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Abstract

Data debugging is to find a subset of the training data such that the model obtained
by retraining on the subset has a better accuracy. A bunch of heuristic approaches
are proposed, however, none of them are guaranteed to solve this problem effec-
tively. This leaves an open issue whether there exists an efficient algorithm to find
the subset such that the model obtained by retraining on it has a better accuracy.
To answer this open question and provide theoretical basis for further study on
developing better algorithms for data debugging, we investigate the computational
complexity of the problem named DEBUGGABLE. Given a machine learning
model M obtained by training on dataset D and a test instance (Xes, Yest) Where
M (Xiest) 7 Yrests DEBUGGABLE is to determine whether there exists a subset D’ of
D such that the model M’ obtained by retraining on D’ satisfies M’ (Xiest) = Ytest-
To cover a wide range of commonly used models, we take SGD-trained linear
classifier as the model and derive the following main results. (1) If the loss function
and the dimension of the model are not fixed, DEBUGGABLE is NP-complete
regardless of the training order in which all the training samples are processed
during SGD. (2) For hinge-like loss functions, a comprehensive analysis on the
computational complexity of DEBUGGABLE is provided; (3) If the loss function is a
linear function, DEBUGGABLE can be solved in linear time, that is, data debugging
can be solved easily in this case. These results not only highlight the limitations of
current approaches but also offer new insights into data debugging.

1 Introduction

Given a machine learning model, data debugging is to find a subset of the training data such that
the model will have a better accuracy if retrained on that subset [1]]. Data debugging serves as a
popular method of both data cleaning and machine learning interpretation. In the context of data
cleaning, data debugging (a.k.a. training data debugging [2] or data cleansing [1]]) can be used
to improve the quality of the training data by removing the flaws leading to mispredictions [3H3]].
When it comes to ML interpretation, data debugging locates the part of the training data responsible
for unexpected predictions of an ML model. Therefore it is also studied as a training data-based
(a.k.a. instance-based [6]) interpretation, which is crucial for helping system developers and ML
practitioners to debug ML system by reporting the harmful part of training data [7].

To solve the data debugging problem, existing researches adopt a two-phase score-based heuristic
approach [2]. In the first phase, a score representing the estimated impact on the model accuracy is
assigned to each training sample in the training data. It is hoped that the harmful part of training
data gets a lower score than the other part. In the second phase, training samples with lower scores
are removed greedily and the model is retrained on the modified training data. The two phases are
carried out iteratively until a well-trained model is obtained. Most of the related works focus on
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developing algorithms to estimate the scores efficiently in the first phase [8H16], but rarely study the
effectiveness of the entire two-phase approach.

Since it is computationally intractable to estimate the score for all possible subsets of the training
data, it is often assumed that the score representing the impact of a subset is approximately equal
to the sum of the scores of each individual training samples from the subset. However, Koh et. al.
[LO] showed this is not always the case. For a bunch of subsets sampled from the training data,
they empirically studied the difference between the estimated impact and the actual impact of each
subset by taking influence functions as the scoring method. The estimated impact is calculated by
summing up the score by influence function of each training samples in the subset, and the actual
impact is measured by the improvement of accuracy of the model retrained after removing the subset
from training data. They found that the estimated impact tends to underestimate the actual impact.
Removing a large number of training samples could result in a large deviation between estimated
and actual impacts. Although an upper bound of the deviation under certain assumptions has been
derived, it is still unknown whether the deviation can be reduced or eliminated efficiently.

The above deviation also poses challenges to the effectiveness of the entire approach. Suppose the
influence function is adopted as the scoring method, the accuracy of the model is not guaranteed
to improve due to the deviation reported in [10] if a large group of training samples are removed
during each iteration. Moreover, there is no theoretical analysis for the effectiveness of the greedy
approach in the second phase. Even if only one training sample is removed during each iteration
of the two-phase approach, the accuracy of the model is still not guaranteed to be improved. The
effectiveness of the entire two-phase approach is therefore not assured. This leaves the following
open problem:

Problem 1.1. Is there an efficient algorithm to find the subset of the training data, such that the
model obtained by retraining on it has a better accuracy?

The computational complexity results presented in this paper demonstrate that it is unlikely to solve
the data debugging problem efficiently in polynomial time. To figure out its hardness, we study the
problem DEBUGGABLE which is the decision version of data debugging when the test set consists of
only one instance. Formally, DEBUGGABLE is defined as follows:

Problem 1.2 (DEBUGGABLE). Given a classifier M, its training data T, a test instance (x,y). Is
there a 77 C T, such that M predicts y on x if retrained on 7”7

Basically, we prove that DEBUGGABLE is NP-complete, which means data debugging is unlikely
to be solved in polynomial time. This result answers the open question mentioned above directly,
this is, the large deviation of estimated impacts [[10] cannot be reduced or eliminated efficiently. This
is because if the impact of a subset of the training data could be accurately estimated as the sum of
the impact of each training sample in the subset, data debugging can be solved in polynomial time,
which is impossible unless P=NP.

Although DEBUGGABLE is generally intractable, we still hope to develop efficient algorithms tailored
to specific cases. Thus it is necessary to figure out the root cause of the hardness for DEBUGGABLE.
Previous research are always conducted based on the belief that the complexity of data debugging is
due to the chosen model architecture is complicated. However, we show that at least for models trained
by stochastic gradient descent (SGD), the hardness stems from the hyper-parameter configuration
selected for the SGD training, which was not yet aware of by previous work. To cover a wide range of
commonly used machine learning models, we take linear classifiers as the model and show that even
for linear classifiers, DEBUGGABLE is NP-hard as long as they are trained by SGD. Moreover, we
provided a comprehensive analysis on hyper-parameter configurations that affect the computational
complexity of DEBUGGABLE, including the loss function, the model dimension and the training
order. Training order, a.k.a. training data order [17]] or order of training samples [[L8], refers to the
order in which each training sample is considered during the SGD. Detailed complexity results are
shown in Table[Tl

Our contribution can be concluded as follows:
* We studied the computational complexity of data debugging and showed that data debugging
is NP-hard for linear classifiers in the general setting for all possible training orders.

* We studied the complexity of DEBUGGABLE when the loss is fixed as the hinge-like
function. For 2 or higher dimension, DEBUGGABLE is NP-complete when the training order
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Table 1: Computational complexity of the data debugging problem

Loss Function Dimension Training Order Complexity
Not Fixed Not Fixed - NP-hard
Hinge-like >2 Adversarially Chosen NP-hard

Hinge-like, 8 < 0 1 Adpversarially Chosen NP-hard
Hinge-like, 3 > 0 1 - Linear Time

Linear - - Linear Time

is adversarially chosen; For one-dimensional cases, DEBUGGABLE can be NP-hard when
the interception 5 < 0, and is solvable in linear time when 5 > 0.

* We proved that DEBUGGABLE is solvable in linear time when the loss function is linear.

Moreover, we have a discussion on the implications of these complexity results for machine learning
interpretability and data quality, as well as limitations of score-based greedy methods. Our results
suggest the further study as follows. (1) It is better to characterize the training sample and find the
criterion which can be used to decide the existence of efficient algorithms; (2) Designing algorithms
with CSP-solver is a potential way to solve data debugging more efficiently than the brute-force one;
(3) Developing random algorithms is a potential way to solve data debugging successfully with high
probability.

1.1 Related Works

The solution of data debugging has applications in database query results reliability enhancement
[2, [19]], training data cleaning [1]] and machine learning interpretation[9}, 8, [10, 20, 21]]. Existing
works on data debugging mainly adopt a two-phase approach, which scores the training samples in the
first phase and greedily deletes training samples with lower scores in the second phase. Most of the
research focus on the first phase. There are mainly two ways of scoring adopted for data debugging in
practice. Leave-one-out (LOO) retraining is a widely studied way, which evaluates the contribution of
a training sample through the difference in the model’s accuracy trained without that training sample.
To avoid the cost of model retraining, Koh and Liang took influence functions as an approximation of
LOO [8]]. After that, various extensions and improvements of the influence function based method
are proposed, such as Fisher kernel [9], influence function for group impacts [10], second-order
approximations [[11] and scalable influence functions [12]. Another way is Shapley-based scoring,
where the impact of a training sample is measured by its average marginal contribution to all subsets
of the training data [13]]. Since Shapley-base scoring suffers from expensive computational cost [22],
recent works focus on techniques that efficiently estimate the Shapley value, including Monte-Carlo
sampling [13], group testing [14} [15] and using proxy models such as k-NN [16} 3]. However,
those methods do not admit any theoretical guarantee on the effectiveness. This paper discusses the
limitations of the above methods and suggests some future directions on data debugging.

2 Preliminaries and Problem Definition

Linear classifiers. Formally, a (binary) linear classifier is a function \y : R? — {-=1,1}, where d is
called its dimension and w € R? its parameter. Without loss of generality, the bias term of a linear
classifier is set as zero in this paper. All vectors in this paper are assumed to be column vectors. For
an input x, the value of )\, is defined as

1 ifwix>0
A = -
w(X) {1 otherwise.

We denote the class of linear models as A.
Training data. A training sample is a pair (x, y) in which x € R? is the input and y € {—1,1} is

.. . . .. T
the label of x. The fraining data is a multiset of training samples. We employ w — w’ to denote
that the parameter w’ is obtained by training the parameter w on the training data 7', and employ

w Y W to denote that W' is obtained by training w on the training sample (x, y).
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Loss functions and learning rates. Binary linear classifiers typically use unary functions on yw ' x
as their loss functions [23]). Therefore we only consider loss functions of the form £ : yw ' x — R
for the rest of the paper.

The linear loss is in the form of

Liin(yw %) = —a(yw 'x + 3).
The hinge-like loss function is defined as the following form

—ayw ' 'x+6), yw'x<p

Lhinge T = .
hinge (YW X) {O, otherwise.

We call 3 as the interception of Lying.. We represent the learning rate of a model using a vector
n = (m,...,n4), where ; > 0 and each parameter w; can be updated with the corresponding
learning rate 7;.

Stochastic gradient descent. The stochastic gradient descent (SGD) method updates parameter w
from its initial value w(%) through several epochs. During each epoch, the SGD goes through the
entire set of training samples in some training order through several iterations. The training order is
defined as a sequence of training samples, in the form of (x1,¥1) ... (Xpn,yn). For 1 <i < j <mn,
(x4, ;) is considered before (x;, y,) during the SGD. We use w; to denote the i-th coordinate of w.
We also use w(®*) to denote the value of w at the end of k-th iteration of epoch e and use w(® to
denote the value of w after the end of epoch e. Assuming (x, y) to be the training sample considered
at iteration k, the stochastic gradient descent (SGD) method updates parameter w; for each i by

W) eED AL(y(wF~1) Tx) )
¢ ¢ ow;
In other words, we have
weh)  wlek—D _p e Vﬁ(y(w(e,k—l)>TX)
where n @ VL = (77159—51, e ,ndaaTLd) is the Hadamard product. We say a training sample x

is activated at iteration k during epoch e if VL(y(w(®*~1)Tx) # 0. The SGD terminates at
the end of epoch e if |[w(®~Y) — w(®)|| < ¢ for threshold ¢ or e reached some predetermined
value. We denote w* = w(®). A linear classifier trained by SGD with the meta-parameters
mentioned above is denoted as SGDA (£, 1, &, T) = Aw~. With a slight abuse of notation, we define
SGDA(L,m, e, T,x) = Aw=(x). We also use SGD (7, x) to avoid cluttering when the context is clear.

Problem definition. With the above definitions, DEBUGGABLE for SGD-trained linear classifiers
can be formalized as follows:

DEBUGGABLE-LIN

Input: Training data 7', loss function £, initial parameter w(®), learning

rate 7, threshold e and instance (Xiest, Yrest)-

Output: “Yes”: if IA C T such that SGDA (L, 1, &, T \ A, Xiest) = Yrests
“No”: otherwise.

We say SGDA (£, n, e, T) is debuggable on (Xiey, Yest) if (£, WD, 1, &, T, Xiest, Yiest) 15 @ yes-instance
of DEBUGGABLE-LIN, and not debuggable on (Xest, Yiest) Otherwise.

3 Results for Unfixed Loss Functions

In this section, we prove the NP-hardness of DEBUGGABLE-LIN. Intuitively, DEBUGGABLE-LIN is
to determine whether there exists a subset 77 C T where activated training samples within 7" drive
the parameter w toward the region defined by geqW | Xt > 0. The activation of training samples
depends on the complex interaction between the training data and the model.

Theorem 3.1. DEBUGGABLE-LIN is NP-hard for all training orders.

We only show the proof sketch and leave the details in the appendix.
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Proof Sketch. We build a reduction from an NP-hard problem MONOTONE 1-IN-3 SAT [24]:

MONOTONE 1-IN-3 SAT
Input: A 3-CNF formula ¢ with no negation signs.
Output:“Yes”: if ¢ has a 1-in-3 assignment, under which each clause
contains exactly one true literal;
“No”: otherwise.

For example, 1 = (z1 V 22 V x3) A (x2 V x3 V x4) is a yes-instance because (x1, T2, X3, T4) =
(T,EET) is an 1-in-3 assignment; o = (z1VazaVas)A(zaVasVaeg) A(x1 Ve Vag)A(z1VasVey)
is a no-instance.

Given a 3-CNF formula ¢, our goal is to construct a configuration of the training process, such that
the resulting model outputs the correct answer if and only if its training data 7" encodes an 1-in-3
assignment v of . This can be done by carefully designing the encoding so that for each x; € ¢,
v(x;) = TRUE if and only if t,, € T”. Finally, we can construct some T with T O T"U{t,, |z; € ¢},
such that some classifier trained on 7T is a yes-instance of DEBUGGABLE-LIN if and only if ¢ is a
yes-instance of MONOTONE 1-IN-3 SAT, thereby finishing our proof.

The reduction. Suppose ¢ has m clauses and n variables, let N = n+2m+ 1. We set the dimension
of the linear classifier to V.

The input. Each coordinate of the input is named as

-
X = (-77017- 3Ly s Lagy ey Lay, s Thys - --axbmvxdummy)
We also use z; to denote the i-th coordinate of x.

The parameters. Each coordinate of the parameter is named as

_ T
W = (Wey, ey Wep s Ways ooy Way, Wy s - -+ s Wh,, , Wdummy)

We also use w; to denote the i-th coordinate of w. Each w,; represents the truth value of variable z;,
where 1 represents TRUE and -1 represents FALSE. Similarly, each w,, represents the truth value of
clause c; based on the value of its variables. wy; and Waumy are used for convenience of proof.

The initial value of the parameter is set to

,1_2”? n m
O == . ... ==1,... -1,~1,....-1,1)"
w (27 a27 9 ) 9 ) ) 7)

Loss function. We denote U(zo, ) := {z|zo —§ < < zg + 0} as the §-neighborhood of z, and
define U(+x0,0) = U(zg, ) UU(—x0, d). We define the local ramp function as

0 7$§z0_6;
Teo,5(x) = qx—x0+0d 2 € U(xp,9);
20 ,T > x0 + 0.

The loss function is defined as
12N 1

L=-— 575001 (yw %) = r_1 026 (yW %) — 1000V ( Ta0,001 (YW ' X).
zo€{+1,+3}
L is monotonically decreasing with derivatives
—% cyx;  ,yw!x € U(-5,0.01);
oL | —yw; LYW x € U(—%,O.ZG); @
ow; —710010Nyxi YW x € Uwoe{il,i3} U(xg,0.01);
0 , otherwise.
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Table 2: Training data for var (¢) Table 3: Training data for clause (s, 41, i2,%3)

Tg; Y Ley Loy Loy, LTayy Lo Y

5 1 1 1 1 1 1

1
2

Learning rate. The learning rate for SGD is set to be

n

m e N m
=5 5L L 000N, .. 20008 '
n= yt 76N7°"76N7 ¢ttty ’ .

Training data. We define two gadgets, var (¢) and clause (4,11, 12,%3), as illustrated in Tableand
All the unspecified coordinates are set to zero. We use T to denote the training data. var (i)
is contained in T if and only if x; € ¢, and clause (4,41, 12,%3) is contained in Ty if and only if
ci = (T, Vi, Vi,) € @

Threshold and instance. The threshold € can be any fixed value in R,. The instance is defined as
(Xtesta ytesl), where Ytest = 1 and

m n+m

— " —1lIm+5 7
Xiest = (17...,170,...70,#) .
The following reduction works for all possible training orders. Intuitively, during the training process,
each var (¢) in the training data will set w,, to around 1 (that is, mark x; as TRUE) in the first epoch,
and each clause (4,71, 12, 43) will set w,, to near % in the second epoch, if and only if exactly one
of wy, ,w,, ,w,;, 1isnear 1 and the others near —1 (that is, mark c; as satisfied if exactly one of
. iy Lig 3 .. .
its literals is TRUE and the others FALSE). The training process terminates at the end of the second
epoch. O

4 Results for Fixed Loss Functions

We have proved the NP-hardness for DEBUGGABLE-LIN when the loss function is not fixed. In
this section, we study the complexity when the loss function is fixed as linear and hinge-like
functions. Assuming that SGD terminates after only one epoch with a fixed order, we will show
that DEBUGGABLE-LIN is solvable in linear time for linear loss. For hinge-like loss functions,
DEBUGGABLE-LIN can be solved in linear time only when the dimension d = 1 and the interception
[ > 0. For the rest cases, DEBUGGABLE-LIN becomes NP-hard.

4.1 The Easy Case

We start with the linear loss function £ = —a(yw ' x + 3), with which all the training data are
activated and w* = w*(T') = w(®) +2 - (x,y)eT @YN@X. Since Yy € {—1,1}, DEBUGGABLE-LIN
is equivalent to deciding whether

max {gies (W (') et > 0.

A training sample (x,y) is “go0d” if Yes(ayn @ x) "Xt > 0 and “bad” otherwise. The good
training-sample assessment (GTA) algorithm, as shown in Algorithm[I] deals with this situation by

greedily picking all “good” training samples.
Denoting T as the set of all good data in 7', it follows that

ylest(w* (T*))Txtest = ytesl(w(o))TXtest + Z ylest(ayn & X>Txlest
(x,y)ET™

2 Ytest (W(O))Txtest + Z ylest(ay’r] & X)TXtCSl
(x,y)€T’

for all 77 C T. Hence maxr c7{Yest(W* (T")) "Xiest} = Yrest(W* (T*)) T X(esr and DEBUGGABLE-
LIN can be solved by GTA in linear time. The following theorem is straightforward.
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Theorem 4.1. DEBUGGABLE-LIN is linear time solvable for linear loss functions.

Algorithm 1: Good Training-sample Assessment (GTA)

Input: Training data T, loss function £, initial parameter w(%), learning rate 7, threshold € and
test instance (Xeest, Yrest)-

Output: TRUE, iff SGDA (L, n,¢,T) is debuggable on (XiestYrest)-
w— w®);
for (x,y) € T'do

if Yses:(Qyn @ X) "X/e5r > 0 then

| W w+aynx;

end
end
if yteleTxtest Z 0 then

| return TRUE;

end
return FALSE;

GTA is still effective for one-dimensional classifiers trained with hinge-like losses when 5 > 0.

Theorem 4.2. DEBUGGABLE-LIN is linear time solvable for hinge-like loss functions, when d = 1
and 8 > 0.

Proof. Tt suffices to prove that if 37" C T such that SGDA (7", Ziest) = Yrest> SGDA (T, Ttest) = Yrest-

a) Suppose all the data in 7™ are activated, we have

ylestw*(T*)xtest = yteslw(o)xlest + Z Ytest YT T T rest

(z,y)eT™
> yteslw(o)l‘lest + Z Ytest AYNTTeest + Z Ytest YT T L rest
(z,y)€T'NT* (z,y)ET'\T*

= yteslw*(T/)xtesl >0

b) Suppose (z,y) € T™ is the first inactivated data during the training phase, and w is the current
parameter, we have ywz > (. Since an - (2y) - (TiestYrest) > 0, we have (Ziest¥est) - w > 0. Let T be
the set of training data appeared before (x, y), we have Yeqw™* (T™)Trest > YrestW™ (T ) et > 0. O

4.2 The Hard Case

The gradient of training data may not always be activated and could be affected by the training order.
When the training order is adversarially chosen, the following theorem shows that DEBUGGABLE-LIN
is NP-hard for all d > 2 and 8 € R.

Theorem 4.3. If the training order is adversarially chosen and d > 2, DEBUGGABLE-LIN is NP-hard
for each hinge-like loss function at every constant learning rate.

Proof sketch. Since the result can be easily extended for all d > 2 by padding the other d — 2
dimensions with zeros, we only prove for the case of d = 2. We assume 8 > —1 and leave the
B < —1 case to the appendix. To avoid cluttering, we further assume 77 = 1 and o = 1. The proof
can be easily generalized by appropriately re-scaling the constructed vectors.

We build a reduction from the subset sum problem, which is well-known to be NP-hard:

SUBSET SUM
Input: A set of positive integer .S, and a positive integer ¢.
Output: “Yes”: if 35" C Ssuchthat ) o a =t;

“No”: otherwise.
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Suppose n = |S|, m = max,es{a}, vy = max{$,1} and S = {ay, as, ..., a,}. We further assume
n > 1. Let the training data be

T= {(Xlayl)v (X2,y2)7 ceey (men)} U {(XC’ yc)’ (Xbayb)’ (Xaaya)}

where x;y; = (Tﬂ,?)\/fyai) forall 1 < i < n,x.y. = ((18n°m? — 2)\/7, =3t\/7). Xy =
(V7 =) Xa¥Ya = (V7,/7)- Let w0 = (—18n2m2\ﬁ7 0). Let the test instance (Xiest, Yrest)
).

satisfy XestYtest = (17 0

Let the training order be (X17 y1>7 (X27 y2)7 ey (Xna yn)7 (Xc7 yc)a (Xb7 yb)7 (Xaa ya)~

(0) Tn{(xs,y0) 1<) <i}

yi+1W;rXi+1 Sni\ﬁjl( 187’L m f+ \/> )+3\/>a1+123\/>aj

n—1 n
< - . 2 R — —1<
7( e Inm +(n+1)2>< <g

This means all the 7"\ {(x,, yc) (xb7 Yb), (xa, Ya)} can be activated. Thus the resulting parameter
trained by T\ {(X¢, Ye)s (X, Yb), (Xas Ya

}is
We _W(O) +szyz = <
cs

It now sufﬁces to prove that for all S’

For each 1 <4 < n, suppose w w;, we have

AT -
f+1 ’3ﬁ2ai>-
i=1

. Y geg @ = tif and only if 37" C T such that
w: w® Iy w satisfies YiestW | Xeest > 0.
If: Suppose 35" C S such that ) | ¢ a = t, we prove that 37" C T' such that Yrest (W) T Xt > 0
for w* satisfying w(®) Ty w.
Let T* = {(xs,yi)|a; € 8"}, T =T* U{(Xe, Ye), (Xby Ub)s (Xay Ya) - We have

= (- 18nm\f+f| ENDIEDE 18nm\f+f| | ,3V/At).

a; €S’

And therefore y.w,] x. = v ((—ISan2 + %)(187127712 -2)— 9t2) < —-1<8, 0

(xcﬂ/c) |T*|
We —— c cYe = -2 ,0 .
Wi = we + oo = (VAL 2),0)
Note that yyw, x, = 'y(% —2) < —1< 3, we have
(%v,Yp) _ _ 1T
p—— Wg = Wp + XglYqg = (ﬁ(n+1 - 1)a_ﬁ)
Note also that y, w, X, = 7(% —2) < —1< 3, we have
(xa, a) * |T*| v
Wq —y>W = Wq + XqYa = ( n+\1[’0)
Therefore, Yiesi(W*) T Xiest = u;l\( > 0.

Only if: For each T/ C T, let T* = T \ {(X¢, ¥e), (X6, Yb)s (Xay Ya) }- If ytesl(w*)—'—xlest > 0 for

w* satisfying w(®) r, w*, we prove that 35" C S such that > a = t. We first show that for

acsS’
each 7' C T, if w(w©® 15 w) satisfying yiesw | Xest > 0, we have Vk € {a,b,c}, (x4, y1) €

(Xeyye) (x6,95)
c Wp

T', ysw) x5, < 7, where w(® W
such that (x, yx) € 1" or ykW,;rxk > . we have

w,. Otherwise, suppose 3k € {a, b, c}

T

—-1)<0
n—+1 )

ytestWTXtest < ﬁ (
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which contradicts to the fact that yeqW | Xest > 0.

Let S" = {a;|(xi,y;) € T*} and t' = g a;, it suffices to prove t' = ¢. Notice that
T*
w,. = (V(—18n*m? + u),S\ﬁ Z a;)

n+tl a; €S’

7| /
3/t

n-i-l)’ VIt)

Hence y.w/ x. = v(—18n?m? + %)(187127712 —2) — 9ytt’ < —1 < f3, thus

SNORMACE DI,

= (Vy(=18n*m? +

XerYe T
we T Wy = We + Xeye = (W(TL +‘1 —2),3,/~(t' —1))
(HIft' <t —1, wehave ybwaxb =7 (% —243(t— t’)) > v > 3, a contradiction.
) Ift' >t + 1, we have y,w,] x, = v (lnTT-l‘ —243(t' — t)) >« > 3, another contradiction.
Therefore t' = t, and this completes the proof. [

Moreover, DEBUGGABLE-LIN is NP-hard even when d = 1 and 3 < 0.

Theorem 4.4. If the training order is adversarially chosen and d = 1, DEBUGGABLE-LIN remains
NP-hard for each hinge-like loss function with 8 < 0 at every constant learning rate.

Remarks. The training order in this section can be arbitrary as long as the last three training
samples are (X.,Yc), (Xp, Ys), (Xa, Ya )> respectively. All the training samples are “good” since for
each (x,y) € T we have xTxteslythSt > (. This implies that DEBUGGABLE-LIN is NP-hard even if
all the training data are “good” training samples, and exemplifies why the GTA algorithm fails for
higher dimensions.

5 Discussion and Conclusion

In this paper, we provided a comprehensive analysis on the complexity of DEBUGGABLE. We focus
on the linear classifier that is trained using SGD, as it is a key component in the majority of popular
models.

Since DEBUGGABLE is a special case of data debugging, the above results proved the intractability
of data debugging and therefore gives a negative answer to Problem [I.1|declared in the introduction.
The complexity results also demonstrated that it is not accurate to estimate the impact of subset of
training data by summing up the score of each training samples in the subset, as long as the scores
can be calculated in polynomial time.

In Section [} a training sample is said to be “good” if it can help the resulting model to predict
correctly on the test instance. That is, it can increase ytest(w*)Txtest. However, in our proof we
showed that DEBUGGABLE remains NP-hard even if all training samples are “good”. This suggests
that the quality of a training sample does not depend only on some properties of itself but also on
the interaction between the rest of the training data, which should be taken into consideration when
developing data cleaning approaches.

Moreover, the NP-hardness of DEBUGGABLE implies that, it is in general intractable to figure out the
causality between even the prediction of a linear classifier and its training data. This may be seem
surprising since linear classifiers have long been considered “inherently interpretable”. As warned
in [23]], a method being “inherently interpretable” needs to be verified before it can be trusted, the
concept of interpretability must be rigorously defined, or at least its boundaries specified.

Our results suggests the following directions for future research. Firstly, characterizing the training
sample may be helpful in designing efficient algorithms for data debugging; Secondly, designing
algorithms using CSP-solver is a potential way to solve data debugging more efficiently than the brute-
force algorithms; Finally, developing random algorithms is a potential way to solve data debugging
successfully with high probability.
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A Detailed Proofs for Section

Notations. Given some orderings {o. } of training data, where of as the order of t in epoch e. We

use wﬁg ) to denote the value of w,, after the [-th iteration in epoch e. We also denote x4 and y; as

the feature and the label of training data t, respectively. We denote t(¢!) as the training sample being
considered during epoch e, iteration /.

Lemma A.l. Suppose 7 C T is the training data and let 7¢, = {t(¢V tle+D  gleny
be the set of consecutive training samples considered during epoch e from iteration [ to r. For
1 <1 <r <|T)|,if clause(y, i1, i2,i3)¢ 17, then w(El D _ gplem),

Cy

Proof. Foreacht € T, we have (zt)., = 0. Therefore

oL 12N
=< ——yze |, | —yz, ey|:0p=0
Dy |, —max{‘ 5 Ve || =y, |t |~ To5pa Y }
Hence % =0, and
oL
wge,r) _ wge,l—l) ~ e, Z Rt I ge,l—l)
¥ v / 687 . 24
teTy,
Similarly, (zt)s, = 0, and
oL < 12N | 1 0 0
— max < [———yxp, |, | — ==y, |,0p =
b, || = 5 UM 1000N "t
ac| _
Hence oy |, = 0, and
(er) _ . (ed=1) oL (ed—1)
wy " = w T =, Y BT b,
tETle.r Tt
O
Lemma A.2. Suppose T' C Ty is the training data and T} := {t (171)}. V1<i<n,1<
1< |T|, wi? € U1, gl ) if var (i) € Ty; Otherwise wit") € U( 76()i)+0}vz).

Proof. We prove this lemma by induction.

Basic Case: Note that forall 1 < ¢ < n, w(o) = —1l,andforall 1 <~ < m, wc =1/2,w (0) =-1.
We denote t = (1)) to avoid cluttering. For any fixed i:

(1) If t =var (i). We have y¢(w(®)Tx, = 5w = —5, hence

oL 12N
Dy, |, 5 Ye (@)
and or
1 12N
(1,1) — y(0) _ oy =—1-—|-—1)=1€U(1, ——
wy, Wei ~ s 5 o GN( 5 ) ( ’6000]\72)

(2) If t =clause(,1,4',7"). We have

1
pe(w®) T = wl) ) +wl) + w0l + Juy? = -3
hence
oL L e 1
= ————— (Tt ), = —
dw,, |, 1000N YT T T 000N

12
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425

426

and

or | 1
(1) _ (0 _ 1 -
O N 6 ( 1000N>
1 9
4 cU(-1,—=
*+ gooonz € VL Gooone)

(3) Otherwise, w,, will not be updated. Therefore w(1 D= wg(g?) —1 € U(-1, goawz)-

Hence this lemma is true for [ = 1.
Induction Step: Suppose the lemma is true for [ < |T'|. We prove that this lemma remains true for

[+ 1. We denote t = t(1/*+1) to avoid cluttering. This makes sense since [ + 1 < |T| and thus t € 7.
For any fixed i:

(1) If t =var (i), then var (i) ¢ T; because there are at most one var (¢) in T for each i.

Therefore wél 1) e U(— 76OO-BN2) We have y; (w , ))T / 5w(1 1) € U(=5,0.01), and
% = 12Nyt(xt)z:*12N Hence
oL 1 12N
wg(tli»lJrl) = wfc,livl) — N, D wa |, = w(l H_ o (_5>
1+2
_ (1
=wii +2 € UL goson)

(2) If t =clause(v,1,4’,7”). In this case, clause(v,-,, )& Tllyl and by Lemma we have

wgi’l) = wﬁg), w,()l b = ZES)' From the induction hypothesis we have

[+1

(10 (L) (0D ¢ 7
Way! € UL gooone)

1‘/7 {L’//

and thus

(1) 1 (10 4 w(l b
X 2

= wD ¢ w(l D 4 (LD

T

3(1+1)
c U Ulwo, osonz) U Ulxo,001)
zoe{£1,£3} zoe{£1,£3}

yt(W(l’l)) Xt — w(l ) + ’LU(l 1) + w

(LI+1) (LD aL

oL | _ 1 _ (1l)
‘We have Bw. |, = ~T000N and wy;, = Wy, N, D,

Consider the

+ GOOON2

following cases:

e If var(i)e T}, then var(i)e Tj1 and wi" € U(1, o5%=). Therefore wiY ¢

U(1, oo )

o If var(z);gé 2Tl then var(i)¢ T;41 and w(1 D e U(-1, 600"6]\,2) Therefore w(1 e
U(=1, 5007 )-
(1 D) (1D . :
(3) Otherwise, w,, will not be updated, and w, . If var(i)e T; then var(¢)e 141 and
w T e U, soa5arz ); Otherwise var(i)¢ Tl+1 and w(l ) € U(-1, g52=)-
Hence if the lemma is true for [ < |T'|, it is also true for [ + 1. Therefore, the lemma is true for all
1<1<|T). O

Corollary A.1. Suppose T C Ty is the training data. V1 < i < n,1 <1 < |T|, if var (4) € T, then

wi e U(1, 55055 )- Otherwise wi € U(-1, 55055 )-
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Proof. Note that wg) = w%"TD and N =2m +n+ 1. By Lemma if var (i) € T we have
T|+1 m+n+1 1
W) ¢ o1 cva, ™t cpa, L
Yo ( ’6000N2) cu, 6000N2 )< Ul ’GOOON)
If var (i) ¢ T, we have
T|+1 m+n+1 1
IT) ¢ (-1, ] CU(-1,——— =) CU(-1, ——
Wa, (=1, 6000N2) cU=L 60002 U1, GOOON)
O
Lemma A.3. Suppose T' C Ty is the training data. V1 < v < m, if 31 < 41,142,493 < n such that
clause (v, i1,142,i3) € T, then wgi) =0, wg) = 1 + 5505 Otherwise, wéi) = —1,wg) =1

Proof. (1) If such t, =clause (v, i1, i2,%3) exists in T, by Lemma[A.2)we have
(o) | (ob) 3(op, +1)

(Lop.)
Way, + Wy, + Wg,, € U Ul(zo, W) c U U(o,0.01)
Ioe{ﬂ:l,:‘:-?o} xoe{:tl,:t3}

(Log, —1) (0) (Log, —1) (0)
By Lemma |A.1| we have we, = we, and w,_ = wy, because clause(v,-, -, )&
Tt ,, _i.Hence
"ty

ol _ (1,01.) (1,01.) (1,01.) (l,o;. —1) 1 (L,0f —1)
ytw(w(l, ty 1))TX£—Y = Wg,, ki +wxi2 R “V‘wxi?’ ¥ “V‘wca, v +§wb,y y
1,0} 1,0} 1,0} 108 —1
_ g(ﬁ1 i) wig t7)+ ;d e, w; e, — 1)
e |J Ulw,0.01)
zo€e{£1,+3}
We have aii . = —W,and
Y
(Log.) (107, 1) oL 1 1 1 1
c T = c K —MNe, 7 = — 5 X = = S
" " " Bue, |, 2 2 T000N 2 200N
Similarly, a?ui ‘t = — 3505 and
(Lob) (Lol —1) oL
= — —| =-1-2000N x (— =0
Yo Yoy ™ D, |, = 20008

Note also that clause (7, -, -, ) & Toltw 7> by Lemma we have

1,04 1,01
wgi) _ wgiJTl) _ wiw %.,) _ % n zoéN and wl(vi) _ wl()?‘TD _ wl()7 o¢.,) _o
(2) If such t, =clause (7, i, 42, i3) does not exist in T', by Lemmal|A.1{we have wgi) = w£3> =1
and wl()i) = w,()g) = -1 O

Lemma A.4. Suppose T' C Ty and C; be the number of clause() in Tf}l. V1i<i<n,1<I<|T

wg’l) eU(1, C’%Al,/z) if var(i)e T'; Otherwise wg’l) eU(-1, C’%AI/Q)

)

Proof. Similar to the proof of [A.2] we prove this lemma by induction.
(1)

Cy

Basic Case: Note that for all 1 < i < n, w;li) = U(+1, 5500%)

ot + 5wt wéi) € {—1,0}. We denote t = t(>!) to avoid cluttering. For any fixed i:

,and forall 1 <~ < m,we.’ €

(1) If t =var (i), C; = 0. By Corollary wg) =U(1, m). We have

)

1
(DT — (1)
ye(w') x¢ = bwy) € U(5, 1200N
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465

hence ;‘Tﬁ =0, and
i |t

1, Cr+1/2

(21)_ —
wy; w} GU(l 6N) U(l, oN )

(2) If t =clause(,4,4',i"), C; = 1. By Lemma we have wg) = % + 20(1)N and wlgi) =0.
Therefore,

1
pe (W) T = w4+ wl) +wll) + wl) 4+ Swf!

€ U U (z0,0.01)
a?oE{%:‘:l,%:l:S}

hence B?U—i . € {0, —yx,,} = {—1,0}, and 7, Baiﬁ‘t € {—5x,0}.

W,

By Corollary[A] if var(i)e T, we have

3/2 Cr+1/2

oL
(2,1 — (D) _ Ul. 25y =
Wy, Wy, N P . te ( 76N) ( » 6N )
If var(i)¢ T, we have
3/2 Ci+1/2
1) = D — cU(-1,25) =U(-1, —=
W) =) —n, | U1 EE) = U1, )
(3) Otherwise, w,;, will not be updated and C; < 1. Therefore if var(i)e T,
3/2 Cr+1/2
ud —ul) e v g cv
If var(i)¢ T,
3/2 Cl +1/2
(2 1) — C ztrars
w? = wl) e U(- 6N) U(-1 6N )

Hence this lemma is true for [ = 1.

Induction Step: Suppose the lemma is true for [ < |T'|. We prove that this lemma remains true for

[+ 1. We denote t = t(2/*+1) to avoid cluttering. This makes sense since [ + 1 < |T| and thus t € 7.
For any fixed ¢:

() If t =var (i), Ci41 = C). By Corollary. wi! e U(l, G,

We have y(w))Tx;, = 5wl € U(5,1/6) ) and 7 ‘ 0.Hence wi>'™ = w{*) ¢
Cri1+1/2

(2) If t =clause(v,14,7',i"), Ci41 = C; + 1. In this case, clause(y, -, -, ) & T121 and by Lemma
and Lemmawe have w(2 D= (1) 5 + 200N , wl()2 D= ZEW) = 0. From the induction
hypothesis we have wi D wgcz,l),wi /,) c U(il CLH/Q) Noting that

Cl+1/2<m+1/2_ m+1/2 <i
6N — 6N (n+2(m+1/2)) = 12
we have
yt(W(Q,l)) xt—w(2 z)+w(2 l)+w§02/f)+w(2 z)+2w(2 )
1

_ (21) (2l) (2,0)
=wy " + wy ‘H%,, + +2OON

(Cz +1/2) 1
« U v (5”0’ 6N 200N
woe{3+1,3+3}

< |J U026
zoe{5+1,5+3}
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488

And thus ‘Z}—ﬁ € {0, —yxy, } = {—1,0}, and 7y, a‘a—ﬁ’t € {—5% 0}

By Corollary 1} if var(i)e T, w(2 B = w — T aaw—ﬁ‘ e U(1, C’JJS/Q) =U(1, C‘%;I/Q);
if var(i)Z¢ T, w (2 ) (Z) — M, —O‘Zf eU(-1, C’;}gﬂ) =U(-1, 70“%;1/2).

therwise, w,, Will not be update: e have C;11 1+ 1wy var(z)e
(3) Oth ill not be updated. We have Cj41 < G + 1wl = w3 Ifvar()e T

then w(2 ) e U(l, M) If var(i)¢ T then w§;2 ) e U(-1, 01%714\;1/2)

Hence if the lemma is true for [ < |T'|, it is also true for [ + 1. Therefore, the lemma is true for all
1<I< T O

Corollary A.2. Suppose T' C Tj is the training data. V1 < ¢ < n, if var (i) € T, then w(z) €
U(1,0.1). Otherwise w? € U(-1,0.1).

Proof. Note that w( ) = ;f"T‘) and C7| < m. By Lemma if var (i) € T we have

Cir +1/2 m+1/2 1
(2,I7)) I A 1, —L=)CUl,—)CU(1,0.1
If var (i) ¢ T, we have
Cir+1/2 m+1/2 1
(1,|7)) B it £ B L ~1,—)CU(-1,0.1
O

Lemma A.5. Suppose T C Tj is the training data. V1 < ¢ < m, if 31 < 41,149,435 < n such that
clause(i,i1,142,73) € T, then
1. w® = 1000N;
J

(2) _

2. w? =1y oo if exactly one of var(iy), var(is), var(is) is in 7. Otherwise we,” =

CJ' - 2
2 1 200w
. 2 2
Otherwise, wl()i) = *171"&) = %

Proof. (1) If such t, =clause (7,1, i2,%3) exists in T', by Lemmawe have

(2.0,)  (2005)  (201) m+1/2 1
wi, | Wy | s Way, U(£l, ——— U(£l, —=
2wl ) e v, ) c U, —)
2,08 —1 2,08 —1
By Lemmawe have w[(27 D wd) =14 1o and w,(,7 Y wéi) = 0 because
clause(y,-,-, )& T} o, —1- Consider the following two cases:
7y

(a) If exactly one of var(iy), var(iz), var(is) is in T', by Corollary [A.2] we have

ol — (200 —1) (20 —-1)  (20b -1) (20l -1) 1 (2,0L —1)
ytv (W(Q* ty 1))TX;7 = Wa,, ty + iy ty iy ty o ty + 7wbw ty
(200, =1) | 20y, -1 (20, -1) 1 1
=wa, W, e, St o
1 3 1 1
U ——)CU(—=,0.26
€U(- 27 12N + 200]\7) ( 2’ )
Hence f—ﬁ = —1,and
(20h) (200 —1) oL 1 1 11 1
(& = c v —Ne, = = — 5
Wer T e " Bu., |, —2 2008 70T 2 200w
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511

Similarly,

(2,00,) (2,00, —1)
W, = Wy, T =, Yo | = 1000N
vty
2,08
Note also that clause(y,-,-, )& TolcwlTl’ by Lemmawe have wg) = wgm) = wiw %)
2,01
U by andwf?) = w2 = w[(w ") Z 1000N.
(b) Otherwise, we have
1 (2,08 —1) (2,04 —1) (2,04 —1) (2,0f —1) 1 (2,0f —1)
ytv(w(lotﬂ, 1))TX;;W = Wa,, ty wiy ty 4 2y %ty 4 o ty 5 b, ty
(2,01 —1) (2,08 —1) (2,0i -1) 1 1
= Wg;, K + Way, v Wy K 5 + 200N
3 1
€ U —+——)C U(xzg,0.26
U o oy T o008 € U (o0, 0.26)
zoe{-%.3.5} zoe{-%.3.5}
(2,04.) (2,00, -1) (2,0) (2,0p, —1)
Hence 6 ‘ = awbW = 0,50 we, "= We. o= 2 5+ 200N7wb = bey v 0.
"{
2,08
Note also that clause(vy,-, -, )& Tolt.ylel’ by Lemmawe have w(z) = wgf"TU = wiw o) _
1,1 ) _ I Zou,) _
5 T 00 and wy, wy =Wy, T =0.
(2) If such t,, —clause (7,11, 12,13) does not exist in T', by Lemma[A.T|and Lemma[A 3| we have
wg) = wg) = and w(2) = wlgi) =—1. O

Moreover, w reaches its fixpoint at the end of the second epoch and will no longer be updated.

Lemma A.6. w(? = w®),

Proof. Suppose w?) # w(3) | then there exists 1 < i < N such that w ;é w , and there

oL # 0. Lett = (x¢,yt) and

are some training sample t in the training data such that S
w;

[=U(-5,0.01)UU(-4%,0.26) U <Ux0€{:t1,:|:3} U(zo, 0.01)). By 1| we have y (w(?)Tx,’ € L.
At least one of the following is true:

.31 < i < n,t = var(i). According to lemma [A.2] 4 (w®)Txy = ywiPz; €
U(5,0.5) C R\ I, contradicting to y(w(®) Tx,’ € I

2. d1 < i <mand1 < iq,i9,23 < n, such that t = clause(4,41,%2,73). According to
lemma[A.3] we have

W) T = w2 @ 1 02 02 + 0l
11
> — - 0.
> 1000N + 5 + 5o +3 % (=1 = 0.1)
> 1000 — 3.3 > 996

We have y; (w(®) T, ¢ I, another contradiction.

Therefore w2 = w3, w reaches its fixpoint at the end of the second epoch. In other words,
* = w2 O
w wls),

We are now ready to give a rigorous proof of theorem [3.1]
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Proof of theorem[3.1] Tt only suffices to prove the correctness of the reduction in section 3]

If. Suppose ¢ EMONOTONE 1-IN-3 SAT, then there is a truth assignment v/(-) that assigns exactly
one variable in each clause of ¢ is true. Let A = {var( )|v(z;) = FALSE}. Let w’ be the parameter
of SGDA(Tp \ A). By Lemma (W), = 4 + 5555 forall 1 < < m, hence

" 1lm —1lm+5 5
w’)Txtest = Z:wéw > 5 + 5 =3 >0
and Ay (Xest) = 1, thus SGDp (7o) is thus debuggable.

Only if. Suppose SGD, (7o) is debuggable, there will be a A such that SGDA (T, Xiest) = Yrest - We

denote w’ as the parameter trained by SGD on T \ A. We have A,/ (x[m) =1land (W) " Xeg > 0.
By Lemma L wp, = ={3+ 57> 2 + 595w }- Suppose wex = & + 5o, then

(W/)Txtest = Wer + Z We,,

cyFc*

< 11 (m—1) + L 11m n 5

-2 200N 2 2

__d L+

2 200N

5 1

< —— 4+ —=-2495<0

- 2 + 200 <
leading to a contradiction.
As a consequence, wéw = 2 + 200 ~ A.5 exactly one of

var(i1),var(iz),var(is) is in Ty \ A for each ¢, = (xh \/ Tiy V :z:“) Consider a truth assignment v
that maps every z; to FALSE where var(i)€ A, and maps the rest to TRUE. Then v assigns exactly
one variable true in each ¢, = (x;, V x4, V x;,) if and only if exactly one of var(i1),var(iz),var(is)
isin Tp \ A. Hence v is a truth assignment that assigns true to exactly one variable in each clause of
, and thus ¢ is a yes-instance of MONOTONE 1-IN-3 SAT. O

B Detailed Proofs for Section 4]

B.1 Proof of Theorem 4.4

Proof. We build a reduction from the SUBSET SUM problem with a fixed size, which is NP-hard as a
particular case of the class of knapsack problems [26]. Formally, it is defined as:

SUBSET SUM with a fixed size

Input: A set of positive integer .S, and two positive integers ¢, k.

Output: “Yes”: if 35" C S of size k such that ) ¢ a =t
“No”: otherwise.

The ordered training data 7" is constructed as

T= {(x1,y1), (1:27 y2)7 sy (xmyn)} U {(xmya)}

wherexiyi—?)—i—gZ foralll<z<namdarsaya—1—1—6Z . Letn=1lLa=1,8=—

w® = -1 — 7k: 3 Ea T and let the test instance (Ziest, Yrest) satlsfy TestYest = 1. It now suffices

€
to prove that 35" C S such that |S’| = k and ), g a = t if and only if 37" C T such that

T’ .
w: w® = g satisfies YtestWest > 0.

If: Suppose 35" C S such that [S'| = kand ), ga = t. Let T = {(x;,y;)|a; € S"}, we prove

P T'=T*U{(za,Ya
that yieq W™ Tiesy > 0 for w* satisfying w©® M w*.
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Since

2
(0) s — z
w™ + xiyi =—1—-k— + ( )
aiZE;S'/ 3 3 ZaES a a;g/ 3 ZGES
2 ,a
=—1-Zk— + G 2aes @
3 3 ZaES a;gz 3 ZaES a
and V1 < i < n,z;y; > %, for each 1 < ¢ < n, suppose w0 0wy 9)1<7<0) w;, we have
2 2 10
o ) (0) .
17 7 < Y o <= <p.
WiTit1Yit1 w’ + Z TjY; 3 3 9 B
a]‘ES,
That is, each training sample in T* is activated. Then for w(® T—*> wq, We have w, = —1. Then,

(Ta,Ya)
)

since Yy, wexe = —(1 + 62 < B and w, ——> w* we have w* = w, + ToyYq =

Therefore, Y W™ Tiest = ﬁ > 0.

__1
6> qesa’

Only if: Foreach 77 C T, let T* = T' \ {(x4,ya)} and ¢(T*) be the set of training samples in

T* that are activated. If yeqw* ey > 0 for w* satisfying w(©® T—> w*, we prove that the set
S" = {ai|(zi,yi) € c(T™)} satisfies |[S'| =kand ) g a =1t

T
We first show that yeqweTieq < 0 for w(®) M wy. Otherwise, SUPPOSE YiestWq Test > 0 We
have w, > 0. Let (z,y) be the last training sample of ¢(7"), since 2 < xy < 1, we have

3
w' > w, — xy > —1 for w’ ﬂ) wg. Thus yw’x > (3, which contradicts to the definition of ¢(7™).

We next show that | S| = k. Suppose |S’| < k — 1, we have
2 7
= w® iYi = — aeS
Wq =W + Z Ty, = —1— -k — _|_Z +
(zi,y:)€c(T™) 3 3 ZaGS “ eS' 3 EaGS a
1 4

9 9
B A A | P .
< ghtzk-D+g=-3

Thus w* < wy + Taye < — + 1+ OZ ) < 0 and then yeqw* 2t < 0, which contradicts to
the fact that g™ Tiest > 0. Therefore |’ | 2 k.

Suppose |S’| > k + 1, we have
2 1 2
=w® i > —1—k—=+-(k+1)=-=
Wq w + Z TiY; = 3 3 + 3( + ) 3
(Tzvyz)ec(T*
Then yowazq > (—2) - (1 + 62 =) > —1 > B, thatis, (z4,Ya) is not activated and w* = w,.
€s

Then since YeestWq Tiest < 0, We have yesew™ xtesl = YrestWa Trest < 0, Which contradicts to the fact that
YrestW* Tiest > 0. Therefore |S'| = k.

It remains to prove that a = t. Otherwise, suppose ) g, a <t — 1, we have

a€S’
2 t t—1
Wq = W™ + Ty < —1— k— ———— + k+
(xi,yi)zejc(T*) 3 3 Zaes 3 Zaes a
1
= —]_ -
SZGESG

Thus YeqW Tiest < Yiest(Wa + TaYa)Tiest < —7621 — < 0, which contradicts to the fact that
a€s
YiestW* Test > 0. Therefore ZaeS’ a>t.

Suppose D, a >t + 1 we have

2 t 2 t+1
= w©® Z e 2t 2 i1
Wq =W + Ty > —1 k +Zk+
(x5,9:)€c(T*) 3 3> qesa@ 3 3 s @
1
=-1
Szaesa
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Thus
1 1

) (o)
3> s @ 6> 4es0

> 1+ 1 + ! >3

B 6> sesa 18X esa)? — .
That is, (24, y,) is not activated and w* = w,. Then Since YresWaTrest < 0, We have Yieq W™ Tiest =
YestWaTiest < 0, which contradicts to the fact that yeqw*Xiesy > 0. Therefore > a=-t. ]

Y

(—1+

YaWaTq

a€s’
B.2  Proof of Theorem[@.3|for 3 < —1

Proof. To avoid cluttering, we still assume 7 = 1 and @ = 1. The proof can be generalized by
appropriately re-scaling the constructed vectors.

Let M = —B(n + 2) + 98nm?(n + 1) + 3. Suppose n = |S| > 1, m = max,es{a} and
S ={ay,as,...,a,}. We further assume n > 1. Let the ordered set of training samples be

T ={(x1,91), (x2,92); - - -, (X, Yn) } U {(Xe, Ye)s (X5 Ub)s (Xas Ya) }
where x;y; = (nH, 3Ba;) forall 1 < i < n,xeye = (M + 38— 1,803t — 1)), xpyp =
(1,-1), %0y = (— 2[3, 25) Let w© = (=M, 0). Let the test instance (Xies, Yest) Satisfy
XiestYtest — (17 O)

T{(xi,y:)[1<j<i}

For each 1 < i < n, suppose w(® w;, we have

1

-
Yir1W; Xip1 < —M - T + T ) + 98 az+1jzlaa
1
<-M- + n +95%nm? < 3

ntl ' (n+1)2

This means all the (x;,y;) € T\ {(Xc, Yc), (Xb, Up), (Xa, Yo )} can be activated and thus the resulting
parameter trained by 7'\ {(X¢, ¥c), (Xb, Ub)s (Xa, Ya) } is

. T
())—i—ZXiyi: < M—l—u —3[32az>
i=1

It now suffices to prove that for all S’ C S, Y, _¢ a = t if and only if 37" C T such that
w: w© T w such that YiestW | Xiest > 0.

If: Suppose 35" C S such that ) | ¢ a = t, we prove that 37" C T' such that Yrest (W) T Xt > 0
for w* satisfying w(%) T w,

Let T* = {(x;,yi)|a; € '}, T =T* U{(Xe, Ye), (Xby Ub)s (Xa, Ya) }- We have

|T*| |7~
M — =(-M —
= (=M+ - 38> a o 38
a; €S’
And yew]x. = (=M + E(M + 28 -1) - 3t32(3t — 1) < B, 50
XcrYe T* 1
cﬂw =Wc+chc—(| | + 5_ _55)
Note that 3 < —1, we have y,w, x;, = ‘nT—Hl +28 < (B+ 13;1‘) + B < B3, and
(%6, T 1
a — ala = PY Y 1
Wp —— Wg = Wp + Xay¥ (n+1+25 25 )
Note also that y,w/ x, = %(—,6)(% — 1+ ) < 3, we have
(xa,ya) * |T*|
a = a alYa = ,*2 -1
W, —— W = W, + XY (n—l—l 8—1)
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Only if: For each T C T, let T* = T" \ {(%¢,¥c), (X6, ¥b)s (Xa, Ya) }» if Yrest(W*) T Xieq for w

Therefore, Yiesi(W*) T Xiest = ;> 0.

satisfying w(®) r, w*, we prove that 35" C S such that ) ¢ a = t. We first show that for

each 7' C T, if w(w(® r, w) satisfying yeqW ' Xt > 0, we have Yk € {a,b,c}, (xx,yr) €
(%e,Ye) (xb,yp)
W

T, ykW;—Xk < 3, where w0 T_*> W,
such that (x, yx) € 1" or ykW,ka > 5. we have

w,. Otherwise, suppose 3k € {a, b, c}

T* 3 3 . 3 3
ylestWTxteslSM+7l+|1+M+2B1+12Bmln{17M+2ﬂ1726}
T*
= | —-1<0
n+1

which contradicts to the fact that yeqW | Xest > 0.

Let S" = {a;|(x;,y:) € T*} and t' = ) g a;, it suffices to prove ¢ = t. Notice that

. T*
W(O)~T——>WC:(7M+ 1] 30 Z a;)

n+1 ey ®
7| ,
=(-M ,—3pt
( * n+1 Bt)
Hence yew x, = (=M + L) (M + 25 —1) - 3¢/52(3t — 1) < B, thus

.
Wy S e b kg = (L

3 ) 1
26— 1,-36( — 1) - 5)

(HIft' <t—1, wehave

T*
bebTXbZJ | —1+28+36(t"' —1)

+1
™|
> —(1 >0>
> —(148)>0> 5
a contradiction. Hence w, = wy, M W, = (‘nTﬂl + %B, =38(t —t) — % —1).

) Ift’ > t+ 1, we have

yaw;rxa:_3ﬂ ( | *| _1+ﬁ_36(t/_t)>

38
(1)

another contradiction. Therefore ¢’ = ¢, and this completes the proof.

C Limitations

It is important to emphasize that the complexity results in section [4]requires the training order to
be adversarially chosen. The complexity of DEBUGGABLE for randomly chosen training order is
unclear and needs to be figured out in the future research.
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597 paper’s contributions and scope?

598 Answer: [Yes]

599 Justification: The main results are discussed in section[3land section 4

600 Guidelines:

601 * The answer NA means that the abstract and introduction do not include the claims
602 made in the paper.

603 * The abstract and/or introduction should clearly state the claims made, including the
604 contributions made in the paper and important assumptions and limitations. A No or
605 NA answer to this question will not be perceived well by the reviewers.
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607 much the results can be expected to generalize to other settings.

608 * It is fine to include aspirational goals as motivation as long as it is clear that these goals
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610 2. Limitations

611 Question: Does the paper discuss the limitations of the work performed by the authors?
612 Answer: [Yes]
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615 * The answer NA means that the paper has no limitation while the answer No means that
616 the paper has limitations, but those are not discussed in the paper.

617  The authors are encouraged to create a separate "Limitations" section in their paper.
618 * The paper should point out any strong assumptions and how robust the results are to
619 violations of these assumptions (e.g., independence assumptions, noiseless settings,
620 model well-specification, asymptotic approximations only holding locally). The authors
621 should reflect on how these assumptions might be violated in practice and what the
622 implications would be.

623 * The authors should reflect on the scope of the claims made, e.g., if the approach was
624 only tested on a few datasets or with a few runs. In general, empirical results often
625 depend on implicit assumptions, which should be articulated.

626 * The authors should reflect on the factors that influence the performance of the approach.
627 For example, a facial recognition algorithm may perform poorly when image resolution
628 is low or images are taken in low lighting. Or a speech-to-text system might not be
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638 judgment and recognize that individual actions in favor of transparency play an impor-
639 tant role in developing norms that preserve the integrity of the community. Reviewers
640 will be specifically instructed to not penalize honesty concerning limitations.

641 3. Theory Assumptions and Proofs

642 Question: For each theoretical result, does the paper provide the full set of assumptions and
643 a complete (and correct) proof?
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and section B} The proof of theorem [.4]is available in section[B]
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* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

e Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]
Justification: This paper does not include experiments.
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* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [NA]
Justification: This paper does not include experiments requiring code.
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* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]
Justification: This paper does not include experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification: This paper does not include experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)
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* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: This paper does not include experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: They authors have made sure that the research conducted in the paper conform
with the NeurIPS Code of Ethics.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: The impacts are discussed in section 3]
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: This paper only provides theoretical results and poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: This paper does not use existing assets.
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: This paper does not release new assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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