Published as a conference paper at ICLR 2026

TWO FAILURE MODES OF DEEP TRANSFORMERS AND
HOW TO AVOID THEM: A UNIFIED THEORY OF SIGNAL
PROPAGATION AT INITIALISATION

Alessio Giorlandino & Sebastian Goldt
International School of Advanced Studies (SISSA)
Trieste, Italy

{agiorlan, sgoldt}@sissa.it

ABSTRACT

Finding the right initialisation for neural networks is crucial to ensure smooth
training and good performance. In transformers, the wrong initialisation can lead
to one of two failure modes of self-attention layers: rank collapse, where all tokens
collapse into similar representations, and entropy collapse, where highly concen-
trated attention scores lead to training instability. While previous work has studied
different scaling regimes for transformers, an asymptotically exact, down-to-the
constant prescription for how to initialise transformers has so far been lacking.
Here, we provide an analytical theory of signal propagation through deep transform-
ers with self-attention, layer normalisation, skip connections and MLP. Our theory
yields a simple algorithm to compute trainability diagrams that identify the correct
choice of initialisation hyper-parameters for a given architecture. We overcome
the key challenge, an exact treatment of the self-attention layer, by establishing a
formal parallel with the Random Energy Model from statistical physics. We also
analyse gradients in the backward path and determine the regime where gradients
vanish at initialisation. We demonstrate the versatility of our framework through
three case studies. Our theoretical framework gives a unified perspective on the
two failure modes of self-attention and gives quantitative predictions on the scale
of both weights and residual connections that guarantee smooth training.

1 INTRODUCTION

Finding the right initialisation for a neural network is a key challenge facing every practitioner before
training. Choosing the right scale for the initial weights is critical for maintaining information flow
during the forward and backward passes, which in turn ensures smooth training and good final
performance. In fully connected networks, a series of works established a clear picture of signal
propagation and trainability at initialisation by computing how the similarity of two inputs evolves as
they propagate through the same network at initialisation (Poole et al.,|2016; Schoenholz et al.| [2016;
Xiao et al., 2018} Hanin and Rolnickl [2018; [Hanin, 2018} |Doshi et al.| 2023), ultimately establishing
the optimal initialisation at the “edge of chaos” (Poole et al., [2016)).

In Transformers (Vaswani et al.| [2017)), where fully-connected layers alternate with self-attention
layers (Bahdanau et al.,|2015)), the key quantity for measuring information flow through the network is
the similarity between tokens in a sequence as it propagates through the network. Signal propagation
faces additional challenges due to two key failure modes of self-attention layers. The first is rank
collapse, where self-attention maps all input tokens to identical representations, producing an output
matrix of rank one. This phenomenon manifests as the attention pattern shown in fig.[T{a). Dong et al.
(2021)) demonstrated that networks composed solely of self-attention layers will inevitably collapse
any input sequence into uniform token representations at a rate that is double exponential in the
number of layers. This rank collapse fundamentally destroys input sequence information and impedes
effective training by inducing vanishing gradients (Noci et al.|[2022)). Entropy collapse represents
the second failure mode, where queries attend to only a small, frozen subset of tokens irrespective of
the input, leading to low Shannon entropy of the attention distribution (hence the name) and, more
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Figure 1: Two failure modes of Transformers at initialisation, and how to avoid them. (a) Rank
collapse occurs when the self-attention layer attends uniformly to all tokens, mapping all input tokens
into the same output token. (b) Entropy collapse is a regime of highly saturated attention matrices
which attend to random, semantically meaningless patterns, leading to training instability
[2023). (c) Trainability diagram for a 60-layer BERT Transformer, obtained from our analytical
theory of signal propagation, see algorithm[I] Depending on the strength of the self-attention residual
connections aga (eq. (E[)) and the scale of initial key and query weights [ (eq. (E[)), we delineate
the three regimes of rank collapse, entropy collapse, and the regime where the Transformer is
trainable (blue). (d) Average cosine similarity between token embeddings of a sequence taken from
the TinyStories dataset as it propagates through the layers of a vanilla BERT model for different
self-attention residual strengths; empirical measurements (dots) closely follow theoretical predictions
(solid lines). Sufficiently large residual connections g are key to preventing the similarity between
tokens from becoming unity, which would indicate rank collapse. (e) Test loss of a 60-layer BERT
model on TinyStories for two initialisations from each regime. Models suffering from rank or entropy
collapse at initialisation fail to train, as predicted by theory. Full experimental details in section@

importantly, unstable training (Zhai et al.| 2023)). An attention matrix exhibiting this pathology is
shown in fig.[T{b).

1.1 RELATED WORK

Previous work has highlighted the importance of skip connections in mitigating rank collapse
let alll 2021} [Noci et al.} 2022} Wang et al.},[2024)), and [Zhai et al.| (2023)) suggested a modification
of the self-attention layer that helps avoiding entropy collapse. However, a quantitative, unified
description of how these two distinct phenomena emerge has been lacking. Our result[T]fills this gap,
providing clear guidance on how to jointly avoid both issues by appropriately choosing the strength
of residual connections and the scale of initial weights.

The main challenge in studying information propagation in Transformers arises from the self-attention
layers. Previous works either assume uniform attention (Noci et al}, [2022)) or approximate the
average behaviour of a self-attention layer by taking expectations separately over the numerator and
denominator of the softmax (Cowsik et al.,[2024)) — a strong simplification that fails the behaviour
of large initial query and key weights, which is responsible for entropy collapse. In contrast, we
analyse the standard softmax Transformer in the complementary limit of infinitely long sequences
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by leveraging tools and concepts from statistical physics. Our theoretical framework provides a
unified explanation for — and a practical solution to — the emergence of both failure modes observed
in practice: rank collapse and entropy collapse.

Further related works. |Geshkovski et al.| (2023ajb) developed an elegant mathematical framework
that models Transformers as interacting particle systems, revealing emergent clustering phenomena
in token representations. Boncoraglio et al.|(2025) determines Bayes-optimal generalisation error for
attention-indexed models at finite sequence length 7', while we consider the complementary limit
of T' — oo. Bordelon et al.| (2024) analyses mean-field training dynamics in various limits: infinite
query/key dimensions, infinite heads, and infinite depth, leveraging dynamical mean field theory to
derive feature and gradient kernels. [Noci et al.|(2023) provide a description of the limiting distribution
of the covariance matrix of token embeddings in the proportional limit of infinite width and depth for
a modified Transformer architecture while we explore the complementary limit of infinite sequence
length. We revisit their result in section [5}

1.2  CONTRIBUTIONS

Our main contribution is an analytical theory of signal propagation in deep Transformers with
self-attention layers, skip connections, layer normalisation, and MLPs. Our theoretical framework
yields a simple algorithm to compute the evolution of the typical overlap between token embeddings
as sequences propagate through deep, off-the-shelf Transformers at initialisation. This enables
us to construct trainability diagrams such as the one shown in fig. [T[c) for a 60-layer BERT-style
Transformer. By varying the scale of initial key and query weights 3, eq. (9), and the strength of
the skip connections of the self-attention layer asa, eq. (5), we identify three regimes for signal
propagation: entropy collapse dominance (red), rank collapse dominance (yellow), and a trainable
regime characterised by small initial weights and strong skip connections (blue). The critical threshold
for query/key variance, (3., emerges as a global property, while the critical threshold «, for residual
strength depends on network depth: for any given model depth, our theory predicts the minimum
residual strength required to guarantee signal propagation and ensure trainability.

We validate our theory in two ways. In fig.[T(d), we show that our theory (solid lines) accurately
predicts the average cosine similarity between tokens (averaged over all token pairs in a sequence)
when propagating sequences from the TinyStories dataset (Eldan and Li, 2023)) through a vanilla
BERT model (Devlin et al., [2019) at initialisation (dots). In fig. Eke), we show the test loss of a
60-layer BERT model on TinyStories for two initialisations from each regime; models suffering
rank or entropy collapse at initialisation indeed fail to train, as the trainability diagram predicts. We
provide further applications of our theory in section[3]

We also make the following additional contributions:

* We identify a sharp phase transition in the behaviour of self-attention in the limit of infinite
sequence length, using tools from statistical physics (Derridal [1981). Below a critical
value 3, of the initial scale 3 of query/key weights, eq. (9), attention matrices are approx-
imately uniform, while for 8 > f., they are highly saturated, causing rank and entropy
collapse, respectively, see result[T}

* Our results are exact in the limit of very large sequences. We calculate finite-size corrections
that are essential for obtaining precise, practical predictions, see section [3.2]

* We analyse the backward pass by deriving an exact expression for the norm of the gradient
of query and key weights at initialisation, and find that gradients vanish for 5 < ., see

section3.3]

* We integrate our results on self-attention and normalisation layers with existing results on
MLPs to derive simple algorithms like algorithm I|that yield trainability diagrams like the
one shown in fig.[Tk, see section 4]

* We demonstrate the versatility of our framework by considering three case studies: signal
propagation in a standard BERT architecture; comparing different placements of LayerNorm;
and comparing variations of the self-attention mechanism itself, see section[3]

In summary, we provide a full theory of signal propagation in deep Transformers that unifies two
phenomena previously discussed separately, namely entropy and rank collapse. Tuning initialisation
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hyperparameters in accordance with our theoretical analysis enables accurate prediction of the
trainability of very deep models, offering practitioners a principled approach to designing and
initialising Transformer architectures for reliable training at scale.

2 SETUP AND NOTATION

We consider a vanilla Transformer encoder (Vaswani et all [2017) that processes se-
quences {X; }4=1, .1 of T tokens embedded in a d-dimensional space. We analyse signal propaga-
tion through a complete Transformer block comprising self-attention, residual connections, layer
normalisation, and a feed-forward MLP.

Layer Norm. We consider layer normalisation (Ba et al.,2016) which centers each token embedding
and rescales it by its standard deviation; for simplicity, we omit the affine transformation:

IN(X,) = —t - e (1

Var[X;]  d=2(| X

where || X¢|| is the Euclidean norm. We consider both pre-norm and post-norm variants.

Self-Attention. Given the query, key and value weight matrices Wq, Wx, Wy € R?*4, the attention
score between tokens X; and Xy is

1
Ay = ﬁ

These scores are normalised via a softmax operation to obtain the attention weights, which are then
used to compute the weighted sum of the value projections:

(WoXe)T (Wi Xy). )

T
S(X)t = Z Att’WVXt/~ (3)

T ar
Z‘r:l emr t'=1

MLP. Each embedding X, is processed independently by a shared two-layer feed-forward network
with hidden dimension d and non-linearity ¢:

MLP(X;) = Wa ¢(W1 X + b1) + ba, “4)

The weight matrices W7, W5 and the biases b1, by are initialised with i.i.d. entries of zero mean and
variance 7%/d and o, respectively.

Residual Connections. We write the residual connections for the self-attention and MLP blocks as
RESSA(X) = S(X) + aga X, RESMLP(X) = MLP(X) + ampX, (@)

where o > 0 are the strengths of the skip connections.

Sequence Structure. Since token embeddings are sampled i.i.d. at initialisation, standard concen-
tration results (Vershynin, [2018), sec. 3.1) in high dimension d imply that their norms concentrate,
while pairwise overlaps scale as O(d~'/2). Under self-attention, these tokens mix and their overlaps
evolve as the sequence propagates in depth. Two key quantities to describe the evolution of token
similarity are the overlap and cosine similarity matrices

Gts

A qttQss ’

which measure the degree of alignment between two tokens in a sequence. Our theory provides a
framework to analytically track the evolution of these quantities through transformer blocks.

1
dts = EXt . Xs Pts = (6)

Notation. We denote the average over tokens or token pairs with brackets (-), whilst E[] denotes
the average with respect to the initialisation of the parameters Wg, Wi, Wy, .
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3 A THEORY FOR SIGNAL PROPAGATION IN TRANSFORMERS

The main challenge in analysing information flow through a Transformer is handling the self-attention
mechanism with its strong non-linearity and its normalisation step. In this section, we derive a theory
for signal propagation by leveraging a formal similarity between self-attention and the Random
energy model of Derridal (1981)), see section[3.1} Using tools and concepts from statistical physics,
we give an asymptotically precise characterisation of signal propagation in self-attention layers in the
forward pass in section[3.2] We analyse the backward pass in section [3.3] To complete the picture,
we finally add the remaining elements of the Transformer architecture in section 4} which yields
algorithm [T]to compute the trainability diagram of Transformers.

3.1 SELF-ATTENTION AND THE RANDOM ENERGY MODEL

The starting point of our analysis is an exact mapping of attention at initialisation to a model of
disordered systems from statistical physics, called the Random Energy Model (Derridal |1981). This
mapping was previously identified by [Lucibello and Mézard| (2024) in the context of associative
memories; our novelty lies in leveraging it to provide an exact description of signal propagation.

The Random Energy Model (REM). The REM is a simple model of a disordered system with N
spins s that has O(exp(V)) possible configurations. Each configuration has an energy F(s) drawn at
random from a Gaussian distribution with variance O(N') — hence the name Random Energy Model.
The probability of each state is given by the Boltzmann distribution with inverse temperature 5 > 0:

o~ BE(s)

T Tr, e PEG) @

p(s)
The probability of a state p(s) and the attention Ay between a pair of tokens, eq. (3)), thus share the
same mathematical structure: a normalised exponential with a random argument. While the energies
in the REM are random by construction, the self-attention scores a; are random at initialisation
due to their dependence on the random initial weights. We therefore interpret a row of the attention
matrix as a REM, with the full attention matrix representing 1" copies of the system.

Mapping of Self-Attention to the REM. We initialise the query/key projection parameters i.i.d. with

variance a% = U?( = 9a/d so that the attention scores, defined in eq. ll are normally distributed

with mean O and variance 02. While both REM energies and self-attention scores a; are Gaussian,
the key difference between them is that attention scores are correlated. Averaging over the realisation
of Wg, Wi, we get the following correlation structure (see section [B.1):

E [atsaro] = U%U%{ (Xt . XT)(XS . XO') = qutTQSo'- (8)

We extend the REM framework to account for these correlations; consequently, the critical inverse
temperature derived in result[I]depends on these underlying geometric quantities.

The only free parameter is 02, and thus the initialisation of query/key weights, which controls the
scale of attention scores and, as we will see later, the sharpness of the self-attention mechanism.
The remaining step is to match the scaling of attention scores with sequence length to the random
energies.

Scaling of Query/Key Weights. In MLPs, the natural scaling for weight variance is O(1/d) (He
et al.L[2015), ensuring that neuron pre-activations remain O(1). For self-attention, the REM analogy
suggests that the natural scaling for query and key weight variance should make the attention score
variance O(log T"), where T is the sequence length, to match the energy of a REM with N degrees of
freedom, whose energy typically scales as O(N) with fluctuations of O(+/N), while the partition sum
runs over O(e) configurations. Self-attention only sums over 7 tokens in the sequence, suggesting
that attention scores should scale like O(v/logT'). This motivates us to control the variance of
attention scores via a constant inverse "temperature" parameter 3 € R as:

0’3220'%{20'@/6[ 0q = B+/1ogT. 9)

This scaling is, to our knowledge, novel and complements the existing literature on various
reparametrisations of the infinite-width limit (Yang and Hu, 2020) by accounting for the infinite
sequence length limit.
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Figure 2: Phase diagram for a single layer of self-attention. We use result to plot the average
cosine similarity between pairs of tokens after one layer of self-attention as a function of the query/key
variance parameter (5 and the input average cosine similarity p. (Left): Theoretical phase diagram
obtained from result|I| (with ¢ = 1 and p = p). For 8 < (., we observe a rank collapse phase, where
all input tokens map to a single output direction and the cosine similarity saturates at 1. For 3 > f,,
token diversity is preserved, but entropy collapse emerges. (Right): Simulations with embedding
dimension d = 512 and sequence length T' = 1024 qualitatively reproduce the theoretical transition,
with deviations attributed to finite-size effects, as discussed in section @

3.2 FORWARD SIGNAL PROPAGATION THROUGH A SELF-ATTENTION LAYER

By tracking the average squared norm E(g;;) := ¢ and the average overlap E(¢:,) := p, we describe
the evolution of the average cosine similarity p and of the inverse participation ratio (IPR), which
serves as an indicator of entropy collapse. The IPR of an attention row is defined for all queries ¢ € T’
andr € Nas

T
v =3"Ar (10)
s=1

For r = 2, the IPR estimates the effective number of tokens receiving attention: a small IPR, scaling
as o (1), corresponds to delocalised attention, while a non-vanishing IPR indicates that only O7(1)
keys matter, signalling sparse self-attention and entropy collapse. Larger values of r sharpen the
distinction between localised and delocalised attention vectors.

We state the result below and provide its derivation in section[B.2]

Result 1 (Average Cosine Similarity Update under Self-Attention). Let W and Wi be initialised
with i.i.d. entries with variance 0% = 0% = B\/log T /d, and Wy, with variance o3, = o2 /d. For
a sequence with average squared token norm q and average pairwise overlap p, define the critical
initialisation scale B.(q,p) = , /ﬁ. In the limit of infinite width d — oo and infinite sequence

length T — oo, we then have that:
1. The evolution of the average cosine similarity p takes the form:

(b _ P B 1’ ﬁ < ﬁC(qap)v 11
O =T E e ot e

2. The average inverse participation ratio (IPR) Y;(z) satisfies Vit € [T):

{0, B < Be(g.p)

lim EY,? = y®(g) =
! 1_W7 ﬂ>ﬂ6(q7p)

T—o0

(12)

Result[T]allows us to draw a phase diagram that describes the behaviour of self-attention for different
values of /3 and the input cosine similarity p, see fig.[2} Before we discuss the phase diagram in detail,
we comment on the definition of the critical 5. and on finite-size effects.
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Figure 3: (a, b) A phase transition in the impact of query / key initialisation on training
dynamics. Average Shannon entropy of attention’s row and the test loss of a Transformer with
a single layer of self-attention trained on masked language modelling on TinyStories as we vary
the scale of the initialisation from small to large initial weights (blue to red). Small initial weights
(blue) permit attention to diversify over time, supporting effective learning, while large-variance
initialisation (red) collapses the attention to only a few tokens, visible in an entropy that quickly
goes near zero. Here .(p = 0) = V2. (c) Norm of the query gradient. Frobenius norm of
the gradient of the loss with respect to query weights for various combinations of sequence length
T = 2048,4096,8192 and embedding dimension d = 256,512,1024. As predicted by result 2}
gradients collapse for different 7" and d, and vanishing gradients afflict the low-/ regime.

Definition of J. and Finite-Size Effects. A key element of our analysis is the convergence

behaviour of the softmax normalisation Z(3) = Zle e®~, which depends on S through the scores

a:r (see eq. ). We define 3. as the value of 8 at which the law of large numbers for Z breaks down,
i.e. the value for which Z(3) no longer concentrates around its mean as 7' — oco. However, as noted
by Ben Arous et al.|(2005), the central limit theorem for Z—which guarantees Gaussian fluctuations
around EZ—already fails at a lower threshold 3. = S./2. Since T is large but finite in practice,
we therefore expect our asymptotic predictions to remain accurate for 5 < [., where fluctuations
are still approximately Gaussian. For 8 > f3., these finite-size fluctuations become non-Gaussian,
signalling a gradual crossover toward the broken-LLN regime rather than a sharp transition exactly at
(. This mechanism accounts for the discrepancies between theory and simulation observed near the
critical inverse temperature in fig. [2|

Rank Collapse. The phase diagram shown in fig. 2] exhibits a phase transition in the cosine similarity
between tokens after self-attention. For small initialisation 8 < [, self-attention operates in a
‘spread attention’ phase where the attention layer effectively outputs the average of all tokens, making
the pair-wise cosine similarity between tokens saturate at one, resulting in a rank-one representation
matrix. In the absence of skip connections, this behaviour leads to rank collapse, which makes the
Transformer untrainable. This behaviour is also reminiscent of the “clustering” property analysed by
Geshkovski et al.|(2023b); [Bruno et al.|(2025); /Chen et al.| (2025)).

Entropy Collapse.For 3 > f3., the self-attention layer preserves diversity, and hence information,
among input tokens, suggesting this regime as a viable initialisation. However, the non-vanishing
value of the IPR for 3 > f,, eq. (I2), reveals that self-attention is in a localised phase in this regime:
it only attends to a few tokens which are determined by initialisation, rather than learnt, leading to the
training instabilities observed by |Zhai et al.| (2023)). In other words, for 8 > . self-attention suffers
from entropy collapse, which cannot be avoided using skip connections. This behaviour is a central
novelty of our analysis: [Noci et al.|(2022) assumes the model operates entirely in the rank-collapse
phase, thereby overlooking this distinct failure mode, while the “annealed” approximation of (Cowsikl
et al.| (2024)) does not capture the large-deviation behaviour underlying entropy collapse.

Take-Home Message. The main implication of result 1]is that the only viable initialisation for
self-attention lies in the small-variance regime 8 < [3., supplemented by skip connections to maintain
information flow. To illustrate this, we train a one-layer Transformer on a masked language modelling
task at varying 8. As shown in fig. [3] the two phases — spread vs. localised — exhibit distinct
training behaviours. In the low-variance regime, skip connections help mitigate rank collapse,



Published as a conference paper at ICLR 2026

enabling successful training. In contrast, in the high-variance regime, the attention vectors’ entropy
collapses, and the model fails to train effectively, as escaping the pathological initialisation and
learning meaningful patterns would require prohibitively long training. Overall, this result unifies
two previously observed phenomena, namely rank and entropy collapse, within a single theoretical
framework: the onset of either phenomenon is separated by a sharp phase transition, governed by the
variance of the query and key weight initialisation, as parametrised by /.

Sequence Geometry in Depth. We assumed i.i.d. token embeddings, which implies that before
any processing the sequence forms a simple random geometry: by concentration of measure, the
tokens lie near the vertices of a high-dimensional simplex, with ¢;; ~ 1 and ¢;s ~ 0. As the
sequence is propagated through a Transformer at initialisation, this simplex structure is preserved
in the long-sequence limit (i.e. g+ ~ ¢ and g5 ~ p), as shown in section[B.2.3] although the values
of ¢ and p themselves evolve with depth. Thus, result[I|provides a way to track how the geometry
changes across layers: given the geometric pair (g, p) at layer [, we plug it into the update map to
obtain the new pair—and hence the updated geometry—at layer [ + 1.

Before introducing the remaining Transformer components—residual connections, MLPs, and layer
normalisation—we analyse the backward pass through the self-attention layer.

3.3 THE BACKWARD PASS

To complete our theory of signal propagation, we derive the following result on the norm of the
gradients of query and key weights at initialisation (see section [B.4]for the derivation):

Result 2. (Query/Key Gradient Analysis) In the limit T — oo, under the same hypothesis of result[]

the expected squared Frobenius norm of the query gradient, and analogously for the key, is given by

T E H oL
d2\/log T 119We
where C'is a constant independent of T and d. The same result holds for W.

2F = CBo2qlq—p) [(q -p)(Y® —2v®) +p(Y(2))2} . (13)

Vanishing Gradients. Result 2| shows that gradients can vanish under two conditions. First, we
see that if ¢ = p, i.e. if attention is uniform and maps all input tokens into the same output token,
gradients vanish. In this case, we recover the well-known result of [Noci et al.| (2022) that showed that
if the inputs to the self-attention layer are already collapsed, and hence all the tokens are the same,
gradients vanish. Result[2] goes beyond their result to show that even if input tokens are diverse, i.e.
p # ¢, gradients vanish if 3 < 3, because in that regime, the inverse participation ratios Y (2) and
Y ®) tend to zero as the sequence length 7' — co. For long but finite sequences, finite-size effects
reduce the threshold down to 8 < 8. = (./2 (see section . We numerically verify result in
fig. Bk, where we show that (1) the curves of gradient norm versus initialisation strength collapse
with the scaling suggested by result and that (2) gradients do indeed tend to zero for 8 < [..

Our analysis of the backward pass raises a paradox: initialise with 3 < ., and gradients vanish;
initialise with 5 > f3., and self-attention is stuck with entropy collapse. We discussed in the previous
section that entropy collapse can only be avoided by initialising with small weights 5 < 3. and adding
skip connections. So where do the gradients come from? Result[2] relies on the simplex structure
of the embeddings. While this structure holds exactly at initialisation, the embeddings receive a
non-zero gradient through the skip connections already in the first backward pass, independently of
the value of 5. These updates break the simplex structure on which our derivations depend, and thus
also invalidate the vanishing-gradient result, which applies only at initialisation.

4 FULL TRANSFORMER BLOCK ANALYSIS

We now describe how to track signal propagation through skip connections, LayerNorm, and the MLP,
and then show how these components combine into simple iterative algorithms. Such algorithms allow
practitioners to predict the evolution of the average cosine similarity across Transformer layers and to
generate trainability diagrams that reveal viable hyper-parameter regimes for a given Transformer
architecture. An example for BERT-style post-norm Transformers is given in algorithm[I} additional
variants, including pre-norm, are reported in section



Published as a conference paper at ICLR 2026

Self-attention layer. The order parameters characterizing sequence geometry evolve in the self-
attention layer as derived in section[B.2.3}

as =02 (p+@-n)Y?Bap),  ps=olp, (14)
where we recall that E[W;} Wy| = o2 1,. Taking the ratio of these expressions recovers the cosine-
similarity update of result[T]

Adding residual connections. Because Wy, is independent of the residual stream, adding a residual
connection of strength asa contributes additively (see section[B.5.1)):

g4 as+q0sy, P Dps+pags (15)
An analogous relation holds for the MLP residual path.

Adding MLPs. How the signal propagates through the MLP layers follows from the results of |Poole
et al.|(2016)); Schoenholz et al.|(2016). For a two-layer ReLU MLP, the evolution of squared norms
¢ and pairwise inner products p¥) is:

2
4O :Ui/pw(\/ﬁz) to2 1=2,... L
p) = o2 /Dz¢<« /q(=1) Zl) ¢(\/q(l—1) 22> + of,

where ¢ is the activation function and z = (21, 22) " is a pair of standard Gaussian variables with

covariance p—1 = pl=1) / ¢~Y. The initial conditions after the first linear layer are ¢(!) =

qo? +of and pM) = po? 4 o}. For a two-layer ReLU MLP, the second-layer outputs simplify to:
172 (7'2

¢ =% qW+a7, p® =% fpM) + 03, (16)

where f(p) captures correlations after the ReLU
nonlinearity (Cho and Saull (2009)):

F(p) = £ (VT= 07 + p(x — arccos(p)) )

After including the MLP residual connection, the
updated quantities become:

Algorithm 1 Post-norm Block Update

. . 2 2 2
: Inputs: 3, q, p, asa, amrp, 0y, 05, 05

: > Attention layer + residual

. 2
P Be = a(q—p)

FY?(B) = max(0,1 - Be/B)

Lq oy (p +(@—-p)- Y(z)(ﬁ,q,p)) +q-asaz
tp (o) +ad)

: > Post-norm LN

tpep/e gl

LayerNorm. The remaining component is layer ~ 9: > MLP + res1du231 ) )
normalisation, which simply enforces 10: g1 = owg+oy: preoupto

11: g2+ Z2qu+op; p2+ 22 f(pr/a)q +op
12: g < g2 + aupd; P p2 + Aep

13: > Post-norm LN

14: p+p/qg; q+1

15: return (g, p)

q + ¢P+qadyy, p < PP +pajyp. (A7)

Taking their ratio gives the full block-level update
of the average cosine similarity.

p b q+ 1.

This update should be applied at the position dic-
tated by the specific Transformer variant under
consideration.

We conclude the paper by outlining several applications of the resulting algorithm.

5 APPLICATIONS

To showcase the versatility of our approach, we consider three case studies: signal propagation
in a standard BERT architecture; comparing different placements of LayerNorm; and comparing
variations of the self-attention mechanism itself.

Signal propagation in a vanilla Transformer. We first used algorithm([I]to analyse signal propagation
in a BERT-style Transformer (Devlin et al., 2019). Since BERT uses the post-norm convention for
LayerNorm, we state the algorithm|I|for the post-norm architecture; see algorithm 2] for the pre-norm
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version. The algorithm states the update for the average norm ¢ and average overlap p; the average
cosine similarity can be read off after each block simply as p = p/q. Iterating the algorithm for
different values of 3 and asa finally yields the trainability diagram shown in fig. [T(d).

Placement of LayerNorm. |Xiong et al.|(2020) showed that placing LayerNorm before the self-
attention layer and before the MLP greatly stabilises the training of deep Transformers. Comparing
signal propagation using our algorithm, we show in fig. [ that rank collapse, corresponding to an
average token similarity of (p) = 1, does indeed occur much later for pre-LN than for post-LN,
confirming pre-LN as the more stable choice.

Avoiding All Collapses: gain-controlled attention.
A recent line of work has sought to alleviate rank col-

lapse by directly modifying the self-attention layer it- 1.0

self. [Noci et al| (2023); Naderi et al| (2024) proposed post-LN

to enforce the attention layer to be a perturbation of 0.8 1 _ grg';:st_m
the identity. Noci et al.| (2023) derive an SDE descrip- —— GC pre-LN
tion of the limiting distribution of the overlap (or neu- < 0.6 -

ral covariance) matrix in the proportional limit where

both width and depth go to infinity. To obtain this 0.4

limit, they introduce a width-dependent temperature

parameter and remove layer normalisation. However, 0.2 1

layer normalisation is crucial for preventing entropy 0 20 40 60 S0 100
collapse: the critical value .(g, p) identified in re- Layer

sult[T]depends inversely on the squared average norm

q- Using our framework, we can show that simply  Fjgure 4: Theoretical prediction of the evo-
removing the mean of the values along the sequence Jytion with depth of the average cosine sim-
from the output of the standard self-attention layer, jjarity for the standard Transformer and the
also explored in (Naderi et al.,{2024) and reminiscent  Ggin-controlled Transformer under both LN
of gain control in neuroscience, can be combined to  g(rategies. Rank collapse is avoided simply by

great effect with either post-LN or pre-LN. In fig. Bl removing the mean value in the self-attention
we show the theoretical prediction for the evolution layer. Here, we set agy = anrp = 1.

of the average cosine similarity, illustrating how this

modification alleviates rank collapse. Our prelim-

inary experiments with a thirty-layer BERT-style Transformer trained on TinyStories show that
gain-controlled Transformers succeed in regimes where vanilla attention fails, see fig. [6] encouraging
further experiments at scale which are however out of the scope for the present paper. As a final note,
in order to propagate the signal infinitely deep, one should simply use gain-controlled attention and
initialise the MLPs at the edge of chaos.

Autoregressive Models. Our theory relies on the observation that, when starting from embeddings
with a simplex structure, non-causal transformers preserve this structure in depth in the limit of
infinite sequence length. In this regime, the representation dynamics can be fully described by only
two parameters: the average squared norm ¢ and the average overlap p. A key ingredient in this
result is the infinite-sequence limit itself. For autoregressive models, however, this limit introduces
additional subtleties. Early tokens do not satisfy the simplex geometry because they have access to
only a small fraction of the sequence context, and in this regime the geometry is more complex and
two parameters are no longer sufficient. As one moves to later tokens, the geometry is progressively
restored. Consequently, in causal models rank collapse does not occur at the level of the full sequence;
instead, for sufficiently long sequences, it can emerge in the representations of tokens appearing later
in the sequence. Our theory approximates late-position tokens, tracking how their pairwise similarity
changes with depth and predicting when their representations collapse (fig. [I2)).

CONCLUSIONS

We developed a theory for signal propagation in Transformers that unifies the understanding of
the two main failure modes in Transformer training: rank collapse and entropy collapse. Building
on these insights, we find new evidence for the viability of a simple architectural modification of
self-attention, the gain-controlled self-attention, that avoids both failure modes, which would be
interesting to explore at scale in future work.
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A FIGURE DETAILS

All experiments have been conducted using a single NVIDIA A100-PCIE-40GB. Training times vary
from approximately one hour (one layer models) to one day (60 layer models).

A.1 FIGURe(l]

(a, b) Attention visualizations obtained using BertVviz (Vig,[2019) on a single-layer, single-head
Transformer at initialization. The attention maps illustrate the effect of varying 3 (directly related to
variance of queries/keys): in yellow, a model initialized with 8 = 0.1 (low-variance regime, resulting
in approximately uniform attention distributions), and in red, a model initialized with 5 = 1.8
(high-variance regime, leading to sharp attention).

(c) Trainability Diagram for a 60-Layer BERT Transformer. The diagram is based on the critical
value . = v/2, which marks the threshold at which entropy collapse occurs in the first self-attention
layer under the assumption of i.i.d. and normalised token embeddings. In post-norm architectures
(such as BERT), we always have ¢ = 1 at the self-attention layer, so 8. = /2/(1 — p). Since p
increases with depth, the smallest critical value is the one at the first layer (where p ~ 0), and we
therefore use this value as a single critical threshold for the entire network (i.e. all layers are initialised
with the same variance). In other Transformer variants, such as pre-norm, the critical threshold also
depends on the average squared norm, so one must determine the appropriate critical value for each
layer individually.

The residual-strength threshold is defined as the smallest value of the residual scaling factor aga
below which rank collapse (loss of representation diversity) occurs across all 60 layers.

(d) Evolution of cosine similarity between token embeddings across layers in a 60-layer Transformer
initialized in the low-variance regime (using standard HuggingFace initialization for queries and keys,
which corresponds to small 3. Lines denote theoretical predictions, while dots indicate empirical
averages over 10 random initializations and 10 input sequences. (Error bars are the standard deviation.)
High similarity indicates representational collapse.

(e) Same as (d), but for a 12-layer Transformer initialized in the high-variance regime (3 = 1.8).
Again, lines show theoretical predictions and dots indicate empirical means. Remark: we intentionally
use a shallower model in this regime to ensure that any training failure observed in panel (f) is
attributable to entropy collapse rather than rank collapse, as signal propagation across 12 layers is
guaranteed.

(f) Pre-training results for BERT-style encoder models using a masked language modeling task
(masking probability = 0.15) on the TinyStories dataset. We compare models with 60 layers (blue
and yellow: small 8 ~ 0.02 < f3.) and 12 layers (red: 5 = 1.8 > f.). In particular learning curves
in the three phases are: trainable (8 ~ 0.02, asa = 1.5, 2), rank collapse (8 ~ 0.02, asa = 1.0),
entropy collapse (8 = 1.8, asa = 1.0, 1.5, 2.0). Remark: 5 ~ 0.02 corresponds to the standard
initialization from Hugginface given the set of hyper-paramters we are using. All models use ReLU
activations, 6 attention heads, embedding dimension d = 600, and absolute positional embeddings.

13


https://www.aclweb.org/anthology/P19-3007
https://books.google.it/books?id=jhCM7i0a6UUC
https://books.google.it/books?id=jhCM7i0a6UUC

Published as a conference paper at ICLR 2026

2

Initialization: 02, = 0.2, o7 = 0.0004, 0 = o02; standard HuggingFace initialization for

queries/keys; no biases or affine transformations in LayerNorm.
Residual scaling: asa as shown in the figure, app = 1.0.

Optimizer:AdamW  with  learning_rate=1e-4, num_train_epochs=1, batch_size=64,
max_grad_norm=1.0, Ir_scheduler_type="linear", weight_decay=0.01, and warmup_ratio=0.05.

Note: 5. = B.(p=0) = V/2 is the critical threshold for the first layer of self-attention, which at
initialization takes inputs that are approximately orthogonal.

A.2 FIGURE

(Left) Theoretical prediction.

(Right) Cosine similarity averaged over all pairs of tokens when passing a sequence of length
T = 1024 with embedding dimension d = 600 through a single self-attention head.

A.3 FIGURE[G]

Pre-training 1-layer Transformer with 1 head using masked language modeling (masking prob-
ability = 0.15) on TinyStories. Embedding dim d = 768, standard residual strengths, ReLU
activation, absolute position embedding. Custom init of queries’keys with s as in figure;
standard init for other weights, no biases for queries/keys, no affine in LayerNorm. Opti-
mizer: AdamW, learning_rate=5e-4, num_train_epochs=1, batch_size=64, max_grad_norm=1.0,
Ir_scheduler_type="linear", weight_decay=0.01, warmup_ratio=0.05.

B THEORY APPENDIX

B.1 ATTENTION SCORES ARE CORRELATED GAUSSIAN VARIABLES.

Consider the attention scores defined in eq. (Z). By the Central Limit Theorem, they converge in
distribution to Gaussian random variables with zero mean and variance o2, where d is the embedding
dimension (or head dimension in the multi-head case), and o2 is determined by the initialisation of
Wq and Wi as described in section [2| Although the scores a;y are individually Gaussian in the
infinite width limit (d — o0), they are not independent; in fact, they are correlated. To quantify these
correlations, we compute:
1 d
COV(atsaaTa) = E Z XtiXst'rlXcrn E[(WQ)jZ(WQ)ml]]E[(WK)jk(WK)mn]

4,7k, l,m,n=1

Since the query and key weights are independently initialised with variances aé = 0% = %a/d, this
simplifies to:
E [atsaro] - 0-320%{ (Xt . XT)(XS . XU) = O’thquU- (]8)

B.2 DERIVATION OF RESULT ]
B.2.1 COMPUTATION OF Y (3 ()

Consider the partecipation ratio of the ¢-th row of a self-attention matrix average over the initialisation
Wq, Wk.

20.1,3
Ey® — g 2"

(e
We also define
®4(8,h) = Elog Z;(B, h) (19)
where
T
Zy(B,h) =) e, heR
s=1
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and we recall that 3 enters in the definition of the covariances between the a’s, as they are all
proportional to 02 = 32 log T
We want to exploit Stein’s lemma, which yields:

Zs atsehats
On®:(B,h) =E [W

T hags
€
- 2 Flel® o (o) o

with the correlation between attention scores given by eq. (I8). We assume ¢+ ~ ¢ for all ¢, due to
concentration of measure. For the pairwise overlaps, we proceed as follows: at the first layer, all
tokens are approximately orthogonal, making it safe to assume ¢q;s ~ 0Vt # s € [T]. One then
derives the update for this layer and observes that, in the limit of infinite sequence length (as we will
briefly show), the update becomes independent of the indices to leading order. By repeating this
argument across layers, it is therefore justified to treat the ¢;5 as having a common mean p together
with sub-leading Gaussian fluctuations, which we neglect since our analysis focuses on the average
overlap. Applying this argument, we get:

eha,,S tha,,S ehat,s ehats/

—q -D — ;2
S, ehatu >, ehatu)2 %;S >, ehatu)Q

= holq(q—p) (1 - EYt(g))

Op®:(B,h) ~ hoiqZ]E q

Finally, this leads to:

. @ _ 4 1 o
A BN = = A O ) b

To proceed, we are left with computing the expectation ®, (3, h) = E [log 3 e"=].

The remaining computation amounts to evaluating a variant of the Random Energy Model (REM),
but with correlated energy levels due to the structure of the a;s variables. This problem can be
tackled using the Replica method or, alternatively, via a micro-canonical argument, as discussed in
M¢ézard and Montanari| (2009). Here, we proceed with the Replica method.

We compute the replicated partition function as:

n T n
E.Z7(5.h) = E [(z) ]: &, [oxp (hz)]
s S1yeens sp=1 a=1
T n
h2c2
= Z exp | — S Z Elats, ats, ]
S14eeey8pn=1 a,b=1
d h2c2
— a - - r_
= D e |t g Isa=s)tap Y D s = sa)l(s = s)
S1yeney sp=1 a,b s#s’ a,b
(22)
We now introduce the empirical overlap matrix:
Qab = H(Sa - Sb)
and perform a change of variables from replica indices to overlap structures (), giving:
h20?
EoZ(8,0) =D > [[0(Qu, I(su = sp)) exp | =% (q = p) Y Qus + O(n?)
Q {sq} ab a,b
2,52 )
=D 5(@exp | —*a(g-p) Y Qu +O(n°) (23)
Q a,b
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Figure 5: Theory and experiments (I’ = 10°) comparison of the computation of Y (?)(3), finite size
effects are visible around the phase transition.

Now we take the 1-RSB ansatz for Q: the n replicas are diveded into % groups of x elements which
are in the same energy configurations.

Moreover, we need to consider exponentially long sequences, i.e. we take 7' = e and control N.
This implies:

S(Q)zeN%' ZQab:’ﬂfE
ab

So exploiting the replica trick and recalling the definition of 0’2, we get:
2 h2

1
@(5,1)/N = max " g (g p)a+ @)

which leads to the existence of a critical temperature (.(h, ¢, p) = %, / q(q2_p) where a condensation

phase transition takes place. In particular we have:

®4(B,h)/N = {1 + @q(q—p) B < Be(h,q,p)

Bh\/2q(q—p) B> Be(h,q,p)

Due to the fact that we took the expectation over all the a’s there is no dependence on v, rather only
on the similarity matrix, and so we can drop the subscript from ®,. Finally we can put all together,
and we get:

1
' 1 {im [ —v®@(8) =
Thm EY:(B) =1 Za(a=7) }lllml Tlgn on®(B,h) :=Y9(B) {

0 B<Blq,p)
12D 3> B(q,p)

where S8.(q,p) = B.(h = 1,q,p) = , /ﬁ. We plot in fig. the result of the computation and
some numerical simulations.

B.2.2 COMPUTATION OF Y,(f3)

We need to compute:
E: edvstTaus
S

Y, =FE
p(ﬂ) Zs eGus Zs' eQus!

Consider the partition function with auxiliary fields h = (hss/)

T .
s,s'=1"

Z"’v“(ﬂ) h) = Z ehss’ (avsta,qr)
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Let’s observe that:

Z(G/’UO' + auo_)eha'o'(ava""auo‘)
> 0n,,Elog Z,.(8,h) =E |~

Z ehss’ (avs+a,qr)

s,s’

S (oo + Qg el (@ve+aus)
—E|=

Z ehao‘ (avot+aus)
g

Assuming the first term is self-averaging, we approximate:

ZahgﬁElog Zv,u(/Bah) ~ K Eehda(ava+aua)

Under this approximation:

Z eh(rtr(ava +auo') ' E ehss/ (a'us"l'(lus’) (25)
L o s,s’
Z(avo + auo_)ehaa(avo+aua) Z ehoo(avotaus)
KB g
Z ehss’ (avs"l‘aus’)
o s,s’
1 hss’(aus+aus’)
}lll_)ml Z Oh,,Elog Z e
o 5,8 (26)

Y, (6) =

: h(ays+aus)
}{1—>m1 OpElog Z e

The computation of the free entropy in the denominator is straightforward. It closely resembles the

derivation for the free entropy appearing in the calculation of Y, (/5).

One gets:

1+(1—§é)52h2 B<—1

2

1
—Elog Y eavtan) =
N Z 28h\/1-% B>

h

which gives

26 (1-5) B<—F—=

2

lim &, E1 h(ays+aus) —
iy les ) e -
: q

26

8>

2
hy/1—25

L (27)
! (28)

1

172

Q|3
¥

The calculation of the free entropy at the numerator is a bit more involved, but we can observe the

following:

Zs(avs + aus)eavs+aus
Zs.s’ etvattus

3 hss/ (avs"l‘aus/) —
&gle(’“)hWElogZe =

8,8’

Zs,s’ (a’US + aus’)eavs—i_auS/ - ZS,S/zl(a”US + aus/)e“w"‘“us'

s#s’

E o s eOvs Ty
>

We define:

Z avseaus
S
Z evs
s

<avs>s =

Z (avs + aus’)eaw-‘_aus/

!
s,s'=1

s#s’

((aps + auS’)>S755' = ST etvatayy

s,s'=1

s#s’
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Thus, we obtain the approximation:

; hogr(avstayr) « o , )~
Jim ngahMElogZe < {aus)s + (@us)s = {(@vs + Gus'))sar =0

s,s’
There is also an intuitive way to see this. Consider the two limiting cases:

* As 8 — 0: The attention weights become uniform, i.e., A,s — % Then,
1

1 p _
dEQKV [S(X)U : ’S(X)w] = EKQ ZA’L)SAU}USSG’ — ﬁ Z Ssa == 6 + O(T 1),

$0 5,0
meaning both ¢**, p™* — %
e As 8 — oco: The attention becomes fully peaked:

Aps = Oy sv(v),  With  s%(v) = argmax ay,.
S

In this limit, the dot product becomes:

p
qatt — Sgrgr = 1, Pan — Ss*(v),d*(w) = 57

since s*(v) # o*(w) with probability 7 = 1 — 1/T.
Hence, as we vary /3 from 0 to oo, the quantity SA(q) interpolates between % and 1, while SA(p)

remains nearly constant.

B.2.3 UPDATE MAP OF THE AVERAGE AVERAGE COSINE SIMILARITY.

We begin our analysis by averaging over the value projection matrix Wy, . Since Wy is independent
from Wq, Qk at initialisation, the scalar product between self-attention outputs then becomes:

éE [S(X)t - S(X)t/] _ é]E

> Ay Ape X E[WY W] XU] :

Choosing, without loss of generality, the variance of the value projection weights as o3 = 1/d, we
obtain Ey [W,} Wy/] = I4, so the expression simplifies to:

E

Z AtSAt'UqSU] . (29)

s,o

With the limit 7" — oo in mind, we neglect sub-leading fluctuations and focus on the leading terms:

qso =~ p fors+#o, Qss .

This approximation holds due to concentration of measure immediately after the embedding layer.
Moreover, the result we derive in the infinite-sequence-length limit for the first layer is independent
of the specific token indices, meaning that the simplex geometry is preserved. Consequently, the
same reasoning applies recursively at every layer, implying that the dynamics are fully captured by
the two scalar quantities g and p: they are the only relevant geometric degrees of freedom precisely
because the simplex structure persists throughout the network.

E qZAtsAt/s +pZAtsAt/a . (30)
s s#o
Since each row of the attention matrix sums to one, we can simplify this expression further:

qz AtsAt’s +p (Z AtsAt’U - ZAtsAt’s> = (q - p) ZAtsAt’s +p

18



Published as a conference paper at ICLR 2026

Now, upon averaging and taking the limit 7" — oo, two distinct quantities emerge depending on
whethert =t ort # t':

Y@ ()= lim E

T~>oo

fort #t/, (31)

ZA ZAtgAf/

which quantify the self- and cross-overlap of attention distributions. The expression for the first one
is derived in section[B.2.T]and in section[B.2.2] we show that the second term is sub-leading.

Y,(B) = lim E

T—o0

Substituting the result, we get the update for the average squared norm:

p B <PBelq.p)

p+(q—p) (1 - %) B> Beq,p) 2

qﬁer(qp)Y(z(B){

where 8.(q,p) = \/%

On the other hand, the scalar product p is not updated, as Y,,(/) is sub-leading. Taking the ratio
between the updates yields, at leading order in d, the following update for the average cosine
similarity:

p
1+ (1= pY®(B)’

which gives rise to the phase diagram in fig.

Ps(p) =

B.3 FINITE-SIZE EFFECTS

Here we give a non-rigorous argument on the finite size effects that afflict our asymptotic theory. In
the low-/3 regime, the attention is spread approximately uniformly over a number T* = ¢°(%:*) of
keys, given by an entropic quantity S(3, p) = ®(8, p) — B0sP (S, p) (where the free entropy ® was
defined in eq. (I9)). A derivation of the entropy for the REM, very much related to our problem, is
explained in depth by [Mézard and Montanari| (2009). For 5 < S.(p), this turns out to be:

sn=x (i)

Since the IPR is the inverse number of the expected number of state that matter:

Y(8,p) = e 50 (34)

In the limit N = O(log T'), this non-rigorous argument suggests that the corrections to eq. (12)) scale
1 82 ~ . .

are O (T MERTE ) As long as § < . = [./2, these fluctuations can be neglected since they

remain Gaussian. For 8./2 < 8 < f., however, the fluctuations around the asymptotic solution

become non-Gaussian, as the central limit theorem breaks down at 3. /2.

B.4 DERIVATION OF RESULT[Z]

Consider square matrices 4, a,Q € RT*T, where A = softmax(a) is the standard attention matrix
computed from logits @ and Q = (g¢s) ¢s) is the overlap matrix. Let I7 denote the 7" x T identity

matrix. Also, consider matrices X € RT*4 Wy, Wao, Wk € Raxd,

Define the attention operation
S(X) = AXWy. (35)

We are interested in computing the squared Frobenius norm of the gradient of S(X') with respect to
the query matrix Wy:
2 T
0S(X) (0S(X
—tr L <()> . (36)
P oWqo oWqo
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The first part of the derivation parallels the proof of a related result in|[Noci et al.|(2022). However,
unlike their approach, we do not assume uniform attention. Instead, we retain the attention explicitly,
which allows the previously derived participation ratio to naturally emerge.

Chain rule decomposition:

AS(X)
W,

0A 1
_ TyTyY92(
7(IT®W‘,X ) (\[X®XWK>.

Consequently, the squared Frobenius norm equals the trace of

0A [ 1
TyT) 2

Lo T4T) (94 !

Simplification of the middle terms:

1 1
—Ir @ XW, —1 ®WTXT)
(\/a g K) (ﬂ renK

= éIT ® (XWrWgeXT).

; T
Assuming W W, concentrates as
WiWi ~ do2 1y,

we obtain 1
gXXT ® (X(dokI)X ") =03 (XX T @ XXT).

Taking the trace and using its cyclic property, we define
dA aA\ "
G=- )| (XXTeXX")(—
() e (5)

and write )

H OS|° _ oxtr (GUIr @ XWy) (Ir @ Wy XT)).

oW,

F

Assuming Wy W;! concentrates as
Wy Wy ~ do? 1y,
we simplify further as

2
=dokoptr (G(Ir@ XX T)).
F

AS(X)
oW,

Recall the definition of the overlap matrix

1
Q=XXT eRTT,

we get the compact expression

AS(X)
oW,

2
=d'okop tr(GIr ® Q)),
F
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where .
oA DA
¢= (a) @®Q) (a) :

This expression reveals how the gradient norm depends on the structure of (), the Jacobian of the
attention, and the variance parameters associated with the key and value projections.

Let’s compute the trace term:

.
tr <%;1(Q ®Q) (%:) (Ir ® Q))

where % is the Jacobian matrix of size T2 x T?. Let’s write the Jacobian in components. Using the
fact that A = softmax(a), so the Jacobiam components are:

0A;;
Dy, e1) = ij = 0ik0j1Aij — OinAijAur. (37)
Now, the trace can be written as
T T
0A 0A
tr = 7z ) a ] 510
' ij;ﬂ {8a Q®Q) <8a> (Ir®Q) (i5),(tu) g
Expanding indices leads to
T
tr = Z D i5), (k1) GemQin D (rs),(mn) Ortqsu0itOju

i,7,k,l,m,n,r s, t,u=1
Simplifying the deltas:
T

tr = Z D(ij),(kl)qkmqlnD(is),(mn)qu

4,3,k l,m,n,s=1

Now we can substitute the Jacobian components given by eq. (37).

Assume Einstein’s notation.

Gii [Aiinnqun - AiinsAiannQSj - AiinlAinqannj + AiinlAisAinqanSj]
To leading order in d we can substitute () with its expectation value,
Gts ~ P+ (4 = p)Sts-

Expanding each contribution and taking the limit:

(1) AijAing;, — p*+ (2p(g—p)+ (¢ —p)*)Y?,
(2) AijAisAingings; — P°+2p(q —p)Y P + (¢ — p)2v ),
(3) AijAiAinGingn; — P°+2p(q—p)Y P + (¢ —p)2Y®),

@) A AuAisAinqings; — P> +2p(q —p)Y® +p(g —p) (Y )2
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putting all together:
= ala—p)|(a =) (Y® —2v®) 4 p(v@)?.

Finally:

EH oW H = d'o} UquAUq p) +QZA”(J P +alg—p)* Y ALAL  (8)

ijn

Recall that we took 0% = 31/log(T)/d and 0% = o2 /d, so:

1 lascx)
Z H IWa

FF = B\/1og(T)o2 q(q — p) [(q —p)(Y® —2y®) + p(Y(z))z} . (39

Now if consider instead the gradient of the loss:

H Wy H B(X)8+/10g(T)o7 a(q — p) [(q —p)(Y? —2v®) 4 p(Y@))?} . (40)

where B(X) is a bounded a quantity of X (see the proof of theorem 3.2 |Noci et al.[(2022)).

We assume that this quantity scales like O7(T~1) and check it numerically in fig. c). So putting all
together:

T
d2\/log T

Since the Y (") — 0 in the small /3 regime (Mézard and Montanari, 2009), let’s check our predictions
for the case where ¢ = 1, p ~ 0. In this case 8. = /2, but in light of the discussion on finite
size effects in section we actually expect our prediction to be sharp up to 8./2 ~ 0.7 and then
a crossover between 3./2 and f. to the other solution. This behaviour is correctly predicted, see

fig. Blc).

HanH x o3 a(g —p) [(q p)(Y® -2y ®) +p(Y<2))2}. (41)

B.5 SIGNAL PROPAGATION IN THE FULL TRANSFORMER BLOCK

B.5.1 ACTION OF RESIDUAL CONNECTIONS

Recall the action of the skip connection in self-attention:

RESsA(X) = S(X) + asaX = AXWy + asa X.

Consider the quantity
Eq kv [RESSA(X)t : RESSA(X)S].

The expectation over the value matrix vanishes in the mixed terms, leading to
Eq kv [S(X)e S(X)s] + ads X - X
Overall, considering

 Elgs) aop + a3ap

© Elgw)  o2(p+(@—p)Y(B)) +aqg’

where we used E[W;} Wy/| = 021, and the updates for p and ¢ described in sectionm

B.5.2 FULL BLOCK COSINE SIMILARITY UPDATE ALGORITHMS
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Algorithm 2 Pre-norm Block Update

. Inputs: 8, q, p, asa, amip, 05, 02, 02

: > Pre-norm LN before attention

CPIN /¢ qN =1

: > Attention layer (normed input) + residual

. 2

fBe o\ Ta=m

Y (B) ¢ max(0,1 — /)

L a0 (px + (= o) - Y (8)) +q- o
P4 OupIN + QAP

: > Pre-norm LN before MLP

10: pin <= p/q;  qin <1

11: > MLP layer (normed input) + residual

12: ¢1 UzquN + Uf; p1 — O'Z,pLN + af

o

13: g2+ Ztqi 4+ 0p; p2+ 22 f(pr/q)q + o
14: ¢ < g2 + ajupqs P 4 P2 + QP
15: return (g, p)

O 00 I O W B WN—

Algorithm 3 Gain-controlled Transformer Block Update with Post-norm

. . 2 2 2
: Inputs: 3, q, p, asa, amip, 04y, 03, 0y

: > Attention layer + residual (centered-value update)

. 2

P Be q(q—p)

: Y(B) = max(0,1 - B/B)

t g0l ((a-p)YP(B)) +adag

P agap

: > Post-norm LN

cpep/e g1

: > MLP + residual

Q1 <—c712‘,q+0§; P1 <—qup+ag
2

SO U A W =

2
11: g2 < Z2qu 405y p2 < Z2f(0/q)q + o
12: ¢+ g2 + ojupqs P 4 P2 + Qiep
13: > Post-norm LN
14: pp/g; g+ 1
15: return (q,p)
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C SUPPLEMENTARY FIGURES

C.1 TRAINING GAIN-CONTROLLED TRANSFORMERS ON TINYSTORIES.
We train gain-controlled transformers with post-LN with skip connections strength asa = anmp = 1

of one and twenty layers. The latter case would fail for a standard transformer in the same setting due
to rank collapse. The training dynamics is reported in fig. [6]

30 layers

Vanilla, post-LN
= Gain-controlled, post-LN

Eval loss

0.0 0.5 1.0 1.5
Training step led

Figure 6: Training 30 layers of vanilla and Gain-controlled Transformer on TinyStories.

Details of training: 30-layer, single-head BERT-style model with embedding size 480 and ReLLU
activation, using masked language modeling with 15% masking probability, a learning rate of Se-4,
batch size 64, warmup ratio 0.05, weight decay 0.01, for 0.5 epochs.

C.2 VISUALIZING THE THE QUERY/KEY VARIANCE EFFECT ON THE SPECTRUM OF THE
SELF-ATTENTION MATRIX

As shown by Bordenave et al.| (2012), the spectral bulk of a random stochastic matrix—such as
an attention matrix at initialization—has radius O(7~'/2). This result applies under standard
initialization schemes, where the variance of the attention scores remains fixed and independent of
sequence length.

In contrast, under our proposed rescaling of the query and key weight matrices, the variance of
the attention scores scales as 02 = log T, which depends on the dimension of the attention matrix.
This places the system in a different spectral regime and, crucially, avoids the spectral bulk to have
or -1/ 2) radius, key driver of rank collapse in conventional transformer models, as visualized in

fig.[7}

B =0.016 (BERT) B=0.75 B=1.25
1 1
k=
& 0.001 - |
a i
© 0.000 0 i 0
-é —0.001 ~
E ' i
- T T -1 T T -1 T -1 T T
-1 0 1 -1 0 1 -1 0 1 -1 0 1
Real Part Real Part Real Part Real Part

Figure 7: Spectrum of a 512 x 512 self-attention matrix for various values of the query/key variance
parameter [3.
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C.3 ENTROPY COLLAPSE CAN BE MITIGATED BY LOW LEARNING RATE

Figure[§]is obtained with the same set-up as fig. [3]but with smaller learning rate (5e-4— le-4).

3 4-
o
2 2
231X S
S 7
g ]
5

1 .

5x 103 104 1.5x 104 5x 103 104 1.5x10%
Steps Steps

0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
B

Figure 8: Entropy collapse can be partially mitigated by smaller learning rates.

C.4 PHASE TRANSITION IN INFINITELY DEEP TRANSFORMERS

A natural question is whether signal propagation can remain stable at infinite depth. While this is not
possible with ReLU activations, it becomes a genuine phenomenon when using tanh. This behaviour
was first observed by [Poole et al.| (2016)) in MLPs, and more recently extended to Transformers by
Cowsik et al|(2024). In fig.[9] we confirm the phase transition in forward signal propagation, but
emphasise that achieving this behaviour requires placing the MLP in the chaotic phase, which is
associated with exploding gradients and unstable training.

>

£ 1.00 A 1.00{ ======—~

o >

£ 0.75 & 0.75 1

@ £

5 0501 N 0.50 -

8 g — = Rank Collapse

o 0.25 1 2 _ QD 2 _

5 o, =1.0 o 0.25 - o,=1.0

k) — 02=25 © — 2=25

8 000 L ll T T T T T T T T T
0.00 0.25 0.50 0.75 1.00 0 50 100 150 200

Input Cosine Similarity Layer

Figure 9: Phase Transition to Infinitely Deep Signal Propagation. (Left) Cosine-similarity update
map of a full transformer block with tanh activations in the MLPs. By tuning the MLP variance
to enter the chaotic regime, the collapsing effect of self-attention can be counterbalanced, resulting
in a non-trivial fixed point in the similarity dynamics. (Right) Iterating the update map reveals the
evolution of cosine similarity with depth—predictions align closely with experimental observations.

(Left) Theoretical predictions for a full Transformer block initialized in the low query/key variance
regime, with MLP weights initialized as ,, = 1.0,2.5, 07 = 0.1. Residual connection scaling
factors are set to asa = 6.0 and app = 1.0.
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(Right) Evolution of the overlap by iteratively applying the map from the left panel over 200 layers,
starting from an initial overlap of O(d~'/2). Solid lines denote theoretical predictions, while dots
represent experimental results averaged over 25 random initializations, each evaluated on 10 input
sequences (error bars are the standard deviation).

C.5 TRAINING DYNAMICS FOR THE EXPERIMENTS IN THE MAIN TEXT

10.0 4
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a
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©
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2.0 1
1x10* 2x10* 3x10*
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Figure 10: Training loss corresponding to the experiment shown in fig. .
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Figure 11: Training loss corresponding to the experiment shown in fig. .

C.6 AUTOREGRESSIVE MODELS

All experiments were performed on a 50-layer autoregressive transformer with post-normalization.
We used hidden size 720, intermediate (MLP) size 720, and ReLU activations. The weight and bias
variances were set to 02 = 02 = 0.2 and 07 = 4 x 1074, respectively. Both the self-attention and
MLP blocks employed scaling coefficients aga = 1.0 and ayr,p = 1.0. Results were averaged over
10 independent model initializations and 10 sequences of length approximately 200 tokens.

26



Published as a conference paper at ICLR 2026
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Figure 12: Propagation in Autoregressive Models. Cosine similarity between token representations
as a function of layer depth for three values of 5. The solid lines show our theoretical predictions,
while the markers with error bars show empirical measurements obtained by averaging over all token
pairs, across 10 sequences of length ~ 200 and 10 independent model initialisations. Left: For the
first 50 tokens, the simplex geometry is not yet established, and the empirical evolution departs from
the two-parameter theory. Middle: Averaging over the full sequence partially restores the structure
but still mixes early and late tokens. Right: For the last 50 tokens, the geometry is well approximated
by our theory: error bars are small, indicating strong concentration of cosine similarity, and the
empirical curves follow the theoretical predictions. This illustrates that in causal models the simplex
structure—and hence rank-collapse dynamics—emerge progressively and are captured accurately
only for sufficiently late tokens.
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