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Abstract

We study a setting in which a data buyer seeks to estimate an unknown parameter by purchasing
samples from one of K data sellers. Each seller has privately known data quality (e.g., high vs.
low variance) and a private per-sample cost. We consider a multi-stage game in which the first
stage is a free-trial stage in which the sellers have the option of signaling data quality by offering
a few samples of data for free. Buyers update their beliefs based on the sample variance of the
free data and then run a procurement auction to buy data in a second stage. For the auction stage,
we characterize an approximately optimal Bayesian incentive compatible mechanism: the buyer
selects a single seller by minimizing a belief-adjusted virtual cost and chooses the purchased sample
size as a function of posterior quality and virtual cost. For the free-trial stage, we characterize
the equilibrium, taking the above mechanism as the continuation game. Free trials may fail to
emerge: for some parameters, all sellers reveal zero samples. However, under sufficiently strong
competition (large K), there is an equilibrium in which sellers reveal the maximum allowable
number of samples; in fact, it is the unique equilibrium.

1. Introduction

Data markets are increasingly central to economic and scientific activity: a decision maker can
purchase datasets from competing providers to estimate a latent quantity of interest, yet the quality
of these datasets is often known only to the sellers and is hard to verify ex ante. A natural response—
mirroring “free trials” in software and consumer goods—is to let sellers reveal a small number of
samples for free so that buyers can assess quality before purchasing. This paper studies when, and
why, free trials emerge in competitive data markets, and when they fail to do so. See Section A
for a discussion of related work on data markets, strategic information revelation, free samples,
competition, and persuasion.

We model a market with K data sellers, each with privately known quality o; € {or,0x} and
per-sample cost ¢;, and a buyer who wants to estimate an unknown parameter 6 from i.i.d. normal
samples. Sellers first choose how many samples m; € {0,..., M} to reveal for free; the buyer
updates beliefs from the empirical variance of the revealed samples and then runs a procurement
mechanism that decides from whom to buy, how many additional samples to buy, and what to pay.
Free samples are restricted to evaluation, consistent with “evaluation-only” licensing.

This setup couples a multi-stage signaling problem with a downstream Bayesian mechanism-
design problem. We first derive an approximately optimal Bayesian incentive-compatible mech-
anism for the procurement stage: under standard regularity conditions on the cost distribution,
the optimal mechanism for a real-valued relaxation of the buyer’s problem is single-sourced—the
buyer purchases all samples from a single seller chosen by minimizing a belief-adjusted virtual cost
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index—and the integer mechanism obtained by rounding down the relaxed allocation retains both
BIC and approximate optimality.

Taking this mechanism as the continuation game, we analyze approximate subgame-perfect
equilibria in sellers’ free-trial choices, and find two qualitatively different regimes. For some pa-
rameter ranges, no seller shares any free samples in equilibrium, even for arbitrarily large K: the
prospect of having a poor draw revealed (which sharply lowers the selection probability when oy
is realized) and of selling fewer samples upon winning (because tighter posteriors lower the buyer’s
chosen sample size) together dominate the benefit of signaling. Under sufficiently strong competi-
tion, however, every seller shares the maximum allowable number of samples in equilibrium, and
this is the unique equilibrium given the buyer’s mechanism: small differences in posterior qual-
ity translate into first-order advantages in winning probability, and any deviator’s selection proba-
bility collapses exponentially in K. We complement these two extremes with simulations across
(or,0m, K, M) that exhibit intermediate symmetric equilibria with 0 < m* < M, and show that
multiple symmetric equilibria can coexist for the same parameters.

2. Model

We consider a market with K data sellers and a buyer who wants to estimate a parameter 6. Seller
i € [K] can provide i.i.d. samples from N (0, 0?), where 0; € {0, 0} (Withop, < op)is selleri’s
privately known data quality and ¢; is its privately known per-sample cost (operational or privacy).
Ex ante, o; = o, with probability y and ¢; is drawn from a continuous distribution with pdf f and
cdf F on [Ciin, Cmax)> ¢min > 0. These distributions are independent and identical across sellers.

Timing and information. The interaction is a multi-stage game. (i) Each seller ¢ commits to a
free-trial size m; € {0,2,3,..., M} before (o;,¢;) are realized; we exclude m; = 1 so that the
sample variance is well defined. (ii) The buyer arrives, (o;, ¢;) are realized, and each seller submits
a reported cost ¢, together with a free-sample dataset Sl-f of size m; drawn i.i.d. from N(6,02)
(sellers cannot cherry-pick). (iii) The buyer forms a Bayesian posterior 7rz-(Sif ) over 012 from the
sample variance of Sif (a mean-invariant statistic, so no prior over 8 is needed), and then chooses
how many samples n;(c’; ) to purchase from each seller and a payment ¢;(c’; 7). Free samples
can be used only for evaluation (belief updating), consistent with evaluation-only licensing [see,
e.g., 55].

Estimation and utilities. The buyer estimates 6 by a weighted average 6 = Z —1 Wip: LS~ je1 X
with w; > 0and ), w; = 1, which under the buyer’s beliefs has variance E ~W; 02 /n;, where

62 = m;(03)os + mi(0%)o% is the posterior mean variance. Seller i’s utility is UZ =t;(c;m) —
n;(c’; ) ¢;, and the buyer trades off precision against payments:

Up(c,w;m;n,t) Zw )\thc ) (1

where A is the buyer’s relative weight on payments versus estimation error.

Solution concept. We use (-approximate subgame-perfect Bayesian Nash equilibrium. Fix be-
liefs 7r. By the revelation principle the buyer’s continuation (7, t) solves

max E. [Ub(c, w; TN, t)} s.t. Bayesian IC and interim IR for every seller. )

w,t,n
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A pair (n*,t*) is a (-approximate solution to (2) if it satisfies BIC and IR exactly and the buyer’s
expected cost (negative utility) is within a factor 1 + ¢ of optimal. The triple (m*, n*,t*) is a (-
approximate subgame-perfect equilibrium if (n*, t*) is a (-approximate solution and no seller has a
profitable unilateral deviation in m; € {0, 1,..., M}, evaluating ex-ante payoffs over (¢, S ) under
(n*,t*). The approximation enters only through the buyer’s continuation; sellers best-respond
exactly.

3. The Mechanism Design Subproblem

We start by analyzing the buyer’s choice of allocation and payment functions, given the free sam-
ples received from all data sellers and the induced belief profile w. We first make the following
customary regularity assumption on the distribution of sample costs, i.e., F'(-), which ensures that
the virtual cost, as defined below, is non-decreasing.

Assumption 1 (Monotonicity of virtual costs) The virtual cost (c) := ¢+ F(c)/f(c) is a non-
decreasing function of c.

This assumption is standard in mechanism design and holds for a variety of distributions including
uniform, normal, and exponential distributions [see, e.g., 56].

To solve the mechanism design problem (2), we first relax it by allowing the per-seller sample
size to be real-valued, then round the resulting allocation down to the nearest integer; we show this
is approximately optimal.

Proposition 1 (Approximately Optimal Purchasing and Payment Rules) Suppose Assumption |
K

holds. Given the sequence of free samples shared by the sellers (S-f ) inducing beliefs (m )K
=1

with means (0'12 )l 1» there is a sample purchasing and payment rule that forms a Bayeszan Incentlve
Compatible mechanism with the following properties. When the sellers report costs cl, cC e

1. The buyer buys only from one seller i* € [K] with i* € argmin;c(y, a21(ch).
2. The buyer purchases |n* | samples from seller i*, where n* = g« / )\1/)(6;*).

3. The expected payment each seller receives is the expectation of product of the number of
samples purchased from the seller and the virtual cost of the seller Ec[n;(c; 7)1 (c;)].

compared to the

4. This mechanism yields a utility that is suboptimal by a factor of 1 — nil

optimal BIC mechanism.

The remainder of this section is devoted to proving this result. Before doing so, however, we
make two remarks. First, as the proof will establish, the optimal mechanism corresponding to the
aforementioned relaxed problem is single-sourced, meaning that the buyer purchases all samples
(i.e., n* samples) from a single data seller, denoted by seller ¢*. Our rounded allocation preserves
this property as well.

Second, it is straightforward to see that, under the assumption

oL 2>« V AQb(@nax), (3)
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for some positive constant o > 3, we can ensure that n* > «, which in turn guarantees a (o —
2) /(v — 1)-approximation factor. If we are satisfied with high-probability lower bounds on n*, it
is straightforward to see that ¢)(cpax) can be replaced in this condition by a smaller constant, since
the winning data seller ¢* is likely to have a low cost. While we do not formalize this point here, we
emphasize that assumptions of this form are generally unavoidable; otherwise, if A or the costs are
too high, the cost of purchasing samples may induce the data buyer to purchase no samples at all.
We next present the proof.

Proof [Proof sketch of Theorem 1] We first identify the variance-minimizing weights for any fixed
sample allocation: by Cauchy—Schwarz, w; o n;/ 51-2 (Theorem 4 in Section C). Substituting these
weights, applying Myerson’s lemma to the procurement subproblem, and minimizing the resulting
buyer objective pointwise in ¢ shows that all samples should be purchased from the single seller
minimizing 521)(c;), with n* = &4+ /\/Ap(c;+). Assumption 1 makes this allocation monotone
in the reported cost, so the Myerson payment rule yields a BIC mechanism. Rounding n* down
preserves monotonicity (and hence BIC) and decreases utility by at most a factor 1/(n* — 1). The
full proof appears in Section C. |

4. Free-Sample Equilibria

We now analyze sellers’ free-sample choices, taking the mechanism of Theorem 1 as the buyer’s
continuation. The approximation in our equilibrium concept enters only through this continuation,
since the integer-valued buyer problem need not admit a closed form; an exact-equilibrium analysis
can be recovered by restricting the buyer ex ante to the mechanism of Theorem 1. Throughout this
section we additionally assume:

Assumption 2 (Bounds on the cost density) The cost density f satisfies ¢ < f(c) < L for every

cEc [le'lﬁ Cmax]-

4.1. The uninformative equilibrium

When sellers share a large number of samples at equilibrium, the buyer is more informed about the
quality of data that they purchase. On the other hand, when fewer samples are shared at equilibrium,
the buyer has a higher degree of uncertainty about the data quality purchased. Our first result shows
that for some problem parameters, the equilibrium can be maximally uninformative. That is, there
is an equilibrium where no seller shares any free samples.

Theorem 2 (Uninformative Equilibrium) Suppose that Assumption I and Assumption 2 hold and
that o1, > /A (Cmax). Then, for any number of sellers K and any ¢ > 0, there exist values of
or,0H, |t such that there is a C-approximate subgame perfect Nash equilibrium where all sellers
share zero free samples.

Note that there are two conflicting forces shaping data sellers’ incentives to share data. On the
one hand, competition among sellers may push each seller to reveal their quality; otherwise, they
may lose even if they possess high-quality (low-variance) samples. On the other hand, revealing
information has two potential drawbacks. First, if a seller’s sample variance is low, they may indeed
win, but the buyer will purchase fewer samples from them, as suggested by Theorem 1, since the
buyer can achieve the desired precision with a smaller number of samples when quality is known
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to be high. Second, if the realized sample variance is high, the seller may regret revealing this
information.

Interestingly, as the proof shows, for any number of sellers (that is, for any level of competition)
there exist parameter regimes in which the second force dominates, to the point that sellers may
prefer not to share any samples for free. In particular, as the proof shows, this outcome arises when
the ratio oy /o, is sufficiently large, which amplifies the disincentive to share free samples.

Proof sketch of Theorem 2. We argue that the no-sharing profile, paired with the mechanism
of Theorem 1, is an approximate subgame-perfect equilibrium by comparing each seller’s utility
before and after a unilateral deviation. Before deviation, a symmetry argument together with the
Myerson payment from Theorem 1 produces a strictly positive Q(1/(K (K + 1)L?)) lower bound

on per-seller utility, scaled by \/ (po? 4+ (1 — p)o?) /(M) (cmax)) in the m = 0 case (Theorem 5 in
Section D). After deviation, the buyer’s posterior over the seller’s quality moves away from the prior:
when 0'% is realized it shifts toward O'%, decreasing the payment upon selection; when U%{ is realized
it shifts toward O‘%I, decreasing the chance of selection. We make this belief shift quantitative via
a chi-squared tail bound on the likelihood ratio (Theorem 6) and tune Ay, Ay, é together with a
sufficiently large o7 /o ratio so that the post-deviation utility is strictly below Uy, (0). Choosing
oy, to satisfy (3) with 1/(av— 1) < ¢ delivers the (-approximate equilibrium. The full proof appears
in Section D.

4.2. The maximally informative equilibrium

In this section, we ask the question the other way around. If we fix the problem’s parameters and
increase the number of sellers, does the incentive to share data dominate? It turns out that the answer
is yes. In fact, as the number of sellers grows, sharing the maximum possible number of samples M
becomes an equilibrium—and indeed the unique equilibrium. The following result formalizes this
claim.

Theorem 3 (Equilibrium is maximally informative when there are many sellers) Suppose that
Assumption | and Assumption 2 hold. Let o1, > a/ A (Cmax) for some o > 3. Then:

o For every or,0m, |1, there exists K, such that, for every number of sellers K > K, the
strategy profile in which each seller shares the maximum possible number of free samples
(M) and the buyer runs the mechanism in Theorem 1 is a 1/(cov — 1)-approximate subgame
perfect equilibrium.

* Assuming the buyer runs the mechanism in Theorem 1, the above strategy profile is the unique
equilibrium.

Proof sketch of Theorem 3. The argument hinges on a fundamental floor for the posterior mean
variance: when only m < M samples are shared, the posterior mean is at least oy, (m), and oy, is
strictly decreasing in m (Theorem 7 in Section E). Hence any seller sharing M samples is dominated
whenever both their realized cost ¢; < ¢p and posterior mean &; < og for suitable thresholds
¢p, 09 tied to the gap between oy, (M — 1) and oy, (M). Calling this event E;ele“, one shows it
has probability ¢ > 0 for any seller sharing M samples (Theorem 8). Letting J be the number of
M -sharers, selection probability for any m < M-sharer is at most (1 — ¢)’ (Theorem 9), while
expected utility of an M-sharer is at least (1/.J3) (Theorem 10). The exponential-vs-polynomial
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Figure 1: Phase diagram of symmetric equilibria across (K, op /o). Each cell is colored based
on the equilibrium detected in the corresponding regime of parameters. Blue: only the informative
equilibrium (m* = M). Red: only the uninformative (m* = 0). Green: only an intermediate
equilibrium (m* = 2). Purple: coexistence of multiple symmetric equilibria. Gray: no symmetric
equilibrium found.

contrast rules out unilateral deviations from the all-M profile and, by a two-case argument splitting
on whether J > K1/4, also rules out any other profile. The full proof appears in Section E.

5. Numerical Simulations

Theorems 2 and 3 characterize the uninformative and maximally informative equilibria in limiting
regimes: the former when o /oy, is large, the latter when K is large. To map out the equilibrium
structure across the full parameter space—and in particular to probe whether additional equilibria
exist—we conduct Monte Carlo simulations.

We simulate the game with K symmetric sellers whose per-sample costs are drawn i.i.d. from
Uniform|[cpin, ¢max] and whose data variances are O‘% with probability u and 0‘%{ with probability
1 — p. The buyer runs the approximately optimal mechanism of Theorem 1. We fix oy = 50 and
vary oy, = o /r to sweep the ratio r = o /o, with = 0.6, A = 0.007, cpin = 0.5, cmax = 2.0,
and M = 5. For each candidate symmetric strategy m* € {0,2,3,..., M}, we estimate seller 1’s
expected profit under every deviation using N = 100,000 Monte Carlo samples. We consider
symmetric strategies and find the strategy where each seller shares m* samples an equilibrium only
if its estimated profit exceeds every alternative by at least two combined standard errors. While
this approach ensures that the detected equilibria are indeed equilibria with significant certainty, it
cannot detect equilibria where deviation does not decrease utility or decreases utility by a small
amount.

Figure 1 maps the equilibrium structure across K € {2,...,10} and oy /o, € {2,...,300}.
Five regions emerge:

1. Informative equilibrium (blue). Atlow oy /oy, or high K, the unique symmetric equilibrium is
m* = M. For K > 10, this is the only equilibrium at every ratio tested.

2. Uninformative equilibrium (red). At high o5 /o, and small K, the equilibrium m* = 0 exists.
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3. Intermediate equilibrium (green). Between the maximally informative and maximally uninfor-
mative regions, we have an intermediate equilibrium with m* = 2 emerges. This equilibrium
appears for every K from 2 to 9 at appropriate ratios.

4. Multiple equilibria (purple). For a band of parameters (e.g., K = 5 at o /o € [140,250];
K =6 atog/or, = 300), both m* = 0 and m* = 2 are simultaneously equilibria.

5. No detected symmetric equilibrium (gray). In some regions, we do not detect any symmetric
strategies to be equilibria. Note that this does not mean that there are no symmetric equilibria
for those parameters. But rather, we are not able to detect it given the uncertainty in our Monte
Carlo sampling.
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Appendix A. Related Work

Data markets. Our work lies in the literature on data markets [see, e.g., 2, 12], and more specif-
ically in the design of mechanisms for data acquisition to estimate an underlying population statis-
tic [28, 32, 33, 37, 39, 51], which is closest to our setting, as well as mechanisms for learning
machine learning models [5, 7, 25, 27, 50, 57]. In many of these works, the data buyer is assumed
to know, observe, or control data quality through mechanism design or the design of sampling and
evaluation strategies. In contrast, our work allows sellers to opt in to sharing samples and thereby
influence the resulting equilibrium behavior.

Strategic information revelation in data markets. Strategic information revelation in data mar-
kets has been studied for various modes of information revelation. For example, sellers may disclose
reviews or ratings [3, 19, 24, 26, 31, 42, 47]. Data owners may obfuscate the quality of their data
to guard against price discrimination [4, 30, 44, 59]. The mode we study in our work is that of
revealing information through providing free samples.

Information revelation through free samples. Previous work by [35] also studies free samples
in data markets. They focus on the hold up problem, which involves preventing the buyer from
free-riding on the seller’s free samples. In contrast, our focus is on how free samples shape buyer’s
beliefs about the quality of data. There is a rich literature on free samples or trials in broader
settings [10, 15, 21, 22, 29, 43, 54, 58].

Competition and externalities in data markets. Previous work has studied how data platforms
shape competition among sellers [11, 18, 34, 38, 46]. There is also work studying platform level
competition and coordination in data markets [1, 41, 45]. Finally, there is work studying competition
among buyers in data markets [20, 23, 52]. Our work focuses on the effect of competition in data
markets when there is an option to provide free samples.

Persuasion and information design. The role of free samples in shaping buyer’s beliefs about
data quality is closely related to persuasion and information design [13, 48, 49]. Particularly related
is work on how competition increases information revelation [8, 40]. Our results can be viewed
as an analogue where there are structural constraints on how signals can be generated; namely,
through providing free samples, only the sample size can be controlled. Persuasion and information
design has been studied in the context of auctions [6, 14, 16, 36], pricing [17], and mechanism
design [9, 23].

Appendix B. Conclusion

This paper studies the strategic role of free trials in competitive data markets. We model free trials as
a pre-auction disclosure decision: before a buyer arrives, each seller commits to releasing a limited
number of free samples, after which the buyer runs a procurement mechanism to purchase data.
To make the continuation game tractable, we analyze a simple mechanism that (approximately)
optimizes the buyer’s tradeoff between statistical accuracy and procurement cost. The resulting
continuation policy induces a clear, belief-adjusted comparison of sellers based on both reported
costs and posterior beliefs about data quality inferred from the free samples.

Our analysis delivers two main insights. First, free trials need not emerge in equilibrium: when
the quality gap is sufficiently large, sellers may prefer to remain uninformative rather than risk re-
vealing adverse information. Second, when competition is sufficiently intense, maximal disclosure

12
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becomes the unique prediction: with many sellers, the probability that at least one seller appears
highly attractive under the buyer’s selection rule increases, and free samples become a decisive
signal for winning the procurement auction.

There are several natural directions for future work. One extension is to allow sellers’ datasets
to be heterogeneous not only in variance but also in mean, so that sellers’ data may exhibit different
biases or systematic shifts relative to the buyer’s target. A second direction is to relax the assumption
that free samples are i.i.d. draws from the same distribution as the purchased data. Finally, it would
be valuable to extend the analysis beyond Gaussian data. In this paper the Gaussian assumption
is used primarily to obtain a tractable likelihood for the sample variance and to derive likelihood-
ratio bounds that drive the belief-updating and equilibrium arguments. Similar results should be
attainable for broader families of distributions as long as one can derive suitable bounds on the
relevant likelihood ratios (or comparable concentration bounds) for the statistic used to summarize
free samples.

Appendix C. Proof of Theorem 1

We first find the optimal choice of weights w to produce the least variance estimator given a choice
of n and t. This will allow us to rewrite the mechanism design problem in terms of optimizing over
n and t.

Lemma 4 (Optimal weights to minimize variance) Given the sequence of samples, purchases,
payments, and means of posteriors n, t, o, the vector of weights maximizing buyer utility Uy, is w*
with )

wt = i/ Gi

b Yiey i/ o

Proof [Proof of Theorem 4] Utility function U, depends on w only through Var(n,w;nw) =
2
S K w? % Hence the optimal choice of w, given n,t, & minimizes > | wza

constraints that w > 0and Zi:l w; = 1.
By the Cauchy-Schwarz inequality,

() ) B

subject to the

5.2 . . . . . .
The w* with w} = % satisfies this lower bound with equality and hence is optimal.
3 Zie[K n;/d;

Each seller’s utility, Bayesian incentive compatibility (IC) and individual rationality (IR) have
the same form as in a standard procurement auction. The utility of seller ¢ with cost ¢; when reported
costs are ¢ and purchasing sample size and payment rules are n and t is U;(¢; n, t; ¢;) = t;(¢) —
¢in;(€). The Bayesian IC and IR constraints are in terms of the expected utility U;(c;, ¢;, m, t) =

13
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Ec_,[Ui(ci, c;, c_;; n((c;, c_i)),t((c;, c—;)))], which is the expected utility when seller i’s real-
ized cost is ¢;, taking an expectation over other sellers’ costs, when seller ¢ reports cost c; and
all other sellers truthfully report costs. We call this the cost-interim utility of the seller. We
can write the cost-interim utility as #(c;, ¢;) — ¢;7i(c;, ¢;) where 7;(c;) = E_,[ni(c;,c_;)] and
ti(c;) = Ee_,[ti(c;, c_;)] are the expected number of samples and payment received respectively
by seller i when reporting cost c;. We call 71;(c;) the cost-interim sample-purchasing rule and t;(c;)
the cost-interim payment rule.

By Myerson’s lemma [53], a payment and sample purchasing rule is Bayesian Incentive Com-
patible (BIC) if and only if the following properties are satisfied:

1. Monotonicity: The cost-interim sample purchasing rule is non-increasing in ¢;". That is, more
expected samples must not be purchased if a seller reports a higher cost.

2. Myerson payment: The cost-interim payment satisfies

— ’

ti(c;) = e;ni(c;) + Us(Cmax) + / 7ig(t)dt.

The cost-interim IR constraint can be written as U; (¢pmax) > 0. To design the BIC mechanism
with the least payment made, we can set U; (¢max) = 0.

As a consequence of the Myerson payment rule, we can write the expectation over each seller’s
cost ¢; of the cost-interim payment in the following way. Note that this expectation is the interim
payment—which is the expected payment the buyer provides to a seller, taking an expectation over
the realization of all sellers’ costs. We have:

Eclti(c)] = Eq, [ti(cs)]
_ / ™ o f@de+ [ < / . m(t)dt) Fe)de

Cmin Cmin

B /‘Cmax () f(e)de + o o) < ) f(c)dc> dt

= K., [ns(c:)h(cs)).-

Hence, the expected payment made in the optimal BIC mechanism is the product of the expected
cost-interim purchased sample size and the virtual cost.

With the Myerson payment, we can write the expected payment in the objective of the buyer’s
mechanism design problem E¢[A S5 #;] as Eo[A 327, i(e:)1b(c;)], which is equal to Eo[A S°5 | ni(e)v(e)).
We can then write the buyer’s optimal BIC mechanism problem as the following optimization prob-
lem over sample-purchasing rules subject to the monotonicity constraint (5):

1
min E; | ———— + A ni(e)(e;) S
n Yilyni(e)/a} ;
subjectto  E._,[ni(c_i,¢;)] > Ee_,[ni(c—;, ;)] foralli € [K], ¢; < Q)

14
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Let us first minimize the objective (4), dropping the monotonicity constraint in (5). We will
later show that the solution satisfies the monotonicity constraint under Assumption 1. We minimize
the objective in (4) by minimizing it for every realized c. Let Zfi 1 ni¥(c;) = B. Then,

B
Zm/o 32 ™) < B

=1

For any fixed value of payments, the smallest value of the variance is achieved by only purchas-
ing samples from sellers with the least 6?1#(@). Let i* be such a seller. So the optimization problem
becomes optimizing over the value of payments B:

=2
min M + \B.
B>0 B

The optimal value is B = ;«1/%(c;+)/A. We consider the optimal mechanism that always
chooses to purchase from one seller, breaking any ties by selecting uniformly at random. The
number of samples purchased from the selected seller ¢* is then n;«, chosen so that n<1(c;+) =
ai=\/ Y (ci+) /A. In other words, ni« = &;// A (cix).

Now let us show that the minimizer without constraint (5) satisfies the constraint nonetheless.
We argue that the optimal sample purchasing rule is monotone in the reported cost as long as As-
sumption 1 holds (virtual costs are non-decreasing functions of costs). This implies the monotonic-
ity constraint (5) is satisfied. Reporting a higher cost cannot increase chance of selection since the
seller with the least 521)(c;) is selected. Additionally, the number of samples purchased from the
selected seller is a non-increasing function of the virtual cost of the reported cost, and hence of the
reported cost as well.

To go from the solution of the relaxed mechanism design problem to the actual mechanism
design problem where the number of samples purchased is an integer, we round the allocation
obtained in the relaxed problem down to the nearest integer.

The rounded-down sample purchase scheme remains monotone since it is obtained by applying
the monotone floor function to the monotone relaxed allocation rule. Combined with the same
Myerson payment rule, the resulting mechanism remains BIC. Due to the rounding, the resulting
sample purchasing scheme might not be optimal, but we now show that it is approximately optimal.

Let n* = G« /+/A(c;+) be the random variable indicating the number of samples purchased
under the relaxation. Recall that the buyer utility is given by

=2
Uz

h(ei).

Note that rounding down the number of samples n* increases the second term (as its absolute value
decreases). Thus, the only source of suboptimality is that, due to the rounding, the buyer’s variance
increases. The rounding decreases the number of purchased samples by at most one. Therefore, the
buyer’s utility can decrease by at most

2 (L ty_ ek
“\nt—1 n* n*(n* — 1)

This is a multiplicative factor of 1/(n* — 1) compared to the non-rounded utility.

15



SIGNALING VIA FREE SAMPLES

Appendix D. Proof of Theorem 2

We claim that the strategy profile in which no seller shares any free samples in the first stage,
and the buyer then runs the mechanism in Theorem 1, constitutes an approximate subgame perfect
equilibrium. In the proof, we focus primarily on sellers’ incentives in sharing free samples, and at
the end choose parameters so that the mechanism in Theorem 1 achieves the desired approximation
factor (.

For the sellers, we first derive a lower bound on the utility before deviation and then construct a
distribution over seller variances that results in a strictly lower utility after unilateral deviation.

Lower bound on utility before deviation. This lower bound holds for more general symmet-
ric data-sharing strategy profiles where every seller shares the same number of samples, regardless
of the number of samples shared and shows a dependence of €2(1/K?) on the number of sell-
ers K. In the special case of no samples shared, the lower bound scales with ¢, where og =

\/ po2 + (1 — p)o? is the standard deviation according to the prior.

Lemma 5 (Utility in symmetric data-sharing strategy profiles) Suppose every seller shares the
same number of samples m € {0, ..., M}. Under the assumption that the pdf of the cost generating
distribution f satisfies ¢ < f(c) < L for every ¢ € [Cmin, Cmax), the probability of the buyer buying
samples from each seller i is 1/ K. The expected utility of each seller is at least Uy, := m
Furthermore, when the number of samples shared m = 0, the expected utility of each seller is at

least Ulb(O) =/ %[_flb.

Proof [Proof of Theorem 5] By symmetry, each seller has the same probability of winning. So the
probability of the buyer buying samples from each seller i is 1/ K.
From the Myerson payment from Theorem 1, the expected utility of each seller is:

Ec[Ui(c)] = Ee[ni(e)(¢(ci) — ci)] = Ee[ni(e)F(ci)/ f(ci)] = Eelni(e)(ci — cmin)l/L]

Let Ny be a constant that lower bounds the number of samples purchased from a seller if selected.
Using the inequality ¢; > min(cq, . .., cx),

E[Us(c)] > K%Ec[]l{buyer buys from i} (min(c1, . . ., cxc) — comin)] ©)

From Theorem 1, we know that Ny is at least 6/4/A(Cmax), Where & is the mean standard
deviation according to the posterior. We know in general that & > o. For this lower bound on
g, our assumption that o7, > \/A(cmax)) implies that Ny > 1. However, when no samples are

shared, & is always \/,ua% +(1—- ,u)alzq > or. Soform > 1, we use Ny = 1 and for m = 0, we

2 1— 2
use Ny = popH=p)oy

Aw(cmin)
Consider the lower-bound quantity from Equation (6). If we sum up the lower bound over all the
sellers, we get the value (¢{Ny/L)E.[min(cy, ..., Cx)) — ¢max]- This is using the fact that summing

E[1{buyer buys from :}] over all i € [K] is 1. Additionally, this quantity is equal for every seller
by symmetry. Therefore, we can write

1
Ec[1{buyer buys from ¢} (min(cy, ..., cx)) — Cmin] = ?EC[(min(cl, ooy CK)) — Cmin)
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Finally, we bound E.[(min(c,...,Ck)) — Cmin) to obtain the lower bound on the expected
utility. We again use the lower and upper bounds on cost densities.

Ec[(min(cy, ..., ¢x)) — Cmin) = / ( Pre[min(cy, ..., cx) > x]dx.

Cmin

— /meu — F(x)¥da.

Cmin

> / L F@)* fa)da.

1
L(K+1)

2 N2
Setting Ng = 1 form > 1 and Ny = 'lw%\—;((# for m = 0, we get the lower bound on

the expected utility in the lemma. |

Upper bound on utility after deviation. We show that after deviating, the buyer’s posterior belief
that the seller’s variance is O'%{ shifts: it decreases from 1 — p to below 1 — u — Ay, when 0'% is
realized, and increases to above 1 — u + Ay when 0%1 is realized. Here Ay, Ay > 0 are constants
to be chosen later. We show that this shift occurs with high probability over the samples, and that
this probability approaches one as o7 /o — 0.

This belief shift reduces the deviating seller’s utility for both realized variance types, though
for different reasons. When 0'% is realized, the shift toward 0'% reduces the utility upon selection
(payment minus cost). When 0% is realized, the shift toward 0%, reduces the probability of being
selected.

Lemma 6 (Belief shift from sharing m samples) For any A € (0,1 — u), Ay € (0, ), and
0 € (0,1), there exists Ry > 0 depending on p, A, A, 6, such that whenever o /oy, > Ry and
any m > 2 free samples are shared, the posterior wy := Pr(o? = 0%, | S?) satisfies:

(i) Pr(ngl—,u—AL’0220%)21—6,and
(ii) Pr(ng > 1—p+ Ay |02 =0%) >1-4.

Proof [Proof of Theorem 6] Let S? be the sample variance of the free samples. The Bayesian belief
update based on S? results in a posterior belief with probability of variance is 0%{ given by

1
— Pr(o? = 02,|52) —
TH r(a UH| ) 1+ﬁ/\m(52)’

where Ay, (S?) = fs216, (S%)/f 2|0y (S 2) is the likelihood ratio based of the sample variance of m
samples which can be written as

2\ (m=1)/2 2 2
A, = (UI;) exp <—U2H202L (m— 1)52> .
Ouor
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To obtain 7y < 1 — p — A, the likelihood ratio must satisfy

(1—p(u+A)
p(l—p—A) -

Under 02, let Z = (m — 1)S?/0% ~ x2,_,. Then

Am >T+ =

2 2
oy oy —o1
log A,,, = —1)log — — =%
ghm = (m ) gaL 20%{

The condition A, > T is equivalent to Z < z,, where

9 2
Z4 = % ((m —1)log H logT+> :
Note that z is well defined when 7% > 0, which is true when A € (0,1 — ). Additionally, z is
positive when o7 /o, is chosen to be larger than 7', In this case, as o /o, — 00, 24 — 00. As a
result, Pr(Z < z;) — 1. Therefore, there is a choice of oy /o, large enough that Pr(Z < z;) >
1-9.
To obtain 7y > 1 — p + A, the likelihood ratio must satisfy

(1—p)(u—4A)
p(l—p+A) "

Under 0%, let Z' = (m — 1)5% /0% ~ x2,_;. Then

A, <T_ =

2 2

log Ay, = (m — 1)loga—H — w zZ'.
or, 207
The condition A,, < T_ is equivalent to Z’ > z_, where
2 2
z_ = % <(m - 1)10gU—H - logT_) :

Note that z_ is well defined when 7_ > 0, which holds when A € (0,p). As oy /o — 00, SO
z_ — 0. As aresult, Pr(Z' > z_) — 1. Therefore, there is a choice of o7 /oy, large enough that
Pr(Z' >2z_)>1-4.

Setting Ry large enough that both tail probabilities are at most § completes the proof. |

Upper bound on utility for low variance after deviation. Fix § € (0,1), A € (0,1 — u), and
Ap € (0, ). We will state the specific values of these parameters later. Suppose o /oy is large
enough that, by Theorem 6, the posterior belief of JIQLI is at most 1 — y — Ay, when 0'% is realized
and at least 1 — y4 + Ay when a% is realized, each with probability at least 1 — 9.

In the complementary event (probability at most ¢), we use the trivial upper bounds: selection

probability 1 and maximum payment o 7 /%(Cmax) /.
When a% is realized and the belief shift holds, we bound the selection probability by 1. The

payment upon selection is at most \/ E[o? | 02] 1 (cmax)/A, which is at most

V(+80)0% + (1= = AL)o%) b(cmae) /A
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When ¢ is realized and the belief shift holds, we bound the utility upon selection by o g1/t (Cmax) /.
It remains to bound the selection probability. The expected posterior variance is at least o’ 2(A ) :=
(v —Ap)o? + (1 — pu+ Ap)o?;, which is strictly greater than 0 = po? + (1 — u)o%,. Whenever
0'2(Ap) ¥(cmin) > 03 1 (Cmax), the deviating seller is never selected when o is realized.
This condition is equivalent to o’ 2(Ay) /o2 > p, where p := 9)(Cmax) /¥ (Cmin). Rearranging:
g+ Au(oy — o) o 1+ pu(p—1)

> <~ — > .
o2 P o7 " Ay —(1-p)p—1)

Setting Ay = u/2 and choosing p1 > li—gp ensures the denominator is positive. Then for 0121[ / a%

sufficiently large, the deviating seller is never selected when O'%{ is realized.
Putting the pieces together, the expected utility after deviation is at most

Ec[Ui(c)] < (M\/(M + Aot +(1—p—Ap)o% + 50H> w(c)\ma") '

We have fixed p > % and Ay = p/2. It remains to choose Ay, and 0 so that the upper

bound above is strictly less than Uy, (0). This requires

2 2
2 o, 2 (:uUL + (1 - M)O-H) 14 (Cmax - Cmin)
M\/(N—FAL)UL‘F(l M AL)UH-F(SUHS\/ KK + 1)L .

Setting 6 = 1 — u — Ay, this reduces to showing

(n+ AL +(1—pu—AL)oy,
R

<¢,

where £ > 0 is a constant depending on ¢yin, Cmax, ¢, L, K. As A — 1 —pand O'%{/O'% — 00, the
left-hand side tends to zero. Hence there exists € > 0 and R; > 0 such that setting Ay, =1 —pu —¢
and ¢ = e satisfies the inequality whenever o7 /o7, > R;.

Finally, we choose oy, large enough to satisfy (3) with « such that 1/(av — 1) < ¢, and also
choose oy > o, - max(Ry, R1), where Ry is from Theorem 6 to ensure belief shift holds with the
chosen A, Ay, 0. This ensures all conditions hold simultaneously, completing the proof.

Appendix E. Proof of Theorem 3

The key driver of the incentive to sharing the maximum number of samples is that it allows the mean
variance under the posterior to be low enough which makes the seller more prone to being selected.
There is a fundamental limit to how low the posterior mean can be if a seller shares fewer than M
samples. This is given in the following lemma which establishes a lower bound on posterior mean
as a function of number of free samples shared (m).

Lemma 7 (Lower bound on mean of posterior) For any free sample set S,fn of size m > 2, the
mean of the posterior over variance (based on the sample variance S* of the free samples) is at
least

2 2
Og — 01,

w oH m—1"
1+ = (H)

Moreover for any o’ > oy, there is a positive probability that the mean of the posterior is > o’.

aip(m) = o7 +
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Proof [Proof of Theorem 7] The mean of the posterior distribution over variance can be written as
E[0?|S?%] = 0% (1 — 7g) + 047
= ot + (o — i),
where 7y is the probability of variance oi, under the posterior based on the sample variance S? of
S,J; ={X1,...,X;n}. By Bayes’ theorem,
1

T+ 15 A (5?)

TH = PI“(O'2 = U%|52) =

where A,,(S?) = fs2)0 (S%)/ [$2)0h (5?) is the likelihood ratio based on the sample variance of
m samples. Each likelihood function is the density of a scaled chi-squared distribution with m — 1
degrees of freedom. Hence, the likelihood ratio can be written as:

2\ (m—1)/2 )
A = ((fg) exp <_UH2§L (m—1) 52> |
o1 20107

Since S% > 0 and U%I > 0%, the exponential term is non-positive, so

o2\ (m=1)/2 o\ ™!
we(G) -G
L L

This upper bound on A, gives a lower bound on 7 :

1
ﬂ—HZ B op m—1"
1+H<E>

which yields the lower bound o (m) stated in the lemma.

For the moreover claim, fix any oy, < ¢’ < op. There is a corresponding threshold A’ <
(o /o)™ ! such that the posterior mean equals o> when A,, = A’. This corresponds to S?
exceeding a strictly positive value, which has positive probability. |

For any seller ¢ consider the event
B = {c; < ¢o, 07 < oo},

where cg, 0 are defined in the following way. Let og = (oyp(M — 1) + o3p(M))/2, where oy is
the lower bound on posterior mean given by Theorem 7. And ¢y > cpip satisfies the condition

o0V (co) < ow(M — 1)\/%(cmin)-

Such a ¢q exists since oy, (M — 1) is strictly bigger than o (given that o3 (M — 1) > op(M)
as shown in Theorem 7) and since we assume the virtual cost function ) to be continuous and
increasing.

Lemma 8 Conditioned on the event E*'“! for some seller i, no seller i’ sharing m < M free

samples will be selected. For any seller i sharing M free samples, there is a positive probability of
E;elec‘t‘
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Proof [Proof of Theorem 8] For any seller ¢’ sharing m < M samples, the posterior mean satisfies
a; > op(m) by Theorem 7. From that lemma, we also see that o;(m) > op(M — 1) > op(M)
since the lower bound established there is strictly decreasing as number of free samples increases.
Hence G is strictly greater than oy which is midpoint of o,(M — 1) and oy, (M). Additionally,
Cir > Cmin- As aresult, 0o+/1h(co) < opp(M — 1)\/¥(cmin) < Gir\/P(cir).

If there is a seller i with event E5°! realized, then for this seller, 5;1/1(c;) < 004/t (co).
Comparing to seller i’ sharing m < M samples, 5;1/%(c;) < 7;7+/%(c;) meaning that seller i’
will not be selected.

Any seller ¢ sharing M samples has a positive probability of having o; < 0. This is due to gg
being strictly less than oy, (M ). Theorem 7 establishes a positive probability for this. Furthermore,
there is a positive probability of ¢; € [cp/2, o] which is at least £cy/2(Cmax — Cmin) from our
assumption on the lower bound on densities of the cost distribution. Therefore, there is a positive
probability of Egelect, [ |

A consequence of this lemma is that the probability of a seller sharing m < M samples being
selected decays exponentially in the number of sellers sharing M samples. This is because for the
seller to be selected, the event E5°t must not be realized for any of the M samples sharing sellers,
and this event is independent for each of the sellers. This is stated in the following lemma.

Lemma 9 (Upper bound on expected utility when sharing m < M samples) Suppose J of the
K sellers share M samples. Then the expected utility of a seller sharing m < M samples is at most

(1 — q@)? o \/Y(cmax) /A, where for g > 0 is the probability of event E****“! for a seller sharing M
samples.

Proof [Proof of Theorem 9] We show that the probability of a seller sharing m < M samples being
selected is at most (1 — ¢)” and this results in the upper bound on utility assuming maximum utility
upon selection. This upper bound on selection probability follows directly from Theorem 8. From
Theorem 8, we know that if there is any seller ¢ sharing M samples, there is a positive probability
> q of event E5**“t which results in the seller i’ sharing m < M samples not being selected. So
for seller i’ to be selected, each of the J sellers sharing M samples should not have event Fselect
realized. This event is independent across all sellers. So the probability of this event not occurring
for any selleris (1 — q)’. [

Next we show a lower bound on utility of a seller sharing M samples. This lemma shows that
the expected utility of a seller sharing M samples is of the order £(1/.J2), where .J is the number
of sellers sharing M samples.

Lemma 10 (Lower bound on utility when sharing M samples) Suppose J of the K sellers share
M samples. Then the expected utility of a seller sharing M samples is at least

(1= (1—q)) 5= (1 —=Lco— cmin))’
L2J? (1—(1—42(co— cmin))”)

€ Q(1/J%),

where q > 0 is the probability of event E**“! for a seller sharing M samples.

Proof [Proof of Theorem 10] Let 7 denote the index set of the J sellers sharing M samples.

Consider the event it = | | e Eelet which is the event that one of the J sellers sharing M
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samples realizes event £°¢°t, Whenever E°¢'°°t occurs, one of the sellers in 7 gets selected by
Theorem 8. The probability of E¢*t is at least 1 — (1 — ¢)’. We provide a lower bound on the
expected utility by a lower bound on the expected utility conditioned on £¢*! times the probability
of Eselect.

To bound the expected utility conditioned on £, we perform an analysis similar to the anal-
ysis in Theorem 5 which expresses a lower bound on expected utility of a seller as in Equation (6).
We extend this analysis to bound the conditional expected utility.

Note that conditioning on E¢*! retains the symmetry in distributions of sellers in 7. Note that
the event £°¢¢" is symmetric for 7. Thatis, if a tuple ((cj, 55))jes € E*"%, then ((cs(;), 54(j))jes €
Eeleet for every permutation 3 of J. As a result the distribution of each (c;,5;) conditioned on
event %9 is the same for every j € 7.

As we did in Theorem 5, using the payment derived in Theorem 1, we can write a lower bound
on expected utility of a seller in .J conditioned on the event £t a5

Ec[Uj(c)| 5] > %Ec[]l {buyer buys from j}(%i; ¢j — Comin) | E*. @)

Consider the lower-bound quantity from Equation (7). If we sum up the lower bound over all
the sellers, we get the value ¢/ LE.[minjc 7 ¢j — cmin| E*°!]. This uses the fact that summing
E.[1{buyer buys from j|E*¢*}] over all j € J is one. Additionally, this quantity is equal for
every seller by symmetry since the conditional distribution of every seller’s parameter, conditioned
on Es¢lect ig the same. Therefore, we can write

= g ) _
EC[U]‘ (C) ’E elect] > L—JEC[(E%{I; cj — Cmin|Eselect]

Finally, we bound E.[(minje s ¢j — min| E**!] to obtain the lower bound on the expected
utility. We again use the lower and upper bounds on cost densities:

Ec[grg;l cj — cmin\Eselw] = ]Ec[?g;l ¢j — cmin|3j € T s.t. ¢j < ¢, 75 < 0p).

By independence of costs and sample distributions and the fact that the cost and sample distributions
conditioned on E5¢'°t is the same for every seller in .7, the probability of a seller having cost lower
than ¢ having posterior mean lower than o3 is 1/|.J|. Consequently,

. _ 1 .
E. [nélgc] cmin|3j € T s.t. ¢j < ¢p,05 < og] > i c[mmcj cmin|3j € T s.t. ¢j < )
J
1 Cmax
= — r[minc¢; > z|minc; < ¢gldx
J/cmm jeg ’jej / d

/CO Priminjcys ¢; > x| — Priminje s ¢; > Co]d
x
c r[mmjej ¢j < ¢l

<=

min

/ 1-F —(1— F(CD))de
1 - 1 — F(co))”

<l
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Using, f(z) < L for all z € [¢min, Cmax)>

1 1 1/ — Cmin /
Ec[mincj — cmin|3j € T s.t. ¢ < ¢, 05 < 0g] > — 7~ (¢o = cmin))
1€T TL (1= (1= Lleo = cnin))”)

Finally, combining this lower bound on expected utility conditioned on Eseet and the probabil-
ity of (1 — (1 — ¢)”) of event E*** concludes the proof.
[ |

Using these lemmas, we now establish that the unique approximate equilibrium is one in which
all sellers share the maximum number of samples.

Deviation from maximally informative strategy profile. Consider a unilateral deviation from
the profile with all sellers sharing M samples to sharing m samples. From Theorem 5, we know
that before deviation, the utility of each seller is at least (1 /K?). After deviation, from Theorem 9,
we know the expected utility is at most O((1 — ¢)® 1) for a ¢ > 0 corresponding to the probability
of event E¢°! for a non-deviating seller. Since deviation results in expected utility going from de-
caying quadratically in number of sellers K to decaying exponentially, for sufficiently large K, the
utility after deviation is lower than the utility before deviation, making the maximally informative
sample sharing strategy an equilibrium.

Deviation from any other sample sharing profile. Consider any other strategy profile where
at least one seller shares strictly fewer than M samples. Consider the seller ¢’ sharing m < M
samples with the least probability of being selected. We show if 4’ unilaterally deviates to sharing
M samples, the expected utility of ¢’ strictly increases.

Let us consider two cases for J, which is the number of sellers sharing M samples. The first
case is that J > K'/% In this case, by Theorem 9, seller 7’s expected utility before deviation is
O((1—¢)% 1/4). After deviation, since i’ becomes one among the .J + 1 sellers sharing M samples,
the expected utility becomes at least Q(1/K3) (since J < K). So far large enough K, deviation
strictly increases utility.

The other case is J < K'/4. Since i’ is the one among the K — .J sellers with the least
probability of being selected, i’ has a probability of being selected, and hence expected utility, at
most O(1/(K — v/K)). After deviation, the expected utility becomes (1/K3/4). Again for large
enough K, deviation strictly increases utility.

Choosing a large enough K, larger than what is required for both cases, concludes the proof.
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