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Abstract001

While Large Language models’ abilities for in-002
context learning (ICL) have had much success,003
they have limitations on simple semantic tasks004
involving quantifiers like every and some, as005
well as on tasks with linear functions. We an-006
alyze those limitations and identify Softmax,007
the scoring function in the attention mecha-008
nism, as a contributing factor to these limita-009
tions. Our scaled signed averaging (SSA), a010
novel scoring function mitigates these limita-011
tions. SSA significantly improves performance012
on our ICL tasks. In addition, SSA outperforms013
transformer models with Softmax on several014
early learning NLP benchmarks and linguistic015
probing tasks on zero and few-shot settings.016

1 Introduction017

Scoring functions are a core component of the at-018

tention mechanism of transformer architectures,019

governing how information is aggregated across020

tokens and crucial for in-context learning (ICL).021

Despite the empirical success of ICL, however, re-022

cent studies have identified systematic limitations023

in its generalization behavior (McCoy et al., 2024;024

Ye et al., 2024). Large language models tend to025

perform well in contexts that resemble patterns fre-026

quently encountered during training, but struggle027

in so-called low-probability settings—tasks, data028

distributions, or algorithmic structures that are rare029

or absent from the training corpus.030

We investigate the origins of these limitations in031

a controlled setting. We study two simple ICL tasks032

using transformer models trained from scratch, al-033

lowing us to isolate architectural effects from pre-034

training artifacts. We show that the use of the Soft-035

max scoring function in attention is one contributor036

to the observed generalization failures.037

To improve generalization, we introduce scaled038

signed averaging (SSA), a trainable alternative to039

Softmax for attention scoring. We show that SSA040

substantially improves ICL generalization in small041

Transformer models in our controlled tasks. We 042

further demonstrate that these gains extend beyond 043

synthetic settings: a decoder-only GPT-2–style 044

model trained from scratch on the FineWebText 045

corpus (Penedo et al., 2024) with SSA achieves 046

lower perplexity and stronger performance than 047

a Softmax-based counterpart across several stan- 048

dard NLP benchmarks for early-stage Transformer 049

evaluation, under both zero-shot and few-shot con- 050

ditions. We also compare encoder models using 051

SSA to their Softmax-based counterparts. In par- 052

ticular, we train several versions of BabyBERTa 053

on a corpus of child-directed speech, including a 054

standard Softmax model and SSA variants. Consis- 055

tent with our decoder-only results, the SSA-based 056

BabyBERTa models achieve superior performance 057

on many tasks in the grammatical probing suite of 058

(Huebner et al., 2021). 059

2 Related Work 060

In-Context Learning (Brown et al., 2020) intro- 061

duced ICL as a paradigm in which a model learns at 062

inference time from the prompt by analogy, without 063

modifying any training parameters. (Dong et al., 064

2022) survey the successes and challenges of ICL, 065

noting that existing research has primarily focused 066

“on simple tasks and small models", such as learn- 067

ing linear or basic Boolean functions. A reason 068

for this focus is that ICL capacity emerges through 069

training from scratch, so studying it requires exten- 070

sive training. We investigate here versions of both 071

tasks. 072

Function Learning and Quantification Trans- 073

formers trained from scratch can perform ICL of 074

simple functions under favorable conditions. (Garg 075

et al., 2022) demonstrated successful ICL of lin- 076

ear functions when training and test distributions 077

match1, and (Bhattamishra et al., 2023) showed 078

1This work, like ours, follows a general approach to ICL
and learning: a model has learned a set S ⊂ V with predic-
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ICL of Boolean functions in small GPT-2–style079

models. (Raventós et al., 2024) analyzed how080

ICL capabilities evolve with pretraining size un-081

der matched distributions. We evaluate ICL using082

both linear function prediction and quantification.083

For quantification, (Asher et al., 2023) proposed084

assessing a generative model’s understanding by085

encoding semantic situations in input sequences.086

We adopt their approach, testing a model’s grasp087

of basic quantification concepts by encoding situ-088

ations in the context and evaluating its ability to089

interpret them correctly.090

Limits of In-Context Learning A growing body091

of literature highlights sharp limits of ICL under092

distribution shift. Performance degrades when093

inference-time inputs differ from the training data094

(Xie et al., 2021; Zhang et al., 2024; Giannou et al.,095

2024). (Naim and Asher, 2024) systematically096

studied distribution shifts that result in substan-097

tial degradation, in contrast to (Garg et al., 2022),098

who only considered small perturbations. (Ye et al.,099

2024; McCoy et al., 2024) demonstrate general100

limits of autoregressive training. (Naim and Asher,101

2024) describe how model behavior degrades and102

show that the lack of generalizability is neither due103

to the models overfitting the data nor a result of104

memorization.105

Problems with Softmax (Tian et al., 2023; Vig,106

2019; Htut et al., 2019) show that the softmax op-107

eration in attention has concentration effects: at-108

tention weights often collapse onto a small set of109

co-occurring tokens, neglecting others; and in early110

layers, many heads attend almost exclusively to the111

first token. Models may rely on only a few tokens,112

or even a single token per prompt, for prediction113

(Sekhsaria et al., 2025), with the decision weight114

concentrated on the final token (Mamidanna et al.,115

2025). Alternative normalization functions attempt116

to address these limitations. Sparsemax (Mar-117

tins and Astudillo, 2016) replaces Softmax with118

a projection onto the probability simplex, yield-119

ing sparse attention distributions that can zero out120

irrelevant tokens. Entmax (Peters et al., 2019) gen-121

eralizes both Softmax and Sparsemax through a122

parametric family, enabling controllable sparsity123

between dense and sparse attention distributions.124

Temperature-scaled Softmax (Hinton et al., 2015)125

adjusts the entropy of the attention distribution via126

tion Ŝ if, when sampling from V at test time using the same
distribution as during training, the expected error for x ∈ V

with ¬(x ∈ Ŝ ↔ x ∈ S) is close to 0.

a temperature parameter, while more recent meth- 127

ods such as SA-Softmax (Zheng et al., 2025) and 128

CosFormer (Qin et al., 2022) explore architectural 129

alternatives to Softmax-based attention. 130

NLP benchmarks (Huebner et al., 2021) demon- 131

strate that transformer-based masked language 132

models can effectively learn core grammatical 133

structures from a small, child-directed corpus. their 134

BabyBERTa achieves a grammatical understand- 135

ing comparable to RoBERTa-base pre-trained on 136

30B words. (Huebner et al., 2021) also develop 137

a grammar evaluation suite tailored to child-level 138

vocabularies. We use this suite to compare SSA 139

and softmax as scoring functions in encoder-only 140

models. 141

3 Our ICL tasks and experimental set up 142

We study scoring functions in ICL with respect to 143

two tasks. The first is a semantic task about the 144

meaning of the quantifiers “every" and “some" in 145

a restricted setting; the model is given examples 146

of sequences of numbers with a certain property 147

P and is prompted to predict whether every ele- 148

ment or some element in the sequence satisfies P. 149

The second task is a mathematical task in which the 150

model learns linear functions in context. Both tasks 151

use clean, simple data (sequences of numbers) and 152

transparent prompting, which helps mitigate issues 153

related to prompt engineering. Since ICL capabil- 154

ities depend on pre-training, we train and study 155

models trained from scratch in well-controlled set- 156

tings to analyze ICL limits. Our training reflects 157

the standard NLP next token prediction training of 158

language models; but our data and tasks are simpler 159

than with most NLP tasks. We can thus analyze 160

specific components of the transformer and study 161

the limitations that motivate SSA’s design. 162

Our quantification task2 is to predict the truth 163

of the simple quantified sentences (1-a) and (1-b) 164

given a contextually given string of numbers of 165

length 40. Our training set of strings S contain 166

numbers chosen from a training distribution DI , 167

which we set to the Gaussian distribution N (0, 1). 168

(1) a. Every number in the sequence is posi- 169

tive. 170

b. Some number in the sequence is posi- 171

tive. 172

At inference time, we test generalization by shifting 173

2See Figure 2 for an example of the task
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both the input distribution Dtest
I and the sequence174

length Stest. The set Stest includes sequences rang-175

ing in length from 10 to 200, while Dtest
I ranges176

over Gaussian distributions N (0, σ) for σ ≥ 1.177

In the linear function task, the target function is178

an affine map of the form yi = f(xi) = axi + b.179

To construct the training set, we first sample coef-180

ficients a and b for f from a distribution denoted181

DF . Each training sequence is then populated with182

input elements xi drawn from a separate distri-183

bution DI . At inference time, we evaluate gen-184

eralization by shifting both the input distribution185

Dtest
I ∼ N (0, σ1) for σ1 ≥ 1 and the function pa-186

rameters distribution Dtest
F ∼ N (0, σ2) for σ2 ≥ 1.187

Despite their simplicity, our tasks are conceptu-188

ally fundamental. Failure on the quantification task189

suggests deep limitations in a model’s reasoning190

capabilities. The notion of logical or semantic con-191

sequence, for instance, involves quantification; a192

failure to understand quantification implies a fail-193

ure to understand what it means to reason correctly194

and will entail mistakes in tasks like question an-195

swering (Chaturvedi et al., 2024).196

The function prediction task tests a model’s abil-197

ity to extrapolate patterns from contextual data to198

novel situations, a core requirement of ICL. While199

large models often succeed by relying on extensive200

encoded knowledge, true generalization requires201

the ability to go beyond the training distribution.202

Our function task isolates this challenge in a con-203

trolled setting. If a model fails to generalize here,204

we should be cautious about claims of generaliza-205

tion in more complex, less controlled scenarios206

involving noisy or unknown data.207

Our ICL tasks involve training from scratch on208

sequences that contain in-context examples (input-209

output pairs) of the form (x1, y1, ..., xi) ending210

with a query input xi, for which the model must211

predict the corresponding output yi. Inputs are sam-212

pled from one or more training distributions. We213

employ curriculum learning on a set S of training214

sequences of varying lengths, ranging from 1 to 40.215

We trained several transformer models3 from216

scratch, ranging from small 1 layer model to mod-217

els with 18 layers, 8 attention heads, and an em-218

bedding size of 256. We feature results here from219

a 12 layers and 8 attention heads (22.5M param-220

eters) model with and without MLP on our tasks,221

as larger models did not yield significantly better222

3Our models were Decoder-only (GPT-2). Our code can
be found in https://anonymous.4open.science/r/SSA/

predictions. To identify the component responsible 223

for ICL in transformers and what hinders their gen- 224

eralization, we did an ablation study by removing 225

components from the architecture to examine ICL 226

tasks in models with fewer components. 227

We train a model Lθ parameterized by θ to mini- 228

mize the expected loss over all prompts: 229

min
θ

EP

[
1

k + 1

k∑
i=0

ℓ (yi+1,Lθ ((x1, y1, ..., xi+1)))

]
(1) 230

where ℓ(., .) represents the loss function: we use 231

squared error for the linear function task and cross- 232

entropy for the quantifier task. In the quantifier 233

task, y represents the ground truth given a sequence 234

ending with the input x. In the function task, y 235

is the ground truth value of f(x), where f is the 236

underlying function generating the sequence up to 237

x. We train models for 500,000 steps using a batch 238

size of 64. 239

For the quantifier task, we evaluate a model’s 240

ICL performance on each pair (Stest, Dtest
I ) by gen- 241

erating 100 samples, each consisting of 64 batches. 242

For each sample, the model receives a score of 1 243

if the model’s prediction is incorrect and 0 other- 244

wise. The final evaluation measure is obtained by 245

averaging the error across all samples. 246

For the linear function task, we assess ICL per- 247

formance on each pair (Dtest
I , Dtest

F ) by sampling 248

N = 100 functions from Dtest
F . For each func- 249

tion fj , we generate Nb = 64 batches, each 250

containing Np = 40 input points drawn from 251

Dtest
I . Within each batch b, we predict fj(x

b
k) 252

for every xbk with k ≥ 2, given the prompt se- 253

quence (xb1, fj(x
b
1), ..., x

b
k−1, fj(x

b
k−1), x

b
k). For 254

each function, we compute the mean squared error 255

(MSE) across all predicted points in all batches. 256

The final ICL performance metric is obtained by 257

averaging the MSE across all sampled functions: 258

ϵσ =
1

N

N∑
j=1

Nb∑
b=1

1

Nb

 1

Np

Np∑
k=3

(predb,j
k − fj(x

b
k))

2

 (2) 259

This evaluation (2) across different distribu- 260

tions provides a comprehensive assessment of the 261

model’s ability to generalize its learning. 262

4 ICL for quantifiers and linear functions 263

ICL with quantifiers Experiments on quantifi- 264

cation task showed that when test samples are 265

drawn from the same distribution as training, i.e. 266
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DI , D
test
I ∼ N (0, 1), models successfully learned267

to predict the correct truth values for (1-a) or268

(1-b) on test sequences Stest that were significantly269

longer than those seen during training S, as illus-270

trated in Figure 4. However, model performance271

dropped sharply when inference inputs included272

one or more xi values far outside the training distri-273

bution (see Figure 2). We refer to such a sequence274

as deviant.275

ICL with linear functions We replicated the find-276

ings of (Naim and Asher, 2024) in the linear func-277

tion task: when both training and test data were278

sampled from N (0, 1), even small models achieved279

near-zero average error; but all models had sys-280

tematic non 0 average errors when the target func-281

tion f was sampled from a shifted distribution282

Dtest
F = N (0, σ) for σ > 2 (Appendix M).283

5 Error analysis284

In the quantification task, we found that models285

base their predictions for an entire deviant sequence286

S solely on their prediction for the largest element287

in S (see Figure 2). The presence of a single suf-288

ficiently large number in S was enough to trigger289

this behavior consistently. In the linear function290

task, we also observed (Naim and Asher, 2024)’s291

boundary values —values that the model fails to ex-292

ceed during inference (see Figures 1 and 9). These293

boundary values are responsible for generalization294

failures: they restrict the model to generate outputs295

only within a specific range, effectively preventing296

the model from generalizing its good performance297

on the task over a small interval to values outside298

that interval. We found such boundary effects in299

both attention-only and full transformer models300

across all our training and testing setups.

Figure 1: Plots showing examples of boundary values
for different models. (Left) Full transformer 12L8AH
model tested on f(x) = 9x and (Right) Transformer
12L8AH without MLP model trained on DI = DF =
N (0, 1) and tested on f(x) = 10x.

301

5.1 Comparison with larger fine-tuned and 302

prompted LLMs 303

We observed similar issues with larger pre-trained 304

models. We evaluated performance on the quan- 305

tification task using both fine-tuned (see Appendix 306

A for details) and prompted versions of LLaMA 307

3.1 8B, as well as the prompted LLaMA 3.3 70B 308

model4. In a 5-shot setting, prompted LLaMA 3.1 309

8B failed to master numerical inputs from Dtest
I 310

and showed no generalization to longer sequences. 311

LLaMA 3.3 70B performed better on numerical in- 312

puts drawn from distributions outside N (0, 1) but, 313

similarly, failed to generalize to longer sequence 314

lengths. Interestingly, the fine-tuned LLaMA 3.1 315

8B was able to handle large numbers within a se- 316

quence, as shown in Figure 7, but still did not gen- 317

eralize beyond sequence lengths seen in training. 318

We also tested the prompted LLaMA 3.3 70B on 319

the linear function task with inputs and target func- 320

tions sampled from DI , DF ∼ N (0, 1). While the 321

model sometimes appeared to assume linearity and 322

apply a regression-like strategy, it still underper- 323

formed relative to our small models (see Table 1). 324

5.2 Ablation studies: the sources of ICL and 325

limits to generalization 326

Generalization from training data on our ICL tasks 327

challenged not only our smaller models but also 328

much larger ones. This suggests that the prob- 329

lems we identify arise from architectural limita- 330

tions rather than model scale. We looked at what 331

might be responsible for ICL and its limitations. 332

As with (Olsson et al., 2022), we found that ICL 333

was effective on our tasks even in models com- 334

posed solely of attention layers, with no feedfor- 335

ward components (FF); these attention-only mod- 336

els performed comparably to their full transformer 337

counterparts (see Figure 11). In contrast, small 338

models consisting only of FF layers failed to per- 339

form ICL. This indicates that the attention mech- 340

anism is both necessary and sufficient for ICL on 341

our tasks. As in (Naim and Asher, 2024), models 342

without FF components also show boundary values, 343

which means that boundary values originate from 344

the multi-head attention itself. 345

We then examined various components of our 346

models to identify the source of their generalization 347

failures. To understand why the models struggled 348

to generalize on the quantification task, we first 349

tested whether they could correctly classify indi- 350

4Prompts are provided in the appendix K
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Input: (1,True,-2, False, 3, False, 70)

Attention weights: 1 True -2 False 3 False 70

Correct output: False Model’s output: True

Figure 2: Attention maps for an ICL example for the task "every" of type (x1, f(x1), x2, f(x2), ..., xn), where the
query xn is a big value.

vidual numbers in deviant sequences as positive351

or negative. The models performed well on this352

subtask, and so had the information needed to com-353

plete the quantification task successfully. But they354

could not use the information in the right way.355

Our ICL observations that large or rarely seen356

numbers can pose representational challenges de-357

pend on numerical magnitudes. To see exactly358

what these correspond to, we used for ICL tasks359

a linear embedding Emb : x 7→ x · W , for360

(x,W ) ∈ R × Rd. This simple and interpretable361

mapping preserves the relative ordering of numbers:362

if |x| < |y| then ||emb(x)|| < ||emb(y)||, where363

|| · || denotes the vector norm. Importantly, this en-364

coding does not introduce boundary effects. Thus,365

observed boundaries must originate elsewhere.366

5.3 The issues with Softmax367

We then looked in more detail at the workings of368

the attention matrix. To recall the basics of atten-369

tion, let eℓ = (eℓ1, ..., eℓn) be the input embeddings370

processed by the multi-head attention mechanism371

at layer ℓ, where eℓi denotes the embedding of the372

i-th token in that layer. Each attention head h in373

layer ℓ is parameterized by Query, Key, and Value374

weight matrices, denoted as Qh,ℓ,Kh,ℓ, and Vh,ℓ,375

respectively. The dimension dk corresponds to the376

embedding size divided by the number of heads.377

The output of each attention head h in a layer ℓ is378

a sequence of vectors (Ch,ℓ
1 ,Ch,ℓ

2 , ...,Ch,ℓ
n ) where379

each:380

Ch,ℓ
i =

n∑
j=1

(
softmax

(
(Qh,ℓeℓi)

⊤(Kh,ℓeℓj)√
dk

))
Vh,ℓeℓj

(3)381

The primary role of an attention head is to refine382

the embedding of each input eℓi by incorporating383

contextual information from surrounding tokens.384

However, once the gap between the input values eℓj385

in the argument of the Softmax operator in equa-386

tion 3 surpasses a certain value—specifically, when387

the gap between the largest value and the others ex-388

ceeds a threshold—the resulting Softmax weights389

rapidly saturate. A difference of 4 is typically suffi- 390

cient. In such cases, the attention weight assigned 391

to the maximum value approaches 1, while the 392

weights for all other values approach 0. As a result, 393

the model focuses almost entirely on a single token, 394

the one associated with the maximum value, while 395

effectively ignoring the rest of the context.5 396

Ch,ℓ
i = Vh,ℓeℓj0 (4) 397

Importantly, the large values xj yielding equation 398

4 come from inputs the model has seldom seen in 399

training. Thus, the Q and K matrices cannot have 400

been trained to handle them. 401

We verified these predictions by examining the 402

outputs from the attention matrices of the last layer 403

of the model in the quantification task. Figure 2 404

confirms experimentally the behavior predicted by 405

our analysis: in the case of a significant gap be- 406

tween values, the attention layer puts all the weight 407

on the largest value in the sequence, the value 70; 408

the other elements in the sequence which deter- 409

mined the truth value for (1-a) are ignored, which 410

leads the model to falsely predict the sequence as 411

all positive based only on the large value. 412

With significant differences in input values, Soft- 413

max increasingly resembles a Hardmax function, 414

assigning a weight close to 1 to the largest element 415

and weights near 0 to all others. It also makes the 416

score of negative values tend towards 0 due to the 417

exponential. Significant differences that can affect 418

Softmax occur not only with numerical inputs but 419

also with words processed by classical tokenizers, 420

as seen in the OpenWebText corpus (see Figure 8 421

in Appendix H). 422

Training on distributions with a much larger 423

range of elements like DI = N (0, 10) or DI = 424

N (0, 100) improved model performance on de- 425

viant sequences but significantly increased squared 426

5Our linear embedding function ensures that large differ-
ences in number inputs will have the effect noted in equation
4. If |x| is significantly larger than |y|, then ||e(x)|| will be
significantly larger than ||e(y)||.
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errors on N (0, σ) for small σ. This training gave427

the Q and K matrices small weights to compensate.428

Additionally, all models suffered in performance429

once the out-of-distribution elements xi in deviant430

inputs became sufficiently large.431

Softmax saturation also adversely affected432

model performance in the linear functions task.433

For example, a 12L8AH model’s predictions for434

f(x) = x with this input sequence with x1 = 100:435

[100, −1.09, 0.78, 0.26, 0.42]. The model’s pre-436

dictions are: [−1.21, −0.28, 2.15, 0.96, 0.65].437

Given this large value, model fails to reasonably438

approximate the function.6 This observation fol-439

lows from the the mathematical nature of Softmax.440

When a value xi in the sequence input to the atten-441

tion mechanism is larger than the other elements442

of the sequence and other elements in its training,443

Softmax will assign xi probability 1 and all other444

elements in the sequence probability 0. This makes445

sense in some tasks; a large value in the attention446

mechanism intuitively signals a strong statistical447

correlation in context sensitive aspects of meaning448

(Asher, 2011); Softmax amplifies this value. How-449

ever, in tasks like ours this is problematic.7 An450

input with a large norm representing a large num-451

ber does not necessarily have a disproportionately452

greater effect. For our tasks, the model must look at453

many tokens in the context; with deviant sequences,454

Softmax prevents the models from doing this.455

6 Exploring Alternatives to Softmax456

We explored whether alternatives could fix Soft-457

max’s deficiencies. We tried temperature scaling458

and used Softmax with τ ∈ {5, 10, 20, 50, 100}.459

Table 1 shows this did not resolve the issue on460

the Linear Function task. We also investigated461

other proposed alternative mechanisms— Sparse-462

max (Martins and Astudillo, 2016) and Entmax (Pe-463

ters et al., 2019), as well as CosFormer (Qin et al.,464

2022) and SA-Softmax (Zheng et al., 2025). Fi-465

nally, we evaluated hybrid schemes combining dif-466

ferent scoring functions (details in Appendix C).467

None of these approaches yielded improvements468

over standard Softmax on our tasks.469

7 Solution: Signed scaled averaging (SSA)470

For tasks like our ICL tasks requiring integration471

of information across many tokens, Softmax satu-472

6Though eventually the model begins to recover and ap-
proximate better.

7The problem occurs also of course with hardmax.

ration is clearly harmful. However, tasks requiring 473

focused attention on specific tokens can benefit 474

from Softmax. We propose, rather than having 475

a one size fits all scoring function, to develop a 476

parameterized family of functions that can inter- 477

polate between exponential selectivity and more 478

distributed behaviors, allowing the model during 479

training to select the most appropriate behavior. 480

We replace the exponential in the attention scor- 481

ing function with a parametrized form 482

x 7→ (1 + b|x|)sgn(x)n, 483

where b > 0 and n ≥ 1 are trainable parameters.8 484

This formulation defines a controlled polynomial 485

scoring function whose growth can approximate, 486

but is not limited to, exponential behavior. For 487

sufficiently large parameter values, it recovers ex- 488

ponential growth as a limiting case. For example, 489

setting b = 1
m and n = m yields, for x ≥ 0, 490

(1 + bx)sgn(x)n =
(
1 + x

m

)m
−−−−→
m→∞

ex. At the 491

other extreme, when b = n = 1, SSA reduces 492

to a linear map x 7→ 1 + x for positive inputs. 493

The absolute value ensures non-negative scores, 494

while the signed exponent causes negative inputs 495

to decay smoothly toward zero. Unlike exponen- 496

tial scoring, this decay is polynomial, leading to 497

slower score concentration and reduced sensitivity 498

to large-magnitude inputs. 499

For a vector z = (z1, . . . , zp) ∈ Rp, SSA re- 500

places Softmax by 501

SSA(z)i =
(1 + b |zi|)sgn(zi)n
p∑

k=1

(1 + b |zk|)sgn(zk)n
. (5) 502

Appendix J has a full theoretical analysis of SSA. 503

7.1 Effects of SSA on our ICL tasks 504

Substituting SSA for Softmax substantially im- 505

proves performance in our ICL tasks. All re- 506

sults are with our 12L8AH full transformer model. 507

For the quantification task, SSA yields consider- 508

able generalization improvement both in handling 509

longer test sequences and managing deviant inputs 510

with extreme values. The heat map in Figure 4 com- 511

pares error rates for the every task: the SSA model 512

(right) maintains lower error across broader ranges 513

of sequence length and input distribution compared 514

to the Softmax model (left). SSA also improves 515

8Plots of representative SSA base functions are shown in
Figure 10.
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Figure 3: (Left) Comparison plot showing the evolution of MSE for SSA and Softmax-based models (12L8AH)
with DF , DI , D

test
I ∼ N (0, 1) and varying Dtest

F ∼ N (0, σ). The heatmap shows the evolution of logarithm of
MSE for the Softmax (Middle) and SSA (Right) model when varying both Dtest

I and Dtest
F .

Figure 4: Heatmaps showing the evolution of errors for the 12L8AH model with Softmax (Left) and SSA (Right) on
the every task. Model was trained on data in DI = N (0, 1) for lengths from 11 to 40 and tested in Dtest

I = N (0, σ)
for σ ∈ {1, ..., 30} and lengths from 10 to 200 for each task. Yellow represents a much higher error rate than purple.

models \ σ 1 2 3 4 5 6 7 8 9 10
SSA 4× 10−5 3× 10−4 10−3 0.02 0.02 0.15 1.24 1.04 2.74 8.50
Softmax 8× 10−5 3× 10−4 6× 10−3 0.42 1.62 3.84 9.42 13.51 27.99 45.35
Sparsemax 2× 10−4 3× 10−3 0.28 1.35 3.07 8.73 11.06 29.15 45.39 78.16
Entmax 1× 10−4 2.9× 10−3 0.27 1.16 2.78 9.62 11.60 25.66 51.30 81.74
τ = 5 3× 10−4 1× 10−2 0.81 3.17 7.37 16.33 21.43 51.28 74.55 103.71
τ = 10 1× 10−4 3× 10−3 0.29 1.25 2.98 7.61 10.43 23.43 41.96 68.81
τ = 20 5.2× 10−5 2.9× 10−3 0.30 1.22 2.97 8.05 11.25 28.48 47.13 78.53
τ = 50 1× 10−4 3.1× 10−3 0.29 1.29 3.18 8.14 11.68 24.15 42.81 73.51
τ = 100 1× 10−4 2.5× 10−3 0.26 1.11 2.82 8.53 12.07 29.02 51.43 80.49
SOFT/AVG 7× 10−5 3× 10−3 0.30 1.22 2.91 7.52 10.32 22.97 38.97 60.03
4 Scoring fts 5× 10−5 3× 10−3 0.34 1.33 3.18 8.28 10.99 26.31 42.42 70.33
CosFormer 2× 10−4 5.6× 10−3 0.43 2.07 5.10 12.54 16.91 46.68 66.22 91.02
SA-Softmax 6× 10−5 2.8× 10−3 0.37 1.83 3.83 11.94 13.72 39.29 58.43 80.31
Llama 3.3 70b 2× 10−3 5.50 3.16 13.71 18.21 23.91 28.99 33.51 40.25 48.02

Table 1: Comparison showing the evolution of squared errors for models tested on x ∈ Dt
I = N (0, 1) and weights

a, b ∈ Dt
F = N (0, σ). τ represents temperature-scaled Softmax for τ ∈ {5, 10, 20, 100}. All models use 12 layer,

8 attention head full transformer.

performance on the "some" task (see Appendix D).516

For the linear function learning task, SSA substan-517

tially improved performance when tested on out-of-518

distribution function parameters (Figure 3), while519

outperforming all alternatives we tested (Table 1).520

7.2 SSA with NLP benchmarks521

SSA on Decoder-Only models We evaluated the522

effectiveness of SSA for NLP tasks in several ways.523

First, we trained GPT-2 small models (124M pa- 524

rameters) from scratch on the FineWebText corpus 525

(10B tokens) for 50,000 steps to compare a stan- 526

dard softmax model against an SSA variant. To 527

assess Model quality, we used perplexity on a sep- 528

arate corpus, OpenWebText (Gokaslan and Cohen, 529

2019). After 50,000 training steps, the SSA model 530

achieved a perplexity of 27.7, compared to 31.7 for 531

the softmax model, a 12.6% improvement. 532
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These improvements in perplexity translated into533

better performance on downstream zero-shot and534

few-shot benchmarks, including ARC-Challenge,535

ARC-Easy (Clark et al., 2018), HellaSwag (Zellers536

et al., 2019), LAMBADA (Paperno et al., 2016),537

and SuperGLUE (Wang et al., 2019). We used the538

LM Eval harness (Biderman et al., 2024) for early539

learning evaluation, following standard practice.540

The SSA variant consistently outperformed the soft-541

max counterpart across all evaluated tasks (Table542

2). Performance gains were most pronounced in543

linguistically and semantically demanding bench-544

marks such as RTE (Dagan et al., 2006), WiC545

(Pilehvar and Camacho-Collados, 2019), and WSC546

(Levesque, 2012), which require contextual reason-547

ing and relational inference.548

Task Zero-shot Few-shot (3-shot)

Softmax SSA Softmax SSA

LM-Eval Benchmarks

ARC-Challenge 20.8 23.2(+11.5% ↑) 23.40 25.92(+10.8% ↑)
ARC-Easy 45.5 47.9(+5.3% ↑) 48.13 50.19(+4.3% ↑)
HellaSwag 29.2 29.5(+1% ↑) 30.33 31.25(+3.2% ↑)
LAMBADA 24.8 25.4(+6.5% ↑) 15.44 16.46(+6.5% ↑)

SuperGLUE Benchmarks

BoolQ 60.2 61.1(+1.5% ↑) 55.34 57.08(+2.7% ↑)
CB 22.5 58.5(+160% ↑) 37.94 51.34(+35.3% ↑)
COPA 62.3 64.9(+4.2% ↑) 63.31 72.69(+14.8% ↑)
MultiRC 56.4 57.9(+2.7% ↑) 53.36 54.80(+2.7% ↑)
RTE 45.7 56.8(+24.3% ↑) 47.17 53.19(+12.7% ↑)
WiC 48.0 52.0(+8.3% ↑) 43.80 47.74(+8.3% ↑)
WSC 31.8 41.3(+29.9% ↑) 35.55 45.21(+27.2% ↑)

Table 2: Zero- and few-shot performance of GPT-2
models (124M) trained from scratch on FineWebText for
50k steps, comparing Softmax and SSA across LM-Eval
and SuperGLUE benchmarks. robustness is reported in
Table 4

SSA on Encoder-Only models We trained vari-549

ants of BabyBERTa (Huebner et al., 2021) on550

the AO-CHILDES corpus, comparing the standard551

Softmax baseline with SSA using fixed exponents552

n = 1.5 and n = 2. BabyBERTa is a compact553

RoBERTa-style encoder trained on child-directed554

speech. It is well-suited for probing small mod-555

els’ ability to capture grammatical dependencies556

in limited-data settings. We evaluated the mod-557

els on a set of linguistic probes from (Huebner558

et al., 2021) using the masked language model-559

ing (MLM) metric, which measures token-level560

accuracy against distractors. As shown in Table 3,561

SSA improves BabyBERTa’s performance across a562

range of grammatical phenomena. SSA-2 achieves563

the strongest gains on syntax-sensitive tasks such564

as subject–verb agreement across relative clauses565

and argument structure alternations, while SSA-1.5 566

yields improvements on morphological and lexical 567

tests such as irregular verbs and pronoun gender. 568

Overall, these results indicate that SSA enhances 569

both intrinsic modeling efficiency and downstream 570

task performance of decoder-only models, while 571

also enhancing the grammatical sensitivity of 572

encoder-only models, as well as g our observations 573

for decoder-only models. This supports SSA’s po- 574

tential as a drop-in replacement for Softmax in 575

large-scale language modeling. 576

linguistic probe Softmax SSA 1.5 SSA 2

agr_subj_verb-across_PP 56 58.95 65.95
agr_subj_verb-across_RC 55.5 57.7 61.55
agr_subj_verb-in_Q+aux 76.5 79.0 70.45
anaphor_agr-pron_gender 48.1 51.45 53.7
arg_str-dropped_arg 79.65 74.65 85.55
arg_str-swapped_args 83.3 92.0 88.0
arg_str-transitive 53.44 53.85 57.2
binding-principle_a 78.25 87.9 80.2
case-subjective_pron 85.55 89.7 91.75
filler-gap-wh_Q_subject 79.2 83.3 68.25
irregular-verb 70.05 78.3 69.2
quantifiers-superlative 71.2 83.95 65.25

Table 3: Performance of BabyBERTa models trained
from scratch on AO-CHILDES using Softmax and SSA
(1.5, 2), evaluated on linguistic probes from (Huebner
et al., 2021) with the MLM metric. Agr: agreement;
arg_str: argument structure; Subj: subject; Pron: pro-
noun; PP: prepositional phrase; RC: relative clause; Det:
determiner; N: noun; arg: argument.

8 Conclusion 577

Transformer models struggle to generalize effec- 578

tively to out-of-distribution data. We identified the 579

Softmax scoring function in the attention mecha- 580

nism as a factor contributing to this challenge and 581

introduced SSA, a novel scoring method that sig- 582

nificantly improves the performance on both math- 583

ematical and NLP tasks. 584

SSA enhances a model’s ability to capture lin- 585

guistic structure and allocate attention more effec- 586

tively, addressing softmax’s tendency to saturate 587

and focus narrowly on a few tokens. By paramet- 588

rically controlling attention, SSA improves gen- 589

eralization without increasing model complexity 590

or reducing accuracy. While it does not solve all 591

generalization challenges, SSA directly mitigates 592

those caused by softmax’s inflexible scoring, of- 593

fering a simple yet effective drop-in alternative for 594

transformers’ attention mechanism. 595
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Limitations596

Due to hardware and data constraints, we were un-597

able to scale models beyond 124M parameters. We598

trained a GPT-2 model (124M parameters) from599

scratch on the FineWebText dataset for 50,000600

steps, which required approximately 120 GPU-601

hours on an A100 80GB GPU. To enable a rigorous602

comparison, we trained both a Softmax and an SSA603

version of the model, resulting in a total of over604

240 GPU-hours of training.605

While SSA provides noticeable improvements606

in generalization, it does not fully address all the607

shortcomings of the attention mechanism. In par-608

ticular, our heatmaps indicate that SSA struggles609

to generalize in scenarios where both the input xi610

and the test-time function distribution Dtest
F diverge611

significantly from the training distribution DF .612

Thus, SSA does not address the fact that, as we613

have noted above, the simple mathematical struc-614

ture of the attention mechanism conflates the value615

of tokens with their importance for the particular616

task.617
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Model Architecture. We use a decoder-only806

Transformer architecture from the GPT-2 fam-807

ily (Radford et al., 2019) with 12 layers, 8 attention808

heads, and a 256-dimensional embedding space.809

Dropout is set to 0 as we sample fresh prompts810

at each training step. The model takes as input a811

sequence of vectors in its embedding space and812

predicts the next vector in the sequence.813

Input/Output Encoding. Both prompt inputs814

and outputs are then mapped into the model’s la-815

tent embedding space of dimension 256 through a816

learnable linear transformation Wenc ∈ R256. The817

model processes this sequence and outputs vectors818

in the same embedding space. These output vectors819

are mapped back to scalar predictions via a sepa-820

rate learnable linear transformation Wdec ∈ R256821

(implemented as a dot product).822

Training Procedure. Models are trained for823

500k steps using the Adam optimizer (Diederik,824

2014) with a learning rate of 10−4 and batch size825

of 64. At each training step, we sample a fresh826

batch of random prompts by: (1) sampling a ran-827

dom function g from the function class according828

to DF , (2) sampling inputs x1, . . . , xk+1 indepen-829

dently from DI , and (3) evaluating g on these in-830

puts to produce the prompt. For each prompt, the831

loss is computed as 1
k

∑k
i=1(ŷi − g(xi))

2 where ŷi832

is the model’s prediction.833

Curriculum Learning. We conduct training834

both with and without curriculum learning. When835

employing curriculum learning, we train on a set836

S of training sequences of varying lengths, rang-837

ing from 1 to k = 40. Specifically, we start with838

prompt length 3 (number of input-output pairs).839

Every 2,000 training steps, we increase the length840

by 2, until reaching the full prompt length.841

Additional training information: We use the842

Adam optimizer (Diederik, 2014) , and a learning843

rate of 10−4 for all models.844

845

Computational resources: We used Nvidia A-846

100 GPUs to train the different versions of trans-847

former models from scratch, with an average train-848

ing time of 4 hours and used Nvidia Volta (V100 -849

7,8 Tflops DP) GPUs for the fine-tuning of LLaMA850

3.1 8B involved in these experiments.851

Fine-tuning LLaMA 3.1 8B was fine tuned on852

26000 randomly generated sequences S progress-853

ing from 1 to 40 for 2 epochs using LoRA (Hu854

et al., 2022). The input values were drawn from 855

N (0, 1). At test time, we were only able to run 856

a few sequences for each possible we examined 857

sequence lengths from 10 to 200 and number dis- 858

tributions from N (0, σ) for 1 ≤ σ ≤ 30. This 859

meant that we could only run a few test batches, 860

since we need to look at 600 total pairs for each 861

task. We averaged the prediction errors on the each 862

(Stest, Dtest
I ) possibility. 863

For our attempted fine-tuning of LLaMA 3.1 8B 864

on the function task, we set the input sequence 865

to be of the form (x1, f(x1), x2, f(x2), ...., xn) re- 866

quiring that the output be of the form f(xn), a 867

single numerical value. The model returned a list 868

of values (w1, w2, ...). It failed to capture the basic 869

input and output pattern. 870

A.2 Training on FineWebText 871

Training Details. We trained a GPT-2–style 872

Transformer decoder model from scratch on ap- 873

proximately 10B tokens from the FineWebText cor- 874

pus. The model consists of 12 Transformer layers 875

with 12 self-attention heads per layer, a hidden di- 876

mension of 768, and a maximum context length 877

of 1024 tokens. Training was performed using the 878

AdamW optimizer with β1 = 0.9, β2 = 0.95, and 879

a weight decay of 0.1. We used a peak learning rate 880

of 6 × 10−4 with linear warmup followed by co- 881

sine decay to a minimum learning rate of 6× 10−5 882

over 50k training iterations. The micro-batch size 883

was 12 sequences per GPU, with gradient accu- 884

mulation used to obtain a larger effective batch 885

size across workers. Models were trained with a 886

standard causal language modeling objective using 887

next-token prediction. Training was conducted us- 888

ing PyTorch Distributed Data Parallel (DDP) across 889

12 NVIDIA A100 GPUs with 80GB memory each, 890

with mixed-precision training and TF32 enabled 891

for matrix multiplications. Checkpoints were saved 892

periodically to allow training resumption and eval- 893

uation. 894

Aside from the choice of scoring function and 895

its parameterization, all architectural components, 896

optimization settings, and training procedures were 897

kept identical across models. As a result, we ob- 898

serve no meaningful difference in training time 899

between SSA- and Softmax-based models. 900

B SSA settings 901

For each task, we trained two classes of models dif- 902

fering only in the scoring function. The first uses 903
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the standard Softmax-based attention mechanism,904

while the second replaces Softmax with SSA. In the905

SSA setting, a small number of additional param-906

eters are learned independently for each attention907

head, such that every head in every Transformer908

layer has its own set of SSA parameters. Con-909

cretely, SSA introduces only two scalar parameters910

per attention head. For a model with 12 layers and911

12 attention heads per layer, this corresponds to a912

total of 2× 12× 12 = 288 additional parameters,913

which is negligible compared to the overall model914

size. We initialize n to 1.5 and parameterize b to915

1. All remaining initialization and optimization de-916

tails required for exact reproducibility are provided917

in the released code. Aside from the choice of scor-918

ing function and its parameterization, all architec-919

tural components, optimization settings, and train-920

ing procedures were kept identical across models.921

As a result, we observe no meaningful difference922

in training time between SSA- and Softmax-based923

models.924

C Using mixtures of scoring functions925

A natural test is to take temperature-scaled Soft-926

max with parameter τ to rescale the exponen-927

tial behavior. We tried several scaling factors928

τ ∈ {5, 10, 20, 50, 100}, but none produced bet-929

ter results than the standard Softmax. In addition,930

we experimented with alternative normalization931

functions that yield sparse attention distributions,932

including Sparsemax (Martins and Astudillo, 2016)933

and Entmax (Peters et al., 2019). These methods re-934

place the Softmax normalization while preserving935

the overall attention framework. However, neither936

Sparsemax nor α-Entmax led to performance im-937

provements on our tasks.938

We next partitioned the attention heads such that939

half utilized Softmax-based scoring, while the re-940

maining half employed uniform averaging over all941

tokens. This design, we thought, would preserve942

contextual breadth, reduce the risk of focusing to943

specific tokens, and also increase the model’s ex-944

pressiveness through multiple scoring functions.945

We experimented with four distinct known scoring946

functions (tanh, average, ReLU, and x2), assigning947

two heads to each (For detailed results see Table948

1). This approach improved over than Softmax on949

N (0, 1) but was less good elsewhere.950

We additionally tested COSFORMER (Qin et al.,951

2022), which replaces the exponential weighting in952

Softmax with a cosine-modulated kernel combined953

with linear normalization. But, cosFormer did not 954

improve performance on our ICL tasks and often 955

underperformed the Softmax baseline (Table 1). 956

Finally, we experimented with the re- 957

cently proposed Self-Adjusting Softmax (SA- 958

Softmax) (Zheng et al., 2025). However, this 959

mechanism did not yield better generalization 960

or accuracy than the standard Softmax attention 961

(Table 1). 962

D Heat map for the "some" task with 963

SSA for model trained from scratch 964

Figure 5: Heatmap showing the evolution of errors for
the task some trained on data in DI = N (0, 1) for
lengths from 11 to 40 and tested in Dtest

I = N (0, σ) for
σ ∈ {1, ..., 30} and lengths from 10 to 200. The first
figure is for the Softmax-based model and the second
with SSA.
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E Heat map for the "some" task with965

pre-trained and finetuned models966

Figure 6: Heatmap showing the evolution of errors for
the task "some" on different models "Pre-trained Llama
3.3 70B", "Pre-trained Llama 3.1 8B" and finetuned on
Llama 31 8B", respectively from top to bottom on data
in DI = N (0, 1) for lengths from 11 to 40 and tested
in Dt

I = N (0, σ) for σ ∈ {1, ..., 10} and lengths from
10 to 200.

F Heat map for the "every" task with 967

pre-trained and finetuned models 968

Figure 7: Heatmap showing the evolution of errors for
the task "every" on "Pre-trained Llama 3.3 70B" (First),
"Pre-trained Llama 3.1 8B" (Second) with 5 shot learn-
ing and finetuned on Llama 31 8B" (Third), on data in
DI = N (0, 1) for lengths from 1 to 40 and tested in
Dt

I = N (0, σ) for σ ∈ {1, ..., 10} and lengths from 10
to 200.
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G Additional Results and Robustness969

Task Zero-shot Few-shot (3-shot)

Softmax SSA Softmax SSA

LM-Eval Benchmarks

ARC-Challenge 20.8± 1.21 23.2± 1.21 23.40± 1.20 25.92± 1.22

ARC-Easy 45.5± 1.02 47.9± 1.03 48.13± 1.03 50.19± 1.03

HellaSwag 29.2± 0.46 29.5± 0.45 30.33± 0.46 31.25± 0.45

LAMBADA 24.8± 0.61 25.4± 0.60 15.44± 0.54 16.46± 0.51

SuperGLUE Benchmarks

BoolQ 60.2± 0.85 61.1± 0.86 55.34± 0.85 57.08± 0.87

CB 22.5± 6.09 58.5± 6.74 37.94± 6.74 51.34± 6.70

COPA 62.3± 4.73 64.9± 4.92 63.31± 4.82 72.69± 4.69

MultiRC 56.4± 0.71 57.9± 0.71 53.36± 0.71 54.80± 0.72

RTE 45.7± 3.01 56.8± 3.00 47.17± 3.00 53.19± 3.01

WiC 48.0± 1.98 52.0± 1.98 43.80± 1.98 47.74± 1.97

WSC 31.8± 4.74 41.3± 4.74 35.55± 4.89 45.21± 4.83

Table 4: Zero- and few-shot performance of GPT-2
models (124M) trained from scratch on FineWebText
for 50k steps, comparing Softmax and SSA across LM-
Eval and SuperGLUE benchmarks. Reported values are
mean ± standard error across seeds.

H Repartition of token norms in the970

OpenWebText971

Figure 8: Plot showing how many tokens have a norm
of value x, for OpenWebText using GPT-2 Tokenizer.
The x-axis is token embedding norm and the y-axis is
token count (log scale)

I Example showing that Boundary values 972

behaviors 973

Figure 9: Plots for model 12L8AH, trained on
DI , DF ∼ N (0, 1) for f(x) = x for high values (First)
of x and f(x) = 10x for normal (Second) then for low
values of x (Third)

14



models \ σ 1 10 20 30 40 50 60 70 80 90 100
12L8AH 6.4e-05 0.05 0.25 0.50 0.82 1.21 1.66 1.87 2.02 2.14 2.20

Table 5: Table showing the influence of deviant inputs: Comparison showing the evolution of squared errors for
models tested on x ∈ Dt

I = N (0, 1), except the first element x0 ∈ Dt
I = N (0, σ) and weights a, b ∈ Dt

F =
N (0, 1).

models \ σ 1 2 3 4 5 6 7 8 9 10
1L1AH 0.1 0.8 5.1 13.1 26.9 39.7 53.0 84.8 120.0 153.2
1L2AH 0.1 0.8 5.3 14.4 29.8 41.1 55.0 93.8 120.4 159.2
1L4AH 0.0 0.2 2.7 8.7 19.9 32.0 42.8 64.5 92.3 131.2
2L1AH 0.0 0.1 2.0 4.9 13.7 27.0 36.1 64.9 99.0 134.0
2L2AH 0.0 0.0 1.6 3.2 9.3 25.5 32.0 61.1 92.9 127.8
2L4AH 0.0 0.0 0.9 2.6 7.5 19.3 27.3 51.8 90.2 119.4
3L1AH 0.0 0.0 0.9 3.0 8.2 16.8 24.4 48.4 76.7 113.2
3L2AH 0.0 0.0 0.7 2.3 6.5 15.9 22.5 43.1 74.0 102.5
3L4AH 0.0 0.0 0.6 1.9 5.5 13.8 20.4 42.2 70.3 100.4
6L4AH 0.0 0.0 0.5 1.6 4.6 11.6 16.8 33.7 58.3 87.9
12L8AH 0.0 0.0 0.3 1.1 2.9 7.9 11.9 28.3 46.9 73.5

18L8AH 0.0 0.0 0.2 1.1 2.8 7.1 10.3 22.9 40.3 64.6

2Al32AH 1.17 2.64 3.47 5.01 7.88 16.85 24.1 40.98 66.04 95.03
12Al8AH 0.0 0.0 0.41 1.70 3.92 10.40 14.04 30.20 52.69 79.13

Table 6: Comparison to show the evolution of squared error over different models. Dtest
I ∼ N(0, 1).

J Theoretical Analysis of SSA974

In this section we will present a theoretical analysis975

of SSA and compares its structural behavior with976

the exponential function underlying the softmax.977

We analyze growth, gradients, effective slope,978

Lipschitzness, ratios, entropy, Jacobian stability,979

and identify the conditions that prevent hardmax-980

like collapse.981

Let’s consider:982

f(x) = (1 + b|x|) sgn(x)n, b > 0, n ≥ 1,
(6)983

Logits are denoted s1, . . . , sk ∈ R.984

αSSA
i =

f(si)∑k
j=1 f(sj)

. (7)985

J.1 Growth Behavior: SSA vs. Exponential986

Softmax uses the exponential function, whose987

super-polynomial growth causes severe sensitivity988

to logit differences:989

ex → ∞ exponentially in x.990

SSA behaves fundamentally differently. Since991

sgn(x) determines the exponent, SSA admits the992

piecewise form993

f(x) =

(1 + bx)n, x ≥ 0,

(1 + b|x|)−n, x < 0.
994

Hence the asymptotics are 995

x → +∞ : f(x) ∼ (bx)n, 996
997

x → −∞ : f(x) ∼ (b|x|)−n. 998

Thus f grows only polynomially, in stark con- 999

trast to the exponential. It therefore reacts more 1000

gently to large positive logits. 1001

Figure 10: Illustration of the base function (1 +
b|x|)sgn(x)n used in SSA, plotted for b = 1 and n ∈
{1.1, 1.5, 2}. The curves demonstrate that SSA exhibits
behavior similar to the exponential function, but with a
tunable growth rate toward +∞, which increases with
larger values of the exponent n.

J.2 Gradient Structure and Effective Slope 1002

Piecewise derivative. Differentiation yields 1003

f ′(x) =

nb(1 + bx)n−1, x > 0,

nb(1 + b|x|)−n−1, x < 0,
f ′(0) = nb. 1004
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Therefore,1005

|f ′(x)| =

Θ(|x|n−1), x → +∞,

Θ(|x|−n−1), x → −∞.
1006

Softmax satisfies f ′(x) = ex, which diverges1007

exponentially for large x.1008

Effective slope. Define g(x) = f ′(x)
f(x) . From the1009

expressions above,1010

g(x) =
nb

1 + b|x|
,1011

with g(0) = nb and lim|x|→∞ g(x) = 0.1012

Thus SSA exhibits self-regularizing gradient1013

suppression: extremely large logits exert vanishing1014

influence, unlike softmax where g(x) ≡ 1.1015

J.3 Ratio Growth, Concentration, and1016

Entropy1017

Let s1 ≥ s2 denote the two largest logits.1018

Softmax ratio.

αexp
1

αexp
2

= es1−s2 ,1019

which grows exponentially in the gap ∆ = s1− s2,1020

yielding rapid collapse toward a one-hot distribu-1021

tion.1022

SSA ratio (for s1, s2 ≥ 0).

αSSA
1

αSSA
2

=

(
1 + bs1
1 + bs2

)n

=

(
1 +

b∆

1 + bs2

)n

.1023

This ratio grows only polynomially in ∆. Conse-1024

quently, SSA avoids the aggressive concentration1025

typical of softmax.1026

Entropy lower bound. Given any upper bound1027

αmax < 1, the Shannon entropy satisfies1028

H(α) ≥ −αmax logαmax−(1−αmax) log

(
1− αmax

k − 1

)
.1029

In Section J.6, we prove that αmax is uniformly1030

bounded away from 1 for finite n under bounded1031

logits.1032

J.4 Lipschitz Continuity of SSA Scores1033

On a bounded interval |x| ≤ M ,1034

|f ′(x)| ≤ nb(1 + bM)n−1,1035

so f is Lipschitz on compact domains with polyno- 1036

mial Lipschitz constant 1037

LSSA(M) = nb(1 + bM)n−1. 1038

For softmax, 1039

Lexp(M) = sup
|x|≤M

ex = eM , 1040

which grows exponentially with M . 1041

J.5 Jacobian of SSA Attention 1042

The normalized weights satisfy αi = fi/S with 1043

S =
∑

j fj . Thus, 1044

∂αi

∂sm
=

1i=mf ′
i

S
− fif

′
m

S2
. 1045

Under the bounded-logit assumption |si| ≤ M , 1046

fi ∈ [(1+bM)−n, (1+bM)n], |f ′
i | ≤ nb(1+bM)n−1.1047

These bounds imply that all Jacobian entries re- 1048

main polynomially bounded in M , b, and n, in 1049

contrast to softmax whose Jacobian magnitudes 1050

can grow exponentially with logit variance. 1051

J.6 Conditions Preventing Hardmax-Like 1052

Collapse 1053

A normalized scoring mechanism collapses to a 1054

hardmax when 1055

f(smax)∑
j ̸=max f(sj)

→ ∞. 1056

Softmax. For softmax, 1057

esmax

esj
= esmax−sj , 1058

so even constant positive gaps cause divergence, 1059

making collapse unavoidable. 1060

SSA under bounded logits. Assume |si| ≤ M . 1061

Then 1062

f(si) ∈ [(1 + bM)−n, (1 + bM)n], 1063

and thus 1064

αSSA
max ≤ (1 + bM)n

(1 + bM)n + (k − 1)(1 + bM)−n
. 1065

Define 1066

ε =
(k − 1)(1 + bM)−n

(1 + bM)n + (k − 1)(1 + bM)−n
> 0. 1067

Hence 1068

αSSA
max ≤ 1− ε < 1. 1069
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Theorem 1 (No Hardmax Collapse for SSA with Finite n)1070

Let b > 0, n < ∞, and suppose logits satisfy1071

|si| ≤ M . Then1072

max
i

αSSA
i ≤ 1− ε,1073

with ε > 0 given above. Thus SSA cannot collapse1074

to a one-hot distribution for finite n unless |si| →1075

∞ or n → ∞.1076

Therefore, unlike softmax, SSA inherently re-1077

sists overconcentration over any bounded logit1078

range.1079

J.7 Summary1080

SSA exhibits several structural advantages over1081

softmax:1082

• Polynomial growth and decay versus expo-1083

nential growth.1084

• Self-regularizing gradients with effective1085

slope g(x) = nb/(1 + b|x|).1086

• Entropy preservation: probabilities remain1087

bounded away from 1.1088

• Polynomial Lipschitz constants for both1089

scores and Jacobians.1090

• Provable non-collapse: hardmax-like behav-1091

ior is impossible for finite n under bounded1092

logits.1093

These properties explain the improved numerical1094

stability, robustness, and reduced overconfidence1095

provided by SSA in attention mechanisms.1096

K Prompts used for tests on pre-trained 1097

models 1098

"Linear Function" System Prompt

You are an auto-regressive AI model designed to predict
the next value in a sequence of input-output pairs that
follow a linear function f(x) = ax + b. Your task is
to analyze the given input-output pairs and predict the
output for the final input value.
Here are some examples to illustrate the task:
Example 1:
CONTEXT: [1, 3, 2, 5, 3, 7, 4]
#Answer: 9
Example 2:
CONTEXT: [0, 1, 2, 5, 4, 9, 6]
#Answer: 13
Example 3:
CONTEXT: [1, -1, 2, -3, 3, -5, 4]
#Answer: -7
Example 4:
CONTEXT: [0, 0, 2, 6, 4, 12, 6]
#Answer: 18
Example 5:
CONTEXT: [-2, -3, 0, 1, 2, 5, 4]
#Answer: 9
Now, given a new sequence of input-output pairs where
the last output is missing, predict the final value.
IMPORTANT:

• DO NOT include any explanations in your re-
sponse.

• DO NOT use any PYTHON code in your response.

• GIVE JUST THE NUMERICAL OUTPUT AS
THE ANSWER.

1099
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"AND" Task System Prompt

You are an auto-regressive AI model designed to evalu-
ate whether each sublist of a list of numbers is entirely
positive. Your task is to process the list incrementally,
verifying the positivity of each sublist one by one. A sub-
list is considered “TRUE” if all its elements are greater
than zero. Once a sublist contains a non-positive num-
ber, all subsequent sublists will be marked as “FALSE”.
Although you process the list step-by-step, you will only
output the final list of booleans once all sublists have
been evaluated.
Here are some examples to illustrate the task:
Example 1:
CONTEXT: [1, 1, 2, 3, -1, 2, 1]
#Answer: [True, True, True, True, False, False, False]
Example 2:
CONTEXT: [0.1, -9, -0.11, 5, 0, 3.5]
#Answer: [True, False, False, False, False, False]
Example 3:
CONTEXT: [-1, -2, -3, -4, -5]
#Answer: [False, False, False, False, False]
Example 4:
CONTEXT: [0.5, 1.5, -0.5, 2.5, -2.5]
#Answer: [True, True, False, False, False]
Example 5:
CONTEXT: [10, -10, 0, 0.01, -0.01]
#Answer: [True, False, False, False, False]
Now, given a new list of numbers, perform the same task
and provide the final output in the specified format.
IMPORTANT:

• DO NOT include any other text in your response.

• DO NOT use any PYTHON code in your response.

• GIVE JUST THE OUTPUT LIST AS THE AN-
SWER.

1100

"OR" Task System Prompt

You are an auto-regressive AI model designed to evaluate
whether each sublist of a list of numbers has a positive
element. Your task is to process the list incrementally,
verifying if there exists a positive element in each sublist
one by one. A sublist is considered “TRUE” if it has a
positive element. Although you process the list step-by-
step, you will only output the final list of booleans once
all sublists have been evaluated.
Here are some examples to illustrate the task:
Example 1:
CONTEXT: [1, 1, 2, 3, -1, 2, 1]
#Answer: [True, True, True, True, True, True, True]
Example 2:
CONTEXT: [-0.1, -9, -0.11, 5, 0, 3.5]
#Answer: [False, False, False, True, True, True]
Example 3:
CONTEXT: [-1, -2, -3, -4, -5]
#Answer: [False, False, False, False, False]
Example 4:
CONTEXT: [-0.5, 1.5, -0.5, 2.5, -2.5]
#Answer: [False, True, True, True, True]
Example 5:
CONTEXT: [-10, -10, -3, 0.01, -0.01]
#Answer: [False, False, False, True, True]
Now, given a new list of numbers, perform the same task
and provide the final output in the specified format.
IMPORTANT:

• DO NOT include any other text in your response.

• DO NOT use any PYTHON code in your response.

• GIVE JUST THE OUTPUT LIST AS THE AN-
SWER.

1101

L Example of an output generated by a 1102

fine-tuned Llama 3.1 8B on Linear 1103

functions 1104

Llama 3.1 8b fine-tuned on Linear Function 1105

did not understand the task and was not con- 1106

sistent even with the size of the output gener- 1107

ated, which was different from an example to an- 1108

other. Here is an example of the generated output 1109

[1.33, 0.79, 2.61, 0.0, 0.9]. 1110

M Error values for different models 1111

To ensure that comparisons between models are 1112

meaningful, for each N (0, σ), we set a seed when 1113

generating the 100 random linear functions, ensur- 1114

ing that each model sees the same randomly chosen 1115

functions and the same set of prompting points xi. 1116

The heatmap on the right in Figure 11 shows 1117

how our models generalized outside of the training 1118

distributions DF , DI ∼ N (0, 1). Shifts both in 1119

Dtest
I from DI and in Dtest

F from DF prompted 1120

performance to degrade as can be seen in Figure 1121

11. For error values on various distributions and 1122

models see Table 6 in Appendix M. 1123
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Figure 11: Evolution of MSE for various models with
DF , DI , D

test
I ∼ N (0, 1) and Dtest

F ∼ N (0, σ) for
various n. The heatmap shows error evolution when
varying Dtest

I and Dtest
F

.
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