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ABSTRACT

Activation steering methods are widely used to control large language model be-
havior and are often interpreted as revealing meaningful internal representations.
This interpretation assumes steering directions are identifiable and uniquely recov-
erable from input–output behavior. We prove that, under white-box single-layer
access, steering vectors are fundamentally non-identifiable due to large equiv-
alence classes of behaviorally indistinguishable interventions. Empirically, we
show that orthogonal perturbations achieve 95–100% of the original steering ef-
ficacy with negligible effect sizes across multiple models and traits. We further
identify structural assumptions of statistical independence, sparsity constraints,
multi-environment validation and cross-layer consistency under which identifi-
ability can be recovered. These results indicate that non-identifiable representa-
tions conflate stable signals with spurious correlations, undermining the reliability
of drift monitoring in deployed systems.

1 INTRODUCTION

Persona vector steering (Chen et al., 2025) has emerged as a popular technique for controlling the
behavior of large language models by adding learned directional vectors to intermediate activations.
Empirically, such vectors can shift model outputs along interpretable dimensions such as polite-
ness, political ideology or truthfulness, suggesting that representational alignment might afford fine-
grained behavioral control without retraining ((Zou et al., 2023; Rimsky et al., 2024; Turner et al.,
2023)). This line of work is closely connected to broader efforts in representation engineering and
activation editing, where linear directions in activation space are used to modulate model behavior
along semantic axes ((Elhage et al., 2022; Turner et al., 2024)).

Despite growing adoption in interpretability and alignment research, the theoretical foundations of
persona steering remain poorly understood. Most existing methods implicitly assume that extracted
steering vectors correspond to meaningful, uniquely determined latent factors—for example, ”the
politeness direction” or ”the honesty direction”—and that these factors can be directly manipulated
to achieve reliable control. However, classical results in latent variable modeling and causal in-
ference show that such assumptions are often unjustified without additional structural constraints
((Hyvärinen & Pajunen, 1999; Shimizu et al., 2006; Schölkopf et al., 2021; Locatello et al., 2019)).

This raises a fundamental question: when does representational alignment afford reliable behavioral
control? Understanding identifiability is critical for several reasons:

Alignment affordances. If persona vectors are not identifiable, then representational alignment
may provide only heuristic control rather than principled intervention. Characterizing when steer-
ing vectors are unique clarifies when alignment interventions can be trusted and when they should
instead be viewed as exploiting one of many behaviorally equivalent directions.

Interpretability validity. When multiple incompatible vectors produce identical observable be-
havior, claims that a specific vector ”represents” a semantic concept become scientifically underde-
termined. Identifiability theory distinguishes well-grounded interpretability claims from artifacts of
measurement and projection ((Elazar et al., 2021; Marks & Tegmark, 2023)).
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Robustness and safety. Non-identifiable steering directions may rely on fragile correlations that
fail under distribution shift, model updates or adversarial prompting. For safety-critical applications,
understanding identifiability limits is essential to avoid brittle or misleading forms of control.

Methodological design. Identifiability theory clarifies which experimental protocols provide
meaningful evidence and which require additional structure to support reliable conclusions. It high-
lights when interventions on internal activations can be interpreted causally and when they merely
reparameterize an equivalence class of representations (Schölkopf et al., 2021; Ahuja et al., 2022).

We provide the first formal identifiability analysis of persona vector steering1 with three main con-
tributions. First, we prove that under white-box single-layer access, persona vectors are generi-
cally non-identifiable: infinitely many geometrically distinct directions induce identical observable
behavior due to null-space ambiguity (Proposition 1). Second, we characterize sufficient condi-
tions for identifiability including statistical independence, sparsity constraints, multi-environment
validation and cross-layer consistency (Proposition 2). Third, we demonstrate empirically across
Qwen2.5-3B and Llama-3.1-8B that extracted vectors contain substantial spurious components,
with orthogonal perturbations achieving 95-100% efficacy. By characterizing both the limits and
the structural pathways to identifiability, we provide principled guidance for when alignment meth-
ods can be trusted and which assumptions are required for reliable control. The code is available at
https://github.com/sohv/non-identifiability.

2 RELATED WORK

Our work formalizes persona steering as a latent variable identification problem, bridging causal
representation learning, activation editing in LLMs and mechanistic interpretability.

Causal and latent variable identifiability. Classical results show that latent variable models are
generically non-identifiable without structural assumptions (Hyvärinen & Pajunen, 1999; Shimizu
et al., 2006; Kruskal, 1977). Recent work in causal representation learning extends these ideas to
deep learning settings (Schölkopf et al., 2021; Ahuja et al., 2022; Locatello et al., 2019), estab-
lishing conditions under which latent factors can be recovered from high-dimensional observations.
Nonlinear ICA methods (Khemakhem et al., 2020; Hyvarinen & Morioka, 2017) provide theoretical
foundations for recovering latent variables using temporal or auxiliary information, which standard
steering methods do not exploit.

Probing and representation learning. Work on probing classifiers (Pimentel et al., 2020; Ravfogel
et al., 2020; Elazar et al., 2021) shows that linear directions can succeed for reasons unrelated to
target information. The linear representation hypothesis (Park et al., 2023; Elhage et al., 2022)
suggests concepts correspond to directions in activation space but lacks identifiability guarantees.

Activation editing in LLMs. Methods such as representation engineering (Zou et al., 2023),
contrastive activation addition (Rimsky et al., 2024; Turner et al., 2024) and activation patching
(Meng et al., 2022) manipulate model internals but do not address whether control directions are
uniquely determined. Work on neural network symmetries (Entezari et al., 2021; Dinh et al., 2017)
motivates our null-space analysis.

Compressed sensing and sparse recovery. The theoretical framework of compressed sensing
(Candès & Wakin, 2008; Donoho, 2006) provides conditions under which sparse vectors can be
uniquely recovered from linear measurements. These results directly inform the sparsity-based iden-
tifiability conditions in Proposition 2.

Drift monitoring and invariant representations. Work on monitoring under distribution shift
(Rabanser et al., 2019; Lipton et al., 2018) and invariant representations (Arjovsky et al., 2019)
implicitly assumes representations are identifiable. Our Proposition 2 conditions, particularly multi-
environment validation, characterize when representations may encode drift-invariant factors.

1Throughout this paper, we use ”persona vectors” and ”steering vectors” interchangeably following the
terminology in Chen et al. (2025).
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3 PROBLEM SETUP

3.1 FORMAL MODEL

Consider a pre-trained transformer language model fθ with L layers. For a given input prompt x
(tokenized as x1, . . . , xT ), let hℓ(x) ∈ Rd denote the hidden representation at layer ℓ and position
T (typically the final token position for autoregressive generation).

Latent persona variable. We assume there exists an underlying latent variable z ∈ Z represent-
ing a semantic attribute or ”persona” (e.g., formality, political stance, truthfulness).

Steering intervention. A steering vector v ∈ Rd is applied as:

h̃ℓ(x) = hℓ(x) + αv,

where α ∈ R is the steering strength. The modified representation h̃ℓ is fed forward through subse-
quent layers to produce output logits o(x, v, α) over the vocabulary.

Generative model. We posit that the true data-generating process involves:

z ∼ p(z), hℓ = gℓ(x, z) + ϵ,

where gℓ : X × Z → Rd encodes how persona z modulates the representation for prompt x and
ϵ ∼ N (0, σ2I) is measurement noise. Note that z is not an independent input but a latent factor
implicit in x, indexing the persona signal already embedded in the prompt distribution. The goal of
steering is to approximate the effect of varying z by adding v.

3.2 OBSERVATIONAL REGIMES

We consider two data access regimes that determine what alignment interventions can afford:

• Regime 1: Black-box input–output. The researcher observes only (x, y) pairs, where y
is generated text. There is no access to internal representations. This is the weakest regime
and corresponds to behavioral evaluation.

• Regime 2: White-box single-layer access. The researcher can observe or manipulate
activations hℓ(x) at a chosen layer ℓ. This is the standard setting for most steering work
and includes extracting vectors from contrastive prompt pairs.

Most work operates in Regime 2, extracting vectors from contrastive prompts: v ∝ Ex+ [hℓ(x
+)]−

Ex− [hℓ(x
−)].

3.3 LINEAR APPROXIMATION AND NONLINEAR CASE

Local linearization. Near a reference distribution, we can approximate the effect of steering on
output logits as:

o(x, v, α) ≈ o(x, 0, 0) + αJℓ(x)v,

where Jℓ(x) =
∂o
∂hℓ

∣∣hℓ(x) ∈ RV×d is the Jacobian and V is the vocabulary size.

Nonlinear case. In general, the mapping hℓ 7→ o involves multiple nonlinear layers (attention,
MLPs, layer norms). We denote this as:

o = Fℓ→L(hℓ + αv),

where Fℓ→L is the composition of layers ℓ+ 1 through L.

3.4 ASSUMPTIONS

We make the following assumptions explicit:
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A1 (Smoothness). The functions gℓ and Fℓ→L are differentiable almost everywhere, enabling
local linear approximation via Jacobians Jℓ(x) = ∂o

∂hℓ
(x).

A2 (Identifiable prompts). The prompt distribution p(x) has sufficient variability to probe dif-
ferent aspects of the latent persona z. Formally, the support of p(x) is rich enough that different
persona values induce distinguishable activation patterns hℓ(x).

A3 (Non-degeneracy). The Jacobian Jℓ(x) has rank at least k ≥ 1 for typical x ∼ p(x), mean-
ing steering can affect outputs. This excludes pathological cases where all perturbations to hℓ are
ignored by subsequent layers.

4 IDENTIFIABILITY

Definition 1 (Parameter Identifiability). A parameter θ in model p(y | x; θ) is identifiable if
θ′ ̸= θ implies p(y | x; θ) ̸= p(y | x; θ′) for some observation distribution.

In our setting, steering vector v ∈ Rd is identifiable if no other v′ ̸∝ v produces the same output
distribution across all prompts and strengths.

Definition 2 (Observational Equivalence). Two steering vectors v and v′ are observationally
equivalent in regime R if they produce identical distributions over all quantities observable in R.

For Regime 2 (white-box single-layer access):

v ∼R v′ ⇐⇒ Fℓ→L(hℓ(x) + αv) = Fℓ→L(hℓ(x) + αv′) ∀x, α.

Scaling ambiguity. For any c ̸= 0, the vectors v and cv produce outputs that differ only by a
rescaling of α. This is unavoidable; we consider v and cv as the same direction.

Null space ambiguity. If v0 ∈ ker(Jℓ) (i.e., Jℓv0 = 0), then adding v0 to any steering vector
does not change the linearized output. Under linear approximation, v and v+ v0 are observationally
equivalent.

5 MAIN RESULTS

We now state our main theoretical results, characterizing when observational conditions afford iden-
tifiable persona vectors and when they do not.

5.1 PROPOSITION 1: NON-IDENTIFIABILITY WITHOUT STRUCTURAL CONSTRAINTS

Proposition 1. Under Assumptions A1–A3, in Regime 2 (white-box single-layer access) without
additional structural constraints, persona vectors are not identifiable. Specifically, for any steering
vector v ∈ Rd, there exist infinitely many vectors v′ ̸∝ v that are observationally equivalent.

Proof Sketch. We establish non-identifiability via null-space ambiguity.

Null-space ambiguity. Under the local linear approximation o ≈ o0+αJℓv, any vector v′ = v+ v0
where v0 ∈ ker(Jℓ) satisfies Jℓv

′ = Jℓv and thus produces identical linearized outputs. This
establishes non-identifiability.

Corollary 1.1. Under the linear approximation o ≈ o0 + αJℓv, any vector v′ = v + v0 where
v0 ∈ ker(Jℓ) is observationally equivalent to v.

Remark (Null-space dimensionality). The null space ker(Jℓ) is typically high-dimensional in
practice. For a Jacobian Jℓ ∈ RV×d with vocabulary size V and hidden dimension d, the maximum
possible rank is min(V, d). In modern language models, V ≈ 50000 and d ≈ 4000, so max rank
is d. However, the output distribution lies on a low-dimensional manifold, causing rank(Jℓ) ≪ d

4



Published as a conference paper at CAO Workshop at ICLR 2026

in practice, consistent with observations that neural network representations concentrate on low-
dimensional subspaces (Maennel et al., 2018; Li et al., 2018). This yields dim(ker(Jℓ)) = d −
rank(Jℓ) ≫ 0. This result establishes generic non-identifiability under local linear approximation.

For v′ = v + v0 with v0 ∈ ker(J), the inner product ⟨v, v′⟩ = ∥v∥2 + ⟨v, v0⟩ ranges freely. In our
experiments, v0 is Gram-Schmidt orthogonalized so ⟨v, v′⟩ = ∥v∥2 exactly.

5.2 PROPOSITION 2: IDENTIFIABLE REGIMES UNDER STRUCTURAL ASSUMPTIONS

Proposition 2. Persona vectors can be identified up to scaling and permutation, thus affording
reliable alignment control, under the following sufficient structural conditions:

• Statistical Independence (ICA). If the latent persona z = (z1, . . . , zk) has indepen-
dent components and hℓ = Az + ϵ where A ∈ Rd×k is a mixing matrix, then under
non-Gaussianity of zi and sufficient observations, A (and hence the columns vi) can be
recovered up to permutation and scaling (Comon, 1994; Hyvärinen & Oja, 2000).

• Sparsity Constraints. If the true persona vector v is sparse (i.e., |v|0 ≤ s ≪ d) and we
observe the effect of steering on multiple outputs, then under restricted isometry properties,
v can be uniquely recovered via ℓ1 minimization(Candes & Tao, 2005).

• Multi-Environment or Interventional data. If we observe the same persona z across
multiple contexts (prompts, models or layers) where the spurious correlations change but
the true signal remains stable, then techniques from causal representation learning allow
identification of invariant factors. (Peters et al., 2017; Ahuja et al., 2022).

• Cross-layer Consistency. If we assume persona vectors have consistent geometric rela-
tionships across multiple layers (e.g., vℓ ≈ Wℓvℓ−1 for known or estimable Wℓ), then the
overdetermined system provides additional constraints that break symmetries.

Connection to drift robustness. Multi environment validation tests stability across contexts; rep-
resentations that remain invariant across environments encode factors robust to distributional vari-
ation. Sparsity concentrates signal in dimensions less vulnerable to noise. Cross-layer consistency
identifies architectural invariants potentially stable under input distribution changes.

6 EMPIRICAL VALIDATION

We now validate that the non-identifiability characterized in Proposition 1 (Section 5.1) manifests
in contemporary language models. Our empirical experiments test a behavioral consequence of the
theoretical prediction: the existence of large equivalence classes of semantically indistinguishable
steering directions, without directly estimating the Jacobian null space.

6.1 EXPERIMENTAL SETUP

Models and Layers. We evaluate Qwen2.5-3B-Instruct (24 layers, ℓ = 12) and Llama-3.1-8B-
Instruct (32 layers, ℓ = 16) at middle layers (ℓ = L/2), following standard practice (Chen et al.,
2025; Konen et al., 2024; Sun et al.).

Persona traits. We test three semantic traits: formality (formal vs. informal language), politeness
(polite vs. rude register) and humor (humorous vs. serious content).

Steering vector extraction. For each trait, we construct 50 contrastive prompt pairs designed to
elicit contrasting persona values. For example, formality pairs contrast ”Write a professional and
formal message about [topic]” versus ”Write a casual and informal message about [topic].” For each
prompt pair, we extract the hidden representation at layer ℓ for the final token position (Chen et al.,
2025). The baseline steering vector is computed as the mean difference:

v =
1

50

50∑
i=1

[hℓ(x
+i)− hℓ(x−

i )].
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Semantic probes. We evaluate semantic equivalence using trait-specific scoring functions ϕ(o)
that map generated text to real-valued scores in [0, 1]. For formality, politeness and humor, we
use lexical heuristics which return scores in [0, 1] where 1 is maximally formal/polite/humorous.
Specifically, formality scores Latinate vocabulary ratio; politeness counts hedge words and hon-
orifics; humor detects incongruity markers and wordplay.

Orthogonality test methodology. To test Proposition 1’s prediction that v and v+ v⊥ (where v⊥
is orthogonal) produce observationally equivalent outputs, we implement the following procedure:

1. Generate random orthogonal component: Sample a random vector uniformly from the unit
sphere in Rd and orthogonalize it with respect to v via Gram-Schmidt.

2. Construct perturbed vector: Form v′ = v+v⊥ and normalize so ∥v′∥ = ∥v∥. Since v ⊥ v⊥
by construction, α is never zero.

3. Generate steered outputs: For each of 100 held-out test prompts, generate text with steering
vectors v and v′ at strength α = 1.0, producing 10 samples per prompt per vector.

4. Compute semantic equivalence: Measure Cohen’s d effect size and Pearson correlation
between semantic scores ϕ(ov) and ϕ(ov′).

5. Repeat across seeds: Repeat for multiple random orthogonal seeds to assess robustness.

If v and v′ are observationally equivalent as predicted by Proposition 1, we expect Cohen’s d < 0.2
(negligible effect) and high correlation between semantic scores.

Scale invariance test. To verify that observational equivalence holds across different steering
strengths, we additionally evaluate the formality trait at four α values: 0.0, 0.5, 1.0, 2.0 for both
models. For each α, we measure semantic scores under steering with v versus v + v⊥ and plot
response curves. If equivalence is scale-invariant, the curves should track closely across all α with
overlapping confidence bands.

6.2 ORTHOGONAL PERTURBATION TEST RESULTS

Table 1 presents our empirical findings across two models, three semantic traits and two sample
sizes (n = 5 and n = 10 random orthogonal seeds). Across all conditions, we observe negligible
differences between steering with the extracted vector v and steering with vectors perturbed by
random orthogonal components v+v⊥. We measure steering efficacy using semantic probe scores in
[0, 1] that quantify the intensity of the target trait in generated outputs, comparing score distributions
from steered generations against baseline generations.

Table 1: Empirical validation of non-identifiability across models, traits and sample sizes. Cohen’s
d measures effect size between v and v + v⊥ (lower = more equivalent). All values show negligi-
ble differences (d < 0.2), confirming observational equivalence. By Gram-Schmidt construction,
cos(v, v′) = 1√

2
≈ 0.707, confirming perturbed vectors are geometrically distant from v.

Model Trait Seeds Cohen’s d Correlation Perp-Only

Qwen2.5-3B-Instruct

Formality n = 5 0.144± 0.095 0.210± 0.113 98.8%
n = 10 0.075± 0.058 0.285± 0.087 100.4%

Politeness n = 5 0.112± 0.077 0.319± 0.070 101.5%
n = 10 0.092± 0.069 0.414± 0.083 100.6%

Humor n = 5 0.103± 0.077 0.276± 0.177 99.7%
n = 10 0.072± 0.061 0.044± 0.097 100.5%

Llama-3.1-8B-Instruct

Formality n = 5 0.052± 0.029 0.164± 0.044 95.6%
n = 10 0.096± 0.068 0.192± 0.085 96.8%

Politeness n = 5 0.074± 0.041 0.324± 0.058 101.2%
n = 10 0.085± 0.043 0.347± 0.077 100.4%

Humor n = 5 0.159± 0.109 −0.032± 0.116 98.4%
n = 10 0.119± 0.119 0.016± 0.104 95.9%
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With n = 10 seeds, the mean Cohen’s d is 0.080 for Qwen2.5-3B and 0.100 for Llama-3.1-8B, both
well below the threshold for small effects (d = 0.2) and firmly in the negligible range. The “Perp-
Only Effect” column measures the efficacy of steering with pure orthogonal components (v⊥ alone,
without v) relative to the extracted vector—values near 100% indicate that orthogonal components
achieve equivalent behavioral impact.

Statistical stability across sample sizes. Convergence between n = 5 and n = 10 results demon-
strates robustness, with effect sizes changing by < 0.07. This consistency shows equivalence is not
a sampling artifact but a stable property of steering geometry.

Cross-model consistency. Close agreement between Qwen2.5-3B (d = 0.080) and Llama-3.1-
8B (d = 0.100) demonstrates that observational equivalence is not model-specific, holding across
architectures, scales and traits.

Visualizing orthogonal component equivalence. Figure 1 illustrates the perp-only effect ratios
across all traits and models using n = 10 orthogonal seeds. The tight clustering around the perfect
equivalence line (dashed red at 1.0) demonstrates that pure orthogonal components achieve nearly
identical steering efficacy to the extracted vectors.

Qwen2.5-3B shows remarkable consistency across all three traits, with median ratios within 1% of
perfect equivalence. Llama-3.1-8B exhibits slightly lower ratios for formality and humor (96–97%),
yet still demonstrates that orthogonal-only steering retains over 95% efficacy-far exceeding what
would be expected if v were uniquely identifiable.
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Figure 1: Perp-only effect ratios (v⊥ efficacy / v efficacy) for n = 10 orthogonal seeds across
formality, politeness and humor traits. Dashed red line indicates perfect equivalence (v⊥ ≡ v).

6.3 IMPLICATIONS FOR DRIFT MONITORING

Extracted steering vectors contain substantial null-space components: v⊥ achieves 95-100% relative
efficacy (Table 1). These components have zero current behavioral effect, suggesting distribution-
specific correlations.

Any vector decomposes as v = vrow + vnull where vrow ∈ row(Jℓ) (observable effects) and
vnull ∈ ker(Jℓ) (invisible). Row-space components encode stable input-output mappings; null-space
components encode correlations with no current effect.

For monitoring systems tracking v, this matters: changes in vnull reflect spurious correlation drift,
while changes in vrow reflect semantic drift (Lu et al., 2026). Systems tracking v holistically conflate
these signals. While we do not test drift empirically, the decomposition provides a framework for
predicting which components remain stable under shift.

6.4 SCALE INVARIANCE ANALYSIS

To verify that observational equivalence holds across different steering strengths, we evaluate the
formality trait at four steering magnitudes α ∈ {0.0, 0.5, 1.0, 2.0} for both models. Figure 2 shows
the response curves for the extracted vector v and the observationally equivalent vector v + v⊥.
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Figure 2: Scale invariance of observational equivalence. Formality scores across steering strengths
α ∈ {0.0, 0.5, 1.0, 2.0} for the extracted vector v (blue circles) and the perturbed vector v + v⊥
(orange squares).

The curves track closely with overlapping confidence bands, with mean differences < 2.5% across
all α values for both models. This confirms non-identifiability is a structural property independent
of steering strength.

7 CONCLUSION

We provide the first formal identifiability analysis of persona vector steering. Steering vectors ex-
tracted under standard regimes are generically non-identifiable (Proposition 1): infinitely many di-
rections induce identical behavior. Empirically, extracted vectors contain substantial spurious com-
ponents, with orthogonal perturbations achieving near-equivalent efficacy. This has implications
for monitoring deployed systems. The systems tracking non-identifiable vectors may exhibit false
alarms when spurious correlations change or miss semantic drift masked by null-space noise. How-
ever, identifiability is recoverable under structural assumptions (Proposition 2): multi-environment
validation filters spurious correlations by requiring cross-context consistency; sparsity concentrates
signal; cross-layer consistency identifies architectural invariants. By clarifying when representations
encode stable signals versus spurious correlations, our work provides foundations for understanding
robustness of alignment methods under distributional variation.

8 LIMITATIONS

Our empirical validation covers two models at mid-network layers across three semantic traits (for-
mality, politeness, humor). While our theoretical results apply generally, the empirical magnitude of
non-identifiability may vary across model families, scales, architectures and layer positions. Our se-
mantic evaluation uses lexical heuristics rather than full distributional metrics or human judgments,
providing a conservative test of observational equivalence. The primary theoretical mechanism relies
on local linear approximation, though our empirical validation confirms large equivalence classes
exist in practice.

Proposition 2 characterizes sufficient conditions for identifiability but comprehensive empirical eval-
uation of each regime across multiple models, tasks and experimental designs remains future work.
We do not empirically test behavior under distribution shift; validating whether null-space vs row-
space components exhibit differential drift robustness is an important direction for future research.
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A DETAILED PROOF OF PROPOSITION 1

A.1 STATEMENT AND OVERVIEW

Proposition 1. Under Assumptions A1–A3, in Regime 2 (white-box single-layer access) without
additional structural constraints, persona vectors are not identifiable. Specifically, for any steering
vector v ∈ Rd, there exist infinitely many vectors v′ ̸∝ v that are observationally equivalent.

Proof strategy. We establish non-identifiability through two complementary mechanisms:

• Null-space ambiguity (primary, constructive).
• Reparameterization symmetry (existence-based).

A.2 NULL-SPACE AMBIGUITY (CONSTRUCTIVE PROOF)

Setup. Consider the local linear approximation of the steering effect:

o(x, v, α) ≈ o(x, 0, 0) + αJℓ(x)v

where Jℓ(x) =
∂o
∂hℓ

∣∣
hℓ(x)

∈ RV×d is the Jacobian.

Step 1: Null space characterization. Define the null space of Jℓ as:

N = ker(Jℓ) = {v0 ∈ Rd : Jℓv0 = 0}

By the rank-nullity theorem:
dim(N ) = d− rank(Jℓ)

Step 2: Rank Bound. The Jacobian Jℓ ∈ RV×d has maximum possible rank:

rank(Jℓ) ≤ min(V, d)

In modern language models:

• Hidden dimension: d ≈ 4000 (typical)
• Vocabulary size: V ≈ 50000 (typical)
• Therefore: max rank(Jℓ) = d

Step 3: Effective rank is much lower. Output distributions lie on a low-dimensional manifold.
The effective rank satisfies:

rankϵ(Jℓ) = #{σi : σi > ϵ · σmax} ≪ d

where σi are singular values of Jℓ and ϵ is a threshold (e.g., 10−4).

Intuition: In overparameterized LLMs, the effective rank is expected to be strictly less than d due to
the low-dimensional structure of output distributions. Therefore dim(N ) = d − rank(Jℓ) is gener-
ically positive but this is not required for the proof—the argument establishes non-identifiability
whenever dim(N ) ≥ 1.
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Step 4: Constructing equivalent vectors. For any steering vector v ∈ Rd and any v0 ∈ N ,
define:

v′ = v + v0

Then for all x and all α:
Jℓ(x)v

′ = Jℓ(x)(v + v0) = Jℓ(x)v + Jℓ(x)v0 = Jℓ(x)v

Therefore:
o(x, v′, α) ≈ o(x, 0, 0) + αJℓ(x)v

′ = o(x, 0, 0) + αJℓ(x)v ≈ o(x, v, α)

Step 5: Infinitely many distinct solutions. Since dim(N ) ≥ 1, the null space contains infinitely
many directions. For any v0 ∈ N \ {0} and any β ∈ R:

v′β = v + βv0

generates infinitely many observationally equivalent vectors. Furthermore, if β is chosen such that
v′β ̸∝ v (which is always possible unless v ∝ v0), these vectors are geometrically distinct.

Step 6: Non-proportionality. To ensure v′β ̸∝ v, we need v + βv0 ̸= cv for any scalar c. This
fails only if:

βv0 = (c− 1)v

which requires v ∈ span(v0). Since v0 is an arbitrary element of a dim(N )-dimensional space and
v is fixed, this occurs with probability zero. Therefore, for generic v and generic v0 ∈ N , we have
v′β ̸∝ v for almost all β.

Conclusion (Null-space mechanism): Under the linear approximation and for typical Jacobian struc-
ture, there exist infinitely many geometrically distinct steering vectors that are observationally equiv-
alent.

A.3 REPARAMETERIZATION SYMMETRY (EXISTENCE PROOF)

Setup: Neural networks exhibit inherent symmetries arising from overparameterization. We show
these symmetries induce non-identifiability even in the exact nonlinear case.

Step 1: Representation reparameterization. Consider an invertible transformation T : Rd →
Rd. Define the reparameterized representation:

h′
ℓ(x) = T (hℓ(x))

If the subsequent layers can be rewritten as:
Fℓ→L(hℓ) = F ′

ℓ→L(T (hℓ))

then (hℓ, v) and (h′
ℓ, v

′) where v′ = DT (hℓ) · v are observationally indistinguishable.

Step 2: Linear reparameterizations. Consider linear transformations T (h) = Ah where A ∈
Rd×d is invertible. For layer ℓ+ 1 with weight matrix Wℓ+1 ∈ Rd×d and bias bℓ+1:

Original computation:
hℓ+1 = σ(Wℓ+1hℓ + bℓ+1)

Reparameterized computation:
h′
ℓ+1 = σ(W ′

ℓ+1h
′
ℓ + b′ℓ+1)

where W ′
ℓ+1 = Wℓ+1A

−1 and b′ℓ+1 = bℓ+1.

Note: The bias remains invariant under linear reparameterization through the origin. For more
general affine transformations T (h) = Ah+ c with translation c ̸= 0, the bias would also transform
as b′ℓ+1 = bℓ+1 − Wℓ+1A

−1c. We restrict to origin-preserving transformations for simplicity, as
these suffice to establish non-identifiability.

Then:
h′
ℓ+1 = σ(Wℓ+1A

−1Ahℓ + bℓ+1) = σ(Wℓ+1hℓ + bℓ+1) = hℓ+1
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Step 3: Steering under reparameterization. Original steering:

h̃ℓ = hℓ + αv

h̃ℓ+1 = σ(Wℓ+1(hℓ + αv) + bℓ+1)

Reparameterized steering with v′ = Av:

h̃′
ℓ = h′

ℓ + αv′ = Ahℓ + αAv = A(hℓ + αv) = Ah̃ℓ

h̃′
ℓ+1 = σ(W ′

ℓ+1(h
′
ℓ + αv′) + b′ℓ+1)

= σ(Wℓ+1A
−1A(hℓ + αv) + bℓ+1)

= σ(Wℓ+1(hℓ + αv) + bℓ+1) = h̃ℓ+1

Step 4: Infinitely many reparameterizations. For any invertible matrix A with A ̸= cI (i.e., not
a scalar multiple of identity), we obtain v′ = Av ̸∝ v. The space of such matrices has dimension
d2 − 1 (excluding scalar multiples), providing infinitely many distinct reparameterizations.

Important note: While we cannot explicitly construct these reparameterizations for a frozen model
without retraining (since this would require modifying Wℓ+1), their existence follows from the fun-
damental symmetry structure of neural networks. This establishes that identifiability cannot hold
even in principle without additional constraints.

Practical implication: For frozen, deployed models, only the null-space mechanism is operationally
relevant–the reparameterization symmetry is not a realizable operation. However, the reparameteri-
zation argument shows that even if we allowed weight modifications during training, identifiability
would still fail without structural constraints. Thus, non-identifiability is both a practical limitation
(null-space) and a fundamental theoretical barrier (gauge symmetry).

Conclusion (Reparameterization mechanism): The inherent symmetries of neural network parame-
terizations induce infinitely many observationally equivalent steering vectors.

B DETAILED PROOF OF PROPOSITION 2

B.1 STATEMENT AND OVERVIEW

Proposition 2. Persona vectors can be identified up to scaling and permutation, thus affording
reliable alignment control, under the following sufficient structural conditions:

• Statistical Independence (ICA). Latent components are statistically independent, allow-
ing unique recovery via independent component analysis.

• Sparsity constraints. Steering directions admit sparse representations that reduce null-
space ambiguity.

• Multi-environment or interventional data. Variation across environments or interven-
tions breaks observational equivalences.

• Cross-layer consistency. Valid semantic directions propagate coherently across layers,
filtering spurious components.

We provide detailed proofs for each condition.

B.2 PROOF OF CONDITION: STATISTICAL INDEPENDENCE (ICA)

Setup: Assume the latent persona is a vector z = (z1, . . . , zk) ∈ Rk with independent components
and the representation follows:

hℓ = Az + ϵ

where A ∈ Rd×k is a mixing matrix and ϵ ∼ N (0, σ2I) is Gaussian noise.

Goal: Show that A (and hence its columns, which are the steering vectors) can be recovered up to
permutation and scaling.
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Step 1: ICA identifiability theorem. Let x = As where s ∈ Rk has independent compo-
nents and A ∈ Rd×k is full column rank. Under the following sufficient conditions (Comon, 1994;
Hyvärinen & Oja, 2000):

• At most one component of s is Gaussian

• Components are statistically independent

• Sufficient samples are observed

Then A is identifiable up to column permutation and column scaling.

Important caveat: These are strong assumptions that may not hold exactly in practice for LLM per-
sonas. Statistical independence between semantic factors (e.g., formality and politeness) is an ide-
alization; real personas may exhibit weak dependencies. The ICA framework provides a sufficient
structural condition for identifiability, not a characterization of what typically holds in contemporary
steering pipelines.

Step 2: Application to steering. In our setting:

• Observations: hℓ(x1), . . . , hℓ(xN )

• Model: hℓ(xi) = Az(xi) + ϵi

• Sources: z(x1), . . . , z(xN ) are realizations of independent persona components

Assumption verification:

• Independence: We assume z1, . . . , zk are statistically independent

• Non-Gaussianity: At most one zi is Gaussian (e.g., politeness and formality are typically
non-Gaussian in natural language)

• Full rank: A has full column rank (each persona has a non-zero effect on representations)

Step 3: Recovery via ICA algorithm. Apply ICA algorithm (Hyvärinen & Oja, 2000) to obser-
vations {hℓ(xi)}Ni=1:

• Whitening: Compute h̃ℓ = Σ−1/2(hℓ − µ) where µ = E[hℓ] and Σ = Cov(hℓ).

• Independent component extraction: Find unmixing matrix W that maximizes non-
Gaussianity of ẑ = Wh̃ℓ.

• Recover mixing matrix: Â = Σ1/2W−1.

Step 4: Identifiability guarantee. By the ICA theorem, Â = APD where:

• P ∈ Rk×k is a permutation matrix

• D ∈ Rk×k is a diagonal scaling matrix

Therefore, the columns of Â are the columns of A up to permutation and scaling. Since steering
vectors are defined as vi = Aei (the i-th column of A), we recover the true steering directions
uniquely (up to unavoidable symmetries).

Step 5: Noise robustness. With Gaussian noise ϵ ∼ N (0, σ2I), ICA remains consistent:

hℓ = Az + ϵ

Since ϵ is Gaussian and z is non-Gaussian (by assumption), the ICA algorithm separates signal from
noise:

• Recovered sources: ẑ = z + ϵ̃ where ϵ̃ is small for σ2 ≪ ∥Az∥2

• Recovered mixing: Â ≈ APD with estimation error decreasing as N → ∞

14



Published as a conference paper at CAO Workshop at ICLR 2026

Conclusion (ICA): Under statistical independence, non-Gaussianity and full column rank—strong
sufficient conditions that may not hold automatically in practice—persona vectors are identifiable
up to permutation and scaling. These assumptions provide a theoretical pathway to identifiability
but require careful experimental design to approximate in real steering settings.

B.3 PROOF OF CONDITION: SPARSITY CONSTRAINTS

Setup: Assume the true persona vector v ∈ Rd is sparse with ∥v∥0 = s ≪ d, meaning at most s
entries are non-zero. We observe the effect of steering:

y = Jℓv + η

where y ∈ Rm are output measurements, Jℓ ∈ Rm×d is the measurement matrix (Jacobian) and
η ∼ N (0, σ2I) is noise.

Goal: Show that v can be uniquely recovered via ℓ1 minimization.

Step 1: Compressed sensing setup. The recovery problem is:

min
v′∈Rd

∥v′∥1 subject to ∥Jℓv′ − y∥2 ≤ ϵ

where ϵ bounds the noise: ϵ ≥ ∥η∥2 with high probability.

Step 2: Restricted Isometry Property (RIP). A matrix Jℓ satisfies the RIP of order s with
constant δs if for all s-sparse vectors v:

(1− δs)∥v∥22 ≤ ∥Jℓv∥22 ≤ (1 + δs)∥v∥22

Theorem (Candes & Tao, 2005): If Jℓ satisfies RIP with δ2s <
√
2−1 ≈ 0.414, then ℓ1 minimization

recovers v exactly (in the noiseless case) or approximately (with noise) with error:

∥v − v̂∥2 ≤ Cϵ

for some constant C depending on δ2s.

Important caveat: The RIP condition is a strong assumption. For Jacobians Jℓ arising from neural
network steering, RIP typically does not hold automatically and must be verified empirically or
enforced through measurement design (diverse prompt selection). This condition is sufficient for
identifiability but may not be satisfied in standard steering settings without careful experimental
design.

Step 3: Recovery guarantee. Solve:

v̂ = argmin
v′

∥v′∥1 s.t. ∥Jℓv′ − y∥2 ≤ ϵ

By the compressed sensing theorem:

∥v − v̂∥2 ≤ C1ϵ+ C2
∥v − vs∥1√

s

where vs is the best s-sparse approximation to v. If v is exactly s-sparse, the second term vanishes
and:

∥v − v̂∥2 ≤ C1ϵ

Step 4: Uniqueness. Suppose two sparse vectors v and v′ both satisfy ∥Jℓv − y∥2 ≤ ϵ. Then:

∥Jℓ(v − v′)∥2 ≤ 2ϵ

If v − v′ is 2s-sparse and Jℓ satisfies RIP, then by the RIP condition:

(1− δ2s)∥v − v′∥22 ≤ ∥Jℓ(v − v′)∥22 ≤ 4ϵ2
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Therefore:
∥v − v′∥2 ≤ 2ϵ√

1− δ2s

As ϵ → 0 (noiseless case), v = v′, establishing uniqueness.

Conclusion (Sparsity): Under sparsity assumptions and RIP conditions—strong sufficient conditions
that typically require careful measurement design—persona vectors are uniquely recoverable via
ℓ1 minimization. RIP does not hold automatically for arbitrary Jacobians and must be verified or
engineered through diverse prompt selection.

B.4 PROOF OF CONDITION: MULTI-ENVIRONMENT IDENTIFICATION

Setup: Assume we observe the same persona z across multiple environments e ∈ {1, . . . , E} where:

h
(e)
ℓ = ge(x, z) + ϵ(e)

The function ge may vary across environments (spurious correlations change) but the causal effect
of z on downstream outputs remains invariant.

Goal: Show that the invariant representation z (and its associated direction) can be identified.

Step 1: Invariant causal mechanism. Assume the causal graph:

z hℓ o

x e

where:

• z: true persona (causal factor),
• x: input prompt,
• e: environment,
• hℓ: internal representation,
• o: output.

The key assumption is invariance: the causal mechanism hℓ → o is the same across environments,
i.e., Fℓ→L does not depend on e.

Step 2: Invariant Risk Minimization (IRM). The objective is to find representation Φ : Rd →
Rk and predictor w : Rk → R such that:

min
Φ,w

E∑
e=1

Re(Φ, w) s.t. w ∈ argmin
w′

Re(Φ, w′) ∀e

where Re(Φ, w) = E(x,y)∼Pe [ℓ(w · Φ(hℓ(x)), y)] is the risk in environment e.

Interpretation: Find a representation Φ(hℓ) = z such that the optimal predictor w is the same across
all environments. This filters out spurious correlations that vary with e.

Step 3: Identifiability under IRM. Under the following idealized conditions:

• Environments are sufficiently diverse: Cov(x|e) varies across e
• Causal mechanism is invariant: p(o|z) is the same for all e
• Sufficient environments: E ≥ k + 1 where k = dim(z)

• No unobserved confounders between environments and outcomes
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The theorem (Ahuja et al., 2022; Von Kügelgen et al., 2021) states that the invariant risk minimiza-
tion objective can recover z up to an invertible transformation, though not necessarily uniquely.

Important caveat: The literature on invariant representation learning establishes conditions under
which invariance constraints narrow the hypothesis class but full identifiability (unique recovery of
z) requires additional assumptions beyond standard IRM formulations. The practical application of
IRM to steering should be understood as identifying a stable, transferable representation rather than
guaranteeing uniqueness. This is a sufficient condition in principle under strong assumptions, not a
characterization of typical steering scenarios.

Step 4: Application to steering. In practice:

1. Collect multi-environment data: Extract steering vectors from diverse prompt distributions,
model checkpoints or instruction formats.

2. Learn invariant representation: Train Φ via IRM objective
3. Extract steering vectors: Compute vi = ∇hℓ

Φi(hℓ) where Φi is the i-th component of Φ

The resulting steering vectors vi capture invariant causal factors rather than spurious correlations.

Step 5: Theoretical guarantee. Under mild conditions (sufficient diversity, invariance, identifi-
able causal structure), the IRM solution satisfies:

Φ(hℓ) = T (z)

where T is an invertible transformation. Since persona steering operates on z, the directions vi =
∇hℓ

Φi recover the true causal factors.

Conclusion (Multi-environment): With diverse environments and invariant causal mecha-
nisms—idealized sufficient conditions that narrow the hypothesis class—persona vectors corre-
sponding to stable causal factors can be recovered up to invertible transformations. Full unique-
ness requires additional assumptions beyond standard IRM formulations. This provides a principled
approach to filtering spurious correlations but should be understood as identifying transferable rep-
resentations rather than guaranteeing unique recovery.

B.5 PROOF OF CONDITION: CROSS-LAYER CONSISTENCY

Setup: Assume persona vectors exhibit consistent geometric relationships across layers:
vℓ+1 = Wℓvℓ + δℓ

where Wℓ ∈ Rd×d is the weight matrix connecting layers and ∥δℓ∥ is small.

Goal: Show that cross-layer constraints reduce the solution space and improve identifiability.

Step 1: Single-layer null space. From proposition 1, at layer ℓ:
Nℓ = {v0 : Jℓv0 = 0}

with dim(Nℓ) = d− rℓ where rℓ = rank(Jℓ).

Step 2: Cross-layer propagation. If vℓ ∈ Nℓ, does vℓ+1 = Wℓvℓ ∈ Nℓ+1?

Generally, no. The null space changes across layers:
vℓ ∈ Nℓ ̸⇒ Wℓvℓ ∈ Nℓ+1

Step 3: Intersection of constraints. Consider steering vectors observed at multiple layers
ℓ1, . . . , ℓL. Each layer provides a constraint:

Jℓivℓi = yi

If we additionally require consistency:
vℓi+1 = Wℓivℓi + δℓi

Then the solution must satisfy:
vℓi ∈ {v : Jℓiv = yi} ∩ {v : Wℓiv ≈ vℓi+1}
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Step 4: Reduced null space (qualitative characterization). The cross-layer constraints create
an overdetermined system. The effective null space is:

Neff =

L−1⋂
i=1

{v : Wℓiv ∈ Nℓi+1}

Since each Wℓi generically has full rank and maps null space vectors to non-null-space vectors, we
expect:

dim(Neff) ≪ dim(Nℓ)

Intuition: Each additional layer imposes new independent constraints. If the propagation matrices
Wℓi are sufficiently ”generic” (full rank with uncorrelated null space mappings), then each layer re-
duces the effective null-space dimension. For sufficiently many informative layers with uncorrelated
constraint structures, the effective null space can shrink dramatically or even vanish.

Conclusion (Cross-layer): Cross-layer consistency constraints can substantially reduce null-space
dimensionality by creating overdetermined systems. The extent of reduction depends on the specific
geometric structure of propagation matrices and layer-wise Jacobians. While this approach does not
guarantee complete identifiability in general, it provides a practical method for filtering spurious
null-space components that lack geometric stability across layers.

C INTUITIVE EXPLANATIONS

C.1 NULL-SPACE GEOMETRY

Visual analogy. Consider a simplified example where a 3D steering vector v ∈ R3 affects 2D
outputs o ∈ R2 through a projection matrix J ∈ R2×3. By the rank-nullity theorem, the null space
ker(J) is a 1D subspace since dim(ker(J)) = 3− rank(J) = 3− 2 = 1.

For concreteness, suppose J = [I2 | 0] projects onto the first two coordinates. Then ker(J) =
span{(0, 0, 1)} is the v3 axis. The key insight: directions in ker(J) are invisible to outputs.

Observable subspacev1

v2

row(J)

v∥

v3 ∈ ker(J)

(invisible)

Output plane sees only (v1, v2) projection .

Figure 3: Null-space geometry. The output observes only the (v1, v2) components (blue region).
The v3 component lies in ker(J) and is invisible. Adding any αv3 to v leaves outputs unchanged:
J(v + αv3) = Jv.

Any vector of the form v′ = v + αv3 for α ∈ R produces identical outputs:

J(v + αv3) = Jv + αJ(0, 0, 1)⊤ = Jv

Since α can take infinitely many values, there exist infinitely many geometrically distinct steering
vectors that are observationally equivalent.
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C.2 WHY MORE DATA DOESN’T HELP

Common misconception: ”If we collect more steering examples, we can pin down the unique
vector.”

Why this fails. Consider observing steering effects on N prompts {x1, . . . , xN}. Each observa-
tion provides:

oi = Jℓ(xi)v + ηi

Stacking these:  o1
...
oN

 =

Jℓ(x1)
...

Jℓ(xN )

 v +

 η1
...

ηN


The stacked Jacobian Jstack ∈ R(N ·V )×d has null space:

ker(Jstack) =

N⋂
i=1

ker(Jℓ(xi))

Critical observation: If all Jℓ(xi) share a common null space (e.g., all prompts probe similar
aspects of the model), then:

ker(Jstack) = ker(Jℓ(x1)) ̸= {0}

Adding more prompts does not reduce the null space when all prompts probe the same effective
subspace—the ambiguity persists.

Prompt 1: measures dims [1, ..., 3200] → null space = [3201, ..., 4096]

Prompt 2: measures dims [1, ..., 3200] → null space = [3201, ..., 4096]

...
Prompt N: measures dims [1, ..., 3200] → null space = [3201, ..., 4096]

Intersection of null spaces = [3201, ..., 4096] (unchanged!)

Figure 4: Why prompt diversity fails to resolve ambiguity. Each prompt measures the same effective
rank r ≈ 3200 dimensions. The intersection of null spaces remains dim(ker) = d − r ≈ 896
dimensions, regardless of N .

C.3 WHY ORTHOGONAL PERTURBATIONS PRESERVE SEMANTICS

Setup: We test steering with v versus v + v⊥, where v⊥ ⊥ v and ∥v⊥∥ = 1. Empirically, adding a
random orthogonal direction produces nearly equivalent semantic effects. Why?

Decomposing the perturbation. Any perturbation v⊥ decomposes as:

v⊥ = v⊥,row + v⊥,null

where v⊥,row ∈ row(J) (observable) and v⊥,null ∈ ker(J) (invisible).

For random v⊥ ⊥ v, the expected null-space fraction is:

E[∥v⊥,null∥2] ≈
dim(ker(J))

d
≈ 0.20−0.25

Thus ∼20–25% of the perturbation is automatically invisible.
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Observable effect is diffuse. The output change is:

J(v + v⊥) = Jv + J v⊥,row

While Jv⊥,row is not necessarily small in norm, it represents a random direction in ∼3200 dimen-
sions. In contrast, Jv is semantically structured (e.g., consistently shifting toward “honesty”).

The key distinction is semantic coherence: Jv produces aligned directional changes, while Jv⊥,row
produces diffuse, incoherent perturbations that do not systematically shift meaning.

Analogy: If Jv is wind blowing north, then Jv⊥,row is turbulence—it may have comparable energy
but lacks directional coherence.

D MATHEMATICAL DERIVATIONS

D.1 DIMENSION OF OBSERVATIONAL EQUIVALENCE CLASS

Setup: For steering vector v ∈ Rd and Jacobian J ∈ RV×d with rank r, consider:

[v] = {v′ ∈ Rd : Jv′ = Jv}

Question: How many degrees of freedom exist in the equivalence class of observationally equivalent
steering vectors?

Analysis: The equivalence class is an affine subspace:

[v] = v + ker(J)

where ker(J) is a (d− r)-dimensional linear subspace.

Parameterization: Let {u1, . . . , ud−r} be an orthonormal basis for ker(J). Then:

[v] =

{
v +

d−r∑
i=1

αiui : αi ∈ R

}
The equivalence class has (d− r) degrees of freedom.

Scaling ambiguity: Additionally, v and cv produce equivalent outputs (up to rescaling α). The
equivalence class modulo scaling is a (d− r)-dimensional projective space.

Illustrative example. Suppose a model has hidden size d = 4096 and an effective Jacobian rank
r ≈ 3100. Then the equivalence class dimension is d− r ≈ 996.

Interpretation: For every identifiable parameter (row-space direction), there are 996/3100 ≈ 0.32
unidentifiable parameters (null-space directions). The under-determination ratio is approximately
1 : 3.

D.2 FISHER INFORMATION AND CRAMÉR-RAO BOUND

Setup: Consider the statistical model:

o(x; v, α) ∼ p(o|x, v, α)

where v is the parameter to estimate.

Question: Can we achieve better identifiability by collecting more samples?

Fisher Information Matrix: For the linear Gaussian model o = Jv + η with η ∼ N (0, σ2I):

I(v) = Eo

[(
∂ log p(o|x, v, α)

∂v

)(
∂ log p(o|x, v, α)

∂v

)⊤
]
=

1

σ2
J⊤J

Cramér-Rao Lower Bound: The covariance of any unbiased estimator v̂ satisfies:

Cov(v̂) ⪰ I(v)−1 = σ2(J⊤J)+
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where (J⊤J)+ is the Moore-Penrose pseudo-inverse.

Implications: For null-space directions ui ∈ ker(J), the Fisher information is degenerate:

u⊤
i (J

⊤J)ui = 0

Therefore, the variance of any unbiased estimator along null-space directions is unbounded:

Var(u⊤
i v̂) ≥ u⊤

i I(v)−1ui = ∞

Conclusion: The Cramér-Rao bound is infinite for null-space components, confirming that no finite
amount of data can resolve the ambiguity. Non-identifiability is fundamental, not a small-sample
problem. More data cannot help because the information geometry has infinite uncertainty in null-
space directions.

D.3 PROOF THAT ICA BREAKS GAUGE SYMMETRY

Setup: Consider two decompositions:

h = A1z1 = A2z2

where both z1 and z2 have independent components.

Question: When are these equivalent (A1 = A2 up to permutation/scaling)?

Analysis: If both decompositions are valid:

A1z1 = A2z2 =⇒ z1 = A−1
1 A2z2 = Gz2

where G = A−1
1 A2.

ICA Constraint: If both z1 and z2 have independent components:

I(z1,i; z1,j) = 0 for. i ̸= j

I((Gz2)i; (Gz2)j) = 0 for. i ̸= j

Key Theorem (Comon, 1994): If z2 has independent components and Gz2 also has independent
components, then G must be a generalized permutation matrix:

G = PD

where P is a permutation matrix and D is a diagonal scaling matrix.

Implication:

A1z1 = A2z2

A1Gz2 = A2z2

A1PD = A2

Therefore A2 = A1PD, meaning A2 is A1 with permuted and scaled columns.

Conclusion: ICA constraints (statistical independence) force G to be a permutation-scaling matrix,
breaking arbitrary gauge transformations and establishing identifiability up to unavoidable symme-
tries. Independence is the structural assumption that eliminates the infinite equivalence class.

E DISCLOSURE OF THE USE OF ARTIFICIAL INTELLIGENCE

In accordance with ICLR 2026 policies on large language model usage, the authors used ChatGPT
for assisting with refining sections of the manuscript (language polishing and clarity improvements)
and Claude Code and GitHub Copilot for coding assistance. Authors take full responsibility for all
research ideas, technical content, proofs, experiments and final text.
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