2(C_C«D)(C+)\I)—1/2H < Roa < 212 log(2/9) +\/2(/¢2+1)log(2/5)

AlD| AD| ’

s+ 2071205 — 0 (€5 4+ AN < R, < 26 log(2/0) | \/2(/-e2 + 1) log(2/0)

~ ADy Dyl 7
(15)
where Rp \ = ||(C + AI)~}(C' — Cp)|| and Rp, » = ||(C; + M)~*(C; — Cp,)||.

Proof. We first prove the lower bound for Rp . Using the Cauchy-Schwarz inequality, we have
H(c FA)Y2(C — Cp)(C + /\I)‘WH
—||c+An=12(C — ey 2(C — Cp) R+ AD 2| (16)
2
<[ +anrre—cpyv| .

Recall that the norm on a matrix or operator A can be defined By

A
) = sup 12212

e el
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For K > 1 and a nonzero vector z, we get

[A%z ]2 = [AA* 2]y < ANIAM  allz < - < [JA]* 2]l

Therefore, it holds A%z < ||A||* and thus

llll2

| A (|5

]l

| A¥|| = sup < |IA|*. (17)

Assuming A = (C' 4 AI)~'/2 and substituting equationto equation we get

H(c FAD"V2(C — Cp)(C + )J)’VQH < (€ + A)HC = Cp)|| = R

Then, we prove the upper bound for Rp . Let £ = (C' + ) ~1¢(z) @ ¢(x), thus we have

E(€) = (C + M) "'E[p(z) @ ¢(z)] = (C + A\)7C,
2l D
D] 26 = ] 20+ M) (ol @ 0] = (C -+ ML),

The left of the desired inequality becomes

D]
€ +an(c - o)l = |[E©) - 7 Y&

Note that
[(C+AD) "o (@)|]* < w2
To use Bernstein’s inequality (Proposition [3), we need to bound ||¢|| and E||£||? as follows
€l = 1((C + AD T (@), (@) || < I(C+ A" 2(@)[|* < k*A71
Ell§ — E()|? = ||E [{((C + A 'é(x), ¢(x))(C + AI) " d(x) @ ¢()] — C;*C?||

<KATHE[(C+AD) " o(z) @ o(=)] || + [|C2C2|
<K OO+ 1< RPN 1T < (P + DAL

Substituting the above identities to Bernstein’s inequality equation [T4} we obtain the upper bound
for RD -

The lower and upper bounds can be proven with similar proof techniques. O

Lemma 2 (Proposition 8 Rudi & Rosasco|(2017)). Let A > 0. We define the following quantities

Po = |[(Co + AI)"HC + AD)||, Pp,a:=|[(Cp, + AI)"H(C; + AI)||.

Then, there exists the following properties

1 1
m; PDj,A m7

Pp.a <

IN

with

B = dar [(C 4 AD)TV2(C = Op)(C + ATV

Anmax(C)
Note that, § < 3= < 1.
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C.7 ERROR DECOMPOSITION FOR FEDNEWTON

For Newton-based federated learning, there holds the following error decompositions
1o = SN < Wfpx = foll + o = F7II (18)

Here, the federated error term ||f% , — fp .| is also the key to analyzing the generalization of
second-order optimization based federated learning FedNewt on.

Proof of Theorem([l} For any function f(x) = (w,¢(x))x, the Hx-norm can be related to the
L?(PP)-norm by the inclusion S Bauer et al. (2007)

I fll2 = [ISwl|x = |S(C +AI)72(C + M) 2wl < [|(C + A1) w]|k.

Therefore, one can prove
1755 = Foalla < [I(C +ADY2 (@) \ — wp y)|| k- (19)

From equation[5] we have

m
_ -1 t—1
Wp \ = Wp ) — E pJHDj,,\gD,,\

j=1
=@\ = Y pi(Cp, + AN [(Co + M)A — Spyn)|
j=1
= " pi(Cp, + M)"H(Cp, — Cp)ws s + > pi(Cp, + A1)~ Spyp
j=1 j=1
= p;i(Cp, + M) (Cp, — Cp)wis A + > _p;(Cp, + M)~ (Cp + AM)wp ».
j=1 j=1

And then, one can obtain

A T WD

pj(C’Dj + )\I)_I(CDJ. — CD)IILE;){ + ij(CDj + )\I)_l(CD + )\I)’wp’)\ — wp, )\

Jj=1

I
[z &

<.
Il
—_

pj(CDj + )\I)_1<CDJ- - Cp)w%i)l\ + ij(CDj + )\I)_l(CD — CDJ.)’LUD))\

j=1

.

<
Il
—_

M-

p;i(Cp, + AI)"(Cp, — Cp) (W 5 — wp»).

)

<.
Il
—_
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We then estimate the federated error by

(C+ A2 (wh,  —wp )

= ij(C’ + )\I)l/Z(CDj + )\I)il(cpj — OD)(’II)tD_);\ - ’LUD)\)
j=1

:Z i(C+ADY2(Cp, + AI)"(Cp, — Cj+ Cj — C+ C — Cp) (W} — wp»)

Z (C+ADY2(Cy + AD)TV2(Cj + MN)V(Cp, + AI)THCy + A2

(Cj+ M)TV2(Cp, — CH(Cj + AD)TV2(Cy + ADY2(C + M) TH2(C + M)V (whs ) — wp,»)

+) i (CHAD)VA(C; + ADTV(Cl + ADYA(Cp, + M) TH(Cy + )2
j=1
(Cj+ AI)"H2(Cy = O)(Cj + M) TH2(Cy + ADY2(C + AL TH2(C + ALY (w } — wp »)

s

+) " pi(CH+ADYA(Cy + M) THA(Cy + MDA (Cp, + AI)THC; + A2
j=1
(Cj 4+ AD)T2(C + ADY2(C + ML) TV2(C = Cp)(C + M) TH2(C + M)V (wh ) — wp»).
(20)

Note that, ||(C' + A)Y2(C; + MX)7'2|| < |[I + (C; + M)~ C — C))||V/? < \/1+%,
1(Cj + AD)2(Cp, + M) ~H(Cj + AD)M2|| < P, 5, (c] FADV(CH AN TR < [T+ (C+

M)THC; — OV <y Af-" . Therefore, substituting these inequalities to equation 20| and
from equation [I9] there exists

1fhx — foallz
<[(C+ADY2(wh \ — wp i)k

m

< 1pj(1+Aff)7>D,.,ARDJ, |+ 02l ) —wo)|

m ADj AD]-
—|-ij<1—|— 3 )PDJ-,A 3

i Ap.
+ij ( ;\)7>PDJ.Q\R’D,,\H(C‘f‘)\f)l/Q(’th_))l\—'UJ’D,)\)”K

(€ + A0 wigh —wo)|

)

2y

Ap. Ap, L
;J) (RD,)\ +'RDJ.7)\ + ;\)J) H(C—l— )\I)l/Z(w%y)l\ — wD’/\)HK

m A )
zw )

Note that, Rp o< 1/|D| and thus Rp; » < Rp . Combing the above inequality and equation (18}
we prove the final result. [

t
Afj >) H<c +ADV (w3 — “’D»“Hx

Proposition 4. The following federated error bounds hold for oneshot federated learning:
1(C+ADV2 (w5 — wp )| x

m ( +RD )\ AD )

(22)
<Pp,x E Dj <2RDJ,,\ +
=1

H (C+AD)Y*(wp, )\—wA)H :
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where Ap, = ||C; — C1|.

Proof. Note that, if A, B are invertible operators on a Banach space, then there holds the equality
A1 B 1'=BYB-A)A'=A"YB-A)B "

From equation using the facts SpHyp = Z;”:l p;jSp,yp, and Al - Bl =A"YB-A)B
we have

-0
Wp x — WD,

= ipj(i%j ®p, + \) '@ yp, — (pPp + M) ' @pyp
j=1
=Zm:pj(0m + M) 'S yp, — (Cp + M)~ Spyp
j=1
ZZm:pj[(Cv,- + M) = (Cp +M)71Sp yp,
j=1
:Zm:pj(CD +M)"H(Cp — Cp,)wp, »
j=1

m

pi(Cp +AI)"H(Cp — Clwp, » + ij(CD + M) "HC = Cp,)wp, 5

j=1

P||1

<.
Il
—

p;i(Cp + AI)"H(Cp — O)(wp, » —wy) + ij(CD + M) "HCp — C)wy,

j=1

M-

<.
Il
—

+ ij(CD + )\I)fl(C’ — CD].)’ij’)\

j=1

pj(OD + )\I)il(cp — O)('U)Dj,)\ — ’UJ)\) + ij(CD + /\I)*l(C — Opj)(’ij,,\ — w,\).

I

j=1 j=1
(23)

The last step is due to the fact 3 ;~, p;Cp = >/, p;Cp;.

Combining equation[I9)and equation 23] we have

135 = foallz SI(C + ADYV2(wY, , — wp,»)lk
<D - pi(C+ADYA(Cp + AI)THCp — C + C = Cp, ) (wp, » — wy)|| -
j=1

24

Note that

(C+ AV Cp +N)"HCp — C)
=(C + X)Y2(Cp + AI)"YV2(Cp + M) "V2(C + XD)Y2(C + XT)7V2(Cp — C)(C + M) "YV2(C + \T)Y2,

Using the inequality ||(C' + A\I)~/2(Cp — C)(C + AI)~/2?|| < Rp  from Lemma we have

1(C +AD)Y(Cp + AI)™H(Cp — C)(wp, » — w))|
<Ppll(C+A)7HY2(Cp — O)(C + M) 7V2(C + MY (wp, 5 — )| (25)
<PpaRDAI(C + )2 (wp, x — w))|.
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Similarly, we have

(C+M\)Y2(Cp + N)™HC — Cp,)

=(C +A)?(Cp + \I)"H(C - C; + C; — Cp,)

=(C+AD)Y2(Cp + M) 7H(C + AD)V2(C + N)TV2(C — C))(C + M) ~V2(C + AD)V?
+(CH+XD)Y2(Cp + M)~HC + AXDY2(C 4+ XI)~Y2(C; + A)V/?
(C; + A)TY2(C; — Cp,)(Cy + M) TY2(Cy + M)Y2(C + M) T2 (C + AV,

Using ||[(C 4+ AI)~Y2(Cj + AD)Y2?|| < [T+ (CH+ M) "HC; —O)| V2 <1+ Aff , it holds

I(C + AI)Y2(Cp + A1) ™H(C = Cp, ) (wp, A — w))||
PpaAp,
A

Anp,

< 2 ) IC -+ AD 2w, ~ )]

I(C+ADY2(wp, x = wy)|| + PpARD, A (1 *

(1 + RDJ,)\)ADJ

<Pp.x (RDW\ + 3

JIC+AD 2 wp, 3~ wi).

(26)
Therefore, substituting equation [25]and equation 26]to equation [24] we have
(14 Rp, A)Ap,

S0 (€4 D2, ~ w1

m
1£35 = Foall €D piPoa (RD,A + R, A+

j=1

<Pp. ij (2RD_7,/\ +

j=1

(1 + RDJ-)\)ADJ

DSE ) |(C A w0~ w3

C.8 ESTIMATING ERROR TERMS
C.8.1 ESTIMATING FEDERATED ERROR

From Lemmall} Lemma and equation 18} there are two error terms ||wp, x —w | x and || fp; x —
fll2 in federated error to be bounded. Using Bennett’s inequality (Proposition , we first provide
two useful lemmas.

Lemma 3. Assume there exists k > 1 such that |¢(x)||x < K, V& € X and |y| < B. For

d € (0, 1], the following holds with the probability at least 1 — §
(4 A1) (Shyp — 5° )| < 2BrAp,x log -
IG5 + A1)~ (S, — S117)| < 2BrAn, 2 log 5.
where C;, ST are operators defined on the local distribution pj, and

1 N 1 N\
Ap ) = + , Ap. = + .
P2 DIV D) P D VA D

27)

Proof. Let & = (C + M) ~'/2¢(x;)y; in the Hilbert space H . We see that

|D| n

1 1
5] 206 = 1 (€A 6w = (C+ AN 25pyo,
i=1

i=1

Efz/X(C+)\I)_1/2¢(w)f*(gj)dpx(a;):(C+)\I)_1/gs*f*
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Thus, the error term to bound can be stated as

|D|
~ 1
I(C+ D)™ 2(Sryp — S )| = @Z&—E& : (28)
=1

The rhs of the above identity can be bounded by Bennett’s inequality (Proposition [3), thus we need
to estimate ||&; — E(&;)|| and E ||&; — E(&;)]|? first.

‘We first recall the definition of effective dimension

N) =E (¢(x), (C+ M) d(z))x = /X I(C + M)~ ()| dpx ().

By Jensen’s inequality, we thus have

1€ = EE)Il < 1(C + M) T2 [yl + EI(C + M) ™26 [[lyi| < 2BrA™Y2. (29)
Note that

Bl — BEI <2 [ 1(C+A) 2 6(@lP il dpx (@)

X (30)

<28° [ (A1) (@)|Pdpx (@) < 2BNO).
X

Substituting equation [29)and equation [30]to equation[28] by Bennett’s inequality (Proposition 3]), we
have

1(C + M) ~Y2(Shyp — S*f9)| < 23’&’%};/5) n 2\/32/\/(/\);?%(2/5).

Similarly, we derive the bound for ||(C; + \I)~1/2 (S5p,yp, — Sp, /)|l Thus, we prove the result.
O

Lemma 4 (From Theoreom 4 of |(Caponnetto & De Vito| (2007)). Assume there exists k£ > 1 such
that ||p(x) ||k < K, Yo € X. For § € (0, 1], the following holds with the probability at least 1 — §

2
[(C 4+ M) ~Y2(C - Cp)|| < 2k(k + 1)Ap,»log 5

2
1(C; + AI)~Y2(C; — Cp,)|| < 2k(k + 1)Ap,  log 5

The above lemma is a standard method for the difference between expected and empirical covariance
operators C' — Cp and C; — Cp,. Using a concentration inequality in Hilbert spaces, it have been
proven in (Caponnetto & De Vito| (2007)); Smale & Zhou| (2007);|Guo et al.|(2017).

We define the expected estimators for local machines and centralized model as

wj \ = arg min {/X(<’w, ¢(x)) — f*(x))*dp; () + /\Ilwlli}

wEH i

w) = argmin {/X(<w7¢(w)> - [ (@))*dpx () + AIIwaK} :

wEH K

Proposition 5. Assume ||¢(x)||x < r and |y| < B. Under Assumption 2] for § € (0,1/2), the
Jfollowing bound hold with the probability at least 1 — 20

Ap. 2 k2RAp,
1(C + MDY (wp, 5 —wy)| < Cry/1+ %ij,AADj,Alogg + % +Ap. (B

where Cy = 2k(B + 2k3R).
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Proof. We introduce the intermediate estimators w; x = (Cj 4+ XI)~'S7 f=, where S7 and C; are
operators defined on the local distribution p;. Then, it holds

1(C + A1) (wp, 5 —w)| < [[(C+ MDY (wp, x — w4 [(C + D) (w1 —w,)]
(32)

where |[wp; » — wj x| is the local variance and Ay, is the model heterogeneity.

(C+ MDY (wjp — wy)

(C+ AD)Y2[(C + AD)TVSEfr = (C+ M) 7LS™ f7]

(CH+ADY2[(C+ M) TIS f7 — (CH+AD)TES f + (C+ AD)TIS" f — (C+ M) T1S* f7]
(C+AD)TVES™ (L — Ly)(Ly + M)+ (C+ AD) TS (ff = )

( ) ) lLTL_Tf; + (C—i—)\f)_l/QS*(f;-‘ —f*)

C+N)7V28*(L — L) (Lj + A\

Since [|(C'+ AI)"Y28*|| < 1, |L|| < &2, |C = Cj|| = |IL — Lj|| and Ay, = || f; — f*]|, from
Assumption 2] we have

< ———2L + Ay, (33)

We then decompose the local variance

Wp, N — W)\

R

=(Cp, + AXI)™'Sp.yp, — (Cp, + M) 7'S5 [ + (Cp, + M) 'S5 f = (Cy + AI) 'S5 f7

(Cp, + M) "HCs + AD)Y2(Cy + M) 72 (Sh yp, — S5 f7) + [(Cp, + M) ™F = (C5 + A1) 'S fr
(

(

>
Cp, + AI)"H(C; + ADY(C; + D) V3(S yp, = S1f;) + (Cp, + M) "H(C; — Cp, Jwjn
Cp, + M) 7H(Cs + A2 (G5 + ATV (Sh ym, — S715) + (G5 + M) TG = Cp, Jwj ]

and it holds
(C+ )\1)1/2(ij,,\ —wj )
=(C + AD)*(Cp, + AD)™M(Cy + M)V2[(Cy + A1) 2(Sp,ym, — S ;)
+ (O + AD)TV2(Cy - CDj)wj,A} (34)
=(C+ M)Y2(Cj + AI)7Y2(C; + AD)Y*(Cp, + AI) 7V (Cp, + M) ~V2(Cy + )2
[(Cj D) TV2(Sp yp, — S5FL) + (Ch+ ADTVA(C — cDj)wj,A} .
Due to Assumptionand | L;|| < K2, we obtain
lwiallx = [1(L; +AD) T Ly fi [l = (L + DT LGLGLT f7 || < w2IL77 fF]L < 577 R (35)

Thus, substituting equation 35]to equation [34] using Lemma [3|and Lemma[4] for any 6 € (0,1/2),
we have with the probability 1 — 26

1(C + M)V (wp, » — w; )|

ADj 2 2 2r
<Pp,a\/1+ 3 <2B/QADj,,\10g6+2/@(/@+1)Apj7>\log5m R) (36)

Ap. 2
<2x(B + QHSR)\/ 1+ ;’ Pp,; »\Ap, xlog 5

Applying equation [33]and equation [36]to equation 32} we prove the result.
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Theorem 5 (Detailed version of Theorem [2). For any 6 € (0,1), under Assumption [2| with the
probability at least 1 — 0, the federated error holds
2 Dj
0 A

f c Ap, (1+Rp, »)Ap,
/D — foallz < C2X* ]E_lpj\/? (QRDM + )\> <
(37)

where Cy = 2k(B +2k3R) /(1= B), B = Auax((C + X)71/2(C = Cp)(C + N)7V/2) and Ap, \ =
N(,\)
+

Dyl -

)

fIDI

Proof. Substituting equation [31] and equation 22| to Theorem [1| with the probability 1 — 24, we
obtain the federated error

1755 = foall2

<Y (€ 4+ A2 (w5 — wp )|
(1+Rp, 1)Ap, 1/2
< ) J J ) _
T! EpJ”PDA (272DM+A [+ a0 2 (wp, p = w)|
i (1 + RDJ,A)ADj Apj 2 HQRADj
STt;pJPD)\ (27?/[) )\-i-f Cl 1+TPDj’AADj’AIOgS+T+Afj
n Clp< A (1+RD)\)A’D 2 D.
<Tt J J J “ J ).
= ; 1-5V N\ ZReat A PPN ’
(38)
The last step is due to Lemma[2] O

C.8.2 ESTIMATING CENTRALIZED EXCESS RISK

The generalization analysis for the centralized model (the exact KRR) is standard |Caponnetto &
De Vito| (2007); Smale & Zhou! (2007), but the existing work imposed a strict assumption r €
[1/2, 1] on the kernel space, which assumes the ideal estimator belongs to the kernel space f* € H.
Here, we relax this strict assumption to » > 0 but still obtain the identical optimal learning rates for
the centralized excess risk bounds.

Proposition 6. UnderAssumption[Z] Sord € (0,1/2), the following bounds hold with the probability
at least 1 — 20

2
| fox = £7ll2 < CrPy3Ap s log 5 + R, (39)

where C1 = 2k (B + 2/-@3R).

Proof. The excess risk term can be divided into two parts: variance and bias.

[foa = < foa = Al + 1= f7l (40)
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Using Cauchy’s inequality, Lemma [3|and Lemma EI, for § € (0,1/2), with the probability at least
1 — 26 we have

Il fox = fall2
=|1S(Cp + M) "' Spyp — S(Cp + A)728* f* + S(Cp + M) 718" f* — S(C 4+ AI)"LS* f*|2
=||S(Cp + AI)"HC + A1) (C + AXI)"Y2(C + M) "2 (Shyp — S* f*)
+ S(Cp + M)"HC + XI)(C + XI)"V2(C 4+ M) "V2(C — Cp)(C + M) 7ES* f*|2
=||S(Cp + M) "Y2(Cp 4+ XI)7YV2(C + AXD)YV2(C + XI)"V2(Shyp — S*f*)
+ S(Cp + M)"Y2(Cp + M) YV2(C + ADY?(C + M) "V2(C = Cp)(C + M) 7LS* ¥

2 2
<2Bklog 5 P11><iv4D,A +2k(k+1)log S’P;)<§AD,A||w>\||K
2
<2k (B + 2K°R) log 5 P%{iAD’,\.
(4D
The last step is due ||wy||x = ||(L + M)7LLf*|| = (L + M)"YLL"L™" f*|| < k*"R due to

Assumption 2}

The identity A(A + X\)™' = I — A(A + AI)~! holds for A > 0 and A the bounded self-adjoint
positive operator. Then, under Assumption 2] it holds

1fx = fl2
=LA AD)TILF = f =ML+ AD)TL = D[ = ML+ AT
=|IANTAYT(L A AD)TAT(L 4 AD)TTLTLTT | (42)
SNATT(L A AD)TETI L+ AD LTI 7|
<RA".
Substituting equation [#1] and equation [42]to equation 40 we prove the result. O

C.9 EXCESS RISK BOUNDS FOR FEDNEWTON

Proof of Theorem 3} In the homogeneous setting, we have Ap, = 0and Ay, = 0. Thus, under
Assumption 2} from equation [37]and equation[39] it holds
1fpx = ¥l <Ufpa — foall + 1fox — foll2
C 2 2 (43)
<o |t ijRDjy)\ADj,)\ log 3 + Ap »log 3 + R\

Jj=1

If |D;| > 29(k* + 1) log(1/8) /X, we have T < 1. Otherwise, T > 1.

From equation [T5] and equation 27} under Assumption [T} with the probability at least 1 — 34, we
have

Rop; A\AD; A

N AU TOE S RS N 1Y
‘0<<A|1>j|+ A|Dj|>1gax<|pjm+ Dj>>

5 2
=0 ((Dj_2>\_1'5 + ‘Dj‘—l.S)\—l—O.S'y + |Dj|—1.5)\—1 + |Dj|—1)\—0.5—0.o'y) log 6)

2
=0 ((rDj2>\1.5 + ‘Dj‘—l.S)\—l—o.m + |1Dj|71)\70'570'57) IOg 6) .

The relationships between A and |D;| affects the value of Rp; xAp, a.

O(|D;|~2A~19), if A < O(|D;|77).
Ry adp; \ =log 54 O(D;| 7124100, if Q(D,|77) <A < O(Dy| ).
O(|D; |1 A~05-057), if A > O(D;| ).
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b and 2r + v > 1, we have

By setting A = |D

o (1D 2D|7% ),

2 140.5
'RDJ.,)\A'D].,)\ = log S (0] |'Dj|_1'5|'D| 2T+’Yw>
O (1o Dl ).

and

1—4r—24

AD,)\ = |D| arf~y

. 1-
if |D;| S |D|7+.
1—v

if D] < Dy S |D|F. (44)
if |Dj| 2 |D

_1
2r+v |

+|D|7F < 2|D|7. (45)

Substituting equation [#4] and equation [43]to equation[43] we have

1o —f2
|D;|~2|D| 7+
r 2 2 |D,|71.5|D|1;;’;:7
<|D|7# log < + Yt log? < ; J ’
SIPIT w5 ST 2P (e,
DI,
where
t=0,T>1,
0.5
ps 0,7t < (12 t
o 2] ’

it ;| < |D|7

if D75 < Dy S [D|7F
2r4+y+1

if [D|7F < |D;| < |D| e
2r4+y
if D] 2 [D] 595
(46)
if |D;| < |D|75
(47)

otherwise.

2r+~+1
Note that, T = 237", p;Pp, \Rp, » S 2_j=; PiRp,,x- When |D;| 2 [D] 727, we thus have

1< |p|FEa

Ro0 5/ 57551

O

Proof of Theoremd] Under Assumption 2] from equation [37)and equation 39} it holds

1755 = f*ll2 < Ifp.x = foallz + [1fpr = foll2

m Ap. (1+Rp. »)Ap,
<O (1D piy/1 L(2Rp, \ + —— L
< j:lpj + 5\ ( Rop; »+ 3

Let A = [D|7+7 and 2r + v > 1. When |D;| < O(|D|=% ), we have 15— > 1

< 1 1 < 1 :
Rp, 2 S ARV RSN from equation|15| Thus,

2 Ap. 2
) <ADj,,\10g + =2 +Afj) + Ap »log

0 A

> 1 and

D AlD,|

1F5.0 = F 12
m 1.5
<0 Tt;pj (1+ Afj) (RDj,AADj,AIOgE + RD%ADJ' +RDj)>\Afj) +AD,>\10g§ + R\
t - Ap, - 2 Ap, Ay, 2 r
<o|Y ;pj (1+ : ) (Rpj,AApj,,\logé—&- 1D, + AIDJ'I) + Ap s log < + RA
& Ap, \ 1 ID|7 5 |D| 75 2 =
<o|T ;pj (1+ 3 ) (Rpj,AADj,A+ D, Ant p) Afj> log % + |D| >+
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When |D;| > Q(|D|7 ), we have Rp,a S ’/Mil%’\ <1, Ap,» S |Dj|’1/2|D|% and

1fpx = [¥ll2
m Ap. Ap. 2 Ap. —r
<o | 1t /1 J , J A i J . Ty
< ;lea\/ + (RDJ,A + > <AD_7.,A10€ 5T +Afj> + |D|=+

i A'D 1 |D|4:jrr§'y 2
<ol Tt /1 2 Rop, . D|T+ Ap, + Aj + ———Ap. + |D|z+ A2
< ( ij + \ ( p, ZAD; A +|D| p, + Ay + NG p, + |D| D,

Jj=1

2 —r
+ |D2T1+AYADJ‘AJZ’> log 3 + |D|2T+”>
t m Ap, L o L )
=o' ij bt A Rop,; zAp; » + [D|7 7 Ap; + Ay, + [D|7+ Ap, + |D|>+7 Ap, Ay, | log 0
j=1
+ |D2le>

- Ap, 1 1 2 =
<0 (thpﬂh + =2 (Ro, adp, o+ (1+ D75 A, (D75 Ap, + Ay,) ) log = + |D|2v~+v>.

j=1

Combing with equation[d4] we complete the proof

. ) - Ap, 2 2
IFon— Hgsrt;m/H N O+ 115) log® 5+ [D|7 log 5.

Here, X; and I1; have different values w.r.t local sample size

|’D-|_2|’D|%7 if\'D"<‘D|ﬁ
’ R TPOE E 0 S e P
D5 ¥, [Pl S D] S [Pl
D;| 1 D|F 5, if D7 < |Dy| S |D)
2r+y+41

|D‘ﬁ7 if ‘D]‘ Z "D| 2 )

=

and
|D\ﬁA ;A . < .
I, = D A0 T B if |D;| < [D[7+
(1+[D|7 Ap;)(Ay; + [D|7 Apy),  if [Dj| 2 D]+,
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