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Abstract

Complex-valued neural networks (CVNNSs) have recently shown promising
empirical success, for instance for increasing the stability of recurrent neural
networks and for improving the performance in tasks with complex-valued inputs,
such as in MRI fingerprinting. While the overwhelming success of Deep Learning
in the real-valued case is supported by a growing mathematical foundation, such a
foundation is still largely lacking in the complex-valued case. We thus analyze the
expressivity of CVNNs by studying their approximation properties. Our results
yield the first quantitative approximation bounds for CVNNs that apply to a wide
class of activation functions including the popular modReL.U and complex cardioid
activation functions. Precisely, our results apply to any activation function that
is smooth but not polyharmonic on some non-empty open set; this is the natural
generalization of the class of smooth and non-polynomial activation functions to
the complex setting. Our main result shows that the error for the approximation of
C*-functions scales as m~%/(2) for m — oo where m is the number of neurons,
k the smoothness of the target function and n is the (complex) input dimension.
Under a natural continuity assumption, we show that this rate is optimal; we further
discuss the optimality when dropping this assumption. Moreover, we prove that the
problem of approximating C’*-functions using continuous approximation methods
unavoidably suffers from the curse of dimensionality.

1 Introduction

Deep Learning currently predominantly relies on real-valued neural networks, which have led to
breakthroughs in fields like image classification or speech recognition [23, 27, 43]. However, recent
work has uncovered several application areas in which the use of complex-valued neural networks
(CVNN&s) leads to better results than the use of their real-valued counterparts. These application
areas mainly include tasks where complex numbers inherently occur as inputs of a machine learning
model such as Magnetic Resonance Imaging (MRI) [16, 38, 44] and Polarimetric Synthetic Aperture
Radar (PolSAR) Imaging [8, 9, 48]. Moreover, CVNNs have been used to improve the stability
of recurrent neural networks [5] and have been successfully applied in various other fields [32,
37]. The mathematical theory of these complex-valued neural networks, however, is still in its
infancy. There is therefore a great interest in studying CVNNs and in particular in uncovering the
differences and commonalities between CVNNs and their real-valued counterparts. A prominent
example highlighting the unexpected differences between both network classes is the universal
approximation theorem for neural networks, whose most general real-valued version was proven in
1993 [28] (with a more restricted version appearing earlier [17]) and which was recently generalized
to the case of CVNNSs [45]. The two theorems describe necessary and sufficient conditions on
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Condition on Continuity of Approximation
activation function weight selection Error
Theorem 3.2 smooth & . possible O(m*k/ (Qn))
non-polyharmonic
C%ﬁizggglieff continuous assumed Q (m*k/ (2n) )
Theorem 4.2 very spec1ali not assumed O(m=k/(n=1))
activation function
Theorem 4.3 1 not assumed Q(m—k/(2n)
1+ e—Re(2)

Table 1: Overview of the proven approximation bounds. k is the regularity of the approximated
functions (which are assumed to be C*), n the (complei) input dimension and m the number of

neurons in the hidden layer of the network. The notation (2 is similar to €2, but ignoring log factors.

an activation function which guarantee that arbitrarily wide neural networks of a fixed depth can
approximate any continuous function on any compact set arbitrarily well (with respect to the uniform
norm). Already here it was shown that complex-valued networks behave significantly different from
real-valued networks: While real-valued networks are universal if and only if the activation function
is non-polynomial, complex-valued networks with a single hidden layer are universal if and only if
the activation function is non-polyharmonic (see below for a definition). Furthermore, there exist
continuous activation functions for which deep CVNNSs are universal but shallow CVNNSs are not,
whereas the same cannot happen for real-valued neural networks. This example shows that it is highly
relevant to study the properties of CVNNs and to examine which of the fundamental properties of
real-valued networks extend to complex-valued networks.

Essentially the only existing quantitative result regarding the approximation-theoretical properties
of CVNNSs is [14], which provides results for approximating C*-functions by deep CVNNSs using
the modReLU activation function. However, for real-valued NNss it is known that already shallow
NNs can approximate C'*-functions at the optimal rate. Precisely, Mhaskar showed in [33] that one
can approximate C'*-functions on [—1, 1]™ with an error of order m /™ as m — oo, where m is the
number of neurons in the hidden layer. Here he assumed that the activation function is smooth on an
open interval and that at some point of this interval no derivative vanishes. This is equivalent to the
activation function being smooth and non-polynomial on that interval, cf. [20, p. 53].

The present paper shows that a comparable result holds in the setting of complex-valued networks, by
proving that one can approximate every function in C* (£2,,; C) (where differentiability is understood
in the sense of real variables) with an error of the order m=%/(27) (as m — o) using shallow
complex-valued neural networks with m neurons in the hidden layer. Here we define the cube
Q,, :=[-1,1]"™ + i[—1, 1]". The result holds whenever the activation function ¢ : C — C is smooth
and non-polyharmonic on some non-empty open set. This is a very natural condition, since for
polyharmonic activation functions there exist C*-functions that cannot be approximated at all below
some error threshold using shallow neural networks with this activation function [45].

Furthermore, the present paper studies in how far the approximation order of m~*/(") is optimal,
meaning that an order of m~(k/2n) = (where o > 0) cannot be achieved. Here it turns out that the
derived order of approximation is indeed optimal (even in the class of CVNNs with possibly more
than one hidden layer) in the setting that the weight selection is continuous, meaning that the map that
assigns to a function f € C* (2,,; C) the weights of the approximating network is continuous with
respect to some norm on C*(,,; C). This continuity assumption is natural since typical learning
algorithms such as (stochastic) gradient descent use samples f(x;) of the target function and then
apply continuous operations to them to update the network weights.

We investigate this optimality result further by dropping the continuity assumption and constructing
two special smooth and non-polyharmonic activation functions with the first one having the property
that the order of approximation can indeed be strictly improved via a discontinuous selection of



the related weights. For the second activation function we show that the order of =%/ cannot
be improved, even if one allows a discontinuous weight selection. This in particular shows that in
the given generality of arbitrary smooth, non-polyharmonic activation functions, the upper bound
O (m_k/ (2”)) cannot be improved, even for a possibly discontinuous choice of the weights. An
overview of the approximation bounds proven in this paper can be found in Table 1.

Moreover, we analyze the tractability (in terms of the input dimension n) of the considered problem
of approximating C'*-functions using neural networks. Theorem 5.1 shows that one necessarily needs
a number of parameters exponential in n to obtain a non-trivial approximation error. To the best of our
knowledge, Theorem 5.1 is the first result showing that the problem of approximating C'*-functions
using continuous approximation methods is intractable (in terms of the input dimension 7).

1.1 Related Work

Real-valued neural networks. By now, the approximation properties of real-valued neural networks
are quite well-studied (cf. [10, 28, 33, 40, 41, 46, 47] and the references therein). We here only
discuss a few papers that are most closely related to the present work.

In [33], Mhaskar analyzes the rate of approximation of shallow real-valued neural networks for target
functions of regularity C'*. Our results can be seen as the generalization of [33] to the complex setting.
Our proofs rely on several techniques from [33]; however, significant modifications are required to
make the proofs work for general smooth non-polyharmonic functions.

One of the first papers to observe that neural networks with general (smooth) activation function can
be surprisingly expressive is [31] where it was shown that a neural network of constant size can be
universal. One of the activation functions in Section 4 is based on a similar idea.

The importance of distinguishing between continuous and discontinuous weight selection (which in
our setting is discussed in Section 4) was observed for ReLU-networks in [47].

The paper [25] shows that neural network approximation is not continuous in the following sense: The
best approximating neural network ®(f) of a given size does not depend continuously on f € C*.
This result, however, is not in conflict with our results: We want to assign to any C k_function fa

network ®(f) that approximates f below the error threshold m~*/(2")_ The network ®(f), however,
does not have to coincide with the best approximating network ®( f).

Complex-valued neural networks. When it comes to general literature about mathematical
properties of complex-valued neural networks, surprisingly little work can be found. The Universal
Approximation Theorem for Complex-Valued Neural Networks [45] has already been mentioned
above. In particular, it has been shown that shallow CVNNs are universal if and only if the activation
function ¢ is not polyharmonic. Thus, the condition assumed in the present paper (that ¢ should be
smooth, but not polyharmonic) is quite natural.

Regarding quantitative approximation results for CVNNS, the only existing work of which we are
aware is [14], analyzing the approximation capabilities of deep CVNNs where the modReL.U is used
as activation function. Since the modReLU satisfies our condition regarding the activation function,
the present work can be seen as an improvement to [14]. Precisely, (i) we consider general activation
functions, including but not limited to the modReL.U, (ii) we improve the order of approximation by a
log factor, and (iii) we show that this order of approximation can be achieved using shallow networks
instead of the deep networks used in [14]. We stress that our proof techniques differ significantly
from the ones applied in [14]: The arguments in [14] take their main ideas from [46] making heavy
use of the specific definition of the modReLU. In contrast, since we consider quite general activation
functions, we necessarily follow a much more general approach following the ideas from [33].

2 Preliminaries

Shallow complex-valued neural networks. In this paper we mainly consider so-called shallow
complex-valued neural networks, meaning complex-valued neural networks with a single hidden
layer. Precisely, we consider functions of the form
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Figure 1: Graphical representation of a shallow neural network. Input and output neurons are depicted
as dots, hidden neurons are depicted as circles. The term first layer describes the transformation from
the input to the hidden neurons, including the application of the activation function.

with p1,...,pm € C*, 01, ..., O0m, N1, ---»Nm € C and an activation function ¢ : C — C. Here,
m € N denotes the number of neurons of the network and we write v’ for the transpose of a vector v.

To simplify the formulation of the results, we introduce the following notation: We write ]—";ﬁm for
the set of first layers of shallow complex-valued neural networks with activation function ¢, with n
input neurons and m hidden neurons, meaning

m n n m
Fimi={zm (0] -z4+m))l, : pjeC pyeClC{F:C" ™).

Hence, each shallow CVNN can be written as o7 ® with o € C™ and ® € Fﬁ7m; see Figure 1 for a
graphical representation of a shallow CVNN.

Approximation. The paper aims to analyze the approximation of C'*-functions on the complex cube

Q= [-1,1]" +-1,1]"

using shallow CVNNs. Here, we say that a function f : §2,, — C is in C*(€,,; C) if and only if f is
k times continuously differentiable on 2,,, where the derivative is to be understood in the sense of

real variables, i.e., in the sense of interpreting f as a function [—1, 1]*" — R? and taking usual real
derivatives. We further define the C*-norm of a function f € C*((2,,;C) as

I fller@ncy = sup [0 fll L (i) where  ||gllz=(q,;c) = sup [g(2)] 2.1
keNzn 2€Q,
[k| <K

for any function g : §2,, — C. Note that we write N = {1,2,3, ...} and Ny = {0} U N. Using the
previously introduced notation, we thus seek to bound the worst-case approximation error, i.e.,

' T
sup inf ||f — 0" @[ pe(,;0)-
feck(ﬂn(c) ‘I’E]-'f,m
Ifllh (e SL o€C™

Wirtinger calculus and polyharmonic functions. For a function f : C — C which is differentiable
in the sense of real variables at a point zy € C we define its Wirtinger derivatives at z as

1/0 ) — 1/0 .0
Owirt f(20) := 5 (ai(zo) — - 8Jyt(zo)> and  Owirt f(20) 1= B <a£(zo) +i- 8;];(20)> .
Here, a% and 3% denote the usual partial derivatives in the sense of real variables. We extend this

definition to multivariate functions defined on open subsets of C" by considering coordinatewise
Wirtinger derivatives.

A function f : U — C, where U C C is an open set, is called smooth if it is differentiable arbitrarily
many times (in the sense of real variables). We write f € C°°(U;C) in that case. Moreover, f is
called polyharmonic (on U) if it is smooth and if there exists m € Ny satisfying

A"f=0 onU.
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Figure 2: Absolute value of the activation functions omedrer,u,—1 (left) and card (right).

Here, A := BB—; + (%22 = 40yirt Owirt denotes the usual Laplace-Operator.
The following Proposition 2.1 describes a property of non-polyharmonic functions which is crucial
for proving the approximation results of this paper.
Proposition 2.1. Let & # U C C be an open set and let € C>°(U; C) be non-polyharmonic. Then
for every M € Ny there exists a point zp; € U satisfying

;’,ﬁrtgfvirtgb(zM) #0 forallm,l € Nowithm,{ < M.

The proof of Proposition 2.1 is an application of the Baire category theorem; see Appendix B.2.

Important complex activation functions. We briefly discuss in how far two commonly used
complex activation functions satisfy our assumptions: The modReLU proposed in [5] and the complex
cardioid used in [44] for MRI fingerprinting where the performance could be significantly improved
using complex-valued neural networks. The modReLU is defined as

(|| —|—b)ﬁ, if |z2|] +0>0,

OmodReLU,p ©:  C = C,  Omodrerup(2) i= )
0, otherwise,

where b < 0 is a fixed parameter. The complex cardioid is defined as
1
card: C—C, card(z):= 5(1 + cos(«z))z.
Here, <z = 6 € R denotes the polar angle of a complex number z = re*, where we define <0 := 0;

see Figure 2 for plots of the absolute value of the two functions.

Both functions are smooth and non-polyharmonic on a non-empty open subset of C, which is proven
in Appendix A.2. Furthermore, they are both continuous on C. Therefore, our approximation bounds
established in Theorems 3.1 and 3.2 in particular apply to those two functions.

3 Main results

In this section we state the main results of this paper and provide proof sketches for them. Detailed
proofs of the two statements can be found in Appendices B.3 and C.3.

First we show in Theorem 3.1 that it is possible to approximate any complex polynomial in z and Z
arbitrarily well using shallow CVNNs with the size of the networks only depending on the degree of
the polynomial (not on the desired approximation accuracy). Using this result we can prove the main
approximation bound, Theorem 3.2, by first approximating a given C*-function using a polynomial
in z and Z and then approximating this polynomial using Theorem 3.1.

For m,n € N let

Pl i=cC"=C, z+— Z Z amvgz“‘zl D ame €C

m<m £<m



denote the space of all complex polynomials on C" in z and Z of componentwise degree at most m.
Here, we are summing over all multi-indices m, £ € Ny with m;, £; < m forevery j € {1,...,n}

and use the notation
n
l’l’l
S ICORUIEES

The space P} is finite-dimensional; hence it makes sense to talk about bounded subsets of P),
without spemfymg a norm.

Theorem 3.1. Letm,n € N, € > 0 and ¢ : C — C be smooth and non-polyharmonic on an open
set @ # U C C. Let P C P be bounded and set N := (4m + 1)*". Then there exists a first layer
¢ e F, ¢ N with the following property: For each polynomial p € P’ there exists o € CV, such that

lp - UTCI’HLoo(Qn,«:) se

Sketch of proof. For any multi-indices m, £ € Ng an inductive argument shows for every fixed
z € Q, and b € C that

a:)]vllrtgwmt [’LU = ¢(wTZ + b)} = Z (alvn:lta“’fl‘rt¢) (U}TZ + b)

Here, 04y, and 8wm denote the multivariate Wirtinger derivatives with respect to w according to the
multi-indices m and £, respectively. Evaluating this at w = 0 and taking b € C such that none of the
mixed Wirtinger derivatives of ¢ at b up to a sufficiently high order vanish (where such a b exists by
Proposition 2.1) shows that we can rewrite

2™ (a\mrtawwt [w = ¢(wTZ + b)]) ‘w—O (( ivnlll“ta‘vflrt¢) ( ))71- 3.1

The mixed Wirtinger derivatives can by definition be expressed as linear combinations of usual partial
derivatives. Those partial derivatives can be approximated using a generalized version of divided
differences: 1f g € C*((—r,7)*;R) and p € N with |p| < k we have

9Pg(0) ~ (2h) L N~ (—1)lPI=Ir (f)g (h(2r —p)) for h \, 0. (3.2)

0<r<p

See Appendix B.1 for a proof of this approximation. Note that when one takes g(w) = ¢(w?'z + b),
the right-hand side of (3.2) is a shallow neural network, as a function of z.

Combining (3.1) and (3.2) yields the desired result; see Appendix B.3 for the details. O

It is crucial that the size of the networks considered in Theorem 3.1 is independent of the
approximation accuracy €. Moreover, the first layer ® can be chosen independently of the particular
polynomial p. Only the weights ¢ connecting hidden layer and output neuron have to be adapted to p.

The final approximation result is as follows. Its full proof can be found in Appendix C.3.
Theorem 3.2. Let n,k € N. Then there exists a constant ¢ = c(n, k) > 0 with the following

property: For any activation function ¢ : C — C that is smooth and non-polyharmonic on an open
set @ # U C C and for any m € N there exists a first layer ® € ff’m with the following property:

For any f € C* (Qy; C) there exist coefficients o = o(f) € C™, such that

—k/(2n) .

|f - O‘T(I)HLOC(QH;C) <c-m [ fllcr@n.c) -

Furthermore, the map f — o(f) is a continuous linear operator with respect to the L>°-norm.
Sketch of proof. By splitting f into real and imaginary part we may assume that f is real-valued.

Fourier-analytical results (recalled in Appendix C.1) imply that each C*-function f can be well
approximated by a linear combination of (multivariate) Chebyshev polynomials. Precisely, we have

C
1f = Plle@um < 5 Iflor@uim »

ns



where P is given via the formula

Piz)= > W'(f) Tl2), z€Qn.

0<k<2m-—1

Here, the functions 7 are multivariate versions of Chebyshev polynomials and V;*( f) are continuous
linear functionals in f. The constant ¢ > 0 only depends on n and k. See Appendix C.1 for a
rigorous proof of this approximation property. Approximating the polynomials 7k by neural networks
according to Theorem 3.1 yields the desired claim; see Appendix C.3 for the details. O

Remark 3.3. Theorem 3.1 can not only be used to derive approximation rates for the approximation
of C*-functions but can be applied to any function class that is well approximable by algebraic

polynomials. For example, it can be used to prove an order of approximation of y=m AT for the
approximation of functions f : 2,, — C that can be holomorphically extended onto some polyellipse
in C?". The parameter v > 1 specifies the size of this polyellipse. We refer the interested reader to
Appendix D for detailed definitions, statements and proofs for this fact.

4 Optimality of the derived approximation rate

In this section we discuss the optimality of the approximation rate proven in Theorem 3.2. We
first deduce from general results by DeVore et al. [19] that the rate is optimal in the setting that
the map which assigns to a function f € C* (Q,,; C) the weights of the approximating network is
continuous, as is the case in Theorem 3.2. However, it might be possible to achieve a better degree of
approximation if this map is not required to be continuous, which is discussed in the second part of
this section. Proofs for all the statements in this section are given in Appendices E.1, F.2 and F.3.

Continuous weight selection. We begin by considering the case of continuous weight selection. As
mentioned in the introduction, this is a natural assumption, since in classical training algorithms such
as (S)GD, continuous operations based on samples f(x;) are used to adjust the weights.

In [19, Theorem 4.2] a lower bound of m~*/% is established for the rate of approximating functions

f of Sobolev regularity > in the following very general setting: The set of functions that is
used for approximation can be parametrized using m (real) parameters and the map that assigns
to f the parameters of the approximating function is continuous with respect to some norm on
Wkoo([=1,1)%;R). A detailed version of the proof of that statement (for C* instead of W*>°) is
contained in Appendix E.1. A careful transfer of this result to the complex-valued setting yields the
following theorem (see also Appendix E.1).

Theorem 4.1. Let n, k € N. Then there exists a constant ¢ = c(n, k) > 0 with the following property:

For any m € N, any map @ : C*(,,; C) — C™ that is continuous with respect to some norm on
C*(Q,,;C) and any map M : C™ — C(S2,,; C) we have

sup 1f = M@(f))|l Lo (e > ¢-m*/ @,

feck(QnQC):Hf”ck(nn;c)gl

The interpretation of Theorem 4.1 is as follows: If one approximates C*-functions on 2,, using a set
of functions that can be parametrized using m (complex) parameters and one assumes that the weight
assignment is continuous, one cannot achieve a better rate of approximation than m~%/(2") As a
special case it can be deduced that the approximation rate is at most m~*/(2") when approximating
C*-functions using shallow CVNNs with 1 parameters under continuous weight assignment (see
Corollary E.3). One can show that this even holds for deep CVNNs. Hence, for continuous weight
selection the rate proven in Theorem 3.2 is optimal, even in the class of (possibly) deep networks.

Discontinuous weight selection. When we drop the continuity assumption on the selection of the
weights, the behavior of the optimal approximation rate is more subtle. Precisely, we show that there
are activation functions for which the rate of approximation can be improved to m~—*/(2»=1)_On
the other hand, we also show that there are activation functions for which an improvement of the
approximation rate (up to logarithmic factors) is not possible.

Theorem 4.2. There exists a function ¢ € C°(C; C) which is non-polyharmonic with the following
additional property: For every k € N and n € N there exists a constant ¢ = c¢(n, k) > 0 such that
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Figure 3: Illustration of the construction of the activation function in Theorem 4.2.

foranym € Nand f € C% (Qy,; C) there is a first layer ® € F? . and a vector o € C™ such that

n,m

1f =" ey S € m—k/(2n=1) .

Al cx@nscy -
Sketch of proof. The function ¢ is constructed in the following way: Take a countable dense subset
{ue} e of C (€215 C), for instance the set of all polynomials in z and Z with coefficients in Q + Q.
Define ¢ in a way such that

$(z +30) = w(z)

for every 2z € 1 and ¢ € N. Furthermore, to ensure that ¢ is non-polyharmonic, let ¢(z)
for every z € ;. The smoothness of ¢ can be accomplished by multiplying with a smooth bump
function; see Lemma F.4 for details. The construction of ¢ is illustrated in Figure 3.

— eRe(z)

Let then f € C*(Q,,; C) be arbitrary. General results from the theory of ridge functions [22] show
that there exist by, ..., b, € C" and g1, ..., gm € C(£21; C) such that

F(2) =Y 9 (b] - 2) <em ™M fllorg,ic
=1 L% (Q:C)

see Proposition F.3 and Appendix F.1 for a detailed proof of this fact. Approximating the functions
g; by suitable functions u,; and expressing those functions via ¢(e + 3¢;) yields the claim. O

The preceding theorem showed that there exists an activation function for which the rate in
Theorem 3.2 can be strictly improved, if one allows a discontinuous weight selection. In contrast,
the following theorem shows for a certain (quite natural) activation function that the rate m —*/(27)
cannot be improved (up to logarithmic factors), even if one allows a discontinuous weight assignment.
Theorem 4.3. Let n,k € N and

1
EET=C0)
Then ¢ is smooth but non-polyharmonic. Furthermore, there exists a constant ¢ = c(n,k) > 0
with the following property: For any m € Nsq there exists a function f € C*(Q,;C) with
Il fllck@use) < 1, such that for every ® € F¢ and o € C™ we have

n,m

$: C—C, ¢():

Hf o UT@HLOO(Q";(C) >c-(m- 1n(m))—k/(2n) )

Sketch of proof. The idea of the proof is based on that of [46, Theorem 4] but instead of the bound
for the VC dimension of ReLU networks used in [46], we will employ a bound for the VC dimension
stated in [4, Theorem 8.11] using the real sigmoid function. For a detailed introduction to the concept
of the VC dimension and related topics, see for instance [39, Chapter 6].

A technical reduction from the complex to the real case (see Appendix F.3) shows that it suffices
to show the following: If & € (0, 1) and m € N are such that for every f € C* ([—1,1]";R) with
£l (=1,1;r) < 1 there exists a real-valued shallow network N with y(z) = as activation
function satisfying || f — N e ((—1,1»;r) < €, then necessarily

Efn/k

_1
1+e—=




where the constant c only depends on n and k.

To show that the latter claim holds, we assume that € and m have the property stated above. Take
N € N such that N=* < ¢ and consider the grid

G = %{—N, N C 1]

For every a € G we pick a number z,, € {0, 1} arbitrarily and construct a map f € C*°([-1,1]™;R)
satisfying f(a) = z, for very @ € G. Scaling of f to f ensures ||f||Ck([,171]n;R) < 1, but then
f(@) = co- 2o - N7F where ¢y = co(n, k) > 0. By assumption, we can infer the existence of a
shallow real-valued neural network A with  as activation function and m hidden neurons satisfying
Hf_NHLx([fl,l}";]R) < ¢. But this shows

>eNF, ifzg =1
) « ) f 11
N(a){<5N’“, it —q fora a€g

with a constant & = é(n, k) > 0. Since the z,, are arbitrary, it follows that the set
H:= {]l(N > eN~F)| g * NV shallow NN with activation y and m hidden neurons}

shatters the whole grid G. This yields VC(H) > |G| = (2N + 1)™. On the other hand, the bound
provided by [4, Theorem 8.11] for linear threshold networks yields VC(H) < m - In(/N). Combining
the two bounds and using N ~* = ¢ yields the claim. O

5 Tractability of the considered problem in terms of the input dimension

In this section we discuss the tractability (in terms of the input dimension n) of the considered
problem, i.e., the dependence of the approximation error on n. We show a novel result stating that,
assuming a continuous weight selection, the problem of approximating C*-functions is intractable,
i.e., that the number of neurons that is required to achieve a non-trivial approximation error is
necessarily exponential in n. In the literature this is referred to as the curse of dimensionality. The
proof of the theorem combines ideas from [19] and [35] and is contained in Appendix E.2.

Theorem 5.1. Let s € N. With || - || ok ((—1,1]=;r) defined similarly to (2.1), we write
1 llcoe ((=1,105%) = sup || fllor(—1,1¢;r) € [0,00]
keN

for any function f € C°°([-1,1]*;R) and denote by C°** the set of all f € C*°([—1,1]*; R) for
which this expression is finite. Let a : Coo*5 — R2° =1 pe continuous with respect to some norm on
C°* and moreover; let M : R? =1 — C([—1,1]*; R) be an arbitrary map. Then it holds

sup 1 = M@)o (-100m) = 1.
feCm=s

I flleoe (=1,175;m) <1

Note that Theorem 5.1 is formulated for real-valued functions but can be transferred to the complex-
valued setting (see Corollary E.6). We decided to include the real-valued statement because it is
expected to be of greater interest in the community than the complex-valued analog. Moreover, we
stress that Theorem 5.1 is not limited to the class of shallow neural networks but refers to any function
class that is parametrizable using finitely many parameters (in particular, e.g., the class of neural
networks with possibly more than one hidden layer).

We now examine in what way the constant ¢ appearing in Theorem 3.2 suffers from the curse of
dimensionality. To this end, it is convenient to rewrite the result from Theorem 3.2 as
. T ~ —k/(2
sup inf If =0 @[ Le(q,c) < (€-m) /@)

4 m
1fllok o, e ST PEFS m.0€C

where the constant ¢ = é(n, k) > 0 is independent of m. Writing the result in that way, one sees
immediately that, if one seeks to have a worst-case approximation error of less than € > 0, it is



sufficient to take m = [1.e~(2")/¥] neurons in the hidden layer of the network. Corollary E.7
shows that it necessarily holds ¢ < 16 - 27" and therefore, the constant ¢ unavoidably suffers from
the curse of dimensionality. An analysis of the constant (where we refer to Appendices C.1 to C.3 for
the details) shows that in our case we can establish the bound ¢(n, k) > exp(—C'-n?) - k=4 with an
absolute constant C' > 0. We remark that, since the constant suffers from the curse of dimensionality
in any case, we have not put much effort into optimizing the constant; there is therefore probably
ample room for improvement.

6 Limitations

To conduct a comprehensive evaluation of machine learning algorithms, one must analyze the
questions of approximation, generalization, and optimization through training algorithms. The
present paper, however, only focuses on the aspect of approximation. Analyzing if the proven
approximation rate can be attained with learning algorithms such as (stochastic) gradient descent falls
outside the scope of this paper. Furthermore, the examination of approximation rates under possibly
discontinuous weight assignment is not yet fully resolved by our results. It is an open question
which rate is optimally achievable in that case, depending on the choice of the activation function,
and specifically in distinguishing between shallow and deep networks. We want to mention the two
following points which indicate that this is a quite subtle question:

1. For deep NNs (with more than two hidden layers) with general smooth activation function,
it is not possible to derive any non-trivial lower bounds in the setting of unrestricted weight
assignment, since there exists an activation function with the property that NNs of constant
size using this activation function can approximate any continuous function to arbitrary
precision (see [31, Theorem 4]). Note that [31] considers real-valued NNs, but the results
can be transferred to CVNNs with a suitable choice of the activation function.

2. In the real-valued case, fully general lower bounds for the approximation capabilities of
shallow NNs have been derived by using results from [22] regarding the approximation
properties of so-called ridge functions, i.e., functions of the form Z;”:l ¢;j((a;,x)) with

aj; € R? and each ¢; : R — R. It is an interesting problem to generalize these results to
higher-dimensional ridge functions of the form 37", ¢;(A;x), where each ¢; : R® — R
and 4; € R**9, This would imply lower bounds for shallow CVNNs. However, such a
generalization seems to be highly non-trivial and is outside the scope of the present paper.

7 Conclusion

This paper analyzes error bounds for the approximation of complex-valued C*-functions by means
of complex-valued neural networks with smooth and non-polyharmonic activation functions. It
is demonstrated that complex-valued neural networks with these activation functions achieve the
identical approximation rate as real-valued networks that employ smooth and non-polynomial
activation functions. This is an important theoretical finding, since CVNNs are on the one hand
more restrictive than real-valued neural networks (since the mappings between layers should be
C-linear and not just R-linear), but on the other hand more versatile, since the activation function is a
mapping from C to C (i.e., from R? — R?) rather than from R to R as in the real case. Additionally,
it is established that the proven approximation rate is optimal if one assumes a continuous weight
selection. In summary, if one focuses on the approximation rate for C*-functions, CVNNs have the
same excellent approximation properties as real-valued networks.

The behavior of the approximation rate for unrestricted weight selection is more subtle. It is shown
that a rate of m~*/(2"=1) can be achieved for certain activation functions (Theorem 4.2) but in general,
one cannot improve on the rate that is attainable for continuous weight selection (Theorem 4.3).

While the proven approximation rate is optimal under the assumption of continuous weight selection,
the involved constants suffer from the curse of dimensionality. Section 5, however, shows that this is
inevitable in the given setting.

Such theoretical approximation results contribute to the mathematical understanding of Deep Learning.
The remarkable approximation-theoretical properties of neural networks can be seen as one reason
why neural networks provide outstanding results in many applications.
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A Notation, Wirtinger derivatives and special activation functions

A.1 Notation and Wirtinger derivatives

Throughout the paper, multi-indices (i.e., elements of N{}) are denoted using boldface. For m € Ny

we have the usual notation |m| = Z?Zl m;. For a number m € Ny and another multi-index p € Ny

we writem < m iffm; < mforevery j € {1,...,n}andm < piffm; < p, forevery j € {1,...,n}.

Furthermore we write .
P\ P;
(0)=1(2)

j=1
for two multi-indices p, r € Nj with r < p. For a complex vector z € C™ we write

n n

m; —] —m.

2™ = H z;? and Z":= H zZ;™.
J=1 Jj=1

For a point z € R" and r > 0 we define
Br(z):={y e R": [z —y[l <r}
with || - || denoting the usual Euclidean distance. This definition is analogously transferred to C™.
C™ is canonically isomorphic to R?" by virtue of the isomorphism
On: R 5 C" (T1yeoe Ty Y1y ooy Yn) > (L1 F YL, ooy Ty + 1Y) - (A1)
The Wirtinger derivatives defined in Section 2 have the following properties that we are going to

use, which can be found for example in [26, E.1a]. Here, we assume that U C C is open and
feCcyU;C).

—_—

. Owirs and O.;r¢ are both C-linear operators on the set C*(U; C).
2. f is complex-differentiable in z € U iff Owirt f (z) = 0 and in this case the equality
6wirtf(z) = fl(z)
holds true, with f’(z) denoting the complex derivative of f at z.
3. We have the conjugation rules

OwireS = Owirtf  and  Dyirtf = Owint [
4. If g € C*(U; C), the following product rules for Wirtinger derivatives hold for every z € U:
Owirt (f - 9)(2) = Owint £ (2) - 9(2) + [ (2) - Owireg(2),
Owire(f - 9)(2) = Owire f(2) - 9(2) + [(2) - Dwireg(2).
This product rule is not explicitly stated in [26] but follows easily from the product rule for

) )
Frs and By

5. If V. C Cis an open set and g € C'(V; C) with g(V') C U, then the following chain rules
for Wirtinger derivatives hold true:

8wirt(f o g) - [(8Wirtf) o 9] : 8wirtg + [(gwirtf) o g} . 8wirt§7
5wirt(f o g) = [(8Wirtf) ° g] : 5wirtg + [(gwirtf) o g] : 5Wirt?'
6. If f € C%(U;C) then we have
Af(z) =4 (8Wirtgwirtf) (Z)

for every z € U, with A denoting the usual Laplace-Operator A = 9.0 + 9(*:2) (cf. [7,
equation (1.7)]).

For an open set U C C™, a function f € C*(U;C) and a multi-index £ € Nj with |£| < k we write

=2 . - S . ..
Of. . fand O, f for the iterated Wirtinger derivatives according to the multi-index £.
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Proposition A.1. Let U C C" be an open set and f € CF(U;C). Then, identifying f with the
Sfunction f o @, with @, as in (A.1), for any multi-indices m,£ € Niy with |m + €| < k we have the
representation

=2
KOS (@)= Y b @f)(a) YaeU
p=(p’,p”)EN§"
p/+p''=m+L
with complex numbers b, € C only depending on p,m and £ and writing p = (p',p") for the
concatenation of the multi-indices p’ and p” € N{J. In particular, the coefficients do not depend on f.

Proof. The proof is by induction over m and £. We first assume m = 0 and show the claim for all
£ € Ny with |€] < k. In the case £ = 0 there is nothing to show, so we assume the claim to be true
for fixed £ € Nj with || < k and take j € {1, ..., n} arbitrarily. Then we get
—L+e; —=e; =L IH =€j
it [(a) = OyirtOyine f (@) = Z bpOyirt (O f) (a)
p=(p’.p")ENG"
p'+p"=£
Z be (3(p’+ej,p”)f) (a) + ibp (3(p’7p”+8j)f) (a)
2 2
p=(p'.p")ENG"
p'+p’=£

= Y () (a)
P:(p/ ,p”)GNg"
P +p=L+e;

as was to be shown.

Since we have shown the case m = 0 we may assume the claim to be true for fixed m, £ € N with
|m + £| < k. Then we deduce

+ —0 . —£ TH A
axlzrvlirtej 6wirtf(a’) = a\?irt Vlf/lirtawirtf(a) = § bpajvlirt (apf) (a)
p=(p’.p"")ENG"
p’+p’/=m+£

Z %p (a(p’+e,~7p”)f) (a) — % (8(p,7p//+6j)f) (a)

p=(p’,p"")ENG"
p’+p/' =m+£

= Y (P (a)
p=(p’,p’")ENG"
P +p'=m+Lte;

Hence the claim follows using the principle of mathematical induction. O

Proposition A.1 is technical but crucial: In the course of the paper we will need to approximate
Wirtinger derivatives of certain functions. In fact, however, we will approximate real derivatives and
take advantage of the fact that Wirtinger derivatives are linear combinations of these.

A.2  Concrete examples of activation functions

In this section we analyze concrete activation functions that are commonly used in practical
applications of complex-valued neural networks. We are going to show that those activation functions
are smooth and non-polyharmonic on some non-empty open subset of C. Our first result analyzes a
family of “real activation functions interpreted as complex activation functions”.

Proposition A.2. Let p € C°(R;R) be non-polynomial and let 1) : C — C be defined as
$(2) = p(Re(2)) resp. (2) = p(Im(z).

Then ) is smooth and non-polyharmonic.
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Proof. Since 1) depends only on the real-, resp. imaginary part of the input, we see directly from the
definition of the Wirtinger derivatives that

_ 1 = i
awirtw(z) = awirtw(z) = ipl(Re(z)) resp. 8wirtw(z) = _awirtd)('z) = _ipl(Im(Z))
Hence we see for arbitrary m, ¢ € N that
_ 1 ) 1
O Duiee ()| = oy [P O Re(2)| resp |00 i t(2)| = g [0 (Im(2))|
Since p is non-polynomial we can choose a real number z, such that p(™ () # 0 for all n € N

(cf. for instance [20, p. 53]). Thus, ertiwmw( ) # 0 for all m, ¢ € Ny, whenever z € C with
Re(z) = x, or Im(2) = y, respectively. O

Next, we consider the modReLU which was defined in Section 2.

Theorem A.3. Letb € (—00,0). Writing ¢ = 0modReLU b, 0ne has for every z € C with |z| +b > 0
the identity

Z+b|z| m:£207
om I45- ﬁ m=1£=0
( wirt WlI‘tU) (Z)_ b'Qm,K %, m§€+1,4217
Enlf[—l

b'qm,Z'W; m>{0+1,m>2

for every m € Ny and { € Ny. Here, the numbers g, ¢ are non-zero and rational. Furthermore,
note that all cases for choices of m and { are covered, by observing that we can either have the case
m > £+ 1 (where either m > 2 orm = 1,£ = 0) or m < £ + 1, where the latter case is again split
intol =0and? > 1.

Proof. We first calculate certain Wirtinger derivatives for z # 0. First note

o ()30 ) ()
2™ |2|™ |2|™

_ ( 2Re )+i-21m(z))
-3

‘Z|m+2

E
and similarly
1 m z
Bt ( T | = 2+
' <|Z|m> 2 |zfmt?
for any m € N. Using the product rule for Wirtinger derivatives (see Appendix A.1), we see
¢ 241
z _ 1 — 1 m oz
it [ o | = Owire (2°) - —— + 2° - Duj (>=—- (A2)
wirt wirt wirt
() =B ) ) =2 e

——

Dl

for any m € N and ¢ € Ny and furthermore

i 1 1
Owirt <m> = Oyirt (2°) - i T 2" Ouir <m>
2] |2 2]

1 m z
—/ £—1 It
R T 2 e
-1
m\ z
- (z f 5) T (A3)
for m, ¢ € N, and finally
¢ —=l+1
1 1
aWirt Zi = 6wirt (28) ey 2/ : 8wirt T B _ﬂ : 27 (A4)
lz[") — L 2™ |2[™ 2 [z|mt2

=0
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form € Nand ¢ € Ng.

Having proven those three identities, we can start with the actual computation. We first fix m = 0 and
prove the claimed identity by induction over £. The case ¢ = 0 follows directly from the definition of
the modReLU and for ¢ = 1, we note

3 _5 5 (z2\an, (1) 2%
aw“t”(z)*a,—/a“’ft(z”b a‘”““<|z|> =0 < 2> |25

which is the claimed form. Then, using induction, we compute
0+1 042
=41 = z (A2) 20+ 1 z
awma(z) = Owirt (b ~qo,e - W) ="b-qou- <—2 'W7
=:q0,6+1
so that the case m = 0 is complete.

Now we deal with the case m < ¢+ 1. The case £ = 0 and m = 1 is proven by computing

2\ (A3) 1 1
. = . . . =1 e
aw1rta(2) awu‘t(z) + b aw1rt (|Z|) + b 2 |Z|

so we can assume ¢ > 0. Since we already dealt with the case m = 0, we can inductively assume the
claim to be true for a fixed m < £. Then we compute

£—m+1 L—m
+15¢ - z (A3) 1 z
(avnvlirt awirtg) (2) = Owirt (b “qme - |2[26+1 ) = b dqme- (m + 2) .\z|2€+1’

='qm+1,¢

which is of the desired form. Note that (A.3) is indeed applicable because { — m + 1 > 1.

Finally, we consider the case where m > ¢ 4+ 1 and m > 2. The case m = ¢ + 1 has already been
shown. Using induction, we see

- Zm—é—l
(awirt aWiI‘tU) (Z) = awirt 6(ma‘€):(1’0) + b- qm ¢ - ‘Z|2m71

(A4) 1 zmt

=qm+1,e

so the proof is complete. O

From Theorem A.3 we can now deduce that the modReL.U is smooth and non-polyharmonic on some
non-empty open subset of C.

Corollary A4. Letb € (—00,0) and z € C with |z| > —b. Then we have

6$irt55virtamodReLU,b(z) #0
forallm,? € Ny. In particular, 0 modrer,U b is Smooth and non-polyharmonic on the set
{z€C: |z| > —b}.
Furthermore, 0m0dReLU,b IS continuous on the entire complex plane.

Proof. The first part follows from Theorem A.3 by noting that if |z| > —b we have in particular
|z] > —b/2 and |z| > 0. For the second part, we first note that o odrer,u,p 18 trivially continuous in

z € Cif |z| # —b. Hence, we assume |z| = —b. Take any sequence (2;) ey With z; — z as j — 00

and note

Cumoarerrs(25) ~ Omoarer(2)] = |moanerva(z)] = {1 7 izl <
oGReRTLoAT 2 T medieR modienmoAT |zj| +b— |z +b=0, if|z;] >b.

This shows the continuity of o,6dReLU b- O
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Next we analyze the complex cardioid, which was defined in Section 2.
Theorem A.5. Forany z € C with z # 0 and any m, ¢ € Ny we have

|2 — ) —
22+4H+47 m—€—07
Z m 2+2 m
; amémze T +bmew, m < £ #0,
8\%rtawirt card(z): %+§ ‘ | +3 |z|7 m:£+1:1,
am€|z‘2e+1 +bm£‘z‘2£+17 m=~+1>1,
—¢

e
am€| ‘27n T +bm£| Zm=3 m > £+ 2.

Here, the numbers a, ¢ and by, ¢ are non-zero and rational. Furthermore, note that all cases for
possible choices of m and € are covered: The case m < { is split into ¢ = 0 and ¢ # 0. The case
m = £+ 1 is split into m = 1 and m > 1. Then, the case m > { + 2 remains.

Proof. For the following we always assume z € C with z # 0. Then we can apply the identity

cos(«z) = Rle(f) S0 we can rewrite
1 Re(z) 1 1(z+2)z 1 122 |7
card(z) 2( T )z 2 Tl A T (A-5)
This establishes the case m = ¢ = (. Next, we compute
= 1 /12Re(z) i2Im(z) 1z
Duirs (12) = 5 ( 5 : - = A6
el =3 (2 2 T2 272 (A.6)
and similarly
B (|2]) = 22 (A7)
wirt \[Z]) = 577~ .
' 22|
We deduce
= (A2),A6) 1 1\ 22 1 =z
Owirt card = < \=-35)73 s T
i) "0 3 (5) T+ 5
—_——— ~~
=:bo,1 =:a0,1

Using induction, we derive
0 042
—0+1 = z — z
Owirt Card( ) = a0,¢Owirt (|Z|2“> + bo,0Owirt <Z|24+1)

(A2) 2% —1 Z€+1 ) 204+ 1 ZerS
= Qo - Ty W +00,e- | — 9 '|Z|2£+3’
N—— N——

=:a0,04+1 =:bo,041

so the claim has been shown if 7 = 0. If we now fix any ¢ € N and assume that the claim holds true
for some m € Ny with m < ¢, we get

m+175 Ze_m ZK+2 -
ot awm card(2) = am,eOwirt (|z|2“) + b, e Owirt <|z|2”1>

A3) 1 fomfl ; 3 Z€+27m71
= e\ T et e \ g T ) T e
— —_—

=iQm+1,0 =:bmy1,e
so the claim holds true if m < /.

The case m = ¢ + 1 is split into the case m = 1 and m > 1. If m = 1, then ¢ = 0 and we compute

ANBs,nan 1l 1 1 z 1 z
Owir d =" — 4+ (22— =4+ =.
v card(z) 2+4( 2) ERENE



Ifm > 1, we get

1 22
(+1
6W-l‘rrt8ert Card( ) — ae,éawirt < |Z|2€_1 > + bé,e : aWirt (|Z|2‘€+1 >

(A3),(A4) 20— 1 z b 20 +1 z
= e (T ) e T (BT Ty ) e
—_——

=tae41,e =:bot1,e

Next, we deal with the case m = ¢ + 2: Here, we see

1 z z
(42
3W4frt5’mrt card(z) = Owirt (25e=0 + ap1 050 s +beg1,e |2¢+1)

(A3),(A4) 20+ 1 Z2 b ] 20 +1 1
s T s T U ) e

=iGg42,0 =:bpy2,

If we assume the claim to be true for a fixed m > ¢ + 2, we get
1= Emff Em7€72
83;; awm card(z) = am,¢ - Owirt <z|2m_1> + b e - Owirt (|z|2m_3>

(A4 2m — 1) "0 2m — 3\ zm !
= Omec | — 9 ’|Z|2m+1+ met\ T T g '|Z|2m—1'

=ilm41,e =:bmt1,e

Hence, using induction, we have proven the claimed identity. [

The statement regarding the non-polyharmonicity of the complex cardioid is formulated in the
following corollary.

Corollary A.6. For every z € C with z ¢ RU iR and every m, ¢ € Ny we have
8‘:71rt5w1rt Card( ) 7é 0.

In particular, card is smooth and non-polyharmonic on C\ (RUR). Futhermore, card is continuous
on the entire complex plane.

Proof. We start with the first part of the corollary. For the following, let z € C with z ¢ R U R, i.e.,
Re(z) # 0 and Im(2) # 0. Using the definition of card, we see

card(z) =0 <= 2z=0 or cos(<z)=-1 <= z¢€Rc,
and thus, card(z) # 0 since Im(z) # 0. In the case m < ¢ # 0 we use Theorem A.5 to get the
following chain of implications:

2
¢ z a .
av’r\?irtawilrt Card(z) =0« Am, 0 + bm,Z 3 = 0= 22 = *|Z‘2 : 7bm,£ = 22 cRs zeRUIR
z

| | m, ¢

holds, and thus O™

wirt

gwu‘t card(z) # 0 for z ¢ RUR.

For the case m = ¢ + 1 = 1, note

1 1
Owirt card(z) =0 & §-5+%-z: —% = %Im(z)—glm(z) =0<Im(z) =0,

and thus Oyt card(z) # 0 since z ¢ R.
Form = ¢+ 1 > 1, we see by considering the real- and imaginary parts that

8“16%“ card(z) =0 < amZ+ by ez =0

wirt
Re(z)7<1§(z)#0 -+ bng = 0and — apme + by = 0

& Ame = bm,f =0,
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and hence ae+15€

wirt ™~ w

at card(z) # 0, since ay, ¢ # 0 # by, ¢ by Theorem A.5.
Therefore, it remains to consider the case m > ¢ + 2. But here we easily see

=2

o al;,irtcard(z)zo = am,gﬁmm,@:o = zZ2cR & 2zcRUIR,
z

wirt

=4
aWir

and hence 0™

"+ Owict card(z) # 0. Since all cases have been considered, the claim follows.

Regarding the second part of the corollary, first note that card is trivially continuous on C \ {0}.

Further note that . R
|card(z)|=|= ( 1+ e(z) z| <|z] =0
2 k1
as z — 0, showing the continuity of card on the entire complex plane C. O

B Postponed proofs concerning the approximation of polynomials

B.1 Divided Differences

Divided differences are well-known in numerical mathematics as they are for example used to
calculate the coefficients of an interpolation polynomial in its Newton representation. In our case, we
are interested in divided differences since they can be used to obtain a generalization of the classical
mean-value theorem for differentiable functions: Given an interval / C R and n + 1 pairwise distinct
data points x, ..., x,, € I as well as an n-times differentiable real-valued function f : I — R, there
exists £ € (min{xo, ...,z } , max {zo, ..., T, }) such that

1)

n!

f[x()a"'amn] )
where the left-hand side is a divided difference of f (defined below). The classical mean-value
theorem is obtained in the case n = 1. Our goal in this section is to generalize this result to a
multivariate setting by considering divided differences in multiple variables. Such a generalization is
probably well-known, but since we could not locate a convenient reference and to make the paper
more self-contained, we provide a proof.

Let us first define divided differences formally. Given n+ 1 data points (o, Yo) ; ---, (Zn, yn) € RXR
with pairwise distinct x, we define the associated divided differences recursively via

[yk} = Yk, ke {Oa "'an}a

k41s oo Yhtjl — Yk oo Yktj— . .
Wy -or Yhtj] = i+ Yns] = Yh+j 1], je{l,..,n}, ke {0,...,n—j}.
LT+ — Tk

If the data points are defined by a function f (i.e. yr = f (ay) forall k € {0, ...,n}), we write

[Tk, ooy Thgs| [ = [Yks oo Ykt -
We first consider an alternative representation of divided differences, the so-called Hermite-Genocchi-
Formula. To state it, we introduce the notation X¥ to denote a certain k-dimensional simplex.

Definition B.1. Let s € N. Then we define

5= {x eR®: x> Oforallﬁandeg < 1}.
=1

We further set 3.0 := {0} C R. Denoting by \* the s-dimensional Lebesgue-measure (and by \° the
counting measure), the identity \* (X¢) = % holds true; see for instance [42] and note that the case
s = 0 can be seen directly.

In the following, we consider integrals over the sets X°. These integrals are always formed with
respect to the measure \*. However, we only write, e.g., |, s« f(x)dx, with the implicit understanding
that the integral is formed with respect to the measure A°. Using this convention, we can now consider
the alternative representation of divided differences.
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Lemma B.2 (Hermite-Genocchi-Formula). Let k € Nq. For real numbers a,b € Rwitha < b, a
function f € C*([a,b]; R) (where C°([a, b]; R) denotes the set of continuous functions) and pairwise
distinct xq, ..., Ty, € [a,b)], the divided difference of f at the data points x, ..., x}, satisfies the identity

k
[0y -y zi] f = /Ek f(k) (mo + ZSg (z¢ — a:o)> ds. (B.1)
=1

Proof. The case k = 0 follows directly from [z¢]f = f(xo). For the case k > 0, see [6, Theorem
3.3]. O

We will make use of the above formula by combining it with the following generalization of the
mean-value theorem for integrals.

Lemma B.3. Let D be a connected and compact topological space. Let A be some o-algebra over
D and let ji : A — [0, 00) be a finite measure on D with u(D) > 0. Let f : D — R be a continuous
function with respect to the standard topology on R and the topology on D. Moreover, let [ be
measurable with respect to A and the Borel o-algebra on R. Then there exists £ € D such that

1
16) = =57 /D f(@)du(z).

Proof. Since D is compact and connected and f continuous, it follows that f(D) C R is compact
and connected, and hence f(D) is a compact interval in R. Therefore, there exist zy, € D and

Tmax € D satisfying
f (xmin) < f(x) <f (xmax)
for all x € D. Thus, one gets

1 1
[ (@min) = TD) /D J(@min)dp(x) < M(D)/Df(x)d/l(f)
1
< TD) /D J(@max)dp(z) = f (Tmax) -

The claim now follows from the fact that f(D) is an interval. O

We also get a convenient representation of divided differences for the case of equidistant data points.

LemmaB.4. Let f: R — R, g € R, k € Ny and h > 0. We consider the case of equidistant data
points, meaning x; := xg + jh forall j = 1, ..., k. In this case, we have the formula

(w0, oo k] f = ﬁ (1 (k)f (). (B.2)

Proof. We prove the result via induction over the number j of considered data points, meaning the
following: For all j € {0, ..., k} we have

tseeszess]f = - 3207 (7)1 o)

r=0

forall £ € {0, ..., k} satisfying £ + j < k. The case j = 0 is trivial. Therefore, we assume the claim
to be true for a fixed j € {0,...,k — 1}, and let £ € {0, ..., k} be arbitrary with £ + j + 1 < k. We
then get

(o1, ol f— e, meq ] f

[Tes ooy Togja] f =

Toqjp1 — Xy
w1 I o1 O) (f (@esrsn) — f (@esr))
— jlhi (j+1h

~ i 0 () U ) = £ ).
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Using an index shift, we deduce

Xj:(l)jr(D f(esrin) ZJ: (> (To4r)

r=0 r=0
J+1 ' .
= (_1)J+1—7~ (T i 1) xl+r + Z j+1 r( )f (m£+r)
r=1 r=0
=(-1) J+1f (¢ +Z( J+1 "f(zogr) [(r11)+ (i>:|)+f(x£+j+1)
r=1
Jj+1 1
— Z ]+1 r (] ;‘T )f (l‘f-i-r) ,
which yields the claim. O

The final result for divided differences, which is the result that is actually used in the proof of
Theorem 3.1 in Appendix B.3, reads as follows:

Theorem B.5. Let f : R® — Rand k € Ny, r > 0, such that f‘(ﬂ
p € N§ with |p| <k and h > 0 let

Jon o= (20) 7P Y ()Pl ( )f<h<2r—p>>.

0<r<p

€ CF ((—=r,7)%;R). For

i)*

there exists & € h[—m, m|® satisfying

max{l m}

fp,h = apf(g)-

Let m := max p,. Then, for 0 < h <
j

Proof. We may assume m > 0, since m = 0 implies p = 0 and thus f, , = f(0), so that the claim
holds for £ = 0.

We prove via induction over s € N that the formula

Py Ps
o :pz/ / 1 / oPf (—hp1 +20 Y o), .., ~hp, +2hZ£a§S>> do™...do(®)
3Ps J¥Ps— 3Pl =1

=1
(B.3)
holds for all p € Nj with 1 < |p| < kandall 0 < h < L. The case s = 1 is exactly the
Hermite-Genocchi- Formula (B.1), combined with (B.2) apphed to the data points

—hp,—hp + 2h, ..., hp — 2h, hp.
By induction, assume that the claim holds for some s € N. For a fixed point y € (—r, ), let

fy: (=rr) =R, x— f(z,y).

Forp € NSH with |p| < k and p’ := (p1, ..., ps), we define

T: (=) =R,y (fy)y, =20 > (—1)'!“—lr’|<‘r’:>f(h(2r’_p'),y).
0<r'<p’

Using the induction hypothesis, we get
I'(y)

P1 P,
=p'! / / / or (—hpl + 2hZ€gél), oy —hp, + Qthés),y> do ... dg®)

¥Ps Ps—1 £=1 £=1
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for all y € (—r,r). Furthermore, we calculate

ps+1! ! [_h’ ! ps+1’ —h- ps+1 + 2ha ey h- ps+1]F

Psi1

B (9h)pers 3 (~1)pera <p571) T (h (2" = Poy1))
T
r’=0
Pst1
— (2n) P [ > (cupen (Pt ) a1
r’'=0

X Z (_l)lp/|_|l‘/| (p/>f (h(2r/ _ p/)’ h(27"/ _ ps+1))

r/
0<r'<p’

= 3 (0P (2) 7 hier - p)

0<r<p
= fp,h~

On the other hand, we get
[=h-Per1,—h Pepq +2h, ... h-py T

Pst1
(le)/ F(P5+1) <_h/p5+1 + 2%h Z £0_28+1)> dO’(S+1)
YPs41

=1
P1 Psy1

=p / / oPf (‘hlh + th%gl)’ oy —hpyyq + 2R Z eo_éerl)) doW ... do(s+D)
SPs+1 ¥P1 =1 =1

Interchanging the order of integration and derivative is possible, since we integrate on compact sets
and only consider continuously differentiable functions (see, e.g., [11, Lemma 16.2]).

We have thus proven (B.3) using the principle of induction. The claim of the theorem then follows
directly using the mean-value theorem for integrals (Lemma B.3) applied to the topological space

D::Epl X...szs+1

equipped with the product topology where each factor is endowed with the standard topology on XP«
(where the standard topology on X is the discrete topology), the measure

M;:)\P1®...®)\ps+1

defined on the product of the Borel o-algebras on XP¢ (and the o-algebra of {0} is its power set) and
to the function

Py Pst1
(oW, .oty s P f (—hpl +20 3 ol —hpyy 20 zo—f*”) .
=1 =1

Moreover, note that all the simplices >P¢ are compact and connected (in fact convex) with
A\P1 (Epl) e \Ps+1 (Zps+1) — l
p!’

see Definition B.1. Therefore, Lemma B.3 yields the existence of a certain (€M), ...,¢6+D) € D
with

Py Psia
for = OPf <hp1 +2h > e by 20y egf“)) .
(=1 =1
Hence, the claim follows letting

P Pst1
£ = (—hpl + 2h255§1>, e —hpg 200> gglgsm) € h[—m,m]®. O
(=1 =1
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B.2 Proof of Proposition 2.1

Proof of Proposition 2.1. Let M € Ny. Since ¢ is not polyharmonic we can pick z € U with
AMp(z) # 0. By continuity we can choose § > 0 with Bs(z) C U and AM¢(w) # 0 for all
w € Bs(z). Forallm, ¢ € Ny let

—¢
A 1= {w € Bs(2) : OhuiDuind(w) = 0}
and assume towards a contradiction that

U Ame=Bs(2).
m <M
By [3, Corollary 3.35], Bs(z) with its usual topology is completely metrizable. By continuity of
Bﬁrﬁiir@ the sets A,, ¢ are closed in B;(z). Hence, using the Baire category theorem [3, Theorems
3.46 and 3.47], there are m, ¢ € Ny withm, ¢ < M, 2’ € A, ¢ and € > 0 such that

B. (Z/) c Am,Z Cc B(;(Z)

But thanks to AM¢p = 4MoM g‘i\firt(ﬁ = gMgM—tgMm o a.. & (see property 6 in

wirt wirt “wirt wirt

Appendix A.1), this directly implies AM ¢ = 0 on B. (2) in contradiction to the choice of Bs(z). [

B.3 Proof of Theorem 3.1

The following section is dedicated to proving Theorem 3.1. We are going to show that it is possible
to approximate complex polynomials in z and Z arbitrarily well on €2,, using shallow complex-valued
neural networks. To do so, we follow the proof sketch given after the statement of Theorem 3.1,
starting with the following lemma.

Lemma B.6. Let ¢ : C — Cand 6 > 0, b € C, k € Ny, such that ¢|B5(b) € C* (Bs(b); C). For
fixed z € Q,, where we recall that Q,, = [—1,1]" + i[—1, 1]™, we consider the map

¢.: B (0)=>C, wr¢(w'z+0),

S

which is in C* since for w € B_s_(0)
Van

N

C™ we have

5
Von

For all multi-indices m, £ € Ny with |m + €| < k we have

V2n = 4.

lw”z| < flwllz - ||2[|2 <

amwirtgfvirt¢z(w) =2"z* (axltglfi‘rt(b) (sz +b)

Sforallw € B\/%(O)

Proof. First we prove the statement

gfvirtqbz (w) =z%- (351‘”(;3) (w2+1b) forallwe B_s (0) (B.4)

V2n

by induction over 0 < |£] < k. The case £ = 0 is trivial. Assuming that (B.4) holds for fixed £ € Nj}
with |€| < k, we want to show

B 0:(w) = 70 (51'6) (wz +1) (B.5)

forallw € B = (0), where j € {1, ...,n} is chosen arbitrarily. To this end, first note
2n

5@1‘? Z(w) = 5:vjirtgfvirt d)z (U)) indlgion 5sjirt |:1U = Ee ' (gLfl‘rtQS) (wTZ + b):|

=740 {w = (glfi‘rt¢) (w"z + b)} '
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Applying the chain rule for Wirtinger derivatives and using that
8 €

wirt

[w = wlz 4+ b] =0
since w — w” z 4 b is holomorphic in every variable, we see
8V\;}1rt |: (5Lfllrt¢) (wTZ + b)i| = ( erta\‘mrt¢) (wTZ + b) av&jlrt [w = wTZ + b}

(3&“ QS) (w2 +0b) - D [w — m}

= (B0'0) ("= +b) - 0 [ > wT= + 1]
=2 (B 0) ("2 +b),
using the fact that w; — w’ z + b is holomorphic and hence

J
aert

[w—w'z+b] =0 and 0

wirt

[w — w2 +b] = zj.
Thus, we have proven (B.5) and induction yields (B.4).

It remains to show the full claim. We use induction over |m| and note that the case m = 0 has just
been shown. We assume that the claim holds true for fixed m € Nj with |m + €| < k and choose
j €{1,...,n}. Thus, we get

83:? 8ert¢z( )= a:vjlrtavrf/llrtiwlrtqsz( ) 2 aveért (w > 2Mzt ( lvn:rltﬁlllrtqb) (sz + b))
=2"74. 00 [w > (dﬂtaleu@) (whz + b)] .
Using the chain rule again, we calculate
O [0 (008050) (w2 +0)]

= (O 90ie0) (w2 4 0) - 0y [w > w2 + 1)

wirt wirt wirt

(a‘““ Wi 0) (T2 +8) - Oy [ m]

wirt
= 2% (Il 1000 (w2 + ) + (AT 9) (w2 +b) - B [w = w2+ Y]
=2 (Ol 000) (w2 +0).
By induction, this proves the claim. O

As the last preparation for the proof of Theorem 3.1, we need the following lemma.
LemmaB.7. Let ¢ : C = Candd > 0, b € C, k € Ny, such that (b’B&(b) € C* (Bs(b); C). Let
m,n € Nand e > 0. Forp € N3",h > 0 and z € Q,, we write

Bpa(s) = 207 3 (<0 () (6. 0100) 2 - p)

0<r<p

@) 3 (2o (fon (hr ) 2-40).

0<r<p
where ¢, is as introduced in Lemma B.6 and ,, is as in (A.1). Furthermore, let
Op: QX B%(O) —-C, (z,w)— Po,(w).
Then there exists h* > 0 such that
19p,n — Gp (-, 0)|l Lo (,;0) < €

forallp € N3" with |p| < k andp < m and h € (0, h*).
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Proof. Fix p € N2" with |p| < k and p < m. The map
B /341(0) X By a1y (0) = €, (z,w) = ¢ (w2 +b)

is in C* since

ws] < ol el < = - (VB + 1) = 5

Therefore, the map
B /57:1(0) X By )\ /ami1)(0) = €, (2,w) = OP¢.(w)

is continuous and in particular uniformly continuous on the compact set

Qn X Bs(3n)(0) € B, /35,1(0) X By /3741)(0).
Here, we employed v/2n + 1 < 3n for every n € N. Hence, there exists h, € (0
that

, 7371_\/‘5%'7%), such

|¢p(27£) - ¢p(za 0)] <
forall £ € ¢, (h- [-m,m]*"), h € (0,hp) and z € Q,,. Now fix such an h € (0, hp) and z € Q,,.
Applying Theorem B.5 to both components of (¢! o @) (2) and @7 ' 0 ¢, o <pn’(_i sy

3n°3n

S

separately yields the existence of two real vectors &1, & € h - [—m, m]?™, such that

((p;l o (PP’h(Z))l = [61) (901*1 © d)z © SOTL> (51)] 1
and  (p7' 0 Pp(2)), = [O° (01" 062 0 9n) (&2)],-
Rewriting this yields
Re (®pn(2)) = Re (dp(2, ¢n (€1)))  and  Tm (@p n(2)) = Im (dp(z, on (§2))) -

Using this property, we deduce

Re (Pp.n(2) = dp(2,0))] = [Re (dp(2, on (€1)) = ¢p(2,0))| < [dp(2; @n (€1)) — Pp(2,0)] <

Sl

and analogously for the imaginary part. Since z € Q,, and h € (0, hp) have been chosen arbitrarily
we get the claim by choosing

h* :=min{hy: p € N§" with |p| < kandp < m}.

O

Using the previous two lemmas and the results from Appendix B.1 and Appendix B.2, we can now
prove Theorem 3.1.

Proof of Theorem 3.1. Let b € U satisfy

Al T2 8(b) £0 forall £y, € No with €1, l5 < mn.

wirt
Such a point b exists according to Proposition 2.1. Let p € P’ and fix m, £ € N} with m, £ < m. For
each z € (), using Lemma B.6, we then have

-1

2 = (O Pind) O] OBl (0)

Prop. A.1 —=l|e -1 ’oon

(O anae) 0] DD by 0¥ 6.(0) (B.6)
p:(P/7p//)€Ngn
p’+p’'=m+2£

with suitably chosen complex coefficients by ,» € C depending only on p’, p”, m and £. Here we
used that |m|, [£| < mn. Since P’ C P}, is bounded and p € P’, we can write



with |am,e| < ¢ for some constant ¢ = ¢(P’) > 0. In combination with (B.6), this easily implies that
Wwe can rewrite p as

p(z) = Y c(p)3"9-(0) (B.7)

peNZ™
p<2m

with coefficients ¢p(p) € C satisfying |cp(p)| < ¢’ for some constant ¢ = ¢/(¢,b,P’,m,n). By
Lemma B.7, we choose h* > 0, such that

By (2) — P, (0)] < c

quNgn,qu d
forall z € Q, andp € N%" with p < 2m. Furthermore, we can rewrite each function ®;, ;- as

* T

Opie(2) = Y Dapdllpn (h*a)]" -2 +b)
agZ?n
lej|<2m Vj
with suitable coefficients Ao p € C. Since the cardinality of the set
{aeZ?: |oy| < 2mVj}

is (4m + 1)?", this can be converted to

N
By (2) = 3 A (7 -4 1).
j=1
For p as in (B.7), we then define
0(z) == Z cp(p) - P (2) = Z p(P)Ajip ¢(P? ~z+0b)

peNZ® peNz®
p<2m p<2m

1M

and note
10(2) = p(2)] < Y lep(p)] - [®pon-(2) — P2 (0)] < e.

p<2m

Since the coefficients p; have been chosen independently of the polynomial p, we can rewrite 6 in
the desired form. O

C Postponed proofs for the approximation of C*-functions

C.1 Prerequisites from Fourier Analysis

This section is dedicated to reviewing some notations and results from Fourier Analysis. In the end, a
quantitative result for the approximation of C* ([—1, 1]*; R)-functions using linear combinations of
multivariate Chebyshev polynomials is derived; see Theorem C.15.

We start by recalling several notations and concepts from Fourier Analysis.
Definition C.1. Let s € N and k£ € Ny. We define

C5. (R%C):={f € CF(R*%C): VpeZ*Vz e R*: f(z+2mp) = f(z)}.
and Oy, (R*; C) := C9_(R*; C). For a function f € C%_(R*;C) we write

vy i= max ||0* - <. and
Hf||0k([77r,7r] :C) keN)g( fHL ([~ m,m]*;C)
[k|<k
1 1/p
||f||LP([77r,7r]°‘;<C) = ((27.[.)5 /[ : |f(x)‘p dl’) forp € [1700)
Moreover, we set ||f||Loo([_ﬂ-7ﬂ-]s;]R) = ||f||00([—7r,7r]s;<0)~
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Definition C.2. For any s € N and k € Z?°, we write
ex: R°—=C, ez) =k

where (-, -) denotes the usual inner product of two vectors. For any f € Cs, (R®; C) we define the
k-th Fourier coefficient of f to be

A 1
0= [ fwadmd.
(2’”—)8 [—71',7'r]5
Definition C.3. For two functions f, g € Co, (R*; C), we define their convolution as

frxg: R*=C, (fxg)(x):= (271r)3 /[_ . f@®)g(x — t)dt.

In the following we define several so-called kernels.
Definition C.4. Let m € Ny be arbitrary.

1. The m-th one-dimensional Dirichlet-kernel is defined as

m

Dm = Z €Ep.

h=—m

2. The m-th one-dimensional Fejér-kernel is defined as
1 m—1
Fr = — Z Dy,.
h=0
3. The m-th one-dimensional de-la-Vallée-Poussin-kernel is defined as

Vin =14 em+e_m) - Fn.

4. Let s € N. We extend the above definitions to dimension s by letting

S
D;, (x1,...,z) 1= H Dy, (zp),
p=1
EP (x1,...,xs) = H Fo (zp),
p=1

‘/7fl (xh "'71‘3) = H Vm (Jﬁp) .
p=1

We need the following property of the multivariate extension of the de-la-Vallée-Poussin-kernel.
Proposition C.5. Let m, s € N. Then one has ||V3,|| 11 (= xeic) < 3°

Proof. From [34, Exercise 1.3 and Lemma 1.4] it follows || Fy, || 11 ((—xx];c) = 1 and hence using the
triangle inequality ||V}, [/ 21 ((—x,x];c) < 3. The claim then follows using Tonelli’s theorem. O

The following definition introduces the term of trigonometric polynomial.
Definition C.6. For any s € N and m € Ny we call a function of the form
R*—=C, x~ Z ae’ &)

kEZ§
—m<k<m

with coefficients ax € C a trigonometric polynomial of coordinatewise degree at most m and
denote the space of all those functions with H . Here, we consider the sum over all k € Z® with
—m <k; <mforall j € {1,...,s}. We then write

Enz(f) = TIIG%HI;” Hf - T||L°°(RS;C) (Cl)

for any function f € Cy, (R?; C).
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The following proposition shows that convolving with the Fejer kernel produces a trigonometric
polynomial of degree at most 2m — 1, while reproducing trigonometric polynomials of degree m.
Furthermore, the norm of the convolution operator is bounded uniformly in m. These properties will
be useful for our proof of Theorem C.15.

Proposition C.7. Let s,m € N and k € Ny. The map
Um . Con R%C)—=H3,, 1, f fxV)

is well-defined and satisfies
om(T)=T forall T eH;, . (C2)

Furthermore, there exists a constant ¢ = ¢(s) > 0 (independent of m), such that
vm (Ollor((mrmpecy < € Il oremmec) V€ Csr (R%C),
||v7n(f)HL°°([7r,7r]5;C) § C- H-f”L‘X’([—w,Tr]S;(C) Vf € C(27\' (RS}C) . (C3)
In fact, it holds ¢(s) < exp(C - s) with an absolute constant C' > 0.
Proof. A direct computation shows that f % ex = f (K) - ex. This implies that v,,, is well-defined
since V5 is a trigonometric polynomial of coordinatewise degree at most 2m — 1.

The operator is bounded on C%_(R?; C) and Cs, (R*; C) with norm at most ¢ = 3, as follows from
Young’s inequality [34, Lemma 1.1 (ii)], Proposition C.5, and the fact that one has for all k € Nj
with |k| < k the identity

M (f*Vy)= (") x Vs for f € C5 (R%C).
It remains to show that v,,, is the identity on H . We first prove that
e * Vi, = e (C4)
holds for all k € Z with |k| < m. First note that
ep* Vip = epx Fry + e (e - Fin) + ex * (e—m - Fin) -

‘We then compute

m—1 m—1 m—1 k“
€k*Fm E Dg*ek— E E eh*ek— E ek— €.
£=0 h=—1 5k e m,Z k|
Similarly, we get
1 m—1 1 m—1 £
e * (em - Frp) = — (emDy) x e = — E E €htm *

m m

=0 =0 h=-¢ =0k, htm €k
1 k

=— g e = 0k>1" — " €x

m - m

0<l<m—1

L>m—k
and
1 m—1
ex* (eom - Fn) = m (e—le) * € = E E Ch—m

£=0 =0 h=—¢ =0 hmn-€n

1 —k
=— E e = Op<—1 - — - €k

m

0<l<m—1

L>k+m

Adding up those three identities yields (C.4).
To finally prove (C.2), it clearly suffices to show that

Gk*V;LZSk
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for all k € Z° with —m < k < m. But for such k, using ex(x) = H;Zl ek, (x;), one obtains

S i 1 - e L) . €T: — .
(e Vi) (@) = o /[]1:1 o (0) - Vi (a5 — 1) dt

P (e, = Vin) () < T e, (25) = ex(a)
j=1

j=1

for any x € R?, as was to be shown. O

The following result follows from a theorem in [29].

Proposition C.8. Let s,k € N. Then there exists a constant ¢ = ¢(s, k) > 0, such that, for EZ, as
defined in (C.1),

En(f) < %
forallm € Nand f € C§_(R%;R).
In fact, it holds c(s, k) < exp(C - ks) - k¥ with an absolute constant C > 0.

mk : ||fHC"~'([77r,7r]S;R)

Proof. We apply [29, Theorem 6.6] with n; = m and p; = k, which yields the existence of a constant
c1 = c1(s, k) > 0, such that

S

E{l(f)ﬁcl'Z%'w (fa?il)

{=1

forallm € Nand f € C§_(R*;R), where wy(f, ®) denotes the modulus of continuity of g%{ with
4
respect to x, where we have the trivial bound

1
o o LT r—"

Hence, we get
s 1
Em(f) <cp-s-2- ||f||Ck‘([77r,7T]S;]R) mk’

so the claim follows by choosing ¢ := 2s - ¢;.

We refer to Appendix C.2 (see Theorem C.18) for a proof of the claimed bound on the constant
c(s, k). O

The above proposition bounds the best possible error of approximating f by trigonometric

polynomials of coordinatewise degree at most m, but this is in general non-constructive. Our
next result shows that a similar bound holds for approximating f by v, (f).

Theorem C.9. Let s € N. Then there exists a constant ¢ = c¢(s) > 0, such that the operator vy, from

Proposition C.7 satisfies
1 = v (F)l o ey < €+ Em(f)

foranym € Nand f € Co (R%;C).
In fact, it holds ¢(s) < exp(C - s) with an absolute constant C' > 0.

Proof. Forany T' € H7, one has

(C2) (C3)
If = om(Dlze@ey < N = Tllpoo@ey +om(T) = vm(Nllpoe@ey < (DI =Tl oo ey -
Taking the infimum over all 7' € H, yields the claim. O

By combining Proposition C.8 and Theorem C.9, we immediately get the following bound.
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Corollary C.10. Let s,k € Ny. Then there exists a constant ¢ = c(s, k) > 0, such that

c
(e Um(f)HLOO(RS) < mk ||f||ck([_7r77r]s;]R)

foreverym € Nand f € C5_(R*;R).
In fact, we have c(s, k) < exp(C - ks) - k¥ with an absolute constant C > 0.

Up to now, we have studied the approximation of periodic functions by trigonometric polynomials,
but our actual goal is to approximate non-periodic functions by algebraic polynomials. The next
lemma establishes a connection between the two settings.

Lemma C.11. Let k € Ny and s € N. For any function f € CF ([-1,1]*;C), we define the
corresponding periodic function via

ffr RP—=C, f"(x1,...,25) = f(cos(x1),...,cos (zs))
and note f* € C§_(R?%; C). The map
C*([-1,115C) = C (R5C), f = f

is a continuous linear operator with respect to the C*-norms on C* ([-1,1]%; C) and C§_(R*; C).
The operator norm can be bounded from above by k*.

Proof. The map is well-defined since cos is a smooth function and 27-periodic. The linearity of the
operator is obvious, so it remains to show its continuity.

The goal is to apply the closed graph theorem [21, Theorem 5.12]. By definition of f*, and since
cos : [=m, @] — [~1,1] is surjective, we have the equality || fl| ;o ((_11j5.c) = 1| oo ((Lmmjo)-

Let then (f,),,c be a sequence of functions f, € C* ([—1,1]*;C) and g* € C5_ (R*; C) such that
fn— fin C*([~1,1)%;C) and f} — g* in C§_(R?®; C). We then have
1" = 9" poo ey < W= Fall oo (ommpsy + I1m = 97 poe ()
= If = fallpee (mr1100) + 17 = 97 Loo (o i)
<N f = Fallorr,1p00) + 1fa = 9"l ok ((mmmpesc) = 0 (R — 00).
It follows f* = g* and the closed graph theorem yields the desired continuity.
We refer to Appendix C.2 (see Theorem C.19 and Remark C.20) for a proof of the claimed bound on

the operator norm. O

For a function f € C*([—1,1]%;C) we want to express v,,(f*) in a convenient way, involving a
product of cosines. To this end, we make use of the following identity, which is a generalization of
the well-known product-to-sum formula for cos.

Lemma C.12. Let s € N. Then it holds for any x € R® that
f[cos(a:») _ 1 Z cos({c, x)).
, ’ 28 ’
j=1 oe{-1,1}*

Proof. This is an inductive generalization of the product-to-sum formula
2 cos(x) cos(y) = cos(x — y) + cos(x + y) (C.5)

for z,y € R, which can be found for instance in [1, Eq. 4.3.32]. The case s = 1 holds since cos
is an even function. Assume that the claim holds for a fixed s € N and take € R*!. Writing
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' = (z1,...,x5), we derive

s+1
1
[Teosta) =[5 3 coslloa)) | - cosrar)
J=1 oce{-1,1}*
1
=5 Z cos((o, ")) cos(zs41)
oce{-1,1}¢
cs 1 / '
= 5o Z [cos({o,2") + xs41) + cos({o, 2"y — x541)]
oce{-1,1}¢
1
= Y cos(lona)),
oce{-1,1}s+1
as was to be shown. O

The following proposition states that v,,, (f*) can be expressed as a linear combination of products
of cosines. This representation is useful since these cosines can be interpolated by Chebyshev
polynomials which in the end leads to the desired approximation result.

Proposition C.13. Let s € Nand k € Ny. Forany f € C*([-1,1]%;C) and m € N the de-la-
Vallée-Poussin operator given as [ v+ vy, (f*) with vy, as in Proposition C.7 and f — [* as in
Lemma C.11 has a representation

v (FF) (@1, ) = > V() [ ] cos (kjz))
keNg j=1
k<2m—1

for continuous linear functionals

Vi CF([<1,1]%C) = €, f v 2MKlo . gin (),
where ||kllo =#{j € {1,...,s} : k; #0} and o = @(k) Furthermore, if f € C*([—1,1]%;R),
then V' (f) € R for every k € N withk < 2m — 1.

Proof. First of all, it is easy to see that v,,, (f*) is even in each variable, which follows directly from
the fact that f* and V,;, are both even in each variable. Furthermore, if we write

VE = Z ay'ex
kezs
—(2m—1)<k<2m-—1
with appropriately chosen coefficients a;* € R, we easily see
U (f) = > ai f* (k) e.
keZs
—(2m—1)<k<2m-—1
Using Euler’s identity and the fact that v,,, (f*) is an even function, we get the representation
om (%) (x) = > ai’ f* (K)cos((k, z))
kezZs

—(2m—1)<k<2m-—1

for all x € R?. Using © to denote the componentwise product of two vectors of the same size, i.e.,
z ®y = (x; - ¥;);, and using the identity (k,o © x) = (0, k © z), we see since v,, (f*) is even in
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every variable that

v (f) (@) =55+ Y om(f)(00)
oce{—1,1}

1
=5 Z

oce{-1,1}

> e (K)cos((k,o @ x))
keZs
—(2m—1)<k<2m-—1

s
s

m T () L
= > ag' f (k)g Y cos((o ko))
keZs oce{—1,1}s
—(2m—1)<k<2m-—1

Lemma C.12 mry °
o2 S @ [[eostiy
j=1

kezs
—(2m—1)<k<2m-—1

= > olMlogrpe () T cos (kjz)
keNg j=1
k<2m-—1

with
Ik|lo :=#{j € {1,...,s} : k; #0}.

In the last step we again used that cos is an even function and that

(k) = f*(0 OK)

forall o € {—1, 1}*, which also follows easily since f* and V,? are even in every component. Letting

V() o= 2l e 7 (k)
we have the desired form. The fact that V™ is a continuous linear functional on C%_([—1,1]*;C)
follows directly since f — f*(Kk) is a continuous linear functional for every k. If f is real-valued, so
is f*(k) forevery k € N§ withk < 2m —1, since f* is real-valued and even in every component. [

Our main approximation result involves linear combinations of Chebyshev polynomials where the
coefficients in this linear combination are given as V*(f). It is therefore important to be able to
bound the sum of the absolute values [V (f)|.

Lemma C.14. Let s € N. There exists a constant ¢ = ¢(s) > 0, such that the inequality

Z V' ()l <e- m*/?. ||f||Loo([—1,1}b’;C)
keNs
k<2m—1

holds for allm € Nand f € C ([—1,1]°; C), where V™ is as in Proposition C.13.
In fact, we have ¢(s) < exp(C' - s) with an absolute constant C > 0.

Proof. Let f € C([-1,1]%;C) and m € N. For any multi-index £ € N§, it follows from
Proposition C.13 that
o (f@) = 3 W (NG(),
keNs
k<2m—1

with
ga: R R, (21,..,2s) — Hcos (kjz;).
j=1

Now, a calculation using Fubini’s theorem and using

S

1 1
9k = H 9 (ekj + e_k].) = H 9 (ekg + e—kj)
Jj=1 1<j<s
k; £0
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for any number k € Ny shows

i) = {zuln k=¢

fork, £ € NJ.
0, otherwise € %o

Therefore, we have the bound |V;*(f)| < 2° - ‘vm/(f\*)(f)‘ for £ € Nj with |£] < 2m — 1. Using
the Cauchy-Schwarz and the Parseval inequality, we therefore see

1/2

— cs ) — 2
S Y e (P[22 | ST o (F)(K)
KkeNg keENg keNg
k<2m-—1 k<2m-—-1 k<2m-—1

Parseval

S 25 . 28/2 . ms/2 . ||Um (f*)||L2([_ﬂ—7ﬂ—]S;(C)
s . 9s/2 ,8/2 *
<222 o () oy
=:c1(s)
Using Proposition C.7, we get a constant ¢a(s) < exp(Cy - s) such that
Z W (DI < erls) - ea(s) - m*/? . Hf*HLm([fTr,n-]s;(C) = c(s) -m*/? HfHLOO([—l,l]S;(C) )

keNg
k<2m-—1

as claimed. ]

For any natural number ¢ € Ny, we denote by Ty the ¢-th Chebyshev polynomial, satisfying
Ty (cos(z)) = cos(fz), x€R.

One can show that T} is in fact a polynomial of degree ¢. For a multi-index k € N§, we define
Tk(.’L') = H Tkj ((Ej), r € R
j=1

We then get the following approximation result about approximating (non-periodic) C'*-functions by
linear combinations of Chebyshev polynomials.

Theorem C.15. Let k,s,m € N. Then there exists a constant ¢ = ¢(s, k) > 0 with the following
property: For any f € C* ([—1,1]%;R) the polynomial P defined as

P(z):= Y V() Tilw),
keENG
k<2m-—1

with V" as in Proposition C.13, satisfies

Cc

1 = Pllipoo orpemy) < 5 - 1 llon1em) -

mk

Here, the maps
C(-L1%R) =R, f=V"(f)

are continuous and linear functionals with respect to the L°°-norm. Furthermore, there exists a
constant ¢ = ¢(s) > 0, such that the inequality

Z Vet (Hl <eé m*/?. ||f||L°°([*1,1]S;R)
keNg
k<2m—1
holds for all f € C ([-1,1]*;R).
Moreover, we have c(s,k) < exp(C - ks) - k** and &(s) < exp(C - s) with an absolute constant
C>0.
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Proof. We choose the constant ¢y = co(s, k) according to Corollary C.10. Let f € C* ([-1,1]*; R)
be arbitrary. Then we define the corresponding function f* € C% (R*;R) as above. Let P be
defined as in the statement of the theorem. Then it follows from the definition of the Chebyshev
polynomials Ty, the definition of P, and the formula for v,, (f*) from Proposition C.13 that

PH(z) = vm () (2)

is satisfied, where P* is the corresponding function to P defined similarly to f*. Overall, we get the
bound

Cor. C.10
<

* * Co *
||f - P”L‘x’([—l,l]s;R) = ||f - P ||L°°([—7'r,7'r]5;]R) W : ||f HC’C([—W,W]S;R) .

The first claim then follows using the continuity of the map f — f* as proven in Lemma C.11. The
second part of the theorem has already been proven in Lemma C.14. O

C.2 Details on bounding the constant c in Theorem 3.2

In this appendix we provide details on the bound of the constant c that appears in the formulation of
Theorem 3.2. Specifically, we perform a careful investigation of several results from [29] to get an
upper bound for the constant appearing in Proposition C.8. Moreover, we analyze the operator norm
of the operator

CH([-1,1]%C) = C5.(R*;C), frs f* with f*(z) := f(cos(z1), ..., cos(zs))
appearing in Lemma C.11 and show that it is bounded from above by k*.

We start with the analysis of some bounds in [29, Chapter 4.3]. Here, a generalization of Jackson’s
kernel is defined for any m,r € N as

LW%@:AQ«(T&ZSO e

where A, , is chosen such that

/ Lo (£) dt = 1.
[_7‘-777]

The first two important bounds are provided in the following proposition.
Proposition C.16. Let m,r € N. Then it holds

Al <exp(C-r)-m'™*"  and / tF Ly (t) dt < exp(C-7) -m™F
[0,7]

for any k < 2r — 2, with an absolute constant C' > 0.

Proof. Since L,, , > 0 and since sin(¢/2) < t/2 for ¢ € [0, 7], we get

. 2r . 2r
> / (sm(mt/Q)) gt = 227 / <sm(mt/2)) @t
© T S0 t/2 [0,7] t
L[ (Y3 (T,
0,7m/2) \ (20)/m mo [0,7m /2] u

. 2r 2r 2r
>m2 L. / (sm(u)) du>m?* 1. / (2u ) du > (2) -m2 L
B 0m/2) \ U a [0,m/2] \T U AT

Here, we employed the inequality sin(u) > Zu for u € [0, /2] in the penultimate step.! This shows
the first part of the claim.

'To see that this inequality holds, note that sin” (u) = — sin(u) < 0 for u € [0, 7/2], so that sin is concave
on that interval, and hence sin(u) = sin((1 — 2%) - 04 2% . 7) > 24 L
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For the second part, we again use the estimate sin(u) > 2 for u € [0, 7/2] to compute

i 2r . 2r
/ tF Ly o (8) dt = A1 / i (Sm(mtﬂ)) dt < A7 / ik (Sm(mt/Q)) &t
[0,7] " Jo,] sin(t/2) " Jo.q] t/m

= )\;:T S / th =2 sin(mt /2)%" dt
[0,7]

k—2r
2 2
=L 7. / (u) sin(u)?" du - —
’ [0,7m/2] \ T m

S )\71 . 7T2T . m2r717k/ uk:72r Sin(u)Qr du
[0,7m /2]

<exp(Cy-r)- / w2 sin(u)?” du - m "
[0,00)

with an absolute constant C; > 0. Here, we employed the first part of this proposition. It remains to
bound the integral. This is done via

/ uF 72 sin(u)?" du = / uF =2 sin(u)?” du + / uF 7 sin(u)?” du
[0,00) [0,1]

[]"m)
k sin(u) o 2
S/ u( ) du+/ u du < Oy
[0,1] u [1,00)
| ———
<1
with an absolute constant C'; > 0. This proves the claim. ]

The proof in [29] proceeds by defining
Km,r(t) = Lm’,r(t)7 m' = \\*J +1.

Proposition C.16 shows for & < 2 — 2 that
/[0 ]tkayr(t) dt < exp(C-r)-(m')~".
Since m’ > " we infer |
/ th K, () dt < exp(C 1) - (L)k <exp(C-r)-r*.m™* (C.6)
(0,7] m

with an absolute constant C' > 0.

We can now quantify the constant appearing in [29, Theorem 4.3].
Theorem C.17 (cf. [29, Theorem 4.3]). Let k,m € Nand f € C5_(R;R). Let
(k) 1 — (k) ) — fFE ().

wfH A m) = max PR () = ()]

Then it holds
En(f) < (exp(C k) - k5) -m™ - w(f ™), 1/m).

Here, we recall that E},(f) denotes the best possible approximation error when approximating f
using trigonometric polynomials of degree m,; see Equation (C.1).

Proof. We follow the proof of [29, Theorem 4.3]. Take » = k + 1 and define

k+1 ka1
I (z) i= — / Ko (1) (-1)° < ' )f(x + 0t) dt.
[—7,m] —1
Then it is shown in the proof of [29, Theorem 4.3] that I,,, is a trigonometric polynomial of degree at
most m and that

(2) = Ln(@)] <2 wpn (f,1/m) - /[ (1) )
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Here, wy41(f, 1/m) denotes the modulus of smoothness of f as defined on [29, p. 47]. The integral
can be bounded via

/ (mt + 1)K, (1) dt
[0,7]

:/ (mt + DK, (1) dt+/ (mt + DK, (1) dt
[0,1/m] ?5—’ [1/ma)

§2k+1~/ Ko (1) dt+2k+1mk+l-/ R K, o (2) dt
[—m,7] [0,7]

=1

(€6)
< 2R Lok H Lkt oxp(Cy - 1) - (K + 1)FFY G

with absolute constants C, C; > 0. Since w1 (f,1/m) < m™F - w(f
Equation 3.6(5)], the claim is shown.

)1 / m) follows from [29,
O

/—\ |/\‘t/o\

Therefore, we can bound the constant appearing in [29, Theorem 4.3] by exp(C - k) - k*. It remains
to deal with the approximation of multivariate periodic functions by multivariate trigonometric
polynomials which is contained in [29, Theorem 6.6].

Theorem C.18 (cf. [29, Theorem 6.6]). Let s,k € Nand f € C§_(R%;R). Let w; denote the
modulus of continuity of a7 for j=1,...,8 Then, with E, as introduced in Equation (C.1), it holds

E> (f) <exp(C-ks) kaj 1/m),
with an absolute constant C' > 0.

Proof. We follow the proof of [29, Theorem 6.6] with p; = k and n; = m for every index
j=1,..,s. Forj =1,...,s + 1 define the set 7; consisting of all functions g € C5,(R?; R) that
are a trigonometric polynomial in x; of degree at most m for £ < j; in x, for £ > j they should
3 g

for 0 < p < k; the modulus of continuity of Z—i d should not

exceed 2% iw;, where

K;=(—-1)(k+1)<2ks forj>1land K; =1 < 2ks.
Then it is shown that if j € {1,..., s} and f; € T; there exists a function f;,, € T;4, for which
1£; = firllLo @y < exp(Cr-k) -k 'mfk'Q%S wj(1/m) < exp(Ca-ks) - k" -m™" -w;(1/m)

for absolute constants C'1, Cy > 0. This is an application of Theorem C.17. Hence, defining f; := f,
we see

1f = forrllze@em < D15 = Fivlloe@em) < exp(Cs - ks) m=* ng 1/m).
j=1
Therefore, we have shown that the constant appearing in [29, Theorem 6.6] can be bounded from
above by exp(C - ks) - k*

In the rest of this section, we discuss the operator norm of the operator defined in Lemma C.11. In
Lemma C.11 the closed graph theorem is used to show that the operator is bounded. However, the
closed graph theorem does not provide any bound on the norm of the operator. Therefore, in order to
quantify the operator norm, we need to apply a different technique, which is Faa di Bruno’s formula.
This formula is a generalization of the chain rule to higher order derivatives.

Theorem C.19. Let s,k € N. We define the operator
T: Ck([il,l]S;(C) —)Cgﬂ_([—ﬂ'ﬂr]s;(:), (Tf)(xlv'“axs) = f(COS(xl)w-'aCOS(IS))'
Let a € N§ with |a| < k. Then, for any f € Ck([fl 1]%; C), we have

10%(T )l oo (jr,x)s50) < Ha N fllcren=1,114)-

37



Proof. The proof is by induction over s. The case s = 1 is an application of Faa di Bruno’s formula:
We can write T'f = fog with g(z) = cos(z). We then take ¢ € Ny with £ < k and some x € [—, 7.
The set partition version of Faa di Bruno’s formula (see for instance [24, p. 219]) then yields

‘(fog)“)(w)‘ <> (’f(lm ‘ H ‘guB\) D

Here, 11, denotes the set of all partitions of the set {1, ..., £}. Since all derivatives of g are bounded
by 1 in absolute value and |7r| < ¢ for every partition 7 € II, we get

(£ © 9)llpoe(—mmticy < el - 1 Fll e ((=1,110)-
The number |II,] is the number of possible partitions of the set {1, ..., £} and is the so-called ¢-th Bell
number. Tt can be bounded from above by ¢¢ (see [13, Theorem 2.1]). This proves the case s = 1.

We now assume that the claim holds for an arbitrary but fixed s € N. Take o € Njt* with || < k.
We decompose o = (&, as41) with @’ € N§. For a fixed variable ys 41 € [—1, 1], we define

fys+1 (yla "-ays) = f(ylv . 7yb’yé+1) for (yh "'ays) € [_17 1]5'
We denote g(z1, ..., Ts4+1) := (cos(z1), ...,co8(xs41)), gs(T1, ..., xs) := (cos(x1), ..., cos(xs)) and
O(xs11) := cos(wsr1). Forevery (z1,...,2511) € [ T, ]“”rl it then holds
(fog) (@1, et1) = (fo(werr) © 9s) (1, o0y ).
We now differentiate f o g with respect to the multiindex o and get

aas+1 ,
(0% (F 0 9)] (@1, s @en) = 5y [aa (Fotessn) ©9:) (a1, a;)]

s+1
= (hay ..oz, © 0)1 ) (2411)
where we define
Ry (Yst1) 1= o~ (fys+1 o gs) (1,.,z5) for (zq,..,25) € [-7, 7] and ys41 € [-1,1].
Using the case s = 1, we get

|[8°‘(fog)] (x17~--7xs+1)| = ‘(hasl,wws 09)(‘15“)( ) <af +1 : thh...,xs

for any fixed (z1, ..., z;) € [—m, 7|5,

Ot ([~ L11:C)

It remains to bound ||ha, ...z, | geets (1 1),c)- To this end, we fix £ € No with £ < os41. We
further denote

Fyi..y. (Yst+1) = f(Y1, s Ys, Yst1)  for (Y1, ys41) € [—1, 1]3-&-1_
For arbitrary (x1, ..., x5) € [-7,7]|® and ys+1 € [—1, 1] we then see

’ Z ’
B W) = 0% (@1, me) o B ern)| = 0% [Hy 0 9.] (2, m)

where
Hy (Y1, ys) = Féf)y (ys+1) for (y1,...,ys) € [-1,1]°.
Hence, we see by induction that

hﬁ), LT .(strl)‘ = ‘aa [Hys+1 ogs} ('7317""

1/5+1 Hc\oc’\ ([=1,1]5;C)

s
S H a;.xj . ||fHC‘°“([*1,1]S+1;(C)
J=1

as was to be shown. O
Remark C.20. For a multiindex o € N with |a| < k we see
S
[[e < ki <.
j=1

Hence, the norm of the operator introduced in Lemma C.11 can be bounded from above by k*.
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C.3 Proof of Theorem 3.2

For any natural number ¢ € Ny, we denote by 7 the ¢-th Chebyshev polynomial, satisfying
Ty (cos(x)) = cos(lx), x= €R.

For a multi-index k € N§ we define
Ti(z) = [ T, (z;), =€ [-1,1]"
j=1

The proof of Theorem 3.2 relies on the fact that C*-functions can by approximated at a certain rate
using linear combinations of the T (see Theorem C.15). We also refer to Figure 4 for an illustration
of the overall proof strategy of Theorem 3.2.

Proof of Theorem 3.2. Choose M € N as the largest integer for which (16M — 7)2" < m, where
we assume without loss of generality that 9% < m, which can be done by choosing o; = 0 for all
j €{1,...,m} form < 92", at the cost of possibly enlarging c. First we note that by the choice of
M the inequality

m < (16M + 9)*"

holds true. Since 16M + 9 < 25M, we get m < 252" - M?" or equivalently

m1/2n

< . .
<M (C.7)

According to Theorem C.15 we choose a constant ¢; = ¢1(n, k) with the property that for any
function f € C* ([—1,1]?";R) there exists a polynomial

P= > VM T
0<k<2M—1

of coordinatewise degree at most 2// — 1 satisfying
C1

If = PHLOC([fl,l]Q";R) < Mk Hf”C"'([*LlP";R)'
Furthermore, according to Theorem C.15, we choose a constant ca = c2(n), such that the inequality
Yo DI <o M fllosaapnm < c2 - M™ - fllorogenm
0<k<2M—1
holds for all f € C* ([~1,1]*";R). The final constant is then defined to be
c=c(n, k) :=v2-255 . (c; + ).

Fix k < 2M — 1. Since T is a polynomial of componentwise degree less or equal to 2/ — 1 with
©n, as in (A.1), we have a representation

n
1 2
(Topn') ()= D dyi g [[Re(z)® m(2)"
£ 02eNy t=1
2L p2<2M—1

with suitably chosen coefficients a, ,. € C. By using the identities Re (z;) = & (2; + %) and also
Im (2¢) = 5 (2 — %) we can rewrite T o ¢, ! into a complex polynomial in z and Z, i.e.,

(Txoppt) (2) = Z bh: 7[2221522
el e2eNy
21,02 <AM—2

with complex coefficients b'lfl 0 € C. Using Theorem 3.1, we choose p1, ..., p, € C* and b € C,

such that for any polynomial P € {Tx o, : k <2M —1} C PJ,,_, there are coefficients
01(P),...,om(P) € C, such that

lgp = Pll e, c) < MTFT, (C.8)
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where .
gp =y ot(P)¢ (pf z+1b).
t=1

Note that here we implicitly use the bound (4 - (4M — 2) + 1)?® < m. We are now going to show
that the chosen constant and the chosen vectors p; have the desired property.

Let f € C* (,;C). By splitting f into real and imaginary part, we write f = f; + i - fo with
f1, f2 € C* (Qy;R). For the following, fix j € {1,2} and note that f; o ¢,, € C* ([-1,1]*";R).
By choice of ¢y, there exists a polynomial P with the property
C1
”f] ©¥n — P||L°0([—1,1]2";]R) < W : ||f] o <pn||ck([_171]2n;R)
or equivalently
—1 C1
HfJ —Poy, HLOO(Qn;]R) < kS ||fj||Ck(Qn;R)7 (C.9
where P o ¢, ! can be written in the form
(Poga ) ()= D> W (fiown): (Tiow,") (2).
0<k<2M—1

We choose the function ITyopr? according to (C.8). Thus, writing

gi = Y. W (fiown) nepts
0<k<2M—1
we obtain
1Powi ~aillepum S X DR Grownl-[Teowi’ - onons
Pn 9j Loo(Q,;R) = k J O ¥n kO ¥n ngmpnl L% (O R)
0<k<2M—1
SM—kfn
S D D ]
0<k<2M—1
Co C2
< ME ”fJ °© SOank([—Ll]%;R) = MF Hfchk(Qn;R) ’ (C.10)
Combining (C.9) and (C.10), we see
c1+co 1+ co

||f] - ngLx(Qn;R) = MFE ’ ”fj”Ck‘(Q”;]R) < ME ’ ||f||ck(§zn;cc)~

In the end, define

g:=g1+1i-gs.
Since the vectors p; have been chosen fixed, it is clear that, after rearranging, g has the desired form,
ie., g =0T ® where ®(z) = (¢(ptz + b))}~ Furthermore, one obtains the bound

2 2
1 = lpe@niey < VI = 91y + 172 = g2l ey

c1 + co 2 2

< 222 M R + 11800

_ V2 (ate)

< 20O Y flos@nio -
Using (C.7), we see

\@' 25k . (C1 + 62)
If— g”LO@(Qn;C) < mk/2n ’ ||f||Ck(Q";(C) )

as desired.
The linearity and continuity of the maps f +— o,(f) (with respect to the || - || L~-norm) follow
easily from the fact that the map f +— Vliw (f) is a continuous linear functional for every multiindex
0<k<2M —1. O

40



Approximation of Approximation Approximation
partial derivatives of polynomials of C*-functions
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Divided Differences Wirtinger derivatives Chebyshev
of w — ¢(wl'z + b) polynomials

~
~

Figure 4: Schematic for the proof of the main result (Theorem 3.2). The first row shows the different
steps of the proof and the second row indicates the main tools used.

D Approximation of holomorphically extendable functions

In this appendix we provide the proofs for the statements contained in Remark 3.3. The proofs mainly
rely on results about sparse polynomial approximation [2].

Definition D.1 (cf. [2, Assumption 2.3]). Let s € Nand v € (1,00)°. Forevery j € {1, ..., s} let
—1
guj::{z—&-; :z€C71<|z<1/j}.

We then define the (filled-in) Bernstein polyellipse of parameter v as
Ev =&, X x &, CC?
and observe that [—1,1]° C &, when we interpret [—1, 1]° as a subset of C®. We further define

Vs (v) = {f :[-1,1]° = C: Jopen U 2 &, and f : U — C holomorphic with f‘[_l ” = f} .

Here, [—1, 1]° is again interpreted as a subset of C*. Moreover, note that such an extension f is,
if existent, unique, as follows from the identity theorem for holomorphic functions. Hence, the
expression

£

Vo) = I =, 0)
is well-defined.
Definition D.2 (cf. [2, pp. 25, 28 ff.]). Let s € N. We define a probability measure on [—1, 1]° via

dus == f[ 1 dx.

, /1 — 22
j=1 Ty /1 — ]

We define the normalized Chebyshev polynomials for k € N§ as

Tic(z) := 2llklo/2 H cos(k; arccos(z;)),
j=1
where ||k[jop := #{1 < j < s: k; # 0}. Note that this definition differs slightly from the notion
used in Appendices C.1 and C.3.
The following lemma is crucial for deriving the approximation rate in Theorem D.5. The proofs can
be found in [2].

Lemma D.3 (cf. [2, Remark 2.15 and Theorem 3.2]). Let s € N, k € N§, v € (1,00)° and
f € Vs(v). Then it holds

LTkl poo (o 1,170my = 211072, where [[k||o = #{1 < j < s :kj # 0};

2. [{Ths fu| S wh-2Wlo/2 | |

Vs (v)-

It is a well-known fact that the Chebyshev polynomials ﬁ form an orthonormal basis of
L2 ([-1,1]%;C). The following proposition states that functions from V,(v) can even be

approximated uniformly by linear combinations of the ﬁ at a certain rate. The proof follows
essentially by applying Lemma D.3.

41



Proposition D.4. Let s,m € Nand v € (1,00)°. Let v := min v;. Then there exists a constant

.8

m
j=1,.
¢ = ¢(s,v) > 0 with the following property: For every [ € V(v), defining
P’m = Z <fa ﬁ>us . j:k7

keNg
k<m

it holds

1f = Pl -rag0) S €™ (| fllv,w)-

Proof. Let f € Vs(v). Since the Ti form an orthonormal basis of LiS ([-1,1]%; C) and since s is a
probability measure, so that f € C([—1,1]%;C) C Liz([—l, 1]%; C), it follows that

=Y (£ T Tk
keN

with unconditional convergence in Lis. For « € [—1, 1], note that

ST ] 1 Te@)] < 7 1 T 1Tl —1100) < 25 f vy - Y v~

KENG kEN; kEN;

Here, we employed Lemma D.3 at the last inequality. From v > 1 it follows that
ST T - Tk
keNS

converges pointwise (even uniformly) and, since all the involved functions are continuous, this
pointwise limit then has to coincide with the Lis -limit f. Hence, it holds

1f = Prlloes o150 < D0 1 T |- 1Tkl oo 117050

keN§
kjém
<2 flvaw) - Y vs
KEN
[k|£m

where we again used Lemma D.3. To complete the proof we compute

Setey Y- (kmovz")- > vt

keNg j=1 keNg j=1 \ 1<¢<s \k= k=m+1
|k|£m k;>m I#j
S o0
—(m+1) —k
< Vi 11 Ve
j=1 1<t<s \k=0

I
—
N N
M8
kS
s
N——
Mm
3
+

1<¢<s \k=0 Jj=1
Vy _
_ H P (m+1)
Vy — 1
1<¢<s
95 . <. TT° Y o, 1
and define c(s,v) :==2%-s-[[,_; v,-1 Vo -

To formulate the result for the approximation of holomorphically extendable functions using CVNNs
we need to transfer the definition of V,(v) to the complex setting. For v € (1, 00)?" and with ¢,, as
in Equation (A.1), we hence write

W, (v) = {f :Q, —>C: fo gpn|[_171]2n € Vgn(l/)}
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For f € W, (v) we define
£y = [1F o enllva,@)-

Thus, W, (v) consists of all complex-valued functions defined on €2,, that can be holomorphically
extended onto some polyellipse in C2", where 2,, C C" is interpreted as a subset of R?" and then as
a subset of C2™. The final approximation result then reads as follows.

Theorem D.5. Letn € Nand v € (1,00)%". Set

v:i= min v;.
1<5<2n

Then there exists a constant ¢ = c(n,v) > 0 with the following property: For every function
¢ : C — C that is smooth and non-polyharmonic on some open set & # U C C and for every
m € N there exists a first layer ® € fﬁ,m with the property that for every f € W, (v) there exist

coefficients 0 = o(f) € C™ such that

/(20
If =" @ 1,0y <c v M Fllwn -

Moreover, the map | — o(f) is a continuous linear functional with respect to the L -norm.

Proof. Choose M € N as the largest integer satisfying (8M + 1) < m, where we assume without
loss of generality that 92" < m. This can be done by choosing ¢ = 0 for m < 9?" at the cost
of possibly enlarging c. Note that the maximality of M implies (8M + 9)?" > m. By using
8M + 9 < 17M, this gives us

L1/
M > o mt/e), (D.1)

Choose the constant ¢; = ¢;(2n, V) according to Proposition D.4.

Fix k € N2" with k < M. Since T is a polynomial of componentwise degree at most M, we have a
representation

n
—~ 1 2
(Tk o ap;l) (2) = Z a217l2 HRe (zt)et Im (z,)%
£l £2eNy t=1
ee2<M

with suitably chosen coefficients a'lfl »2 € C. By using the identities Re (z;) = % (z¢ + Z¢) and also
Im (2¢) = 5 (2 — %), we can rewrite Tk o ¢, into a complex polynomial in z and Z, i.e.,
—~ 1 2
(Teown®) )= 3 et

£ ,£2eNn
£l £2<2M

with complex coefficients b'él »» € C. Using Theorem 3.1, we choose p1,...,pm € C" and

b € C, such that for any polynomial P € {ﬁ opl: k<M } C P, there exist coefficients
01(P), ...,om(P) € C, such that

—1

lgp = Pll oy < | Do v v M, (D.2)
keNZ™

where

gp =Y 0i(P)6 (pf z+1b).
t=1

Note that here we implicitly use the bound (4 - (2M) + 1)?" < m. We are now going to show that
the first layer ® € F?,, defined using the p; and b (i.e., ®(z) = (¢(p{ z + b)) has the desired
property.

To this end, take an arbitrary function f € W, (v). Proposition D.4 tells us that

If = Parowon |l @nc) = 1F0@n—Purll s (m1ap2ni0y < c1-v” M fooully,, w), (D3)
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where N N
Pyog,' =Y (foen T, - (Tkopy").
keNZ™
k<M

We then define the approximating network

9= Y (foon Tduan - Iiop-1-

keNZ™
k<M

From the definition of the functions IFiops? it follows directly that g is a shallow CVNN with first
layer ® € F . Furthermore, it holds

1Py 007t = gllzene) < D HF 0 @n Tiduan |- 1Tk 0 07" = 9701 22100

keNg"
k<M
-1
D.2),Lem. D.3
P ol S v [ S k| e
keNZ™ keNy
k<M

<2 || fllw, ) - v~ M.

Combining this estimate with Equation (D.3) and applying the triangle inequality gives us

1F = gl (@ue) < (1 +27) - v MY | fll e, 0)-
Hence, the claim follows taking ¢ := ¢; + 2™ and using (D.1).

The continuity of the linear map f — o(f) with respect to the L>°-norm follows directly from the

fact that f — (f o ¥n, Tk)p,, is trivially continuous with respect to the LZ,M -norm and hence also
continuous with respect to the L°°-norm since o, is a probability measure. O

E Postponed proofs for the optimality results in the case of continuous weight
selection

In this section we provide the proofs for the optimality results derived if a continuous weight selection
is assumed. Specifically, we prove Theorems 4.1 and 5.1. The proofs of both results rely on a very
general result about the approximation in normed spaces by subsets that are parametrizable with m
parameters [19]. We decided to include a detailed proof for this approximation result in this paper
since the nature of the continuity assumption in [19] is not completely clear.

Proposition E.1 ([19, Theorem 3.1]). Let (X, | - | x) be a normed space, @ # K C X a subset and
V C X a linear, not necessarily closed subspace of X containing K. Let m € N, leta : K — R™
be a map which is continuous with respect to some norm || - ||y on V and M : R™ — X some
arbitrary map. Let

b (K)x :== sup sup{0>0: U,(Xp4+1) C K}, (E.1)

Xm+1
where the first supremum is taken over all (m + 1)-dimensional linear subspaces X, 11 of X and

Ug(Xmt1) ={y € Xony1: |lyllx < o}

Further, we set by, (K)x = 0 if the supremum in (E.1) is not well-defined as a quantity in [0, co].
Then it holds

sup [z = M(@(@))llx = b (K)x-

zE

Proof. The claim is trivial if b,, (K) x = 0. Thus, assume b, (K)x > 0. Let 0 < ¢ < b,,,(K)x be

any number such that there exists an (m+1)-dimensional subspace X, 1 of X withU,(X,,+1) C K.
It follows Uy(X.m41) € V, hence X,,,41 C V, s0 || - ||y defines a norm on X, ;. Thus, the
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restriction of @ to OU,(X,,+1) is a continuous mapping to R™ with respect to || - ||v/. Since all norms
are equivalent on the finite-dimensional space X, 1, the Borsuk-Ulam-Theorem [18, Corollary 4.2]
yields the existence of a point zg € OU,(X,,+1) with a(zg) = a(—x0). We then see
20 = 2||lzollx < llwo — M(@(xo))lx + llxo + M(a(—z0))llx
= l[zo — M(a(xo))llx + | = w0 — M(@(—xo))| x,

and hence at least one of the two summands on the right has to be larger than or equal to g. O

E.1 Proof of Theorem 4.1

Using Proposition E.1, we can deduce our lower bound in the context of C’*-spaces. The proof is in
fact almost identical to what is done in [19, Theorem 4.2]. However, we decided to include a detailed
proof in this paper, since [19] considers Sobolev functions and not C'*-functions.

Theorem E.2. Let s, k € N. Then there exists a constant ¢ = ¢(s, k) > 0 with the following property:
For any m € N and any map @ : C*([—1,1]*;R) — R™ that is continuous with respect to some
norm on C*([—1,1]*; R) and any (possibly discontinuous) map M : R™ — C([—1,1]%;R), we have

sup I1f = M@(f))| oo (1,15m) = ¢ -m 5.
FECH([~1,1]%R)

ek (1,175 my ST

Proof. The idea is to apply Proposition E.1 to X := C([-1,1]%;R), V := C*([~1,1]*;R) and the
set K = {f S Ck([—l, I]S,R) : ||fHCk'([71,1]5;]R) < 1}
Assume in the beginning that m = n® with an integer n > 1. Pick ¢ € C*°(R®) with ¢ = 1 on
[—3/4,3/4]® and ¢ = 0 outside of [—1, 1]*. Fix ¢y = co(s, k) > 0 with

1< |[|¢llok(=1,175r) < co-
Let Q1, ..., Q,, be the partition (disjoint up to null-sets) of [—1, 1]* into closed cubes of sidelength
2/n. Forevery j € {1,...,m} we write Q; = Xz Llay @ _ 1/n, a(J) + 1/n] with an appropriately

chosen vector a = (agj), e agj)) € [-1,1]° and let

¢;(x) == p(n(x — aV)) for z € R*.

By choice of ¢, the maps ¢, are supported on a proper subset of Q); for every j € {1,...,m} and an
inductive argument shows
akd)j(x) =l . (0%¢)(n(z — a(j))) for every k € N and =z € R®

and hence in particular

650l o (—1,1705) < ™ - co. (E.2)
Let X, := span{e1,..., o} and S € U1(Xp) = {f € X ¢ || fllzeo(=1,1)5;r) < 1}. Then we
can write S in the form S = Y™ j—1Cj®; with real numbers ¢, ..., ¢, € R. Suppose there exists
g ed{1, ..,

18] oo ((-1.235:m) > [S(al)| >

> 1,

since the functions ¢; have disjoint support and ¢ (a?)) = 1. This is a contradiction to S € Uy (X,,,)

and we can thus infer that max |c;| < 1. Furthermore, we see again because the functions ¢, have
J

disjoint support that

(E2)

||8 SHL"O( 1,1]%;R) < maX |Cj| ||8 ¢jHL°°( 1,1]%;R) < nlkl

ceo < co-nF =cy-mb/s
for every k € Nj with |k| < k and hence

||S||C;‘"'([7171]5;R) <cp- mk/s.
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Thus, letting o := ¢y ' - m~*/* yields U,(X,,) C K, so we see by Proposition E.1 that

sup | f = Moo—1(@(f))llzoe((—1,155m) > 0 = c1 - m~*/
feK

with ¢; = ¢4 ! for every map @ : X — R™~! which is continuous with respect to some norm on V/
and any map M,, 1 : R™~! — X. Using the inequality m < 2(m — 1) (note m > 1) we get

?UIF;Hf — M1 (@(f)) || e (m,)im) = €1 -m ¥ > e (2(m — 1)) 7F/% > e (m —1)7F/*
€

with co = ¢7 - 2—k/s, Hence, the claim has been shown for all numbers m of the form n® — 1 with an
integer n > 1.

In the end, let m € N be arbitrary and pick n € N with n®* < m < (n + 1)®. For given maps
a:V — R™and M : R™ — X with a continuous with respect to some norm on V/, let

a: VoROFDL s (@(f),0) and
Mgyryeg s ROFDTL 5 X0 () > M),
where z € R”, y € Rt ~1=™_ Then we get
sup [[f — M (a(f))ll(-1,1:m) = sup [[f = Menq1ys—1(@(f))ll oo (-1,10m)
fex feK

> ¢y - ((TL + 1)5 _ 1)—k/s > ¢y - (25ns)—k/s > 3 _m—k/s
with c3 = ¢5 - 27*. Here we used the bound (n + 1)* — 1 < (2n)*. This proves the full claim. [

Using this theorem, we can now prove Theorem 4.1.

Proof of Theorem 4.1. Leta : C*(Q,,; C) — C™ be any map that is continuous with respect to some
norm || - ||y on C¥(Q,;C), and let M : C™ — C(Q,; C) be arbitrary. With ¢,,, ¢,,, defined as in
Equation (A.1), let

a: CH-LIPSR) 5 R Forgnl (a(Fovnly ).

Clearly, a is continuous on C*([—1,1]?"; R) with respect to the norm || - || on C*([—1,1]?"; R)
defined as 3 } .

Iy = [Foela, [, forf e C*-r i,
Let

M: R™ = C(-11"R), M(x):=Re(M(pm(@))) o @n|_; a.-
Then it holds

sup  ||f = M(a(f))llL=(@.;c)
FECk(Qn;C)
Hf”ck(gzn;c)gl
> supIf =Re(M@(f)llz=(e.®
FECH(Q;R)
Hf”ck(gzn;g)gl

- sup ]gOSOEI*Re(M@(fO%:l

fGCk([—l,l]Q";R) Q"))) HLx(Qn;R)
‘Ifl‘ck([_171]2n;m)§1

= sup f—Re (M (sﬁm (cpfnl (E<f0<p;1!9n))>))wn

feCk([-1,1)2"R)
Hf”ck([_l,l]Q";R)Sl

= sup f—M@a(f H
FeCk([=1.1]R) (@) Lo ([~1,1]2;R)

Lo ([-1,12%R)

> & (2m)k/Cen),

‘|4f|‘ck([_171]2n;R)S1

with a constant ¢ = é(n, k) provided by Theorem E.2. Hence, the claim follows by choosing
c=c(n,k):=2"F0Cn . ¢ O
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As a corollary, we formulate a special case of Theorem 4.1 for the case of shallow complex-valued
neural networks.

Corollary E.3. Let n,k € N. Then there exists a constant ¢ = c(n, k) > 0 with the following
property: Foranym € N, ¢ € C(C;C) and any map

n: CF (€)= (C)" x C™ x C™, g = (m(9),n2(9), m3(9))
which is continuous with respect to some norm on C*(§2,,; C), there exists f € C* (Q,,; C) satisfying

Hf”Ck(Qn;(c) < 1land
1f = O ey = € m GO,

where U(f) € C(Qy;C) is given by

)= 3 (), 0 (I (O =+ (1))

j=1

Proof. Using Theorem 4.1, we deduce that there exists f € C*((,,; C) satisfying I fller ) <1
and
1f = Ol ey = ¢ - (m(n +2)) 7/

for a constant ¢ = ¢/(n, k) > 0. Hence, the claim follows by letting ¢ := ¢/ - (n +2)~%/n)

E.2 Proof of Theorem 5.1

We can use Proposition E.1 not only to show that the rate of convergence established in this paper
is optimal (which is done in Appendix E.1) but also to show that the problem of approximating
C*-functions using a set of functions that can be parametrized with finitely many parameters is
intractable in the sense that it suffers from the curse of dimensionality, provided that the map which
assigns to each C'*-function the parameters of the approximating function is continuous. This is the
subject of this section.

In [35] a certain space of polynomials was used to show the intractability in the case of linear
approximation methods. We are also going to use this class of polynomials, but combine it with
Proposition E.1 to infer intractability in the case of continuous approximation methods. We start with
a lemma discussing an important property of this space of polynomials. This property is stated as
part of a proof in [35], but no complete proof is provided.

Lemma EA4. Ler s € N and consider a function f € C([—1,1]%;R) which is given via
> aat (E.3)
ke{0,1}s

with coefficients ay € R for everyk € {0,1}*. Then it holds

1 llor=1,1552) = 1f | Lo (=1,100m)
for every k € N.

Proof. The proof is by induction over s. We start with the case s = 1 and note that we can write
f(x) = ax + b with a,b € R in that case. Switching to — f if necessary, we can assume a > 0.
Clearly, || f||zoc((=1,1)r) < |a| + [b]. Conversely, if b > 0 then |f(1)| = |a + b| = |a| + |b]. If
otherwise b < 0 then |f( 1)| = |b—a| = |a—b| = |a| +|b|. Thus, || f|| Lo ([—1,1);r) = |a|+[b]. For
the derivatives, we have || f'|| . (—1,11:®) = |a| and || f*)|| o ((—1,1;) = O for k > 2. This proves
the claim in the case s = 1.

We now assume that the claim holds for some arbitrary but fixed s € N. We further let v € Ny s+1 and
fixapoint (21, ..., 2541) € [—1,1]*T1. We decompose o = (o', a5 1) with o/ € N§. Let

f: [_17 1} — R? Ys+1 = 6((1 ,O)f(xlv "'7x87ys+1)

and note N
0% f(x1, .y Toyr) = f(a5+1)(zs+1).
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Note that f is affine-linear with respect to each variable (with all other variables hold fixed). Hence,
f is an affine function and we can thus apply the case s = 1 to f and get

17 oo (e agmy < I loe (o110 -
Putting this together, we infer

0°f (@1, s wss )| < [ flpmqergmy = sup (00 far, ooy 2, yor)]- (E4)
ys+16[—171]

We now fix an arbitrary point ys 1 € [—1, 1] and consider

f : [_1a 1]3 — Ra <y17 "'73/8) — f(yl; ---7ysays+1)-

Then it holds , L
OO F(ay, o g, ysr) = 0 flaa, ..., xs).

Applying the induction hypothesis to f(which is easily seen to be of the form (E.3)) we get
10% f(x1, e 26)| < N fllnoe=1,1755m) < I f Lo ((=1,175+1R)- (E.5)
Combining (E.4) and (E.5) yields
0% f (1, oy 1) S fll oo (=1,1]5+1R) -
Since v € N8+1 was arbitrary, we get the claim by noting that
I fller=11705m) = 1f Lo ((=1,1)5:R)
holds trivially for every k& € N. O

Using the above lemma, we can now deduce that the approximation of smooth functions using
continuous approximation methods is intractable in terms of the input dimension.

Proof of Theorem 5.1. We apply Proposition E.1 to X := C([—1,1]%;R), V := C°** and to the
set K :={f € O |[fllgoo((=1,1)5;r) < 1} and m := 2° — 1. The space

X1 =< [-L,11]" 22— Z axz®: ax €R
ke{0,1}
consisting of all functions considered in the previous Lemma E.4 is an (m + 1)-dimensional
subspace of C([—1,1]*;R). For every f € Xy, 11 with [|f[|zec((=1,1)5;r) < 1, Lemma E.4 tells
us || fll¢ee ((=1,1]r) < 1. Hence, U1 (X,,41) € K and Proposition E.1 then yields the claim. [

Remark E.5. The statement of Theorem 5.1 also holds if the functions satisfy @ : C'°°** — R™ and
M :R™ — C([-1,1]%; R) with m < 2° — 1. This can be seen by defining
a: €% SRYL fes (a(f),o,...,0)

and N '
M: R*~' = O(-1,1)%R), (a,b) — M(a)
witha € R™ and b € RZ —1-,

The following Corollary E.6 transfers Theorem 5.1 to the complex-valued setting.
Corollary E.6. Let n € N. For any function f € C*(Q,,; C) we write

[ fllo @) = sup || fllor@.:c)
keN

and let CZ™" denote the space consisting of all functions for which this expression is finite. Let
2n—1 . .
a: C"" — C*"  ~! be continuous with respect to some norm on C¢°
2n—1 . .
M :C*"  ~1 — C(Q; C) be an arbitrary map. Then it holds

sup |f = M@(f)lz~,c) > 1.
fecgn

1 fllcoe (n 0y <1

™ and moreover, let
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Proof. The transfer to the complex-valued setting works in the same manner as the proof of
Theorem 4.1 (see Appendix E.1). We write m := 22"~1 — 1 and note 2m = 22" —2 < 22" — 1. We

define G : C°°*2" — R2™ and M : R2™ — C([-1,1]*>";R) in the same way as in the proof of
Theorem 4.1. Using again the same technique as in the proof of Theorem 4.1, we get

sup f—M(a(f % (Q,;C) = sup Hff]\A/[/af H > 1,
- MED a0z s 0!
”fHCOO(Qn;C)Sl Hf”coo([,lyl]Qn:]R)Sl
applying Theorem 5.1 in the last inequality, using 2m < 22" — 1. 0

We conclude this appendix by adding a note on the constant appearing in our main approximation
bound.

Corollary E.7. Let n € Nwithn > 2 and o > 0 and let ¢ € C(C;C). Let ¢ = é(n, ) > 0 be such
that for every m € N there exists a mapping

n: CZP" = (CM X C™ < C™, g (m(9),m12(9), m3(9))
that is continuous with respect to any norm on CZ~™" and such that
If = TPl (e < €m)~ [ fllox @)
forevery f € CZ™". Here, U(f) € C(2y,;C) is given by

m

V() =Y (D), @ (D] 2+ (), ) -

j=1
Then it necessarily holds ¢ < 16 - 27™.

2n—1

Proof. We first assume n > 4. We take m = V n+271J and note that then m(n + 2) < 22n=1 — 1.

Therefore, Corollary E.6 applies and we infer that for each € € (0, 1), there exists f = f. € CZ™"
with || f[| ¢ (q,.;c) < 1 and such that

L—e < |If = ¥(N)lr~@ue) < @ m) - fllex @0 < (@-m)~°

This then necessarily implies ¢ - m < 1 or equivalently ¢ < 1/m. It therefore suffices to derive a
lower bound for m. Firstly, we note

2271—1 — 2n—3 . 27’L+2 — 2n—3 . (1 _|_ 1)n+2 Z 211—3(77/ + 3)’
where we applied Bernoulli’s inequality. Because of n > 4 > 3, this yields
221 _1>92" 3 (n+3) - 23 =273 (n +2).

Hence, we get

22t -1 n—3 n—3 3—n n—4 2"
m>————-—-1>2 —1=2""71-2""")>2 = —.
n-+2 16
Here, we used n > 4 in the last inequality. An explicit computation shows that the same bounds also
holds in the cases n = 2 and n = 3. This proves the claim. O

F Postponed proofs for the optimality results in the case of unrestricted
weight selection

F.1 Approximation using Ridge Functions

In this section we prove for s € Nso that every function in C*([—1,1]%;R) can be uniformly

approximated with an error of the order m ~*/(*=1) using a linear combination of m so-called ridge
functions. In fact, we only consider ridge polynomials, meaning functions of the form

R* - R, z p(a’z)
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for a fixed vector a € R® and a polynomial p : R — R. Note that this result has already been
obtained in a slightly different form in [30, Theorem 1]; namely, it is shown there that the rate of
approximation m ~*/(*=1) can be achieved by functions of the form Z;"Zl fi (aij) with a; € R®
and f; € Li_(R®). We will need the fact that the f; can actually be chosen as polynomials and that
the vectors ay, ..., a,, can be chosen independently from the particular function f. This is shown in
the proof of [30], but not stated explicitly. For this reason, and in order to clarify the proof itself and

to make the paper more self-contained, we decided to present the proof in this appendix.

Lemma F.1. Let m,s € N. Then we denote by

P =(R* >R, x> Zakxk:akeR
keN3
k| <m

the set of real polynomials of degree at most m. The subset of homogeneous polynomials of degree
m is defined as

H =(R* >R, x> Zakxk: ax € R
keNs
|k|=m

Then there exists a constant ¢ = c(s) > 0 satisfying

dim(HE) <c-m*' VYm€N.

Proof. 1t is immediate that the set
{R* 5 R, z—~2*: ke N}, k| =m}
forms a basis of H7 , hence
dim(H,,) =#{k e Nj: k| =m}.

This quantity clearly equals the number of possibilities for drawing m times from a set with s
elements with replacement. Hence, we see

—1
dim(H2,) = (”m )
m

see for instance [12, Identity 143]. A further estimation shows

s—1 s—1

s—l—m—l) m+j ( m) 1 1 1
SR e V(O
Hence, the claim follows with c¢(s) = 2571, 0

A combination of results from [36] together with the fact that it is possible to approximate C*-
functions using polynomials of degree at most m with an error of the order m~*, as shown in
Theorem C.15, yields the desired result.

Theorem F.2. Let s,k € Nwith s > 2 and r > 0. Then there exists a constant ¢ = c¢(s, k) > 0 with
the following property: For every m € N there exist aq, ..., G € R\ {0} with ||a;||2 = 7, such that
for every function f € C*([—1,1]%;R) there exist polynomials p, ..., pm € PL, satisfying

f@) = _pilafz) <com ™ fllon (e
=t L= ([1,1)°R)
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Proof. We first pick the constant ¢; = ¢;(s) according to Lemma F.1. Then we define the constant
c2 = ca(s) == (25)*7! - c1(s) and let M € N be the largest integer satisfying

CQ‘MS_l < m.

Here, we assume without loss of generality that m > ¢, which can be justified by choosing p; = 0
forevery j € {1,...,m} if m < ¢, at the cost of possibly enlarging c. Note that the choice of M
implies ¢y - (2M)*71 > ¢o - (M +1)*~! > m, and thus

M> % .6271/(571) /5D Z oy /(D) (F.1)

with C3 = 03(8) = 1/2 . 62*1/(571).

Using [36, Proposition 5.9] and Lemma F.1 we can pick a1, ..., a,, € R®\ {0} satisfying

H 001y = span {x — (aT2)* M1 ;e {1, ...,m}} : (F2)
where we used that
Cy - (S(2M — 1))571 § Cy - (28)571 . Msil =C2 - ]\4'871 S m.

Here we can assume ||a; || = r for every j € {1, ..., m} since multiplying each a; with a positive
constant does not change the span in (F.2). From [36, Corollary 5.12] we infer that

Pjon—1) = span {z— (ajTa:)T cje{l,.,m}, 0<r<s(2M —1)}. (F.3)

S

Let f € C*([~1,1]%;R). Then, according to Theorem C.15, there exists a polynomial P : R® — R
of coordinatewise degree at most 2M — 1 satisfying

1f = Plloos-1,m) < ca MTE | fller o100,

where ¢4, = c4(s, k) > 0. Note that by construction it holds P € PSS(2 M—1)" Using (F.3) we deduce
the existence of polynomials p1, ..., p;, : R — R such that

m
P(z) = ij(ajrx) for all z € R®.
j=1

Combining the previously shown bounds, we get

f(@) =3 pi(a]a) = |[f(@) = P(@)l| oo (-1,10m) < ca- M7 || fllor1,00m)
= L ([~1,1]"R)
(E1)
<c mik/(571) ! ||f||C""([—1,1]S;]R)7
as desired. Here, we defined ¢ = ¢(s, k) :=c¢4 - cgk. O

F.2 Proof of Theorem 4.2

Using Theorem F.2, we can prove the following statement for complex-valued C*-functions, which
will play an important role in the proof of Theorem 4.2.

Proposition F.3. Let n,k € N. Then there exists a constant ¢ = c¢(n, k) > 0 with the following
property: For any m € N there exist complex vectors by, ..., by, € C™ with ||bj||, = 1/v/2n for

j = 1,....,m and with the property that for any function f € C* (Q,;C) there exist functions
915, gm € C(Qq; C) such that

F(2) =95 (6] -2) <c m M | fllor,ic) -
7=1 L% (2,5C)

Note that the vectors by, ...b,, can be chosen independently from the considered function f, whereas
g1, ---, gm do depend on f.
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Proof. Theorem F.2 yields the existence of a constant ¢; = ¢1(n, k) > 0 with the property that for
any m € N there exist real vectors ay, ..., a,, € R*" with ||a;||, = 1/+v/2n such that for any function
f € C¥([~1,1]>%R) there exist functions g1, ..., §m € C([—1,1]; R) satisfying

o Zgﬂ' (a?m) <ep-m MG ||fHC”°([—1,1]2";R)~
= Lo ([~ 1,1]27:R)

We then define the vectors by, ..., b,, € C"™ componentwise via
(bj) = (aj),—i-(aj),.p, CE€{Ll,.un}, je{l,...,;m}

First we see [|b; ||, = ||aj ||, = 1/v/2n. We first consider real-valued functions, i.e., f € C* (Q,,; R).
Let ¢,, be defined as in (A.1). By the choice of the constant ¢; we can find continuous functions
g1,y Gm € C ([—1,1];R) such that

Joen)( Z <cp-m /G I1f o enllori12mr) -
=1 Loe([-1,1]*m)

We then define g; € C(Qq;R) by g;(2) := g; (Re(z)) for any j € {1,...,m}. For z € Q,, we then
have

=1
=Ji ((aj)T : w;l(Z)) : (F.4)
Therefore
f(z) - ZQJ (bTZ) = (f o @n)( ) - ZQJ (b] ‘Pn(x))
= L= (9 R) =t Lo ([~1,1]27R)

= (Foen)@) =324 (o] )

= Lo ([~ 1,1275R)

<c LA Hf o <Pn||ck([—1,1]2";R) ’

By the above, for f € C*(Q,;C) we can pick functions gi¢, ..., gRe gim g™ ¢ C(Q1;R)
satisfying

_ Zg]Re (bz"z) <ec - m—k/(2n=1) |IRe (f o (P")Hck([—l,l]%;ﬂa) ,
/ Lo°(Q5R)
=S g (vh) e -m MY Im(f o o)l or((1aj2n ) -
= Lo (Q,5R)
Defining g; := g5° +i - g;™ yields
f(Z) - Zgj (bjTZ) < Cc1 - \/5 . m—k/(2n—1) . Hf”C"'(Qn;(C) 5
= L (2,50
completing the proof. O
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The special activation function that yields the improved approximation rate of m =/ (2"=1 (see
Theorem 4.2) is constructed in the following lemma.

Lemma F4. Let {u;},°, be an enumeration of the set of complex polynomials in z and Z with
coefficients in Q + iQ. Then there exists a function ¢ € C>° (C; C) with the following properties:

1. Forevery ¢ € Nand z € Q) one has
d(z + 30) = uy(2).
2. ¢ is non-polyharmonic.

Proof. Lety € C* (C;R) with 0 <1 < 1 and

Bl =1, supp(y) C O,

where Q := {z € C: |Re(2)|,|Im ()| < 3}. We then define

¢i= -+ u(e—30) (e —30),

(=1

where f(z) = eR°(*). Note that ¢ is smooth since it is a locally finite sum of smooth functions.

Furthermore, ¢ is non-polyharmonic on the interior of €2y, since the calculation in the proof of
Proposition A.2 shows for z in the interior of Q; and p : R — R, ¢ — e that

iDins6(2)| = 0000 2)] = o [0 (Re(2))] > 0
for arbitrary m, ¢ € Ny. Finally, property (1) follows directly by construction of ¢ because
Q+30)N(Q+30)=0
for ¢ £ 0. O

Using the properties of the special activation function constructed in Lemma F.4 and applying the
approximation result from Proposition F.3 we can now prove Theorem 4.2.

Proof of Theorem 4.2. Let ¢ be the activation function constructed in Lemma F.4. We choose the
constant ¢ according to Proposition F.3. Let m € N and f € C* (Q,;C). We can without loss of
generality assume that f = 0. Again, according to Proposition F.3, we can choose p1, ..., p, € C™
with ||ap;]| = 1/v2n and g1, ..., gm € C (€; C) with the property

m
J=1 Lo (Q)

Recall from Lemma F.4 that {u,}32, is an enumeration of the set of complex polynomials in z and Z.
Hence, using the complex version of the Stone-Weierstra-Theorem (see for instance [21, Theorem
4.51]), we can pick ¢4, ..., £,, € N such that

—1—k/(2n—1)

lg; — ue, ||L°°(Ql;(C) =m 1fller 0 (E5)
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for every j € {1,...,m}. Since ¢ (8 + 3¢) = uy on  for each £ € N, and since p] z €  for
je€{l,...,m}and z € Q,, we estimate

F(2)=> o (o] =+3¢;)
=t Lo (2,50)
< |1 =95 () 2) +> Mg (0F2) =0 (0] -2 +36) ||y,
=t Lo(@u0) 17!

m
<c- m_k/(2n—1) : ”fHC’C(Q,L;(C) + Z ||gj (Z) — Uy, (Z)HLOO(QI;(C)

Jj=1
(ES5)
< em™C D fllergg, e +m Y ok,
(et 1) m D oo -

F.3 Proof of Theorem 4.3

As a preparation for the proof of Theorem 4.3, we first prove a similar result in the real-valued setting.
We remark that the proof idea is inspired by the proof of [46, Theorem 4].

Theorem E.5. Letn,k € N and

¢: R—-R, qﬁ(m)::H%

be the sigmoid function. Then there exists a constant ¢ = ¢(n, k) > 0 with the following property:
If the numbers € € (0, 3) and m € N are such that for every function f € C* ([-1,1]";R) with
Hf||ck([71’1]n;R) < 1 there exist coefficients p1, ..., pm € R, n1,...,mm € Rand 0q,...,0,, € R
satisfying

f@)=> oo (p)z+m) <e,
3=t Lo (]-1,1]"R)

then necessarily
Efn/k
m>c- ———

~ In(1/e)’

Proof. We first pick a function ¢ € C'*° (R™; R) with the property that /(0) = 1 and ¥ (x) = 0 for
every z € R™ with [|z]|2 > 1. We then choose

e = en(n k) = (1llon (1apmm )

Now, let e € (0, %) and m € N be arbitrary with the property stated in the formulation of the theorem.
Ife >3 - Gik, thenm > c- % trivially holds (as long as ¢ = ¢(n, k) > 0 is sufficiently small).

Hence, we can assume that ¢ < % . ﬁ. Now, let IV be the smallest integer with N > 2, for which

C1 —k
ok+1 N <e
Note that this implies
NEsaL Lo a2 e g

— g 92k+1 — 9k+1 c1
and hence N > 3, whence N — 1 > 2. Therefore, by minimality of IV, and since % < N-1
because of NV > 2, it follows that

C1
9k+1

e < (N-1)"*F< 2&12’“ N7k = %1 N~k (F.6)
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Now, for every a € {—N, ..., N}" pick z, € {0, 1} arbitrary and let y, := z,c1 N ~*. Define the
function
f(x) = Z Yo Y (Nx—0a), xe€R™
a€{-N,..,N}»
Clearly, f € C°°(R™;R). Furthermore, since the supports of the functions (e — a), « € Z™ are

pairwise disjoint, we see for any multi-index k € N} with |k| < k that

o < N ma gl - [0%6]

fHL""([—l,l]";R) —1,1]%;R)

< NF. max Wal 1Pl e o1,ymm) < 1,

so we conclude that || f[| gk ((_ 1jn.z) < 1. Additionally, for any fixed 3 € {—N, ..., N}" we see

/(3) -

by choice of ¥. See also Figure 5 for an illustration of the function f.

By assumption, we can choose suitable coefficients p1, ..., prm € R™, 11, ..., 7 € R and furthermore
01,...,0m € Rsuch that

If - gHLOC([—l,l]";R) <e

for .
gi= 050 (0] e+ m).
j=1
Letting
m pT
§:g(°/N)Z;oj'¢<Ajf~o+nj>, (E7)
j:
we see for every a € {—N, ..., N}" that
i (F6) .
~ o >Yog—e=c1N""—e > (¢1/2)N7F, ifz, =1,
gl@) =g (N)

(F.6) .
<Yate < (c1/2) N7F, if zo, = 0.
Therefore, we get 1 (g > (c1/2)N %) (o) = z, forany o € {—N, ..., N}". Since the choice of z,
has been arbitrary, it follows that the set
- = —k .5
H:= {]l (9> (c1/2)N7F) ’{_N“_,N}n : g of form (F.7)}
shatters the whole set {—N, ..., N }". Therefore, we conclude that
VC(H)> (2N +1)" > N™.
On the other hand, [4, Theorem 8.11] shows that
VC(H) < 2m(n + 2)log,(60n - N) < c5-m - In(N)

with a suitably chosen constant cs = c3(n). Here we used that N' > 3 so that In(N) > In(3) > 0.
Combining those two inequalities yields
Nn

> .
= ¢z - In(N)

Using that N > ¢4 - e~ V¥ with ¢4 1= cq(n, k) = (z,fil)l/k and N < ¢5 - e~ /% with the definition

cs = cs(n, k) = (%)l/k, we see that

s CZ‘LL X 57n/k: - gfn/k
T cz-In(cs e VR) T % In(1/e)

with ¢g = cg(n, k) > 0 chosen appropriately. O
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Figure 5: Illustration of the function f considered in the proof of Theorem E.5.

As a corollary, we get a similar result for complex-valued neural networks.
Corollary F.6. Let n,k € N and

1

¢: C—C, ¢(Z):=m~

Then there exists a constant ¢ = c(n, k) > 0 with the following property: Ife € (0, 3) and m € N
are such that for every function f € C*(Q,;C) with [fllcr,c) < 1 there exist coefficients
P1yees Pm €CY M1y ooy € Cand o4, ..., 0 € C satisfying

m
f(Z)—ZUj'fb(PJTZ-H?j) <e,
=t L (2,:C)

then necessarily

Proof. We choose the constant ¢ = ¢(2n, k) according to the previous Theorem F.5 and let ¢,, as in
(A.1). Then, let £ € (0, %) and m € N with the properties assumed in the statement of the corollary.

If we then take an arbitrary function f € C* ([~1,1]*";R) with || f||cx((_1 1j20,) < 1, we deduce
the existence of p1, ..., o € C™*, M1, ..., € Cand o4, ..., 0, € C, such that

f(z) — Re Zoj ¢ (p] - enlx) +my)

Le=([-1,1]*R)

IN

(foen")(2) =Y oj-¢(p]z+m) <e
=1 L% (2,50)

In the next step, we show that

R™>z—Re > oj-0(p] - onlx) +n;)
j=1

is a real-valued shallow neural network with m neurons in the hidden layer and the real sigmoid
function as activation function. Then the claim follows using Theorem F.5.

For every j € {1,...,m} we pick a matrix g; € R*"*? with the property that one has

gt ot (2) =1t (o] - 2)

for every z € C™. This is possible, since this is equivalent to

;v =1 (0] on(v))
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for all v € R?", where the right-hand side is an R-linear map R?” — R?. Denoting the first column
of g; by p;, we get

5" et (z) =Re(pl -z) forallz € C"
Writing ~ for the classical real-valued sigmoid function (i.e. y(z) = H_%) we deduce for arbitrary
x € R?" that

Re | Y o0 (o) - on(@)+m;) | =Re | Y o057 Re(p] - onlx) +1;))
j=1 j=1

= Re Zm:%‘ Y (/)?Tw +Re (nj))

j=1
~T
= Re(0;) -y (Pj z + Re (nj)) ;
j=1
where in the last step we used that v is real-valued. As noted above, this completes the proof. O

Now, we can finally prove Theorem 4.3.

Proof of Theorem 4.3. Let ov = 22 and choose ¢3 = ca() = c2(n, k) > 0 such that the inequality
In(z) < ¢y - /2 holds for all z > 1. Furthermore, let ¢; = ¢;(n,k) > 0 as in Corollary F.6.
By choosing ¢ = ¢(n, k) > 0 sufficiently small , we can ensure that &, := ¢ - (m - In(m)) =%/ (")

satisfies

() 4 Sin(1/em) > T - In(1/e,) forallm € Nso.
Co 2 4 -

By further shrinking ¢ = ¢(n, k) > 0 if necessary, we may assume

1
c-(2-In(2))7H ) < 3
and hence c - (m - In(m)) /2" < % for all m € N>,. Finally, setting c3 := ¢ and shrinking c
even further, we can arrange that ¢ < ¢ - c3. Now, assume towards a contradiction that for every
f € CF (Q,;C) with || f||cx(q,,,c) < 1 there are coefficients py, ..., pm € C", 01, ..., 0, € C and
M, -y Nm € C such that

1) =Y 050 (o] =+ mj) < (m-In(m) "M/
=t L2*(Q0;C)
Applying Corollary F.6, we then get
m > cq - 767271/16
In(1/e)

withe = ¢+ (m-In m)fk/(zn) € (0,4) and ¢; = ¢1(n, k) > 0. Recall from the beginning of the
proof that o := 2n/k and that In(z) < co2®/? for every = > 1. We observe

—Q

€ €1 —a/2
> . > —
MEN A/ T e
which implies
In(m) > In <Cl> + % ‘In(1/e) > % In(1/e) = ¢5 - In(1/e).
C2
Overall we then get
IS | G0 S L 1) S .
= (/e ! In(1/e) =7 In(m) = '
Since we chose c such that c® < ¢ - c3 we get the desired contradiction. O
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