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Abstract
We ask whether optimizer geometry can improve feature-learning scaling laws in the two-layer
linear student–teacher model of Bordelon et al. [3]. Starting from their projected feature-learning
dynamics, we replace the feature update with practical Newton–Schulz Muon while preserving the
finite-width projection bottleneck. As a proxy theory, we derive a projected partial-polar population
flow and show that it removes the small projected-gradient norm factor inherited by projected SGD
on hard source-condition tasks. Empirically, practical NS5 Muon yields positive fixed-compute
width-scaling exponents on hard tasks, whereas projected SGD has negative fixed-compute width
exponents over the same sweep. Readout-Hessian diagnostics show a smaller quantile-gap decay
exponent, consistent with stronger low-rank feature alignment. These results suggest that matrix
orthogonalization can materially change finite-compute feature-learning scaling.

1. Introduction

Feature learning can improve neural scaling laws when the target is outside the RKHS of the initial
kernel. In the projected two-layer linear model of Bordelon et al. [3], this improvement is driven by
the growth of an effective dynamical kernel. We study a complementary question: if the model and
finite-width projection bottleneck are fixed, can the optimizer further accelerate this feature-learning
mechanism?

Our answer is that Muon-like matrix orthogonalization supplies a plausible and measurable ac-
celeration mechanism [2, 6, 8]. The population projected-feature descent direction is rank one.
Projected SGD therefore scales its update by the singular value of this rank-one direction, while a
partial-polar Muon proxy removes that singular value. The resulting same-state vector-field com-
parison predicts a late-time advantage when the projected residual gradient becomes small. We test
this prediction with practical Newton–Schulz Muon at finite compute.

Contributions. We formulate a projected partial-polar proxy that preserves the BAP finite-width
bottleneck, derive its local acceleration ratio over projected SGD, and show that practical Muon
produces positive fixed-compute width exponents on hard tasks together with stronger readout-
Hessian spectral diagnostics.
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2. Model and Baseline

We use the student–teacher setup of Bordelon et al. [3]. Letψ∞(x) ∈ RM have diagonal covariance
Λ. A width-N student is

f(x, t) =
1

N
w(t)⊤A(t)ψ∞(x), y(x) = w⋆ ·ψ∞(x), (1)

with residual
v0(t) = w⋆ − 1

N
A(t)⊤w(t). (2)

The source-capacity conditions are [3, 4]

λk ∼ k−α,
∑
ℓ>k

λℓ(w
⋆
ℓ )

2 ∼ k−αβ, α > 1. (3)

We call β < 1 hard because the target lies outside the initial RKHS in the BAP scaling convention,
and β > 1 easy. Projected SGD updates the readout and feature matrix by

w(t+ 1)−w(t) = ηA(t)
Ψ∞(t)⊤Ψ∞(t)

B
v0(t), (4)

A(t+ 1)−A(t) = ηγflw(t)v0(t)⊤
Ψ∞(t)⊤Ψ∞(t)

B
P0, P0 =

1

N
A(0)⊤A(0). (5)

The fixed random Gram matrix P0 has rank at most N and is the finite-width feature bottleneck. In
the population limit, define

q(t) = P0Λv0(t). (6)

The projected feature gradient becomes

GA(t) = γflw(t)q(t)⊤. (7)

For hard tasks, BAP’s projected feature-learning exponent is

χBAP(β) =
2β

1 + β
, Keff(t) ∼ taBAP , aBAP =

1− β

1 + β
. (8)

Thus the relevant comparison is Muon versus an already feature-learning projected-SGD baseline,
not Muon versus lazy training [5].

3. Projected Polar Mechanism

Practical Muon applies a Newton–Schulz zeroth-power map to a matrix momentum buffer [6? , 7].
To isolate its deterministic geometric effect, we study the zero-momentum exact-polar population
proxy applied only to A:

ẇ(t) = ηA(t)Λv0(t), (9)

ȦpMuon(t) = η
w(t)

∥w(t)∥
(P0Λv0(t))⊤

∥P0Λv0(t)∥
. (10)
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Equation (10) preserves the projected right direction but removes the singular value of (7), namely
γfl ∥w(t)∥

∥∥P0Λv0(t)
∥∥. For the spike diagnostic

m(t) =
1

N

w(t)⊤A(t)w⋆

∥w⋆∥Λ
, ∥w⋆∥2Λ = (w⋆)⊤Λw⋆, (11)

the readout contribution is the same for both methods. The feature contributions at a fixed state
therefore satisfy

RII(t) :=
ṁpMuon

A (t)

ṁBAP
A (t)

=
1

γfl ∥w(t)∥ ∥P0Λv0(t)∥
. (12)

This is a local vector-field ratio, not a trajectory domination theorem. It predicts a late-time polar
advantage when easy modes have been learned and the projected residual-gradient norm is small.

Conjecture 1 (Polar growth advantage) For hard tasks 0 < β < 1, if P0Λv0(t) remains nontriv-
ially aligned with the projected teacher direction, then the projected partial-polar flow has effec-
tive kernel growth Keff,pMuon(t) ∼ tapMuon(β) with apMuon(β) > aBAP(β) in the polar-dominant
regime of (12). Consequently χpMuon = β(1 + apMuon) > χBAP.

The supplement gives the full spike calculation, the relation to practical momentum Muon, and the
extreme-hard-task blindspot of this rank-one proxy.

4. Experiments and Diagnostics

We run projected population-gradient experiments for 10,000 steps with widths from 32 to 2048,
five seeds per width, and source exponents β ∈ {0.2, 0.5, 0.8, 1.2, 1.5}. The completed grid con-
tains 525 runs: SGD, AdamW [9], and Muon across all widths, seeds, and source exponents. All
optimizers preserve the BAP feature projection. Muon uses NS5 on the feature matrix with zero
momentum, square-root aspect-ratio update scaling, and SGD on the readout. We fit L(N, t0) ∼
N−χwidth at fixed compute; positive χwidth means loss improves with width. For the hard tasks
β = 0.2, 0.5, 0.8, the BAP asymptotic reference exponents 2β/(1 + β) are 0.33, 0.67, 0.89, while
Muon’s fitted fixed-compute exponents are 0.42, 0.92, 1.62. We treat this as finite-compute evi-
dence rather than an asymptotic theorem for practical Muon; the bootstrap plot, full numerical ta-
ble, AdamW baseline, leave-one-width-out checks, and intervals are in the supplement. For spectral
diagnostics we use the conditional readout Hessian block

Hww(t) =
1

N2
A(t)ΛA(t)⊤. (13)

If training forms an aligned low-rank component in A(t), the top eigenvalue of this weighted co-
variance should separate from the background. Because Λ has a power-law spectrum, this is only
BBP-like in spirit [1]; we use the top spectral gap as an empirical outlier diagnostic rather than an
exact threshold theorem. The supplementary Hessian-gap plot shows that Muon has a consistently
larger gap than projected SGD at fixed width and a smaller fitted gap-decay exponent, matching the
prediction of stronger low-rank feature alignment. The normalized Hww trace scales close to the
expected N−2 law for both methods, so we use it mainly as a normalization check rather than as the
differentiating alignment diagnostic.

3



MUON FEATURE LEARNING

Figure 1: Fixed-compute final loss versus width for projected population dynamics. Practical NS5

Muon improves with width on hard tasks, whereas projected SGD has negative fixed-
compute width exponents over the same sweep.

5. Discussion

The theoretical and empirical claims have different scope. The theory is an idealized rank-one
population proxy that explains how polar normalization can remove the small singular value of the
projected feature gradient. The experiments use practical Newton–Schulz Muon at finite compute,
where the optimizer differs from the proxy through finite-step Newton–Schulz orthogonalization,
update scaling, and, in broader settings, momentum or stochastic gradients. The defensible conclu-
sion is therefore mechanism plus finite-compute validation: the proxy explains why a Muon-like
update should help, and the practical NS5 experiments show robust positive fixed-compute width
scaling under the BAP projection.
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Appendix A. Supplementary Theory

This appendix records the derivations omitted from the five-page main text. All quantities use the
same notation as the main paper. The fixed matrix P0 = N−1A(0)⊤A(0) is never dropped; it is the
finite-width Gram bottleneck throughout.

A.1. Population Projected-SGD Spike ODE

In the population limit, B−1Ψ∞(t)⊤Ψ∞(t) → Λ, so BAP’s projected continuous-time feature
dynamics have rank-one form

ẇ(t) = ηA(t)Λv0(t), (14)

ȦBAP(t) = ηγflw(t)v0(t)⊤ΛP0 = ηγflw(t)q(t)⊤, (15)

where q(t) = P0Λv0(t). Differentiating

m(t) =
1

N

w(t)⊤A(t)w⋆

∥w⋆∥Λ
(16)

gives

ṁ(t) =
1

N ∥w⋆∥Λ

[
ẇ(t)⊤A(t)w⋆ +w(t)⊤Ȧ(t)w⋆

]
. (17)
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Using the standard directional approximation N−1A(t)⊤A(t)w⋆ ≈ w⋆ along the teacher direction,
the readout term is

ṁw(t) ≈
η

∥w⋆∥Λ
v0(t)⊤Λw⋆. (18)

The projected-SGD feature contribution is

ṁBAP
A (t) =

ηγfl ∥w(t)∥2

N ∥w⋆∥Λ
q(t)⊤w⋆ (19)

=
ηγfl ∥w(t)∥2

N ∥w⋆∥Λ
v0(t)⊤ΛP0w

⋆. (20)

Thus

ṁBAP(t) ≈
η

∥w⋆∥Λ
v0(t)⊤Λw⋆ +

ηγfl ∥w(t)∥2

N ∥w⋆∥Λ
v0(t)⊤ΛP0w

⋆. (21)

The approximation is directional, not an operator-norm claim that N−1A⊤A is close to the identity
when N < M .

A.2. Projected Partial-Polar Spike ODE

The rank-one feature gradient has singular value γfl ∥w(t)∥ ∥q(t)∥. The exact partial-polar proxy
replaces it by

ppolar(GA(t)) =
w(t)

∥w(t)∥
q(t)⊤

∥q(t)∥
. (22)

Substitution into the product rule gives the same readout term and the feature term

ṁpMuon
A (t) =

η

N ∥w⋆∥Λ
w(t)⊤

(
w(t)

∥w(t)∥
q(t)⊤

∥q(t)∥

)
w⋆ (23)

=
η ∥w(t)∥
N ∥w⋆∥Λ

v0(t)⊤ΛP0w
⋆

∥P0Λv0(t)∥
. (24)

The ratio of feature contributions is therefore

ṁpMuon
A (t)

ṁBAP
A (t)

=
1

γfl ∥w(t)∥ ∥P0Λv0(t)∥
. (25)

The numerator is not assumed to be perfectly aligned. Equivalently,

q(t)⊤w⋆

∥q(t)∥
= ∥w⋆∥ cos θproj(t), (26)

where θproj(t) is the angle between the projected residual gradient and the teacher direction. The
proxy advantage requires this angular factor not to vanish too quickly.
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A.3. Practical Muon versus the Rank-One Proxy

Practical Muon does not polarize the instantaneous population gradient. For a matrix parameter it
forms a buffer

BA(t) = µBA(t− 1) +GA(t), (27)

applies a fixed Newton–Schulz map OA(t) = NS5(BA(t)), and updates A(t + 1) = A(t) +
ηOA(t) up to sign convention. Even if each population gradient GA(t) is rank one, the buffer
BA(t) =

∑
s≤t µ

t−sGA(s) need not be rank one. Practical Muon can therefore be richer than the
deterministic proxy, especially in stochastic mini-batch training where

E[polar(Gbatch)] ̸= polar(E[Gbatch]). (28)

A.4. Extreme-Hard-Task Blindspot

At initialization, typically ∥w(0)∥ ∼
√
N and

∥∥P0Λv0(0)
∥∥ = O(1) on the projected teacher

component, so the polar feature contribution need not dominate immediately. Using BAP’s hard-
task asymptotics as a state proxy near crossover gives

∥w(t)∥
∥∥P0Λv0(t)

∥∥ ≈ t
1−3β
2(1+β) (29)

up to projection-dependent constants. This predicts late-time pMuon dominance when β > 1/3.
For β < 1/3, the rank-one deterministic argument is inconclusive; empirical gains there should be
interpreted as evidence for behavior beyond this proxy, not as a contradiction.

Appendix B. Supplementary Hessian Diagnostics

The parameter vector is θ = (w, vec(A)). The loss is not jointly quadratic because

v0 = w⋆ − 1

N
A⊤w (30)

is bilinear. Conditional Hessian blocks are nevertheless useful diagnostics. Ignoring a harmless
factor of two from the convention for the squared loss,

Hww(t) =
1

N2
A(t)ΛA(t)⊤, HAA(t) =

1

N2
w(t)w(t)⊤ ⊗Λ. (31)

The feature block has eigenvalues{
∥w(t)∥2

N2
λj

}M

j=1

∪ {0}N(M−1). (32)

Thus HAA is highly degenerate and shaped by Λ; it should not be described as having a Marchenko–
Pastur random bulk. The more natural BBP-like diagnostic is the readout block Hww. As a diag-
nostic ansatz, write

A(t) = Anoise(t) + s(t)u(t)ṽ(t)⊤. (33)

Then

Hww(t) ≈
1

N2
Anoise(t)ΛAnoise(t)

⊤ +
s(t)2

N2

(
ṽ(t)⊤Λṽ(t)

)
u(t)u(t)⊤ + cross terms. (34)
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When the aligned component is sufficiently large relative to the weighted background, the top eigen-
value should separate. Because Λ is power-law, we use BBP language only as a spiked-covariance
heuristic.

Appendix C. Supplementary Empirical Details

The main projected population sweep uses N ∈ {32, 64, 128, 256, 512, 1024, 2048}, five seeds per
width, source exponents β ∈ {0.2, 0.5, 0.8, 1.2, 1.5}, population gradients, BAP feature projection,
learning rates ηw = ηA = 0.04, zero Muon momentum, NS5, and square-root aspect-ratio update
scaling. The main text reports seed-averaged log–log fits for final loss and readout-Hessian spectral
gap. The implementation logs the projected-gradient norm

∥∥P0Λv0
∥∥, the local-ratio proxy RII ,

and readout-Hessian quantities hww gap q, hww top eig, and hww trace over n.

Width exponent χwidth Gap exponent δgap
β SGD Muon AdamW SGD Muon AdamW

0.2 −0.18 0.42 1.86 0.91 0.88 2.63
0.5 −0.30 0.92 1.88 0.94 0.86 2.41
0.8 −0.41 1.62 1.03 0.96 0.86 1.81
1.2 −0.48 2.20 1.68 0.98 0.86 1.70
1.5 −0.51 2.34 1.55 0.98 0.85 1.71

Table 1: Seed-averaged power-law fits from the main projected population sweep (7 widths, 35 runs
per optimizer/source exponent). AdamW is included as an optimizer baseline; the theory-
matched comparison is projected SGD versus practical Muon.

β Muon χwidth leave-one-width-out range bootstrap 95% CI
0.2 0.421 [0.407, 0.457] [0.408, 0.432]
0.5 0.917 [0.895, 0.964] [0.900, 0.934]
0.8 1.623 [1.393, 1.801] [1.598, 1.648]
1.2 2.201 [1.759, 2.479] [2.172, 2.233]
1.5 2.336 [1.859, 2.624] [2.315, 2.362]

Table 2: Seed-bootstrap and leave-one-width-out checks for Muon’s fixed-compute width expo-
nents. The intervals remain positive across all measured source exponents.

For projected SGD, the hard-task seed-bootstrap intervals remain negative:

β 0.2 0.5 0.8
SGD bootstrap 95% CI [−0.189,−0.168] [−0.320,−0.289] [−0.426,−0.391]

This gives a clean separation between projected SGD and practical Muon at fixed compute.
The normalized readout-Hessian trace exponent is close to 2 for both Muon and SGD: for

β = 0.2, 0.5, 0.8, 1.2, 1.5, Muon gives 1.984, 1.981, 1.979, 1.974, 1.971, while projected SGD
gives 2.010, 2.015, 2.017, 2.019, 2.019. This supports the stated normalization of Hww but is not
the primary alignment diagnostic. The learning-rate sweep over β = 0.5, 0.8, width 256, two seeds,
and ηw, ηA ∈ {0.005, 0.01, 0.02, 0.04} supports the main choice ηw = ηA = 0.04; it is used as
tuning evidence rather than as the main scaling result.
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Figure 2: Fixed-compute width exponent with seed-bootstrap uncertainty. Practical Muon has pos-
itive fitted width exponents across the sweep, while projected SGD has negative expo-
nents. The dashed curve is BAP’s hard-task asymptotic reference 2β/(1 + β); easy-task
points are finite-compute empirical behavior rather than an asymptotic proxy-theory pre-
diction.

Figure 3: Mechanism diagnostic for β = 0.8, N = 2048, seed 0. Muon rapidly reduces
the projected residual-gradient norm

∥∥P0Λv0(t)
∥∥, making the same-state ratio RII =

1/(γfl ∥w∥
∥∥P0Λv0

∥∥) large. Projected SGD does not enter this polar-dominant regime
over the same horizon.
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Figure 4: Readout-Hessian spectral gap for two hard tasks. Muon has a larger gap at fixed width
and a smaller fitted decay exponent than projected SGD, consistent with stronger low-
rank feature alignment in the readout block Hww.

Figure 5: Supplementary view of fixed-compute width exponents as a function of the source expo-
nent β.
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Figure 6: Representative time series for the hardest measured task (β = 0.2) at width N = 2048.
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