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Abstract

We propose the Variational Causal Autoencoder (VCAUSE), a novel class of
variational graph autoencoders for causal inference in the absence of hidden con-
founders, when only observational data and the causal graph are available. Without
making any structural assumption, VCAUSE mimics the necessary properties of
a Structural Causal Model (SCM) to provide a framework for performing inter-
ventions (do-operator) and abduction-action-prediction steps. As a result, and as
shown by our empirical results, VCAUSE provides a practical and accurate pipeline
for estimating the interventional and counterfactual distributions of diverse SCMs.
Finally, we apply VCAUSE to evaluate counterfactual fairness in classification
problems and also to learn accurate and fair classifiers.

1 Introduction

Predicting causal effects of actions (interventions) is a central problem in scientific research in a
broad variety of fields [4} 157,123} 51]], and machine learning is no exception [44]. As an example,
fundamental machine learning questions—such as fairness [[6, 9l [19} 24} 25] and interpretability
[L7]]—, are increasingly being formulated as causal queries.

Research on causal reasoning has predominantly focused on causal discovery, ak.a. structure
learning, aimed at discovering the underlying causal graph from data (see, e.g., [15, 30} 49, 160]).
An alternative line of work instead aims to answer causal queries under different assumptions, e.g.,
assuming access to partial causal knowledge [[L7,|18]] or to a randomized trial [16]]. Here, we focus
on the latter line of research, that is, on answering the following two types of causal questions:
interventional queries, e.g., “What is the effect of a universal unconditional basic income of 1k
EUR on the health of the population?”’; and counterfactual queries, e.g., “Had Kim received an
unconditional basic income of 1k EUR, what would have been the effect on Kim’s health?”.

Unfortunately, predicting causal effects from observational data alone is in general difficult and
often requires strong and impractical causal assumptions. In this context, the Structural Causal
Model (SCM) [39] is a framework that allows to answer causal queries from observational data, but
requires complete causal knowledge. That is, knowledge not only on the parent-children (cause-effect)
relationship between every pair of observed variables (i.e., on the causal graph), but also on how
these relationships are (i.e., on the structural equations). As a consequence, randomized controlled
studies are today still considered to be the gold standard for estimating causal effects. Unfortunately,
real world experiments are often expensive to conduct, unethical, or directly impossible.

In this work, we aim at answering the above causal queries, when only observational data and
the causal graph are available. Note that the causal graph can often be inferred from domain
knowledge [62]] or via one of the numerous approaches for causal discovery [27,54]. We assume
causal sufficiency, i.e., that there are no hidden confounders, which are unobserved variables that
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affect more than one observed variable. We propose the novel Variational Causal Autoencoder
(VCAUSE), a variational graph autoencoder that leverages the causal graph structure and yields
accurate estimates of the observational, interventional and counterfactual distributions induced by an
unkonwn causal model.

Importantly, we provide the necessary conditions for the design of the encoder and decoder graph
neural networks (GNNs), so that the resulting VCAUSE behaves like an SCM. As a result, and
without making any assumptions on the true structural equations, VCAUSE provides a practical
framework to perform interventions (do-operator) and abduction-action-prediction steps, which are
necessary to evaluate interventional and counterfactual queries.

We evaluate the performance of the proposed VCAUSE model in extensive experiments using
observational data from different SCMs, with diverse causal graphs and structural equations. Our
experiments show that VCAUSE outperforms competing methods [[17, 18] at estimating not only
the mean of the interventional/counterfactual distribution, but also the overall distribution, as shown
by the quality of its samples (in terms of Maximum Mean Discrepancy, MMD). We finally show a
use-case in which VCAUSE is used to assess counterfactual fairness of different classifiers trained on
the German Credit dataset [[10] as well as to learn accurate and counterfactually fair classifiers.

Related work. There are numerous works on causal discovery [15, 18} 27, 30, 33} 140, 149, 54, 56,
58,160, 163]]. In addition, extensive work focuses on interventional and/or counterfactual queries
using non-parametric methods [[1,132} 146, 47|, and more recently, tractable probabilistic models [S9].
Moreover, deep generative models are enjoying increasing attention for causal queries in complex
data [31}135]]. Existing approaches focus on estimating the Average Treatment Effect (ATE) by
assuming a fixed causal graph that includes the treatment variable [[19} 29,142} 45, |53]); on discovering
and intervening on the causal latent structure of the (e.g., image) data [19, 35, 37, 48, 156]; or
on addressing interventional and/or counterfactual queries by fitting a conditional model for each
observed variable given its causal parents [11} [17} 22} 36, [38]. In the most recent work related
to ours [[18]], the authors propose CAREFL, an autoregressive normalizing flow (ANF) for causal
discovery and queries, which focuses on bi-variable scenarios with affine relationships between
observed and unobserved variables. In our experiments, we compare VCAUSE with CAREFL (as
well as [[17]) in more general settings. Finally, up to the best of our knowledge, GNNs have previously
been used for causal discovery [58} 611, but have not yet been exploited to address counterfactual and
interventional queries, like VCAUSE does.

2 Background

In this section, we first provide a brief overview on structural causal models (SCMs) and then
introduce the main building block of VCAUSE, i.e., variational graph autoencoders (VGAEs).

2.1 Structural causal models

An SCM M = (p(U), F) determines how a set of d endogenous (observed) random variables X :=
{X1,... X4} is generated from a set of exogenous (unobserved) random variables U := {U;,... Uy}
(with prior distribution p(U)) via the set of structural equations F = {X; := f; (Xpag), Us) Y.
Here X,,(;) refers to the set of variables directly causing X, i.e., parents of 7. Every SCM M is
associated with a directed acyclic graph (DAG): a causal graph G := (X, E), for which the nodes
(vertices) correspond to endogenous variables X and the directed edges E account for the causal
parent-child relationship between variables [39]. Given an SCM, there are two types of causal queries
of general interest: interventional queries, e.g., “What would happen to the population X, if variable
X; would be set to a fixed value a?”’; and counterfactual queries, e.g.,“What would have happened to
a specific factual sample x’", had X; been set to a value a?”.

More in detail, interventional queries aim to evaluate changes in the causal world, or equivalently,
manipulations of a subset of the endogenous variables Z C [d] := {1,...,d} at the population
level. Interventions on an SCM M are often represented with the do-operator do(X; = «;) and
lead to a new distribution over the set of endogenous variables p(X | do(X; = «;)), which is
referred to as the interventional distribution. In G an intervention removes incoming edges to node
i and sets X; = « (see Figure . A counterfactual query for a given factual instance x" aims to
estimate what would have happened had X7 instead taken value c.. This effect is captured by the
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counterfactual distribution p(x°F | x¥' do(X7 = a)), which can be computed using the abduction-
action-prediction approach by Pearl [39]. Refer to Section [3|for further details on the computation of
the interventional and counterfactual distributions.

U ~ p(U)

fiiXi=ti @) &@-(v)
fo: Xo =2X, 4+ Us
A = YoRER Yo

(a) SCM M := {p(U), f‘} (b) G without intervention (¢) G with intervention

Figure 1: Example of (a) a triangle SCM M with d = |X| = 3 endogenous variables; (b) correspond-
ing causal graph G and (c) illustration of an intervention do(Xs = «) on the causal graph. Green
arrows highlight the direct causal path from X to X3, and red arrows the indirect causal path via Xs.

2.2 Variational Graph Autoencoder and Graph Neural Networks

Variational Autoencoders (VAEs) [20] are powerful latent variable models based on neural networks
(NNs) for jointly i) learning complex and expressive density estimators p(X) ~ [ po(X | Z)p(Z)dZ,
where the likelihood function (a.k.a. decoder) is parameterized using a NN with parameters 6; and ii)
performing approximate posterior inference over the latent variables Z using a variational distribution
(a.k.a. encoder) q4 (Z | X) parameterized using a NN with parameters ¢. The parameters 6 and ¢
are usually learned by maximizing a lower bound on the log-evidence [3} 134,41} 52].

Variational Graph Autoencoders (VGAEs) [21] extend VAEs to account for graph-structure in-
formation on the data [58]. VGAEs define a (potentially multidimensional) latent variable Z; per
observed variable X, i.e., Z := {Z1,...,Z4}. Additionally, VGAEs rely on an adjacency ma-
trix A, which is used by two Graph Neural Networks (GNNs), one for the encoder and one for
the decoder, to enforce structure on the posterior approximation ¢4(Z | X, A) and the likelihood
po(X | Z,A). More in detail, A € {0,1}%*? encodes the graph structure among the observed
variables X := {X,... X4}, so that A;; = 1if there is a directed edge from X; to X, and A;; = 0,
otherwise. Hence, A determines which variables X; influence Z; (i,j € [d]), and vice versa.

Graph Neural Networks (GNNs) have generated a lot of attention during the last years, as they
achieved significant improvements in graph representation learning (2, 12} [14}143]|57], While the
taxonomy of GNNs is immense [S5], in this work we focus on message passing GNNs which allow
us to work with directed graphs. In its most general form, a message-passing GNN calculates the
output h! for node 7 in layer [ in three steps: i) compute the set of incoming messages arriving to node
i from its neighbors N; = {X; | A;; = 1} using a message function f™ (a NN with parameters 6,),
that is {m; }jen; = {f/"(h; ", hi7":6L,) | j € N;} 1 ii) combine the set of messages into a single
message M! := fo({m! ;1) using an aggregation function f¢ (e.g. adding up the messages); and iii)
update the node state h! := f“(héfl, M 6), using an update function f* (a NN with parameters

R

Hfl). As a result, the output hﬁ can be written as
hi = (R (P (R R 0,,) 15 € NiY) 10,) - (1)
Note that the above expression assures that the output for each node 1 is computed using information

from its neighbors N; according to A. Moreover, if the GNN has N, hidden layers, then the
output for node i not only depends on its direct neighbors N, but also on its neighbors up to order
Ny, + 1 (hops). As an example, if N, = 0 then the output for each node only depend on its direct
neighbors (parents). If instead N;, = 1, then the output for each node depends on 2-hop neighbors
(grand-parents). For a detailed description of GNNs, please refer to Appendix [A.

3 Observational, interventional and counterfactual distributions

In this section, we introduce the observational, interventional and counterfactual distributions (trig-

gered by any intervention do(Xz = «)) that are induced from an SCM M := {p(U), F}. Specifi-
cally, we summarize the main properties of an SCM that will allow us to propose a novel class of
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VGAE:s, the variational causal autoencoders (VCAUSE), to compute accurate estimates of these
distributions using observational data and a known causal graph. To this end, we assume the absence

of hidden confounders, i.e., we assume that p(U) = Hle p(U;).

Observational distribution. The SCM M determines the observational distribution p(X) over the
set of endogenous variables X = { X, ... X}, which satisfies causal factorization [44], i.e., p(X) =
Hle P(Xi | Xpas))- That is, after marginalizing out the exogenous variables U, the distribution of
each endogenous variable X; depends only on its parents, i.e., X},,(;). The observational distribution
can alternatively be written only in terms of the exogenous variables U as

p(X) = / F(U)p(U)dU, @

where F : U — X corresponds to the set of structural equations, equivalent to F, that directly
transform the exogenous variables U into the endogenous variables X. Let us denote by an(i) the set
of indexes of the ancestors of ¢, and an*(¢) := an(i) U {i}. Then, the causal factorization induced
by the SCM M leads to the following property of F(U):

Property 1. Each endogenous variable X; can be expressed as a function of its exogenous variable
U; and the ones of all its causal ancestors, i.e., F(U) := {X,; = f;({U; | j € an*(¢)})}. This,

together with the causal sufficiency assumption, implies that X; is statistically independent of
U;,Vj ¢ an*(i).

Interventional distribution. As stated in Section[2.1] interventions on a set of variables Z can be
performed using the do-operator, which can be seen as a mapping do(X7 = a) : M — ML =
(p(U),FT) where FZ = {f; | j ¢ T} U{a; | i € I}. As above, we can represent the resulting set
of intervened structural equations FX = {f; | j € T} U{«; | i € I} in terms of only the exogenous
variables U, so that we can write the interventional distribution as:

p(X | do(Xz = o)) = / F7(U)p(U)dU. 3

Assuming an intervention do(Xz = a) on M, then the resulting structural equations FZ (U) satisfy:

Property 2. After an intervention do(Xz = o) on M, all the causal paths from U; Vj € an* (i) to
X; that include an intervened variable in Xz (i.e., the causal paths where X1 is a mediator) are
severed in FZ, while the rest of causal paths remain untouched.

The above property is illustrated in Figure|l| where we can easily observe that after an intervention
do(Xs = «), the indirect causal path (in red) from X7, and thus from Uy, to X35 via X5 is severed,
while the direct path (in green) remains.

Counterfactual distribution. Assuming the SCM M = {p(U), F} to be known, the following
three steps defined by Pearl [39] allow us to compute counterfactuals x“*" as: i) Abduction: infer the
values of the exogenous variables U for a factual sample xF . ie., compute p(U | xF ); ii) Action:
intervene with do(X7 = ) : M +— MZT = (p(U),F7T); and iii) Prediction: use the posterior
distribution p(U | x") and the new structural equations FZ to compute p(x®* | x"). The prediction
step can be alternatively computed using the new set of structural equations FZ defined in terms of
the exogenous variables U, so that we can write the counterfactual distribution as:

p(x“F | X", do(Xz = @) = /FI(U)p(U | xI)dU. 4)

Importantly, the resulting posterior distribution p(U | xI") satisfies:

Property 3. In the abduction step, statistical independence implies that conditioned on the endoge-
nous variables of the factual sample x*', each exogenous variable U is independent of the factual
value J;f if j # i and the variable X; is not a parent of X, i.e., j¢pa* (i) := pa(i) U {i}.

4 Variational Causal Autoencoder (VCAUSE)

In this section, we present a novel variational causal graph autoencoder (VCAUSE) to approximate
the observational, interventional and counterfactual distributions given in (2), (3) and @), respectively.
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While the underlying SCM M is unknown, we assume access to: the causal graph G and observational
data {x, }}_,, i.e., i.i.d. samples of the observational distribution induced by M.

Definition 4.1. (VCAUSE) . Given a causal graph G over a set of endogenous variables X =
{X1,..., X4}, which establishes the set of parents pa*(i) for each variable X; (including the i-th
node). A variational causal graph autoencoder (VCAUSE) is defined by:

* A causal adjacency matrix A, which is a d x d binary matrix with elements A;; = 1 if
J € pa*(i),ie., wheni = j or j is a parent of ¢. Otherwise, A;; = 0.

* A prior distribution p(Z) = [ [, p(Z;) over the set of latent variables Z = {Z, ..., Z4}.

* A decoder pg(X | Z, A), which is a GNN (parameterized by 6) that takes as input the set
of latent variables Z and the causal adjacency matrix A, and outputs the parameters of the
likelihood py(X | Z, A).

* An encoder ¢4(Z | X, A), which is a GNN (parameterized by ¢) that takes as input the
endogenous variables X and the causal adjacency matrix A, and outputs the parameters of
the posterior approximation g4(Z | X, A).

Given observational data {x, }/'_,, one may learn the parameters § and ¢ that best estimate the

density p(X). We here rely on the partially importance weighted auto-encoder (PIWAE) [41]).

Next, we discuss how to design VCAUSE such that it is able to capture the observational, inter-
ventional, and counterfactual distribution induced by an unknown SCM. Importantly, we derive the
necessary conditions on the design of both the encoder and decoder GNN's such that VCAUSE fulfills
the SCM properties introduced in Section 3]

4.1 Observational distribution

VCAUSE approximates the observational distribution in (2) using the generative model as

d
p(X) = /Po(X | Z,A)p(Z)dZ = /Hpe(Xi | Z, A)p(Z)dZ. 6)
i=1

Figure[2a]depicts this generative process. If we compare (5) with the true observational distribution
in (2), we observe that the latent variables Z play a similar role to the exogenous variables U,
and the decoder py(X | Z, A) plays a similar role to the structural equations F. Yet, we remark
that Z does not need to correspond to the exogenous variables, i.e., p(U) # p(Z), in order for
to provide a good approximation of the observational distribution in (2). In fact, standard VAEs
perform accurate density estimation using observational data, without the need for capturing causal
information. However, in this paper, we seek to ensure that our observational distribution induced
by VCAUSE complies causal factorization (Property [1). To that end, we need to make sure that
Po(Xi | Z, A) = pg(Xi | Zay-(iy)- Thatis, X; depends only on Z; if j = i or X is an ancestor of
X in the causal graph. To fulfill this property, the GNN of the decoder should satisfy the following:

Proposition 1. (Causal factorization). VCAUSE satisfies causal factorization, pg(X | Z,A) =
1 po,(Xi | Zan= (i), if and only if the number of hidden layers in the decoder is greater or equal
than 6 — 1, with § being the longest shortest directed path between any two endogenous nodes.

The above proposition (proved in Appendix [B)) is based on the fact that, in a GNN with N} hidden
layers (and NNy + 1 layers in total), the output for the ¢-th node depends on its neighbors of up
to N, + 1 hops. As an example, consider the following chain causal graph: X; — Xy — X3,
such that 6 = 2. In the decoder, the first layer yields a hidden representation for the 3-rd node
hé := f(f(Z2), Z3) that only depends on Z5 and Z3. Thus, we need a second layer for its output
h3 = f(he, Z3) = f(f(f(Z1), Z2), Z3) to depend on Z; (note that X is an ancestor of X3).

4.2 Interventional distribution

VCAUSE approximates the interventional distribution in (3) as (illustrated Figure [3)):
p(X | do(Xz = ) = /Pe(X | {Zi}igz A2 Yier, AT)p(Z)qs(Z" | AT, X1)dZ,  (6)

where the do-operator is performed on the causal adjacency matrix as do(X7 = ) : A — AT =
{Aij}vigz; U{Aij = 0}viez;. This ensures that X; for ¢ € Z is independent of Z; for all
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(a) Observational (b) Interventional (¢) Counterfactual
Figure 2: VCAUSE generation of (a) observational, (b) interventional, and (c) counterfactual samples.

The ‘hat’ in X and X°F indicate that they are sample estimates of the true random variables.

J # i. Note that in order for (6) to be able to approximate the interventional distribution in (3, an
intervention on a variational causal autoencoder should satisfy Property|2} i.c.:

Proposition 2. (Causal interventions). VCAUSE can capture causal interventions if and only if the
number of hidden layers in its decoder is greater than or equal to v — 1, with y being the longest
directed path between any two endogenous nodes in G.

To illustrate this, Figure 3|depicts how messages e ) @ e )
ohy —» ehy —>

are exchanged in a one-hidden-layer decoder
GNN corresponding to the causal graph G in \

Figure[T| (triangle with -y = 2), both (a) without @ oy @ e oy @
and (b) with an intervention on X». We high- \ \
light in green the direct messages (sent via direct

causal path in G), and in red the indirect mes- @—> *hs »@ @—> ohs »@

sages (sent via indirect causal path in G) from o

Z to X3. Observe that, similarly to Figure[T} in (a) Original (b) Intervened

(a) there is an indirect path (via hs) from Z; to Figure 3: VCAUSE decoder (a) with and (b) with-
X3; while in (b) this path is severed. Hence, the out intervening on X». Arrows indicate message
hidden layer (hy, ha, hs3) allows to differentiate passing in the GNN corresponding to direct (green)
between direct and indirect paths and thus to and indirect (red) causal paths in Figure (m)
capture interventional effects.

As the condition in Proposition [2] is more restrictive than the one in Proposition [T, in order for
VCAUSE to be able to capture observational and interventional distributions, it should satisfy that:

Design condition 1: The decoder GNN of VCAUSE has at least as many hidden layers as v — 1, with
~ being the longest directed path in the causal graph G.

4.3 Counterfactual distribution

VCAUSE approximates the counterfactual distribution in (@) as (illustrated in Figure 2¢):

p(x" | do(Xz = a),x") ~ / po(X | {Z Vigr A Zi Yier, AT)qs (27 | X7, A7) q4(Z7 | x7,A) dZ,

action abduction

prediction

where x!” represents a sample from X for which we seek to compute the distribution over counterfac-
tual xF. Note here that two different passes of the encoder are necessary: one for the abduction
step of the factual instance q,(Z¥ | x", A); and another one for the action step (intervention)
qs(Z* | x%, AT) with 27 = «; Vi € T (we remark that the rest of the values in x” do not affect the
overall counterfactual computation). We then evaluate the likelihood, making sure that the resulting
counterfactual sample x“* only depends on the {Z/"};¢z C Z¥ and {Z] },c7 C Z”. Importantly,
in order for VCAUSE to be able to approximate the counterfactual distribution, we need its abduction
(and action) step(s) to comply with Property/[3] i.c.:

Proposition 3. (Abduction). The abduction step of an observed sample x = {x1,...,xq} in a
variational causal autoencoder satisfies that for all i the posterior of Z; is independent on the subset
{2} j¢pa= iy € X, if and only if the encoder GNN has no hidden layers.

The above result (proved in Appendix [B) can be shown by the message passing algorithm computed
by the encoder GNN, and leads to the second condition that VCAUSE should satisfy by design:



251

252
253
254

255

256
257
258

259
260
261
262

264
265
266

267
268
269
270
271
272

273

274
275
276
277

278

279

281
282
283

284

Table 1: Evaluation of the observational and interventional distributions generated by VCAUSE with
different numbers of hidden layers Nj. All metrics are shown in percentage (%).

collider (0 =1,v=1) triangle (6 = 1,y = 2) chain (§ = 2,v=2)
MMD Obs. (%) MMD Inter.(%) MMD Obs.(%) MMD Inter.(%) MMD Obs.(%) MMD Inter.(%)

0 1.37 £ 0.54 0.90 + 0.19 220+0.74 4.03 £ 042 5.58 £1.01 8.07 £0.53
1 0.86 &+ 0.34 0.95 + 0.28 1.05 £ 0.38 2.354+0.35 1.4 £0.31 1.56 £ 0.4
2 1.0 £0.50 091 £ 0.16 1.20 + 0.63 233 +£0.29 1.67 £ 0.61 1.46 £+ 0.29

Ny,

Design condition 2: The encoder GNN of VCAUSE has no hidden layers.

Note that while the above condition may look restrictive and limiting the capacity of our encoder, we
may choose arbitrarily complex NNs to model the message f™* and update f* functions, as well as
one or more aggregation functions f¢, e.g., sum, mean or max, to model the encoder [8].

4.4 Practical considerations

Next, we briefly discuss practical implementation considerations to handle complex causal models,
which often appear in real world applications—see the causal graph of the German Credit dataset [10]
in Section [6]for an example. For further details on VCAUSE implementation, refer to Appendix

Heterogeneous endogenous variables: In general GNNs are parametrized such that the parameters
of the message f™ and update f* functions are shared for all the nodes and edges in the graph.
However, similarly as in the structural causal equations F, we can define a different message function
Jij for every edge in the causal graph by assuming a different set of parameters 6,,;; per edge in (1).
Similarly, we can also assume different update functions f;* for each node 4, by considering different
update parameters 6,,; for each node. This allows us to use different functions for each node, and
thus model heterogeneous endogenous variables, in terms of their continuous/discrete distribution,
and also of their structural equations, e.g., linear/non-linear.

Heterogenous causal nodes: So far, we have modeled each endogenous variable X; as a node in
the causal graph G, and thus in the VCAUSE GNNs. However, in some application domains the
relationships between a subset of variables may be unknown, or they may be affected by hidden
confounders, leading to an undirected path between them. In such cases, the subset of (k;) variables
is modeled as a multidimensional and potentially heterogeneous node X; = { X1, ..., X;, }. Note
that all the variables in the multidimensional node X; share the same latent random variable Z;.

5 Evaluation

In this section, we conduct extensive experiments to evaluate the performance of VCAUSE at
estimating the outcomes of causal queries. Please refer to Appendix [D]for a complete description
of the experimental set-up. Moreover, to ease the reproducibility of our experiments, our code is
publicly available athttps://github. com/XXXX/XXXXX,

Datasets. We consider different synthetic causal graphs that differ in the number of nodes d, diameter
0, and longest path v: synthetic collider (d = 3,5 = 1,y = 1), M-graph (d = 3,6 = 1, v = 1),
triangle (d = 3,0 = 1,y = 2), chain (d = 3, ) = 2,y = 2), and a semi-synthetic loan (d = 7,6 = 2,
~ = 3) from [17/]. For all of the synthetic datasets (i.e., except loan), we consider three different types
of structural equations with increasing complexity: linear additive noise (LIN), non-linear additive
noise (NLIN) and non-additive noise (NADD).

Metrics. We evaluate the observational distribution using the Maximum Mean Discrepancy (MMD)
[13] as distance-measure between the true and estimated distributions as a whole, i.e., the lower the
MMD the better the distributions match. For the interventional distribution, we additionally report the
estimation squared error for the mean and for the standard deviation (MeanE and StdE respectively)
for the children of the intervened variables. For the counterfactual distribution we report the mean
square error (MSE) as well as the standard deviation of the squared error (SSE) between the true and
the estimated counterfactual value. We compute all results over 10 independent runs.

Validating VCAUSE design conditions. In a first step we empirically validate our design choices
for the VCAUSE encoder and decoder. We show how the number of hidden layers N}, in the decoder
affect the quality of the estimation of the observational and interventional distributions for three
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Table 2: Performance of different methods at estimating the observational, interventional and counter-
factual of different SCMs. All metrics are shown in percentage (%).

Obs. Interventional Counterfactuals
SCM Model MMD (%) MMD (%) MeanE (%) StdE (%) MSE (%) SSE (%)
MultiCVAE  1.07+0.88  4.92+2.00 0.81£0.33 24.394+0.20 15.52+4.69 12.78+5.07

% CAREFL  5.51£0.80  3.63£0.22 0.18+0.05 50.10£0.79 5.11+0.87 6.18+0.81
VCAUSE  1.26+0.68  2.21+0.26 0.65+0.12 24.51+0.09 11.68+0.69 7.62+0.42

2z MultiCVAE  1.15+0.83  7.21£3.90 0.57+0.29 17.58£0.26 12.92+4.11 10.03+£5.33
£ 3 CAREFL 537+£1.18 8.15+0.76 1.14+£0.38 60.43+1.36 8.03+1.53 8.95+£1.42
‘E % VCAUSE 1554090 6.26+1.31 0.8540.16 17.414+0.09 12.10+0.95 8.1740.64
A MultiCVAE  2.15+0.58 43.63+2.73 0.18+0.07 19.14+1.75 24.45+1.62 38.23£3.83

9): CAREFL  6.14£1.33 76.84£14.78 2.59+3.76 112.65+6.08 8.32+0.93 39.8240.88

z. VCAUSE 2.54+1.18  8.87+1.52 0.09+0.04 20.94+1.72 10.36+0.78 17.82+1.20

< MultiCVAE 76.18+12.61 188.35+9.05 16.84+5.64 60.29+3.39 72.41+£4.75 38.69+1.16
S + CAREFL  9.28+2.15  9.54+1.82 3.554+2.48 28.94+1.15 32.54+0.21 17.68+0.34

VCAUSE  1.09+0.24  1.41+0.16 0.40+£0.09 9.58+0.06 30.06+0.14 14.2210.11

SCMs, with different values of longest shortest directed path § and longest directed path . In Table|1}
we observe that as expected: i) the collider (6 = v = 1) does not need any hidden layer to provide
accurate estimate of both the observational and interventional distributions. In contrast, the triangle
(6 = 1,7 = 2), which according to Proposition [2 needs at least one hidden layer to get a more
accurate estimate of the interventional distribution (while an improvement in the observational is not
as evident). Finally, as stated by Propositions|1 and [2, the chain (§ = v = 2) requires at least one
hidden layer to accurately approximate both the observational and interventional distributions.

5.1 Estimating interventional and counterfactual distributions

In the following we evaluate the potential of VCAUSE to model interventional and counterfactual
queries. We consider interventions of the form do(x; = «;) for several values of «; on both root and
non-root nodes. Here we report the results for the triangle and loan graphs. Refer to Appendix [E for
the remaining results.

Baselines. We compare our VCAUSE with two competing methods: 1) MultiCVAE, which trains a
conditional VAE for each endogenous variable that is not a root node in the causal graph [[L7]]; and ii)
CAREFL [18], which relies on autoregressive causal flows to estimate counterfactual queries.

Results for interventional distributions. Table [g] (middle columns) reports the MMD, MeanE, and
StdE for the interventional distribution. Here we can observe that VCAUSE consistently outperforms
other methods in terms of MMD. Note that the three methods provide comparable results in capturing
the mean of the interventional distribution (MeanE) (except for the more complex /loan graph, where
VCAUSE outperforms the others). However, it can also be seen that CAREFL and MultiCVAE
often fail to capture the standard deviation of the interventional distribution (StdE), while VCAUSE
provides a more accurate estimate of the overall interventional distribution.

Results for the counterfactuals. Table 2 also
reports the results for the counterfactual dis-
tribution. Here, we first observe that MultiC- 2
VAE slightly underperforms the other two mod-  &_ | Se o] P ST N
els. Second, we observe that CAREFL provides L K TN B
more accurate estimates than VCAUSE in terms 2
of MSE, which may be explained by the fact that
CAREFL performs exact inference. However,
CAREFL presents high variance in its results
(see SSE). Note that to perform interventions,
CAREFL sets the parents of the intervened vari-
ables to zero, which may not completely severe the causal paths to the intervened nodes. In contrast,
as further illustrated in Figure[d] VCAUSE leads to consistent counterfactual estimations across fac-
tual samples and interventions. Figure[d]also shows that CAREFL fails severely for some intervention
values, despite of intervening on a root node.

CAREFL VCAUSE = === Ground truth

|
%)

|
o

« « (%
Figure 4: Example of counterfactuals for a fac-
tual x" from the test set of the triangle NLIN and
do(z1 = ).
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6 Use case: counterfactual fairness

Finally, we showcase the practical use of VCAUSE for assessing counterfactual fairness and also for
training a counterfactually fair classifier. To this end, we use the German Credit dataset publicly avail-
able at the UCI repository [S0]. We rely on the causal model with the following random variables X
as proposed in [6] (see Figure[5): sensitive feature S = {sex}, and non-sensitive features C' = {age},
R = {credit amount, repayment history} and H = {checking account, savings, housing}. Then, we
aim to predict the binary feature Y = {credit risk} from X. See Appendix [F|for further details.

Counterfactual fairness. Let S C X be a sensitive attribute (e.g., gender), then a classifier h : X —
Y is considered e-counterfactually fair [24] if:

|P(h(xF) =y | do(S = a),x") = P(h(xT) = y | do(S = a/),x")| e, ¥xCT,a # a,y.

A classifier is counterfactually fair (e = 0), if, given a factual x¥" with sensitive attribute S = a,
had its sensitive attribute been different S = o, the classifier prediction would remain the same. As
VCAUSE allows us to generate counterfactual samples, we can thus use it to audit the fairness level of
a classifier. Moreover, we can use the VCAUSE encoder to learn a fair classifier hycause : Z\Zs —
Y, which takes as input the latent variables generated by VCAUSE without the one of the sensitive
attribute Zg. Following [24]], we compare our VCAUSE fair classifier hycausg with: i) a full model
hean : X — Y that takes as input the complete variable set; ii) an unaware model hyyay : X\S — Y
that takes as input all variables but the sensitive one; iii) and a fair model hy : {X;|S¢an* (i)} — Y
that takes as input all non-descendant variables of the sensitive attribute.

Results. The results for logistic regression (LR) and support vector machine (SVM) classifiers are
summarized in Table [3. Note that VCAUSE correctly ranks the different methods based on their
unfairness level, showing that the full classifier is consistently less fair than the unaware and the fair
classifiers, respectively. Moreover, the VCAUSE classifier leads to a fair classifier, while keeping
the f1-score comparable to the unfair classifier. Therefore, VCAUSE does not only allow us to audit
counterfactual fairness but also provides a practical approach to train accurate and fair classifiers.

e Q Table 3: Evaluation of counterfactual (un)fairness. All metrics are
shown in %. Lower/Larger values of unfairness/f1-score are better.
’ Metric Classifier full unaware fair VCAUSE
e e tilscore (%) LR 7107 6833  50.00 74.81
_ 7 SVM 74.60 7244 64.71 70.40
Figure 5: Causal graph for ) LR 5.93 225 0.16 0.85
variables X of the German  +unfairmess (%) ¢y 6.07 268  0.20 1.00

Credit dataset [6].

7 Conclusion

In this work, we have proposed VCAUSE a variational causal autoencoder based on GNNss that: i) is
specially designed to capture the properties of SCMs; ii) inherently handles heterogeneous causal
graphs and data; and iii) provides accurate estimates of interventional and counterfactual distributions
for SCMs of different complexities. As demonstrated by extensive experiments, VCAUSE provides
accurate results for a wide variety of interventions in diverse SCMs leading to significantly more
robust results than competing methods [[17, [18]. Finally, we have shown a practical use-case of
VCAUSE in a problem of increasing interest for the machine learning community, namely, fairness
in classification. In particular, we have shown how to use VCAUSE to both assess counterfactual
fairness and to train counterfactually fair classifiers.

Moreover, our work opens up many interesting venues for future work. First, as we have assumed a
known causal graph and the absence of hidden confounders, it would be important to evaluate the
sensitivity of VCAUSE to the violation of these assumptions in order to avoid its misuse. We also
plan to extend VCAUSE to handle hidden confounders and to perform efficient causal discovery.
Second, it would be interesting to perform ablation studies on the limitations of available GNNs
architectures [55] for the VCAUSE encoder and decoder; as well as on how the performance of GNNs
deteriorates as we increase the length of the causal path and thus the required number of hidden
layers [28]]. Finally, it would be interesting to apply VCAUSE to other causal questions recently
discussed in the machine learning literature, such as privacy-preserving causal inference [26] or
explainable machine learning [17].
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Checklist

1. For all authors...

(a)

(d)

()

(d)

Do the main claims made in the abstract and introduction accurately reflect the paper’s
contributions and scope?

[Yes] Our contributions are: i) identifying the properties of an SCM that allow us
to propose our model (Section [3), ii) proposing the Variational Causal Autoencoder
(VCAUSE) for answering causal queries given observational data and the causal
graph (Section[d), iii) evaluating the estimation of interventional and counterfactual
distributions as a whole on different SCMs (Section E]), iv) showing how VCAUSE can
be used for counterfactual fairness evaluation and classification (Section [6)).

Did you describe the limitations of your work?

[Yes] As stated throughout the paper, our approach relies on two causal assumptions,
i.e., causal sufficiency and access to the true causal graph. As these assumptions may
be seen as a practical limitations, in Section E we discuss our plans to address them
in future work. Moreover, Section 7 states that our approach inherits the limitations
of GNN:ss, and thus propose future ablation studies to investigate the scalability of the
proposed approach to more complex causal graphs.

Did you discuss any potential negative societal impacts of your work?

[Yes] The proposed approach allows for causal reasoning under certain assumptions,
which we make explicit to avoid its misuse. Moreover, as discussed in Section |Z we
consider the relaxation of such assumptions as future work.

Have you read the ethics review guidelines and ensured that your paper conforms to
them?

[Yes] We have read the ethics review guidelines and ensured that our paper conforms
to them.

2. If you are including theoretical results...

(a)

(b)

Did you state the full set of assumptions of all theoretical results?

[Yes] In section [, we explicitly state the assumptions that we make throughout the
paper as well as the necessary conditions for the proposed approach to yield reliable
results.

Did you include complete proofs of all theoretical results?

[Yes] Appendix [B]provides complete proofs for all the theoretical results in the paper.

3. If you ran experiments...

(a)

(b)

()

(d)

Did you include the code, data, and instructions needed to reproduce the main experi-
mental results (either in the supplemental material or as a URL)?

[Yes] We upload the code with the supplementary material and will be releasing the
code on GitHub.

Did you specify all the training details (e.g., data splits, hyperparameters, how they
were chosen)?

[Yes] Appendix D provide a detailed description of the experimental set-up, the im-
plementation and validation of the methods and the computation of the performance
metrics.

Did you report error bars (e.g., with respect to the random seed after running experi-
ments multiple times)?

[Yes] In Tables[T and [2 we report the average and standard deviation for 10 different
runs.

Did you include the total amount of compute and the type of resources used (e.g., type
of GPUs, internal cluster, or cloud provider)?

[Yes] See Appendix D, However, note that experiments are light-weight and we do not
require any GPU.

4. If you are using existing assets (e.g., code, data, models) or curating/releasing new assets...

(a)

If your work uses existing assets, did you cite the creators?

[Yes] Our implementation of the baselines in Section 3]is built on the publicly available
code provided by [17] and [18]]. The semi-synthetic dataset loan is taken from [[17]]. In
Section [6] we use the publicly available German Credit dataset from the UCI repository
[LO].
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602 (b) Did you mention the license of the assets?

603 [Yes] See Appendix E We rely on research code from [[17] and [18] provided under
604 MIT License.

605 (c) Did you include any new assets either in the supplemental material or as a URL?

606 [Yes] Our code can be found in the supplemental material and we will make it publicly
607 available on GitHub.

608 (d) Did you discuss whether and how consent was obtained from people whose data you’re
609 using/curating?

610 Does not apply. The only real world data we use is the publicly available German
611 Credit dataset from the UCI repository [10], which is published in anonymized form.
612 (e) Did you discuss whether the data you are using/curating contains personally identifiable
613 information or offensive content?

614 [N/A] Does not apply.

615 5. If you used crowdsourcing or conducted research with human subjects...

616 (a) Did you include the full text of instructions given to participants and screenshots, if
617 applicable?

618 [N/A] Does not apply.

619 (b) Did you describe any potential participant risks, with links to Institutional Review
620 Board (IRB) approvals, if applicable?

621 [N/A] Does not apply.

622 (c) Did you include the estimated hourly wage paid to participants and the total amount
623 spent on participant compensation?

624 [N/A] Does not apply.
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