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Abstract

Policy gradient methods are widely used in reinforcement learning. Yet, the non-
convexity of policy optimization imposes significant challenges in understanding
the global convergence of policy gradient methods. For a class of finite-horizon
MDPs with general state and action spaces, we develop a framework that provides
a set of easily verifiable assumptions to ensure the Polyak-Fojasiewicz-Kurdyka
(PLK) condition of the policy optimization. Leveraging the PLK condition, policy
gradient methods converge to the globally optimal policy with a non-asymptomatic
rate despite nonconvexity. Our results find applications in various control and
operations models, including entropy-regularized tabular MDPs, Linear Quadratic
Regulator problems, stochastic inventory models, and stochastic cash balance
problems, for which we show an e-optimal policy can be obtained using a sample
size in O(e~!) and polynomial in terms of the planning horizon by stochastic
policy gradient methods. Our result establishes the first sample complexity for
multi-period inventory systems with Markov-modulated demands and stochastic
cash balance problems in the literature.

1 Introduction

Reinforcement Learning (RL) has achieved remarkable success in various real-world applications,
including the game of Go (Silver et al.L[2016) and robotics (Hwangbo et al.,[2019). An important class
of algorithms for solving RL problems is policy gradient methods, which search over a parameterized
policy space by applying first-order methods on the total expected cost of a Markov Decision Process
(MDP). Despite wide applicability, the understanding of the global convergence and non-asymptotic
convergence behavior of policy gradient methods remains limited due to the nonconvexity of the
policy gradient optimization problem (Agarwal et al.,[2021; Bhandari & Russo, [2024).

To address this gap, this paper seeks to understand the nonconvex landscape of the policy gradient
optimization problem and establish non-asymptotic convergence rates for policy gradient methods.
Unlike the tabular setting, solving MDPs with general state and action spaces presents significant
challenges, as it is generally impossible to enumerate all the states and actions. To resolve this issue,
we focus on a subset of MDPs where the optimal policy can be characterized by finite-dimensional
parameters, as observed in various control and operations models. We aim to establish the Polyak-
Lojasiewicz-Kurdyka (PLK) condition (Polyak et al., 1963} |Lojasiewicz, |1963; Kurdykal [ 1998)) of the
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policy gradient optimization problem for such MDPs. Informally, the PLK condition states that the
norm of the gradient dominates the suboptimality gap. It is a relaxation of the strong convexity while
maintaining a key property that any point satisfying the first-order necessary optimality condition
(Nocedal & Wright,|1999) is globally optimal. Policy gradient methods are designed to find these
stationary points and thus converge globally on nonconvex MDP problems.

A key challenge in establishing the PLK condition across various problems lies in the need for
case-specific analysis. The lack of a unified understanding of the structural properties that ensure
the PLK condition makes it hard to generalize the analysis to other problems. For this purpose, we
introduce a framework with several easily verifiable assumptions to establish the PLK condition of
the policy gradient optimization problem in finite-horizon MDPs with general state and action spaces.
Specifically, we demonstrate that the policy gradient optimization problem satisfies the PLK condition
when (i) the policy objective has bounded gradients, (ii) expected optimal Q-value functions satisfy
the PLK condition, and (iii) sequential decomposition inequalities hold. Roughly speaking, sequential
decomposition inequalities state that the difference in partial gradients of expected optimal Q-value
functions, when evaluated under an arbitrary policy versus the optimal policy, is upper-bounded by
the corresponding difference in function values.

To illustrate the practical relevance of our framework, we validate that a variety of control and
operations models, along with their corresponding optimal policy classes, satisfy the proposed
assumptions (i)-(iii), thereby satisfying the PLK condition. These models include (1) entropy-
regularized tabular MDPs with stochastic policies, (2) Linear Quadratic Regulator (LQR) problems
with affine policies, (3) multi-period inventory systems with Markov-modulated demands employing
state-dependent base-stock policies, and (4) stochastic cash balance problems with two-sided base-
stock policies. Notably, models (1)-(3) are commonly seen in dynamic programming textbooks
(Bertsekas| [1995] |[Puterman), 2014). All of these models exhibit (hidden) convexity in the dynamic
programming recursions, a structural property that is crucial for ensuring the PEK condition holds.

Leveraging the PLK condition, we establish a linear convergence rate for exact policy gradient
methods to achieve an e-optimal policy for entropy-regularized tabular MDPs and LQR problems,
which aligns with existing results (Bhandari & Russol 2024} [Hambly et al., [2021). In the case
of multi-period inventory systems with Markov-modulated demands and stochastic cash balance
problems, we demonstrate an O(e~!) sample complexity for stochastic policy gradient methods to
achieve an e-optimal policy, which gives the first sample complexity results in the literature. All these
complexities exhibit a polynomial dependence on the time horizon, improving over the exponential
dependence established by the framework of Huh & Rusmevichientong|(2014). Such an improvement
is mainly due to a newly established technical Lemma, which could be of independent interest.

Our contribution advances the state-of-the-art results of policy gradient methods for solving MDPs
with general state and action spaces in several key aspects. First, our work focuses on finite-horizon
MDPs with the discounted factor v = 1. One cannot directly apply existing results of infinite-horizon
discounted MDPs (Ju & Lan, [2022; Bhandari & Russol 2024) by treating finite-horizon MDPs as a
special case due to the explicit dependence on 1/(1 — ) in complexity bounds. While Bhandari &
Russo| (2024, Theorem 2) can extend to the setting of finite-horizon MDPs, its applicability relies
on stronger structural conditions, e.g., gradient dominance across all Q-value functions and closure
under policy improvement, which fail in inventory models. In contrast, our analysis applies to a more
extensive class of control and operations problems.

Second, we provide a stronger characterization of the landscape for the policy gradient optimization
by demonstrating the PLK condition. Bhandari & Russo| (2024, Theorem 3) establish conditions
for a class of finite-horizon MDPs under which first-order stationary points are globally optimal,
leading to an asymptotic convergence rate for policy gradient methods. Yet, it remains unclear if
asymptotic convergence translates to an exponential or a polynomial dependence on the planning
horizon. In fact, they “leave the study of a gradient dominance condition for finite-horizon problems
as future work". Our work bridges this gap by establishing the PLK condition (which is equivalent
to the gradient dominance condition under some mild conditions (Karimi et al., 2016, Appendix
G)) of the policy gradient optimization. The established PLK condition enables us to achieve a
non-asymptotic convergence rate for policy gradient methods, yielding a sample complexity of
O(e~1) with polynomial dependence on the time horizon.

Finally, our work complements the understanding of the PLK condition by identifying a class of
optimization problems satisfying the PLK condition. Many optimization papers impose the PLK



condition as an important assumption (Attouch et al., 2013} |[Fatkhullin et al., [2022} |[Lewis & Tianl
2025), but very few examples satisfy the PLK condition (Li & Pong, [2018). As we highlight in our
analysis, the (hidden) convexity within the dynamic programming recursion is critical to establishing
the PLK condition. This observation suggests the possibility of extending our framework to a broader
class of dynamic programming problems with convex recursive structures.

2 Problem Formulation

We specify a finite horizon MDP M = (S, A, P,C, T, p) defined in Puterman| (2014)): the time
horizon T; the state space S = S§; U - -- U Sp, where S; C R™ is the feasible region for a state s
at period t; the action space A = Uscs.As, where A; C R™ is the set of feasible actions for state
s € § C R™; the transition kernel P : § x A x [T] — S, where P(s|s,a,t) is the probability
density function (or probability mass function in the discrete setting) of transitioning into s’ when
taking action a in state s at period ¢; the cost function C : S x A x [T] — R, where C(s,a,t) is
the immediate cost after taking action a in state s at period ¢; and the initial state distribution p. For
simplicity, we use P:(-|s,a) = P(:|s,a,t), and C¢(s,a) = C(s,a,t) forall s € S,a € A,t € [T].
The agent starts at state s; € Sy, which follows the initial state distribution p. At period ¢, the agent
first observes the current state s; € S; and then takes an action a; € Aj,. Afterwards, it receives an
immediate cost Cy(s¢, a;) and proceeds to the next period with state s;11 ~ Pi(+|s¢, ar).

A non-stationary policy 7 : S X [T] — A is a function that maps the current state s to a feasible
action a at period t, e.g., a = m(s,t). Similarly, we use 7;(-) to denote the policy at period ¢ and
me(s) == m(s,t) forall s € S,t € [T]. Let I denote the set of feasible policies and II; denote the set
of feasible policies at period . For any 7 € 11, the total expected cost starting from state s is

T
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We take the expectation over a Markovian sequence (s1, ..., s1), where s is the initial state and
St41 ~ Pi(|s, me(sy)) forallt = 1,...,T — 1. A policy 7* is optimal if it minimizes the total

expected cost J () with the initial distribution p:

T
J(m) = Esnp [J7(s)] = E [Z Ci (51, m(s1))

S1 Np77T‘| .

Given a policy 7, we define p;(-|7) as the cumulative distribution function of s, incurred by 7 starting
with the initial distribution p. Furthermore, we define the value function

$t=5,7T‘| ,

which represents the total expected cost at time ¢ starting with the initial state s and policy 7. In the
same manner, we define the function
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as the action-value (or Q-value) function. We use V,* and @)} to denote the value function and the
Q-value function corresponding to the optimal policy 7*, respectively.

Note that general policy optimization falls into functional optimization as we search over the function
class II, which is computationally intractable. To avoid the computational issue, it is common
to parameterize the policy through finite-dimensional parameters § = (61, ...,07) (Sutton et al.,
1999). At time ¢, the policy 7 (-|0;) is parameterized by 6;, which belongs to a convex and compact
set ©, C R The parameter space O, defined as the Cartesian product ©; x --- x Or, forms
a convex and compact feasible region of §. In such a case, the parameterized policy class is
Il = {n(s,t|0) : S x [T] x © = A} C II. We use 7y to denote 7(-|#) for simplicity.

For a given parameterized policy 7y, we represent the total expected cost by {(0) := J(mp), called the
policy gradient objective function. Let 6* denote one of the minimizers of mingece I(6) and 7y« as



the corresponding policy. We define a policy 7y to be e-optimal if 6 is an e-optimal solution of (6).
We denote the gradient VI(0) = (Vg,1(0), ..., Va,1(0)). Policy gradient methods apply first-order
algorithms to minimize the total expected cost [(6) over © by the iteration 0¥+ «+ Projg (6% —
neVI(6%)), where 1, represents the stepsize and VI(6%) represents the stochastic gradient estimator.
Standard results for first-order methods in nonconvex settings typically guarantee convergence to
first-order stationary points (Ghadimi & Lan, [2013). In the next section, we identify structural
properties under which [(6) satisfies the PLK condition, thereby enabling policy gradient methods to
converge to globally optimal policies despite nonconvexity.

3 Landscape Characterization

To characterize the nonconvex landscape of constrained smooth optimization problems, we utilize a
specific form of the PLK condition (Karimi et al., 2016, Appendix G).

Definition 1 (PLK Condition) Consider a convex and compact set X C R"™ and a differentiable
function f. Denote f* as the optimal function value with f* := min,cx f(x). The function f
satisfies the PLK condition on X if there exists ;1 > 0 such that

1 2
z)— f*<— min ||Vf(z)+ Ve e X,
fla) =1 < 5 min |95+
where O x (x) represents the indicator function for X, i.e., dx(x) = 0 when x € X and +00 otherwise.
Here, 1 refers to the PLK constant.

The subdifferential of dx () is the normal cone of X" at z. Notably, the PLK condition reduces to the
classical PL condition when X = R"™. Like the PL condition, the PLK condition excludes suboptimal
stationary points, offering a convergence guarantee for first-order methods (Karimi et al.l 2016).

Leveraging the PLK condition, one can establish the linear convergence rate (Attouch et al.,[2013)
and @(e_l) sample complexity of first-order methods. However, verifying the PLK condition for
the policy gradient optimization is challenging. To address this difficulty, we develop a general
framework to validate the PLK condition for a class of MDPs in the following theorem.

Theorem 1 Consider a Markov Decision Process M = (S, A, P,C, T, p) and a policy class g
with a convex and compact set ©. Suppose the following conditions hold.

1. (Bounded Gradients) For any t € [T, the expected Q-value function is differentiable on ©, with
the 2-norm of its gradient upper bounded by G > 0.

2. (PEK Condition of Expected Optimal Q-value Functions) For any t € [T, the expected optimal
Q-value function satisfies the PLK condition with a PLK constant 1 > 0.

3. (Sequential Decomposition Inequality) For any § € © and 1 <t < k < T, there exists My > 0:

V6,001, .-, k1,00, 0515, 07) — Vo, L (61, 0k—1,05. 041,07,
< My (Egpmpr (o) [QR7 (58 T (38108))] = Esmpp (o) (@5 (88 Tr(31167))]) -
Then 1(0) satisfies the PEK condition on © with the PLK constant ji; = ,u%/eM(?GQTQ.

4 Conclusion

This work provides a framework with easily verifiable conditions to establish the PLK condition for
policy gradient optimization of finite-horizon MDPs with general state and action spaces. Despite
nonconvexity, the PEK condition guarantees a linear convergence rate for exact policy gradient
methods and an O(e~1) sample complexity for stochastic policy gradient methods. Our model is
applicable to various control and operations models, including entropy-regularized tabular MDPs,
LQR problems, multi-period inventory systems with Markov-modulated demands, and stochastic
cash balance problems. Notably, we establish the first sample complexity results for solving the
stochastic cash balance problem and the multi-period inventory system with Markov-modulated
demand, allowing backorders, and an extension to the lost sales model. The complexity admits a
polynomial dependence on the planning horizon. Our understanding of the structures of operations
models contributes to both optimization and reinforcement learning.
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