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Figure 1. (Left) We show matching results for pairs of partial shapes computed with our method using colour transfer. (Right) Runtime
comparison to the recent (geometrically consistent) partial-partial shape matching method GC-PPSM [14] which approaches the task using
integer non-linear programming. In contrast, we propose the first integer linear programming approach explicitly tailored to partial-partial
shape matching with geometric consistency, making our method more scalable in comparison.

Abstract

The task of establishing correspondences between two
3D shapes is a long-standing challenge in computer vision.
While numerous studies address full-full and partial-full
3D shape matching, only a limited number of works have
explored the partial-partial setting, very likely due to its
unique challenges: we must compute accurate correspon-
dences while at the same time find the unknown overlap-
ping region. Nevertheless, partial-partial 3D shape match-
ing reflects the most realistic setting, as in many real-world
cases, such as 3D scanning, shapes are only partially ob-
servable. In this work, we introduce the first integer lin-
ear programming approach specifically designed to address
the distinctive challenges of partial-partial shape matching.
Our method leverages geometric consistency as a strong
prior, enabling both robust estimation of the overlapping
region and computation of neighbourhood-preserving cor-
respondences. We empirically demonstrate that our ap-
proach achieves high-quality matching results both in terms
of matching error and smoothness. Moreover, we show that
our method is more scalable than previous formalisms. Our
code is publicly available at https://github.com/
vikiehm/partial-geco.

1. Introduction

Solving correspondence problems is a fundamental prereq-
uisite for a wide range of tasks in computer vision, as many
downstream applications depend on the ability to relate data
points or features across different observations. Promi-
nent examples include 3D reconstruction [25], where ac-
curate correspondences enable the fusion of multiple views
into a coherent geometric model, object recognition [22],
where matching enables identification of known shapes,
tracking [4 1], where correspondences across time are essen-
tial, and image matching [26], which underlies applications
such as registration and stitching. Beyond that, correspon-
dence problems arise in shape analysis, such as in 2D shape
matching [38], in 2D-3D shape matching [24, 34], and in
3D shape matching [5, 10, 17,27, 29, 43, 47]. In real-world
scenarios, however, the acquisition of 3D shapes often re-
lies on scanning devices that are limited in their ability to
capture a complete surface, resulting in shapes that are only
partially observed [12]. Such partial observations can oc-
cur due to occlusions, limited sensor range, or constraints
on scanning time, making complete coverage impractical or
impossible. Consequently, the most realistic and practically
relevant setting for 3D shape matching is the partial-partial
case, in which both shapes are incomplete. Despite its rel-
evance, this scenario remains underexplored, with only a
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small number of works explicitly addressing it. The main
difficulty lies in its combined challenges: we must not only
establish reliable correspondences between the observed re-
gions, but also infer the a priori unknown spatial overlap be-
tween the shapes. These two requirements greatly increase
the problem’s complexity compared to full-full or partial-
full settings, where the overlap for at least one shape is
known. To address these challenges effectively, powerful
regularisation strategies are necessary. As such, geomet-
ric consistency, in the form of neighbourhood preservation,
serves as a particularly strong prior for regularising the re-
sulting correspondences. Nevertheless, geometric consis-
tency for partial-partial 3D shape matching has so far only
been implemented within a non-linear programming frame-
work [14], which can limit scalability and computational
efficiency, cf. Fig. 1 right. In this work, we build upon the
recently proposed shape matching formalism [32] and in-
troduce the first geometrically consistent integer linear pro-
gramming formalism explicitly tailored for partial-partial
3D shape matching. Our formulation is designed to exploit
geometric consistency not only to identify plausible overlap
regions but also to compute correspondences that preserve
local neighbourhood relations. In turn, this leads to em-
pirically observed high-quality matching results as well as
robust overlap predictions. In particular, we summarise our
main contributions as follows:

* We introduce the first integer linear programming for-
malism for partial-partial shape matching that explicitly
incorporates geometric consistency.

* For the first time, our framework enables the integration
of a predicted overlap region into the matching process.

* Through experiments, we demonstrate that our formal-
ism scales significantly better than previous geometrically
consistent partial-partial approaches.

* We further show that our method achieves high-quality
matching results in terms of geodesic errors, smoothness,
and overlap scores.

2. Related Works

In this section, we review works which we consider most
relevant to our paper. For a broader overview of shape
matching methods, we invite the interested reader to read
the survey papers [37, 45, 46].

Partial Shape Matching. Matching of complete shapes,
i.e. full-full shape matching has received lots of attention
in the past years. In contrast, partial shape matching,
i.e. shape matching where at least one shape is incomplete,
is less explored (partial-full shape matching) or is even un-
derexplored (partial-partial shape matching) due to yet-to-
overcome challenges [16]. In one of the first works of
partial-full shape matching, the problem is tackled by using
functional maps [27] and by exploiting the resulting slanted
diagonal structure of respective functional maps [30]. This

idea was further used as a loss function in supervised [3] and
unsupervised [3, 9, 10] learning frameworks. Other lines of
work focus on preserving distances between points to act as
regularisation when points are being matched from source
to target shape [0, 7] or incorporate neighbourhood preser-
vation as a hard constraint [15, 32]. Among the few works
specifically tailored to the partial-partial problem, predict-
ing the overlapping region in learning-based methods is ap-
proached using cross-attention [3] or so-called correspon-
dence reflections [49], which both yield probabilities stat-
ing if a vertex is or is not within the overlapping region. In
contrast, axiomatic methods rely on non-linear integer pro-
gramming and neighbourhood preservation constraints to
determine the overlapping region [14]. Our formalism ex-
plicitly allows to incorporate such overlapping region prob-
abilities into the cost function, while at the same time it reg-
ularises the overlapping region by enforcing neighbourhood
preservation.

Geometrically Consistent Shape Matching. Geomet-
ric consistency, i.e. the preservation of neighbourhood re-
lations of surface elements, can act as a strong regulariser
to compute high-quality shape matching results and can re-
solve ambiguities in ambiguous matching problems such as
partial-partial shape matching. Yet, geometric consistency
is often neglected due to resulting hard-to-solve formalisms.
As such, some approaches incorporate neighbourhood in-
formation using formalisms based on the quadratic assign-
ment problem, which, due to its NP-hardness [28], can only
be solved approximately [8, 19, 23, 44]. Other lines of work
require an initial set of (sparse) correspondences and either
deform one shape to the other [1] or match shapes via in-
termediate domains [4, 39, 40]. In contrast, Windheuser
et al. [47], have proposed an initialisation-free integer lin-
ear program based upon matching triangles and preserving
their neighbourhood. Due to the complexity of the resulting
optimisation problem, it can only be solved using coarse-to-
fine strategies [48] or approximate solvers [33, 35]. Later, in
SpiderMatch [31], authors propose to represent the source
shape using a self-intersecting, cyclic curve and match this
curve to the target shape while preserving the intersections
of the curve. While this formalism is more scalable than
previous works, it only enforces geometric consistency at
intersection points. Building on the idea of alternative 3D
shape representations, the recent work GeCo [32] represents
the source shape using multiple cyclic curves and matches
these curves to the target shape while preserving the neigh-
bourhood of the individual cycles. This results in better geo-
metric consistency compared to SpiderMatch [31] while re-
maining similarly scalable. A follow-up work [2], building
on GeCo [32], showed that the formalism can be adapted to
match shapes with up to 10k triangles. We also build our
work on GeCo [32] and propose a novel formalism which
is explicitly designed for partial-partial shape matching.



Symbol Description

X = (Vx, Ex, Fx)3D shape

Vx = VR UV  Vertices of shape X' with boundary v
and inner Vi vertices (V}‘.’(n NV =0)

Ex Edges of shape X

Fx Triangles of shape X

Y 3D shape Y (defined analogously to X))
C; i-th surface cycle (representing the ¢-th

triangle f; € F'x if shape X)
Product graph between i-th
surface cycle C; and 3D shape Y

P; = (Vp,, Ep,)

P = (Vp,Ep) Collectionof all s = 1...|Fx|

product graphs P;
Ck Matching cost for product edge e, € Ep
ox Overlap probability of edges of shape X
oy Overlap probability of vertices of shape Y

Table 1. Summary of the notation used in this paper.

Geometrically Consistent Partial-Partial Shape
Matching. Partial-partial shape matching remains under-
explored and usually geometric consistency is neglected
due to hard-to-solve formalisms, even though it can act as
a strong regulariser to matching problems. Consequently,
there exists only one work which tackles partial-partial
shape matching with geometric consistency: [14] proposes
a non-linear integer programming approach which builds
on the formalism introduced in [47] for geometrically
consistent full-full shape matching. As such, [14] leverages
geometric consistency to compute the overlapping region.
Yet, due to non-linearity, the resulting formalism does not
scale well, see Fig. 1 right.

In our work, we propose an integer linear programming
formalism which also uses geometric consistency as a prior
to compute the overlapping region. In addition, since our
formalism minimises a linear objective compared to a non-
linear one [14], our approach is more scalable.

3. Background

In the following, we discuss relevant background for our
method: we define shapes and an alternative shape rep-
resentation (Sec. 3.1), introduce product graphs (Sec. 3.2)
and define geometric consistency for partial-partial shape
matching (Sec. 3.3). Our notation is summarised in Tab. 1.

3.1. 3D Shapes and Shape Representations

For our formalism, we consider partial 3D shapes (i.e. ori-
ented 2D manifold in 3D space with boundary) which we
define as follows:

Definition 1 (3D Shape). A 3D shape X =
(Vx,Ex,Fx) is a triplet consisting of vertices Vx,
directed edges Ex C Vx x Vx and oriented triangles
Fx C Vx x Vx x Vx such that X forms an oriented
2D manifold in 3D space with potential boundaries.

Consequently, the set of vertices Vx = V' U V¥ can be
partitioned into boundary vertices V}b(" and non-boundary
vertices Vi such that V' NV = {).

Directed edges mean that edges have an orientation,
i.e. whenever an edge e is in the set of edges e € E does
not imply that its opposite edge —e is in the set of edges,
ie.e¢ E.

Following [32], we consider an alternative 3D shape rep-
resentation using what they call surface cycles.

Definition 2 (Surface Cycle Shape Representation). The
triangles F'x of a 3D shape X can be represented with a
collection of | Fx |-many surface cycles C, . . ., C| gy | such
that the i-th triangle f; € Fx is represented with the i-th
surface cycle C;. The i-th surface cycle C; = (Vg,, Ec,)
is a cyclic chain graph consisting of the three vertices
v1,v2,v3 € Vg, C Vx and the three oriented edges
e1,e2,e3 € Ec, C Ex of the i-th triangle.

The intuition is that every oriented triangle of shape X
forms a directed cyclic chain graph with three edges and
three vertices such that the surface of X is tiled into | F'x |-
many surface cycles which are glued together at opposite
edges, see [32] and Fig. 2 for an illustration.

3.2. Shape Matching with Product Graphs

Shortest paths in product graphs have been introduced
for various shape matching tasks, including shape-image
matching [41], 2D-3D shape matching [24, 34, 36] and 3D
shape matching [31, 32, 36]. The key idea is to compute the
product graph P; (or multiple product graphs [32]) between
a cyclic chain graph C; and another graph, i.e. a 3D shape
Y. We follow the definition presented in [24] in which a
product graph P reads:

Definition 3 (Product graph). The product graph P =
(Vp, Ep) between a cyclic chain graph C and a 3D shape
Y is a directed graph defined as
Vp, = Vg, X Vy,
Epi:{(v717)€VpiXVPi U:(i),ﬁz(g) @)
(l’,if}) € ECiv (yag) € Ei‘;}

Here EY, := Ey U{(y,y) | y € Vi'} are the edges of
shape Y extended with self-edges.

In a nutshell, the product graph P contains every pos-
sible combination between edges of the cyclic chain graph
C and edges/vertices of shape Y and thus encodes every
potential matching between these elements. Furthermore,
the product graph P is defined via the connectivity of ver-
tices of the cyclic chain graph C' and the connectivity of
vertices of the shape Y such that a cyclic path within P
yields a cyclic path on Y, see [24, 32] for illustrations and



further discussion. We can define suitable matching costs
for every edge in the product graphs (e.g. vertex-wise fea-
ture differences as done in [24, 31, 32, 34, 36]). According
to these costs we find a shortest, i.e. minimum cost, cyclic
path through the product graph P (by variants of Dijkstra’s
algorithm). This shortest cyclic path in P in turn yields a
globally optimal matching between a cyclic chain graph C'
and a 3D shape Y (since every edge in P encodes a po-
tential matching). Yet, for our purposes of geometrically
consistent 3D shape matching we want to define multiple
of these product graphs and we want to employ additional
constraints. Hence, we cannot use vanilla shortest path al-
gorithms but rather have to consider the integer linear pro-
gramming formalism of the above explained shortest path
problem.

3.3. Partial-Partial Geometric Consistency

We aim to find geometrically-consistent matchings between
two partial shapes. This means that for every point in
the resulting overlapping region (i.e. the region on both
shapes which is matched) we want to preserve its neigh-
bourhood. Formally, we define geometric consistency for
partial-partial shape matching as follows

Definition 4 (Partial-Partial Geometric Consistency). We
call a mapping o : Vx — Vy between two partial shapes
X and'Y geometrically consistent if for every interior pair
of matched points x,z € V3, that is connected by an
edge, i.e. (v,7) € Ex and o(z) # 0, o(z) # 0 it holds
that either (¢(x), p(Z)) € Ey or ¢(x) = ¢(T) whenever
d(z), d(Z) map to interior vertices, i.e. $(x), d(z) € V5.

In a nutshell, every pair of points on shape X, that is
connected by an edge, should be matched to another pair of
points on shape Y which are either connected by an edge
or the same vertex.

4. Partial-Partial Shape Matching

Our goal is to find a geometrically consistent matching be-
tween a partial source shape X and a partial target shape Y’
(i.e. two 3D shapes with boundary and unknown overlap).
To this end, we build on [32] and consider an independent
matching problem for each triangle, which we couple at op-
posite edges to enforce geometric consistency (Sec. 4.1).
Furthermore, we design injectivity and surjectivity con-
straints such that we can account for the unknown over-
lap between both shapes, i.e. we allow vertices of both
shapes not to be matched (Sec. 4.2). This leads to our novel
integer linear program (ILP) for partial-partial 3D shape
matching, which is able to incorporate fuzzy overlap predic-
tions (Sec. 4.3). Finally, we discuss a coarse-to-fine strategy
to scale to higher resolutions (Sec. 4.4). An overview of our
approach can be found in Fig. 2.

(%) Surface Cycle Representation

(#%) Uncoupled Subproblems

(#ii) Coupled Subproblems + Overlap Injectivity + Overlap Surjectivity

G & ¢

\A/ \/

Geometrically Consistent Partial-Partial Matchings

Source Shape X

Target Shape Y

Figure 2. Overview over our partial-partial 3D shape matching
approach. We match a partial source 3D shape X to a non-rigidly
deformed partial target 3D shape Y. (i) We represent the source
shape using surface cycles (cf. Definition 2). (i¢) For each surface
cycle C';, we formulate an independent subproblem as the product
graphs P; between a C; and the whole 3D shape Y (cf. Defi-
nition 3). (¢4¢) By employing coupling constraints (cf. Sec. 4.1)
as well as injectivity and surjectivity constraints of the overlap
(cf. Sec. 4.2) we obtain a formalism for geometrically consistent
partial-partial 3D shape matching (cf. Sec. 4.3).

4.1. Coupled Surface Cycle Matching Problems

We follow [32] and represent each of the i = 1...|Fx]|
triangles f; € Fx of source shape X with a surface cy-
cles C;, cf. Definition 2. For each surface cycle C;, we
compute a product graph P; between C; and the target 3D
shape Y which gives us an indepent subproblem allowing
us to match the i-th triangle of shape X to shape Y. We
collect all product graphs P; in what we call the collection
of product graphs P.

Definition 5 (Collection of Product Graphs). The collec-
tion of product graphs P = (Vp, Ep) contains all i =

. |Fx| sets of product vertices Vp, and sets of product
edges Ep, such that the vertices Vp and edges Ep of P



read
Vp = V'p1 U"'UVP|FX\7

(2)
Ep = _Ep1 U'”UEPU-‘X\'

By definition of the surface cycles and the product
graphs, the product edges Ep of the product graph col-
lection P encode all potential matchings between edges of
shape X and edges/vertices of shape Y.

As mentioned earlier, our goal is to derive an integer
linear programming formalism for the | F'x|-many shortest
cyclic path problems collected in P such that we can in-
corporate additional constraints. To this end, we encode
the k-th product edge e, € FEp with a binary variable
xp € {0,1} where x;, = 1 means that product edge e,
is part of the computed matching. Furthermore, and to en-
code that matched edges must form a connected path in P,
we consider continuity constraints which read

YVveVp: Z T = Z z;.

k:ex=(o,v)EEpP jiej=(v,0)€Ep
(CONT)
Intuitively, whenever a product vertex v € Vp has an ‘ac-
tive’ incoming edge, it also needs to have an ‘active’ outgo-
ing edge. Consequently, continuity and with that geometric
consistency along the resulting path is preserved. Yet, geo-
metric consistency between the independent subproblems is
not yet ensured, i.e. the matchings of neighbouring triangles
of shape X are not necessarily neighbouring on shape Y.
To account for that, we adapt the idea presented in [32]
and couple the independent subproblems at opposite prod-
uct edges whenever a product edge amounts to non-
boundary edges on shape X and shape Y. To this end,
we consider the following coupling constraints

YV kj; ere; € Eil';; e =—¢€;: xp=x;. (COUPL)
Here, EiI‘; C Ep are all product edges of P which solely
consist of non-boundary vertices on shape X and a non-

boundary vertices on shape Y, i.e. E'S reads

B =fe=((}).(5) € Bp |n7e Vg,
_ : 3)

v,y Wy}
These coupling constraints ensure that the neighbourhood
of every surface cycle (which does not contain a boundary
vertex) is preserved. We note that it is important to enforce
the coupling only on non-boundary product edges. This al-
lows us to handle the fact that the overlap is unknown, i.e.
it would not be possible to match only parts of the shape if
the coupling were also defined for boundary edges.

While the above constraints (CONT) and (COUPL) ef-
fectively enforce geometric consistency, we also want to en-
sure that resulting matchings are injective (i.e. every ver-
tex of shape X within the overlapping region should be

matched) and surjective (i.e. every vertex of shape Y within
the overlapping region should be matched), which we dis-
cuss next.

4.2. Injectivity and Surjectivity of Overlap

Our goal is to have a matching which is injective and sur-
jective within the overlapping region between both shapes,
i.e. we want to match every vertex of X and every vertex
of Y whenever these vertices are in the overlapping region.
Yet, we do not know the overlapping region a priori. To ac-
count for that, we introduce variables s™ € {0, 1}/Fx| and
s € {0, 1}V¥ |, Using s™, our injectivity constraints read

inj
=

Vjiej=(z,2) € Ex: Z
peum(().(2)) s
(INJY)

Hence, we enforce injectivity by requiring that every edge
e; € Ex of shape X is matched exactly once whenever ¢;
is in the overlapping region (i.e. whenever s}’ = 0). Fur-
thermore, our surjectivity constraints read

T —S

VitvyeVy,v;=9y Vv=4%:

X owe
ke=((3).(5))eEr

s> 1. (SURJY)

Similarly to injectivity, we enforce surjectivity by requiring
that every vertex v; € Vy is matched at least once when-

L7 . Lo s
ever v; is in the overlapping region (i.e. whenever s3" = 0).

With all of the required constraints now at hand, we can
define our integer linear program (ILP) for geometrically
consistent partial-partial shape matching.

4.3. ILP for Partial-Partial Shape Matching

In the following, we state our ILP for geometrically con-
sistent partial-partial shape matching. To this end, we col-
lect all binary variables z; (which encode if product edge
er € Ep is part of the final matching) in a binary vector
x € {0,1}/FP| Furthermore, we define a matching cost
¢y, for every product edge e, € Ep and also collect all
matching costs in a vector ¢ € RT. For the matching cost,
we compute feature-differences of per-vertex features, see
Sec. 5.1. Additionally, we compute probabilities if an edge,
respectively vertex, of shape X, respectively shape Y, is
within the overlapping region and collect these in vectors
ox € [0,1]IFxI, respectively oy € [0,1]/V¥], see Sec. 5.1.

With ¢, 0x, and oy, we can state our ILP for geometri-
cally consistent partial-partial shape matching.



min ¢’z 4 Mok s™ + Aol s

JC,Sinj 7Ssur
s.t. (CONT), (COUPL), (INJY), (SURJY),

x e {0,1}1Prl ¢ ¢ [0, 1}1Bx] g ¢ {0, 1}IVr]
(PP-ILP)
Here, ) is a weighting term between matching costs and
overlap probabilities, see Sec. 5.1.

Even though (PP-ILP) is an integer linear formalism for
partial-partial shape matching, it involves many binary vari-
ables and thus is hard to solve. This might limit its scala-
bility (while still scaling significantly better than previous
methods, cf. Fig. 1). Thus, to match higher resolution
shapes, we solve (PP-ILP) on lower shape resolutions and
propagate solutions to higher shape resolutions, which we
discuss next.

4.4. Scaling to Higher Resolutions

Due to many binary variables and complex constraints,
(PP-ILP) might only be trackable to solve for lower resolu-
tion shapes. To scale to higher resolution shapes, we use a
solution found on lower resolution shapes to prune (PP-ILP)
for higher resolution shapes [ 15, 48]. In particular, by solv-
ing (PP-ILP), we compute a mapping o' : VI — VI on
lower resolution variants of shapes X and Y, i.e. V)lg -
Vx and V{f C V4. Additionally, we maintain a mapping
from higher resolution vertices to lower resolution vertices,
ie.yx : Vx — Vi and 7y : Vy — Vi Further-
more, we consider N-ring(-) to be the set of vertices which
lie within the /V-ring neighbourhood of a vertex on a shape
(i.e. all vertices that are at most [NV edges away from a given
vertex). With that, we can compute a set A consisting of
product vertices which comprise the allowed matching pairs
on higher resolution shapes.

A::{(§)|JCEVX,y€VY,

7y (N-ring(y)) N 0" (yx (N-ring(z)) # VEL}D
In a nutshell, A consists of all pairs of vertices (including
their N-ring neighbourhood) of higher resolution shapes
which map to a pair of matched vertices on lower resolu-
tion shapes, see Fig. 3 for an illustration.

For higher resolution shapes, we employ the following
additional constraints in (PP-ILP) to prune matchings which
do not lie within the N-ring neighbourhood of the lower
resolution matching o'

Vk:ep=(v,0) € Ep,v¢ ANDE A:xp,=0
(PRUNE)
We note that the above described pruning and subsequent
solving of (PP-ILP) can be repeated multiple times, such
that we can go from lower resolution to higher resolution
shapes via intermediate resolutions.

Lower Resolution Higher Resolution

Source Shape X

Target Shape Y
L L ]
L

o x v ® N-ring

Figure 3. We prune instances of (PP-ILP) for pairs of higher res-
olution shapes by using computed matching of (the same pair of)
lower resolution shapes. In particular, on higher resolution shapes,
we only allow for pairs of vertices which map to a matching on
lower resolutions shapes within their N-ring neighbourhood (we
show N = 1 in the figure), i.e. in this example, all coloured ver-
tices on higher resolution shape X can be matched to all coloured
vertices higher resolution shape Y.

5. Experiments

In this section, we empirically evaluate our method’s per-
formance. To this end, we first introduce the datasets and
comparison methods as well as the experimental setup that
we use for our method and competitors. After that, we ex-
plain the metrics that we use. Finally, we report quantitative
and qualitative matching results.

5.1. Dataset & Competing Methods & Setup

Datasets. We conduct a quantitative comparison on two
datasets. First, we use CP2P24 [14], which builds on
SHREC16 CUTS [11] and defines a new test set for
CP2P [3] such that the test set does not contain shapes
which exist in the SHREC16 CUTS train set (we report re-
sults only on test set shapes). The data set consists of 76
isometric deformed animal and human shapes with varying
partiality ranging from 10%-90% overlap. Second, we use
PSMAL [14], which consists of 49 remeshed animal shapes
from 8 different species from SMAL [50] and where par-
tiality is introduced by cutting shapes in half using planes
in 3D space, see [14] for more details. Similar to [10], we
report results only on the test set of SMAL [50].
Competing Methods. We compare our method against
three other approaches. DPFM [3] is a supervised learning-
based approach that uses a cross-attention feature refine-
ment network for partial-to-partial shape matching, predict-
ing both the overlapping region and features for every ver-
tex. EchoMatch [49] is a learning-based method which uses
features computed from image foundation models [13] as
input, feeds them into a DiffusionNet [42], and predicts
overlapping regions based on so-called correspondences re-
flections. GC-PPSM [14] builds its formalism on the inte-



ger linear program for geometrically consistent 3D shape
matching introduced in [47] but is specifically tailored for
geometrically consistent partial-partial 3D shape matching.
As such, GC-PPSM uses a non-linear integer programming
formalism.

Setup. For all axiomatic methods, we use features of
EchoMatch [49] to compute matching costs, i.e. we com-
pute the cosine distance between the features of respective
vertices of the product edges. Additionally, we use the over-
lap predictions ox and oy of EchoMatch in our method.
For our approach, we solve lower resolution pairs of shapes
on a combined number of 600 triangles and use these solu-
tions to prune higher resolution pairs with a combined res-
olution of 1000 triangles, for which we use the N = 2 ring
neighbourhood. To this end, we downsample shapes us-
ing algorithms provided in [20] such that shapes have simi-
larly sized triangles. We solve (PP-ILP) using off-the-shelf
solver Gurobi [18] where we set a time limit of 60 for res-
olutions 600 and then upsample to 1000 triangles via 800
triangles, where every upsample step has a time limit of 30
minutes. We set A = 0.5 for PSMAL and A = 0.3 for
CP2P24. Furthermore, for GC-PPSM [14] we use the ex-
perimental setup as depicted in the paper. To make geodesic
errors comparable, we upsample solutions to full resolu-
tions using the upsampling technique proposed in [14] with
a neighbourhood size of 1 and choose the direction of the
matching with the better objective value of the (PP-ILP).

5.2. Metrics

Intersection over Union. For each vertex on one shape,
e.g. for X, we can define a matching vector m &
{0,1}VxD (by evaluating the computed matching of our
method) as well as obtain a ground truth vector g €
{0,1}VxD (by evaluating the ground-truth correspon-
dences). Both vectors m and g indicate whether a vertex
x; € Vx lies within the overlapping region, i.e. g; = 1 re-
spectively m; = 1, or does not lie within the overlapping
region, i.e. g; = 0 respectively m; = 0. Using these two
vectors m, g, we follow [14] and use the intersection over
Union (IoU), i.e. IoU = Izgg } , to quantify the accuracy of
overlap region predictions. We report the mean IoU (mloU)
over all shapes.

Geodesic Error. We measure correspondence quality on
the intersection of predicted and overlapping region using
the geodesic error, for which we follow the Princeton Pro-
tocol [21] and normalise distances by the shape diameter of
the full shape.

Dirichlet Energy To evaluate matching smoothness, we
follow [31] and report Dirichlet Energies. To this end, we
rigidly align shapes using the ground-truth matching, com-
pute a deformation field between matched points, and eval-
uate the smoothness of this deformation field according to
the Laplacian of the target shapes, see [31] for more details.

Geodesic Edge Distortion (GeoED) Dirichlet Energies
compute an extrinsic quantity and, with that, depend on the
amount of non-rigid transformation between both shapes
(even for isometric deformed shapes). To circumvent this
issue, we propose a new metric that better captures the in-
trinsic neighbourhood changes between two shapes. In par-
ticular, for every edge e = (z,Z) € Ex on shape X, we
compute the geodesic distance dy (o (x), o (Z)) on Y where
o : Vx — Vi is the computed matching.

5.3. Results

Runtime. In Fig. 1 right, we evaluate the runtime of our
method (without pruning) over 10 instances of the CP2P24
dataset. We compare to the only other geometrically con-
sistent shape matching, which is specifically designed for
partial-partial shape matching. We can see that our method
scales better compared to [14], very likely due to our integer
linear programming formalism (opposed to the non-linear
integer programming formalism proposed in [14]).

CP2P24
Method ‘IoU (1) GeoError ({) Dirichlet () GeoED ()
EchoMatch | 84.72 2.29 57.83 6.15
DPFM 74.17 3.04 65.03 4.08
GC-PPSM | 68.15 8.87 93.20 1.58
Ours | 85.28 2.23 44.94 1.69
PSMAL
Method ‘IOU (1) GeoError (J) Dirichlet () GeoED ()
EchoMatch | 84.72 4.01 88.05 7.75
DPFM 73.63 9.72 130.44 4.13
GC-PPSM | 62.27 11.74 93.12 1.87
Ours | 84.96 3.87 34.52 2.01

Table 2. Comparison of quantitative results (x100) on the
CP2P24 and PSMAL dataset in terms of smoothness, over-
lap prediction and correspondence quality. We indicate best and
second best results.

Quantitative Evaluation. On both datasets PSMAL and
CP2P24, we observe that learning-based methods produce
less smooth results according to Dirichlet energies as well
as GeoED, see Tab. 2. Additionally, our approach outper-
forms the other learning-based methods in predicting over-
lapping regions (mloU) and in correspondence prediction
quality (GeoErrors).

Although GC-PPSM achieves better performance in
terms of GeoED, we emphasise that such metrics must al-
ways be interpreted in conjunction with overlap prediction,
as all other metrics are evaluated on the intersection of the
ground truth and the predicted overlapping region.

Qualitative Evaluation. We present qualitative results
in Fig. 4. DPFM mainly struggles with overlap prediction
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Figure 4. We show qualitative results and the ground-truth (GT) of shape pairs of CP2P24 (first two rows) and PSMAL (last two rows)
using methods GC-PPSM [14], DPFM [3], Echo [49] and ours. We can see that our method leads to overall smoother matching results.

(see rows 3 and 4), while EchoMatch produces inaccurate
correspondence predictions (row 3). GC-PPSM exhibits
patch-wise inconsistencies, such as in row 2, which can be
attributed to solving at a very low resolution. In contrast,
our method generally yields smooth and accurate match-
ings, with minor inaccuracies near boundaries, likely due to
the discretisation artefacts from the initial low-resolution.

5.4. Ablation Studies

We use 10 random samples of the train set of the CP2P [3]
and the PSMAL [14] to determine the best parameter for the
respective dataset. We show ablation studies for the neigh-
bourhood size when upsampling and the weighting factor in
the overlapping region in Tab. 3 in the supplementary.

6. Discussion & Limitations

Our approach is the first integer linear programming formal-
ism for partial-partial shape matching, which only allows
for geometrically consistent solutions. Nevertheless, since
we build our formalism on GeCo [32], the solution space
contains undesirable solutions, such as e.g. orientation flips.
Furthermore, resulting matching results might contain mul-
tiple, disconnected overlapping regions. Yet, our method
empirically shows good performance in terms of matching
errors, smoothness and overlap scores.

Apart from that, even though our approach is an integer
linear programming formalism (and not a non-linear integer
programming formalism compared to previous work [14]),
it remains computationally demanding in practice. Conse-
quently, worst-case runtimes remain exponential and limit

the scalability of our method. Nevertheless, our approach
shows better scalability compared to previous works and we
consider our formalism an important step towards making
partial-partial shape matching more accessible.

7. Conclusion

We have presented the first integer linear programming for-
malism explicitly tailored to the challenging task of partial-
partial 3D shape matching, i.e. our formalism yields neigh-
bourhood preserving matchings of an unknown overlapping
region between two partial shapes. Furthermore, by using
geometric consistency as a strong prior, our approach al-
lows to curate overlap predictions from other, data-driven
approaches as e.g. learning-based methods. In addition, our
formalism is more scalable than previous, non-linear integer
programming approaches and shows favourable results in
terms of matching quality, smoothness, and overlap scores.

Overall, there exists only few methods tackling partial-
partial 3D shape matching and there are still several un-
solved challenges. In that sense, we consider our work to
be an important contribution for the shape matching com-
munity and we hope to inspire follow-up works dealing with
partial 3D shapes and partial data in general.
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