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ABSTRACT

The design of reward functions presents an arduous challenge in reinforcement
learning (RL). Existing automated reward modeling typically relies on derivative-
free evolutionary heuristics that treat the reward function as a black box, failing to
capture the causal relationship between structure changes and task performance.
To bridge this gap, we propose Differentiable Evolutionary Reinforcement
Learning (DERL), a bi-level training framework for autonomous discovery of
optimal reward signal. In DERL, a Meta-Optimizer evolves a reward function
by composing structured atomic primitives, guiding the evolution of inner-loop
policy. Crucially, DERL is differentiable in meta-optimization—updating the Meta-
Optimizer via policy gradient derived from inner-loop validation performance. This
allows the progressively learning of the “meta-gradient” of task success for denser
and more actionable feedback. We validate DERL across three distinct domains:
robotic agent (ALFWorld), scientific simulation (ScienceWorld), and mathematical
reasoning (GSM8k, MATH). Results show that DERL achieves state-of-the-art
performance on agent benchmarks, significantly outperforming non-differentiable
methods, especially in out-of-distribution scenarios. Analysis of the evolutionary
trajectory demonstrates that DERL successfully captures the intrinsic structure of
tasks, enabling self-improving agent alignment without human intervention.

1 INTRODUCTION

The efficacy of reinforcement learning (RL) hinges fundamentally on the quality of the reward
signal, the lens through which an agent perceives environment and learns toward desirable behav-
iors (Schulman et al., 2017; DeepSeek-AI et al., 2025). However, crafting optimal rewards remains a
persistent bottleneck. In complex reasoning tasks, while outcome signals are often too sparse to drive
learning over long horizons, manual reward design is prone to “reward hacking”, where agents exploit
specification flaws to maximize scores (Amodei et al., 2016; Yan et al., 2025). While Ouyang et al.
(2022) adopts a dense reward model to ease the problem, it still heavily relies on human annotation.

As highlighted by “The Bitter Lesson” (Sutton, 2019), strategies relying on human priors are
ultimately less scalable than general methods that leverage computation to learn directly from
experience. Studies have pivoted towards automatic reward evolution, employing genetic algorithms
to the reward (seen as an agent configuration) via stochastic mutations (Such et al., 2017; Jaderberg
et al., 2017b) or another prompted agent (Shao et al., 2025; Zhang et al., 2025a; Novikov et al.,
2025). In this context “evolution” refers to non-differentiable perturbation or prompt modification. A
critical limitation is the black-box nature of reward evolution, which fails to model the non-arbitrary
structure—the causal relationship between the reward change and resulting agent performance
shift—blindly traversing the optimization landscape without exploiting the intrinsic structural logic
that drives improvement.

When tuning a system, human experts intuitively maintains a meta-gradient—the consciousness that
a specific reward change yields a specific behavior shift (Knox & Stone, 2009). We hypothesize
that language models (LLMs) are able to capture the meta-gradient to update their own parameters,
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Figure 1: Comparison: Traditional reward design relies on manual labor or black-box evolution. In contrast,
our DERL uses a Meta-Optimizer to generate a parameterized Meta-Reward. This guides policy evolution via
gradients derived from validation performance, establishing a differentiable, closed-loop process. Performance:
Meta-Reward consistently outperforms RL baselines, demonstrating the effectiveness of DERL.

thereby generating progressively better reward functions. To this end, we propose Differentiable
Evolutionary Reinforcement Learning (DERL) for autonomous discovery of optimal objectives
(Figure 1). Unlike manual design or black-box evolution, DERL is fully differentiable, updating a
Meta-Optimizer via policy gradients. DERL features a bi-level evolutionary training: an inner-loop
where the policy evolves based on the generated Meta-Reward, and an outer-loop where the Meta-
Optimizer evolves by learning from the inner policy’s validation signal (Figure 2). While DERL is
generalizable to any configurations, we focus on Reward Modeling, primary driving agent behavior.

The instantiation of DERL addresses two challenges: tractable action space and supervision for
Meta-Optimizer. First, instead of predicting an arbitrary function to introduce a vast search space,
our Meta-Optimizer constructs rewards by composing atomic primitives—executable blocks like
tools (e.g., format checkers, partial goal verifiers) (Qin et al., 2023; Huang et al., 2024). This ensures
expressiveness by inclusion of meaningful signals and the capture of structural logic rather than
struggling with text parsing. Second, DERL uses validation performance of the inner-loop policy as
direct feedback signal, alleviating human labor. By observing how different reward structures impact
the policy’s performance, the Meta-Optimizer approximates the gradient of task success, learning to
generate Meta-Rewards with increasingly dense and actionable feedback signals via policy gradient.

We validate DERL on three domains: Robotic Agents (ALFWorld (Shridhar et al., 2020)), Scientific
Simulation (ScienceWorld (Wang et al., 2022)), and Mathematical Reasoning (GSM8k (Cobbe
et al., 2021) and MATH (Hendrycks et al., 2021)). Results demonstrate that DERL generalizes
effectively across diverse tasks, consistently outperforming other RL baselines. Notably, DERL
achieves state-of-the-art performance on ALFWorld and ScienceWorld and shows superior robustness
in OOD problems. Further analysis of evolutionary process reveals the capture of the meta-gradient:
as training progresses, our Meta-Rewards evolve to encode the intrinsic logic of tasks, demonstrating
a self-exploratory capability that aligns with the true gradient of optimization. Our contributions:

• We introduce Differentiable Evolutionary Reinforcement Learning (DERL), a bi-level training
framework that automates reward discovery. Unlike traditional black-box evolution, DERL enables
the Meta-Optimizer to capture the gradient between reward structure changes and task performance,
allowing it to update its own parameters to generate increasingly effective Meta-Rewards.

• We propose a novel Meta-Optimizer architecture that constructs rewards by composing atomic
primitives—modular, executable blocks—rather than an arbitrary function. By utilizing the validation
performance of the inner-loop policy as a supervision signal, we formulate reward generation as an
RL problem, eliminating human annotation while ensuring a distinct, logical search space.

• We validate DERL across robotic, scientific, and mathematical domains. DERL achieves state-
of-the-art performance on ALFWorld and ScienceWorld, demonstrating superior robustness in
OOD scenarios. Analysis shows that our Meta-Optimizer successfully evolves to capture the intrinsic
structure of tasks, progressively refining the reward signal without human intervention.

2 DIFFERENTIABLE EVOLUTIONARY REINFORCEMENT LEARNING (DERL)

We first introduce the formulation of DERL framework, modeling reward design as a bi-level
optimization process. We then detail the reward parameterization and training.
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Figure 2: Bi-level evolutionary training framework for DERL. Blue Block: Evolution of Meta-
Optimizer ψ with n generated Meta-Rewards R (i.e., rollouts). Taking a fixed task instruction as
input, ψ updates the parameter Φ of R with the signal from validation performance v. Green Block:
The inner-loop training for policy model θi with Meta-Reward Rϕi by GRPO. We evaluate the
validation performance for each θi as the reward of Rϕi , making it a differentiable signal for ψ to
evolve through reinforcement learning.

2.1 BI-LEVEL EVOLUTIONARY TRAINING

Studies have shifted toward automated reward design to ease human labor. Some treat the reward as a
configuration to be optimized via evolutionary search (Romera-Paredes et al., 2024), primarily relying
on genetic algorithms by stochastic mutations (Jaderberg et al., 2017a; Chen et al., 2023) or heuristic
optimization via prompted agents (Ma et al., 2024; 2025a). Functioning as zero-order optimizers,
these methods are blind to the optimization landscape and fail to capture the meta-gradient, resulting
in sample inefficiency comparable to grid search versus gradient descent.

Mitigating this requires reformulating the discrete search into a continuous, differentiable optimization
process, thereby enabling gradient-guided evolution to capture the meta-gradients to guide searching.
Inspired by Bello et al. (2017), who employs RL to discover optimization algorithms, we propose
DERL, a bi-level evolutionary training framework (Figure 2). In DERL, the outer-loop (level)
optimizes a Meta-Optimizer ψ via RL to generate a configuration ϕ (which parameterizes the reward
function Rϕ, detailed in Section 2.2), while the inner-loop (level) optimizes a policy model θ under a
reward function Rϕ. Specifically, the bi-level optimization problem is formulated as follows:

Inner-loop (Policy Model Evolution) Given a configuration ϕ from the outer-loop, the inner-loop
policy θ is optimized to maximize the expected parameterized reward:

J inner
ϕ (θ) = Ex∈D,τ∼πθ(·|x)[Rϕ(τ)], (1)

where D represents the training dataset and τ denotes the trajectories sampled from the policy model.

Outer-loop (Meta-optimizer Evolution) The objective is to train the Meta-Optimizer to generate
configurations that yield high-performing inner policies. We postulate that the data-driven policy
gradient can automate the discovery of complex reward functions. Formally, the Meta-Optimizer ψ
acts as a generator policy πψ(·|ins), taking a fixed task instruction ins as input and the configuration
ϕ which instantiates the Meta-Reward Rϕ as output (equation 1). Once the inner policy converges to
an optimal θ∗ under Rϕ, it is evaluated against the performance score Perf(·) (e.g., accuracy) on a
validation set, which is adopted as the outer feedback signal (i.e., the reward) for the Meta-Optimizer
ψ. Consequently, the Meta-Optimizer aims to maximize the following bi-level objective:

J outer(ψ) = Eϕ∼πψ(·|ins)[Perf(θ∗)],

s.t. θ∗ = argmax
θ

J inner
ϕ (θ).

(2)

This bi-level training framework transforms the discrete evolutionary search of reward function into a
continuous, differentiable optimization over the meta-policy parameters ψ. Unlike genetic algorithms
that rely on heuristic, stochastic mutations (blindly searching the space), DERL learns the “search
direction”, transforming the zero-order reward search into a first-order optimization of the generator.
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2.2 INSTANTIATION OF DERL

Reward Parameterization A key challenge in Meta-Optimizer evolution lies in designing the
structure of the generated configuration to parameterize the reward function for inner-loop. Traditional
reward design typically adopts heuristic scalar functions, often sparse and necessitating manual effort
to analyze validation failures (Shao et al., 2024). Alternatively, others employ trained reward models
to address brittleness and scalability, which incurs a high annotation cost (Schulman et al., 2017). To
ease this problem, we directly parameterize the reward function structure. Instead of predicting a
single arbitrary reward function, which introduces a vast search space, our Meta-Optimizer generates
a configuration ϕ—a symbolic formulation that specifies the structure and weights for composing
multiple atomic primitives to evaluate the inner-loop agent. This design enables the automatic
evolution of structural, non-linear evaluation criteria, thereby reducing human labor.

Specifically, we define the reward function as a symbolic composition of atomic primitives G =
{g1, g2, . . . , gk}—functions that evaluate specific aspects of a model’s output o, to ensure a structured
and expressive search space. Typically, a primitive requires the model output o and a context variable
C, containing information like the ground-truth a∗ and query q. Example primitives include binary
outcome correctness (i.e., comparing o to a∗) adherence to formatting rules in C, or process heuristics
like step counts. Based on the primitives, the Meta-Optimizer ψ predicts the structure and weights
(ϕ) that combine these signals through mathematical composition instead of generating a function
directly. More details are in Appendix B. The reward function is therefore defined as:

Rϕ(o, C) = Func(g1(o, C), . . . , gk(o, C);ϕ) (3)

where Func(·) represents the symbolic execution of the configuration ϕ, which involves applying
weights and mathematical operators (e.g., summation, logical conditions) to the primitive outputs.

Inner-loop (Policy Model Evolution) We utilize Group Relative Policy Optimization (GRPO)
Shao et al. (2024) for policy model optimization (the green block of Figure 2). The objective is
defined as:

E
q∼P (D)

{oi}
G
i=1∼πθold

(·|q)

[
1

G

G∑
i=1

min

(
πθ(oi | q)
πθold (oi | q)

Ai, clip

(
πθ(oi|q)

πθold
(oi|q)

, 1 − ϵ, 1 + ϵ

)
Ai

)
− β DKL(πθ∥πref )

]
, (4)

where we sample a group of G outputs {oi}Gi=1 from the old policy πθold for each question q from
the training set D. πθ and πθold denotes the current and previous policy, respectively. ϵ and β
denotes hyper-parameters for the clipping range and KL-divergence penalty against a reference policy
πref , with DKL detailed in Shao et al. (2024). Crucially, Ai represents the group-wise advantage
derived from our parameterized reward function within each group. For each output oi in a group,
generated w.r.t., a given context C, reward ri is computed. The advantage is then defined as:

Ai =
ri − mean({rj}Gj=1)

std({rj}Gj=1)
, where ri = Rϕ(oi, C). (5)

To investigate the impact of model plasticity and optimization efficiency, we implement two distinct
initialization strategies for inner-loop: 1) Standard Init (denoted as DERL): In this strategy, for each
inner-loop, the policy model θ is initialized from the base model. This ensures that the performance
of θ is solely attributable to the efficacy of the current reward configuration ϕ, providing an unbiased
evaluation signal to the Meta-Optimizer. 2) Population-based Variant (denoted as DERL-Pop.):
In the first inner-loop, we initialize the policy model from the base model. In later inner-loop, we
start training the policy model from the model with the best validation performance in the last loop.
This is similar to population-based evolutionary method where the policy model is evolved from
different training configurations (Shao et al., 2025; Jaderberg et al., 2017b), but our Meta-Optimizer
captures the meta-gradient in a differentiable and dynamic way. For fair comparison, we ensure that
the total training step for DERL-pop.’s inner-loop policy remains the same as standard DERL, saving
computation since the outer-loop can evolve more frequently.

Outer-loop (Meta-optimizer Evolution) We similarly employ GRPO to optimize the outer-loop
(blue block in Figure 2). In each iteration, the Meta-Optimizer πψ samples a group of n reward
configurations Φ = {ϕ1, ϕ2, . . . , ϕn}, where n denotes the rollout size. Each configuration ϕi is used
to instantiate a reward function Rϕi to train a corresponding inner-loop policy θi. Upon completion
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of the inner-loop training, we evaluate each policy θi on a held-out validation set V to compute the
performance score vi = Perf(θi) using the pass@1 accuracy metric:

Perf(θ) =
1

|V |
∑

(q,a∗)∈V

I(fθ(q) = a∗), (6)

where fθ(q) denotes output by the trained policy πθ with deterministic decoding, a∗ denotes ground
truth, and I(·) denotes indicator function. The resulting validation scores {v1, . . . , vn} serve as feed-
back signals (outer rewards) for the corresponding configurations {ϕ1, . . . , ϕn}. We then compute the
group-wise advantage (same as the inner-loop) to update the Meta-Optimizer parameters ψ. Crucially,
DERL establishes a closed-loop computation that propagates non-differentiable validation signals
back to the Meta-Optimizer via estimated meta-gradients (see Appendix F.1). This differentiable
nature replaces manual heuristics with a direct optimization path, enabling the autonomous synthesis
of dense feedback signals from sparse outcomes. Consequently, DERL effectively resolves scalability
challenges in complex domains where manual reward engineering is prohibitively expensive.

3 EXPERIMENTS

We validate DERL across three diverse domains that necessitate complex reasoning, i.e., Robotic
Agents, Scientific Simulation and Mathematical Reasoning. We aim to address two research questions:
1) Can DERL discover reward functions better than heuristics signals? 2) Does the learned Meta-
Reward generalize better to out-of-distribution (OOD) scenarios in complex reasoning tasks?

3.1 EXPERIMENT SETUPS

Robotic Agent We utilize a multi-round robotic agent task, i.e., ALFWorld (Shridhar et al., 2020),
requiring to complete embodied household tasks with natural language or visual observations. To
rigorously assess the generalization capability, similar to Zhang et al. (2025b), we evaluate on three
difficulty levels based on the distribution shift of training and testing data: L0 (in-distribution, seen):
trained on all 6 task types and evaluated on seen variants; L1 (in-distribution, unseen): trained on all
6 task types but evaluated on unseen variants; L2 (out-of-distribution), trained only on 4 task types
and evaluated on the remaining 2 unseen types.

We compare DERL with standard RL baselines: 1) GRPO + Out.: GRPO with binary outcome
rewards. 2) GRPO + Avg.: As we introduce the atomic primitives, a common practice is to calculate
the weighted sum over all functions. To demonstrate DERL’s exploration of an optimal reward
structure over the search space, we compare with the average weighted sum. 3) GiGPO (Feng et al.,
2025) with a two-level structure for finer-grained credit assignment. 4) RLVMR (Zhang et al., 2025b)
with structured verifiable process reward, which is the previous state-of-the-art method. We do not
compare with LLM-based reward models due to their high resource intensity, particularly since
ground-truth outcome signals are readily available for the target domains.

Scientific Simulation We adopt ScienceWorld (Wang et al., 2022), an interactive text environment at
the level of a standard elementary school science curriculum, testing the agents’ scientific reasoning
abilities. To ensure consistent evaluation of generalization, we evaluate on the three difficulty levels
(i.e., L0, L1, and L2) and compare against the same set of baselines as in the Robotic Agent tasks.

Mathematical Reasoning We adopt two established benchmarks: GSM8K (Cobbe et al., 2021) for
grade-school math and MATH (Hendrycks et al., 2021) for advanced competition-level problems.
We vary the training data by using either the MATH training set, which contains more difficult maths
problems, or combining the MATH and GSM8k, which contains both easy and hard problems.

We benchmark against a set of baselines varying in reward structure: 1) Outcome: a standard binary
outcome-based reward; 2) Outcome + Format: the outcome rewards augmented with format reward;
and 3) Avg Reward: the average reward over all individual atomic primitives.

3.2 IMPLEMENTATION DETAILS

Robotic Agent and Scientific Simulation We introduce four atomic primitives to construct the
reward space. One is binary outcome reward. Others are captured from three stages of the interaction
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Table 1: Performance of DERL on three distinct domains. Bold and underline denotes the best and
second best performance.

(a) Success rates on ALFWorld and ScienceWorld
(Qwen2.5-1.5B-Instruct) across three levels of general-
ization difficulty (Section 3.1). Out. and Avg. denotes
outcome reward and average reward over all atomic primi-
tives. GRPO baselines are run by ourselves. Other results
are from Zhang et al. (2025b). Our DERL outperforms
all baselines in all difficulty levels, achieving state-of-
the-art performance.

Method ALFWorld ScienceWorld

L0 L1 L2 L0 L1 L2

GRPO + Out. 76.6 71.1 29.7 21.1 13.7 10.9
GRPO + Avg. 88.1 85.4 30.5 37.9 31.3 18.0
GiGPO 86.7 83.2 48.0 25.8 15.2 4.7
RLVMR 89.1 87.9 56.3 46.9 34.4 26.5

DERL 91.0 89.1 65.0 47.7 43.0 30.1
DERL-pop. 91.8 88.3 76.4 98.2 95.3 31.3

(b) Accuracy on GSM8k and MATH
(Qwen-2.5-3B) with different training
data and reward functions. Our DERL outper-
forms all baselines, including the outcome reward,
outcome + format reward, and the average reward
over atomic primitives. All results are run under
the same configuration.

Reward Train Data GSM8k MATH

Outcome MATH+GSM8k 82.6 58.8
Out.+Format MATH+GSM8k 86.4 55.9
Avg. MATH+GSM8k 86.5 55.8
Outcome MATH 82.9 59.1
Out.+Format MATH 83.9 56.8
Avg. MATH 83.6 54.9

DERL MATH+GSM8k 87.0 60.2
DERL-pop. MATH+GSM8k 87.6 60.2
DERL MATH 83.2 60.5
DERL-pop. MATH 84.1 60.9

trajectory, inspired by Zhang et al. (2025b). Specifically, we compute the average reward over the first,
middle and last third of stages of the interaction trajectory, respectively. For instance, given a six-step
interaction with a step-wise reward sequence of [1, 0, 1, 1, 0, 0], the atomic primitives corresponding
to the three temporal stages yield values of 0.5, 1, and 0, respectively. This straightforward design
incentivizes the model to attend to distinct temporal phases of the task. More in Appendix C.

Mathematical Reasoning We construct the reward space with four straightforward atomic primitives:
1) Binary outcome reward; 2) Format reward which verifies if the answer is enclosed in “boxed{}”;
3) Step-by-step reward, identifying whether the output contains CoT tokens e.g., “step 1”; 4) Soft
outcome reward, which credits the presence of ground truth anywhere in the output, helpful when the
model indeed knows the answer but generates in a wrong format. Appendix C.

3.3 RESULTS

Robotic Agent and Scientific Simulation Table 1a presents the performance comparison on Robotic
Agent and Scientific Simulation benchmarks across three generalization levels. We observe two key
findings: 1) State-of-the-Art (sota) Performance. DERL achieves sota success rates across all
difficulty levels on both benchmarks. This indicates that the Meta-Optimizer effectively explores the
function space to discover Meta-Rewards that drive policy improvement beyond standard outcome
signals. Notably, our population-based instantiation, DERL-pop., further demonstrates exceptional
performance, achieving 91.8% on ALFWorld (L0) and 98.2% on Science World (L0). This shows
that by initializing the inner-loop policy with the best-performing model from previous generations,
the Meta-Optimizer can effectively adapt the reward signal dynamically as the policy model evolves,
creating a curriculum-like effect that accelerates convergence and elevates the performance ceiling.
It is worth noting that DERL-pop. consumes significantly less computations by optimizing the
outer-loop more frequently. Appendix H details the training dynamics of DERL-pop. 2) Robustness
in OOD Scenarios. A critical limitation of heuristic rewards is the brittleness under distribution shifts.
As shown in L2 (OOD) columns, standard baselines falter significantly. For instance, while “GRPO
+ Avg.” improves in-distribution (L0) performance by approximately 10% over “GRPO + Out.”, it
fails to translate this gain to the OOD setting (showing only a 0.8% improvement). This suggests
that the straightforward reward summation encourages overfitting rather than genuine reasoning.
In contrast, our DERL substantially improves the OOD robustness, achieving 65.0% and 30.1%
success rates on ALFWorld and ScienceWorld, respectively. This more than doubles the performance
of the outcome reward baseline.

Take-away 1. The Meta-Reward captures the intrinsic structure of the task, enabling generalization
to unseen scenarios where heuristic combinations fail.
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Figure 3: Training dynamics of the Meta-Optimizer on ALFWorld, GSM8k and MATH Benchmarks.
The x-axis represents the training steps of outer-loop. The blue and orange line denotes the average
validation and testing performance over Meta-Reward (i.e., “rollouts”), respectively. The results
show that DERL gradually converges as the training progresses, without overfitting.

Mathematical Reasoning presents a unique challenge where the outcome reward is already strong,
but sparse for hard question exploration. Table 1b illustrates the performance on GSM8K and MATH.
We observe that naively incorporating auxiliary signals (e.g., GRPO with Outcome + Format or Avg
Reward) often degrades performance on the more difficult MATH dataset (dropping from 58.8% to
55.8%), likely due to “reward hacking” or distraction from the core reasoning path (e.g., prioritizing
formatting over correct reasoning). However, our DERL successfully navigates this pitfall. By
autonomously optimizing the reward structure without any human effort, DERL outperforms all
baseline reward functions, including the strong outcome reward (e.g., 60.2% vs. 58.8% on MATH),
with the population-based instantiation DERL-pop. further improving the performance. This
demonstrates DERL ’s ability to navigate the delicate trade-off between signal density and signal
fidelity.

Take-away 2. Even in domains with strong ground-truth signals, DERL discovers non-trivial
reward compositions that provide denser feedback without introducing the noise associated with
manual heuristic design.

4 ANALYSIS

Having demonstrated the empirical superiority of DERL, we now investigate the internal mechanisms
driving these improvements. We focus on two key aspects: the optimization dynamics of the outer-
loop and the structural evolution of the generated reward functions.

4.1 OPTIMIZATION DYNAMICS

A critical question is whether the Meta-Optimizer genuinely learns a progressive optimization
strategy or merely performs a random search over the function space. To investigate this,
we visualize the training dynamics (i.e., how the Meta-Optimizer evolves over training steps) on
ALFWorld, GSM8K and MATH benchmarks in Figure 3. Results on ScienceWorld is not shown
because the Meta-Optimizer converges faster. Specifically, we demonstrate the average validation
accuracy of inner-loop policies θ1, θ2, ..., θn trained with n Meta-Reward.

We observe a consistent, monotonic upward trend in average performance of both validation and
testing as the outer-loop progresses. Specifically, we find that the trend in mathematical reasoning
is more stable as the Meta-Optimizer recognizes that the verifiable task is mainly driven by the
outcome reward. For agent tasks, outer-loop optimization involves more exploration than exploitation,
ultimately showcasing robust evolution. Crucially, the concurrent rise in validation and testing
performance provides empirical verification that the Meta-Optimizer is not overfitting to the specific
instances in outer-loop training. Instead, it successfully approximates the “meta-gradient” of task
success. By leveraging the validation performance as a supervisory signal, the Meta-Optimizer
gradually refines the reward function, generating increasingly effective signals that guide the inner-
loop agent toward higher performance.

Take-away 3. The Meta-Optimizer drives a gradient-guided evolution rather than a stochastic
random search, validating that DERL captures the intrinsic meta-gradient of the task, enabling the
refinement of generalizable reward structures without overfitting to the outer-loop training instances.
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4.2 EVOLUTION DYNAMICS OF REWARD STRUCTURES

To elucidate specific characteristics of the learned rewards, we analyze the structural composition
of the Meta-Reward generated throughout the evolutionary process, i.e., the evolution dynamics.
We categorize the combinations of atomic primitives (denoted as g1, g2, g3, and g4) into three
distinct structure types based on mathematical properties: 1) Stable Structure, which adopts linear
combinations or normalization mechanisms. For example, linear additions (e.g., 0.5 · g1 +0.8 · g2) or
division operations (e.g., g1

g2+1 ) that act similarly to sigmoid functions bound the output range. This
structure mirrors robust designs in deep learning, preventing numerical explosion while retaining
sufficient expressivity to guide the agent. 2) Unstable Structure, in contrast, predominantly features
unbounded products without normalization. A typical example is a chain of sequential multiplications
(e.g. g1 · (g2 + 0.2) · g3). This structure creates a severe “veto” mechanism: if any single atomic
signal approaches zero, the entire reward vanishes, leading to high variance and unstable gradient
update. 3) Invalid Structure refers to mathematically adversarial forms, such as assigning negative
coefficients to positive signals (e.g., −(g1 + 0.5 · g2)), which penalize desirable behaviors and offer
no optimization utility.
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Figure 4: Evolution dynamics of reward struc-
tures on ALFWorld. We visualize the propor-
tion of Stable and Unstable Structures over outer-
loop steps. The consistent upward trend of stable
structures validates the Meta-Optimizer’s selec-
tion preference for mathematical robustness.

Figure 4 tracks the distribution of these struc-
tural types over the course of training on ALF-
World. The optimization trajectory reveals a
distinct gradient-guided refinement process. In
the early exploration phase, Unstable Structures
appear frequently as the optimizer explores the
search space. However, as training progresses, we
observe a sharp decline in its prevalence. Simul-
taneously, the proportion of Stable Structures ex-
hibits a strong upward trend, eventually becoming
dominant. This dynamic suggests that the Meta-
Optimizer effectively acts as an evolutionary fil-
ter for mathematical robustness. Without explicit
human programming or constraints, our DERL
implicitly discovers that consistent, bounded, and
numerically stable rewards are critical prerequi-
sites for effective policy optimization.

Take-away 4. The Meta-Optimizer implicitly learns to prioritize numerical stability and bound-
edness. This demonstrates that DERL discovers essential reward design principles solely through
gradient feedback, without requiring manual constraints.

5 CONCLUSIONS

We introduced Differentiable Evolutionary Reinforcement Learning (DERL), a bi-level evolutionary
training framework that automates the discovery of reward functions. By parameterizing the reward
structure as a composition of atomic primitives and taking validation performance of the inner-loop
policy as a supervisory signal, DERL bridges the gap between black-box evolutionary heuristics and
gradient-based optimization. Our Meta-Optimizer manages to capture the “meta-gradient” of task
success, allowing it to progressively learn dense, actionable feedback signals without reliance on
expensive human effort.

Empirical results demonstrate that DERL consistently outperforms standard reinforcement learning
baselines and human-designed heuristics in three diverse domain. Notably, DERL exhibits superior
generalization capabilities in OOD scenarios, achieving state-of-the-art performance on ALFWorld
and ScienceWorld benchmarks. Further analysis of the evolution dynamics reveals that the Meta-
Optimizer naturally converges toward numerically stable and robust reward structures, effectively
filtering out volatile signal combinations. This confirms that DERL is not merely a search algorithm,
but a mechanism for discovering the intrinsic structural logic required for effective agent training.
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A RELATED WORK

Agentic Evolution of LLMs The capabilities of LLMs have recently shifted towards agent systems
that encompass complex planning, tool usage, and self-correction mechanisms (Qin et al., 2023;
Cheng et al., 2024b). However, the deployment of LLMs as agents is critically bottlenecked by their
reliance on human-engineered configurations (e.g., prompts, workflow, codes, reward functions, etc),
which are non-scalable and brittle (Sutton, 2019; Sarkar et al., 2025). While evolutionary algorithms
attempt to optimize agent configurations, they operate in a discrete, black-box manner by permutation
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(Jaderberg et al., 2017b; Chen et al., 2025; Fang et al., 2025) or a prompted agent (Yin et al., 2024;
Novikov et al., 2025; Zhang et al., 2025a; Shao et al., 2025), relying only on sparse final fitness scores
and failing to exploit the rich information embedded in the training dynamics (Gao et al., 2025). Our
DERL introduces a parameterized Meta-Optimizer that enables a gradient-guided search for optimal
configurations. Leveraging the validation performance of the optimizee as a reward signal, DERL
validates that the meta-gradient can be captured by the evolutionary process, moving beyond human
priors toward a scalable, computation-driven optimization mechanism.

Learning to Learn Meta-learning focuses on developing models or algorithms that can rapidly
adapt to new tasks by leveraging experience gained from other related tasks (Vilalta & Drissi, 2002;
Xu et al., 2018). It essentially automates the traditional manual processes, e.g., hyper-parameter
optimization, the selection of appropriate learning algorithms (Andrychowicz et al., 2016). Recent
work has extended this concept to RL, where a meta-learner is designed to optimize the inner-loop
learning process of an RL agent (Bello et al., 2017; Agarwal et al., 2019; Xu et al., 2020; Oh et al.,
2020; Anonymous, 2025). However, as reward modeling is demanding, whether the optimization of
reward signal can be learned by a meta-model is understudied. Our DERL is the first to formalize the
automated reward search as a bi-level meta-optimization problem with LLMs, leveraging principles
from meta-learning to optimize a meaningful reward function.

Reward Modeling The success of LLM alignment hinges on the reward function, providing feedback
for agent evolution through RL (Schulman et al., 2017). This is complicated by the dilemma between
sparse, objective outcome reward (Shao et al., 2024; Tang et al., 2025) and dense, but expensive,
human-annotated reward (such as those used in RLHF) (Wang et al., 2025; Ouyang et al., 2022).
Recent studies seek open-ended reward by training a model on large-scale LLM-annotated web-
crawled data (Ma et al., 2025b; Zhang et al., 2024; Ma et al., 2024). Others design heuristic rewards
which requires complex manual coordination and may even degrade performance if naively combined
(Zhang et al., 2025b; Wei et al., 2025; Yu et al., 2025; Yan et al., 2025). To address these challenges,
our DERL employs a Meta-Optimizer to automatically generate reward functions without relying on
external human preference data.

B DETAILS ON STRUCTURED META-REWARD

Merits of Structured Meta-Reward The merits of our structured Meta-Reward design (i.e.,
generating a configuration composing atomic primitives instead of an arbitrary function) are three-
fold: 1) Coverage of a informative and continuous search space. Equation equation 3 takes abundant
factors into account, ensuring an expressive space covering the standard outcome signal. 2) Structural
reasoning. The Meta-Optimizer can focus on considering different aspects of the problem instead of
processing tedious textual output. 3) Extensibility, decoupling the definition of atomic signals from
their utilization. This renders the system agnostic to the specific choice of G, thereby facilitating
seamless generalization to new tasks. One can incorporate diverse potential discriminators—ranging
from rigorous constraints to task-specific heuristics, or even potentially detrimental signals. The
evolutionary process automatically filters and weights these components, circumventing the need for
manual validation of their individual utility.

Implementation To ensure the stability of the symbolic generation, we adopt three strategies: 1)
Cold Start: We apply Supervised Fine-Tuning to the Meta-Optimizer on a small set of valid format
examples to initialize the policy. 2) Constrained Decoding: We enforce token-level constraints to
ensure the validity of tokens in the generated output ϕ. 3) Validity Penalty: In rare cases where a
generated ϕi is mathematically ill-defined (e.g., resulting in execution errors), we assign a penalty
reward vi = 0 to suppress such generations.

C IMPLEMENTATION DETAILS

Robotic Agent and Scientific Simulation We implement DERL with GRPO via VeRL (Sheng
et al., 2024). For outer-loop, we utilize Qwen-2.5-0.5B-Instruct as the Meta-Optimizer and
set the number of rollouts to 8. Other hyper-parameters remain defaulted. For inner-loop, we employ
Qwen2.5-1.5B-Instruct as the base policy with a cold start (same as other baselines). We
set epoch to 40 for ALFWorld and 80 for ScienceWorld, respectively. After obtaining the optimal
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Meta-Reward, we train the policy model (from scratch) using this reward function for 100 steps, the
same as RLVMR, whereas other baselines are trained for 150 steps. The Meta-Optimizer achieves
convergence in approximately ten and five outer-loop iterations for ALFWorld and ScienceWorld,
respectively. For DERL-pop., we train the outer-loop for 10 rounds and set the training epochs for
inner-loops to 10 on ALFWorld. On ScienceWorld, we train the outer-loop for 3 rounds and the
inner-loop for 33 rounds, to ensure the consistency of the total training epochs for the inner-loop. We
report the success rate on the test set, i.e., whether the model can ultimately complete the task.

Mathematical Reasoning For outer-loop, we keep all configurations the same as other tasks. For
inner-loop, we adopt Qwen-2.5-3B as the base policy model. We train for 10 epochs and enforce
a time limit of 3.5 hours for inner-loop training. With these settings, the Meta-Optimizer achieves
convergence in approximately 8 outer-loop iterations. We then take the optimal Meta-Reward to train
the base policy for 15 epochs for fair comparison with baselines. For DERL-pop., we train each
inner-loop for 2 epochs and report the testing result after 7th outer-loop iteration for fair comparison.
We evaluate the exact match of the ground truth answer in the test set.

D LIMITATIONS AND FUTURE WORK

While DERL demonstrates significant promise, several limitations remain that outline important
directions for future research.

Computational Cost. The primary bottleneck of our framework is the computational expense
associated with the bi-level optimization structure. Since every update to the Meta-Optimizer requires
the training of multiple inner-loop policies (“rollouts”), the process is resource-intensive compared to
standard single-level RL. A detailed cost analysis is conducted in Appendix G. We already provided
DERL-pop. with higher efficiency and better performance. Future work could explore the integration
of lightweight proxy tasks or more sample-efficient outer-loop algorithms (e.g., REINFORCE++ (Hu
et al., 2025)) to approximate the meta-gradient with reduced compute.

Dependency on Atomic Primitives. The expressivity of the discovered reward functions is cur-
rently bounded by the set of atomic primitives defined in the search space. While our selection of
primitives (e.g., format checks, partial goal verifiers) are proved effective for the studied domains, the
Meta-Optimizer cannot invent entirely new functional capabilities outside of this pre-defined grammar.
Expanding the search space to include more granular or semantically rich primitives—potentially
extracted automatically from task descriptions—remains an open challenge.

Long-Horizon Credit Assignment. Although DERL improves upon sparse outcome rewards, the
generated Meta-Rewards are still evaluated based on the final validation performance of the policy.
In tasks with extremely long horizons or deceptive intermediate goals, the signal propagation from
the final metric back to the specific reward parameters may still suffer from attenuation. Investigating
intermediate meta-supervision signals could further enhance the stability and efficiency of the
evolutionary process.

E PRELIMINARY EXPERIMENTS

In this section, we present a preliminary experiment designed to investigate the capacity of our
proposed Meta-Reward mechanism to simulate and potentially enhance standard outcome-based
rewards. Specifically, we utilize a computational graph parameterized by a small set of weights to
derive a reward function, which is then utilized to train the inner-loop model.

E.1 EXPERIMENTAL SETUP

Architecture. As illustrated in Figure 5, the Meta-Optimizer is implemented via a graph neural
network representing general computational graphs. The Meta-Reward function, parameterized by
ϕt, is represented by a set of twelve learnable weights (e.g., wadd, wsub, wmul, . . . ) distributed across
the computational nodes. The set of atomic primitives used in this graph remains consistent with
those described in the main body of this paper (Section 2).
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Figure 5: Demonstration of the training loop our differentiable evolutionary reward. We adopt GRPO
as an example RL algorithm for the inner-loop. In the outer-loop, we leverage a graph neural network
to represent general computational graphs and obtain the final reward function Φt parameterized by
ϕt = {wadd, wsub, ...} through differentiable optimization.

Training Protocols. We explore two distinct strategies to evolve the Meta-Optimizer:

• Supervised Fine-Tuning (SFT): In this setting, the Meta-Optimizer is trained to directly
regress the ground truth outcome reward. The objective is to minimize the divergence
between the generated Meta-Reward and the standard outcome signal (0.0 or 1.0).

• Reinforcement Learning (RL): We formulate the optimization of weights w as an RL
problem. For each computation step, we sample operations based on the distribution of w
within each node. If the resulting Meta-Reward aligns with the ground truth outcome reward
(i.e., I(Meta-Reward = Outcome)), a reward of 1.0 is assigned to the current configuration
of w; otherwise, the reward is 0.0.

Model and Data. To generate a diverse set of trajectories for training, we perform inference on
the training sets of the GSM8K and MATH benchmarks using Qwen2.5-3B-Instruct. These
trajectories serve as the basis for optimizing the Meta-Optimizer. Once Meta-Reward is learned,
it is frozen and used to train the inner-loop policy model (Qwen2.5-3B). The inner-loop training
settings are identical to the baseline configuration to ensure a fair comparison.

Table 2: Performance comparison on mathematical reasoning benchmarks. We compare the prelimi-
nary results of Meta-Reward with different baselines. The Meta-Optimizer utilize a 12-parameter
graph optimizer to shape the reward signal

Reward Function GSM8K MATH
Outcome 82.6 58.8
Avg Reward 86.5 55.8
Meta-Reward (SFT) 85.5 62.9
Meta-Reward (RL) 83.2 59.9
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E.2 RESULTS AND ANALYSIS

Table 2 presents the performance comparison between the standard outcome reward, an average
reward baseline (same as the main experiments in Section 3), and our proposed Meta-Reward (SFT
and RL). The results indicate that the Meta-Reward, despite being parameterized by only 12 weights,
effectively discovers a reward function that outperforms the sparse outcome reward. Notably, on the
challenging MATH dataset, the Meta-Reward (SFT) achieves a significant improvement over the
Outcome baseline (62.9% vs. 58.8%).

These findings suggest that the Meta-Reward mechanism avoids overfitting to the rigid binary
outcome signal. Analogous to an educational setting, using a binary outcome reward is akin to
instructing a student solely to ”score 100 points,” which provides a sparse and high-variance signal.
In contrast, our approach—constrained by the computational graph structure—encourages the model
to learn a generalized heuristic. Although this is not an explicit process reward annotated by humans,
the optimization process discovers an implicit, dense reward function that guides the model more
effectively toward the correct reasoning path than the raw outcome signal alone.

F GRADIENT PROPAGATION ON DERL

In this section, we elaborate on the information flow between the meta-optimizer (parameterized by
ψ) and the inner-loop policy model (the optimizee, parameterized by θ). A distinct feature of our
DERL framework is the preservation and utilization of meta-gradient information, which allows the
optimizer to explicitly learn from the validation performance of the optimizee.

F.1 GRADIENT PROPAGATION FLOW

The interaction between the optimizer and the optimizee unfolds as a bi-level optimization process, as
illustrated in Figure 6. Let vt denote the validation performance (or evaluation metric) of the policy
model θt at step t. The optimization process consists of two coupled loops:

• Inner Loop (Optimizee): The policy model updates its parameters θt−1 → θt based on the
guidance of the Meta-Reward Rϕt provided by the optimizer. The optimizer then generates
the update instructions (parameterized by ϕt) conditioned on its current state ψt.

• Outer Loop (Optimizer): The meta-optimizer evolves ψt−1 → ψt by maximizing the
expected future validation performance of the optimizee.

Crucially, the update of the optimizer ψ is driven by the gradient of the validation performance,
denoted as ∇J outer(ψt). This term represents the meta-gradient: it quantifies the sensitivity of the
optimizee’s performance with respect to the optimizer’s parameters. By backpropagating the signal
from the validation performance v through the update step to ψ, our DERL establishes a direct
feedback loop.

F.2 META-GRADIENT PROPAGATION COMPARED WITH PREVIOUS EVOLUTION

The core innovation of our framework lies in the end-to-end differentiability of the optimization
trajectory, or how the feedback signal vt is utilized. In traditional reinforcement learning or prompt-
based optimization methods, the optimizer ψ is often treated as a static entity (e.g., a fixed prompted
agent or a random perturbation generator). In such cases, the dependency chain is broken, and
the “meta-gradient”—the gradient of the validation performance with respect to the optimizer’s
parameters—is lost.

In contrast, our approach treats ψ as a learnable entity. We explicitly compute the gradient flow from
the evaluation metric back to the optimizer parameters. As depicted in the bottom flow of Figure 6,
the optimizer updates its own parameters ψ to maximize the expected future validation performance
of the optimizee:

ψt = ψt−1 + η · ∇J outer(ψt−1) (7)
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Figure 6: Illustration of Gradient Propagation in bi-level evolutionary training loop. The top row
(Orange) represents the trajectory of the optimizee θ, updated via instructions ϕ derived from the
optimizer. The bottom row (Green) represents the evolution of the Meta-Optimizer ψ. The blue nodes
vt denote the validation performance evaluation. Unlike static methods, our framework computes the
meta-gradient ∇J outer(ψt) (vertical arrows), allowing the optimizer to update its own parameters ψ
to explicitly maximize the optimizee’s performance.

This derivation highlights that updating ψ is fundamentally learning the meta-gradient. Unlike
prior works where the optimizer is fixed (resulting in ∂ϕ

∂ψ = 0 or undefined), our DERL framework
maintains a differentiable (or estimable) path. This enables the Meta-Optimizer to iteratively improve
the reward structure ϕ driven by direct performance feedback. In doing so, DERL serves as a
foundational proof-of-concept for completely autonomous, self-improving frameworks.

G COMPUTATIONAL COST ANALYSIS

In this section, we provide a detailed breakdown of the computational costs associated with the
bi-level evolutionary training framework (DERL) and discuss potential strategies for efficiency
improvements.

G.1 COMPUTATIONAL BREAKDOWN

The training process consists of an outer-loop (Meta-Optimizer evolution) and an inner-loop (Policy
Model evolution). We incorporate parallelism in most parts of DERL to improve GPU untilization.
The computational cost is as summarized as follows:

The training process consists of an outer-loop (Meta-Optimizer evolution) and an inner-loop (Policy
Model evolution). We incorporate parallelism in most parts of DERL to improve hardware utilization.
The computational cost is summarized as follows:

Inner-Loop Latency (The Bottleneck). The primary computational bottleneck lies in the inner-
loop, where the policy model θi evolves (e.g., interacts with the environment) using the Meta-Reward
Ri. Since our outer-loop utilizes the GRPO algorithm (Shao et al., 2024), the Meta-Optimizer
generates n distinct Meta-Rewards (as rollouts) per step. To mitigate latency, we implement a fully
parallelized architecture similar to standard GRPO:

• Parallel Execution: All n rollouts (where n = 8 in our experiments) are evaluated si-
multaneously, with each inner-loop allocated a dedicated set of compute resources. Each
inner-loop for each task finally consumes similar computation resources.

• Malformed Rewards: Meta-Rewards that fail to compile or produce valid computation
graphs are immediately terminated, assigned a reward of 0.0, and incur zero training cost
(though the system waits for concurrent inner-loops to complete before updating the outer-
loop).

• Time Budgeting: A significant challenge in Meta-Reward discovery is that certain reward
functions may incentivize excessively long reasoning chains, increasing training costs
unpredictably. To address this, we impose a strict computational budget. For mathematical
reasoning tasks, we set a maximum floating-point operation cap approximately 1.3× the
cost of standard binary-outcome training. If training exceeds this threshold, the process is
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halted, and the latest checkpoint is saved for evaluation. For other tasks, we rely on a fixed
number of inner epochs, as the action space is more controllable.

Evaluation Cost. Following the inner-loop, we evaluate the validation performance to calculate the
advantage for the Meta-Optimizer. We utilize vLLM for high-throughput inference. By parallelizing
the evaluation across all n rollouts, the validation phase incurs negligible latency compared to training.

Outer-Loop Update. The Meta-Optimizer utilizes a lightweight 0.5B parameter model. Updating
this model using the collected rollout data (n = 8) is computationally negligible, taking only minutes
to complete.

Based on the parallelization strategy described above, the wall-clock time for one complete outer-loop
iteration is determined by the slowest successful inner-loop trial plus evaluation and update overhead.

Ttotal ≈ max(Tinner) + Teval + Tupdate

G.2 RESOURCE ESTIMATION

To contextualize the resource requirements of DERL, we compare its cost against the baseline of
training a single inner-loop policy model. Let Cinner denote the computational cost required to train
one standard inner-loop.

The total computational cost for standard DERL, which runs for Eouter outer-loop epochs with n
parallel rollouts per step, can be estimated as:

CDERL ≈ n× Eouter × Cinner

This cost scales linearly with the number of outer-loop iterations required for the Meta-Optimizer to
converge. In contrast, for DERL-pop, we simplify the process selecting the best reward function
from a single population generation. In this setting, the total cost is significantly reduced to:

CDERL-pop ≈ n× Cinner

Consequently, DERL-pop offers a more efficient alternative, consuming way less wall-clock time
while still benefiting from population-based exploration. We utilized high-memory data center
accelerators to accommodate the memory requirements of the parallel inner-loop training.

G.3 EFFICIENCY IMPROVEMENTS AND FUTURE WORK

In our current implementation, we utilized a relatively large number of rollouts (n = 8) and a full
inner-loop training protocol to empirically verify that LLMs can effectively learn meta-gradients
through Reinforcement Learning. However, our preliminary experiments (demonstrated in Section E)
suggest that simple parameterizations (e.g., 12 parameters) can also yield competitive results.

This observation points toward a promising direction for future work: reducing the heavy compu-
tational burden of the inner-loop by adopting lightweight RL algorithms, such as REINFORCE++.
By simplifying the inner-loop requirements or using proxy tasks, the reliance on massive parallel
resources can be significantly reduced, making the evolution of Meta-Rewards accessible to a broader
range of computational budgets.

Evaluation Cost. Following the inner-loop, we evaluate the validation performance to calculate the
advantage for the Meta-Optimizer. We utilize vLLM for high-throughput inference. By parallelizing
the evaluation across all n rollouts, the validation phase typically requires only a few minutes.

Outer-Loop Update. The Meta-Optimizer itself utilizes a lightweight 0.5B parameter model.
Updating this model using the collected rollout data (n = 8) is computationally negligible, taking
only minutes to complete.

H TRAINING DYNAMICS OF DERL-POP.

As shown in the main body of our paper, DERL-pop. achieves significantly better performance in all
tested domains, demonstrating that the Meta-Optimizer is able to dynamically explore a better reward
function. Specifically, the reinforcement learning with the explored Meta-Reward generalizes to
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Figure 7: Training dynamics of DERL-population. We present the training dynamics of DERL-pop.
and GRPO w/ Avg Reward to demonstrate the superiority of the population method.

out-of-distribution environments beyond the parametric skills learning through training data, (Huang
et al., 2023; Cheng et al., 2024a; 2025). We show in this section when the generalization emerges
through the training dynamic of DERL-pop.

Figure 7 illustrates the training dynamics of DERL-pop. and the comparison with the GRPO w/
Avg Reward baseline. The experiments are based on the L0 difficulty of the ScienceWorld task. For
GRPO w/ Avg Reward, we train for a full 100 steps. For DERL-pop., we train the inner layers for
only 33 steps each time, and then the next round of training is based on the best-performing model
from the previous round, rather than starting from scratch. It demonstrate that in the first 33 steps,
the two models perform on par with each other. However, starting from the second outer-loop of
DERL-pop., it starts to surpass the baseline. When exceeding 66 steps, DERL-pop further shows
significantly better results. This showcases how the dynamic nature of DERL-pop.’s reward function
surpasses standard fixed reward function.

I EXAMPLES OF OUTER-LOOP EVOLUTION

We demonstrate the detailed training dynamic of DERL by showcasing each Meta-Reward explored
in the outer-loop on ALFWorld (L2) in Table 3. We show four outer-loop iterations. We observe
that there may be a lot of low-quality meta-rewards in the early stages, but DERL can quickly learn
high-quality rewards.
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Table 3: Evolution of Meta-Reward structures and their corresponding reward across outer-loop
training steps on ALFWorld.

Step Meta Reward Reward

0

g1 ∗ (g2− 1)/2 + (g3 + 1) ∗ (g4− 1) ∗ 2/3 0
g1 + 0.5 ∗ (g2 + 0.5 ∗ (g3 + 0.5 ∗ (g4))))− 0.5 ∗ (g2 + 0.5 ∗ (g3 + · · · 0

g1 + 0.01 ∗ (g2− 0.001) + 0.0001 ∗ (g3− 0.0001) + 0.000005 ∗ (g4− · · · 0.8496
g1 ∗ 0.5 + 0.2 ∗ (g2 + 0.1)− 0.3/2 + 0.4 ∗ (g3 ∗ 0.1) + 0.1 ∗ (g4 ∗ · · · 0.8789

g1 ∗ (g2 + (g3− 1.0) ∗ (g4− 0.0)) 0.0234
g1 + 0.5 ∗ (g2 + 0.5 ∗ (g3 + 0.5 ∗ (g4 + 0.5))) 0.8848
g1 + 0.5 ∗ (g2 + 0.2 ∗ (g3 + 0.1 ∗ (g4 + 0.05)))) 0
g1 ∗ (g2 + 2 ∗ (g3/3)) + (g4− 4 ∗ (g2− 1))− 2.0 0.8945

1

(0.5 ∗ (g1− 0.1)) + (0.5 ∗ (g2− 0.1)) + (0.5 ∗ (g3− 0.1)) + (0.5 ∗ · · · 0.7793
g1 ∗ (g2 + (g3 ∗ (g4− (g2 + (g3 ∗ (g4− (g3 ∗ (g4− (g3 ∗ (g4− (g3 ∗ · · · 0

−(g1 + 0.5 ∗ (g2 + 0.3 ∗ (g3− 0.2 ∗ (g4 + 0.1 ∗ 1))) + 0.1 ∗ 1)/1.2 0.0020
g1 ∗ (g2− 1) ∗ (1− 0.5) + 0.5 ∗ ∗2 ∗ (g3− 1) ∗ (1− 0.25) + 0.25 ∗ ∗ · · · 0

g1 + (g2 ∗ (g3/2))− (g4/3) 0.8594
g1 ∗ (g2 + 0.5) + 0.2 ∗ (g3 ∗ 0.3 + 0.1)− 0.1 ∗ (g4 ∗ 0.2 + 0.5) 0.8477
g1 + 2 ∗ (g2 + 3 ∗ (g3− 2)) ∗ 0.1 + 4 ∗ 0.3− 5 ∗ (g4 + 1) 0.8984

g1 ∗ (g2− 1)/2 + (g3− 1)/3 + (g4− 1)/4 + 3.0 0.0098

2

g1 + 0.5 ∗ (g2 + 0.5 ∗ (g3 + 0.5 ∗ (g4)))) 0
g1 + 0.5 ∗ (g2− 0.5) + 0.3 ∗ (g3− 0.05) + 0.2 ∗ (g4 + 0.05)− 0.2 ∗ · · · 0

g1 + (g2 ∗ (g3/2))− (g4/4) 0.8438
g1 + 0.5 ∗ (g2 + 0.5 ∗ (g3 + 0.5 ∗ (g4− 1)))) 0

g1 + 0.01 + 0.0001 ∗ (g2) + 0.000001 ∗ (g3) + 0.00000001 ∗ (g4) 0.8652
g1 ∗ (g2 + (g3 ∗ (g4/2))) + (g1− (g2 + (g3 ∗ (g4/2)))) ∗ 0.5 0.8867

g1 ∗ 0.99 + 0.01 ∗ (g2 + 0.99) + 0.005 ∗ (g3 + 0.99) + 0.0005 ∗ (g4 + · · · 0.8477
g1 + 0.5 ∗ (g2− 0.5) + 0.2 ∗ (g3− 0.5) + 0.1 ∗ (g4− 0.5) 0.8906

3

g1 + (g2/2.0)− (g3 ∗ 0.1) + (g4 ∗ 0.05) 0.8438
g1 + 0.5 ∗ (g2 + 0.5 ∗ (g3 + 0.5 ∗ (g4 + 0.5))) 0.875

g1 + 0.05 ∗ (g2 + 0.05 ∗ (g3 + 0.05 ∗ (g4 + 0.05))) 0.8242
g1 + 0.5 ∗ (g2/2.0) + 0.1 ∗ (g3 ∗ 2.0) + 0.25 ∗ (g4/4.0) 0.8632

g1 + 0.5 ∗ (g2 + 0.4 ∗ (g3 + 0.2 ∗ (g4 + 0.1))) 0.8496
g1 + 0.5 ∗ (g2 + 0.5 ∗ (g3 + 0.5 ∗ (g4 + 0.5))) 0.8926
g1 + 0.5 ∗ (g2 + 0.5 ∗ (g3 + 0.5 ∗ (g4 + 0.5))) 0.8789

g1 + (g2 ∗ (g3/2))− (g4/3) 0.8984
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J THE USE OF LARGE LANGUAGE MODELS

Multiple LLM products, including GPT-5 and Gemini-2.5-pro, are deployed to polish the writing.
However, none of the paragraphs is written by LLMs directly, and all research ideas are independently
proposed by authors without any AI assistance. Gemini-2.5-pro is included to assist coding, but all
generated code is then carefully inspected by authors.
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