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Abstract001

Despite the impressive performance of large002
language models (LLMs) pretrained on vast003
knowledge corpora, advancing their knowl-004
edge manipulation—the ability to effectively005
recall, reason, and transfer relevant knowl-006
edge—remains challenging. Existing meth-007
ods mainly leverage Supervised Fine-Tuning008
(SFT) on labeled datasets to enhance LLMs’009
knowledge manipulation ability. However,010
we observe that SFT models still exhibit the011
known&incorrect phenomenon, where they ex-012
plicitly possess relevant knowledge for a given013
question but fail to leverage it for correct an-014
swers. To address this challenge, we propose015
KALE (Knowledge-Aware LEarning)—a post-016
training framework that leverages knowledge017
graphs (KGs) to generate high-quality ratio-018
nales and enhance LLMs’ knowledge manip-019
ulation ability. Specifically, KALE first in-020
troduces a Knowledge-Induced (KI) data syn-021
thesis method that efficiently extracts multi-022
hop reasoning paths from KGs to generate023
high-quality rationales for question-answer024
pairs. Then, KALE employs a Knowledge-025
Aware (KA) fine-tuning paradigm that en-026
hances knowledge manipulation by internal-027
izing rationale-guided reasoning through mini-028
mizing the KL divergence between predictions029
with and without rationales. Extensive experi-030
ments on eight popular benchmarks across six031
different LLMs demonstrate the effectiveness032
of KALE, achieving accuracy improvements of033
up to 11.72% and an average of 4.18%.034

1 Introduction035

Standing out as versatile tools with vast knowl-036

edge repositories, large language models (LLMs),037

such as ChatGPT (OpenAI, 2023), Deepseek R1038

(DeepSeek-AI, 2024), and Gemini 3 (Google Deep-039

Mind Team, 2023), demonstrate remarkable power040

across a wide range of domains (Zhao et al., 2021;041

Zhang et al., 2026). However, the most capa-042

ble LLMs produce errors, even when the rele-043

vant knowledge is encoded within them, indicating 044

struggles to flexibly manipulate relevant knowledge 045

during inference (Allen-Zhu and Li, 2025). 046

Recently, extensive research efforts have fo- 047

cused on enhancing LLMs’ knowledge manipu- 048

lation abilities. Among these methods, Super- 049

vised Fine-Tuning (SFT) has been widely adopted 050

as a standard post-training approach (Wei et al., 051

2022a). The key idea of SFT is to adapt pre- 052

trained LLMs to specific tasks by training on la- 053

beled datasets, thereby optimizing their parameters 054

for task-specific performance (Zhang et al., 2023). 055

Several studies have also explored variations of 056

SFT. Dual-stage Mixed Fine-Tuning (DMT) (Dong 057

et al., 2024) expands SFT datasets to achieve a 058

balance between general and specialized abilities. 059

KG-SFT (Chen et al., 2025a) utilizes knowledge 060

graphs to filter SFT data to enhance LLMs’ abil- 061

ity in knowledge-intensive tasks. Extensive studies 062

demonstrate the effectiveness and versatility of SFT 063

methods (Xie et al., 2024; Dong et al., 2024). 064

Despite the multiple benefits of SFT meth- 065

ods, LLMs fine-tuned via SFT still exhibit the 066

known&incorrect phenomenon— LLMs possess 067

relevant knowledge but cannot effectively ma- 068

nipulate it to answer questions correctly. This 069

phenomenon mainly stems from two limitations in 070

the SFT process: (i) the lack of training data with 071

explicit reasoning rationales. Such high-quality rea- 072

soning data is scarce in many domains, and manual 073

creation requires substantial effort, posing signifi- 074

cant barriers to broader LLM applications (Li et al., 075

2025); and (ii) the insufficient ability to manipulate 076

task-relevant knowledge. SFT methods fine-tune 077

LLMs using labeled datasets to learn specific pat- 078

terns through explicit input-output pairs. However, 079

LLMs often overly rely on these explicit mappings, 080

which restricts their ability to effectively manipu- 081

late task-relevant knowledge (Luo et al., 2024). As 082

shown in Figure 1, although the LLM possesses the 083

knowledge that the true color of the Sun is white, it 084
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Known Fact Checking 

Question: Please determine whether the following statement is correct. You only answer 'yes' or 'no'. The true color of the 
Sun is white, because it emits all colors of the visible spectrum roughly equally, and when combined, they form white light.

Model via SFT Answer: Yes. √ Model via KALE Answer: Yes.√

Q: What is the true color of the Sun?
A) Red. B) Yellow. C) White. D) Blue.

A: The sun appears yellow to the human eye due to the 
scattering of light. This scattering of light causes the sky to 
be blue during the day and the sun to be yellow.

Answer: B) Yellow. 

Vanilla SFT KALE

Q: What is the true color of the Sun?
A) Red. B) Yellow. C) White. D) Blue.

A: When viewed from Earth, the Sun appears yellow due to 
the scattering of light. However, the Sun emits all colors of 
visible light equally. When combined, they create white light.

Answer: C) White.× √

Figure 1: While both post-trained LLMs know relevant knowledge, the LLM via SFT still cannot recall the
knowledge to answer. In contrast, KALE effectively recalls the knowledge and answers correctly. We use Mistral
7B (Jiang et al., 2023a) as an example, and more cases are in Appendix B.

fails to answer correctly after SFT. Therefore, even085

after sufficient SFT process, LLMs still struggle to086

effectively manipulate task-relevant knowledge to087

answer correctly (Allen-Zhu and Li, 2025).088

To address these challenges, we propose KALE089

(Knowledge-Aware LEarning)—a novel post-090

training framework to boost LLMs’ knowledge091

manipulation ability. KALE consists of two compo-092

nents: (i) knowledge-induced data synthesis (KI)093

that leverages knowledge graphs to generate high-094

quality rationales, and (ii) knowledge-aware fine-095

tuning (KA) that enhances knowledge manipula-096

tion by minimizing KL divergence between out-097

puts with and without rationales. Specifically, for a098

given question-answer pair, KALE first identifies099

named entities and extracts reasoning paths from100

the question to answer using a multi-path A* algo-101

rithm over knowledge graphs. Then, KALE feeds102

the question-answer pair and reasoning paths to an103

LLM to generate rationales. Finally, rather than104

learning specific patterns through explicit super-105

vised input-output pairs, KALE minimizes the KL106

divergence (Kullback and Leibler, 1951) between107

the output distributions of LLMs with and without108

rationales. This encourages the two distributions109

to be aligned, allowing LLMs to effectively manip-110

ulate task-relevant knowledge when rationales are111

absent during inference.112

In summary, our key contributions include:113

(i) Identification of the known&incorrect phe-114

nomenon. We identify a critical limitation115

of existing SFT methods: LLMs fine-tuned116

via SFT often possess relevant knowledge but117

fail to manipulate it to answer correctly, re- 118

vealing fundamental challenges in knowledge 119

manipulation during post-training. 120

(ii) A novel knowledge-aware post-training 121

method. We propose KALE, a unified frame- 122

work that addresses the known&incorrect phe- 123

nomenon through: (i) knowledge-induced 124

data synthesis to generate high-quality reason- 125

ing rationales via KGs, and (ii) knowledge- 126

aware fine-tuning to enable effective knowl- 127

edge manipulation by aligning output distri- 128

butions with and without rationales. 129

(iii) Significant improvement and versatility. 130

We conduct extensive experiments on eight 131

benchmarks across six LLMs to demonstrate 132

the effectiveness of KALE, yielding a maxi- 133

mum accuracy improvement of 11.72% and 134

an average of 4.18% over SFT baselines. 135

2 Related Work 136

2.1 Text Data Augmentation Methods 137

With the advent of LLMs, data augmentation has 138

undergone a significant transformation (Ding et al., 139

2024). LLMs have shown remarkable abilities in 140

generating high-quality text, which provides advan- 141

tages in data augmentation tasks (Deng et al., 2023; 142

Fang et al., 2023). AugGPT (Dai et al., 2023) lever- 143

ages the generative power of LLMs to rephrase 144

questions in SFT data. GPT3Mix (Yoo et al., 2021) 145

extends augmentation abilities of LLMs by using 146

few-shot prompting to generate questions seman- 147

tically similar to the SFT data. StaR (Zelikman 148
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et al., 2024) utilizes a self-taught mechanism to let149

LLMs provide internal thoughts. While existing150

augmentation methods primarily focus on expand-151

ing the data quantity of the original data, they lack152

the multi-hop logic rationales, KALE can effec-153

tively generate textual rationales underlying the154

Q&A pair.155

2.2 KG Retrieval Generation Methods156

Knowledge graphs provide structured, factual157

knowledge that complements the unstructured, text-158

based knowledge encoded in LLMs (Pan et al.,159

2024). Recent research has explored integrating160

KGs to enhance LLMs’ reasoning ability through161

retrieval-augmented approaches (Zhao et al., 2024;162

Sun et al., 2023; Edge et al., 2024). Think-on-163

Graph (ToG) (Sun et al., 2023) employs iterative164

beam search over a KG to guide LLM reasoning.165

KGR (Guan et al., 2024) augments LLM responses166

with factual statements retrieved from KGs. KAP-167

ING (Baek et al., 2023) enhances zero-shot Q&A168

by appending retrieved facts to prompts. Struct-169

GPT (Jiang et al., 2023b) employs an iterative170

reading-then-reasoning framework over structured171

data. GraphRAG (Edge et al., 2024) integrates172

KG traversal to retrieve relationships from graph-173

indexed data. These retrieval-based methods re-174

quire additional retrieval operations from knowl-175

edge bases during inference, introducing additional176

latency. In contrast, KALE internalizes knowledge-177

grounded reasoning paths during training, eliminat-178

ing the need for retrieval during inference (please179

refer to Appendix H.2 for inference time compari-180

son for each backbone and baseline).181

2.3 SFT Variant Methods182

Supervised Fine-Tuning (SFT) has become a stan-183

dard approach to adapt pre-trained LLMs to spe-184

cific downstream tasks (Ouyang et al., 2022). Re-185

cent work has explored various SFT strategies to186

improve model performance and generalization.187

Dual-stage Mixed fine-Tuning (DMT) (Dong et al.,188

2024) improves the general ability of LLMs by bal-189

ancing task-specific and general knowledge during190

fine-tuning. Self-Distillation Fine-Tuning (SDFT)191

(Yang et al., 2024b) leverages a distilled dataset192

generated by the model itself to maintain the origi-193

nal distribution and reduce catastrophic forgetting194

(Kirkpatrick et al., 2016). KG-SFT (Chen et al.,195

2025a) uses KGs to filter high-quality SFT data for196

knowledge-intensive tasks. However, these SFT-197

based methods learn from explicit input-output198

mappings, which limits their flexibility in manip- 199

ulating task-relevant knowledge when faced with 200

varied input queries. In contrast, KALE employs a 201

knowledge-aware fine-tuning paradigm that aligns 202

LLM distributions with and without rationales, en- 203

abling more flexible and dynamic knowledge ma- 204

nipulation during inference. 205

3 Preliminaries 206

3.1 Notations 207

We denote xins as instructions for downstream tasks, 208

xque as queries, xans as answers, and xrats as ra- 209

tionales. We define two types of input prompts 210

for LLMs: one includes the rationale, represented 211

as (xins, xque, xrats), and the other excludes the 212

rationale, represented as (xins, xque). Let Eq = 213

[eq1 , eq2 , eq3 , . . .] denote the question entity list ex- 214

tracted from xque, and Ea = [ea1 , ea2 , ea3 , . . .] de- 215

note the answer entity list extracted from xans. Let 216

P = [p1,p2,p3, . . .] denote the reasoning path list 217

connecting entities in Eq to entities in Ea, where pi 218

represents the i-th reasoning path. 219

3.2 A* Algorithm 220

A* algorithm (Hart et al., 1968; Goldberg and Har- 221

relson, 2005) is a heuristic search algorithm that 222

extends traditional shortest path algorithms by in- 223

corporating a heuristic function to guide the search. 224

Unlike uniform search strategies, A* prioritizes 225

nodes with lower estimated total cost, reducing the 226

search space: 227

f(e) = g(e) + h(e) (1) 228

where g(e) is the cost of the current shortest path 229

from start entity estart to entity e, and h(e) is a 230

heuristic function estimating the cost from e to the 231

target entity eend. f(e) represents the estimated 232

total cost for reaching the target through e. 233

4 Method 234

4.1 Knowledge-induced Data Synthesis 235

Answering a question often requires integrating 236

multiple knowledge fragments. For instance, for 237

the question "What is the true color of the Sun?" 238

and answer "White", it involves multiple pieces 239

of knowledge such as: (i) "The Sun emits all 240

colors of the visible spectrum," (ii) "The combi- 241

nation of all visible light produces white light," 242

and (iii) "The balanced intensity distribution of 243

sunlight integrates into white light." The frag- 244

mented nature of such knowledge in pre-training 245
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Knowledge-Induced Data Augmentation (KI) Knowledge-Aware Fine-tuning(KA)

Explanation:

Rationales

Listen…

With Rationales

Training

𝑞ఏ

𝑲𝑳(𝒑𝜽||𝒒𝜽)

1

2 3

4

L
L

M

A Given Question Corresponding Answer Generated Rationales

Question Named Entities

…

One of the Extracted Reasoning Paths

𝑝ఏ 𝑞ఏ, Output Distributions

Without Rationales 𝑝ఏ

External KG (Wikidata)

Input without Rationales Input with Rationales

Answer Named Entities

Figure 2: An overview of KALE. For a given Q&A pair, the workflow of KALE is as follows. (1) Perform named
entity recognition to extract relevant question and answer entities. (2) Search for reasoning paths via the proposed
multi-path A* algorithm. (3) Combine reasoning paths with the Q&A pair to generate the corresponding rationales
via GPT-4o. (4) Align the LLM’s output distributions with and without rationales via knowledge-aware fine-tuning.

data makes it challenging for LLMs to manipu-246

late relevant knowledge. In contrast, KGs pro-247

vide a way to organize fragmented knowledge into248

structured relationships. Specifically, this knowl-249

edge can be formalized into a reasoning path: "the250

Sun–emits–>full-spectrum light–integrates_into–251

>white light," which corresponds to a series of in-252

terconnected triples within a KG, including [the253

Sun, emits, full-spectrum light] and [full-spectrum254

light, integrates into, white light]. Building upon255

this, we propose knowledge-induced data synthesis256

(KI) to generate rationales.1257

Specifically, KALE first performs named en-258

tity recognition separately on the question and the259

answer, resulting in the question entity list Eq =260

{the Sun} and the answer entity list Ea = {white}.261

Then, KALE leverages these entities to search for262

reasoning paths in a KG. Conducting a full breadth-263

first search (BFS) from the question entities to the264

answer entities in a large KG (e.g., Wikidata2) is265

time-consuming. For instance, the extraction of266

reasoning paths from the AbsR training set (Xiong267

et al., 2024) requires over one week. Therefore,268

we propose an efficient multi-path A* algorithm269

to extract reasoning paths. It requires less than 4270

1We only generate rationales during training. This exam-
ple is for illustration; KALE does not introduce additional
overhead during inference (please refer to Figure 1).

2We use Wikidata as the default external KG to extract
all reasoning paths. To evaluate the robustness of KALE, we
report results using alternative KGs in Appendix H.6.

hours to extract all reasoning paths on the same 271

set. Specifically, we adopt a small set of anchor 272

entities. For a given entity pair eq and ea in Eq 273

and Ea, we select k anchor entities by randomly 274

sampling from the m-hop neighbors of ea, thereby 275

extracting a local subgraph around the answer en- 276

tity. For each anchor, we conduct a limited 3-step 277

BFS to pre-compute partial distances, which serve 278

as a lower bound for the remaining path cost in A*. 279

Formally, let g(e) be the accumulated cost (the 280

number of edges traversed) from the start entity 281

to the current entity e, and h(e) be the heuris- 282

tic function estimating the cost from e to the an- 283

swer entity ea. We define the priority function 284

as f(e) = g(e) + h(e), where f(e) is the prior- 285

ity value in A*. To ensure h(e) does not overes- 286

timate the actual distance, we use the maximum 287

of anchor-based lower bounds derived from the 288

BFS. Let {α1, α2, . . . , αk} be k anchor entities. 289

We pre-compute dist(αi, e) up to depth d; if e is not 290

reachable within d steps, we set dist(αi, e) = ∞. 291

Likewise, we compute dist(αi, ea) for each anchor. 292

Then we let 293

h(e) = max
1≤i≤k

[
dist(αi, ea) − dist(αi, e)

]+
(2) 294

where [x]+ = max(x, 0) ensures non-negative 295

values. Intuitively, if e is already closer to the 296

answer entity than αi, this difference provides a 297

nontrivial lower bound; otherwise, it contributes 298
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zero and does not lead to overestimation. We prove299

the admissibility of our multi-path A* algorithm300

via the proposed heuristic function in Appendix301

E. This heuristic design is simple yet efficient for302

reasoning path retrieval in a large KG. We can also303

apply KG embedding-based methods (Rossi et al.,304

2021; Zhu et al., 2023) to incorporate semantic305

information, and we leave it as future work.306

To retrieve multiple reasoning paths, we extend307

the standard A* algorithm by incorporating a pri-308

ority queue Q, which stores multiple paths lead-309

ing to the same entity. Each entry in Q is a tuple310

(f(e), g(e), e, pie), where pie is the i-th path from311

the start entity eq to the current entity e. Algo-312

rithm 1 in Appendix F provides the pseudocode313

for the overall procedure. After obtaining P , we314

combine the Q&A pair and P as input to GPT-4o,315

prompting it to generate the rationale xrats under-316

lying the Q&A pair (Appendix C provides prompt317

details). For example, given the extracted rea-318

soning path "the Sun–emits–>full-spectrum light–319

integrates_into–>white light," the generated ratio-320

nale is "The Sun emits light that contains the entire321

visible spectrum. When these different colors of322

light are combined, they create white light." These323

rationales offer high-quality textual reasoning data324

from question to answer, enabling better under-325

standing of the underlying logic and correlations.326

We include more examples of reasoning paths and327

rationales in Appendix D to provide a comprehen-328

sive understanding of KALE.329

4.2 Knowledge-aware Fine-tuning Paradigm330

When confronted with a question, humans typically331

retrieve relevant experiences and knowledge, rea-332

son based on them, and then provide a response333

(Buckner and Wheeler, 2001; Yadav et al., 2022).334

Motivated by this, we propose a simple yet ef-335

fective learning paradigm called knowledge-aware336

fine-tuning, which encourages LLMs to recall rele-337

vant knowledge and reason with it before generat-338

ing a response.339

Formally, consider an LLM denoted byM with340

parameters θ and input xinp = (xins, xque, xans),341

where xins denotes instructions, and xque and xans342

denote the Q&A pair. The LLM models the condi-343

tional probability of output xout. We consider two344

probabilities, which differ in whether rationales are345

included as input: 346

Mw/o = −
∑
t

log pθ(xout
t | xinp, xout

<t) (3a) 347

Mw = −
∑
t

log qθ(xout
t | xinp, xrats, xout

<t) (3b) 348

Equation (3a) represents the classical process 349

of LLM generation, where a given instruction and 350

query are provided as input, and the LLM produces 351

an output. We aim for the LLM to manipulate 352

learned knowledge and reason with it. In Equation 353

(3b), we use the generated rationales xrats as input 354

to the LLM to enable better recall of knowledge 355

fragments relevant to the question. 356

Therefore, our goal is to enable the LLM to im- 357

plicitly leverage relevant knowledge based on the 358

instruction and query before generating a response. 359

To achieve this, we propose knowledge-aware fine- 360

tuning to minimize the divergence between the two 361

distributions in Equations (3a) and (3b) as follows: 362

L(θ) = E(xinp,xout,xrats) [KL (pθ∥qθ)] (4) 363

where KL(·∥·) denotes the KL divergence. We 364

use two distributions: pθ (i.e., pθ(xout
t | xinp, xout

<t)), 365

which is updated during training, and qθ (i.e., 366

qθ(xout
t | xinp, xrats, xout

<t)), which is fixed and serves 367

as the alignment target. By minimizing the KL di- 368

vergence in Equation (4), KALE does not require 369

outputs without rationales to exactly match those 370

produced with rationales. Instead, it encourages 371

the two distributions to align, which enables the 372

LLM to flexibly manipulate task-relevant knowl- 373

edge when rationales are absent during inference. 374

5 Experiments 375

We aim to evaluate the effectiveness of KALE in 376

enhancing LLMs’ knowledge manipulation abil- 377

ity and its versatility across different settings. To 378

achieve this, we organize the experiments into the 379

following parts: 380

• To demonstrate the superiority, we conduct 381

comparative experiments on eight bench- 382

marks across six different LLMs. 383

• To investigate the contribution of each compo- 384

nent, we conduct ablation studies. 385

• To provide more insights, we conduct case 386

studies on the known&incorrect phenomenon 387

and ratios of augmented rationales. 388
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• To demonstrate the versatility, we evaluate389

KALE in knowledge-intensive domains across390

six different languages in Appendix H.1.391

• To analyze KALE’s real-world deployability,392

we evaluate its inference time and hyperpa-393

rameter sensitivity in Appendix H.2 and H.3.394

• To demonstrate the effectiveness of rationales:395

(i) We employ different KGs to generate rea-396

soning paths in Appendix H.6.397

(ii) We use rationales of other LLMs to show398

robustness in Appendix H.10.399

(iii) We generate irrelevant and contrastive400

rationales in Appendix H.11.401

(iv) We evaluate the quality of the generated402

rationales in Appendix H.12.403

• To provide an in-depth understanding, we404

conduct comparisons including (i) combin-405

ing KALE with SFT, (ii) evaluations on open-406

ended settings, (ii) comparisons with thinking-407

style models, self-taught settings, and GRPO,408

(iv) prompt distillation, and (v) joint training409

settings in Appendix H.13 to H.19.410

5.1 Experimental Setup411

Models and Benchmarks. We use six open-412

source LLMs ranging from 7B to 32B parameters,413

including LlaMA3 8B (Team, 2024), Mistral 7B414

(Jiang et al., 2023a), Qwen2.5 32B (Yang et al.,415

2024a), Gemma2 9B (Riviere et al., 2024), OL-416

MOE 7B (Muennighoff et al., 2024), and Orca2417

7B (Mitra et al., 2023). Experiments are conducted418

on 8 NVIDIA SXM A100 80G GPUs for models419

under 32B parameters, and on 16 NVIDIA SXM420

A100 80G GPUs for 32B models. We evaluate421

on benchmarks for logical reasoning, including422

AbsR (Xiong et al., 2024), Commonsense (denoted423

as Common) (Xiong et al., 2023), and Big Bench424

Hard (BBH) (Suzgun et al., 2023); reading com-425

prehension, including RACE-H and RACE-M (Lai426

et al., 2017); and natural language understand-427

ing, including MMLU (Hendrycks et al., 2021),428

ARC-c, and ARC-e (Bhakthavatsalam et al., 2021).429

We use accuracy as the evaluation metric. More430

details and baseline descriptions are provided in431

Appendix G.432

5.2 Main Results433

Table 1 presents results using three representative434

LLMs at different scales: LlaMA3 8B, Mistral435

7B, and Qwen2.5 32B. Additional results for three 436

other open-source LLMs are provided in Table 13, 437

Figures 20, and 21 in Appendix H.5 to demon- 438

strate the versatility of KALE. From Table 1, we 439

observe that KALE outperforms other state-of-the- 440

art baselines across all three LLMs by a substantial 441

margin. Notably, KALE achieves a maximum 442

accuracy improvement of 11.72% on the AbsR 443

benchmark with Qwen2.5 32B as the backbone. 444

We also observe that traditional SFT-based 445

and data augmentation methods yield marginal 446

improvements on downstream tasks, particularly 447

when applied to larger and more powerful LLMs 448

(e.g., only a 1.39% improvement on the BBH 449

benchmark when using Qwen2.5 32B). In contrast, 450

KALE delivers consistent and significant improve- 451

ments for larger LLMs. This indicates that as 452

LLMs scale up and become more capable, SFT- 453

based methods that focus on learning input-output 454

patterns or data augmentation methods that merely 455

increase data quantity are suboptimal for further 456

enhancing LLMs. In contrast, KALE improves 457

LLMs’ ability to manipulate knowledge, achiev- 458

ing significantly better results for larger LLMs. 459

5.3 Ablation Study 460

To investigate the contribution of each component 461

within KALE, we conduct ablation studies and 462

present the results in Table 2. More results for 463

the other three LLMs are provided in Table 13 in 464

Appendix H.7. 465

Ablation on Rationale Generation We denote 466

KALE without Knowledge-Induced (KI) data syn- 467

thesis as KALEw/o KI. That is, we do not utilize 468

our proposed multi-path A* algorithm to provide 469

reasoning paths. Instead, we directly input the 470

Q&A pair and prompt the LLM to generate ratio- 471

nales. As shown in Table 2, we observe that di- 472

rectly prompting LLMs to generate rationales with- 473

out reasoning paths leads to performance degra- 474

dation. Notably, when using Mistral 7B as the 475

backbone, the degradation on the ARC-e dataset 476

reaches 12.50%. This demonstrates that the ex- 477

tracted reasoning paths effectively capture the rea- 478

soning process, contributing to the generation of 479

higher-quality rationales. 480

Ablation on KL Divergence We denote KALE 481

without Knowledge-Aware (KA) fine-tuning as 482

KALEw/o KA. That is, we directly train the LLM 483

with rationale data generated from the KG using 484

cross-entropy loss as the objective function. We 485
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Table 1: Results of our KALE using LlaMA3 8B, Mistral 7B, and Qwen2.5 32B as backbone models (for more
results of different backbone models, please see Appendix H.5). We bold the best results and underline the
suboptimal results for each backbone model.

Backbone Category Method AbsR ARC-c ARC-e Common MMLU BBH RACE-h RACE-m

LlaMA3 8B

Prompt-based Vanilla 62.68 66.79 69.90 58.72 55.88 46.54 53.35 57.02
CoT 63.15 71.67 69.34 54.67 56.83 48.55 54.31 57.02

Retrieval-based
TOG 65.98 69.93 72.23 61.87 56.97 48.81 58.60 59.80
StructGPT 65.35 70.50 73.34 62.32 58.87 49.58 60.03 60.86
GraphRAG 75.83 74.83 75.76 61.51 57.28 55.83 60.89 69.57

SFT-based

SFT 67.77 68.23 71.74 59.79 58.00 45.39 56.17 58.91
SDFT 76.15 74.91 71.44 62.24 58.78 52.37 56.88 61.03
DMT 74.57 70.82 72.84 61.43 59.11 50.14 61.46 60.64
MeanLearn 71.09 72.53 74.53 63.39 58.79 50.61 60.03 61.84
KG-SFT 78.20 73.12 79.55 63.09 58.79 53.68 64.98 62.47

Augmented-based

STaR 69.95 71.50 70.99 58.20 53.41 50.07 61.21 64.32
AugGPT 64.45 72.22 75.29 55.12 56.82 51.90 59.21 60.16
GPT3Mix 68.27 70.57 74.24 61.33 57.79 53.92 61.03 62.67
KALE (ours) 83.62 81.23 86.45 65.69 63.27 57.33 68.61 74.12

Mistral 7B

Prompt-based Vanilla 62.35 52.05 68.31 39.15 37.43 28.68 50.14 55.92
CoT 67.18 58.45 66.08 36.94 43.57 31.60 55.15 58.98

Retrieval-based
TOG 64.60 57.25 70.41 50.78 41.35 31.29 52.20 56.96
StructGPT 65.17 57.94 69.28 46.11 44.94 32.98 55.69 60.10
GraphRAG 68.26 57.76 71.93 48.24 45.53 35.12 57.15 62.60

SFT-based

SFT 68.48 55.89 71.55 44.14 48.86 34.90 57.09 61.00
SDFT 73.82 61.01 73.61 51.84 52.19 34.97 64.32 65.53
DMT 73.22 57.00 72.85 49.71 50.49 35.89 61.64 64.42
MeanLearn 70.97 64.42 71.55 47.83 50.95 35.58 61.06 64.42
KG-SFT 72.39 65.96 72.94 54.55 52.10 34.20 61.15 63.37

Augmented-based

STaR 70.02 57.85 74.53 49.80 41.02 35.89 55.09 59.12
AugGPT 65.28 59.73 72.77 48.24 40.24 33.21 57.75 59.96
GPT3Mix 59.72 61.69 71.93 53.97 39.84 36.04 56.75 60.10
KALE (ours) 76.90 71.59 77.95 59.05 54.21 39.26 67.98 70.06

Qwen2.5 32B

Prompt-based Vanilla 66.35 75.09 80.10 65.52 80.47 69.01 71.47 76.95
CoT 68.72 76.79 82.07 66.34 81.65 69.79 73.58 77.64

Retrieval-based
TOG 74.64 80.55 84.13 68.63 83.27 72.09 74.12 78.34
StructGPT 74.17 82.43 83.29 71.58 83.41 71.93 75.56 77.92
GraphRAG 75.24 80.20 84.18 69.00 84.85 73.20 75.84 77.37

SFT-based

SFT 72.03 79.61 83.33 67.89 82.82 70.40 73.99 79.39
SDFT 73.34 80.80 84.30 71.25 84.13 71.01 74.59 80.71
DMT 75.24 81.48 86.07 70.43 85.17 73.62 75.72 80.01
MeanLearn 71.09 76.37 84.18 69.12 83.61 72.85 74.64 81.82
KG-SFT 78.91 78.41 84.13 69.62 84.26 72.39 74.80 80.43

Augmented-based

STaR 72.99 83.87 84.60 69.21 85.24 73.16 76.30 80.43
AugGPT 78.91 84.47 86.27 68.96 85.04 71.93 77.16 81.89
GPT3Mix 80.10 85.23 87.33 69.53 85.69 73.47 76.21 80.77
KALE (ours) 91.82 89.93 94.90 75.02 88.59 77.91 81.76 86.70

observe that training LLMs with cross-entropy486

loss to match outputs with rationales does not487

achieve satisfactory results. Specifically, when488

using Mistral 7B as the backbone on the ARC-e489

dataset, KALEw/o KA results in a 14.90% degrada-490

tion. This demonstrates the effectiveness of the KL491

divergence for better knowledge manipulation.492

5.4 Case Study493

Known&incorrect Phenomenon As shown in494

Figure 3, LLMs trained via SFT still exhibit the495

known&incorrect phenomenon. We provide a 496

detailed analysis of six different LLMs trained 497

with SFT and KALE (see Appendix H.8 for re- 498

sults of other baselines). We use the known fact 499

checking process in Figure 1 (see Appendix C 500

for prompt details) to categorize LLMs’ responses 501

given that LLMs already possess relevant knowl- 502

edge: (i) Known&correct: LLMs possess the 503

knowledge and correctly answer the question, in- 504

dicating successful knowledge manipulation. (ii) 505

Known&incorrect: LLMs possess the knowledge 506
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Table 2: Results of the ablation study of KALE, using LlaMA3 8B, Mistral 7B, and Qwen2.5 32B as backbones
(We provide more results for the other three backbones in Appendix H.7).

Backbone Method AbsR ARC-c ARC-e Common MMLU BBH RACE-h RACE-m

LlaMA3 8B
KALEw/o KI 78.91↓4.71 76.79↓4.44 81.65↓4.80 65.52↓0.17 60.09↓3.18 55.21↓2.12 64.15↓4.46 69.50↓4.62
KALEw/o KA 73.93↓9.69 75.26↓5.97 78.70↓7.75 63.06↓2.63 60.74↓2.53 53.68↓3.65 60.03↓8.58 64.76↓9.36
KALE 83.62 81.23 86.45 65.69 63.27 57.33 68.61 74.12

Mistral 7B
KALEw/o KI 71.09↓5.81 66.30↓5.29 65.45↓12.50 57.58↓1.47 52.58↓1.63 36.81↓2.45 64.95↓3.03 66.85↓3.21
KALEw/o KA 65.64↓11.26 63.91↓7.68 63.05↓14.90 56.84↓2.21 49.05↓5.16 35.74↓3.52 62.78↓5.20 64.00↓6.06
KALE 76.90 71.59 77.95 59.05 54.21 39.26 67.98 70.06

Qwen2.5 32B
KALEw/o KI 87.32↓4.50 87.03↓2.90 89.98↓4.92 71.01↓4.01 86.87↓1.72 75.15↓2.76 78.04↓3.72 83.57↓3.13
KALEw/o KA 82.94↓8.88 85.32↓4.61 88.38↓6.52 70.43↓4.59 84.91↓3.68 76.69↓1.22 77.82↓3.94 82.94↓3.76
KALE 91.82 89.93 94.90 75.02 88.59 77.91 81.76 86.70

0 20 40 60 80 100
Percentage (%)

Orca2 7B

OLMOE 7B

Gemma2 9B

Qwen2.5 32B

Mistral 7B

Llama3 8B

47.9 75.035.9 8.1

39.3 79.944.1 2.4

41.1 77.035.5 2.1

48.3 87.627.5 1.1

50.1 71.129.5 7.7

35.0 82.928.4 4.2
Known and incorrect phenomenon analysis

SFT Correct KALE Correct SFT Incorrect KALE Incorrect

Figure 3: Known&incorrect phenomenon analysis:
following the known fact checking in Figure 1, we col-
lect cases where LLMs possess the knowledge to answer
and analyze the ratios of correct and incorrect answers,
denoted as known&correct and known&incorrect.

yet cannot correctly answer the question, indicat-507

ing inflexible knowledge manipulation. As shown508

in Figure 3, we observe that SFT models often509

exhibit the known&incorrect phenomenon. More510

than 25% of the questions are cases where the LLM511

possesses the knowledge but cannot provide cor-512

rect responses. For OLMOE 7B, it reaches 44.1%.513

In contrast, LLMs trained via KALE demonstrate514

excellent knowledge manipulation ability, with less515

than 10% known&incorrect issues across all LLMs.516

Notably, for the Qwen2.5 32B model, this propor-517

tion drops to as low as 1.1%. This indicates that518

KALE effectively enhances knowledge manipula-519

tion ability.520

Ratios of Augmented Rationales In real-world521

applications, data acquisition in certain domains522

can be particularly challenging due to privacy523

concerns and security restrictions (Rodríguez-524

Mazahua et al., 2015). Therefore, we investigate525

KALE and SFT under limited training data scenar-526

ios. Taking the AbsR dataset as an example, by527

setting the training data ratio from 5% to 50%, we528

present the results in Figure 4. We find that KALE529

consistently outperforms SFT methods across all530
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cu
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Results of SFT and KALE with varying ratios of training data

Llama SFT Llama KALE Mistral SFT Mistral KALE Qwen SFT Qwen KALE

Figure 4: Ratios of augmented rationales: by setting
the data augmentation ratio from 5% to 50%, we ex-
plore the differences between KALE and the SFT under
varying data scales. We provide results of LlaMA3 8B,
Mistral 7B, and Qwen2.5 32B as the backbones as ex-
amples, with more results in Appendix H.9.

levels of augmented rationales. Moreover, this im- 531

provement becomes more significant for Qwen2.5 532

32B, which also demonstrates that KALE is highly 533

effective for more powerful LLMs. This highlights 534

the significant potential of KALE for low-data, 535

real-world applications. 536

6 Conclusion 537

In this paper, we propose a novel Knowledge- 538

Aware LEarning (KALE) framework to improve 539

the knowledge manipulation ability of LLMs. 540

Specifically, KALE consists of (i) a knowledge- 541

induced data synthesis method to generate high- 542

quality rationales for each Q&A pair through a 543

structured knowledge graph, and (ii) a knowledge- 544

aware fine-tuning paradigm to enhance the knowl- 545

edge manipulation ability of LLMs. Extensive 546

experiments on eight benchmarks and six open- 547

source models across different scales, ranging from 548

7B to 32B, demonstrate the superiority of KALE, 549

delivering significant, consistent, and generalizable 550

improvements.3 551

3More discussions on KALE can be found in Appendix I.
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7 Limitations552

We consider a few limitations and future directions.553

(i) Structured Q&A dataset requirement. Current554

KALE relies on a structured Q&A dataset to fa-555

cilitate knowledge-induced data synthesis. For556

cases where a Q&A dataset is not available, users557

can consider employing GPT-4o or other LLMs to558

transform a raw corpus into a structured Q&A for-559

mat. We think applying KALE directly to raw data560

is a promising direction. (ii) Hard-match reason-561

ing path generation. When generating reasoning562

paths, the multi-path A* algorithm is a hard-match563

approach. Obtaining vectorized embeddings for564

similarity-based matching is also an optimization565

direction. (iii) Anchor node selection. In multi-566

path A*, we empirically sample k anchor nodes567

for distance estimation. Finer entity-specific se-568

lection (e.g., a neural decision module) may yield569

better results. (iv) KG availability. Current KALE570

relies on an existing KG, which may constrain its571

applicability in domains where specialized KGs572

are scarce. Meanwhile, many areas—including the573

medical domain—already benefit from community-574

maintained Wikidata, whose ongoing expansion575

enhances its value for diverse applications. We are576

further encouraged by advances in the KG commu-577

nity that target automatic construction of domain-578

specific KGs: methods like SAC-KG (Chen et al.,579

2024) show promise in building high-quality KGs.580

Such approaches are pivotal for extending KALE581

to domains where mature KGs are not available.582

8 Ethical Considerations583

This work adheres to the ACL Code of Ethics. Our584

study does not involve human subjects or person-585

ally identifiable information, and we only use pub-586

licly available datasets under their respective li-587

censes. We transparently report our methods and588

potential risks and do not recommend deployment589

in high-stakes settings without further safety as-590

sessments.591
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A More Related Works1262

A.1 Large Language Models1263

The advent of pre-trained language models has1264

fundamentally transformed the landscape of nat-1265

ural language processing (NLP), marking a signifi-1266

cant paradigm shift in how language understanding1267

and generation tasks are approached. The pioneer-1268

ing work of the GPT series (Radford et al., 2018;1269

Brown et al., 2020) introduced the concept of unsu-1270

pervised pre-training followed by task-specific fine-1271

tuning, demonstrating the effectiveness of leverag-1272

ing large-scale unlabeled text corpora. This ap-1273

proach was further refined by BERT (Devlin et al.,1274

2019), which introduced bidirectional context en-1275

coding through the masked language modeling ob-1276

jective, achieving state-of-the-art results across a1277

wide range of NLP benchmarks. Subsequent ad-1278

vancements, such as RoBERTa (Liu et al., 2019),1279

optimized the pre-training process by removing1280

the next sentence prediction objective and training1281

with larger batches and more data, leading to im-1282

proved performance. Megatron-LM then (Shoeybi1283

et al., 2019) showcased the scalability of these mod-1284

els, leveraging model parallelism to train signifi-1285

cantly larger architectures. More recently, the field1286

has witnessed the emergence of LLMs that have1287

pushed the boundaries of what is possible in NLP.1288

Models such as LlaMA3 (Team, 2024; Touvron1289

et al., 2023), GPT (OpenAI, 2023), PaLM (Chowd-1290

hery et al., 2023), Gemini (Google DeepMind1291

Team, 2023), Claude3 (Anthropic Team, 2024), and1292

Deepseek V3 (DeepSeek-AI, 2024) have demon-1293

strated remarkable abilities in both few-shot and1294

zero-shot learning scenarios (Madaan et al., 2022).1295

These models, often comprising hundreds of bil-1296

lions of parameters, have been pre-trained on di-1297

verse and extensive benchmarks, enabling them to1298

generalize across a wide array of tasks with mini-1299

mal or no task-specific fine-tuning. The evolution1300

from earlier models like GPT and BERT to the1301

current generation of LLMs underscores the impor-1302

tance of scale and the effectiveness of pre-training1303

on large corpora. These advancements have not1304

only improved performance on traditional NLP1305

tasks but have also enabled new applications and1306

capabilities, such as conversational agents (Chen1307

et al., 2024), code generation (Zan et al., 2023; Liu1308

et al., 2025), and complex reasoning tasks (Lv et al.,1309

2024). The continued development and refinement1310

of these models promise to further enhance their1311

utility and impact across various domains.1312

A.2 Classic Text Data Augmentation Methods 1313

Data augmentation has long been a foundational re- 1314

search area in natural language processing (NLP), 1315

aimed at enhancing the quality and diversity of 1316

training data to improve model generalization and 1317

performance. Traditional data augmentation tech- 1318

niques have predominantly focused on character- 1319

level and word-level modifications. An example 1320

is Easy Data Augmentation (EDA) (Wei and Zou, 1321

2019), which employs straightforward yet effec- 1322

tive strategies such as random insertion, random 1323

swapping, random deletion, and synonym replace- 1324

ment to introduce variability into the benchmark 1325

(Belinkov and Bisk, 2018; Coulombe, 2018; Wang 1326

et al., 2023c). These methods, while computation- 1327

ally efficient, are often limited in their ability to 1328

generate semantically coherent and contextually 1329

rich variations, particularly at higher linguistic lev- 1330

els such as sentences or documents. 1331

A.3 Chain-of-X Approaches in LLMs 1332

The ability of LLMs to decompose complex prob- 1333

lems into a series of intermediate steps and gener- 1334

ate internal reasoning processes, known as Chain- 1335

of-Thought (CoT) prompting (Wei et al., 2022b), 1336

represents a significant advancement in enhancing 1337

their reasoning capabilities. The CoT approach em- 1338

ulates human problem-solving strategies by break- 1339

ing down intricate problems into smaller, more 1340

manageable components. This step-by-step rea- 1341

soning process allows LLMs to focus on each seg- 1342

ment individually, reducing errors and improving 1343

logical coherence in their responses (Wang et al., 1344

2023b). Moreover, CoT explicitly encourages mod- 1345

els to articulate their thought processes, which not 1346

only facilitates debugging and refinement of the 1347

model’s reasoning but also significantly enhances 1348

the interpretability of its outputs. As a result, re- 1349

sponses generated through CoT are often more ac- 1350

curate, logically consistent, and contextually rele- 1351

vant compared to those produced by models that 1352

directly generate final answers without revealing 1353

intermediate cognitive steps. The success of CoT 1354

has inspired a series of follow-up works that ex- 1355

tend its principles to other chain-of-X methods, 1356

further broadening its applicability and effective- 1357

ness. For instance, chain-of-explanation (Huang 1358

et al., 2023) focuses on generating detailed ex- 1359

planations to justify the reasoning process, while 1360

chain-of-knowledge (Wang et al., 2024) empha- 1361

sizes the integration of external knowledge to en- 1362
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rich the model’s responses. More recently, chain-1363

of-verification (Dhuliawala et al., 2024) has been1364

proposed to enhance the reliability of LLMs by1365

prompting them to draft initial responses, plan ver-1366

ification questions, answer those questions, and1367

generate a final verified response. This itera-1368

tive verification process reduces the likelihood of1369

misunderstandings or errors in the model’s rea-1370

soning. Another notable extension is Chain-of-1371

Knowledge (Zhang et al., 2024), which elicits1372

LLMs to generate explicit pieces of knowledge1373

evidence in the form of structured triples. This ap-1374

proach is inspired by human cognitive behaviors,1375

where individuals often draw mind maps or knowl-1376

edge maps as reasoning evidence before addressing1377

complex questions. By structuring knowledge in1378

this way, LLMs can better organize and utilize in-1379

formation, leading to more informed and accurate1380

responses.1381

Algorithm 1 Pseudo code for Multi-path A*

Input: Start node eq, target node ea, maximum
number of paths m and maximum search depth
d

1: Initialize priority queue Q with
(f(e), g(e), e, pie)

2: Initialize reasoning path and visited list
P,V ← [], []

3: while Q ≠ ∅ and |P| < m do
4: Dequeue the element with the smallest f(e)

from Q
5: Append e into V
6: if e = ea then
7: Append pie into P
8: continue ▷ Find Reasoning Path
9: end if

10: if g(e) > d then
11: continue ▷ Path exceeds maximum

search depth
12: end if
13: for each neighbor n of e do
14: if n ∈ path then
15: continue ▷ Avoid cycles
16: end if
17: Obtain g(n)← g(e) + 1
18: Compute f(n) and h(n) via Equations (1)

and (2)
19: Enqueue (f(n), g(n),n, pie + [n]) into Q
20: end for
21: end while
Output: Reasoning path list P

B More Cases of the Known&incorrect 1382

Phenomenon 1383

In Figure 1, we present a comparative analysis 1384

of the known&incorrect phenomenon of models 1385

fine-tuned after SFT and KALE, using Mistral- 1386

7B as the backbone model. In this section, 1387

we further extend the investigation by providing 1388

more known&incorrect phenomenon comparisons 1389

across LlaMA3 8B, Qwen2.5 32B, Gemma2 9B, 1390

OLMOE 7B, and Orca2 7B on various domains 1391

to comprehensively demonstrate the efficacy of our 1392

proposed KALE. As illustrated in Figures 5, 6, 1393

7, 8, and 9, we still find that that models fine- 1394

tuned after SFT still exhibit the known&incorrect 1395

phenomenon, wherein the models cannot properly 1396

recall and apply acquired knowledge to answer cor- 1397

rectly despite possessing the relevant knowledge. 1398

In contrast, LLMs fine-tuned after KALE demon- 1399

strate a better ability to effectively manipulate rele- 1400

vant knowledge to generate correct answers. These 1401

results also demonstrate that our KALE effectively 1402

strengthens LLMs’ knowledge manipulation abil- 1403

ity. 1404

C Prompt Templates 1405

We list the prompt templates for different tasks to 1406

offer more visually intuitive results for each task in 1407

Figures 10, 11, 12, and 13. More detailed prompt 1408

information for the best performance of each task 1409

and dataset can be seen within the code. 1410

The placeholders Known Fact , Question , 1411

Answer , Reasoning Path , Options , 1412

Generic Fact , and Rationales will be 1413

filled with the corresponding terms in each 1414

example of corresponding benchmarks. 1415

D Examples of generated reasoning paths 1416

and rationales 1417

We present extracted reasoning paths alongside the 1418

generated rationales for some samples to provide 1419

a more intuitive and straightforward understand- 1420

ing of KALE. We select one sample each from the 1421

domains of Science, Medicine, Common Knowl- 1422

edge, Computer Science, Economics, and Art in 1423

Figures 14, 15, 16, 17, 18, and 19. For each sample, 1424

we provided the extracted reasoning paths and the 1425

generated rationales to support a more comprehen- 1426

sive understanding of KALE. 1427
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Known Fact Checking 

Question: Please determine whether the following statement is correct. You only answer 'yes' or 'no'. Nutrient-enriched 
flakes often contain color enhancers that bring out pigmentation in goldfish.

Model via SFT Answer: Yes. √ Model via KALE Answer: Yes.√

Q: What is a benefit of feeding goldfish with nutrient-
enriched flakes?
A) It enhances the color of the goldfish.  B) It increases the 
tank's water pH level.  C) It cleans the tank water.  D) It has 
increased the lifespan of goldfish

A: D) It has increased the lifespan of goldfish. Nutrient-
enriched goldfish flakes provide the necessary nutrients 
and vitamins that help support the overall health and 
growth of the goldfish, potentially increasing their lifespan. 
Enhancing the color is not related to nutritional value of 
flakes.

Vanilla SFT KALE

Q: What is a benefit of feeding goldfish with nutrient-
enriched flakes?
A) It enhances the color of the goldfish.  B) It increases the 
tank's water pH level.  C) It cleans the tank water.  D) It has 
increased the lifespan of goldfish

A: A): nutrient-enriched flakes often contain carotenoids, 
which enhance the coloration. B): flakes do not affect the 
pH level. C): flake do not clean the water. D): nutrition 
contributes to the health of goldfish. However, the lifespan 
of goldfish is affected by may factors. The feed itself does 
not directly extend the lifespan. Thus, the answer is A.× √

Figure 5: An example of known&incorrect phenomenon comparison using LlaMA3 8B as the backbone model.

E Proof of Admissibility of the Proposed1428

Multi-path A* Algorithm1429

In this section, we show that our proposed heuris-1430

tic estimated cost in (2) is admissible,i.e., h(e) ≤1431

dist(e, eg) for any node e, which means that our1432

proposed multi-path A* algorithm can find the best1433

solution. We resort to the triangle inequality prop-1434

erty of the distance metric dist(x, y). For any three1435

nodes A,B,C, the triangle inequality states:1436

dist(A,C) ≤ dist(A,B) + dist(B,C) (5)1437

Let us consider an arbitrary landmark αi from1438

the set {αi}ki=1. Applying the triangle inequality1439

with A = αi, B = e, and C = eg, we have:1440

dist(αi, eg) ≤ dist(αi, e) + dist(e, eg) (6)1441

Rearranging Equation (6), we obtain:1442

dist(αi, eg)− dist(αi, e) ≤ dist(e, eg) (7)1443

Now, let Xi = dist(αi, eg) − dist(αi, e). The1444

term in the heuristic function involving αi is1445

[Xi]
+ = max(Xi, 0). We consider two cases for1446

the value of Xi:1447

1. Case 1: Xi < 0, due to the non-negative
property of the distance, we have:

[dist(αi, eg)−dist(αi, e)]
+ = 0 ≤ dist(e, eg)

2. Case 2: Xi ≥ 0, from Eq.(7), we know
that dist(αi, eg) − dist(αi, e) ≤ dist(e, eg).
Therefore:

[dist(αi, eg)− dist(αi, e)]
+ ≤ dist(e, eg)

In both cases, for any anchor αi (1 ≤ i ≤ k), we 1448

have shown that: 1449

[dist(αi, eg)− dist(αi, e)]
+ ≤ dist(e, eg) (8) 1450

The heuristic function h(e) is defined as the maxi-
mum of these terms over all i:

h(e) = max
1≤i≤k

[
dist(αi, eg)− dist(αi, e)

]+
Since each term [dist(αi, eg)−dist(αi, e)]

+ is less 1451

than or equal to dist(e, eg), their maximum must 1452

also be less than or equal to dist(e, eg). Thus, 1453

h(e) ≤ dist(e, eg) (9) 1454

This inequality holds for any node e. Therefore, 1455

our proposed multi-path A* algorithm is ad- 1456

missible, which means that for any node, our 1457

proposed multi-path A* algorithm can find the 1458

best solution. 1459

F Pseudo code of the Proposed 1460

Multi-path A* 1461

In Section 4.1, we introduce our multi-path A* al- 1462

gorithm, which efficiently extracts inference paths 1463

from question entities to answer entities. Here, we 1464

provide the algorithm pseudo code in Algorithm 1. 1465

G More Details of Benchmarks and 1466

Experiment Setups 1467

G.1 Implementation Details 1468

In our implementation details, we conduct fine- 1469

tuning on all evaluated benchmarks across 3 1470
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Known Fact Checking 

Question: Please determine whether the following statement is correct. You only answer 'yes' or 'no'. Nutrient-enriched 
flakes often contain color enhancers that bring out pigmentation in goldfish.

Model via SFT Answer: Yes. √ Model via KALE Answer: Yes.√

Q: What is a benefit of feeding goldfish with nutrient-
enriched flakes?
A) It enhances the color of the goldfish.  B) It increases the 
tank's water pH level.  C) It cleans the tank water.  D) It has 
increased the lifespan of goldfish

A: D) It has increased the lifespan of goldfish. Nutrient-
enriched goldfish flakes provide the necessary nutrients 
and vitamins that help support the overall health and 
growth of the goldfish, potentially increasing their lifespan. 
Enhancing the color is not related to nutritional value of 
flakes.

Vanilla SFT KALE

Q: What is a benefit of feeding goldfish with nutrient-
enriched flakes?
A) It enhances the color of the goldfish.  B) It increases the 
tank's water pH level.  C) It cleans the tank water.  D) It has 
increased the lifespan of goldfish

A: A): nutrient-enriched flakes often contain carotenoids, 
which enhance the coloration. B): flakes do not affect the 
pH level. C): flake do not clean the water. D): nutrition 
contributes to the health of goldfish. However, the lifespan 
of goldfish is affected by may factors. The feed itself does 
not directly extend the lifespan. Thus, the answer is A.× √

Figure 6: An example of known&incorrect phenomenon comparison using Qwen2.5 32B as the backbone model.

epochs with a consistent batch size of 16, utilizing1471

NVIDIA A100 GPUs (80 GB) for computational1472

processing. The computational resources are allo-1473

cated based on model scale, with 8 GPUs employed1474

for the 7B and 8B parameter models, while the1475

larger 32B parameter models use 16 GPUs to ac-1476

commodate their increased computational demands1477

during the fine-tuning process. For all answer en-1478

tities ea, we choose 10 anchor entities randomly1479

sampled from their 3-hop neighbors. To guarantee1480

stable and reproducible results, we utilize greedy1481

decoding by setting the temperature parameter to 01482

in all experiments. The optimization process em-1483

ploys a peak learning rate of 3e-5, implemented in1484

conjunction with a learning rate warmup strategy1485

that gradually increases the learning rate over the1486

initial 1% of training iterations to ensure stable con-1487

vergence. We set the maximum truncated length as1488

2048 for all the benchmarks.1489

In the context of Equation (4) for the KA pro-1490

cess, qθ is fixed and derived from a frozen check-1491

point, while pθ is fine-tuned starting from a sepa-1492

rate checkpoint. The KL divergence is computed1493

at the token level using teacher forcing. We apply1494

deepspeed4 to accelerate the training process. We1495

implement our approach based on PyTorch 2.5.151496

and Huggingface’s Transformers6. For the training1497

code of KALE, we modified the training scripts1498

based on LLaMAFactory (Zheng et al., 2024). We1499

4https://www.deepspeed.ai/
5https://pytorch.org/
6https://github.com/huggingface/transformers

are committed to providing the source code of our 1500

approach, if accepted. During testing, for all mod- 1501

els, we follow MeanLearn (Xiong et al., 2024) to 1502

use the same system prompt for a fair comparison: 1503

"You are a cautious assistant. You carefully follow 1504

instructions. You are helpful and harmless, and 1505

you follow ethical guidelines and promote positive 1506

behavior. You are given a question together with a 1507

few options. You should give an explanation first 1508

and then answer the question." More details for the 1509

best performance of each task and benchmark can 1510

be seen within our code. 1511

G.2 Baseline Methods. 1512

We compare thirteen baselines: (i) Vanilla: stan- 1513

dalone LLMs without modifications. (ii) CoT (Wei 1514

et al., 2022b): prompting LLMs to generate inter- 1515

nal thoughts. (iii) Think-on-Graph (TOG) (Sun 1516

et al., 2023): applying iterative beam search to 1517

enhance LLMs’ reasoning ability. (iv) Struct- 1518

GPT (Jiang et al., 2023b): proposing iterative 1519

reading-then-reasoning based on structured data. 1520

(v) GraphRAG (Edge et al., 2024): integrating KG 1521

traversal to retrieve structured relationships. (vi) 1522

SFT (Wei et al., 2022a): standalone SFT process. 1523

(vii) Self-Distillation Fine-Tuning (SDFT) (Yang 1524

et al., 2024b): guiding fine-tuning with a dataset 1525

generated by model itself. (viii) Dual-stage Mixed 1526

Fine-tuning (DMT) (Dong et al., 2024): achieving 1527

a balance between general and specialized abil- 1528

ity. (ix) MeanLearn (Xiong et al., 2024): teach- 1529

ing LLMs to leverage generic facts. (x) KG-SFT 1530
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Known Fact Checking 

Question: Please determine whether the following statement is correct. You only answer 'yes' or 'no'. Bananas grow on 
plants in a way that their fruit points upward, defying gravity. This is known as "negative geotropism," where the fruits grow 
away from the pull of gravity.

Model via SFT Answer: Yes. √ Model via KALE Answer: Yes.√

Q: Which direction do bananas grow on the plant?
A) Downward. B) Upward. C) Horizontally. D) 

Underground.

A: Bananas grow in bunches from a central stem. The 
bunch itself emerges from the plant's "pseudostem," which 
is actually a collection of tightly wrapped leaf sheaths, not a 
true woody stem like a tree. Considering the weight of the 
fruit and the structure of the plant, we can deduce that the 
growth direction is downward.
Answer: A) Downward. 

Vanilla SFT KALE

Q: Which direction do bananas grow on the plant?
A) Downward. B) Upward. C) Horizontally. D) 

Underground.

A: Bananas grow on a plant called a banana tree, which is 
a large herb. The fruit grows in clusters called bunches, 
and the bananas themselves grow upward. This happens 
because bananas have a natural tendency for "negative 
geotropism“, meaning they grow against the force of gravity, 
seeking sunlight.
Answer: B) Upward. × √

Figure 7: An example of known&incorrect phenomenon comparison using Gemma2 9B as the backbone model.

(Chen et al., 2025a): utilizing KGs to filter SFT1531

data to enhance LLMs’ ability. (xi) Self-Taught1532

Reasoner (STaR) (Zelikman et al., 2024): gener-1533

ating a rationale dataset from a few initials itera-1534

tively. (xii) AugGPT (Dai et al., 2023): using an1535

LLM to rephrase questions in original data. (xiii)1536

GPT3Mix (Yoo et al., 2021): prompting an LLM1537

to generate similar questions in the SFT data.1538

G.3 Benchmark Details1539

Table 3: The statistics of AbsR the benchmark.

Examples Questions Generic Facts

Train 18,020 9,010 4,613
Test 844 844 104

For more details of benchmarks, we list be-1540

low all the benchmarks used in logical reasoning,1541

reading comprehension, and natural language1542

understanding, respectively, by KALE as follows.1543

Logical Reasoning Task we employ AbsR (Xiong1544

et al., 2024), Commonsense (Xiong et al., 2023),1545

and Big Bench Hard (BBH) (Suzgun et al., 2023)1546

as our evaluation benchmarks. Specifically, the1547

AbsR benchmark was constructed using GPT-41548

as the primary data annotator, following (Chen1549

et al., 2024; Zheng et al., 2023). For each generic1550

fact ri, GPT-4 was prompted to generate samples1551

Si = {si1, . . . , simi
| 1 ≤ mi ≤ 3} in diverse sce-1552

narios. Each sample sij consists of a question Xi
j1553

with multiple options, a response Y i
j containing1554

an answer and an explanation guided by ri, and 1555

forms a triple sij = ⟨Xi
j , ri, Y

i
j ⟩. From each sam- 1556

ple in the training set sij , two types of examples 1557

were derived: (i) K-example, which predicts Y i
j 1558

given ⟨Xi
j , ri⟩, and (ii) R-example, which predicts 1559

Y i
j given only Xi

j . These examples are designed 1560

to implicitly enhance abstract reasoning in LLMs 1561

through the knowledge and reasoning pathways. In 1562

the testing set, only the R-example is provided for 1563

each sample. The statistics of the AbsR benchmark 1564

are summarized in Table 3. 1565

Table 4: The statistics of the Commonsense.

Dataset Task Type Size

αNLI (Bhagavatula et al., 2020) 2 Choices 1,507
CSQA (Talmor et al., 2019) 5 Choices 1,221
COPA (Gordon et al., 2012) 2 Choices 500
e-CARE (Du et al., 2022) 2 Choices 2,122
Social IQa (Sap et al., 2019) 3 Choices 1,935
PIQA (Bisk et al., 2020) 2 Choices 1,838
StrategyQA (Geva et al., 2021) Yes or No 2,290

The Commonsense benchmark (Xiong et al., 1566

2023) is a multiple-choice question-answering 1567

benchmark designed to evaluate the ability of 1568

LLMs to perform complex reasoning based on 1569

commonsense knowledge. Each question in the 1570

benchmark is associated with five candidate an- 1571

swers, only one of which is correct. The dataset 1572

spans a diverse range of domains, including ev- 1573

eryday scenarios, social interactions, and physical 1574

phenomena, making it a comprehensive testbed for 1575
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Known Fact Checking 

Question: Please determine whether the following statement is correct. You only answer 'yes' or 'no'. When onions are cut, 
their cells rupture and release enzymes that convert sulfur-containing compounds into volatile sulfuric gases. These gases 
react with the moisture in the eyes, forming mild sulfuric acid, which irritates the eyes and triggers tear production.

Model via SFT Answer: Yes. √ Model via KALE Answer: Yes.√

Q: Why do onions make you cry?
A) Acidic juice irritates eyes. B) Enzymes release sulfuric 
gas. C) Pollen triggers allergies. D) Natural defense against 
cutting.

A: Onions make you cry primarily because of their acids.  
The acids are released when you cut the onion, and these 
acids quickly diffuses into the air and into your eyes, which 
are moist, causing a burning sensation and tearing. This is 
a natural defense mechanism of the onion to deter 
predators from eating it.
Answer: A) Acidic juice irritates eyes. 

Vanilla SFT KALE

Q: Why do onions make you cry?
A) Acidic juice irritates eyes. B) Enzymes release sulfuric 
gas. C) Pollen triggers allergies. D) Natural defense against 
cutting.

A : When an onion is cut, its cells are damaged. This 
damage allows enzymes within the onion to mix with sulfur-
containing amino acids. Alliinase helps synthase acts on 
these sulfenic acids to produce a sulfur-containing gas. 
When it reaches eyes, it stimulates the lachrymal glands, 
causing them to produce tears to flush away the irritant.
Answer: B) Enzymes release sulfuric gas.× √

Figure 8: An example of known&incorrect phenomenon comparison using OLMOE 7B as the backbone model.

evaluating the commonsense reasoning capabilities1576

of LLMs. We summarize the key statistics and1577

characteristics of Commonsense in Table 4. For the1578

BBH benchmark (Suzgun et al., 2023), it consists1579

of a curated suite of 23 challenging tasks derived1580

from the broader BIG-Bench benchmark (Srivas-1581

tava et al., 2023). These tasks were specifically1582

selected because prior language model evaluations1583

failed to surpass the average human-rater perfor-1584

mance, making them particularly suitable for as-1585

sessing the limits of current models. The tasks span1586

a wide range of domains, including logical reason-1587

ing, mathematical problem-solving, and linguistic1588

understanding, requiring models to demonstrate1589

robust reasoning and contextual comprehension.1590

BBH focuses on the importance of structured rea-1591

soning pathways in tackling complex tasks. We1592

summarize the filtering process of BBH in Table 5.1593

Reading Comprehension Task We employ1594

RACE-M (middle school level reading comprehen-1595

sion task) and RACE-H (high school level read-1596

ing comprehension task) (Lai et al., 2017) as our1597

benchmarks. RACE is collected from the English1598

exams for middle and high school Chinese students1599

in the age range between 12 to 18. RACE con-1600

sists of nearly 28, 000 passages and nearly 100, 0001601

questions generated by human experts (English in-1602

structors), and covers a variety of topics that are1603

carefully designed to evaluate the student’s abil-1604

ity to understand and reason. The reasoning types1605

of RACE include word matching, paraphrasing,1606

single-sentence reasoning, multi-sentence reason- 1607

ing, and insufficient/ambiguous. We summarize 1608

the details in Table 6. 1609

Natural Language Understanding Task For the 1610

natural language understanding task, we employ 1611

the Massive Multitask Language Understand- 1612

ing (MMLU) benchmark (Hendrycks et al., 2021) 1613

and the ARC benchmark for evaluation. MMLU 1614

is a comprehensive dataset designed to assess 1615

the breadth and depth of LLMs’ knowledge and 1616

problem-solving abilities. MMLU consists of 57 1617

tasks spanning diverse domains, including STEM 1618

(Science, Technology, Engineering, and Mathemat- 1619

ics), humanities (e.g., law, philosophy, history), so- 1620

cial sciences (e.g., economics, sociology, psychol- 1621

ogy), and other specialized fields (e.g., medicine, 1622

finance). The dataset comprises 15, 908 questions, 1623

divided into three splits: a dev set with 5 questions 1624

per subject for few-shot evaluation, a validation set 1625

with 1, 540 questions for hyperparameter tuning, 1626

and a test set with 14, 079 questions, ensuring at 1627

least 100 test examples per subject. 1628

The questions in MMLU are designed to require 1629

extensive world knowledge and expert-level reason- 1630

ing, making it a rigorous benchmark for evaluating 1631

language models’ generalization across multiple 1632

disciplines. We summarize the key statistics and 1633

characteristics of the MMLU dataset in Table 7. 1634

The AI2 Reasoning Challenge (ARC) benchmark 1635

(Bhakthavatsalam et al., 2021) is a comprehensive 1636

dataset designed to assess the ability of language 1637
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Known Fact Checking 

Question: Please determine whether the following statement is correct. You only answer 'yes' or 'no'. Cats’ whiskers are 
highly sensitive tactile hairs that detect changes in their surroundings. Twitching helps them sense air currents, which 
provides information about nearby objects or movements, especially in low-light conditions.

Model via SFT Answer: Yes. √ Model via KALE Answer: Yes.√

Q: Why do cats’ whiskers twitch?
A) To measure the width of spaces. B) To detect air 
currents. C) For balance. D) To communicate emotions.

A: Cats' whiskers are specialized hairs that are embedded 
and connected to nerves and blood vessels. They serve 
multiple sensory functions.  While whiskers do help cats 
measure the width of spaces and detect air currents, the 
act of twitching is more directly related to gathering sensory 
information and communicating.
Answer: D) To communicate emotions.

Vanilla SFT KALE

Q: Why do cats’ whiskers twitch?
A) To measure the width of spaces. B) To detect air 
currents. C) For balance. D) To communicate emotions.

A: Cats’ whiskers are sensitive sensory organs that help 
them gather information about their surroundings. Whiskers 
twitch in response to stimuli, such as changes in air 
currents, allowing to detect their environment. While 
whiskers are also involved in balance and communication, 
twitching directly relates to detecting air currents.
Answer: B) To detect air currents.× √

Figure 9: An example of known&incorrect phenomenon comparison using Orca2 7B as the backbone model.

Prompt Templates for Known Fact Checking

You are a cautious assistant. You carefully follow instructions. You are helpful
and harmless and you follow ethical guidelines and promote positive behavior.
Question: Please determine whether the following statement is correct. You only
answer ’yes’ or ’no’. Known Fact.

Figure 10: The prompt template used for known fact checking.

models to answer complex, multi-faceted science1638

questions on scientific reasoning and knowledge1639

integration capabilities. The ARC dataset consists1640

of 7, 787 multiple-choice questions derived from1641

grade-school-level science exams, spanning grades1642

3 through 9. These questions are divided into two1643

subsets: the Easy Set (ARC-E) and the Challenge1644

Set (ARC-C), with the latter containing 2, 5901645

questions that are particularly difficult and require1646

advanced reasoning skills. The Easy Set (ARC-1647

E) comprises 5, 197 questions that are relatively1648

straightforward and can often be answered using1649

basic retrieval or word co-occurrence methods. In1650

contrast, the Challenge Set (ARC-C) includes ques-1651

tions that were specifically selected because they1652

could not be correctly answered by retrieval-based1653

algorithms (e.g., Information Retrieval Solver) or1654

word co-occurrence methods (e.g., Pointwise Mu-1655

tual Information Solver). These questions demand1656

deeper comprehension, reasoning, and the integra-1657

tion of distributed knowledge across multiple sen-1658

tences or concepts. Each question in the ARC1659

dataset is presented with four answer choices, with1660

less than 1% of questions having either three or five1661

options. The dataset is further partitioned into train- 1662

ing, validation, and test splits to facilitate model 1663

development and evaluation. For instance, the Chal- 1664

lenge Set includes 1, 119 training examples, 299 1665

validation examples, and 1, 172 test examples. We 1666

summarize the key statistics and characteristics of 1667

the ARC dataset in Table 12. 1668

Medical Domain Benchmarks We use multiple- 1669

choice medical questions benchmarks in six lan- 1670

guages as the representative knowledge-intensive 1671

domain, including MedQA (English and Chinese) 1672

(Jin et al., 2020), IgakuQA (Japanese) (Kasai 1673

et al., 2023), RuMedDaNet (Qiu et al., 2024), 1674

FrenchMedMCQA (Labrak et al., 2022), and Head- 1675

QA (Vilares and Gómez-Rodríguez, 2019) to pro- 1676

vide a comprehensive understanding of our KALE. 1677

We provide the statistics of each dataset in Table 8. 1678

H More In-depth Analysis of KALE 1679

H.1 More Results of KALE on 1680

Knowledge-intensive Domains 1681

In Tables 1 and 13, we present the performance of 1682

KALE across various downstream tasks. To further 1683
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Prompt Templates for Rationale Generation

You are a cautious assistant. You carefully follow instructions. You are
helpful and harmless and you follow ethical guidelines and promote positive
behavior. You are given the question: Question. The corresponding answer is:
Answer. The reasoning paths are: Reasoning Path. Please provide a detailed
explanatory rationale that references these reasoning paths. If you determine
that the reasoning path is irrelevant to the current QA pair, you may generate
rationales based on your own knowledge.

Figure 11: The prompt template used for rationale generation.

Prompt Templates for Main Results

You are a cautious assistant. You carefully follow instructions. You are
helpful and harmless and you follow ethical guidelines and promote positive
behavior. You are given a question together with a few options, you should give
an explanation first and then answer the question. Your response should follow
the format like Explanation: ___ Answer: ___ Below is the Question and Options:
Question Options

Figure 12: The prompt template used for main results.

demonstrate the capabilities of KALE, this sec-1684

tion provides its evaluation on several knowledge-1685

intensive tasks. Following the same experimental1686

setting of KG-SFT (Chen et al., 2025a), we use1687

MedQA as the benchmark using LlaMA2 7B as1688

the backbone model. As shown in Table 9, we1689

still observe that our proposed KALE significantly1690

outperforms existing state-of-the-art baselines by1691

a large margin, which also demonstrates that our1692

KALE can effectively work under the knowledge-1693

intensive scenarios.1694

H.2 Inference Time Comparison1695

As mentioned in Section 2.2, KALE is a post-1696

training method designed to enhance the knowl-1697

edge manipulation capabilities of LLMs. Once1698

the model completes training, KALE maintains1699

identical autoregressive inference characteris-1700

tics to vanilla LLMs during the decoding phase,1701

introducing zero additional temporal overhead1702

and requiring no retrieval operations from ex-1703

ternal knowledge bases. We conduct compara-1704

tive measurements of average inference latency1705

per sample across different methodologies (vanilla1706

LLM, CoT, TOG, StructGPT, GraphRAG, and1707

KALE) using an Nvidia A100 GPU (80GB). The1708

quantitative results in Table 10 reveal that KALE1709

achieves nearly identical inference speed to vanilla 1710

LLMs. At the inference stage, both KALE and 1711

Vanilla models follow a similar logic: they di- 1712

rectly take the instruction and question as input to 1713

the LLM. Therefore, any observed speed differ- 1714

ences between them are primarily attributable 1715

to slight variations in the length of their gen- 1716

erated outputs. There are instances where the 1717

Vanilla model’s output length is marginally longer 1718

than KALE’s, leading to KALE being slightly 1719

faster, and vice versa. This minor difference in 1720

token generation directly impacts the overall in- 1721

ference time. In contrast, RAG-based approaches 1722

requiring knowledge retrieval and CoT methods 1723

with extended prompt sequences incur additional 1724

computational overhead. 1725

H.3 More results on the Hyperparameter 1726

sensitivity evaluation of KALE 1727

Regarding the sensitivity of KALE to the hyper- 1728

parameters of each component, we conduct ex- 1729

periments to demonstrate its robustness. For all 1730

datasets, our default setting involved randomly sam- 1731

pling 10 anchor entities from their 3-hop neighbors. 1732

The consistent superior performance of KALE 1733

across diverse datasets under these unified parame- 1734

ter settings highlights its general effectiveness. 1735
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Prompt Templates for reasoning trace quality evaluation

You are a cautious assistant. You carefully follow instructions. You are helpful
and harmless and you follow ethical guidelines and promote positive behavior.
You are given a rationale for a question. Evaluate the given rationale along
five dimensions—Factual Accuracy, Logical Validity, Coherence, Completeness,
and Interpretability. For each dimension, output True if the rationale is
correct or meets the criterion; otherwise, output False. You should produce a
five-element list in the form like [True,True,True,True,True]. Below are the
Question Question and the Rationales Rationales.

Figure 13: The prompt template used for reasoning trace quality evaluation.

Science Domain Example

Question: what is the true color of the Sun?
Answer Choices:
A) Red
B) Yellow
C) White
D) Blue
Extracted Reasoning Paths:
the Sun–emits–>full spectrum light–integrates_into–>white light
Generated Rationales:
The Sun emits light that contains the entire visible spectrum. When these
different colors of light are combined, they create white light.

Figure 14: An example of generated rationales on science domain.

Moreover, to further investigate KALE’s robust-1736

ness, we conduct experiments by varying these key1737

hyperparameters. As shown in Table 11, we can1738

observe that KALE exhibits robustness to changes1739

in both the number of anchor entities and hops for1740

neighbors. This further underscores the practical1741

potential and reliability of our KALE framework1742

in real-world applications.1743

H.4 Average Steps of Extracted Reasoning1744

Paths1745

By default, we generate three-hop reasoning paths1746

from questions to answers for each question-1747

answer pair. If a 3-hop reasoning path cannot reach1748

the answer entity, we still provide these paths as1749

auxiliary information to facilitate rationale gener-1750

ation by the LLM. We currently provide the pro-1751

portion of each hop within the generated reasoning1752

paths, where ’3hop complete’ indicates that the1753

three-hop reasoning path successfully reached the1754

answer, and ’3hop partial’ indicates that the reason-1755

ing path did not reach the answer entity. As shown 1756

in Table 12, we find that most of the reasoning 1757

paths can directly lead to the final answer entity. 1758

Specifically, less than 2% of the reasoning paths 1759

cannot reach the answer entity. This suggests that 1760

the extracted reasoning paths can effectively eluci- 1761

date the underlying logic and correlations between 1762

the question and the answer. 1763

H.5 More Results of Different Backbone 1764

Models 1765

As mentioned in Section 5.2, we select LlaMA3 1766

8B, Mistral 7B, and Qwen2.5 32B as representative 1767

models in Table 1. In this section, to further demon- 1768

strate the generalization and versatility of KALE, 1769

we also conducted experiments on several pop- 1770

ular open-source LLMs, including Gemma2 9B, 1771

OLMOE-1B-7B, and Orca2 7B. As shown in Table 1772

13, we can still observe that our KALE method sig- 1773

nificantly outperforms existing baselines on these 1774

backbone models as well. This further demon- 1775
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Medicine Domain Example

Question: Which of the following is a typical symptom of cancer?
Answer Choices:
A) Weight gain
B) Persistent fever
C) Sore muscles
D) Acne
Extracted Reasoning Paths:
cancer–may cause–>decreased resistance–may cause–>persistent fever
cancer–may cause–>decreased immune function–may cause–>persistent fever
Generated Rationales:
The common symptoms that cancer may cause include decreased resistance, which
can lead to fever of unknown origin, usually manifested as persistent fever.

Figure 15: An example of generated rationales on medicine domain.

Common Knowledge Domain Example

Question: What do people use to absorb extra ink from a fountain pen?
Answer Choices:
A) shirt pocket
B) calligrapher’s hand
C) desk drawer
D) blotter
Extracted Reasoning Paths:
extra ink–absorbed by–>absorbent paper–also is–>blotter
fountain pen–produces–>excess ink– absorbed by–>blotter
Generated Rationales:
A blotter is a piece of special absorbent paper. People use it to press against
fresh ink from a fountain pen to soak up any excess, which prevents smudging
and helps the ink dry faster.

Figure 16: An example of generated rationales on common knowledge domain.

strates the effectiveness of our KALE approach.1776

We also present radar charts for each backbone1777

model to provide a more intuitive performance com-1778

parison in Figures 20 and 21. The effectiveness1779

of our KALE across various popular open-source1780

models further demonstrates its strong versatility1781

and generalization capabilities.1782

H.6 More Results of Applying Different KGs1783

to Extract Rationales1784

In the main experiments, we used Wikidata as the1785

default KG for extracting reasoning paths. To fur-1786

ther evaluate the robustness of KALE under differ-1787

ent, smaller-scale KGs, we additionally extracted1788

reasoning paths from alternative KGs and gener-1789

ated corresponding rationales. Specifically, we 1790

employed DBpedia (Auer et al., 2007) and Con- 1791

ceptNet (Speer et al., 2017) to extract reasoning 1792

paths, based on which we generated rationales for 1793

training. We used LLaMA3-8B as the backbone 1794

model. 1795

As shown in Table 14, We observe that our 1796

KALE model exhibits relatively robust perfor- 1797

mance across different KGs. This implies a strong 1798

potential for KALE to generalize to various KGs in 1799

complex real-world datasets, thereby demonstrat- 1800

ing its significant applicability in practical scenar- 1801

ios. 1802
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Computer Science Domain Example

Question: Which protocol secures data for websites (padlock in the address
bar)?
Answer Choices:
A) HTTP
B) FTP
C) HTTPS
D) SMTP
Extracted Reasoning Paths:
websites–secure transport–>TLS–implemented as–>HTTPS
websites–handle–>sensitive data–requires–>encryption–provided by–>HTTPS
Generated Rationales:
Modern websites handle sensitive user data that requires encryption to prevent
interception. HTTPS (Hypertext Transfer Protocol Secure) is the solution; it is
essentially the HTTP protocol layered on top of a secure encryption protocol,
TLS (Transport Layer Security).

Figure 17: An example of generated rationales on computer science domain.

Table 5: Filtering criteria to create the BIG-Bench Hard (BBH) benchmark.

# Tasks Criteria

209 All BIG-Bench tasks
187 - After filtering out tasks with more than three subtasks
130 - After filtering out tasks with fewer than 103 examples (3 for few-shot, 100 for evaluation)
85 - After filtering out tasks without human-rater baselines
78 - After filtering out tasks that do not use multiple-choice or exact match as the evaluation metric

78 Clean multiple-choice or exact match tasks
36 - After filtering out tasks in which the best reported model beats average reported human-rater score
23 - After filtering out extremely difficult tasks that are outside the scope of this work

23 Remaining tasks = BIG-Bench Hard (BBH)

H.7 More Results of Ablation Study1803

In Section 5.3, we report the results of the ablation1804

study using LlaMA3 8B, Mistral 7B, and Qwen2.51805

32B as the backbone model. In this section, we1806

will further present the results using Gemma2 9B,1807

OLMOE 7B, and Orca2 7B as backbone models1808

to obtain more insights into the individual com-1809

ponents constituting KALE across various back-1810

bone models. As illustrated in Tables 15, we1811

still observe that the absence of each component1812

within KALE leads to a decline in performance1813

across diverse domains for almost all applied back-1814

bone models in all tested benchmarks, which fur-1815

ther demonstrates that KALE organically integrates1816

the knowledge-induced data synthesis method and1817

knowledge-aware fine-tuning into a unified frame-1818

work as well. We still observe that the absence1819

of knowledge-aware fine-tuning (KALEw/o KA) 1820

leads to a more significant decline in accuracy, 1821

which further demonstrates the importance of ef- 1822

fectively implicit knowledge learning. 1823

H.8 More Results of KNOWN&INCORRECT 1824

Phenomenon on Different Baselines 1825

As mentioned in Section 5.4, models fine-tuned 1826

using vanilla SFT still exhibit a serious known- 1827

incorrect phenomenon. In this section, we provide 1828

more analysis of the known-incorrect phenomenon 1829

to include additional baselines involving the train- 1830

ing of LLMs. As shown in Table 16, we observe 1831

that our KALE consistently achieves the best re- 1832

sults in knowledge manipulation analysis. If the 1833

model possesses relevant knowledge, KALE ex- 1834

hibits the lowest known&incorrect rate. Specifi- 1835
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Economics Domain Example

Question: If demand increases while supply remains constant, what happens to
the equilibrium price?
Answer Choices:
A) Lower equilibrium price
B) Stays the same
C) Higher equilibrium price
D) Becomes zero
Extracted Reasoning Paths:
demand–shifts right–>demand curve–causes–>higher equilibrium price
Generated Rationales:
A rightward shift in the demand curve, with supply held constant, leads to
a higher equilibrium price. This occurs because at the original price, a
shortage is created, causing buyers to compete and bid the price upward to a
new equilibrium.

Figure 18: An example of generated rationales on economics domain.

Table 6: Statistics of the reading comprehension benchmarks, RACE-H and RACE-M. The values below the
Training/Valid/Testing Set are the number of passages and questions in each dataset, respectively. Passage/Ques-
tion/Option Len denotes the average length of the passages, questions, and options, respectively. Vocab size denotes
the number of words in the vocabulary.

Dataset Training Set Valid Set Testing Set Passage Len Question Len Option Len Vocab Size

RACE-M 6,409/25,421 368/1,436 362/1,436 231.1 9.0 3.9 32,811
RACE-H 18,728/62,445 1,021/3,451 1,045/3,498 353.1 10.4 5.8 125,120

Table 7: Statistics for MMLU, ARC-C, and ARC-e
datasets.

Statistics Train Dev Test

MMLU 99,842 1,540 14,079
ARC-C 1,119 299 1,172
ARC-e 2,251 570 2,376

cally, on Qwen-2.5 32B, KALE demonstrates only1836

a 1.07% known&incorrect rate. This further in-1837

dicates that KALE effectively enhances LLMs’1838

knowledge manipulation ability in downstream1839

tasks.1840

H.9 More Results of SFT and KALE with1841

Varying Ratios of Training Data1842

In Section 5.4, we utilized LlaMA3 8B, Mistral1843

7B, and Qwen2.5 32B as backbone models to in-1844

vestigate the performance of models trained with1845

the SFT and KALE methods on downstream tasks1846

under varying ratios of training rationales.1847

In this section, we provide additional results1848

using other LLMs as backbone models, includ- 1849

ing Gemma2 9B, OLMOE 7B, and Orca2 7B. 1850

As shown in Figure 22, we observed that KALE 1851

demonstrated superior performance on downstream 1852

tasks even when only a small proportion of ratio- 1853

nales was used for training. Specifically, the im- 1854

provement of the OLMOE model can reach over 1855

20% on low-data scenarios. These findings high- 1856

light the effectiveness of KALE in low-resource 1857

scenarios, which also impies a great potentials of 1858

our KALE for scenarios with limited high-quality 1859

data. 1860

H.10 More Results of Rationales Generated 1861

by Different LLMs 1862

In our main experiments, we utilize GPT-4o to 1863

generate rationales for each sample. We choose 1864

GPT-4o due to its exceptional performance in gen- 1865

erating high-quality rationales, as it has demon- 1866

strated impressive results on numerous understand- 1867

ing and reasoning tasks. To demonstrate the gener- 1868

alizability of our KALE, we also incorporate two 1869

popular open-source LLMs—i.e., DeepSeek V3 1870
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Table 8: Statistical results for medical multiple-choice questions benchmarks in six languages.

Dataset Language Source Train Test

MedQA English United States Medical Licensing
Examination

10178 1273

MedQA Chinese United States Medical Licensing
Examination

27400 3426

IgakuQA Japanese Japan’s medical licensure exams
(2018-2022)

1590 199

RuMedDaNet Russian Russian medical judgment ques-
tion dataset

1052 256

FrenchMedMCQA French Professional exams for the
French Pharmacy degree

2171 622

Head-QA Spanish Exams for positions in the Span-
ish healthcare

2657 2742

Table 9: Experiment results for existing methods on knowledge-intensive domains. The results of the mentioned
methods are taken from KG-SFT (Chen et al., 2025a). We bold the best results for each dataset.

Method MedQA MedQA IgakuQA RuMedDaNet MedMCQA HeadQA Average
(English) (Chinese) (Russian) (Spanish) (French) (Japanese)

Vanilla 28.20 28.37 51.17 32.97 12.76 11.10 27.43
COT 37.65 39.01 65.23 40.33 25.08 23.63 38.48
TOG 34.27 28.13 48.42 35.59 12.47 19.61 29.75
KGR 33.15 26.88 47.52 34.74 13.39 17.29 28.83
KAPING 36.39 27.24 54.66 34.98 11.54 15.91 30.45

SFT 33.62 29.33 66.40 35.19 12.67 21.11 32.30
AugGPT 40.29 36.54 62.14 40.70 22.99 27.13 38.30
GPT3Mix 39.35 37.97 66.01 41.50 25.08 26.13 39.34
KG-SFT 41.71 39.31 68.75 44.40 28.45 28.14 41.79

KALE (ours) 45.89 42.77 69.81 45.58 30.39 28.79 43.53

Table 10: Average testing time for each sample on the AbsR dataset for each method (Unit: second)

Backbone Models Vanilla CoT TOG StructGPT GraphRAG KALE (ours)

LlaMa3 8B 7.44 7.91 8.21 7.88 9.08 7.50
Mistral 7B 2.19 3.11 4.97 5.45 10.10 2.11
Qwen2.5 32B 11.20 11.90 11.8 12.8 12.30 11.09
Gemma2 9B 3.73 4.19 4.82 3.98 8.40 3.93
OLMOE 7B 8.33 8.75 10.70 14.60 11.04 8.55
Orca2 7B 3.97 4.33 4.95 7.09 8.20 3.67

Table 11: Hyperparameter sensitivity evaluation on the number of anchor entities and the hop of neighbors.

Anchors Hops Absr ARC-c ARC-e Common MMLU BBH RACE-h RACE-m

5 2 82.94 80.03 84.18 66.34 61.79 57.98 68.27 73.33
5 4 84.50 78.50 84.13 63.64 61.33 57.82 66.60 71.73
15 2 82.94 75.09 85.00 64.95 60.03 56.13 65.75 69.64
15 4 85.31 76.19 87.40 65.44 60.68 54.45 65.41 71.03

10 (ori) 3(ori) 83.62 81.23 86.45 65.69 63.27 57.33 68.61 74.12
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Art Domain Example

Question: The technique of dramatic light–dark contrast in painting is called:
Answer Choices:
A) Impasto
B) Fresco
C) Chiaroscuro
D) Sfumato
Extracted Reasoning Paths:
painting–contrast of–>light and dark–technique named–>chiaroscuro
painting–modeling of form–>using dramatic light–a key feature of–>chiaroscuro
Generated Rationales:
Chiaroscuro is the technique in painting that uses strong, dramatic contrasts
between light and dark. Artists employ this method not only to create a sense of
volume for modeling three-dimensional subjects, but also to produce a powerful,
theatrical mood.

Figure 19: An example of generated rationales on art domain.
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Figure 20: KALE achieves state-of-the-art performance on a broad range of scientific optimization tasks compared
with existing methods, using LlaMA3 8B, Mistral 7B, and Qwen2.5 32B as backbone models, respectively.

Table 12: Statistics of average step in reasoning path on
the AbsR dataset.

1-hop 2-hop 3-hop complete 3-hop partial

15.76 54.03 28.27 1.94

and LLaMA3.1-70B-Instruct—for rationale gen-1871

eration and apply LLaMA3 8B as the backbone1872

model. The results in Table 18 indicate that train-1873

ing on rationales generated by LLaMA3 70B and1874

DeepSeekV3 still yields performance that signif-1875

icantly surpasses vanilla methods and achieves1876

results comparable to those derived from GPT-1877

4.0-generated rationales. This demonstrates that1878

KALE is relatively robust to rationales gener-1879

ated by different LLMs, highlighting its effec-1880

tiveness for practical applications.1881

H.11 More Results of Different Types of 1882

Generated Rationales 1883

To further investigate whether the model genuinely 1884

benefits from meaningful knowledge or merely 1885

from the presence of any rationale, we generate 1886

two sets of modified rationales based on the origi- 1887

nal reasoning paths: 1888

• KALEirrelated: We instruct GPT-4o to gener- 1889

ate factually irrelevant rationales to the rea- 1890

soning paths. 1891

• KALEcontrast: We instruct GPT-4o to gener- 1892

ate rationales that are factually contrasting to 1893

the reasoning paths. 1894

We denote our original method as KALEori and 1895

present the comparative results in Table 19. The 1896

performance obtained using irrelevant or contrast- 1897

ing rationales is significantly lower than that of 1898
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Table 13: More results of our KALE using Gemma2 9B, OLMOE 7B, and Orca2 7B as backbone models. We bold
the best results and underline the suboptimal results for each backbone model.

Backbone Category Method AbsR ARC-c ARC-e Common MMLU BBH RACE-h RACE-m

Gemma2 9B

Prompt-based Vanilla 52.49 79.95 88.89 57.66 53.56 48.93 73.13 78.62
CoT 67.54 81.06 86.91 61.43 57.35 53.37 71.07 79.32

Retrieval-based
TOG 72.04 79.27 81.65 63.06 59.31 51.53 75.99 79.53
StructGPT 59.24 83.28 86.87 59.30 61.40 57.98 79.87 81.27
GraphRAG 64.57 85.07 84.13 65.00 62.53 60.89 76.80 81.69

SFT-based

SFT 61.37 81.06 89.06 58.97 55.26 51.38 74.93 80.78
SDFT 75.83 82.42 90.91 60.85 57.67 55.37 74.19 81.20
DMT 77.13 81.83 91.12 62.00 56.69 53.22 76.99 83.01
MeanLearn 72.04 80.20 89.90 63.06 58.98 57.36 75.53 81.20
KG-SFT 74.76 80.20 88.26 64.54 59.37 55.06 77.16 82.73

Augmented-based

STaR 76.66 77.22 84.43 60.20 54.54 56.60 75.53 81.55
AugGPT 59.60 82.34 81.86 53.73 55.26 58.89 78.88 83.33
GPT3Mix 59.72 75.43 88.22 64.29 61.01 55.83 79.07 83.98

KALE (ours) 81.52 88.57 94.70 68.63 65.32 65.49 83.30 87.74

OLMOE 7B

Prompt-based Vanilla 49.88 62.03 65.99 44.06 38.73 35.73 57.18 65.74
CoT 51.06 63.13 67.34 45.62 39.91 36.66 59.46 64.83

Retrieval-based
TOG 54.50 64.42 69.82 47.26 40.89 38.34 60.35 67.75
StructGPT 56.87 65.70 71.12 51.60 41.61 40.64 60.03 69.63
GraphRAG 57.82 60.75 71.25 50.61 43.50 41.56 60.66 68.04

SFT-based

SFT 53.31 63.91 68.52 49.14 40.43 37.58 59.18 69.63
SDFT 59.95 65.52 70.16 50.61 42.78 38.65 59.06 67.84
DMT 60.43 66.04 70.83 51.26 42.36 39.57 61.18 68.45
MeanLearn 71.09 66.30 67.80 54.55 44.21 43.10 60.03 72.42
KG-SFT 61.26 66.41 70.58 52.66 43.17 38.04 61.09 65.25

Augmented-based

STaR 59.24 66.12 71.04 50.36 43.76 41.41 62.84 66.04
AugGPT 61.73 66.55 71.54 52.00 43.76 43.40 60.98 70.19
GPT3Mix 62.20 67.06 72.60 53.23 43.50 42.02 60.26 75.48

KALE (ours) 81.99 72.78 74.60 58.25 46.96 45.88 64.35 75.84

Orca2 7B

Prompt-based Vanilla 61.37 68.34 70.75 47.67 44.09 37.27 72.36 75.49
CoT 67.77 70.90 77.40 50.86 43.77 39.20 72.58 75.84

Retrieval-based
TOG 59.60 73.89 75.72 62.24 51.14 42.94 73.41 74.09
StructGPT 65.17 67.66 77.95 53.40 45.40 46.01 76.01 78.41
GraphRAG 67.06 69.97 78.87 54.71 50.75 47.70 76.02 75.77

SFT-based

SFT 63.98 71.33 76.56 48.24 52.90 47.70 73.33 76.88
SDFT 76.66 72.53 75.72 52.33 52.25 46.63 73.99 75.14
DMT 75.24 73.55 77.15 51.27 52.63 48.31 73.41 77.30
MeanLearn 77.01 77.22 86.57 66.50 53.04 35.58 73.36 78.76
KG-SFT 78.91 72.44 78.87 52.42 54.00 48.93 74.01 76.90

Augmented-based

STaR 71.68 75.00 81.57 64.53 45.85 44.33 75.33 77.30
AugGPT 61.73 73.89 80.05 53.89 47.81 44.32 75.24 78.55
GPT3Mix 69.79 74.58 79.67 54.46 50.75 45.25 75.53 77.51

KALE (ours) 83.41 78.16 88.51 69.62 61.20 50.77 78.62 80.02

KALEori. This demonstrates the effectiveness of1899

our knowledge-induced data synthesis, confirming1900

that the model truly benefits from high-quality, fac-1901

tually accurate, and logically coherent rationales.1902

H.12 More Results on Reasoning Trace1903

Quality Evaluation of Generated1904

Rationales1905

We incorporate a reasoning trace quality metric1906

to evaluate the quality of the generated rationales1907

to provide more insight into our KALE. We as-1908

sess rationale quality across five critical dimen-1909

sions: Factual Accuracy, Logical Validity, Coher-1910

ence, Completeness, and Interpretability (Lee 1911

and Hockenmaier, 2025). Each dimension is evalu- 1912

ated as a binary classification task. Following the 1913

"LLM-as-a-judge" paradigm (Zheng et al., 2023), 1914

we utilize GPT-5 for this assessment. As shown in 1915

Table 20, we use the AbsR dataset as an example 1916

and find that rationales generated via our KALE 1917

exhibit strong performance across all five dimen- 1918

sions, which further validates the effectiveness of 1919

KALE. 1920
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Table 14: Results comparison of KALE using different KGs to extract reasoning path using Llama3 8B as the
backbone model.

AbsR ARC-c ARC-e Common MMLU BBH RACE-h RACE-m

KALEDBpedia 80.81 77.89 83.77 60.07 61.28 58.00 65.58 68.73
KALEConceptNet 79.93 81.54 84.19 62.03 61.06 55.94 66.93 71.17
KALEWikidata 83.62 81.23 86.45 65.69 63.27 57.33 68.61 74.21
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Figure 21: KALE achieves state-of-the-art performance on a broad range of scientific optimization tasks compared
with existing methods, using Gemma2 9B, OLMOE 7B, and Orca2 7B as backbone models, respectively.

Table 15: More results of the ablation study of our KALE, using Gemma2 9B, OLMOE 7B, and Orca2 7B as the
backbone models.

Backbone Method AbsR ARC-c ARC-e Common MMLU BBH RACE-h RACE-m

Gemma2 9B
KALEw/o KI 76.54↓4.98 84.47↓4.10 92.17↓2.53 65.52↓3.11 61.14↓4.18 61.35↓4.14 80.02↓3.28 84.26↓3.48
KALEw/o KA 73.22↓8.30 78.41↓10.16 90.32↓4.38 66.99↓1.64 63.42↓1.90 60.12↓5.37 78.70↓4.60 82.66↓5.08
KALE 81.52 88.57 94.70 68.63 65.32 65.49 83.30 87.74

OLMOE 7B
KALEw/o KI 78.91↓3.08 69.80↓2.98 73.23↓1.37 56.51↓1.74 40.89↓6.07 43.25↓2.63 62.92↓1.43 70.26↓5.58
KALEw/o KA 74.17↓7.82 68.26↓4.52 70.92↓3.68 55.28↓2.97 44.35↓2.61 42.48↓3.40 60.26↓4.09 69.22↓6.62
KALE 81.99 72.78 74.60 58.25 46.96 45.88 64.35 75.84

Orca2 7B
KALEw/o KI 79.68↓3.73 76.37↓1.79 84.18↓4.33 67.81↓1.81 58.59↓2.61 48.31↓2.46 74.96↓3.66 77.99↓2.03
KALEw/o KA 77.61↓5.80 75.43↓2.73 82.49↓6.02 65.52↓4.10 54.41↓6.79 45.86↓4.91 73.16↓5.46 75.91↓4.11
KALE 83.41 78.16 88.51 69.62 61.20 50.77 78.62 80.02
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Figure 22: Results of different ratios of augmented
rationales on SFT and KALE on Gemma2 9B, OLMOE
7B, and Orca2 7B, respectively.

H.13 More Results of Combining SFT with 1921

KALE 1922

We also conduct an additional experiment using 1923

Llama3 8B as the backbone model. We com- 1924

pare two approaches: our original KALE method 1925

(denoted as KALEori) and a sequential approach 1926

where the model is first fine-tuned with SFT 1927

and then further trained with KALE (denoted as 1928

KALEjoint) 1929

As shown in Table 21, we find that while com- 1930

bining SFT first with KALE (KALEjoint) yields 1931

improvements only on some datasets. This presents 1932

a promising avenue for future work to thoroughly 1933

explore the optimal integration of KALE with ex- 1934

isting post-training methods to achieve more con- 1935

sistent and significant performance enhancements 1936

for specific downstream domains. 1937
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Table 16: Experiment results on the AbsR benchmark in six LLM backbones range for the knowledge manipulation
analysis. We bold the best results for each method.

Category Method LlaMA3 8B OLMOE 7B Qwen2.5 32B Gemma2 9B Mistral 7B Orca2 7B

Known&Correct

SFT 34.95 39.33 48.34 41.11 50.12 47.88
SDFT 56.28 47.87 53.00 58.89 54.03 55.57
DMT 56.64 44.91 65.17 61.85 51.78 57.35
Meanlearn 48.43 59.12 60.19 48.93 56.52 59.12
KG-SFT 59.83 50.36 67.06 55.33 59.36 62.90
STaR 48.93 45.97 58.41 51.09 56.75 59.60
AugGPT 47.27 45.97 65.76 43.48 43.01 48.93
GPT3Mix 54.15 48.34 62.90 42.30 43.84 56.52
KALE 82.94 79.86 87.56 77.01 71.09 75.00

Known&Incorrect

SFT 28.43 44.08 27.49 35.55 29.50 35.90
SDFT 19.87 12.08 20.73 16.79 19.79 21.09
DMT 17.93 15.52 10.07 15.28 21.44 17.89
Meanlearn 22.75 11.97 10.90 23.11 14.45 17.89
KG-SFT 18.37 10.90 11.85 19.43 13.03 16.00
STaR 21.02 13.27 14.58 24.76 13.27 12.08
AugGPT 17.18 15.76 13.15 16.12 22.27 12.80
GPT3Mix 14.12 13.86 17.20 17.42 15.88 13.27
KALE 4.15 2.37 1.07 2.13 7.7 8.06

Table 17: Experiment results on the AbsR benchmark in six LLM backbones range from different data ratios. We
bold the better results for each backbone model.

LlaMA3 8B Mistral 7B Qwen2.5 32B Gemma2 9B OLMOE-1B-7B Orca2 7B

% Data SFT KALE SFT KALE SFT KALE SFT KALE SFT KALE SFT KALE

5% 63.98 74.88 63.03 66.35 67.06 82.78 53.12 66.60 48.58 70.22 58.39 75.31
10% 65.17 75.32 63.86 67.28 67.65 85.53 54.73 69.31 49.53 71.49 60.63 76.20
25% 65.76 78.31 65.40 67.79 67.89 86.01 55.98 73.00 50.19 75.07 63.17 79.55
40% 66.35 81.89 66.23 70.38 68.48 89.36 56.75 74.39 50.71 77.38 63.99 80.69
50% 66.94 82.93 66.94 74.11 69.31 90.22 58.44 75.75 52.01 78.91 63.35 83.21

H.14 More Results of KALE on Open-ended1938

Generations1939

Our primary objective in KALE is to improve LLM1940

performance on knowledge manipulation tasks,1941

which are essential for enabling models to reason1942

and respond accurately based on existing factual1943

and procedural knowledge, such as in mathematics1944

and multi-hop QA (Allen-Zhu and Li, 2025). Con-1945

sequently, our core evaluations primarily focus on1946

QA-style benchmarks that reflect these capabilities.1947

In this section, we investigate KALE’s gen-1948

eral abilities, particularly in open-ended gen-1949

eration, which requires fluency, coherence, and1950

creativity. To this end, we conduct an additional1951

evaluation on open-ended generation using MT-1952

Bench (Zheng et al., 2023), a benchmark suite that1953

covers a broad range of tasks, including creative1954

and free-form responses. We compare KALE, SFT,1955

and vanilla models instantiated on the Llama 3 8B1956

backbone, and we employ a GPT-5 LLM-Judge for 1957

automatic evaluation. 1958

When evaluating with MT-Bench, we perform 1959

pairwise comparisons between the KALE model 1960

and each of the vanilla and SFT models separately. 1961

To mitigate position bias (Zheng et al., 2023), the 1962

evaluation protocol for each (question, Model A, 1963

Model B) instance is defined as follows: 1964

1. We first evaluate using the response order 1965

(A,B). 1966

2. We then swap the responses and evaluate 1967

again using the order (B,A). 1968

We only count a “win” for a model if both judg- 1969

ments agree on the same winner. If the two judg- 1970

ments yield conflicting outcomes, we record the 1971

result as a “tie.” We report the corresponding pro- 1972

portions of win rate, loss rate, and tie rate. 1973

The results in Table 22 show that the KALE- 1974

trained model consistently outperforms both the 1975
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Table 18: Results of KALE for rationales generated by different LLMs.

Method AbsR ARC-c ARC-e Common MMLU BBH RACE-h RACE-m

Vanilla 62.68 66.79 69.90 58.72 55.88 46.54 53.35 57.02
KALE_DeepSeek V3 82.70 81.48 86.70 64.70 62.25 58.13 64.69 71.03
KALE_Llama3 70B 78.91 77.56 84.05 63.72 60.03 54.45 65.52 69.78
KALE_GPT-4o (Original) 83.62 81.23 86.45 65.69 63.27 57.33 68.61 74.12

Table 19: Comparion of KALE on different types of generated rationales.

AbsR ARC-c ARC-e Common MMLU BBH RACE-h RACE-m

KALEirrelated 65.05 64.76 66.20 56.18 54.21 47.55 50.03 54.11
KALEcontrast 59.60 59.64 63.56 51.84 52.25 42.48 51.11 48.96
KALEori 83.62 81.23 86.45 65.69 63.27 57.33 68.61 74.12

vanilla model and the SFT baseline in terms1976

of open-ended generation quality, achieving a1977

higher win rate under the LLM-based evalua-1978

tion. This indicates that KALE not only pre-1979

serves but can also enhance the model’s general1980

generation abilities. Overall, these findings sug-1981

gest that KALE does not harm, and may in fact1982

improve, general fluency and creativity.1983

H.15 More Results of KALE on Thinking1984

Style Models1985

We also conduct additional experiments evaluat-1986

ing our KALE pipeline on Qwen3-32B (think-1987

ing) (Yang et al., 2025): a state-of-the-art model1988

with enhanced multi-step reasoning capabilities.1989

As shown in Table 23, the KALE pipeline con-1990

tinues to provide significant improvements over1991

vanilla and SFT methods when applied to these1992

newer LLMs. This supports our claims regarding1993

the robustness and generalizability of our KALE1994

across different model backbones and reasoning1995

capabilities.1996

H.16 More Results of KALE on Self-taught1997

Settings1998

To validate the quality of our generated rationales1999

in a self-taught setting, we conduct an additional2000

experiment using LLaMA3-8B as both the teacher2001

and student, as shown in Table 24. Even under this2002

constrained setting, KALE consistently improves2003

performance, highlighting that the reasoning paths2004

synthesized from KI are of sufficient quality to2005

facilitate learning even without access to a powerful2006

teacher.2007

H.17 More Results of KALE on Comparison 2008

of GRPO 2009

Recently, methods such as GRPO (Shao et al., 2010

2024) represent a compelling alternative by rely- 2011

ing solely on questions and ground truth answers, 2012

thereby bypassing the need for high-quality inter- 2013

mediate textual reasoning annotations—the central 2014

challenge KALE is designed to address. 2015

To investigate this, we have conducted addi- 2016

tional experiments using GRPO with LLaMA3- 2017

8B as the backbone, implemented via LLaMAFac- 2018

tory (Zheng et al., 2024). The results in Table 25 2019

demonstrate that GRPO, when directly trained on 2020

QA samples, still underperforms compared to our 2021

proposed KALE pipeline, especially on the ARC-e 2022

dataset, which leads to 12.92%. This empirical evi- 2023

dence further supports the effectiveness of KALE 2024

in enhancing the reasoning capabilities of LLMs. 2025

Moreover, we note that outcome-based RL ap- 2026

proaches often suffer from lower training efficiency. 2027

Specifically, RL methods require extensive sample 2028

rollouts and typically operate under sparse reward 2029

settings. This results in a high computational bur- 2030

den during training. In contrast, the KI compo- 2031

nent of KALE utilizes an efficient multi-path A* 2032

algorithm, while the KA component optimizes a 2033

sample-level distribution loss that provides dense 2034

supervision signals, leading to significantly more 2035

efficient training. 2036

We also note that KALE and RL-based methods 2037

are not mutually exclusive. KALE is designed to 2038

mitigate the "known and incorrect" phenomenon 2039

commonly observed in SFT models, which tend to 2040

overfit to explicit input-output mappings and fail to 2041

dynamically retrieve and manipulate task-relevant 2042
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Table 20: Reasoning trace quality evaluation for rationales on the AbsR dataset via GPT-5.

Factual Accuracy Logical Validity Coherence Completeness Interpretability

98.82 97.63 99.53 100.00 99.64

Table 21: Comparison results of combining SFT with KALE pipeline using Llama3 8B as the backbone model.

AbsR ARC-c ARC-e Common MMLU BBH RACE-h RACE-m

KALEjoint 80.21 82.25 84.18 61.34 60.42 53.22 67.98 72.91
KALEori 83.62 81.23 86.45 65.69 63.27 57.33 68.61 74.12

knowledge (Allen-Zhu and Li, 2025). KALE in-2043

stead enhances the model’s knowledge manipula-2044

tion capabilities—specifically, its ability to recall,2045

reason, and transfer relevant knowledge effectively.2046

On the other hand, RL methods often aim to2047

elicit emergent reasoning capabilities by leverag-2048

ing trial-and-error dynamics, sometimes leading to2049

"aha moments" in reasoning. From an engineering2050

standpoint, one could further fine-tune a KALE-2051

pretrained checkpoint using GRPO (or similar RL2052

techniques) to improve performance on specific2053

downstream tasks such as long-chain-of-thought2054

reasoning or self-correction.2055

We believe that integrating KALE into a broader2056

LLM post-training framework that includes RL2057

techniques is a promising direction for future re-2058

search. Such a unified approach may yield deeper2059

insights into the post-training landscape and fur-2060

ther unlock the full potential of knowledge-aware2061

language modeling.2062

H.18 More Results of KALE on Comparison2063

of Prompt Distillation2064

Our proposed KA module utilizes rationales only2065

during training by distilling the behavior induced2066

by rationale-augmented inputs into models that do2067

not require rationales at inference time. This pro-2068

cess is akin to knowledge distillation, where the2069

model learns to emulate the internal reasoning2070

patterns induced by rationales, without depend-2071

ing on them at test time. Specifically, we use2072

the rationale-enhanced model distribution as a soft2073

target and train the model with an additional KL di-2074

vergence loss to align the rationale-free predictions2075

during test time. This approach allows the model to2076

internalize the reasoning path during training and2077

retrieve task-relevant knowledge during inference,2078

even in the absence of explicit rationales. A variety2079

of knowledge distillation approaches have investi-2080

gated this paradigm (Lyu et al., 2024; Kang et al., 2081

2023; Chan et al., 2023; Wang et al., 2023a). There- 2082

fore, we select and compare some recent popular 2083

knowledge distillation method, including Distilling 2084

Step-by-Step (abbreviated as Distill-SBS) (Hsieh 2085

et al., 2023), PD (Kujanpää et al., 2025), and 2086

CoT distillation (abbreviated as COT-Distill) (Chen 2087

et al., 2025b) to provide a more comprehensive un- 2088

derstanding of KALE. To ensure a fair comparison, 2089

we adopt the standard settings of the PD method. 2090

For both CoT-Distill and Distill-SBS, we consis- 2091

tently use GPT-4o as the teacher model. Regard- 2092

ing CoT-Distill, we report the results obtained at 2093

the optimal granularity level. As shown in Table 2094

26, our KALE consistently outperforms this prior 2095

method (referred to as prompt distillation (PD)), 2096

which also demonstrates the effectiveness of our 2097

KALE. We also emphasize that our primary objec- 2098

tive lies not in distilling a compact model from a su- 2099

perior teacher, but rather in enhancing the model’s 2100

knowledge manipulation capabilities via our KALE 2101

framework. From this perspective, our approach 2102

is orthogonal to distillation-based methods, and in- 2103

vestigating their synergistic integration represents 2104

a promising avenue for future research. 2105

We also want to clarify that KALE is not in 2106

conflict with any distillation methods. KALE is 2107

a flexible framework that provides a high-quality 2108

rationale generation approach and an effective train- 2109

ing method to enhance the model’s knowledge ma- 2110

nipulation capabilities. Any more specific meth- 2111

ods for improving the model’s performance on 2112

downstream tasks, including RL, distillation, 2113

contrastive learning, and others, can be seam- 2114

lessly integrated with KALE to further enhance 2115

the model’s performance in specific domains. 2116
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Table 22: Comparison of vanilla, SFT, and KALE models on open-ended generation settings.

Vanilla SFT

Model Win Rate Loss Rate Tie Rate Win Rate Loss Rate Tie Rate

KALE 82.5 6.25 11.25 77.5 8.75 13.75

Table 23: Results of KALE on Qwen3-32B-thinking model.

Method AbsR ARC-c ARC-e Common MMLU BBH RACE-h RACE-m

Vanilla 82.33 81.06 84.60 71.99 83.61 87.38 77.47 81.48
SFT 85.82 84.22 87.54 74.53 85.56 88.73 80.05 84.57
KALE 93.60 91.09 93.43 79.08 89.44 92.02 84.61 88.54

H.19 More Results of KALE on Joint2117

Training Settings2118

In the main text, we adopt the setting of fine-tuning2119

on each benchmark’s training set separately, primar-2120

ily to ensure consistency with prior work, such as2121

MeanLearn (Xiong et al., 2024), which follows the2122

same protocol. This alignment allows for a more2123

direct and fair comparison with existing methods.2124

To validate the effectiveness of KALE on cross-2125

task generalization settings, we have conducted an2126

additional joint training experiment. Specifically,2127

we fine-tune our model using the merged training2128

sets of the eight benchmarks listed in Table 27 in2129

the original manuscript, using Llama3 8B as the2130

backbone model.2131

Notably, we observe that joint training does not2132

significantly degrade performance across the bench-2133

marks. On the contrary, the model even achieves2134

improved performance for the logical reasoning2135

task on datasets including AbsR, Commonsense,2136

and BBH.2137

These findings highlight that KALE is not lim-2138

ited to a task-specific fine-tuning paradigm. Instead,2139

it is compatible with multi-task or unified training2140

setups, further demonstrating its flexibility and po-2141

tential for real-world deployment scenarios where2142

a single model is required to handle diverse tasks.2143

I More Discussions On KALE2144

What named entity recognition method is em-2145

ployed in KALE, and does it have any tailored2146

designs? Given the relative maturity of named2147

entity recognition (NER), we do not elaborate on2148

it in the main text. Considering the need for rapid2149

deployment and ease of implementation, we uti-2150

lized the SpaCy open-source library for the NER2151

component. Moreover, we employ noun phrase 2152

extraction from the NLTK library to retain some 2153

non-named yet significant nouns in given Q&A 2154

pairs. We reference the entity list from Wikidata 2155

for entity recognition. 2156

The entity linking is a very important compo- 2157

nent in the proposed approach. Which entity 2158

linker is used for KALE, and does it have any 2159

tailored designs? In our entity linking process, 2160

we employ a simple keyword-matching algorithm 2161

as our entity linker. Given that a KG may contain 2162

multiple distinct entities with identical names, our 2163

entity linking might link incorrect entities, i.e., en- 2164

tity linking errors. In the entity linking process 2165

of KALE, potential errors may not be consistently 2166

measured and filtered out. Instead, for each set of 2167

candidate entities, we link their neighbor entities 2168

to enrich candidate entities. Then, we utilize the 2169

context to retain the relevant candidates. Gener- 2170

ally, incorrect candidate entities are unrelated to 2171

the context, which are less likely to be retained. 2172

For instance, neighbor entities related to "Apple" 2173

(fruit) include "Cider Making", "Wild Apples", and 2174

"Apples from Maine" whereas those related to "Ap- 2175

ple" (company) include "FileMaker", "Apple Ger- 2176

many", and various products like "iPod", "iMac", 2177

and "iPhone". If the correct entity in the refer- 2178

ence context is "Apple" (fruit), it is less likely that 2179

neighbors related to Apple (company) appear in 2180

the reference context and vice versa. Moreover, 2181

in certain cases, we might still retain some incor- 2182

rect entities (unrelated to the query). However, in 2183

most situations where the context and query are 2184

related, these incorrect entities are less likely to be 2185

key lexical units of the context. We acknowledge 2186

that integrating statistical or deep learning-based 2187
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Table 24: Results of self-taught KALE using Llama3 8B as the backbone model.

Method AbsR ARC-c ARC-e Common MMLU BBH RACE-h RACE-m

Vanilla 62.68 66.79 69.90 58.72 55.88 46.54 53.35 57.02
KALEself taught 75.31 73.19 80.08 60.84 58.59 52.11 61.19 67.57

Table 25: Comparison of GRPO and KALE using Llama3 8B as the backbone model.

Method AbsR ARC-c ARC-e Common MMLU BBH RACE-h RACE-m

GRPO 75.83 75.77 73.53 63.64 59.37 51.07 63.32 68.87
KALE 83.62 81.23 86.45 65.69 63.27 57.33 68.61 74.12

entity linkers—such as TAGME (Ferragina and2188

Scaiella, 2010), DBpedia Spotlight (Mendes et al.,2189

2011), BLINK (Wu et al., 2020), and GENRE (Cao2190

et al., 2021)—represents a promising direction for2191

further optimizing KALE. Crucially, it is worth2192

noting that the modules within KALE are designed2193

to be highly decoupled. This architecture ensures2194

flexibility in practical applications, allowing users2195

to independently select and substitute linkers for2196

downstream tasks according to specific resource2197

constraints or precision requirements.2198

Why is the A* algorithm employed for2199

knowledge-induced data synthesis instead of the2200

naïve BFS algorithm? In knowledge-induced2201

data synthesis, we select the A* algorithm over the2202

naïve BFS based on algorithmic efficiency. The2203

A* algorithm guides the search direction by incor-2204

porating a heuristic function h(n), which signifi-2205

cantly reduces the exploration scope. Particularly2206

in large-scale KGs such as Wikidata, employing2207

BFS to identify reasoning paths often requires days2208

of computation. As mentioned in Section 4.1, the2209

extraction of reasoning paths from the AbsR’s train-2210

ing set requires over one week. Therefore, we pro-2211

pose an efficient multi-path A* algorithm to extract2212

reasoning paths. It requires less than 4 hours to2213

extract all reasoning paths on the same set. Conse-2214

quently, we adopt the A* algorithm as a scalable2215

and efficient solution for reasoning path search.2216

Is it possible for some reasoning paths to not2217

reach the answer entity? During the process2218

of extracting reasoning paths, instances may arise2219

where the hop between the question entity and2220

the answer entity exceeds the predefined threshold2221

m. Nevertheless, the statistical data on the ABS2222

dataset, as in Table 12, indicates that less than 2%2223

of the 3-hop inference paths are unable to reach the2224

answer entity. This suggests that employing 3-hop 2225

inference paths is a highly effective approach for 2226

extracting relevant information from the question 2227

to the answer. In such cases, we utilize the partial 2228

reasoning path that can be extracted-the path from 2229

the question entity to its neighboring entities within 2230

three hops—as enriched information for input. The 2231

ablation study results in Tables 2 and 15 further 2232

demonstrate the simplicity and effectiveness these 2233

types of reasoning paths. 2234

If the KG contains errors that lead to incorrect 2235

reasoning paths, would GPT-4o generate wrong 2236

rationales? (i) Owing to Wikidata’s factually ac- 2237

curate, high-quality, community-driven, and dy- 2238

namically growing character, extracted reasoning 2239

paths contain negligible factual or logical errors. 2240

This motivates us to generate high-quality ratio- 2241

nales via large-scale Wikidata. (ii) To address po- 2242

tential errors in the rationale generation, we lever- 2243

age GPT’s in-context learning (ICL) by incorpo- 2244

rating specific instructions in the prompt. This 2245

allows for a filtering and correction mechanism to 2246

be implicitly applied during reasoning. As shown 2247

in Appendix C, we instruct LLM to generate ratio- 2248

nales by referring to the provided reasoning path: 2249

however, if the given reasoning path is irrelevant 2250

to the QA, generate a rationale based on your own 2251

knowledge. This instruction helps that incorrect in- 2252

formation is reduced. We empirically observe that 2253

utilizing the in-context learning ability is simple 2254

yet effective to reduce the error propagation with 2255

great domain robustness. Moreover, the design 2256

logic behind KALE is simplicity and practicality. 2257

We acknowledge that using a dedicated filtering 2258

mechanism could be an option. 2259

What is the reason for choosing the KL diver- 2260

gence as the loss function? The selection of KL 2261
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Table 26: Comparison of PD and KALE using Llama3 8B as the backbone model.

Method AbsR ARC-c ARC-e Common MMLU BBH RACE-h RACE-m

Distill-SBS 77.61 74.32 75.25 60.85 58.72 56.75 60.29 63.16
PD 75.31 72.17 76.98 57.73 60.17 55.41 58.89 68.91
COT-Distill 80.64 77.75 82.92 61.64 60.94 54.14 65.50 69.57
KALE 83.62 81.23 86.45 65.69 63.27 57.33 68.61 74.12

Table 27: Results of KALE on joint training experiments using Llama3 8B as the backbone model.

Method AbsR ARC-c ARC-e Common MMLU BBH RACE-h RACE-m

KALE_ori 83.62 81.23 86.45 65.69 63.27 57.33 68.61 74.12
KALE_joint 84.48 78.16 84.13 67.81 60.68 58.13 64.41 71.57

divergence is due to its ability to quantify the dif-2262

ference between two probability distributions. It2263

encourages the model to compress the informa-2264

tion contained in the rationale into its parameters2265

θ. By forcing the two distributions to align, the2266

model must “internalize” the information from the2267

rationale xrats into its parameters θ, such that it2268

can perform well even when xrats is unavailable2269

(e.g., at test time). This minimization process im-2270

plicitly guides the model to capture the underlying2271

structure of the data, thereby facilitating the learn-2272

ing of meaningful representations without explicit2273

supervision. Furthermore, KL divergence is essen-2274

tially composed of entropy and cross-entropy. The2275

knowledge-aware learning module in KALE can2276

be viewed as a distillation process, designed to en-2277

hance the knowledge manipulation capabilities of2278

LLMs during the testing phase, where rationale in-2279

put is unavailable. The addition of KL divergence2280

is intended to enable the model to dynamically2281

retrieve the task-relevant knowledge it has al-2282

ready mastered, which improves its knowledge2283

manipulation capability. We also believe that a2284

theoretical analysis of KALE, especially the KL2285

divergence part, could lead to a deeper understand-2286

ing of our KALE. We agree that this is a promising2287

direction for future work.2288

J LLM Usage2289

We used a large language model (LLM)–based writ-2290

ing assistant for grammar and wording improve-2291

ments on draft text. The LLM did not generate2292

research ideas, claims, proofs, algorithms, code,2293

figures, or analyses, and it did not have access to2294

any non-public data. During rationale generation,2295

we use LLMs to transfer reasoning path into ra- 2296

tionales. All edits suggested by the LLM were 2297

manually reviewed and either accepted or rewritten 2298

by the authors, who take full responsibility for the 2299

final content. The LLM is not an author of this 2300

paper. 2301
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